
GENERALIZING EIGENVALUE THEOREMSTO PSEUDOSPECTRA THEOREMSMARK EMBREEy AND LLOYD N. TREFETHENyAbstra
t. Analysis of nonsymmetri
 matrix iterations based on eigenvalues 
an be misleading.In this paper, we dis
uss sixteen theorems involving "-pseudospe
tra that ea
h generalize a familiareigenvalue theorem and may provide more des
riptive information in some 
ases. Our organizingprin
iple is that ea
h pseudospe
tral theorem redu
es pre
isely to the 
orresponding eigenvalue the-orem when " = 0.Key words. Eigenvalues, pseudospe
tra, matrix iterationsAMS subje
t 
lassi�
ations. 15A18, 15A60, 65F10, 65F151. Introdu
tion. Though we speak of linear algebra, iterative methods belongto the realm of linear analysis. Convergen
e of errors or residuals to zero is the
on
ern, and this pro
ess has meaning be
ause the algebrai
 problem is embedded ina normed spa
e. Ex
ept for questions 
on
erning �nite termination, the appropriatetools for analyzing 
onvergen
e are not the tools of algebra, su
h as eigenvalues, whi
hare basis-independent, but those of analysis, su
h as singular values, whi
h are de�nedvia norms and ne
essarily 
hange with the basis.In this paper we 
onsider the parti
ular tools of linear analysis known as pseu-dospe
tra, whi
h were invented to give information about matri
es that la
k a well-
onditioned basis of eigenve
tors. For simpli
ity our norm k � k will always be theve
tor 2-norm and the matrix 2-norm that it indu
es. With this 
hoi
e of norm, thematri
es of interest are those that are far from normal, in the sense that their eigen-ve
tors, if a 
omplete set exists, are far from orthogonal. Many of our results 
an beextended to other norms, and also to operators as well as matri
es, but we will notdis
uss these generalizations.Throughout the arti
le, A is an N �N matrix, and �(A) denotes its spe
trum,i.e., its set of eigenvalues, a subset of the 
omplex plane C . The pseudospe
tra of Aare nested subsets of C that expand to �ll the plane as "!1.Definition. For ea
h " � 0, the "-pseudospe
trum �"(A) of A is the set ofnumbers z 2 C satisfying any of the equivalent 
onditions:(i) k(z �A)�1k � "�1;(ii) �min(z �A) � ";(iii) kAu� zuk � " for some ve
tor u with kuk = 1;(iv) z is an eigenvalue of A+E for some matrix E with kEk � ".Here �min denotes the smallest singular value, and we employ the 
onvention thatk(z �A)�1k =1 for z 2 �(A).Pseudospe
tra were introdu
ed as early as 1975 [11℄ and be
ame a popular toolduring the 1990s. We will not give detailed referen
es here but refer the reader to [20℄and [21℄ for examples, to [22℄ for algorithms and a list of appli
ations, and to [23℄ forhistory. For extensive online information about pseudospe
tra, in
luding examplesand a bibliography of papers by many authors, see the Web site [4℄.This brief arti
le is devoted to a simple idea:yOxford University Computing Laboratory, Wolfson Building, Parks Road, Oxford OX1 3QD,United Kingdom (embree�
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2 MARK EMBREE AND LLOYD N. TREFETHENMany theorems about eigenvalues are spe
ial 
ases " = 0 of theorems about"-pseudospe
tra.Our whole 
ontent 
onsists of the presentation of sixteen examples of theorems of thiskind. These theorems are for the most part neither mathemati
ally deep nor evennew, though in some 
ases they have not been stated in the language of pseudospe
trabefore. Nevertheless, for pra
ti
al appli
ations involving highly non-normal matri
es,they may sometimes be more useful than their eigenvalue spe
ial 
ases. This will tendto be so in situations where the eigenvalues of A are misleading, �lling a region of Csmaller than where A a
tually \lives." For an example illustrating the limitations ofeigenvalue analysis for Krylov subspa
e methods for linear systems, see [7℄. Considerthe following simpler but extreme example. If A is nilpotent, with AK = 0 for someK � 1, then �(A) = f0g. Some su
h matri
es will have norms kAkk that diminishsteadily toward 0 as k ! K, while for others, there may be no redu
tion until k = K orgreat transient growth before the eventual de
ay. Eigenvalues alone 
annot distinguishbetween these behaviors, but pseudospe
tra 
an.Our presentation will adhere to a �xed pattern. In ea
h 
ase, we �rst list atheorem about eigenvalues, without proof, that is either elementary or well known.We follow this with a generalized theorem for pseudospe
tra together with an outlineof a proof. Some pointers to the literature are in
luded along the way, but we do notaim to be exhaustive, as it is often hard with this essentially elementary material totra
k down the �rst appearan
e of a result in print.We hope that this arti
le may provide a useful 
ompendium for those 
on
ernedwith non-normal matri
es and asso
iated iterations, but we emphasize that this 
ol-le
tion does not in
lude all potentially useful theorems involving pseudospe
tra. By
on�ning our attention to theorems that redu
e for " = 0 to valid statements abouteigenvalues, we ex
lude some of the subtler estimates that may be obtained frompseudospe
tra, notably those based on 
ontour integrals. One example is the KreissMatrix Theorem, whi
h 
ontains a 
onstant eN that does not redu
e 
leanly to 1 as" ! 0 [10, 17℄. Another is the bound on a polynomial norm kp(A)k, of immediaterelevan
e to iterations su
h as GMRES, that 
an be obtained by integrating p(z)over the boundary 
ontour(s) of �"(A) [19℄. For new results 
omparing su
h 
ontourintegral te
hniques to other approa
hes, see [6℄.2. Sixteen Theorems. Our �rst theorem states that ill-
onditioning is equiv-alent to the existen
e of a pseudoeigenvalue near the origin. The result has beenattributed to Gastinel (see [18, pp. 120, 133℄).Theorem 1. A is singular () 0 2 �(A):Theorem 1". kA�1k � "�1 () 0 2 �"(A):Proof. Immediate from the de�nitions.Pseudospe
tra possess the satisfying property that every 
onne
ted 
omponent ofthe "-pseudospe
trum must 
ontain at least one eigenvalue. This property forms thebasis for the following result.Theorem 2. A has N distin
t eigenvalues =) A is diagonalizable.Theorem 2". �"(A) has N distin
t 
omponents =) A is diagonalizable.Proof. The fun
tion log k(z�A)�1k is subharmoni
, whi
h implies that it satis�esa maximum prin
iple, and therefore so does the resolvent norm k(z � A)�1k. Thisimplies that ea
h 
omponent of �"(A) 
ontains at least one eigenvalue of A.



PSEUDOSPECTRA THEOREMS 3Gallestey has developed an algorithm for 
omputing pseudospe
tra based on themaximum prin
iple property used in the above proof [5℄. A simpler ex
lusion algo-rithm, re
ently proposed by Gallopoulos, is based upon the next result [2℄.Theorem 3. k(z �A)�1k � 1dist(z;�(A)) .Theorem 3". k(z �A)�1k � 1dist(z;�"(A)) + " .Proof. A perturbation of A of norm dist(z;�"(A))+" 
ould make z an eigenvalue.Gallopoulos's algorithm utilizes Theorem 3" rewritten in the formdist(z;�"(A)) � 1k(z �A)�1k � ":In our next theorem, S is an arbitrary nonsingular matrix and �(S) is its 
onditionnumber, �(S) � kSkkS�1k. Though the theorem is stated as an in
lusion in onedire
tion only, it applies in the other dire
tion too, and in that sense Theorem 4maintains our usual pattern of being the spe
ial 
ase " = 0 of Theorem 4". The resultdemonstrates that pseudospe
tra are invariant under unitary transformations, andalso re
e
ts the extent to whi
h an ill-
onditioned similarity transformation 
an alterpseudospe
tra. When SBS�1 is a diagonalization of A, Theorem 4" is equivalent tothe most familiar version of the Bauer{Fike Theorem [1℄.Theorem 4. A = SBS�1 =) �(A) = �(B).Theorem 4". A = SBS�1 =) �"(A) � ��(S)"(B).Proof. Sin
e (z � A)�1 = S(z � B)�1S�1, k(z � A)�1k � �(S)k(z � B)�1k.Therefore if k(z �A)�1k � "�1, then k(z �B)�1k � (�(S)")�1.The following theorem makes use of the idea of the \average pseudoeigenvalue"of a matrix, mean�"2�"(A)�". Of 
ourse, this quantity needs to be de�ned. We 
ouldbe very spe
i�
 and make use of, say, Haar measure (isotropy in C N ) on the spa
eof N � N matri
es, but for the purposes of this theorem it is enough to say thatmean�"2�"(A)�" is the mean of the eigenvalues of A + E averaged over any �xeddistribution on the matri
es E with kEk � " with the property that ea
h matrixentry eij has mean 0.Theorem 5. tr(A) = N �mean�2�(A)�.Theorem 5". tr(A) = N �mean�"2�"(A)�".Proof. The theorem looks deep but is elementary. All we need to do is 
onsidertra
es of perturbed matri
es. Sin
e ea
h ejj has mean 0 by assumption, so does theirsum, and thus tr(A) = meankEk�"tr(A+E) = N �mean�"2�"(A)�".Our next pair of results require a de�nition of the 
ondition number �A(�)of a set � = �(A) depending on A with respe
t to perturbations of A. If �1and �2 are generi
 sets, let d(�1;�2) denote the Hausdor� distan
e, d(�1;�2) =maxfmaxs2�1 d(s;�2);maxs2�2 d(s;�1)g, where d(s;�) is the usual distan
e of a point s to aset �. Then �A(�) � lim sup"!0 �"�1 supkEk=" d��(A+E);�(A)��:



4 MARK EMBREE AND LLOYD N. TREFETHENTheorem 6. �(A) depends 
ontinuously on A, with 
ondition number 1 if A isnormal.Theorem 6". �"(A) depends 
ontinuously on A, with 
ondition number 1 if Ais normal.Proof. This follows from the de�nitions of �"(A) and the 
ondition number,together with the 
ontinuity of eigenvalues with respe
t to perturbations of the entries.Eigenvalues 
an 
hange dramati
ally with small perturbations, a warning thatanalysis based on them 
an be misleading. The following theorem hints that pseu-dospe
tra may be more robust.Theorem 7. �(A+E) � �kEk(A).Theorem 7". �"(A+E) � �"+kEk(A).Proof. If z 2 �"(A + E), then there exists a matrix F with kFk � " su
h that(A+E + F )u = zu for some u 6= 0. Sin
e kE + Fk � "+ kEk, z 2 �"+kEk(A).We now turn to the problems of estimating the behavior of a matrix from itsspe
tra and pseudospe
tra.Theorem 8. � 2 �(A) =) kAk � j�j.Theorem 8". �" 2 �"(A) =) kAk � j�"j � ".Proof. If �" 2 �"(A), then Au = �"u + "v for some ve
tors u; v 2 C withkuk = kvk = 1. It follows that kAuk � j�"j � ".The 
onvergen
e analysis of stationary iterative methods is based on the behaviorof powers of the iteration matrix. It has long been known that transient growth 
ano

ur even when the spe
tral radius of the iteration matrix is less than one (see,e.g., [24℄). The following two theorems use pseudospe
tra to des
ribe this transientgrowth. The �rst is the \easy half of the Kreiss matrix theorem," that is, the half ofthat theorem that does not depend on N and whose proof is elementary [10℄.Theorem 9. max�2�(A) j�j > 1 =) supk>0 kAkk =1.Theorem 9". max�"2�"(A) j�"j > 1 + C" =) supk�0 kAkk > C.Proof. Sin
e kA0k = 1, the result is trivial for C < 1, so assume C � 1. Ifmax�2�(A) j�j > 1, then the 
on
lusion 
ertainly holds, so assume max�2�(A) j�j � 1,in whi
h 
ase we have the 
onvergent series representation(z �A)�1 = z�1(I + z�1A+ z�2A2 + � � �);valid for all z with jzj > 1. We now argue the 
ontrapositive. If kAkk � C for allk � 0, then k(z �A)�1k � jz�1jC1� jz�1j = Cjzj � 1for any z with jzj > 1. This implies that �"(A) is 
ontained in the disk about theorigin of radius 1 + C", i.e., max�"2�"(A) j�"j � 1 + C".Theorem 10. � 2 �(A) =) kAkk � j�jk for all k.Theorem 10". �" 2 �"(A) =) kAkk � j�"jk � k"kAkk�11� k"=kAk for all k su
h thatk" < kAk.



PSEUDOSPECTRA THEOREMS 5Proof. Pi
k E su
h that kEk � " and �" 2 �(A+E). Then k(A+ E)kk � j�"jk,whi
h implieskAkk � j�"jk � k"kAkk�1 ��k2�"2kAkk�2 � � � �� j�"jk � k"kAkk�1 �1 + k"=kAk+ (k")2=kAk2 + � � �� :Provided k" < kAk, the series in this last equation 
onverges, givingkAkk � j�"jk � k"kAkk�11� k"=kAk :Theorem 9" has an exa
t analogue for 
ontinuous time (see [12, 13℄).Theorem 11. max�2�(A)Re� > 0 =) supt>0 ketAk =1.Theorem 11". max�"2�"(A)Re�" > C" =) supt>0 ketAk > C.Proof. As in the proof of Theorem 9", the 
on
lusion is immediate if C < 1 ormax�2�(A)Re� > 0, so we assume that C � 1 and max�2�(A)Re� � 0 and use theLapla
e transform identity (z �A)�1 = Z 10 e�ztetAdt;valid for Rez > 0. Again arguing the 
ontrapositive, we note that if ketAk � C forall t > 0, then k(z � A)�1k � C=Rez for z with Rez > 0, implying that �"(A) is
ontained in the half-plane de�ned by Rez � C".Our next result is a pseudospe
tral generalization of Gers
hgorin's theorem, whi
hwe believe to be new. It implies that if �"(A) 
ontains points distant from �(A) forsuÆ
iently small ", then the eigenvalue bounds given by Gers
hgorin's theorem willbe more des
riptive of the pseudospe
tra than the spe
trum. Coupling this withTheorems 9" and 10", one sees that Gers
hgorin eigenvalue bounds 
an potentiallysuggest a better des
ription of transient behavior of iterative matrix pro
esses thanwould be obtained from the eigenvalues themselves. For these theorems, de�ne dj =ajj and rj = Pk 6=j jajk j, and for any 
omplex number z and real number r � 0, letD(z; r) denote the 
losed disk about z of radius r.Theorem 12. �(A) � [j D(dj ; rj).Theorem 12". �"(A) � [j D(dj ; rj + "N).Proof. A perturbation E of A with kEk � " must satisfy jeij j � " for ea
h i; j.Therefore A+ E satis�es the same Gers
hgorin bounds as A, ex
ept with the 
enterof ea
h disk moved by at most " and the radius of ea
h disk in
reased by at most(N � 1)".The next result 
on
erns the numeri
al range or �eld of values, whi
h we denoteby W (A). In the 
ontext of iterative methods, the theorem indi
ates how analysisbased on the �eld of values (see, e.g., [3℄) relates to pseudospe
tral analysis. We



6 MARK EMBREE AND LLOYD N. TREFETHENwrite 
onv(S) for the 
onvex hull in C of a set S � C . The notation \S n "-border"also requires some explanation. By this we mean the set of points z 2 C su
h thatD(z; ") � S. Perhaps Reddy, S
hmid, and Henningson were the �rst to formulate thisresult in the language of pseudospe
tra [13, Thm. 2.2℄.Theorem 13. W (A) � 
onv(�(A)).Theorem 13". W (A) � 
onv(�"(A)) n "-border.Proof. This result follows from a familiar result in fun
tional analysis: thatW (A)is the interse
tions of all 
onvex sets S that satisfy the 
onditionk(z �A)�1k � 1dist(z; S) :See, for example, Kato [9, p. 268℄.The spe
tral mapping theorem (see, e.g., [9, p. 45℄) is a jewel in the 
rown ofeigenvalue theorems; it is theoreti
ally appealing and pra
ti
ally relevant, formingthe basis for rational transformation te
hniques for 
omputing eigenvalues. The nu-meri
al range obeys a similar, though one-sided, mapping theorem [8℄. Theorems 13and 13" suggest that a similar result might hold for pseudospe
tra. Our next theoremis a modest step in this dire
tion, a pre
ise mapping theorem for linear transforma-tions [23, Thm. 2.4℄.Theorem 14. �(�+ �A) = �+ ��(A) for �; � 2 C .Theorem 14". �"j�j(�+ �A) = �+ ��"(A) for �; � 2 C .Proof. The result is trivial when � = 0. Otherwise, note thatj�j k(z � (� + �A))�1k = k(��1(z � �) �A)�1k:For Theorems 15 and 16, let V denote an N�k re
tangular matrix with orthonor-mal 
olumns, for some k � N , as might be obtained in Arnoldi or subspa
e iteration,and let H denote a k � k square matrix. In the Arnoldi iteration, H would haveHessenberg form, but this is not ne
essary for these theorems. First, we assume thatthe 
olumns of V exa
tly span an invariant subspa
e of A. The resulting theoremforms the basis for algorithms that 
ompute pseudospe
tra by proje
ting A onto a
arefully 
hosen invariant subspa
e [13, 22℄.Theorem 15. AV = VH =) �(H) � �(A).Theorem 15". AV = VH =) �"(H) � �"(A).Proof. If kHu� zuk � " for some u 2 C N with kuk = 1, then kV Hu� V zuk � "too, and this implies kAV u� zV uk � ".Pra
ti
al algorithms su
h as the impli
itly restarted Arnoldi method [16℄ or sub-spa
e iteration (see, e.g., [14, xV.1℄) rarely yield an exa
t basis for the invariantsubspa
e. Rather, the 
olumns of V form an orthonormal basis for some approximateinvariant subspa
e of A. Let H denote the generalized Rayleigh quotient this basisforms, H � V �AV . With this notation, eigenvalue Theorem 15 has an alternative,more pra
ti
al pseudospe
tral generalization.Theorem 16. AV = VH =) �(H) � �(A).Theorem 16". AV = VH +R =) �(H) � �"(A) for " = kRk.Proof. Consider the square matrix E = �RV �. Then (A + E)V = AV � R =VH , so by Theorem 15, the eigenvalues of H are eigenvalues of A + E and hen
e"-pseudoeigenvalues of A for " = k�RV �k = kRk.



PSEUDOSPECTRA THEOREMS 7For an Arnoldi fa
torization with k basis ve
tors, V 2 C n�k, Theorem 16" redu
esto a well known result: " = kRk = jhk+1;k j, where hk+1;k is the (k+1; k) entry in theextended upper Hessenberg matrix (see, e.g., [15, Lem. 2.1℄).A
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