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tMotivated by problems in radio 
hannel assignment, we 
onsider the vertex-labelling of graphs with nonnegative integers. The obje
tive is to minimize the spanof the labelling, subje
t to 
onstraints imposed at graph distan
es one and two. Weshow that the minimum span is (up to rounding) a pie
ewise linear fun
tion of the
onstraints, and give a 
omplete spe
i�
ation, together with the asso
iated optimalassignments, for trees and 
y
les.
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1 Introdu
tionAn important task in the management of the radio spe
trum is the assignment of radio
hannels to transmitters in ways that avoid una

eptable interferen
e. In broad terms, onemust avoid assigning 
hannels with 
lose frequen
ies to transmitters with 
lose lo
ations,an observation that leads to the following mathemati
al model.Take a graph G, in whi
h ea
h vertex represents a transmitter and the edges representgeographi
 proximity. A 
hannel assignment is a map f : V (G) ! f0; 1; 2; : : : ; s� 1g forsome integer s, whi
h is 
alled the span of f . It is natural that the range of f should berestri
ted to nonnegative integers, sin
e in pra
ti
e radio 
hannels are made available atequally spa
ed frequen
ies. The span 
aptures the amount of spe
trum used. To des
ribethe 
onstraints imposed on f to avoid interferen
e, we measure the geographi
 separationof transmitters u and v by the graph distan
e dG(u; v) in G. This paper will not 
onsider
onstraints a
ting beyond a graph distan
e of two. Suppose that J(G) = f(u; v) j u; v 2V (G); dG(u; v) = 1g and K(G) = f(u; v) j u; v 2 V (G); dG(u; v) = 2g are the sets ofnearest neighbours and next-to-nearest neighbours, respe
tively. Then the 
onstraintstake the form jf(u)� f(v)js � j 8(u; v) 2 J(G) (1)and jf(u)� f(v)js � k 8(u; v) 2 K(G) ; (2)where, on the left hand side, we have used the 
y
li
 
hannel metri
 de�ned byjf(u)� f(v)js = minfjf(u)� f(v)j ; s� jf(u)� f(v)jg : (3)In keeping with the idea of a trade-o� between spe
tral and spatial separations, we assumethat k, the minimum spe
tral separation at spatial distan
e 2, is no larger than j, theminimum separation at distan
e 1.The adoption of the 
y
li
 
hannel metri
, instead of a straightforward absolute dif-feren
e, has both pra
ti
al and theoreti
al motivation. First, it allows easy extension ofthe assignment to one that gives m 
hannels to ea
h transmitter v, namely the 
hannelsff(v) + is : 0 � i < mg; multiple 
overage of this type is often needed in pra
ti
e. Se
-ondly, it means that no 
hannel has spe
ial status by virtue of having neighbours in thespe
trum on only one side; experien
e suggests that expli
it results 
an then be obtainedin a wider range of situations.We shall 
on
entrate on determining, for given G, the minimum span of all assign-ments f satisfying 
onstraints (1) and (2). The minimum span will be denoted �(G; j; k),emphasizing the dependen
e on j and k.It is often helpful to 
onsider the following `relaxed' version of the problem. Supposethat the 
hannels may take any nonnegative real values, denoted f̂(v), in pla
e of theinteger-valued f(v) and similarly that j and k may take nonnegative real values. We nowthink of the assignment as a map f̂ : V (G) ! [0; ŝ), where ŝ, the span of f̂ , may alsobe nonintegral. Equations (1){(3) still hold, provided f and s are repla
ed by f̂ and ŝ,respe
tively. The minimum span for this problem will be denoted �̂(G; j; k).the ele
troni
 journal of 
ombinatori
s 11 (2004), #R16 2



Proposition 1 For given G, �̂(G; j; k) is a 
ontinuous, pie
ewise linear fun
tion of j andk, with non-negative 
oeÆ
ients.Proof First, suppose that an ordering is imposed on the image of f̂ , using a permutation�, thought of as a bije
tion from f1; 2; : : : ; jV (G)jg to V (G). Expli
itly, we require f̂1 �f̂2 � � � � � f̂jV (G)j, where f̂i is shorthand for f̂(�(i)). The minimum span for the problemwith ordering �, denoted �̂(G; �; j; k), is the value of the following linear program, inwhi
h the variables are ff̂i : 1 � i � jV (G)jg and z:minimize zsubje
t to f̂q � f̂p � j for q > p and dG(�(p); �(q)) = 1f̂p � f̂q + z � j for q > p and dG(�(p); �(q)) = 1f̂q � f̂p � k for q > p and dG(�(p); �(q)) = 2f̂p � f̂q + z � k for q > p and dG(�(p); �(q)) = 2z; f̂i � 0: (4)
The standard theory of linear programming guarantees that �̂(G; �; j; k) is a 
ontinuous,pie
ewise linear fun
tion of j and k for �xed G and �. It is now 
lear that the samestatement is true of �̂(G; j; k), sin
e �̂(G; j; k) = min� �̂(G; �; j; k) and the envelope ofa (�nite) set of 
ontinuous, pie
ewise linear fun
tions is again 
ontinuous and pie
ewiselinear. For �xed j, �̂ is an in
reasing fun
tion of k and similarly for �xed k, �̂ is anin
reasing fun
tion of j. Thus in ea
h linear 
omponent of �̂, the 
oeÆ
ients of both jand k must be positive.We now show that when j and k are both positive integers,�(G; j; k) = d�̂(G; j; k)e:Suppose that ff̂(v) : v 2 V (G)g is an optimal assignment for the relaxed problem, i.e.one with span �̂(G; j; k). De�ne an integer-valued assignment f by setting f(v) = bf̂(v)
for ea
h v 2 V (G). Sin
e j and k are integer-valued, f satis�es (1) and (2) with spand�̂(G; j; k)e. Expli
itly, jf̂(u)� f̂(v)j � j ) jf(u)� f(v)j � jjf̂(u)� f̂(v)j � k ) jf(u)� f(v)j � k (5)and �̂ � jf̂(u)� f̂(v)j � j ) d�̂e � jf(u)� f(v)j � j�̂ � jf̂(u)� f̂(v)j � k ) d�̂e � jf(u)� f(v)j � k: (6)Hen
e �(G; j; k) � d�̂(G; j; k)e, but sin
e � is integer-valued and bounded below by �̂ wein fa
t have �(G; j; k) = d�̂(G; j; k)e ; (7)as required.the ele
troni
 journal of 
ombinatori
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We note here the following relation involving �̂:�̂(G; j; k) = j�̂  G; 1; kj ! :The value �̂(G; 1; 0) is a quantity usually 
alled the 
ir
ular 
hromati
 number [6℄ anddenoted �
(G). For the 
ases 
onsidered here, we have �
(T ) = 2, �
(C2r) = 2 and�
(C2r+1) = 2 + (1=r), for trees T , even 
y
les C2r and odd 
y
les C2r+1.This paper extends the work of [2℄ where � is 
al
ulated for the line, square latti
eand triangular latti
e.The remainder of the paper is arranged as follows. Se
tions 2, 3 and 4 give 
ompletedes
riptions of �(G; j; k), for all values of j and k, when G is a tree, an even 
y
le and anodd 
y
le, respe
tively. Se
tion 5 
ontains 
on
luding remarks.2 TreesWe begin by stating a well-known lower bound on the span �rst introdu
ed in [4℄. Sin
ethe proof is very short we in
lude it for 
ompleteness. For verti
es u and v we de�ne 
uvto be the required separation of the labels they re
eive, that is
uv = 8><>: j if u and v are adja
ent,k if u and v are distan
e two apart,0 otherwise.The lower bound is known as the Travelling Salesman Lower Bound sin
e it involves�nding the shortest Travelling Salesman Tour around a graph with edge weights 
uv.Proposition 2 Let G be a graph with vertex set fv1; v2; : : : ; vng. Let H be a subgraph ofG with n0 verti
es and let � be an ordering of these verti
es.�(G; j; k) � min� n0Xi=1 
v�(i)v�(i+1) ;where �(n0 + 1) = �(1).Proof Sin
e for any subgraph H of G, �(H; j; k) � �(G; j; k), it is enough to 
onsiderthe 
ase where H = G. Now �(G; �; j; k) � nXi=1 
v�(i)v�(i+1)and so �(G; j; k) = min� �(G; �; j; k) � min� nXi=1 
v�(i)v�(i+1):the ele
troni
 journal of 
ombinatori
s 11 (2004), #R16 4



This proposition allows us a short proof of the following theorem.Theorem 1 Let T be a tree with maximum degree � � 1, then�(T ; j; k) = 2j + (�� 1)k:Proof We �rst use Proposition 2 to show that 2j+(��1)k is a lower bound for �. LetH be a subgraph of T 
onsisting of a vertex r with degree � and all of its neighbours.In H if v 6= r then 
rv = j and if u; v 6= r then 
uv = k. Therefore the lower bound fromProposition 2 is 2j + (�� 1)k.What remains is to 
onstru
t a labelling with span 2j + (� � 1)k. We may assumethat all verti
es of T ex
ept the leaves have degree �. We begin by 
hoosing a vertexr of degree � and assigning it label 0. The neighbours of r are then labelled j; j +k; j + 2k; : : : ; j + (�� 1)k. We now repeatedly 
hoose a vertex v of degree � whi
h hasitself already been labelled, but of its neighbours, only one vertex u has been labelled.Without loss of generality we may assume that u is labelled 0 and by the method usedto 
onstru
t the labelling we may assume v is labelled j + �k for some integer 0 � � �� � 2. There are still � � 1 neighbours of v to label and the � � 1 labels in the setfk; 2k; : : : ; �k; 2j + �k; : : : ; 2j + (�� 2)kg are available for them.3 Even 
y
lesIn this se
tion we fo
us on the 
ase when G is the even 
y
le C2r (r � 2). We will howeverprove many of the results for 
y
les of any length so that we 
an make use of them inthe next se
tion. The vertex set of Cn is denoted by fv0; v1; : : : ; vn�1g. There is an edgebetween vi�1 and vi for all i with 1 � i � n � 1 and between vn�1 and v0. We begin byproving bounds on �(C2r; j; k) and then spe
ify the span for every value of j, k and r.Proposition 3 For any even 
y
le we have2j + k � �(C2r; j; k) � 2j + 2k:Proof To prove that 2j + k is a lower bound for �(C2r; j; k) we use Proposition 2 withH being the path on three verti
es.To prove that 2j+2k is an upper bound for �(C2r; j; k) we must 
onstru
t a labellingwith span 2j + 2k. For C4 we just 
y
li
ly label the verti
es 0; j; 2j + k; j + k. For C6 we
y
li
ly label the verti
es 0; j; 2j+k; j+k; k; j+2k. For larger even 
y
les we either labelwith repeated 
opies of the C4 labelling or with one 
opy of the C6 labelling followed byrepeated 
opies of the C4 labelling.
the ele
troni
 journal of 
ombinatori
s 11 (2004), #R16 5



Figure 1: Graph of �̂=j against k=j for C8
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Theorem 2 Let r, j and k be positive integers with j � k, then
�(C2r; j; k) =

8>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>:
2j + 2k 0 � kj � 1r�1l 2rjr�1m 1r�1 < kj � 2r�1l rkr��m 2(r��)� < kj � 2(r��)��1� = r � 1; r � 2; : : : ; d13(2r + 1)el2rj� m 2(r���1)� < kj � 2(r��)�� = r � 2; r � 3; : : : ; d13(2r � 1)e:The graphs of �̂=j as a fun
tion of k=j are shown in Figures 1{3. The lines y = 2x+1and y = 2x + 2 
orresponding to spans 2j + k and 2j + 2k, respe
tively the lower andupper bounds from Proposition 3, are also shown.We �rst des
ribe two types of labellings whi
h a
hieve the span in the theorem andthen later show that they are optimal. Sin
e these labellings will be equally importantfor odd 
y
les we des
ribe them for a general length 
y
le.We 
all the �rst type of labelling a one-step labelling. Let � be an integer su
h that1 � � � nj2j + k :the ele
troni
 journal of 
ombinatori
s 11 (2004), #R16 6



Figure 2: Graph of �̂=j against k=j for C10
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Figure 3: Graph of �̂=j against k=j for C16
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Let x̂i be the remainder when ij is divided by nj=�. Thus the sequen
e x̂i is an \arithmeti
progression modulo nj=�" starting at 0 and moving in steps of j. Now letxi = bx̂i
:Let f be a labelling assigning label xi to vertex vi.Lemma 1 The labelling f satis�es (1) and (2) with span dnj=�e.Proof Consider the sequen
e x̂i regarded as a relaxed labelling of Cn with span nj=�. By
onstru
tion this satis�es (1) and sin
e the upper bound on � ensures that this labellinghas span at least 2j+ k, (2) is also satis�ed. As in the proof of Proposition 1 we 
an now
laim that f is a labelling of Cn satisfying 
onstraints (1){(2) having span dnj=�e.The se
ond type of 
olouring is 
alled a two-step labelling. Let � be an integer su
hthat nj2j + k � � � n� 12 :Let x̂i be the remainder when ik�=(n� 2�) is divided by nk=(n� 2�). The sequen
e x̂iis an \arithmeti
 progression modulo nk=(n � 2�)" starting at 0 and moving in steps of�k=(n� 2�). As before we now let xi = bx̂i
:Let f be a labelling assigning label xi to vertex vi.Lemma 2 The labelling f satis�es (1) and (2) with span dnk=(n� 2�)e.Proof Again 
onsider the sequen
e x̂i regarded as a relaxed labelling f̂ of Cn with span�̂ = nk=(n� 2�). If u and v are adja
ent thenjf̂(u)� f̂(v)j�̂ = k�n� 2�:Sin
e � � nj2j + k ;we see that f̂ satis�es 
onstraint (1). Now suppose that u and v are distan
e two apart.Then jf̂(u)� f̂(v)j�̂ = �̂ � 2k�n� 2� = k:Hen
e f̂ satis�es 
onstraint (2). Again as in the proof of Proposition 1 we 
an show thatf is a labelling of C2r satisfying 
onstraints (1){(2) having span dnk=(n� 2�)e.
the ele
troni
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We now move on to show that whenever the optimal span is stri
tly less than 2j+2k,one of these two types of labelling gives the optimal span. Noti
e that in order for thespan to be stri
tly less than 2j+2k we need k > 0. Suppose that f̂ is any relaxed labellingof Cn satisfying (1) and (2) with span �̂ stri
tly less than 2j+2k. Let x̂i = f̂(vi) for ea
hi. To avoid 
umbersome extra 
ases in the proofs below it is useful to let x̂n = x̂0 andx̂n+1 = x̂1. We may assume without loss of generality that x̂0 = 0 and that j � x̂1 < j+kfor otherwise we 
an repla
e f̂(vi) by �̂ � f̂(vi). Now for i = 0; : : : ; n� 1 de�nezi = ( x̂i+1 � x̂i�̂ + x̂i+1 � x̂i if x̂i+1 � x̂i � 0if x̂i+1 � x̂i < 0 :Again it is useful to de�ne zn = z0. Note that 0 � zi < �̂.Now let � = 1 + jfi : 1 � i � n� 1; x̂i < x̂i�1gj:The following lemma 
ontains some results that are useful for �nding the lower bound onthe span.Lemma 31. n�1Xi=0 zi = ��̂:2. For i = 0; 1; : : : ; n� 1, j � zi � �̂ � j:3. If k > 0 then for i = 0; 1; : : : ; n� 1, zi < j + k; (8)zi + zi+1 + k � �̂: (9)4. If k > 0 then 1 � � < n2 .Proof1. This is straightforward using the de�nitions of zi and �̂.2. Without loss of generality we may assume that xi = 0. Then in order to satisfy (1)we require j � xi+1 � �̂ � j. Thus j � zi � �̂ � j.3. We will begin by proving (8) by indu
tion on i. We know that z0 < j + k byassumption. Suppose we know that zi < j + k. We may assume without loss ofgenerality that xi = 0. Now using the se
ond part of the lemma we see thatxi+1 + zi+1 = xi + zi + zi+1 < j + k + �̂ � j = �̂ + k:the ele
troni
 journal of 
ombinatori
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But in order to satisfy (2) xi+2 
annot lie in the interval [0; k) nor in the interval(�̂ � k; �̂) and so xi+1 + zi+1 � �̂ � k: (10)This implies that zi+1 � �̂ � k � xi+1 < 2j + 2k � k � j = j + kas required. Sin
e xi = 0, (10) also implies thatzi + zi+1 + k � �̂;whi
h is (9).4. By de�nition � � 1. Summing (9) over i gives2 n�1Xi=0 zi + nk � n�̂and so 2��̂ � n(�̂ � k) < n�̂;whi
h implies that � < n=2.We 
an now prove the key proposition whi
h ensures that whenever the optimal span isstri
tly less than 2j + 2k then a one-step or two-step labelling is optimal.Proposition 4 If the labelling f satis�es 
onstraints (1) and (2) with � = �0 and span� stri
tly less than 2j + 2k then� � &max(nj�0 ; nkn� 2�0)' :Proof Let f̂ be a relaxed labelling having span �̂ stri
tly less than 2j + 2k. We mayassume that f̂(v0) = 0 and j � f̂(v1) < j + k. Thus we 
an apply Lemma 3. By the �rstand se
ond parts of Lemma 3 we see that�̂ = Pn�1i=0 zi�0 � nj�0 :Summing (8) over all i gives 2�0�̂ � n(�̂ � k), just as in the proof of the fourth part ofLemma 3, whi
h implies that �̂ � nkn� 2�0 :Sin
e the labelling f takes only integral values, we see that its span is at least&max(nj�0 ; nkn� 2�0)' :the ele
troni
 journal of 
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Proof of Theorem 2 To show that the value in the theorem is an upper bound on thespan it is enough to observe that a 
ombination of 1-step labellings, 2-step labellings andlabellings with span 2j + 2k satisfy the value in the theorem. Proposition 4 ensures thatone of these labellings is optimal. Careful 
he
king of the various possibilities for di�erentvalues of � is now enough to ensure that the value given in the theorem is indeed optimal.4 Odd Cy
lesCal
ulating the span for odd 
y
les C2r+1 is more 
ompli
ated than for even 
y
les butmany of the results obtained for even 
y
les 
an be used. The added 
ompli
ation arisesbe
ause 2j + 2k is no longer an upper bound for �, in the same way that an odd 
y
le isnot 2-
olourable. We begin by giving the span for odd 
y
les with r � 4.Theorem 3 Let r be an integer su
h that r � 4 and, j and k be integers with 0 � k � jthen
�(C2r+1; j; k) =

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

l (2r+1)jr m 0 � kj � 1r(2r + 1)k 1r < kj � 22r�12j + 2k 22r�1 < kj � 32r�2l (2r+1)jr�1 m 32r�2 < kj � 3r�1l (2r+1)k2r+1�2�m 2r+1�2�� < kj � 2r+1�2���1� = r � 1; r � 2; : : : ; d23(r + 1)el (2r+1)j� m 2r�1�2�� < kj � 2r+1�2��� = r � 2; r � 3; : : : ; d23re:The graphs of �̂=j as a fun
tion of k=j are shown in Figures 4, 5. The lines y = 2x+1and y = 2x+ 2 
orresponding to span 2j + k and 2j + 2k are again shown.Proof Apart from the region where the span is 2j+2k, the span 
an be a
hieved by oneor two-step labellings. To demonstrate that the value of the span given by the theoremis an upper bound we need to show that when 22r�1 � kj � 32r�2 it is possible to labelC2r+1 with span 2j+2k. We brie
y sket
h how su
h a labelling is 
onstru
ted. Using thenotation of Se
tion 3, we 
onstru
t a labelling with span 2j + 2k by setting zi = j + Æi,where the Æi are still to be 
hosen and satisfy 0 � Æi � 2k. To ensure that the labellinghas span 2j + 2k we require Pi Æi = m where m = (�(2r + 1)j) mod (2j + 2k).the ele
troni
 journal of 
ombinatori
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Figure 4: Graph of �̂=j against k=j for C9
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Figure 5: Graph of �̂=j against k=j for C17
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In the region where 22r � 1 � kj � 32r � 2 ;2j +2k � (2r+1)k and so 1 � m � (2r+1)k� 1. If m is of the form 2sk+ t for positiveintegers s and t with 0 � t < k, then a possible 
hoi
e of the Æi satisfying (1)and (2) isgiven byÆ1 = Æs+1 = k; Æ2 = : : : = Æs = 2k; Æs+2 = 0; Æs+3 = t; Æ0 = Æs+4 = : : : = Æ2r = 0:Sin
e s � r and r � 4 this is always possible, that is the 
y
le is large enough to allow usto do this. If m is of the form (2s + 1)k + t for positive integers s and t with 0 � t < k,then a possible 
hoi
e of the Æi satisfying (1) and (2) is given byÆ1 = Æs+1 = Æs+3 = k; Æ2 = : : : = Æs = 2k;Æs+5 = t; Æ0 = Æs+2 = Æs+4 = Æs+6 = : : : = Æ2r = 0:Sin
e s � r�1 and r � 4 this is always possible, that is the 
y
le is large enough to allowus to do this.Apart from the �rst interval, the span given in the theorem is at most 2j+2k. Careful
he
king shows that the span is always the minimum that 
an be a
hieved by a one-step labelling, a two-step labelling or 2j + 2k. Hen
e Proposition 4 implies that thetheorem gives the optimal span ex
ept possibly for part of the �rst interval. The proof ofProposition 4 implies that when k=j = 1r ,�̂(C2r+1; j; k) = (2r + 1)jr :Now 
onsider the value of �̂(C2r+1; j; 0)=j. This is the 
ir
ular 
hromati
 number studiedin [6℄ and is equal to (2r + 1)=r. Hen
e�̂(C2r+1; j; 0) = (2r + 1)jr ;and sin
e, for a �xed value of j, �̂ is an in
reasing fun
tion of k, we dedu
e that ifk=j � 1=r then �̂(C2r+1; j; k) = (2r + 1)j=r. This is enough to imply that the theoremgives the 
orre
t value in the �rst interval.The following theorem 
ompletes matters by giving the span for C3, C5 and C7.Theorem 4 Let j and k be integers su
h that 0 � k � j.�(C3; j; k) = 3j;�(C5; j; k) = 8><>: l5j2 m 0 � kj � 125k 12 < kj � 1;the ele
troni
 journal of 
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Figure 6: Graph of �̂=j against k=j for C7
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�(C7; j; k) =
8>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>:
l7j3 m 0 � kj � 137k 13 < kj � 512l5j2 + km 512 < kj � 122j + 2k 12 < kj � 34l7j2 m 34 < kj � 1:The graph of �̂=j is shown in Figure 6.In the part of the proof dealing with C7 we will need the following proposition, whi
his a modi�
ation of the Travelling Salesman Bound.Proposition 5 Let G be a graph with vertex set fv1; : : : ; vng and let � be an ordering ofthese verti
es. For any subset f�(i1); : : : ; �(ir)g of the verti
es, where 1 � i1 < � � � < ir �n, �(G; �; j; k) � r�1Xj=1 
�(ij);�(ij+1) + 
�(ir);�(i1) :Proof of Theorem 4 To show that �(C3; j; k) = 3j we observe that labelling the verti
eswith 0, j and 2j gives a labelling with span 3j. Proposition 2 shows that 3j is a lowerbound.For C5 we use Proposition 2 to show that 5k is a lower bound for the span. The
ir
ular 
hromati
 number of C5 is 5/2 and so d5j=2e is also a lower bound for the span.the ele
troni
 journal of 
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When k=j � 1=2 we 
an label the verti
es in turn, moving around the 
y
le using labels0; j; 2j; dj=2e; d3j=2e giving span d5j=2e. When k=j > 1=2 we 
an label the verti
es inturn, moving around the 
y
le using labels 0; 2k; 4k; k; 3k giving span 5k.Finding � for C7 is the most 
ompli
ated part of all be
ause the 
y
le is not largeenough to allow us to use the method of Theorem 3 to �nd a labelling of span 2j + 2k.The arguments used in Theorem 3 show that the value of the span given by the theoremis 
orre
t ex
ept possibly for kj 2 �25 ; 34� ;when the span of the best one or two-step labelling ex
eeds 2j + 2k. By modifying theargument in the proof of Theorem 3 we 
an show that there is a labelling with span 2j+2kwhen k=j � 1=2.To 
omplete the proof we must �nd the optimal labelling when 2=5 < k=j < 1=2. Theexisten
e of a labelling with span 2j+2k for k=j � 1=2 implies that when k=j = 1=2 thereis a labelling with span 3j. This labelling will satisfy (1) and (2) whenever k=j � 1=2.Furthermore the two-step labelling that is optimal when k=j � 2=5 remains feasible forlarger values of k=j.Thus we need to determine whether there exists a labelling with span less thanminf7k; 3jg. To answer this question, we 
onsider the minimum span �(C7; �; j; k) withordering �, as introdu
ed in the proof of Proposition 1. We �rst observe that if thespan is to be less than 7k then � must 
ontain at least one `long' edge, meaning thatdC7(�(i); �(i+ 1)) is equal to three for some i.Proposition 5 e�e
tively takes a set of edge-disjoint paths from the 
y
le (�(1); : : : ; �(n))that 
orresponds to �, and 
al
ulates a bound based on the proximity of their end-verti
es.Among all orderings 
ontaining a long edge (and removing obvious symmetries) thereare only two that do not 
ontain three edge-disjoint paths with adja
ent end-verti
es,and whi
h are therefore the remaining 
andidates for a span of less than 3j. They are�1 = (v1; v4; v6; v2; v7; v3; v5) and �2 = (v1; v3; v5; v2; v7; v4; v6), where the ith 
omponent inea
h 7-tuple is the vertex �(i). For �2, using the subset fv1; v3; v2; v7; v6g in Proposition 5establishes a bound of 2j + 3k, whi
h is at least 3j for k=j � 1=3. For ordering �1, theminimum span may be found using an algorithm of M
Diarmid [3℄, whi
h for k=j � 1=2gives �(C7; �1; j; k) = d52j + ke ;
orresponding to the assignment(f(vi) : i = 1; : : : ; 7) = �0; j; 2j; b12j
; 2j + k; b12j + k
; b32j + k
� :This is an improvement over a span of 7k for kj 2 ( 512 ; 12), with 7k remaining the best forkj 2 (25 ; 512).
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5 Con
lusionsThe results in this paper give a 
omplete spe
i�
ation of the minimum span of a labellingof a 
y
le with 
onstraints at two distan
es. Although the value of the span is 
ompli
ated,most of the labellings used to a
hieve it 
an be spe
i�ed very easily. The 
omplexity ofthe span suggests that it would be diÆ
ult to obtain similar results for other 
lasses ofgraphs.One of the original motivations of this paper was to investigate the span of subgraphsof the square latti
e with 
onstraints at two distan
es. The even 
y
les form a sub
lassof these graphs. Our results 
ompletely solve the 
ase of subgraphs of the square latti
ewith maximum degree at most 2. In the 
ase when the maximum degree is 4 the optimalspan is 2j +3k. The travelling salesman bound (Proposition 2) shows that this is a lowerbound and it is shown in [2℄ that the span of the in�nite square latti
e is 2j+3k. It is notpossible to obtain any general results when the maximum degree is 3 be
ause a theoremindependently obtained by Gr�af [1℄ and Shepherd [5℄ implies that �nding the optimal spanof a subgraph of the square latti
e with j = k = 1 is NP-hard.Referen
es[1℄ A. Gr�af. Colouring and re
ognising spe
ial graph 
lasses. PhD thesis, University ofMainz, 1994.[2℄ J. van den Heuvel, R. A. Leese, and M. A. Shepherd. Graph labelling and radio
hannel assignment. Journal of Graph Theory, 29:263{284, 1998.[3℄ C. J. H. M
Diarmid. A doubly 
y
li
 
hannel assignment problem. Dis
rete AppliedMathemati
s, 80:263{268, 1997.[4℄ A. Ray
haudhuri. Interse
tion assignments, T -
olourings and powers of graphs. PhDthesis, Rutgers University, 1985.[5℄ M. A. Shepherd. Radio Channel Assignment. DPhil thesis, University of Oxford, 1996.[6℄ A. Vin
e. Star 
hromati
 number. Journal of Graph Theory, 12:551{559, 1988.
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