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om)Abstra
tThis is a tutorial on using type-indexed embedding/proje
tion pairs when writing inter-preters in stati
ally-typed fun
tional languages. The method allows (higher-order) valuesin the interpreting language to be embedded in the interpreted language and values fromthe interpreted language may be proje
ted ba
k into the interpreting one. This is parti
-ularly useful when adding 
ommand-line interfa
es or s
ripting languages to appli
ationswritten in fun
tional languages.We �rst des
ribe the basi
 idea and show how it may be extended to languages withre
ursive types and applied to elementary meta-programming. We then show how themethod 
ombines with Filinski's 
ontinuation-based monadi
 re
e
tion operations to de-�ne an `extensional' version of the 
all-by-value monadi
 translation and hen
e to allowvalues to be mapped bidire
tionally between the levels of an interpreter for a fun
tionallanguage parameterized by an arbitrary monad. Finally, we show how SML fun
tions maybe embedded into, and proje
ted from, an interpreter for an asyn
hronous �-
al
ulus viaan `extensional' variant of a standard translation from � into �.1 Introdu
tion1.1 Embedding Little LanguagesMany appli
ations need to in
orporate one or more `little languages' (Bentley, 1986),typi
ally to provide a top-level intera
tive loop or a s
ripting interfa
e. These lan-guages may be domain-spe
i�
 (van Deursen et al., 2000) or general-purpose.If the appli
ation is written in C, a 
ommon approa
h is to use one of severalpopular embeddable interpreters for general-purpose s
ripting languages, su
h asT
l (Ousterhout, 1990) or Python (van Rossum, 2003). The 
ode for the interpreteris linked with that of the appli
ation and 
alls made at runtime to initialize theenvironment of instan
es of the interpreter with bindings for (wrapped versions of)fun
tions de�ned by the appli
ation.If the appli
ation is written in a language like Java or C℄, there are also numerousembeddable interpreters available, su
h as Jython (Hugunin, 1997), Rhino (MozillaOrganisation, n.d.) or JS
ript.NET (Clini
k, 2000). In these 
ases, the glue betweenthe two languages is provided by the underlying exe
ution engine's support fordynami
 types and re
e
tion.



2 N. BentonIn the fun
tional programming 
ommunity, many language implementations havean intera
tive read-eval-print loop; it is then 
ommon for appli
ations to rely onthis host programming environment to provide a user interfa
e and `s
ripting' lan-guage. An appli
ation simply 
omprises a 
olle
tion of top-level de�nitions thatare used, s
ripted and extended by writing more 
ode in the same language. Thisapproa
h has mu
h to re
ommend it; higher-order fun
tions, and powerful ma
rofa
ilities like those of S
heme, allow one to blur the distin
tion between appli
ation,API, domain-spe
i�
 language and 
ombinator library and the appli
ation gets apowerful, eÆ
ient, general purpose 
ommand language at very low 
ost. The advan-tages of these `shallow embeddings' of domain spe
i�
 languages in general purposehigher-order languages are argued in more detail by, for example, Shivers (1996)and Hudak (1998).Powerful though the shallow embedding te
hnique is, espe
ially when writingprograms for use by 
omputer s
ientists, it does have its drawba
ks:1. Appli
ations have to be shipped with, or rely upon, a 
omplete implementa-tion of the programming language in whi
h they are implemented, in
ludingstandard libraries. This may be impra
ti
al for reasons of 
ode size or li
ens-ing.2. One 
an only get an intera
tive user interfa
e this way if the language imple-mentation has an intera
tive top-level loop (or supports eval).3. The syntax of the appli
ation-spe
i�
 language is, even with the use of ma
ros,restri
ted to be essentially the same as that of the host language.4. The same is true of semanti
s. Embedding a DSL with dynami
 binding ishard in a host language that supports only stati
 binding, for example.5. It is very hard indeed to produ
e appli
ation-spe
i�
 error messages.6. It is very hard to restri
t what users 
an do.7. The me
hani
s and plumbing of top-level loops are usually primitive and/orin
exible. Integrating textual 
ommands within an appli
ation-spe
i�
 GUI(rather than a language-spe
i�
 IDE), for example, is likely to be tri
ky.Thus, even when an appli
ation is written in a higher-order fun
tional language, itis frequently ne
essary to augment it with a separate parser and interpreter. Thisappears to present few problems: writing parsers and interpreters in fun
tionallanguages is straightforward and well-studied. However, most interpreters in theliterature keep values (and types) from the interpreting and interpreted languagesquite separate. Typi
ally, a few hardwired, �rst-order primitives for arithmeti
 or IOare implemented in terms of their 
ounterparts in the interpreting (meta)language,but the assumption is that interpreted programs will essentially be entirely writtenin the interpreted (obje
t) language. When the interpreter is for a domain-spe
i�
language, however, one usually has a ri
h 
olle
tion of appli
ation-spe
i�
 datatypesand values, possibly of higher-order fun
tion types, written in the interpreting lan-guage; the purpose of the little language being to allow the user to glue these
omplex things together 
exibly at runtime. Then one needs a way to wrap (orlift) these values from the metalanguage in whi
h the appli
ation is written intothe domain-spe
i�
 obje
t language. It is also often useful to map values in the



Embedded Interpreters 3opposite dire
tion, unwrapping the results of obje
t language 
omputations so theymay be passed ba
k into the appli
ation. How to perform this kind of wrappingand unwrapping is the problem we will address here.We should remark that the lifting problem also arises when embedding inter-preters for s
ripting languages in C programs. In that 
ontext, the appli
ation pro-grammer typi
ally writes (or uses a separate tool to generate) an expli
it wrapperfun
tion for ea
h appli
ation fun
tion that is to be be exposed in the interpreter.These wrappers 
omprise tedious boilerplate for 
onverting between C and Python(or whatever) representations of values, and typi
ally also have to deal with 
om-plexities of interlanguage memory management. The essen
e of our te
hnique isan elegant, 
on
ise and uniform way of generating this kind of boilerplate in afun
tional language.The basi
 issue 
an be seen as one of interlanguage interoperability: we wishto make values de�ned in one language available for use in another. In this pa-per, we are mainly 
on
erned with the spe
ial, asymmetri
 situation in whi
h these
ond language is implemented by an interpreter written entirely in the �rst lan-guage. Ramsey (2003) has applied similar te
hniques to embed an interpreter for thes
ripting language Lua into a 
ompiler written in OCaml. We will further assumethat our metalanguage is stati
ally typed (we will use Standard ML, but OCaml orHaskell would do just as well, at least for the �rst half of the paper). This makesthe problem harder than would be the 
ase in a dynami
ally-typed language, sin
eto make the embedding operations stati
ally type-
orre
t we will have to do some-thing di�erent for di�erent metalanguage types, and ea
h of those types is distin
tfrom the stati
 type(s) of values manipulated at runtime by the interpreter. In anuntyped language su
h as S
heme, by 
ontrast, (even without eval or the re
e
tiveoperations used in s
ript interpreters for the JVM or CLR) it is easier to arrangethat values manipulated by the interpreter are 
ompatible at runtime with valuesde�ned in the appli
ation. (This still requires 
are, as the repla
ement of Exer
ise4.8 in (Abelson et al., 1985) with Exer
ise 4.14 in (Abelson et al., 1996) indi
ates.)Although we work with a stati
ally typed metalanguage, our obje
t languageswill be untyped. This should not be taken as an endorsement of the view thats
ripting languages should be untyped (Ousterhout, 1998), but simply a re
e
tionof the fa
t that if obje
t language programs are parsed from strings at runtime thenany typing restri
tions 
an only be enfor
ed by running an expli
it type 
he
ker,whi
h is independent of the stati
 type system of the metalanguage. Type
he
kingobje
t programs 
an thus be regarded as an orthogonal problem, solved by entirelystandard methods. (In 
ases where obje
t programs are less dynami
 and the em-bedding is shallower, te
hniques su
h as phantom types (Rhiger, 2003) 
an leveragethe metalanguage type system to reje
t ill-typed obje
t programs at 
ompile-time.)1.2 A Motivating Example: The Hal AppletThe basi
 ideas presented here were originally developed to solve a `real' problem. Asone of the examples for MLj (Benton et al., 1998), we 
ompiled Paulson's (1991)ta
ti
al theorem prover Hal as an applet, whi
h runs in any Java-enabled web



4 N. Bentonbrowser. Admittedly, the number of people who want to do intera
tive theoremproving in their web-browser is probably quite small, but we still thought it madea ni
e demo.Like many ML programs, Hal is intended to be used from within the top-levelread-eval-print loop of an intera
tive ML system, but we wanted to 
ompile it asa 
ompa
t, stand-alone applet with its own user-interfa
e. To give a 
avour of theproblem, here is a trivial intera
tive session with Hal:- goal "P --> P & P & P & P & P"; (* initial goal *)1. empty |- P --> P & (P & (P & (P & P)))- by (impR 1); (* impli
ation right1. P |- P & (P & (P & (P & P))) on 1st subgoal *)- by (
onjR 1); (* 
onjun
tion right1. P |- P to 1st subgoal2. P |- P & (P & (P & P)) gives 2 subgoals *)- by (repeat ((
onjR 1) || (basi
 1))); (* repeat 
onj-rightP --> P & (P & (P & (P & P))) or axiom finishesNo subgoals left! the proof *)The Hal 
ode already pretty-prints its output imperatively, so we just had to dealwith pro
essing user input. This meant writing an interpreter for a simple fun
tionallanguage and embedding within it as primitives the thirty or so SML values, likerepeat, 
onjR and ||, that make up the appli
ation. Doing this in an ad-ho
manner would have been rather tedious, espe
ially as many of the primitives havehigher-order types. 1.3 OutlineThe rest of the paper is organised as follows:� Se
tion 2 explains the basi
 te
hnique for type-dire
ted embeddings into alambda-
al
ulus interpreter. This is all we required in the 
ase of the Halapplet.� Se
tion 3 dis
usses mapping values ba
k from the obje
t language to themetalanguage and shows how this yields a simple form of metaprogramming.� Se
tion 4 dis
usses polymorphism, untypable obje
t programs and type-baseddispat
h.� Se
tion 5 shows how to extend the basi
 te
hnique to treat re
ursive datatypes.� Se
tion 6 des
ribes a 
ontinuation-based version of the embedding te
hnique,whi
h allows the embedded interpreter to be parameterized by an arbitrarymonad.� Se
tion 7 uses 
ontinuations to embed fun
tions into an interpreter for a
on
urrent language based on the �-
al
ulus.



Embedded Interpreters 5The reader who is primarily interested in implementing a simple repla
ement for atop-level loop in standalone fun
tional programs may wish to read only Se
tions 2and 5. The material in Se
tions 3 and 4 indi
ates how the embedding/proje
tionte
hnique relates to metaprogramming and dynami
 types; this is not ne
essaryfor understanding any of the rest of the paper. Se
tions 2 to 5 assume only basi
knowledge of fun
tional programming and are mostly appli
able in any stati
ally-typed higher-order language. Se
tions 6 and 7 are semanti
ally more advan
ed,assuming some knowledge of monads and pro
ess 
al
uli, respe
tively, and the pro-gramming te
hniques rely on �rst-
lass 
ontrol operators and are therefore not sowidely appli
able.Most of the examples are arti�
ial, in that they involve embedding and proje
t-ing simple and familiar `theoreti
ian's' fun
tions, su
h as fa
torials and �xpoint
ombinators. As this might otherwise obs
ure the distin
tion between te
hniquesthat are likely to be useful in pra
ti
e and those that are of more a
ademi
 interest,I have indi
ated into whi
h 
ategory I believe ea
h te
hnique falls. Your mileagemay, of 
ourse, vary.To improve readability of 
ode, we use an itali
 typewriter font for obje
tlanguage programs. We also take mild liberties with formatting, su
h as splittingstring 
onstants a
ross lines without in
luding 
ontinuation 
hara
ters.2 The Basi
 IdeaHere is an SML datatype representing abstra
t syntax trees for a minimal fun
tionallanguage:datatype Exp = EId of string (* identifier *)| EI of int (* integer 
onst *)| ES of string (* string 
onst *)| EApp of Exp*Exp (* appli
ation *)| EP of Exp*Exp (* pairing *)| ELet of string*Exp*Exp (* let binding *)| EIf of Exp*Exp*Exp (* 
onditional *)| ELam of string*Exp (* abstra
tion *)| ELetfun of string*string*Exp*Exp (* re
ursive fn *)We will further assume that we have implemented a parserval read : string -> Expfor an ML-like 
on
rete syntax.There are several ways of stru
turing an interpreter for su
h a language. The `syn-ta
ti
' approa
h { a
tually performing substitutions on elements of Exp (or someextension thereof with a 
ase for 
losures) { does not support the 
onstru
tions wewill be making, as there is no suÆ
iently general way to map 
ompiled 
ode for met-alanguage values ba
k into syntax trees (though we brie
y dis
uss NormalizationBy Evaluation in Se
tion 8). Instead we take the `semanti
' approa
h, interpreting



6 N. Bentonexpressions of type Exp in an ML datatype giving a model of an untyped CBVlambda 
al
ulus with 
onstants and pairing:datatype U = UF of U->U | UP of U*U | UU | UI of int | US of stringWriting an interpreter in this style amounts to giving a denotational semanti
s.We show an extra
t in Figure 1; this is fairly standard, though note the binding-time separation: rather than a single environment of type (string*U) list, theinterpreter takes a stati
 environment of type string list and produ
es a fun
tion
onsuming a mat
hing dynami
 environment of type U list. The 
ase for identi�ers
alls Builtins.lookup, whi
h we will de�ne shortly.The novel observation is that su
h a meta-
ir
ular interpreter (Reynolds, 1972),whi
h uses metalanguage fun
tions to interpret obje
t language fun
tions, allowsus to link the interpreted language and the interpreting language in a parti
ularlyneat way. The tri
k is to de�ne a type-indexed family of pairs of fun
tions thatembed ML values into the type U and proje
t values of type U ba
k into ML values.Here is the relevant part of the signature:signature EMBEDDINGS =sigtype 'a EPval embed : 'a EP -> ('a->U)val proje
t : 'a EP -> (U->'a)val unit : unit EPval int : int EPval string : string EPval ** : ('a EP)*('b EP) -> ('a*'b) EPval --> : ('a EP)*('b EP) -> ('a->'b) EPendand here is the mat
hing part of the 
orresponding stru
ture:stru
ture Embeddings :> EMBEDDINGS =stru
ttype 'a EP = ('a->U)*(U->'a)fun embed (e,p) = efun proje
t (e,p) = pfun 
ross (f,g) (x,y) = (f x,g y)fun arrow (f,g) h = g o h o ffun PF (UF(f))=f (* : U -> (U->U) *)fun PP (UP(p))=p (* : U -> (U*U) *)fun PI (UI(n))=n (* : U -> int *)fun PS (US(s))=s (* : U -> string *)fun PU (UU)=() (* : U -> unit *)



Embedded Interpreters 7infixr --> infix **val unit = (UU,PU)val int = (UI,PI)val string = (US,PS)fun (e,p)**(e',p') = (UP o 
ross(e,e'), 
ross(p,p') o PP)fun (e,p)-->(e',p') = (UF o arrow (p,e'), arrow (e,p') o PF)endFor an ML type A, an (A EP)-value is a pair of an embedding of type A->U and aproje
tion of type U->A. The interesting part of the de�nitions of the 
ombinatorson embedding/proje
tion pairs is the 
ase for fun
tion spa
es: given a fun
tion fromA to B, we turn it into a fun
tion from U to U by pre
omposing with the proje
tionfor A and post
omposing with the embedding for B (this is why embeddings andproje
tions are de�ned simultaneously). The resulting fun
tion 
an then be madeinto an element of U by applying the UF 
onstru
tor. Proje
ting an (appropriate)element of U to a fun
tion type A->B does the reverse: �rst strip o� the UF 
on-stru
tor and then pre
ompose with the embedding for A and post
ompose with theproje
tion for B.Note that the proje
tion fun
tions are partial { they will raise a Mat
h ex
eptionif given an argument in the wrong summand of the universal type U. Of 
ourse,these ex
eptions should be 
aught and gra
efully handled, but we will omit allerror handling for reasons of spa
e and 
larity.For any ML type A that is built from the 
hosen base types by produ
ts andfun
tion spa
es, the embedding for A followed by the proje
tion for A will bethe identity. Going the other way, following the proje
tion with the embedding,generally yields a more unde�ned (raising more Mat
h ex
eptions) value than theone you started with. If one repla
ed the ex
eption-throwing with divergen
e, thenembedA o proje
tA would be less than or equal to the identity in the 
onventionaldomain-theoreti
 sense.We 
an now use our embeddings to lift ML values into the obje
t language. Thestru
ture de�ning the built-in values looks likestru
ture Builtins :>sigval lookup : string -> Embeddings.Uend =stru
t(* An arbitrary example of a higher-order fun
tion *)fun iter m f n = if n=0 then m else f n (iter m f (n-1))val builtins =[("*", embed (int**int-->int) Int.*),("true", embed bool true),("> ", embed (int**int-->bool) (op >)),("print", embed (string-->unit) print),



8 N. Benton("toString", embed (int-->string) Int.toString),("iter", embed (int-->(int-->int-->int)-->int-->int) iter),...℄fun find x ((y,v)::rest) = if x=y then v else find x restfun lookup s = find s builtinsendand we 
an indeed a

ess embedded values from the obje
t language:- interpret
losed (read "let val f = iter 1 (fn x => fn y => x*y)in print (toString (f 5))");120val it = UU : UObserve in parti
ular how the higher-order ML fun
tion iter is 
alled, passing anobje
t language fun
tion, whi
h is itself de�ned in terms of ML's *.The return value UU:U above is the obje
t language interpretation of the unitvalue returned by print. The 
ode for the Hal theorem prover similarly updatesits state and prints its results imperatively, so this kind of simple unidire
tionalembedding of ML fun
tions into the 
ommand language was all that was needed tosolve our original problem.3 Proje
tion and QuotingEmbedding/proje
tion pairs allow one to do 
onsiderably more than just run end-user 
ommands that manipulate values from the appli
ation as part of a top-levelloop. Being able to proje
t as well as embed means that obje
t level expressionsmay be interpreted and then proje
ted ba
k down to ML values for use in subse-quent 
omputation. At its simplest, this means that we 
an do something like- let val eSu

 = interpret
losed (read "fn x=>x+1")val su

 = proje
t (int-->int) eSu

in (su

 3) end;val it = 4 : intMore interesting are the 
ases in whi
h the obje
t language expression is either
onstru
ted or read in at run-time and the result of its evaluation is then used in anon-trivial metalanguage 
ontext. For example, in the 
ase of a simple embeddedquery language one might pro
ess queries using a fun
tionval query : string * (re
ord list) -> re
ord listmapping a query string and a list of re
ords to a list of re
ords mat
hing the query,with an implementation likefun query (qs, re
ords) =let val pred = proje
t (re
ord-->bool) (interpret
losed (read qs))



Embedded Interpreters 9type stati
env = string listtype dynami
env = U listfun indexof (name::names, x) = if x=name then 0 else 1+(indexof(names, x))(* val interpret : Exp*stati
env -> dynami
env -> U *)fun interpret (e,stati
) = 
ase e ofEI n => (fn dynami
 => (UI n))| EId s => (let val n = indexof (stati
,s)in fn dynami
 => List.nth (dynami
,n)end handle Mat
h => let val lib = Builtins.lookup sin fn dynami
 => libend)| EApp (e1,e2) => let val s1 = interpret (e1,stati
)val s2 = interpret (e2,stati
)in fn dynami
 => let val UF(f) = s1 dynami
val a = s2 dynami
in f aendend| ELetfun (f,x,e1,e2) =>let val s1 = interpret (e1, x::f::stati
)val s2 = interpret (e2,f::stati
)in fn dynami
 => let fun g v = s1 (v::UF(g)::dynami
)in s2 (UF(g)::dynami
)endend| ... other 
lauses elided ...fun interpret
losed e = interpret (e,[℄) [℄Fig. 1. An Interpreter (extra
t)in filter pred re
ordsendQuery strings are interpreted and then proje
ted down as ML fun
tions (predi
ates)that 
an be passed to filter.Proje
tion 
an also be used to provide a simple form of metaprogramming orrun-time 
ode generation. Sin
e ML 
ode that 
onstru
ts obje
t-level expressionsby dire
tly manipulating either strings or elements of the Exp datatype is ratherugly, it is 
onvenient to use the quote/antiquote me
hanism provided by SML/NJ(Slind, 1991) and Mos
ow ML. This allows one to write a parser (whi
h we 
all %)for the obje
t language syntax into whi
h ML values of type Exp may be spli
edusing the antiquote operator, `^'.The standard example of metaprogramming is a version of the power fun
tion powx y that 
omputes yx by �rst building a spe
ialised fun
tion pow x in whi
h all there
ursion has been symboli
ally unrolled, so pow x is essentially fn y=>y*y*� � �*y.In the unlikely event that one ever wished to raise many di�erent numbers to the



10 N. Bentonsame exponent, reusing the spe
ialised fun
tion 
an be more eÆ
ient than 
allingthe general version many times. Using quote/antiquote, we 
an write a staged powerfun
tion in a style that looks just like MetaML (Taha & Sheard, 2000) though, of
ourse, the most interesting aspe
t of MetaML is the multistage type system, whi
hin our 
ase we have not got:- lo
al fun mult x 0 = %`1`| mult x n = %`^x * ^(mult x (n-1))`in fun pow n = proje
t (int-->int)(interpret
losed (%`fn y => ^(mult (%`y`) n)`))end;val pow = fn : int -> int -> int- val p5 = pow 5;val p5 = fn : int -> int- p5 2;val it = 32 : int- p5 3;val it = 243 : intUnsurprisingly, although 
alls to partial appli
ations of pow are signi�
antly fasterthan 
alls to an unspe
ialised interpreted fun
tion of two arguments, the overheadsof our interpreter are non-trivial and it is still mu
h faster to 
all a dire
tly 
ompiledML version of the unspe
ialized fun
tion.The fun
tion mult above has type Exp->int->Exp, so the ML values that we arespli
ing into the parse are bits of abstra
t syntax. We 
an obtain something evenmore useful by fusing the parser and interpreter to produ
e a new parser %% that
onstru
ts semanti
 obje
ts of typestati
env -> dynami
env -> Uwithout 
onstru
ting any intermediate abstra
t syntax trees at all. The main ad-vantage of this (apart from eliminating a datatype and some 
alls to interpret) isthat we 
an now use antiquotation to spli
e ML values of type U, in parti
ular onesobtained by embed, dire
tly into obje
t-language expressions, rather than havingto give them names and add them to the environment:- fun embed
l ty v = let val ev = embed ty vin fn stati
 => fn dynami
 => evend;- fun twi
e f n = f (f n);- val h = %%`fn x => ^(embed
l ((int-->int)-->int-->int)twi
e) (fn n=>n+1) x `;val h = fn : stati
env -> dynami
env -> U- val hp = proje
t (int-->int) (h [℄ [℄);val hp = fn : int->int- hp 2;val it = 4 : int



Embedded Interpreters 11Readers with an interest in metaprogramming may wish to 
onsider extendingthe interpreter to extend the following 
unning tri
k with a more sophisti
atedtreatment of free variables:- fun run s = interpret (read s,["run"℄) [embed (string-->any) run℄;val run = fn : string -> U- run "let val x= run \"3+4\" in x+2";val it = UI 9 : UBy embedding the interpreter itself, one 
an run obje
t programs that manipulatese
ond, and higher, level obje
t programs.Utility Proje
ting the interpretation of obje
t level expressions that are read indynami
ally is 
ertainly useful in integrating s
ript evaluation into a broader ap-pli
ation.It is not so 
lear that one would really want to write ML programs that dynam-i
ally 
onstru
t obje
t level syntax in 
omplex ways (rather than reading it froman input stream) before proje
ting its interpretation. The usual reason for doingruntime 
ode generation is performan
e, but in the absen
e of genuine runtime 
om-pilation, 
areful staging of a program written in entirely in the metalanguage (asdemonstrated in our interpreter itself) is probably the best approa
h to a
hievingthat.In 
ases where the obje
t level syntax or semanti
s di�er signi�
antly from, orextend, that of the metalanguage, proje
tion of even stati
ally 
onstant obje
t levelexpressions 
an be 
onvenient, however. There are many popular systems that allowsour
e 
ode in multiple languages to be intermingled (for example, embedded SQLor various (server- and 
lient-side) frameworks for mixing HTML and 
ode), andour te
hniques allow similar things to be done in ML.4 PolymorphismIt is straightforward to embed and use polymorphi
 ML fun
tions in the interpretedlanguage. One only needs a single instantiation { the one where all type variablesare mapped to U itself:fun I x = xfun K x y = xfun S x y z = x z (y z)val any : (U EP) = (I,I)val 
ombinators =[("I", embed (any-->any) I),("K", embed (any-->any-->any) K),("S", embed ((any-->any-->any)-->(any-->any)-->any-->any) S)℄And then if 
ombinators is appended to the top-level environment builtins,evaluating, say



12 N. Bentoninterpret
losed (read "(S K K 2, S K K \"two\")")yields UP (UI 2, US "two") : U just as one would hope. Mapping all type vari-ables to a universal type is like the use of the `top' type Obje
t when writingpolymorphi
 
ode in monomorphi
 obje
t-oriented languages.Values of type U that represent polymorphi
 fun
tions 
annot simply be pro-je
ted down to ML values with polymorphi
 (generalisable) ML types. However we
an proje
t the same U value at multiple monomorphi
 ML types, and thus ex-pli
itly simulate type abstra
tion and appli
ation with ML's value abstra
tion andappli
ation:let val eK = embed (any-->any-->any) Kval pK = fn a => fn b => proje
t (a-->b-->a) eKin (pK int string 3 "three", pK string unit "four" ())endFurthermore, it is possible to proje
t obje
t language expressions that would beuntypeable were they written in ML down to well-typed ML values. For example,the following is a mu
h more amusing way of 
al
ulating fa
torials:- let val embY = interpret
losed (read"fn f=>(fn g=> f (fn a=> (g g) a))(fn g=> f (fn a=> (g g) a))")val polyY = fn a => fn b=> proje
t(((a-->b)-->a-->b)-->a-->b) embYval sillyfa
t = polyY int int(fn f=>fn n=>if n=0 then 1 else n*(f (n-1)))in (sillyfa
t 5) end;val it = 120 : intHere we have written an untyped CBV �xpoint 
ombinator in the interpreted lan-guage and then proje
ted it down to a polymorphi
 ML type, where it 
an beapplied to values in the interpreting language. More interesting examples involveproje
tion of untyped obje
t language fun
tions that swit
h more dynami
ally onthe 
onstru
tors of the universal datatype. If bindings su
h as... ("ispair", embed (any-->bool) (fn UP _ => true | _ => false)),("isint", embed (any-->bool) (fn UI _ => true | _ => false)), ...are in
luded in the environment, then one 
an implement some simple generi
 (orpolytypi
 (Jeuring & Jansson, 1996)) fun
tions, su
h as the following 
omparisonfun
tion, whi
h works for any type built from our base types and pairing:- lo
al val eleq = interpret
losed (read "let fun leq p = let val x = fst p inlet val y = snd p inif isint x then leqint (x,y)else if isstring x then leqstring (x,y)else if ispair x then



Embedded Interpreters 13and (leq (fst x,fst y),leq (snd x,snd y))else if isbool x then implies x yelse if isunit x then trueelse falsein leq")in fun leq t p = proje
t (t**t-->bool) eleq pend;val leq = fn : 'a EP -> 'a * 'a -> bool- leq int (3,4);val it = true : bool- leq string ("ho","hi");val it = false : bool- leq (int**string) ((3,"hi"),(4,"ho"));val it = true : boolWith just a little more e�ort, we 
an swit
h on ML types (in
luding fun
tion types),rather than the 
onstru
tors of the universal type; this yields a `poor man's' form ofruntime type analysis. We extend the abstra
t type 'a EP with a third 
omponentholding a syntax tree for the type 'a in the obvious way so we 
an de�ne an equalityfun
tionval tyeq : 'a EP * 'b EP -> boolThen we 
an, for example, de�ne(* join : 'a EP * 'a -> 'b EP * 'b -> '
 EP -> '
 *)fun join (t1,v1) (t2,v2) =fn t => if tyeq(t,t1) then proje
t t (embed t1 v1)else if tyeq(t,t2) then proje
t t (embed t2 v2)else raise Mat
hThe join fun
tion allows one to simulate type-based dispat
h:- val plus = fn p => join (int**int-->int,Int.+)(string**string-->string, String.^) p;val plus = fn : 'a EP -> 'a- plus (int**int-->int) (3,4);val it = 7 : int- plus (string**string-->string) ("one","two");val it = "onetwo" : stringUtility Embedding and using polymorphi
 ML values is 
ertainly useful.It is hard to think of 
onvin
ing uses of the ability to proje
t untypable funtionsas demonstrated in the �xpoint 
ombinator example.Dynami
 types, runtime type analysis and generi
 fun
tions are 
ertainly usefulin their own right, and their addition to stati
ally typed languages su
h as MLhas been (and 
ontinues to be) well-studied. Using a universal type and embed-ding/proje
tion pairs is simple and neat, but limited and ineÆ
ient by 
omparison



14 N. Bentonwith dire
tly extending the language or using other te
hniques (e.g. ones using ontype 
lasses in Haskell, or the ex
eption-based tri
k in ML that we will des
ribein the next se
tion). Further dis
ussion may be found in other work on dynami
typing, in
luding (Abadi et al., 1991; Henglein, 1992; Weiri
h, 2000; Weiri
h, 2001).From the perspe
tive of this paper, the main utility of type-passing using embed-ding/proje
tion pairs is in impedan
e mat
hing between ML and more dynami
obje
t languages. S
ripting languages often have late-binding, runtime types, orre
e
tive operations, whi
h one might expe
t to be diÆ
ult to proje
t ba
k to astati
ally-typed metalanguage. However, the 
ombination of stati
 polymorphismand dynami
 type representations does allow many of these features to be inter-preted in ML-like languages.5 Embedding DatatypesThere is a natural, but ineÆ
ient, way to embed arbitrary metalanguage datatypes,su
h as lists and trees, into the obje
t language. If we ignore the straightforwardbut messy plumbing involved in trying to add pattern-mat
hing syntax too, we 
anjust extend U with one more 
onstru
tor for tagging sum types1datatype U = ... | UT of int*Uand then de�ne 
ombinators for sums and re
ursive typesval wrap : ('a -> 'b) * ('b -> 'a) -> 'b EP -> 'a EPval sum : 'a EP list -> 'a EPval mu : ('a EP -> 'a EP) -> 'a EPThe wrap 
ombinator is used to strip o� and repla
e the a
tual datatype 
onstru
-tors, whilst the mu 
ombinator is used to 
onstru
t �xpoints of embedding/proje
tionpairs for re
ursive types. Thus given a datatype de�nition of the formdatatype d = C1 of �1 | : : : | Cn of �nthe asso
iated embedding/proje
tion pair will be given byval d = mu (fn z => sum [wrap (fn (C1 x) => x, C1) �1,: : :wrap (fn (Cn x) => x, Cn) �n℄)where �i is the embedding/proje
tion pair asso
iated with the type �i, with z usedas the embedding/proje
tion pair for re
ursive o

uren
es of the datatype d. Nullary
onstru
tors are treated as if they had type unit.Here are the a
tual de�nitions for wrap, sum and mu:fun wrap (de
on,
on) ep = ((embed ep) o de
on, 
on o (proje
t ep))fun sum ss = let fun 
ases brs n x =UT(n, embed (hd brs) x)1 UT is not stri
tly ne
essary, as we 
ould reuse the existing 
onstru
tors for pairing and integers.



Embedded Interpreters 15handle Mat
h => 
ases (tl brs) (n+1) xin (fn x=> 
ases ss 0 x,fn (UT(n,u)) => proje
t (List.nth(ss,n)) u)endfun mu f = (fn x => embed (f (mu f)) x, fn u => proje
t (f (mu f)) u)The idea is that sum is given a list of partial embedding/proje
tion pairs, ea
h ofwhi
h is spe
i�
 to one 
onstru
tor of the datatype. When embedding a datatypevalue, ea
h of the embeddings is tried in turn until the appropriate one (i.e. the onethat does not raise Mat
h) is found. This yields both the appropriate embeddingfun
tion and an integer tag. When proje
ting, the integer tag is used to sele
t theappropriate proje
tion fun
tion from the list.For example, this is how we embed ML's (polymorphi
) lists:- fun list elem = mu ( fn l => (sum[wrap (fn [℄=>(),fn()=>[℄) unit,wrap (fn (x::xs)=>(x,xs), fn (x,xs)=>(x::xs)) (elem ** l)℄));val list : 'a EP -> 'a list EPIf appropriate bindings are added to builtins:[... ("
ons", embed (any**(list any)-->(list any)) (op ::)),("nil", embed (list any) [℄),("null", embed ((list any)-->bool) null), ... ℄then we 
an embed and proje
t lists and list manipulating fun
tions:- interpret
losed (read "let fun map f l = if null l then nilelse 
ons(f (hd l),map f (tl l)) in map");val it = UF fn : U- proje
t ((int-->int)-->(list int)-->(list int)) it;val it = fn : (int -> int) -> int list -> int list- it (fn x=>x*x) [1,2,3℄;val it = [1,4,9℄ : int listWe 
ould, of 
ourse, have written the embedding and proje
tion fun
tionals forlist dire
tly as re
ursive fun
tions. The main advantage of using wrap, sum andmu is that they allow one to keep the universal type and the representation ofembedding/proje
tion pairs abstra
t.Whilst our embedding of datatypes is semanti
ally elegant, it is extremely inef-�
ient. The problem is that there are multiple representations for datatype values,and ea
h time one 
rosses the boundary between the two languages, it is 
onvertedin its entirety from one representation to the other. Ea
h use of an embedded prim-itive operation involves at least two representation 
hanges, whi
h, for example,makes the above version of map have quadrati
, instead of linear, time 
omplexity.22 And with a pretty sho
king 
onstant fa
tor too. It's been suggested to me that lazy evaluationmight help here, but it doesn't really: although an embedded version of hd, for example, 
ouldavoid 
onverting the entire tail of the list too, the ba
k-and-forth 
oer
ions still build up in su
ha way that the map fun
tion remains quadrati
.



16 N. BentonAn alternative approa
h is to keep values of re
ursive types in their metalanguagerepresentation, by adding extra 
onstru
tors to the universal datatype U. Adding
ases 
an be done in an ad ho
 manner, modifying the interpreter for the typesrelevant to a parti
ular appli
ation, or in a slightly more modular way by makingthe initial de�nition of U be parametri
, rather than immediately re
ursive, andthen tying the re
ursive knot later; this te
hnique is sometimes 
alled two-leveltypes and is des
ribed in more detail by Steele (1994), Sheard and Pasali
 (2004)and Ramsey (2004). In ML it is also possible to use a well-known folklore3 tri
k toextend U with new types more dynami
ally:signature DYNAMIC =sigtype dynval newdyn : unit -> ('a->dyn)*(dyn->'a)endstru
ture Dynami
 :> DYNAMIC =stru
tex
eption Dynami
type dyn = exnfun newdyn () =let ex
eption E of 'ain (fn a => (E a),fn (E a)=>a | _=> raise Dynami
)endendIf one then extends the type U with a 
onstru
tor UD of Dynami
.dyn then one
an write, for examplefun newtype () = let val (tod,fromd) = Dynami
.newdyn()in (UD o tod, fromd o PD)endval intlist = newtype () : (int list) EPand then embed and proje
t values whose types involve int list. This gains eÆ-
ien
y at the 
onsiderable 
ost of losing the ability to treat datatypes polymorphi-
ally: the embedded versions of di�erent types of lists, and all of their operations,are unrelated to one another. Embedding at the any (that is, U) instantiation isno help, as the whole point was to keep datatypes values in their metalanguagerepresentations. One also has to be 
areful not to apply newtype twi
e to the sameML type, sin
e the resulting embeddings will be type in
ompatible.Utility As we have said, the major disadvantage of our �rst solution to the prob-lem of embedding datatypes is its poor performan
e. This is a shame, sin
e it is3 I have been unable to dis
over who �rst observed that ML ex
eptions 
an be (ab)used in thisway. The spe
�
 
ode given here is adapted from Filinski's (1996) thesis.



Embedded Interpreters 17simple, uniform, works in Haskell as well as ML and supports polymorphism. Forprototyping, a
ademi
 experimentation or in situations where the values of re
ur-sive datatypes are guaranteed to be small (lists of 
on�guration options, perhaps)it is still viable, but in most real situations one would probably be for
ed to useone of the other te
hniques. 6 MonadsSin
e Moggi's (1991) work on using monads to stru
ture denotational semanti
s,using monads (or monad transformers) to build interpreters in a modular way hasbe
ome a popular fun
tional programming te
hnique. The basi
 idea is that bywriting an interpreter parameterized by a monad one 
an then obtain interpretersfor languages with a wide range of (
ombinations of) features (`notions of 
ompu-tation'), su
h as ex
eptions, state or 
ontrol operators, simply by instantiating themonad appropriately and adding a small number of monad-spe
i�
 operations.For example, in a non-deterministi
 language, an expression of type int might beinterpreted in P(Z) (i.e. as a set of integers) and one of type int->int as an elementof P(Z! P(Z)) (equivalently, a set of relations). In a language with ex
eptions, anexpression of type int 
ould be interpreted as an element of E+Z and one of typeint->int as an element of E + (Z! E +Z). Moggi's observation was that manyof the operations on types a

ounting for the e�e
tful behaviour of 
omputations(su
h as P(�) and E + (�)) o

ur in the same pla
es in the semanti
s, and havethe stru
ture of a monad (an operator on types equipped with two operations andsatisfying some equations). More details 
on
erning monadi
 interpreters may befound in, for example, (Wadler, 1992; Liang et al., 1995; Liang & Hudak, 1996).6.1 Monadi
 Translations, ExtensionallyGiven the usefulness of monadi
 interpreters, it is a natural question whether ourembedding te
hnique 
an be extended to interpreters for languages with arbitrarymonadi
 notions of 
omputation. At �rst sight, however, it seems unlikely that it
an, unless the values that we embed are all �rst-order. The problem is that weseem to need an `extensional' version of a monadi
 translation, whi
h is normallyde�ned intensionally by indu
tion on types and terms.Re
all (Moggi, 1991; Benton et al., 2002) that the monadi
 approa
h fa
tors thesemanti
s of a simply-typed lambda 
al
ulus as a synta
ti
 translation into the
omputational metalanguage followed by the interpretation of the metalanguagein an appropriate 
ategory. There are a
tually three di�erent translations (
alleddire
t, lifted and 
all-by-value by Benton and Wadler (1996)), we will only dis
ussthe 
all-by-value (CBV) one here, as that is the only one we 
an embed with anygenerality in ML.The CBV monadi
 translation (�)� on simple types for a monad (T; val(�); let � =� in �) is de�ned as follows:int� = int (similarly for other base types)



18 N. Benton(A! B)� = A� ! T (B�)(A�B)� = A� �B�with an asso
iated translation on typing judgements(� `M : A)� = �� `M� : T (A�)where the translation on terms is de�ned byValue translation j � j:jxj = xjnj = nj�x : A:M j = �x : A�:M�j(V1; V2)j = (jV1j; jV2j)Expression translation (�)�:V � = valjV j(MN)� = let f =M� in (let x = N� in f x)(M; N)� = let x =M� in (let y = N� in val(x; y))(�iM)� = let p =M� in val(�ip)Fa
toring the interpretation of elements of our AST datatype Exp through themonadi
 translation is straightforward, but embedding ML values, whi
h will haveto have the monadi
 translation applied to them too, seems problemati
. The trans-lation is de�ned by indu
tion over syntax, but we do not have a

ess to the syntaxof 
ompiled metalanguage values; the only way of examining a fun
tion is to 
all it.One then wonders if there is a family of fun
tions tranA of type A ! A� forea
h metalanguage type A su
h that for all V : A, tranA V = jV j : A�. But su
hfun
tions 
annot be de�ned in the `pure' part of Standard ML (or in Haskell). Tounderstand intuitively why, 
onsider the instan
e at type A = (int! int)! int,whi
h would produ
e results of type (int ! T (int)) ! T (int). There are twoways to argue:� The semanti
ist's argument. There are �-
al
ulus values V1; V2 and instan
esof T su
h that V1 = V2 : A but for whi
h jV1j 6= jV2j : A�. An example wouldbe V1 = �f : int! int:f1V2 = �f : int! int:(�z : int:f1)(f1)with T being the state monad.� The programmer's argument. Just try to write tranA. One qui
kly realizes thatthere are no very interesting fun
tions of this type that work for arbitrary T ,essentially be
ause T o

urs in a negative position in A�. We would have tohave tranAF = �f : (int! T (int)): : : : (F something) : : :



Embedded Interpreters 19but there is no suÆ
iently uniform way to produ
e a suitable something oftype (int! int) from the f : (int! T (int)) we have in our hand.These arguments 
an be made quite pre
ise in the 
ontext of the `pure' CBV �-
al
ulus, in whi
h the only side-e�e
t is divergen
e. But they are not so 
onvin
ingin the 
ase of the real ML language, in whi
h expressions 
an have a range ofside-e�e
ts. In parti
ular, the two fun
tions V1 and V2 are not a
tually equal (ob-servationally equivalent) in ML. Furthermore, for some parti
ular instan
es of T wea
tually 
an write tranA by moving between expli
it and impli
it representationsof side-e�e
ts. For example, in the simple 
ase of integer-valued state (with theobvious monad stru
ture):type 'a t = int -> int * 'afun tranA (F: (int->int)->int) =fn (f : int -> int t) => fn state =>let val r = ref statefun wrappedf n = let val (newstate,result) = f n (!r)in (r := newstate; result)endval result = F wrappedfin (!r, result)endCan we do this for every monad de�nable in ML? If so, 
an we do it parametri
allyin the monad? If so, 
an we do it parametri
ally in the type A?In SML with only the impli
it side-e�e
ts required by the language de�nition(referen
es, ex
eptions, IO), the answer to the �rst question is `no', be
ause 
ontrolis not expressible in terms of the other e�e
ts. Amazingly, however, if the languagealso has �rst-
lass 
ontrol amongst its impli
it e�e
ts (as SML/NJ and MLton do),it is possible to de�ne an extensional monadi
 translation and, moreover, to expressits type-dependen
y using ML values.The key is to use Filinski's deeply ingenious monadi
 re
e
tion operations (Fil-inski, 1996; Filinski, 1999). We will only sket
h Filinski's te
hnique here for reasonsof spa
e, but a full a

ount, 
ontaining both proofs and all the SML/NJ 
ode wereferen
e here, may be found in his thesis (Filinski, 1996). Filinski showed �rstlythat the 
ombination of 
ontrol and state is a universal e�e
t, whi
h 
an simulateany other monadi
 e�e
t. (There is a monad retra
tion from any de�nable monadinto the 
ontinuations monad.) Se
ondly, he showed how one may de�ne rei�
a-tion and re
e
tion operations allowing one to move between impli
it (opaque) andexpli
it (transparent) notion of 
ontrol. Thirdly, he showed that this 
ould all a
tu-ally be implemented within a typed CBV language with 
ontrol e�e
ts and globalstore, su
h as SML/NJ. Putting all the pie
es together, one 
an de�ne a fun
torthat takes an arbitrary monad stru
ture M as input and returns a re
e
ted monadstru
ture R, whi
h adds two new operations to those of the original monad:val refle
t : 'a M.t -> 'a



20 N. Bentonval reify : (unit -> 'a) -> 'a M.tThese allow one to move between impli
it and expli
it representations of arbitraryML-de�nable monads.We will de�ne our extensional CBV monadi
 translation by 
ombining Filin-ski's re
e
tion and rei�
ation fun
tions with our earlier te
hnique of de�ning type-indexed families of fun
tions by representing ea
h type as a pair of fun
tions. Pre-viously, we interpreted ea
h type as a pair of an embedding into, and a proje
tionfrom, the universal type U. To de�ne our translation, we will represent ea
h typeA by a pair of a translation fun
tion t : A ! A� and an untranslation fun
tionn : A� ! A. The type of this pair is not parametri
 in A so we 
annot expressit as an abstra
t type with a single parameter as we did with 'a EP. However, we
an parameterize over two type variables as shown in the result signature for ourtranslation fun
tor:signature TRANSLATION =sigstru
ture R : RMONAD (* Filinski's refle
ted monad sig *)type ('a,'astar) TRval translate : ('a,'astar) TR -> 'a -> 'astarval untranslate : ('a,'astar) TR -> 'astar -> 'atype 'a BASE = ('a,'a) TRval int : int BASEval string : string BASEval unit : unit BASEval bool : bool BASEval ** : ('a,'astar) TR * ('b,'bstar) TR ->('a*'b, 'astar*'bstar) TRval --> : ('a,'astar) TR * ('b,'bstar) TR ->('a->'b, 'astar -> 'bstar R.M.t) TRendThe mat
hing fun
tor looks like this (where we have elided some de
larations thatare un
hanged from 
ode appearing earlier):fun
tor Translation (R : RMONAD) : TRANSLATION =stru
tstru
ture R = Rtype ('a,'astar) TR = ('a->'astar)*('astar->'a)fun translate (t,n) = tfun untranslate (t,n) = n



Embedded Interpreters 21val base = (I,I)val int = baseval string = baseval unit = baseval bool = basefun (t,n)**(t',n') = (
ross(t,t'), 
ross(n,n'))fun (t,n)-->(t',n') =(fn f=> fn x=> R.reify (fn ()=> t' (f (n x))),fn g=> fn x=> n'( R.refle
t (g (t x))))endWriting [[�℄℄ for the underlying monadi
 denotational semanti
s of ML, with monad(T; �; �), and using (�)� for the sour
e-to-sour
e CBV translation using the ML type
onstru
tor 'a t, the following slightly informal diagram may help explain what isgoing on semanti
ally in the translation 
ase for an ML fun
tion fn x=>M of typeA -> B: T [[A℄℄ T [[M ℄℄;�- T [[B℄℄ T [[tB ℄℄;� - T [[B�℄℄[[unit -> B�℄℄�=?
[[A�℄℄[[nA℄℄6

[[M�℄℄ - T [[B�t℄℄[[reify℄℄?If, for example, we apply the re
e
tion and translation fun
tors to a stru
turede�ning our monad for integer-valued state ('a t = int -> int * 'a) with extraoperations in
ludingfun a

um m n = (m+n,()) (* : int -> unit t *)then we 
an see the extensional translation at work in the following trans
ript:- fun apptwi
e f = (f 1; f 2; "done");val apptwi
e : (int->unit)->string- val tapptwi
e = translate ((int-->unit)-->string) apptwi
e;val tapptwi
e : (int->unit t)->string t- tapptwi
e a

um 0;val it = (3, "done") : int*stringtapptwi
e is indeed what one would get by applying the intensional CBV monadi
translation to the syntax of apptwi
e, but has been obtained extensionally fromthe 
ompiled 
ode.



22 N. Benton6.2 Embedding Monadi
 InterpretersWe 
an now 
ombine embedding/proje
tion pairs with the extensional translationto write interpreters that are parameterized by an arbitrary monad and supportembedding and proje
tion of ML values.In fa
t, there are two approa
hes we 
an take. Firstly, we might expli
itly param-eterize the universal datatype and the interpreter 
ode by the monad. The universaltype would then look likedatatype U = UF of U -> U M.t | UP of U*U | ...and ML values would then be lifted to the obje
t language by �rst translatingthem and then embedding them. However, as we have seen in the previous se
tion,it is possible to move quite smoothly between impli
it and expli
it representa-tions of the monad, allowing us to take a se
ond, neater approa
h. We will keepthe monad impli
it in the 
ode for the interpreter, whi
h allows us to leave thesignatures and stru
tures for the interpreter and embedding/proje
tion pairs 
om-pletely un
hanged. We then write a new fun
tor MEmbeddings that pairs ea
h em-bedding/proje
tion pair with its 
orresponding monadi
 translation/untranslationpair, yielding type-indexed quads. The signature issignature MEMBEDDINGS =sigstru
ture Tr : TRANSLATION(* SML'97 datatype repli
ation:imports 
onstru
tors (qua 
onstru
tors, not just values) too *)datatype U = datatype Embeddings.Utype ('a,'astar) QUADval embed : ('a,'astar) QUAD -> 'a -> Uval membed : ('a,'astar) QUAD -> 'astar -> Uval proje
t : ('a,'astar) QUAD -> ('b->U) -> 'b -> 'astar Tr.R.M.ttype 'a BASE = ('a,'a) QUADval int : int BASEval string : string BASEval unit : unit BASEval bool : bool BASEval any : U BASEval ** : ('a,'astar) QUAD * ('b,'bstar) QUAD ->('a*'b, 'astar*'bstar) QUADval --> : ('a,'astar) QUAD * ('b,'bstar) QUAD ->('a->'b, 'astar -> 'bstar Tr.R.M.t) QUADendwhilst the mat
hing fun
tor looks like this:
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tor MEmbeddings (R : RMONAD) : MEMBEDDINGS =stru
tstru
ture Tr = Translation(R)stru
ture E = Embeddingsdatatype U = datatype E.Utype ('a,'astar) QUAD = ('a E.EP) * ('a,'astar) Tr.TRfun embed ((e,p),(t,n)) = e (* A -> U ordinary embedding *)fun membed ((e,p),(t,n)) = e o n (* A* -> U monadi
 embedding *)fun proje
t ((e,p),(t,n)) f x = R.reify (fn ()=> t (p (f x)))type 'a BASE = ('a,'a) QUADval int = (E.int, Tr.int)val string = (E.string, Tr.string)val unit = (E.unit, Tr.unit)val bool =(E.bool, Tr.bool)val any = (E.any,(I,I))fun (ep,tn) ** (ep',tn') = (E.**(ep,ep'), Tr.**(tn,tn'))fun (ep,tn) --> (ep',tn') = (E.-->(ep,ep'), Tr.-->(tn,tn'))endTo embed an ordinary ML value, we still use the �rst 
omponent of the quad,so embed ((e,p),(t,n)) is just e. The interesting thing is the way in whi
h weembed the monad-spe
i�
 extra operations asso
iated with whatever notion of 
om-putation we have added. If these operations are given by embedding ML values asvalues in the obje
t language, then the ML types of those values will already be inthe image of the CBV translation: we embed them using a new embedding fun
tionmembed that �rst untranslates its argument and then embeds the result. For exam-ple, in the 
ase of the simple ex
eption monad given by ML's option datatype, theextra operations might be(* throw : unit -> 'a option *)fun throw () = NONE(* try : (unit -> 'a option)*(unit -> 'a option) -> 'a option *)fun try (blo
k, alt) = 
ase blo
k () ofNONE => alt ()| SOME v => SOME vObserve that the types of throw and try are are the translations of unit->'a and(unit->'a)*(unit->'a)->'a, respe
tively, so those are the types their untrans-lated and embedded versions will appear to have from the point of view of theobje
t language. The alternative approa
h, whi
h often leads to more palatable ob-je
t language syntax, is to add the monad operations as new language 
onstru
ts,rather than value bindings. This involves adding 
ases to the parser and interpreter,either in terms of membed or by manually 
alling reify and refle
t.



24 N. BentonThe interpretation of an obje
t language expression is a generally a 
omputation;when we proje
t su
h things ba
k to ML we have to get an ML value of a translatedtype, i.e. with the e�e
ts represented expli
itly. For example, when proje
ting a non-deterministi
 integer 
omputation ba
k as an ML value, we need to get a list ofintegers, rather than an integer (not just be
ause we do not want to lose multipleresults, but also be
ause there is no integer to return in the 
ase the list is empty).Thus our proje
t fun
tion needs to use rei�
ation, proje
tion and translation toreturn a value of type 'astar Tr.R.M.t. The 
hoi
e of argument types also requiresexplanation. The reader might have expe
ted to seeval proje
t : ('a,'astar) QUAD -> U -> 'astar Tr.R.M.tbut this would be no good: by the time we have a value of type U, the impli
itly rep-resented e�e
ts of the 
omputation have already happened and 
annot subsequentlybe rei�ed by proje
t. The obvious solution is to pass a thunk instead:val proje
t : ('a,'astar) QUAD -> (unit -> U) -> 'astar Tr.R.M.tand this is essentially what we do, ex
ept that as most of the 
omputations we wishto proje
t are already appli
ations of the 
urried fun
tion interpret, re-abstra
tingseems gratuitous. Instead we generalize, allowing an arbitrary U-returning fun
tion,f, and an argument, x, to be passed to proje
t; the e�e
tful fun
tion (e.g. a partialappli
ation of interpret) is applied to the argument (e.g. a dynami
 environment)within the s
ope of the thunk passed to reify.To see how all this works in pra
ti
e, we 
onsider the 
ase of the list monad,whi
h gives a kind of �nite non-determinism to our interpreter. The two spe
ialoperators we add are one that makes a 
hoi
e between two values, and a failing
omputation, whi
h returns no result. The ML de�nitions of these fun
tions arefun 
hoose (x,y) = [x,y℄ (* 
hoose : 'a*'a->'a M.t *)fun fail () = [℄ (* fail : unit->'a M.t *)Again, note that the types of these fun
tions are the CBV translations of 'a*'a->'aand unit->'a respe
tively, and it is those underlying types that they will appear tohave from the point of view of the obje
t language when we add them to builtins:val builtins = [("
hoose", membed (any**any-->any) 
hoose),("fail", membed (unit-->any) fail),("+", embed (int**int-->int) Int.+), ... ℄We 
an then interpret non-deterministi
 programs and proje
t their results ba
kdown to ML:- proje
t int (interpret (read"let val n = (
hoose(3,4))+(
hoose(7,9))in if n>12 then fail() else 2*n ",[℄)) [℄;val it = [20,24,22℄ : int ListMonad.t



Embedded Interpreters 25Utility The extensional monadi
 translation is potentially useful in its own right.Common 
riti
isms of the monadi
 approa
h to programming are that the monads`infe
t' one's entire program and that one must write everything monadi
ally fromthe start to be able to bene�t from the ability to 
hange the monad later. Thefa
t that Filinski's te
hniques allow one to have one's monadi
 
ake and eat it {swit
hing at will between impli
it and expli
it representations of the monad { issomwhat underappre
iated. Nevertheless, in the presen
e of higher-order fun
tions,making appropriately nested 
alls to the raw rei�
ation and re
e
tion fun
tions ispotentially error-prone. Our type-indexed translation and untranslation te
hniquewraps up Filinski's operations in a mu
h more 
onvenient form.The ability to parameterize embedded interpreters by any monad signi�
antlyin
reases the usefulness of our basi
 idea. Convenient domain-spe
i�
 languagesoften have an impli
it monadi
 e�e
t, su
h as state (most 
ommand languages)or non-determinism (e.g. query languages, su
h as that of Fernandez, Sim�eon andWadler (2001)). Using the embeddings presented here one 
an write the appli
ationin a straighforward expli
it style and then push the monads under the hood in theinterpreter, whilst still smoothly 
ombining e�e
tful operations with non-monadi
ones lifted from the metalanguage. A related situation in whi
h the monadi
 em-beddings seem useful is in interfa
ing ML with external language implementationswith their own notion of 
omputation. A simple example is an interpreter with itsown state, su
h as that used by Ramsey (2003); a more exoti
 one might be a logi
programming language.It is worth reiterating that for parti
ular 
on
rete monads one may well be able tode�ne a monadi
 translation by hand, without using Filinski's re
e
tion operations.The great advantage of the 
ontinuation-based te
hnique is its generi
ity.7 Pro
essesSo far, we have only 
onsidered embedding interpreters for obje
t languages that areessentially CBV �-
al
uli. There is another tra
table foundational language that isquite di�erent from, yet admits an interpretation of, the �-
al
ulus: the �-
al
ulus(Milner et al., 1992; Milner, 1999; Sangiorgi & Walker, 2001). In this se
tion wewill show how our te
hniques allow one to 
onne
t ML and an interpreter for the�-
al
ulus su
h that the embedding of an ML value is the pro
ess that would beobtained by applying a well-known CBV translation of the �-
al
ulus, and suitablywell-behaved pro
esses may be proje
ted ba
k down as ordinary ML values.We will use the 
hoi
e-free, asyn
hronous, polyadi
 �-
al
ulus (Honda & Tokoro,1991; Boudol, 1992), whi
h is also the 
al
ulus on whi
h the Pi
t language (Pier
e& Turner, 2000) is built. (Choi
e or syn
hronous primitives are easily added ifrequired, but would not materially a�e
t our embeddings.) Note that this is a �rst-order 
al
ulus { the only values that may be transmitted are names or of primitivetypes { and that this makes the translation of fun
tions more interesting than itmight be in a higher-order 
al
ulus in whi
h pro
esses may be transmitted along
hannels.Like the monadi
 translation, the interpretation of fun
tions as pro
esses is usu-



26 N. Bentonally presented by indu
tion on terms, and target 
ontexts 
an make distin
tionsbetween �-terms that are extensionally equivalent in a more standard theory. Thepresen
e of �rst-
lass 
ontrol in the metalanguage allows those distin
tions betweenML values to be made and is also the key to our interpretation of pro
esses.7.1 An Interpreter for the �-
al
ulusWriting a na��ve interpreter for the �-
al
ulus in ML is easy, though the degree towhi
h pro
esses, 
on�gurations and behaviours are treated as expli
it, �rst-
lass\fun
tional" values 
an vary widely. It is possible, but not entirely trivial, to useour earlier monadi
 translation te
hniques to embed and proje
t ML values intoand out of an interpreter for the �-
al
ulus that is stru
tured as a denotationalsemanti
s. The denotational approa
h appears `purer' and allows ML 
ode to ma-nipulate multiple pro
ess 
on�gurations expli
itly as ordinary fun
tional values. Onthe other hand, that manipulation is tri
ky and has to be done whenever one usesproje
ted values, sin
e they end up having 
omplex ML types. Furthermore, themonad for pro
esses ends up being a form of 
ontinuations, and it seems slightlyperverse to use all the general ma
hinery of 
ontinuation-based monadi
 re
e
tionjust to re
over the 
ontinuation monad one started with. We will therefore takea more imperative approa
h to 
on
urren
y in this se
tion, implementing a sin-gle, impli
itly referen
ed, imperatively mutated, pool of pro
esses dire
tly in termsof referen
es and 
ontrol operations. Choosing imperative 
on
urren
y leads to a
on
ise implementation and straightforward embeddings and proje
tions.The signature for our �-
al
ulus interpreter is as follows:signature PROCESS =sigtype Namedatatype BaseValue = VI of int | VS of string | VB of bool |VU | VN of Nametype Value = BaseValue listval new : unit -> Nameval fork : (unit->unit)->unitval send : Name * Value -> unitval re
eive : Name -> Valuetype Pro
essval Nil : Pro
essval Nu : (BaseValue->Pro
ess)->Pro
essval Par : Pro
ess*Pro
ess -> Pro
essval Send : BaseValue*Value -> Pro
essval Re
eive : BaseValue*(Value->Pro
ess)->Pro
essval BangRe
eive : BaseValue*(Value->Pro
ess)->Pro
ess
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e to pro
esses *)val s
hedule : Pro
ess -> unitval syn
 : unit -> unitval newname : unit -> BaseValueendSin
e we are implementing a polyadi
 
al
ulus, a transmissible Value is a list ofBaseValues, whi
h 
an be Names, integers, strings, booleans or the unit value. The
ombinators Nil, Nu, Par, Re
eive, BangRe
eive and Send 
orrespond to the nilpro
ess 0, restri
tion �n:P , parallel 
omposition P j Q, input x(y):P , repli
atedinput !x(y):P and asyn
hronous output �xhyi respe
tively.There is a single, global queue of runnable tasks, to whi
h Pro
esses are addedusing s
hedule. The syn
 
ommand transfers 
ontrol to the pro
ess s
heduler,returning when/if no pro
ess is runnable. Finally, we have 
hosen to implementname generation using a global, sidee�e
ting name supply, whi
h is a

essed throughnewname.One possible implementation of this signature is shown in Figure 2. The �rstpart of this stru
ture is a fairly standard implementation of 
oroutines and asyn-
hronous 
hannels using 
all

 and throw (Wand, 1980; Reppy, 1999). A name(
hannel) is represented as a pair of mutable queues, one of whi
h holds un
on-sumed values sent on that 
hannel and the other of whi
h holds 
ontinuations forpro
esses blo
ked on reading that 
hannel (at most one of the queues 
an be non-empty). New names are generated with new. Runnable threads are represented byunit-a

epting 
ontinuations held in the mutable queue readyQ. Values are sentasyn
hronously using send; this either adds the value to the message queue for that
hannel or, if there is a thread blo
ked on reading, it enqueues its own 
ontinuationand transfers 
ontrol to the blo
ked thread, passing the sent value. Calls to re
eiveeither remove and return a value from the appropriate queue or, if no value is yetavailable, add their own 
ontinuation to the blo
ked queue and 
all the s
heduler.New threads are 
reated and s
heduled using fork, whi
h performs a small bitof gymnasti
s to 
reate a 
ontinuation for its argument, pla
e it on readyQ andreturn to its 
aller. (A fork that immediately transfers 
ontrol to its argument issimpler, but the version given is a little more friendly to use from the top level, asone 
an s
hedule several pro
esses before 
alling syn
().) Control is transferred tothe s
heduler with syn
, whi
h busy-waits for the readyQ to be
ome empty beforereturning. Our slightly more �-
al
ulus-style 
ombinators are then thin wrappersover the 
oroutine implementation.Now we 
an 
onstru
t and run pro
esses using the 
ombinators dire
tly, but itis more 
onvenient to write a parser and interpreter for a more palatable syntax.We'll assume a stru
ture Interpret whi
h mat
hes the following signature:signature INTERPRET =sigtype Expval read : string -> Exp (* simple parser *)



28 N. Bentonstru
ture Pro
ess :> PROCESS =stru
tstru
ture Q=Queuestru
ture C=SMLofNJ.Conttype 'a 
han = ('a Q.queue) * ('a C.
ont Q.queue)datatype BaseValue = VI of int | VS of string | VB of bool| VU | VN of Nameand Name = Name of (BaseValue list) 
hantype Value = BaseValue listval readyQ = Q.mkQueue() : unit C.
ont Q.queuefun new() = Name (Q.mkQueue(),Q.mkQueue())fun s
heduler () = C.throw (Q.dequeue readyQ) ()fun send (Name (sent,blo
ked),value) =if Q.isEmpty blo
ked then Q.enqueue (sent,value)else C.
all

 (fn k => (Q.enqueue(readyQ,k);C.throw (Q.dequeue blo
ked) value))fun re
eive (Name (sent,blo
ked)) =if Q.isEmpty sent thenC.
all

 (fn k => (Q.enqueue (blo
ked,k); s
heduler ()))else Q.dequeue sentfun fork p =let val newThread =C.
all

 (fn k1 => (C.
all

 (fn k2 => (C.throw k1 k2));(p ()) handle _ => (); s
heduler ()))in Q.enqueue(readyQ,newThread)endfun syn
 () =if Q.length readyQ = 0 then ()else (C.
all

 (fn k=> (Q.enqueue(readyQ, k); s
heduler())); syn
())type Pro
ess = unit -> unitfun newname () = VN (new())val s
hedule = forkfun Nil () = ()fun Send(VN 
h,v) () = send(
h,v)fun Re
eive(VN 
h,f) () = (f (re
eive 
h) ())fun Par(p1,p2) () = (fork p1; p2())fun BangRe
eive(VN 
h,f) =Re
eive(VN 
h,fn v=>Par(BangRe
eive(VN 
h,f), f v))fun Nu f () = f (newname()) ()end Fig. 2. Implementation of Continuation-Based Coroutines
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env = string listtype dynami
env = Pro
ess.BaseValue listval interpret : Exp*stati
env -> dynami
env -> Pro
ess.Pro
essendand whi
h allows obje
t programs to be written in a syntax like that of Pi
t:- val pp = read "new ping new pong(ping?*[℄ = e
ho!\"ping\" | pong![℄) |(pong?*[℄ = e
ho!\"pong\" | ping![℄) |ping![℄";val pp = - : Exp- s
hedule (interpret (pp, Builtins.stati
) Builtins.dynami
);val it = () : unit- syn
 ();pingpongpingpongpingpongpingpongpingpongpingpong...The pp pro
ess 
omprises three parallel (| ) subpro
esses in the s
ope of two new
hannel names, ping and pong . The �rst pro
ess repeatedly waits for (?* ) anempty message ([℄ ) on 
hannel ping ; when one arrives (= ), it sends (! ) the string"ping" along the 
hannel e
ho and (| ) sends a signal along pong . The se
ondpro
ess does the same, but with the roles of ping and pong reversed, whilst thethird pro
ess starts things o� by sending an initial signal to ping . The result isthat the two pro
esses alternately signal one another endlessly, sending a streamof "ping" and "pong" messages along the 
hannel e
ho . The identi�er e
ho isbound to a name by an environment in the stru
ture Builtins, whi
h also de�nesa pro
ess listening on that name and printing the strings it re
eives. We will givethe de�nition of Builtins on
e we have explained the embedding of ML fun
tionsas pro
esses. We note in passing that, although there is no preemption, the round-robin behaviour of the s
heduler and the implementation of repli
ated input makepure �-
al
ulus pro
esses rather fair. If, for example, one adds another parallel 
opyof the pong pro
ess, printing a di�erent string, then the two 
opies will alternatestri
tly. 7.2 Fun
tions as Pro
esses and Ba
k AgainTranslations of �-
al
uli into �-
al
uli have been extensively studied sin
e the startof the 1990s (Milner, 1992; Sangiorgi, 1992). The CBV translation is typi
ally pre-sented like this:[[�x:M ℄℄p = �
:�ph
i j!
(x; r):[[M ℄℄r[[x℄℄p = �phxi[[MN ℄℄p = �q:([[M ℄℄q j q(v):�r:([[N ℄℄r j r(w):�vhw; pi))The basi
 idea is that the translation of a 
omputation is a pro
ess, parameterizedby a name p along whi
h the the lo
ation of a pro
ess en
oding a value shouldbe sent. A �-abstra
tion is translated as a pro
ess lo
ated at a fresh name 
. The



30 N. Bentonpro
ess repeatedly re
eives pairs of values on 
, the �rst of whi
h is the lo
ationof an argument and the se
ond of whi
h is a name along whi
h the lo
ation ofthe result should be sent. Appli
ation is translated as the parallel 
omposition ofthree pro
esses: the �rst evaluates the fun
tion and sends its lo
ation v along q, these
ond re
eives that lo
ation and evaluates the argument, sending its value alongr. The third pro
ess wires the fun
tion and argument together by re
eiving theargument value lo
ation w along r and sending it, together with the name p wherethe �nal result should be sent, to the fun
tion at v. As an example, here is the(value) translation of the apply fun
tion �f:�x:fx as a pro
ess lo
ated at a 
hannel
 given in terms of our Pi
t-like 
on
rete syntax:
?*[f r℄ = new d r!d |d?*[x s℄ = new q q!f | (q?v = new t t!x | t?w = v![w s℄)After some internal 
ommuni
ations (administrative redu
tions) this be
omes
?*[f r℄ = new d r!d | d?*[x s℄ = f![x s℄As stressed by, for example, Boudol (1997) and Sangiorgi & Walker (2001), thisen
oding is essentially a CPS translation. Our implementation of the en
oding
ombines our usual embedding/proje
tion pairs te
hnique with the 
ontinuation-based 
oroutine operations. Here is the signature:signature EMBEDDINGS =sigtype 'a EPval embed : ('a EP) -> 'a -> Pro
ess.BaseValueval proje
t : ('a EP) -> Pro
ess.BaseValue -> 'aval int : int EPval string : string EPval bool : bool EPval unit : unit EPval ** : ('a EP)*('b EP) -> ('a*'b) EPval --> : ('a EP)*('b EP) -> ('a->'b) EPendThis signature is apparently simple { it is essentially the same as that we presentedba
k in Se
tion 2, with BaseValue instead of U { but some 
omplexity is hidden inthe fa
t that embeddings are now side-e�e
ting. Embedding an ML fun
tion will
reate and s
hedule an appropriate pro
ess, returning a 
hannel by whi
h one mayintera
t with it. Similarly, proje
ting a fun
tion only takes a name as argument,but impli
itly refers to the global pro
ess pool. The implementation of the en
odingis shown in Figure 3. The embeddings for base values are straightforward: theyjust return the the 
orresponding transmissible BaseValue. The embeddings and



Embedded Interpreters 31stru
ture Embeddings :> EMBEDDINGS =stru
tstru
ture P=Pro
essdatatype BaseValue = datatype P.BaseValuetype 'a EP = ('a->BaseValue)*(BaseValue->'a)fun embed (ea,pa) v = ea vfun proje
t (ea,pa) 
 = pa 
val int = (VI, fn (VI n)=>n)val string = (VS, fn (VS s)=>s)val bool = (VB, fn (VB b)=>b)val unit = (fn ()=> VU, fn VU=>())infix ** infixr -->fun (ea,pa)-->(eb,pb) =( fn f => let val 
 = P.new()fun a
tion () = let val [a
,VN r
℄ = P.re
eive 
val _ = P.fork a
tionval res
 = eb (f (pa a
))in P.send(r
,[res
℄)endin (P.fork a
tion; VN 
)end,fn (VN f
) => fn arg => let val a
 = ea argval r
 = P.new ()val _ = P.send(f
,[a
,VN r
℄)val [reslo
℄ = P.re
eive(r
)in pb reslo
end)fun (ea,pa)**(eb,pb) =( fn (x,y) => let val p
 = P.new()val 
1 = ea xval 
2 = eb yfun a
tion () = let val [VN r1,VN r2℄ = P.re
eive p
in (P.fork a
tion;P.send(r1,[
1℄); P.send(r2,[
2℄))endin (P.fork a
tion; VN p
)end,fn (VN p
) => let val r1 = P.new()val r2 = P.new()val _ = P.send(p
,[VN r1, VN r2℄)val [
1℄ = P.re
eive r1val [
2℄ = P.re
eive r2in (pa 
1, pb 
2)end)end Fig. 3. Extensional �-
al
ulus Translation



32 N. Bentonproje
tions at fun
tion and produ
t types are de�ned in terms of the 
oroutineprimitives.4The embedding at a fun
tion type takes a value f, generates a new name 
 andthen forks a thread that repeatedly re
eives an argument and a result 
hannel along
. The argument is proje
ted, f is applied and the result is embedded, yielding aBaseValue, res
, and possibly spawning a new thread. Then (the lo
ation of) theresult is sent along the result 
hannel r
. The proje
tion at fun
tion types takesa 
hannel f
 for intera
ting with a fun
tional pro
ess and yields a fun
tion thatembeds its argument (spawning a new thread in the 
ase that the argument is afun
tion), generates a new name r
 for the result of the appli
ation and sends that,along with the lo
ation of the argument to f
. It then blo
ks until it re
eives areply along r
 and returns the proje
tion of that reply.To embed a pair, we embed the two 
omponents and then return the addressof a new lo
ated pro
ess that repeatedly re
eives two 
hannel names along whi
hit sends the addresses of the embedded values. Proje
tion 
reates two new names,sends them to the pair pro
ess, waits for the two replies and returns a pair of theirproje
tions.We 
an now give the de�nition of the Builtins stru
ture:signature BUILTINS =sigval stati
 : Interpret.stati
envval dynami
 : Interpret.dynami
envendstru
ture Builtins :> BUILTINS =stru
topen Embeddingsinfix ** infixr -->stru
ture I=Interpretstru
ture P=Pro
essfun e name typ value = let val bv = embed typ valuein (name,bv)endval embs =[e "in
" (int-->int) (fn x=>x+1),e "add" (int-->int-->int) (fn x=>fn y=>x+y),e "print" (string-->unit) print,e "itos" (int-->string) Int.toString,e "twi
e" ((int-->int)-->(int-->int)) (fn f => fn x => f (f x)),...℄4 Using our �-
al
ulus 
ombinators might be more attra
tive, but I have not managed to makesu
h a de�nition behave 
orre
tly from the top-level loop of SML/NJ. In any 
ase, one has tobreak their abstra
tion to get names into and out of Pro
esses.
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ials = [("devnull", "devnull?*[x℄=nil"),("e
ho", "e
ho?*[s℄ = print![s devnull℄")℄val stati
 = (map (#1) embs) � (map (#1) spe
ials)val dynami
 = (map (#2) embs) �(map (fn _ => P.newname()) spe
ials)val _ = map (fn (_,s) =>s
hedule (I.interpret (I.read s,stati
) dynami
)) spe
ialsendThe evaluation of embs has a top-level side-e�e
t, returning new 
hannels for in-tera
tion with the pro
esses 
orresponding to the ML values. The string namesfor those 
hannels 
omprise the pervasive stati
 environment, whilst the 
hannelvalues themselves make up the dynami
 environment. There are some further top-level e�e
ts asso
iated with interpreting, naming and s
heduling the pro
esses inspe
ials, whi
h are programmed expli
itly in the obje
t language rather than be-ing embedded from the metalanguage. Note that the de�nition of the e
ho pro
ess,whi
h we used earlier, is not entirely trivial: it is an asyn
hronous (one-way) wrap-per that sends a message to the pro
ess embedding the ML print fun
tion, butdire
ts responses to be sent to a pro
ess that simply dis
ards them.Here is a simple example of a pro
ess using embedded fun
tions:- fun test s = let val p = Interpreter.interpret (Exp.read s,Builtins.stati
) Builtins.dynami
in (s
hedule p; syn
())end;val test = fn : string -> unit- test "new r1 new r2 twi
e![in
 r1℄ | r1?f = f![3 r2℄| r2?n = itos![n e
ho℄";5The pro
ess is essentially the translation ofprint (Int.toString (twi
e in
 3))and does indeed print the expe
ted value. The reader will noti
e that we have ap-plied a tail-
all optimization: itos is asked to send its result dire
tly to e
ho. Moreinteresting examples involve pro
esses that intera
t with embedded ML fun
tionsin non-sequential, non-fun
tional ways. For example, if we embed the fun
tionfun appupto f n = if n < 0 then ()else (appupto f (n-1); f n)of type (int->unit)->int->unit, and printn whi
h is print o itos, then we
an do- test "new r1 new r2 new 
 appupto![printn r1℄ |(r1?f = 
?*[n r℄ = r![℄ | f![n devnull℄) |



34 N. Bentonappupto![
 r2℄ | r2?g = g![10 devnull℄";0010011022013012012310234201343012454123552346634574565676787889910We have applied appupto to printn yielding a pro
ess lo
ated at f that will se-quentially print the integers from 0 to n. We then de�ne a fun
tional pro
ess at 
that a

epts an integer and indi
ates 
ompletion immediately but spawns a 
all tothe fun
tional pro
ess lo
ated at f. Finally, we 
all appupto again with the pro
esslo
ated at 
 and 10 as arguments. The out
ome is that for ea
h n from 0 to 10, weprint all the integers from 0 to n, with the 11 streams being produ
ed in parallel.Here is an example of proje
tion:- fun ltest name s = let val n = newname()val p = Interpreter.interpret (Exp.read s,name :: Builtins.stati
) (n :: Builtins.dynami
)in (s
hedule p; n)end;val ltest = fn : string -> string -> BaseValue- val 
tr = proje
t (unit-->int) (ltest"
 " "new v v!0 | v?*n = 
?[r℄=r!n | in
![n v℄ ");val 
tr = fn : unit -> int- 
tr();val it = 0 : int- 
tr();val it = 1 : int- 
tr();val it = 2 : intWe have de�ned a �-
al
ulus pro
ess implementing a 
ounter and proje
ted as astateful ML fun
tion of type unit->int. An interesting variant is the following, inwhi
h two 
ounter pro
esses, both listening on the same 
hannel, are 
omposed inparallel:- val d
tr = proje
t (unit --> int) (ltest "
""(new v v!0 | v?*n = 
?[x r℄=r!n | in
![n v℄) |(new v v!0 | v?*n = 
?[x r℄=r!n | in
![n v℄) ");val d
tr = fn : unit -> int- d
tr();val it = 0 : int- d
tr();val it = 0 : int- d
tr();val it = 1 : int- d
tr();val it = 1 : intEa
h 
all to d
tr nondeterministi
ally pi
ks one of the 
ounters to advan
e. And,of 
ourse, we 
an 
al
ulate fa
torials by proje
ting a �-
al
ulus version of a �xpoint
ombinator to ML:
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t (((int-->int)-->int-->int)-->int-->int)(pro
and
han "y " "y?*[f r℄ = new 
 new l r!
 | f![
 l℄ |l?h = 
?*[x r2℄= h![x r2℄");val y = fn : ((int -> int) -> int -> int) -> int -> int- y (fn f=>fn n=>if n=0 then 1 else n*(f (n-1))) 5;val it = 120 : intUtility The embedded �-
al
ulus interpreter demonstrates that a theoreti
al 
on-stru
tion has a more dire
t implementation in a real programming language thanone might have expe
ted. In the form presented here, however, its main value seemsto be dida
ti
. One apparent problem is that the 
on
urren
y we have is non-preemptive: embedded ML fun
tions have to run to 
ompletion before any otherpro
ess will be s
heduled. However, it is fairly easy to modify the 
ode given hereto be preemptive under SML/NJ by using an operating system timer and asyn-
hronous signal to for
e a 
ontext-swit
h at regular intervals. This is the way inwhi
h CML is implemented; more details are given by Reppy (1999). Even so, it isnot 
lear that the `�rst order' style of embedding given here is the most natural onefor a 
on
urrent 
ommand language, or that fa
toring an appli
ation so the 
on
ur-ren
y is en
apsulated in the 
ommand language (rather than running throughoutthe rest of the appli
ation) is useful. Simply applying the basi
 ideas of Se
tion 2in a more pervasively 
on
urrent language, su
h as CML, seems more pra
ti
al.Some version of our �-
al
ulus translation does appear potentially useful in build-ing distributed systems. Most traditional remote pro
edure 
all (RPC) systems, aswell as more re
ent variants su
h as web servi
es (World Wide Web Consortium,2002), restri
t transmissible values to be �rst order. Ohori and Kato (1993) de-s
ribed a uniform type-dire
ted method for generating stub 
ode for higher-orderRPC in a distributed CBV language, dML. Their translation is based on pass-ing fun
tions as dynami
ally generated remote handles and has been used as a
ase study in work on intensional type analysis by Harper and Morrisett (Harper& Morrisett, 1995) and by Trifonov et al. (2000). The original dML language issingle-threaded with syn
hronous (blo
king) remote 
alls and one 
an easily im-plement something similar in any ML system using only our basi
 te
hnique. The
ontinuation-based variant presented here would allow one to perform higher-orderRPC in a more realisti
 
on
urrent and asyn
hronous setting.8 Dis
ussion and Related WorkWe have shown how the simple idea of representing types by pairs of fun
tions, onemapping out of the type and one mapping ba
k into it, 
an be applied, fo
ussing onthe way in whi
h it allows one to move between the obje
t and metalanguages whenwriting interpreters. The idea is surprisingly robust, extending from the meta
ir-
ular 
ase (in whi
h the two languages are (essentially) the same) to situations inwhi
h the languages appear quite di�erent.Modelling types as retra
ts or proje
tions of a universal domain is an old ideain denotational semanti
s, going ba
k to the early work of S
ott (1976) and M
-
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ken (1979). It is only 
omparatively re
ently that related te
hniques have beenre
ognised as useful in fun
tional programming. Danvy (1998b) 
redits Filinski andYang with having used our basi
 
onstru
tion in 1995 and 1996, respe
tively, toimplement normalization by evaluation (NBE), whilst Kennedy and I dis
overed itin 1997 in the 
ontexts of writing pi
klers (also known as serializers, or marshallers)(Kennedy, 2004) and interpreters, respe
tively. Similar type-dire
ted 
onstru
tionshave also been used in implementing printf-like string formatting (Danvy, 1998a)and in generi
 programming. We have already mentioned Ramsey's (2003; 2004)independent use of the same basi
 te
hnique to embed the LuaML interpreter.The appli
ations des
ribed here are most similar to work on NBE and type-dire
ted partial evaluation (TDPE) (Danvy, 1996; Hat
li� et al., 1998; Danvy,1998b; Yang, 1998). NBE produ
es synta
ti
 normal forms from 
ompiled 
odevia type-indexed rei�
ation and re
e
tion fun
tions between metalanguage typesand a synta
ti
 `universal' type. Indeed, were it not for the fa
t that NBE does notapply to all the types and values in whi
h we are interested (e.g. in�nite 
oprodu
tslike int and re
ursive fun
tions), one 
ould imagine solving our original problemin a dual manner: using NBE to produ
e obje
t-level expressions 
orrespondingto already-
ompiled metalanguage values and then simply interpreting them alongwith the user program. Filinski's monadi
 re
e
tion te
hniques are also used whenextending TDPE and NBE to languages with sums and side-e�e
ts (Danvy, 1996).Our observation that monadi
 re
e
tion 
an be used to de�ne an extensional vari-ant of Moggi's CBV translation is original, though Filinski (2001) has re
ently, andindependently, published a paper on using the same te
hnique to de�ne an exten-sional CPS translation. Our treatment of re
ursive types does not seem to have anyanalogue in the NBE literature, though Kennedy's (2004) pi
kler 
ombinators useessentially the same te
hnique.Amongst the many other 
ontexts in whi
h similar type-indexed pairs of fun
-tions arise are Leroy's (1992) work on 
ompiling polymorphism using spe
ializedrepresentations, Findler and Felleisen's (2002) work on run-time monitoring of 
on-tra
ts for higher-order fun
tions and the Cousots' (1977) abstra
t interpretationframework for stati
 analyses. At a rather abstra
t level, the same ideas appearrepeatedly be
ause we are dealing with a situation whi
h is ubiquitous in 
omputers
ien
e: relating multiple interpretations of typed programming languages. If thelanguage is �xed then the interpretations may be at di�erent levels of abstra
-tion (as in abstra
t interpretation), 
hoose di�erent data representations or relateeither to di�erent lo
ations (as in distributed 
omputation) or to di�erent times(as in staged 
omputation). The details of the relations between interpretationsmay vary, but the same basi
 semanti
 te
hniques of adjun
tions, logi
al relations,embedding/proje
tion pairs and modal logi
 are appli
able in all 
ases.If we were working in Haskell, rather then SML, we 
ould make good use ofthe type 
lass me
hanism, whi
h is powerful enough to deal with the generi
 re-quirements of our simple interpreters. (Of 
ourse, the monadi
 and �-
al
ulus em-beddings 
annot be implemented in Haskell, sin
e they rely on �rst-
lass 
ontrol.)One 
an de�ne a type 
lass EP spe
ifying the types of the embedding and proje
tionfun
tions and then de
lare �rstly, ea
h of the base types to be instan
es of that 
lass
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i�
 embeddings and proje
tions), and se
ondly, that if 'a and 'b arein the 
lass EP, so are 'a->'b and 'a*'b (giving the appropriate 
onstru
tions onembeddings and proje
tions). Then one 
an just write embed v instead of embed� v, though polymorphi
 values still need to be expli
itly 
onstrained to resolvethe ambiguity. Rose (1998) has applied just this te
hnique to an implementation ofTDPE in Haskell.There is, of 
ourse, ample s
ope for formulating, and attempting to prove, some
orre
tness results for the 
onstru
tions presented here. Reynolds's (2000) 
arefulanalysis of the relationship between the `intrinsi
' (meanings are assigned to typingjudgements) and `extrinsi
' (meanings are assigned to untyped terms and typesare interpreted as properties of those meanings) approa
hes to semanti
s shouldprovide a starting point.I should like to thank Olivier Danvy, Andrew Kennedy, Simon Peyton Jones,Norman Ramsey, Philip Wadler and the anonymous referees for helpful dis
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