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ien
es and Intelligent Systems ProgramUniversity of Pittsburgh, Pittsburgh, PA 15260fj
heng,marekg�sis.pitt.eduAbstra
tMonte Carlo sampling has be
ome a majorvehi
le for approximate inferen
e in Bayesiannetworks. In this paper, we investigate a fam-ily of related simulation approa
hes, known
olle
tively as quasi-Monte Carlo methodsbased on deterministi
 low-dis
repan
y se-quen
es. We �rst outline several theoreti-
al aspe
ts of deterministi
 low-dis
repan
ysequen
es, show three examples of su
h se-quen
es, and then dis
uss pra
ti
al issues re-lated to applying them to belief updating inBayesian networks. We propose an algorithmfor sele
ting dire
tion numbers for Sobol se-quen
e. Our experimental results show thatlow-dis
repan
y sequen
es (espe
ially Sobolsequen
e) signi�
antly improve the perfor-man
e of simulation algorithms in Bayesiannetworks 
ompared to Monte Carlo sampling.1 Introdu
tionSin
e exa
t inferen
e in Bayesian networks is NP-hard[Cooper, 1990℄, approximate inferen
e algorithms mayfor very large and 
omplex networks be the only 
lassof algorithms that will produ
e any result at all. Aprominent sub
lass of approximate algorithms is thefamily of s
hemes based on Monte Carlo sampling(also 
alled sto
hasti
 simulation or sto
hasti
 sam-pling algorithms). The expe
ted error of Monte Carlosampling, fairly independent of the problem dimension(i.e., the number of variables involved), is of the orderof N�1=2, where N is the number of samples. Ran-dom point sets generated by Monte Carlo samplingshow often 
lusters of points and tend to take wastefulsamples be
ause of gaps in the sample spa
e. Thisobservation led to proposing error redu
tion meth-ods by means of determinate point sets, su
h as low-dis
repan
y sequen
es. Low-dis
repan
y sequen
es try

to utilize more uniformly distributed points. Appli-
ation of low-dis
repan
y sequen
es to generation ofsample points for Monte Carlo sampling leads to whatis known as quasi-Monte Carlo approa
hes. The er-ror bounds in quasi-Monte Carlo approa
hes are ofthe order of (logN)d � N�1, where d is the problemdimension and N is again the number of samples gen-erated. When the number of samples is large enough,quasi-Monte Carlo methods are theoreti
ally superiorto Monte Carlo sampling. Another advantage of quasi-Monte Carlo methods is that their error bounds aredeterministi
.Quasi-Monte Carlo methods have been su

essfully ap-plied to 
omputer graphi
s, 
omputational physi
s, �-nan
ial engineering, and approximate integrals (e.g.,[Niederreiter, 1992a, Moroko� and Ca
is
h, 1995,Paskov and Traub, 1995, Papageorgiou and Traub,1997℄). They have proven their advantage in low-dimensionality problems. Even though some authors(e.g., [Bratley et al., 1992, Moroko� and Ca
is
h,1994℄) believe that the quasi-Monte Carlo methodsare not suitable for problems of high-dimensionality,tests by Paskov and Traub [1995℄ and Paskov [1997℄have shown that quasi-Monte Carlo methods 
an bevery e�e
tive for high-dimensional integral problemsarising in 
omputational �nan
e. Papageorgiou andTraub [1997℄ have reported similarly good performan
ein high-dimensional integral problems arising in 
om-putational physi
s, demonstrating that quasi-MonteCarlo methods 
an be superior to Monte Carlo sam-pling even when the sample sizes are mu
h smaller.These results rise the question whether quasi-MonteCarlo methods 
an improve sampling performan
e inBayesian networks. To the best of our knowledge, ap-pli
ation of quasi-Monte Carlo methods to Bayesiannetworks has not been studied before. Of parti
u-lar interest here are high-dimensionality problems, i.e.,Bayesian networks with a large number of variables, asthese are problems that 
annot be solved using exa
tmethods.



In this paper, we investigate the advantages of ap-plying low-dis
repan
y sequen
es to existing sam-pling algorithms in Bayesian networks. We �rst out-line several theoreti
al aspe
ts of deterministi
 quasi-Monte Carlo sequen
es, show three examples of low-dis
repan
y sequen
es, and then dis
uss pra
ti
al is-sues related to applying them to belief updating inBayesian networks. We propose an algorithm for se-le
ting dire
tion numbers for Sobol sequen
e. Ourexperimental results show that low-dis
repan
y se-quen
es (espe
ially Sobol sequen
e) 
an lead to sig-ni�
ant performan
e improvements of simulation al-gorithms 
ompared to existing Monte Carlo samplingalgorithms.In the following dis
ussion, all random variables usedare multiple-valued, dis
rete variables. Bold 
apitalletters, su
h as X, A, denote sets of variables. Bold
apital letter E denotes the set of eviden
e variables.Bold lower 
ase letter e, is used to denote the observa-tions, i.e., instantiations of the set of eviden
e variablesE. Indexed 
apital letters, su
h as Xi, denote randomvariables. Bold lower 
ase letter a denotes a parti
u-lar instantiation of a set A. Pa(Xi) denotes the set ofparents of node Xi. n denotes set di�eren
e. The no-tation for low-dis
repan
y sequen
es will be 
lari�edas introdu
ed in the paper.The remainder of this paper is organized as follows.Se
tion 2 provides a brief introdu
tion to the 
on
eptof dis
repan
y and to low-dis
repan
y sequen
es. Se
-tion 3 presents 
onstru
tion methods for three pop-ular low-dis
repan
y sequen
es | Halton, Sobol andFaure sequen
es. Se
tion 4 dis
usses how these low-dis
repan
y sequen
es 
an be used in Bayesian net-works. We also propose an algorithm for sele
tion ofdire
tion numbers for Sobol sequen
e. Se
tion 5 re-ports our empiri
al evaluation of quasi-Monte Carlomethods in Bayesian networks. Finally, Se
tion 6 dis-
usses the impli
ations of our �ndings.2 Dis
repan
y and Low-dis
repan
ySequen
esThis se
tion provides a brief introdu
tion to the 
on-
epts of dis
repan
y and low-dis
repan
y sequen
es asapplied in quasi-Monte Carlo methods. Our expositionis based on that of Niederreiter [1992b℄.Dis
repan
y is a measure of nonuniformity of a se-quen
e of points pla
ed in a unary hyper
ube [0; 1℄d.The most widely studied distan
e measure is the stardis
repan
y.D�N (x1; : : : ; xN ) =sup0�vj<1;j=1;::: ;d ����� 1N NPi=1 dQj=1 10�xji<vj � dQj=1 vj����� :

In other words, for every subset E of [0; 1℄d of the form[0; v1) � : : : � [0; vd), we divide the number of pointsxk in E by N and take the absolute di�eren
e betweenthis quotient and the volume of E. The maximumdi�eren
e is the star dis
repan
y D�N .A sequen
e x1, x2, : : : , xN of points in [0; 1℄d is alow-dis
repan
y sequen
e if for any N > 1D�N (x1; : : : ; xN ) � 
(d) � (logN)dN ;where the 
onstant 
(d) depends only on the problemdimension d. The idea behind the low-dis
repan
y se-quen
es is to let the fra
tion of the points within anysubset E of [0; 1℄d of the form [0; v1) � : : : � [0; vd)be as 
lose as possible to its volume. That way, thelow-dis
repan
y sequen
es will spread over [0; 1℄d asuniformly as possible, redu
ing gaps and 
lustering ofpoints. Figure 1 uses two-dimensional proje
tion of arandom sequen
e and of a low-dis
repan
y sequen
e todemonstrate the fundamental di�eren
e between thetwo 
lasses of sequen
es.
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tion of the �rst1024 points in a random sequen
e (upper) and a low-dis
repan
y Sobol sequen
e (lower).Suppose we want to estimate I = R[0;1℄d f(x)dx. Using



Monte Carlo sampling, we �rst generate a random se-quen
e of independent ve
tors x1, x2, : : : , xN from theuniform distribution on [0; 1℄d, then use 1N PNi=1 f(xi)as the estimator of I . The error bound for Monte Carlosampling is probabilisti
 with order O(N�1=2). Inquasi-Monte Carlo methods, we use a low-dis
repan
ysequen
e x1, x2, : : : , xN instead of a random se-quen
e to estimate I . The integration a

ura
y forquasi-Monte Carlo methods relates to star dis
repan
yby the Koksma-Hlawka inequality (see [Niederreiter,1992b℄) �����Z[0;1℄d f(x)dx� 1N NXi=1 f(xi)������ V (f)D�N(x1; : : : ; xN )� V (f)
(d) � (logN)dN ; (1)where V (f) < 1 is the variation of f in the senseof Hardy and Krause (see [Niederreiter, 1992b℄). Itis easy to see that with an in
rease in N quasi-MonteCarlo methods may o�er better 
onvergen
e rates thanMonte Carlo sampling. Another advantage of quasi-Monte Carlo methods is that we obtain deterministi
error bounds O((logN)d=N).Unfortunately, the theory has it that when the prob-lem dimension d is high, it takes mu
h larger Nfor the quasi-Monte Carlo methods to be superiorover Monte Carlo sampling. For example, in a 20-dimensional problem, (logN)20=N is still greater than1=N1=2 when N < 1075. This observation has 
on-tributed to the belief that quasi-Monte Carlo methodsare not e�e
tive in high-dimensional problems [Bratleyet al., 1992, Moroko� and Ca
is
h, 1994℄. However,several experimental tests [Paskov and Traub, 1995,Paskov, 1997, Papageorgiou and Traub, 1997℄ 
ontra-di
ted this theoreti
al predi
tion and demonstratedthat quasi-Monte Carlo methods 
an be very e�e
tivealso in high-dimensional integral problems.The basi
 low-dis
repan
y sequen
es proposed in theliterature are those of Halton [1960℄, Sobol [1967℄, andFaure [1982℄. Niederreiter [1992b℄ proposed a generalprin
iple for 
onstru
ting so-
alled (t; d)-sequen
es.The sequen
es of Halton, Sobol and Faure 
an beviewed as spe
ial 
ases of generalized (t; d)-sequen
es.3 Constru
tion of Low-Dis
repan
ySequen
esIn this se
tion, we brie
y des
ribe the 
onstru
tion ofthree low-dis
repan
y sequen
es | Halton, Sobol andFaure sequen
es. General prin
iples of generating low-dis
repan
y sequen
es 
an be found in [Niederreiter,1992b℄.

3.1 The Halton Sequen
eLet p1, p2, : : : , pd be the �rst d prime numbers. TheHalton d-dimensional sequen
e [Halton, 1960℄ is de-�ned as sequen
exn = (�p1(n); : : : ;�pj (n); : : : ;�pd(n)) ;where �pj (n) is the jth radi
al inverse fun
tion:�pj (n) = l(j)Xi=0 ai(j; n)p�i�1j :This sum is �nite with the integer 
oeÆ
ients ai(j; n) 2[0; pj � 1℄ (j and n are indexes) 
oming from the digitexpansion of the integer n in base pjn = l(j)Xi=0 ai(j; n)pij ; l(j) = llogpj nm :3.2 The Sobol Sequen
eThe Sobol sequen
e [1967℄ is generated from a set ofspe
ial binary fra
tions of length w bits, vji , i = 1, 2,: : : , w, j = 1, 2, : : : , d. The numbers vji are 
alleddire
tion numbers.In order to generate dire
tion numbers for dimensionj, we start with a primitive (irredu
ible) polynomialover the �eld F2 with elements f0; 1g. Suppose theprimitive polynomial in dimension j ispj(x) = xq + a1xq�1 + : : :+ aq�1x+ 1 :The dire
tion numbers in dimension j are generatedusing the following q-term re
urren
e relationvji = a1vji�1 � a2vji�2 � : : :� aq�1vji�q+1 � vji�q � (vji�q=2q);where i > q. � denotes the bitwise XOR operation.The initial numbers vj1 � 2w, vj2 � 2w, : : : , vjq � 2w 
an bearbitrary odd integers smaller than 2, 22, : : : , and 2q,respe
tively. The Sobol sequen
e xjn (n = Pwi=0 bi2i,bi 2 f0; 1g) in dimension j is generated byxjn = b1vj1 � b2vj2 � : : :� bwvjw :We should use a di�erent primitive polynomial to gen-erate Sobol sequen
e in ea
h dimension.Antonov and Saleev [1979℄ proposed an eÆ
ient vari-ant of Sobol sequen
e based on Gray 
ode. An imple-mentation of this variant is des
ribed in [Bratley andFox, 1988℄.3.3 The Faure Sequen
eThe Faure sequen
e [1982℄ 
an be generated as follows.Let p be the �rst prime number su
h that p � d and



pm is the upper bound of the sample size. Let 
ij =�ij� mod p, 0 � j � i � m. Consider the base prepresentation of n for n = 0, 1, 2, : : : ,n = m�1Xi=0 ai(n)pi ;where ai(n) 2 [0; p) are integers. The �rst 
oordinateof the point xn is then given byx1n = m�1Xj=0 aj(n)p�j�1:The other 
oordinates are given by8<: aj(n) =Pm�1l=j 
ljal(n) mod p; j 2 f0; 1; : : : ;m� 1g;aj(n) = aj(n); j 2 f0; 1; : : : ;m� 1g;xin =Pm�1j=0 aj(n)p�j�1;in order of i = 2, : : : , d. An algorithm for fast gen-eration of Faure sequen
es 
ould be found in [Tezuka,1995℄.Even though there exist other theoreti
al low-dis
repan
y sequen
es with asymptoti
ally good be-havior (i.e., with small value of 
(d)), su
h as Niederre-iter sequen
e [Niederreiter, 1988℄ or Niederreiter-Xingsequen
e [Niederreiter and Xing, 1996℄, we will not dis-
uss them here. Pra
ti
al usability of these sequen
esrequires 
areful testing and solving implementationalissues. It is not 
ertain that sequen
es with asymptot-i
ally good behavior will ne
essarily perform well inpra
ti
al appli
ations, where only a �nite number ofpoints near the beginning of the sequen
e are used.4 Quasi-Monte Carlo Methods inBayesian NetworksIn this se
tion, we des
ribe our adaptation of quasi-Monte Carlo algorithms to belief updating in Bayesiannetworks. We fo
us on importan
e sampling algo-rithms, 
urrently the best performing sto
hasti
 sam-pling algorithms (see [Cheng and Druzdzel, 2000℄). Westart with a brief general des
ription of sampling algo-rithms and follow this by a des
ription of importan
esampling. Finally we propose an algorithm for gener-ation of dire
tion numbers in Sobol sequen
e.4.1 Sto
hasti
 Sampling in BayesianNetworksWe know that the joint probability distribution overall variables of a Bayesian network model, Pr(X), isthe produ
t of the probability distributions over ea
hof the nodes 
onditional on their parents, i.e.,Pr(X) = nYi=1Pr(XijPa(Xi)) :

In order to 
al
ulate the probability of eviden
ePr(E = e), we need to sum over all Pr(XnE;E = e),Pr(E = e) = XXnEPr(XnE;E = e) : (2)The posterior probability Pr(aje) 
an be obtained by�rst 
omputing Pr(a; e) and Pr(e) separately a

ord-ing to equation (2), and then 
ombining these twobased on the de�nition of 
onditional probabilityPr(aje) = Pr(a; e)Pr(e) :Sto
hasti
 sampling algorithms attempt to obtain anestimate of Pr(E = e) in equation (2), whi
h is anal-ogous to approximate 
omputation of integrals. Thenumber of summation terms, whi
h we will denote byd(XnE), 
orresponds to the dimension of the problem.In order to estimate Pr(E = e), we 
an �rst gener-ate a low-dis
repan
y sequen
e of x1, x2, : : : , xN ind(XnE) dimension unit super
ube using the methodsdes
ribed in Se
tion 3. Every dimension j 
orrespondsto a node in XnE. Then the value xji 
an be pro
essedas a random number generated for the 
orrespondingnode in sample i. Using this 
onversion method, low-dis
repan
y sequen
es 
an be easily applied to manysampling algorithms, su
h as probabilisti
 logi
 sam-pling [Henrion, 1988℄, likelihood weighting [Fung andChang, 1989, Sha
hter and Peot, 1989℄, importan
esampling [Sha
hter and Peot, 1989℄, or AIS-BN sam-pling [Cheng and Druzdzel, 2000℄.4.2 Importan
e Sampling for BayesianNetworksSampling algorithms will in general work very wellwhen the estimated fun
tion Pr(XnE;E = e) issmooth. When Pr(XnE;E = e) is not smooth, theperforman
e of sampling algorithms will deteriorate(i.e., their 
onvergen
e rate will be very slow). Thisis also true for quasi-Monte Carlo methods. Impor-tan
e sampling algorithms [Sha
hter and Peot, 1989,Cheng and Druzdzel, 2000℄ address this problem by
hoosing an appropriate sampling distribution. Themain prin
iple of importan
e sampling 
an be sum-marized as an attempt to �nd an importan
e densitysampling fun
tion Prisf(XnE) that will letf(XnE) = Pr(XnE;E = e)Prisf(XnE) (3)be as smooth as possible. Another requirement forthe importan
e sampling fun
tion Prisf(XnE) is thatit should be easy to generate samples a

ording to thatfun
tion. If we generate samples x1, x2, : : : , xN a
-
ording to the fun
tion Prisf(XnE) independently and



randomly, then 1N PNi=1 f(xi) is an unbiased estimatorof Pr(E = e). A thorough dis
ussions of detail of im-portan
e sampling in Bayesian networks 
an be foundin [Cheng and Druzdzel, 2000℄.4.3 Dire
tion Numbers in Sobol Sequen
eSuppose that we 
hoose a primitive polynomial of de-gree q that will generate Sobol sequen
e in a 
ertain di-mension. From the dis
ussion in Se
tion 3.2, we knowthat the initial numbers vj1 � 2w, vj2 � 2w, : : : , vjq � 2w inSobol sequen
e 
an be arbitrary odd integers smallerthan 2, 22, : : : , 2q respe
tively. A simple 
al
ulationshows that there are a total of 2q�(q�1)=2 ways of 
hoos-ing these q integers. For dimension of 36 (in whi
h
ase q has to be 8 or higher), this number is largerthan 227. Considering all dimensions makes the totalspa
e for the initial dire
tion numbers huge. We havefound experimentally that the 
hoi
e of these numbersa�e
ts the 
onvergen
e rate signi�
antly. AlthoughPaskov and Traub [1995℄ and Paskov [1997℄ mentionthat they made improvements in the initial dire
tionnumbers for the Sobol sequen
e, they do not reveal themethod that they used. This se
tion proposes an al-gorithm for the 
hoi
e of initial dire
tion numbers forquasi-Monte Carlo methods in Bayesian networks.Sin
e the idea behind the low-dis
repan
y sequen
es isto let the points be distributed as uniformly as possi-ble, we introdu
e an additional measure of uniformityof the distribution of a set of points that will be usefulin 
hoosing dire
tion numbers. Essentially, to 
omputethis measure of uniformity, we divide the unit squareinto m2 equal parts. Ideally, ea
h part should haveN=m2 points. We 
al
ulate the sum of the absolutedi�eren
es between the a
tual and the ideal numberof points in ea
h part. This measure is heuristi
 innature, as it looks at only two dimensions at a time.We have found empiri
ally that the dire
tion numbersbased on this uniformity property are reasonable.Suppose that we have obtained the initial dire
tionnumbers for the �rst i dimensions and have derivedthe �rst N points xjl , j = 1, 2, : : : , i, l = 1, 2, : : : , N ,based on these numbers. For the dimension i+ 1, werandomly 
hoose the initial numbers vi+11 � 2w, vi+12 �2w, : : : , vi+1q � 2w and then 
al
ulate xi+1l , l = 1, 2,: : : , N . After 
omputing the sum of the uniformitydis
repan
y in the unit square given by dimensionsi + 1 and ea
h of the i dimensions based on these Npoints, we 
hoose the initial dire
tion numbers thatminimize the sum as our initial dire
tion numbers indimension i + 1. This is essentially a random sear
hpro
ess. (Due to the size of the sear
h spa
e, it isimpossible to 
ondu
t an exhaustive sear
h.) Figure 2
ontains an algorithm des
ribing our approa
h.

for i 1 to nDimension dofor j  1 to nRandomTimes doRandomly 
hoose the initial dire
tion numbersfor dimension iSi(N) Get the �rst N Sobol sequen
e indimension i a

ording to previously 
hoseninitial dire
tion numbersnErrorSum 0for k  1 to i� 1 donError Cal
ulate the uniformity dis
repan
yin the unit square given by dimensions kand i based on Sk(N) and Si(N)nErrorSum nErrorSum+w(k; i)�nErrorend forkeep the best initial dire
tion numbers and
orresponding Si(N) so far based on nErrorSumend forend forFigure 2: An algorithm for generating initial dire
tionnumbers in Sobol sequen
e.We know that in Bayesian networks parent nodes af-fe
t their 
hildren dire
tly. A good sampling heuristi
is to keep parent nodes 
lose to their 
hildren in thesampling order and to keep those dimensions that are
lose together more uniformly distributed. We a
hievethis by giving a higher weight w(k; i) to those dimen-sions that are 
lose to ea
h other when 
omputing theuniformity dis
repan
y. In our tests, we have 
hosenN = 1; 024, m = 32 and w(k; i) = 1 when k � i � 8,otherwise w(k; i) = 0.5 Experimental ResultsWe performed empiri
al tests 
omparing Monte Carlosampling to quasi-Monte Carlo methods using �ve net-works: Coma [Cooper, 1984℄, Asia [Lauritzen andSpiegelhalter, 1988℄, Alarm [Beinli
h et al., 1989℄,Hailfinder [Abramson et al., 1996, Edwards, 1998℄,and a simpli�ed version of the CPCS (Computer-based Patient Case Study) network [Pradhan et al.,1994℄. The �rst four networks 
an be downloaded fromhttp://www2.sis.pitt.edu/�genie. The CPCSnetwork 
an be obtained from the OÆ
e of Te
hnol-ogy Management, University of Pittsburgh. Ea
h ofthe tested networks is multiply-
onne
ted and the lastthree networks are multi-layer networks with multi-valued nodes. In 
ase of the CPCS network, we haveused the largest available version for whi
h 
omput-ing the exa
t solution is still feasible, so that we 
ould
ompute the approximation error in our experiments.The sizes of the networks (this 
orresponds dire
tlyto the dimension of the sampling spa
e) ranged from5 to 179. Ea
h of these networks has been used in



the UAI literature for the purpose of demonstrationor algorithm testing. Most of them are real or realisti
with both the stru
ture and the parameters eli
itedfrom experts. We believe that our test set was quiterepresentative for pra
ti
al networks.We fo
used our tests on the relationship between thenumber of samples and the a

ura
y of approximationa
hieved by the simulation. We measured the latterin terms of the Mean Square Error (MSE), i.e., squareroot of the sum of square di�eren
es between Pr0(xij)and Pr(xij), the sampled and the exa
t marginal prob-abilities of state j (j = 1; 2; : : : ; ni) of node i, su
h thatXi =2 E. More pre
isely,MSE =vuuut 1PXi2XnEni XXi2XnE niXj=1(Pr0(xij)� Pr(xij))2 ;where X is the set of all nodes, E is the set of eviden
enodes, and ni is the number of out
omes of node i.In all diagrams, the reported MSE for Monte Carlosampling is averaged over 10 runs. Sin
e quasi-MonteCarlo methods are deterministi
, we report MSE of asingle run.We varied the number of samples from 250 to 256; 000,staring at 250 and doubling this number at ea
h of thesubsequent 10 steps (yielding a total of 11 samplingsteps in ea
h test). In all �gures in
luded in this paper,we show plots of log10MSE against log2(N=250), whereN is the number of samples. We 
onne
t the pointsin the plots by lines in order to indi
ate the trend.The linear behavior observed in the log-log plots 
or-responds to a relationship MSE= 
N��, where � 
anbe estimated by means of linear regression. For MonteCarlo sampling, the theoreti
al value of � is 0.5.Our �rst tests involved belief updating without evi-den
e. In this 
ase, we used the probabilisti
 logi
sampling algorithm [Henrion, 1988℄. The results areshown in Figures 3 through 7. The estimated values of� for di�erent networks and di�erent sampling meth-ods are shown in Table 1. The results of tests for low-dimensionality problems (Figures 3 and 4) show thatthe three quasi-Monte Carlo methods tested are sig-ni�
antly better than Monte Carlo sampling. The dif-feren
es among the three quasi-Monte Carlo methodsare small. For a given sample size, su
h as 8; 000, thesmallest improvement of MSE is larger than 1,100%(one order of magnitude). The a

ura
y a
hievedby Monte Carlo sampling with 256; 000 samples willbe a
hieved by the quasi-Monte Carlo methods withonly 4; 000 sample points (two orders of magnitudeless). With the in
rease of the problem dimension,the results 
hange. The a

ura
y a
hieved by meansof Faure and Halton sequen
es deteriorates. For the
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Figure 3: Mean Square Error as a fun
tion of the num-ber of samples for the Coma network without evi-den
e. The number of nodes in the Coma networkis 5.
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Figure 4: Mean Square Error as a fun
tion of the num-ber of samples for the Asia network without eviden
e.The number of nodes in the Asia network is 8.Hailfinder and CPCS networks, the Faure sequen
eleads to performan
e that is even worse than that ofMonte Carlo sampling. Although the method usingHalton sequen
e is worse than Monte Carlo samplingwhen the sample size is small, its 
onvergen
e rate �(Table 1) is better than that of Monte Carlo sampling(� = 0:5) and when the sample size is large enough,the Halton sequen
e 
at
hes up. As the number of di-mensions in
reases, the a

ura
y of the Sobol sequen
eappears to be better than that of the other two quasi-Monte Carlo methods. A remarkable result is thatthe method using Sobol sequen
e is signi�
antly betterthan Monte Carlo sampling in all �ve tested networks.In the CPCS network, for a given sample size, su
has 8; 000, the improvement of MSE is 372% (almostan order of magnitude). The a

ura
y a
hieved using
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Figure 5: Mean Square Error as a fun
tion of the num-ber of samples for the Alarm network without evi-den
e. The number of nodes in the Alarm network is37.256; 000 sample points by Monte Carlo sampling willrequired about 16; 000 sample points in the methodusing Sobol sequen
e (still over an order of magnitudeimprovement). Its 
onvergen
e rate � = 0:71 is alsobetter than that of Monte Carlo sampling (� = 0:5),whi
h means that higher number of samples will leadto even larger improvement. Table 1 shows that the
onvergen
e rate � of quasi-Monte Carlo methods wasalways better than Monte Carlo sampling. It seemsthat the method using Halton sequen
e leads to bet-ter 
onvergen
e rates than that using Faure sequen
ewith the in
rease of dimensions.� MC Halton Sobol FaureComa 0.46 0.87 0.88 0.82Asia 0.49 0.76 0.90 0.74Alarm 0.51 0.74 0.65 0.72Hailfinder 0.50 0.69 0.64 0.53CPCS 0.51 0.74 0.71 0.57CPCS/E 0.50 0.82 0.61 0.70Table 1: Estimated 
onvergen
e rates � for the six test
ases and four tested sampling methods. CPCS/Estands for the CPCS network with 20 eviden
e nodes.Our �nal test fo
used on evidential reasoning. As men-tioned before, in evidential reasoning, when the fun
-tion Pr(XnE;E = e) is not smooth, the performan
eof sampling methods will in general be poor. In or-der to 
ompare Monte Carlo sampling to quasi-MonteCarlo methods, we based our tests on the adaptiveimportan
e sampling algorithm (AIS-BN) developedin our earlier work [Cheng and Druzdzel, 2000℄. TheAIS-BN algorithm �rst learns the optimal importan
esampling fun
tion by adjusting dynami
ally equation
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Figure 6: Mean Square Error as a fun
tion of the num-ber of samples for the Hailfinder network withouteviden
e. The number of nodes in the Hailfindernetwork is 56.(3). In our earlier tests involving evidential reasoningwith very unlikely eviden
e, the AIS-BN algorithm has
onsistently outperformed the likelihood weighting al-gorithm by several orders of magnitude. As the fo
usof the 
urrent paper is a 
omparison of Monte Carlosampling to quasi-Monte Carlo methods, we used thesame importan
e sampling for both. We run the AIS-BN algorithm until it has found a good importan
efun
tion Prisf(XnE) and then used importan
e sam-pling (Se
tion 4.2) to 
ompare Monte Carlo samplingto quasi-Monte Carlo methods. We used only theCPCS network in our tests, as it has observable nodesindi
ated as su
h. Our test 
ases for evidential reason-ing were, therefore, quite realisti
. Figure 8 shows a
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Figure 7: Mean Square Error as a fun
tion of the num-ber of samples for a subset of the CPCS network with-out eviden
e. The number of nodes in the tested sub-set of the CPCS network was 179.



typi
al plot of 
onvergen
e. The plot shows that theSobol sequen
e leads to the best results, similarly tothe results of our tests without eviden
e. For example,for the sample size of 8,000, the improvement of theSobol sequen
e over Monte Carlo sampling is 293%.The a

ura
y a
hieved by 256,000 sample points inMonte Carlo sampling would require less than 32; 000sample points using Sobol sequen
e (over an order ofmagnitude improvement in speed over Monte Carlosampling). Its 
onvergen
e rate � = 0:61 is betterthan that of Monte Carlo sampling (� = 0:5). Thebehavior of Halton and Faure sequen
es is almost thesame as without eviden
e. It is worth to point outthat the improvement using Sobol sequen
e dependson the smoothness of the fun
tion f(XnE) | the moresmooth the fun
tion is, the higher the improvement.
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Figure 8: Mean Square Error as a fun
tion of the num-ber of samples for the CPCS network with 20 eviden
enodes 
hosen randomly among plausible medi
al ob-servations (Pr(E = e) = 7:33� 10�20 in this parti
u-lar 
ase). The plot shows 
onvergen
e after a smoothimportan
e fun
tion has been identi�ed using the AIS-BN algorithm.Quasi-Monte Carlo methods preserve the anytimeproperty of sampling algorithms. All plots of our ex-perimental results indi
ate that the 
onvergen
e 
urveof the Sobol sequen
e is quite smooth. It is fairly safeto terminate the simulation at any time and still ob-tain a reasonable result. This is di�erent from MonteCarlo sampling, whi
h is sensitive to the random seedand often shows large varian
e (please note that ourplots of Monte Carlo sampling performan
e are smoothbe
ause they are averaged over 10 runs).With an in
rease in problem dimension, one of thethreats to a

ura
y is a possible signi�
ant 
orrela-tion between di�erent dimension in low-dis
repan
ysequen
es. The algorithm we used to sele
t the dire
-tion numbers for the Sobol sequen
e tries to de
rease

this 
orrelation. Other methods that aim at de
reas-ing this 
orrelation and improve the low-dis
repan
ysequen
es 
an be found in [Ko
is and Whiten, 1997℄.Although their methods are reported to redu
e the er-ror varian
e, we did not see signi�
ant improvementin our tests.Currently, there exists no general rigorous theoreti-
al justi�
ation that would explain why quasi-MonteCarlo methods are superior to Monte Carlo samplinga
ross the variety of appli
ation studied. Several rea-sonable explanations have been proposed. Ca
is
h,Moroko� and Owen [1997℄ suggest that quasi-MonteCarlo methods are superior to Monte Carlo sam-pling if the e�e
tive dimension of the integrand isnot large. Another explanation is that the errorbounds O((logN)d=N) in quasi-Monte Carlo meth-ods are of the order of the upper bounds given bythe inequality whi
h 
an be a very loose inequalityfor a parti
ular fun
tion. Sin
e the inequality (1) isvery 
onservative and 
al
ulating V (f) is diÆ
ult, us-ing inequality (1) to estimate the error is not pra
-ti
al. There are some papers (e.g., [Owen, 1995,Ko
is and Whiten, 1997℄) dis
ussing the error estima-tion in quasi-Monte Carlo methods.In terms of absolute 
omputation time, we have ob-served that generation of one Sobol and one Faurepoint takes respe
tively about 57% and 29% less thangeneration of one random sample. As a 
omplete sam-pling algorithm 
onsists of other steps that are thesame for Monte Carlo and quasi-Monte Carlo algo-rithms, the e�e
tive di�eren
e in 
omputation timeis smaller. We would like to 
aution the reader thatthese 
omparisons are implementation-dependent andan eÆ
ient algorithms for generating low-dis
repan
ysequen
es or random numbers 
an 
hange these re-sults.6 Con
lusionQuasi-Monte Carlo methods 
an signi�
antly improvethe performan
e of sampling algorithms in Bayesiannetworks. In our tests, as the number of dimensionsin
reased, the sampling method using Sobol sequen
eoutperformed the methods using Halton and Fauresequen
es. Compared to Monte Carlo sampling, thequasi-Monte Carlo approa
h using Sobol sequen
e notonly had a better start 
oeÆ
ient, but also had a bet-ter 
onvergen
e rate. The exa
t improvement in per-forman
e depends on the smoothness of the samplingfun
tion. In sampling without eviden
e, we observedas mu
h as a 3:5-fold improvement in the Mean SquareError. For a �xed level of the Mean Square Error,we observed more than a 15-fold de
rease in samplingtime. Given their 
onsistently better performan
e over



Monte Carlo sampling, we expe
t that quasi-MonteCarlo methods will be widely applied in Bayesian net-work inferen
e.We also believe that approximate inferen
e in Bayesiannetworks is an ex
ellent test bed for studying the prop-erties of low-dis
repan
y sequen
es. There is a multi-tude of test data and extending the problem dimensionis natural.A
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