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tWe 
onsider two single pro
essor s
heduling problems in whi
h the pro
essingtime pj of a job is a fun
tion of its starting time t. The obje
tive is to minimizethe total 
ompletion time. In the �rst 
ase, pro
essing time is a linear fun
tionof time, pj = 1 + bjt, and the set of bj 
oeÆ
ients is divided into a numberof subsets that have the same value of bj . It is shown that the problem 
anbe polynomially solved if k di�erent types of bj 
oeÆ
ients exist, k is a �xednumber. In the se
ond 
ase, pro
essing time of ea
h job is des
ribed by the samefun
tion, pj = aj + f(t), f(t) is any nonegative, nonde
rasing fun
tion of t. It isshown that the problem is polynomially solved.1 Introdu
tionThe aim of the paper is to 
onsider two problems of s
heduling of deteriorating jobs ona single pro
essor subje
t to the total 
ompletion time obje
tive. The �rst problem 
anbe formulated as follows. We are given a set of n nonpreemptable jobs, with no readytimes or deadlines. Pro
essing time pj of job j is a fun
tion of time, pj = 1 + bjt. Alljobs are available at time t = t0 = 0 and the obje
tive is minimizing total 
ompletiontime. The problem will be denoted in the sequel by 1=pj = 1 + bjt=PCj .In the literature of the subje
t the total 
ompletion time 
riterion is 
onsidered ratherrarely. There are known results for simple linear deterioration, pj = bjt, and the total
ompletion time 
riterion: single pro
essor 
ase is easy [6℄, while multiple pro
essor
ase is NP-hard [1℄, [3℄. Up to now, however, there is known only one result for theproblem with equal basi
 pro
essing times, pj = 1 + bjt, established by Mosheiov [5℄:the optimal s
hedule is V-shape like, i.e. in the optimal s
hedule jobs are arrangedin de
reasing order of bj's if they are pla
ed before the smallest bj and in in
reasingorder, if they are pla
ed after su
h bj. We show that if there exist "types" of linearly1



deteriorating jobs, i.e. sets of bj's with the same value of the 
oeÆ
ient, and there existsonly k su
h types, k is a �xed number, then the problem 
an be solved in polynomialtime.The se
ond problem is similar to the �rst one: all mentioned above assumptions remainvalid but the pro
essing time pj of j-th job is equal to pj = aj +f(t), where f(t) is anynonde
reasing fun
tion, positive for nonnegative t, f(t) � 0 for t � 0. We show thatthe problem 
an be solved in O(n log n) time for for a single pro
essor. This problemwill be denoted as 1=pj = aj + f(t)=PCj.2 ResultsIn the se
tion we show polynomial solvability of s
heduling problems of a set of dete-riorating jobs with pro
essing times form of pj = 1 + bjt (partial linear deterioration)and with pro
essing times form of pj = aj + f(t) (simple general deterioration), bothon a single pro
essor and subje
t to the total 
ompletion time 
riterion.2.1 Partial linear deteriorationLemma 1 [5℄ Let n jobs with pro
essing times form of pj = 1 + bjt, j = 1; : : : ; n; begiven. Let (�1; : : : ; �n) be a sequen
e of the jobs. Then the 
ompletion time of job k,k = �1; : : : ; �n, is equal to Ck = kXi=1 kYj=i+1(1 + b�j )and the total 
ompletion time for the sequen
e (�1; : : : ; �n) is equal tonXi=1 Ci = nXi=1 iXj=1 iYk=j+1(1 + b�k ):Proposition 1 The total 
ompletion time for a given permutation � = (�1; �2; : : : ; �n)
an be 
al
ulated in O(n) time.To prove proposition 1 it is suÆ
ient to note that for a sequen
e of 
ompletion timeshold the following re
urren
e equations:C�1 = 1; C�k = (1 + b�k)C�k�1 + 1for k=2,. . . ,n.Assume now the set of bj 
oeÆ
ients is divided into a number of subsets (
alled types)and bj 
oeÆ
ients belong to the same type if they have the same value. Firstly, note2



that if there exist only one type of jobs, i.e. jobs' pro
essing times are form of pj = 1+bt,then the order of jobs does not have meaning and all s
hedules are optimal.Thus we assume that there are k di�erent bj values where k is a given �xed number.Without loss of generality we assume that jobs are numbered in nonin
reasing orderof their deterioration rates, bi � bi+1 for i = 1; 2; : : : ; k � 1.As a 
orollary from theorem about V-shape property [5℄ we obtain the following.Lemma 2 In the optimal s
hedule jobs with the smallest 
oeÆ
ient, bk, are s
heduledas one group without inserting between them jobs with another bj 
oeÆ
ients.Using a mathemati
al indu
tion on the number k of types and lemma 2 one 
an provethe next result.Proposition 2 Let the set of bj 
oeÆ
ients for the problem 1=pj = 1 + bjt=PCjhas k, k < n, di�erent values, bj 2 fb1; b2; : : : ; bkg: Then in the optimal s
hedulefor the problem there exists V-shape a

ording to types of jobs, i.e. jobs of type bi,i = 1; 2; : : : ; k � 1 pre
ede in de
reasing order jobs of type bk and then follow jobs oftype bk�i, i = 1; 2; : : : ; k � 1, in in
reasing order in su
h a way that jobs of the sametype are exe
uted as one group of jobs.On the base of proposition 2 one 
an 
onstru
t an algorithm for �nding the optimals
hedule for the problem 1=pj = 1 + bjt; bj 2 fb1; b2; : : : ; bkg=PCj , generating allpossible 
andidate s
hedules that have V-shape property des
ribed in proposition 2and 
hoose the one with minimal total 
ompletion time.Theorem 1 The problem 1=pj = 1 + bjt; bj 2 fb1; b2; : : : ; bkg=PCj 
an be solved inO(nk+1) time.To the proof note that the �rst step of the above mentioned algorithm needs O(nk)steps, and ea
h step needs O(n) operations for 
al
ulating the total 
ompletion time.2.2 Simple general deteriorationThe 
ase when pj = aj + bt is a spe
ial 
ase of a more general form of deteriorationwhen pro
essing time of ea
h job is des
ribed by the same fun
tion of job's startingtime: pj = aj + f(t) where f(t) is nonnegative fun
tion for nonnegative values, i.e.when f(t) � 0 for t � 0: (2.1)This kind of deterioration has been introdu
ed by Melnikov and Shafransky [4℄. If weassume additionally that f(t) is nonde
reasing fun
tion, i.e.f(t1) � f(t2) for t1 � t2 (2.2)then holds the following. 3



Proposition 3 Let f(t) be a fun
tion that satisfy 
onditions (2.1) and (2.2). Then theproblem 1=pj = aj + f(t)=PCj 
an be solved in O(n log n) time by s
heduling jobs inthe as
ending order of their aj 
oeÆ
ients.The proof is based on the lemma [2℄ about minimizing the sum of produ
ts,Pnj=1 ajbj,of two sequen
es of numbers. Open question is for whi
h fun
tions, other than nonde-
reasing, proposition 3 will preserve its validity.Referen
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