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We propose an asymmetric high-radix signed-digit (AHSD) number system for fast 

binary addition, and show that the AHSD number system supports carry-free (CF) addi-
tion. The CF additions in AHSD, to be classified as quasi-closed and subclosed additions, 
use only one redundant digit for any radix r ≥ 2. Novel algorithms for constructing the 
three-stage CF adder (CFA) based on the AHSD number system are also presented. 
Moreover, if the radix is specified as r = 2m, where m is any positive integer, the bi-
nary-to-AHSD conversion can be done in constant time regardless of the word-length. 
Hence, the AHSD-to-binary conversion dominates the performance of an AHSD-based 
arithmetic system. We also propose two efficient algorithms for converting AHSD num-
bers to binary format. The first uses a novel structure to achieve high speed, while the 
second uses simple transformations and conventional additions to provide hardware re-
usability. These results are important since the conversion from AHSD numbers to binary 
format has been considered the performance bottleneck of AHSD-based arithmetic sys-
tems. 
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1. INTRODUCTION 
 

Addition is the most important and frequently used arithmetic operation in computer 
systems. Generally, two methods can be used to speed up the addition operation. One is 
to explicitly shorten the carry-propagation chain by using circuit design techniques, such 
as detecting the completion of the carry chain as soon as possible, carry look-ahead, etc. 
[1-3]. Another is to convert the operands from the binary number system to a redundant 
number system, e.g., the signed-digit number system or the residue number system, so 
that the addition become carry-free (CF) [2-5]. This implicitly eliminates the 
carry-propagation chain so that fast addition can be done, at the expense of conversion 
between the binary number system and the redundant number system. In this paper we 
focus on exploring signed-digit (SD) numbers. 

A class of signed-digit number representations of symmetrical type, called the ordi-
nary signed-digit (OSD) number system, were first proposed in [4]. These number sys-
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tems are defined for any radix r ≥ 3 and for the digit set {− α, …, − 1, 0, 1, …, α}, where 
α is an integer such that r/2 < α < r. In an OSD number system, the redundancy index ρ, 
defined as ρ = 2α − r + 1, ranges from the minimal redundancy r/2 + 1 to the maximal 
redundancy r − 1. The most important contribution of OSD is to explore the possibility 
of performing carry-free addition and borrow-free subtraction for fast parallel arithmetic, 
if enough redundancy is used. The OSD number system was later extended to the gener-
alized signed-digit (GSD) number system [6-9]. The GSD number system for radix r > 1 
has the digit set {− α, …, − 1, 0, 1, …, β}, where α ≥ 0 and β ≥ 0. The redundancy is ρ = 
α + β + 1 − r. So far, the most important contribution of the works on GSD [6-9] include 
unifying the redundant number representation and sorting the CF addition schemes for 
the GSD number system according to the radix r and redundancy index ρ. However, 
ideal single-stage CF addition has not been achieved, though two-stage CF addition has 
been shown to be doable for any GSD system with r > 2 and ρ > 2, or with r > 2 and ρ = 
2 provided that α ≠ 1 and β ≠ 1. For any GSD system with r = 2 and ρ = 1, or ρ = 2 and 
α or β equals 1, the limited-carry addition must be used. 

There are many applications for the SD number representations, most notably in 
computer and digital signal processing systems. Specifically, the CF adder has been in-
vestigated based on the redundant positive-digit numbers [10] and the symmetrical 
radix-4 SD numbers [11, 12] for high-speed area-efficient multipliers. The symmetrical 
radix-2 SD number representation has been used in the implementation of a RSA crypto-
graphic chips [13], high-speed VLSI multipliers [14, 15], FIR filters [16], IIR filters [17], 
dividers [18], etc. Though arithmetic operations using these number representations can 
be done carry free, they have common difficulty in conversion to and from the binary 
number representation. Hence, in the past, many researchers have proposed specific ar-
chitectures for number system conversion [15, 17, 19-22]. 

In this paper, we present the asymmetric high-radix signed-digit (AHSD) number 
system. The idea of AHSD is not new. A particular AHSD number system was called the 
radix-r stored-borrow (SB) number system in [7]. Most earlier works have focused on 
binary stored-borrow (BSB) number systems, where r = 2 [6, 14, 23-25]. Instead of pro-
posing a new number representation, our purpose is to explore the inherent CF property 
of AHSD. The CF addition in AHSD is the basis for our high-speed addition circuits. 
The conversion of AHSD to and from binary will be discussed in detail. By choosing r = 
2m, where m is any positive integer, a binary number can be converted to its canonical 
AHSD representation in constant time. We will also present two simple algorithms for 
converting AHSD numbers to binary: the first stresses high speed and the other provides 
hardware reusability. Since the conversion from AHSD to binary has been considered the 
bottleneck of AHSD-based arithmetic computation, these algorithms greatly improve the 
performance of AHSD systems. For illustration, we will discuss in detail the example on 
AHSD(4), i.e., the radix-4 AHSD number system. The proposed approach is practical 
thanks to the simple conversion. 

2. THE AHSD NUMBER SYSTEM 

In the selection of a signed-digit (SD) number system, we have to consider several 
things, including 1) conversion from binary to SD, 2) inherent CF addition, and 3) con-
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version from SD to binary. We also need to identify applications that can take advantage 
of the system. We will give some definitions first, and then discuss these issues. 
 
Definition 1 (Closure of Addition)  
A set S is closed with respect to addition if, for any pair of elements (a, b), the addition 
specifies a rule for obtaining a unique value s from (a, b) such that if a, b ∈ S then s ∈ S. 

The addition is denoted as a + b = s or s = a + b, in which a is the augends, b the 
addend, and s the sum. If S is closed with respect to addition, we call the addition a 
closed addition. 

Definition 2 (Quasi-Closure of Addition) 
Let D be a proper subset of S. The set S is quasi-closed in D with respect to addition if, 
for any pair of elements (a, b), the addition specifies a rule for obtaining a unique value s 
from (a, b) such that if either a ∈ D and b ∈ S or b ∈ D and a ∈ S then s ∈ S. 

Note that the quasi-closure of addition requires one operand to be in D ⊂ S, and the 
other operand and the sum to be in S. If S is quasi-closed in D with respect to addition, 
we call the addition a quasi-closed addition.  

Definition 3 (Subclosure of Addition) 
Let D be a proper subset of S. The set S is subclosed in D with respect to addition if, for 
any pair of elements (a, b), the addition specifies a rule for obtaining a unique value s 
from (a, b) such that if a, b ∈ D then s ∈ S. 

Again, if S is subclosed in D with respect to addition, we call the addition a sub-
closed addition. Based on the definitions, it is easy to show that the following proposi-
tion is true. 

Proposition 1 
The closure of addition implies the quasi-closure of addition; and the quasi-closure of 
addition implies the subclosure of addition.  

The radix-r asymmetric high-radix signed-digit (AHSD) number system, denoted 
AHSD(r), is a positional weighted number system with the digit set Sr = {− 1, 0, …, r − 
1}, where r > 1. The AHSD number system is a minimally redundant system with only 
one redundant digit in the digit set. It is also referred to as the radix-r stored-borrow (SB) 
number system in previous works [7]. In the past, only the binary (radix-2) 
stored-borrow (BSB) number system has been extensively studied [6, 14, 23-25]. We 
will explore the inherent carry-free property in AHSD and develop systematic ap-
proaches for conversion of AHSD numbers to and from binary ones.  

An n-digit number X in AHSD(r) is represented as  

X = (xn-1, xn-2, …, x0)r,                                               (1) 

where xi ∈ Sr for i = 0, 1, …, n − 1, and Sr = {− 1, 0, 1, …, r − 1} is the digit set of 
AHSD(r). The value of X can be represented as  
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Clearly, the range of X is [(1 − rn)/(r − 1), rn − 1].  

2.1 Binary to AHSD Conversion 

Since the binary number system is the most widely used, we have to consider the 
conversion between the AHSD and binary number systems. Although the radix r may be 
any positive integer, simple binary-to-AHSD conversion can be achieved if r = 2m for 
any positive integer m [26]. The reason for such simple conversion will be explained 
later. We assume r = 2m in what follows, unless otherwise specified. Note that there may 
be more than one AHSD(r) number representation for a binary number. For instance, the 
binary number (0, 1, 1, 0, 0)2 can be converted to two different AHSD(4) numbers, i.e., 
(1, - 1, 0)4 and (0, 3, 0)4. Hence, the binary-to-AHSD(r) conversion, being a 
one-to-many mapping, may be performed by several different methods. We would like to 
find an efficient and systematic conversion method that takes advantage of the carry-free 
property. 

Proposition 2 (Existence of AHSD Representation) 
Any n-bit unsigned binary number X = (bn-1, …, b1, b0) has a unique canonical form 
AHSD(r) representation as 
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where xj ∈ Sr, r = 2m, and q = n/m. 
 
Proposition 2 suggests a simple one-to-one mapping that converts a binary number 

to its corresponding AHSD(r) representation. This conversion can easily be done by par-
titioning the binary number, from the LSB to the MSB, into groups of m bits each. Lead-
ing 0’s can be added to the MSB end of the bit-string to ensure that the number of bits is 
m for each group. Then, the corresponding digit, with value ranging from 0 to r − 1, is 
assigned to each group. Obviously, this converts a binary number to a unique conven-
tional radix-r number representation. In the conventional radix-r number system, the 
digit set is Dr = {0, 1, …, r − 1} for any radix r ≥ 2. Thus, Dr is a proper subset of Sr. The 
equivalent conventional radix-r representation for a binary number we use here is a spe-
cial form called the canonical form, which is one of many equivalent AHSD(r) repre-
sentations. The digit - 1 is introduced into the system for flexible representation of the 
AHSD number converted from its binary form, and for easy implementation of 
AHSD-based arithmetic operations. In the subsequent discussion, the inherent carry-free 
property of the AHSD number system is exploited, and the arithmetic based on AHSD is 
developed. 
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2.2 Carry-Free Addition 

By using the AHSD representation, fast carry-free (CF) addition can be done. It is 
well known that the addition and subtraction of signed numbers, using the 
r′s-complement representation, can be implemented by the unsigned addition with sign 
extension and overflow detection. However, even though OSD and GSD provide various 
CF additions, there can be insufficient redundancy to perform a CF addition for two 
AHSD(r) numbers when r > 2. In what follows, we focus only on certain unsigned addi-
tions. Suppose we are adding X = (xq-1, …, x1, x0)r and Y = (yq-1, …, y1, y0)r, which are 
two unsigned AHSD(r) numbers. Let one of the two operands be in canonical form, and 
then, by extending our previous works [26, 27], we will give two CF algorithms that 
realize the addition S = X + Y. 

2.2.1 CF addition with estimate digits 

1. Internal Individual Summation (IIS): Adding corresponding digits of X and Y, i.e.,  

zj = xj + yj, 0 ≤ j ≤ q − 1,                                             (4) 

where zj’s are the digits of the sum. The estimate digits are generated concurrently, 
where  



 −<

=
.otherwise,0

1 if,1 rz
e j

j                                         (5) 

Apparently, zj ∈ {− 1, 0, …, 2(r − 1)} if one of the two operands is in the canonical 
form. If zj is not in Sr, then conversion is required.  

2. Self-Consistent Adjustment (SCA): For consistency in our AHSD operation, conver-
sion must be made to zj. For each zj, an interim transfer digit cj and an interim sum 
digit µj are chosen based on ej-1 such that  

zj = r × cj + µj                                                     (6) 
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Table 1 lists the details of our conversion rule. It can be seen that the conversion 
results in two digits in AHSD for each zj. In the table, “x” stands for any value in {- 1, 
0, …, 2(r − 1)}, and z-1 ≡ 0. 

3. Adjacent Digit Modification (ADM): The final sum digit sj is obtained by  

sj = µj + cj-1, 0 ≤ j < q,                                               (8) 

where c-1 = 0. In the final result S = (sq, sq-1, …, s0), sq = cq-1, and so S is in our AHSD 
representation.  
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Table 1. Conversion of zj in AHSD(r). 

zj zj−1 cj µj 
− 1 
0 
1 
. 
. 
. 

r − 2 
r − 1 

 
r 

r + 1 
. 
. 
. 

2(r − 1) 

x 
x 
x 
. 
. 
. 
x 

< r − 1 
≥ r − 1 

x 
x 
. 
. 
. 
x 

0 
0 
0 
. 
. 
. 
0 
0 
1 
1 
1 
. 
. 
. 
1 

− 1 
0 
1 
. 
. 
. 

r − 2 
r − 1 
− 1 
0 
1 
. 
. 
. 

r − 2 

 
This procedure is illustrated in Fig. 1. Apparently, the transfer digits are local to 

their adjacent digits, and all µj’s and cj’s are generated concurrently. Also, all the final 
sum digits are generated in parallel. Therefore, the proposed AHSD addition can be per-
formed in a constant time independent of the length of the operands (q). 
 

 
Fig. 1. The CF addition with estimate digits. 

2.2.2 Double-transfer CF addition 

There are two approaches to implementing the double-transfer CF addition: 1) the 
original approach, and 2) the simplified approach. 
 
1. First Transfer Generation (FTG): Convert xj + yj into a transfer digit, cj, and an 

intermediate sum digit, µj, i.e., 

xj + yj = r × cj + µj, 0 ≤ j ≤ q − 1,                                       (9) 
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where 
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Table 2 (a) lists the original conversion rules defined by (9) and (10), and Table 2 (b) 
shows the simplified conversion rules defined by (9) and (11). Apparently, (xj + yj) ∈ {− 
1, 0, …, 2(r − 1)} if one of the two operands is in the canonical form. Note that cj ∈ {0, 
1} and µj ∈ {− 1, 0, …, (r − 1)} if we use the original approach, but µj ∈ {− 1, 0, …, (r − 
2)} if we use the simplified one. Further conversion is thus required. 
 

Table 2. Conversion of xj + yj in FTG. 
(a) Original Approach     (b) Simplified Approach 

xj + yj cj µj xj + yj cj µj 
− 1 
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. 
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. 
. 
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r − 2 
 
2. Second Transfer Generation (STG): Convert cj-1 + µj again into another transfer digit, 

c′j, and intermediate sum digit, µ′j  , i.e., 

cj-1 + µj = r × c′j + µ′j, 0 ≤ j ≤ q − 1,                                    (12) 

where 
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1

1if 
otherwise.

                      (13) 

Table 3 lists the conversion rules. It is easy to see that (cj-1 + µj) ∈ {− 1, 0, …, r} in 
the original approach, and (cj-1 + µj) ∈ {− 1, 0, …, r − 1} in the simplified approach. 
Accordingly, c′j ∈ {0, 1} and µ′j ∈ {− 1, 0, …, (r − 2)}.  
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Table 3. Conversion of cj-1 + µj in STG. 
(a) Original Approach      (b) Simplified Approach 

(cj-1 + µj) c′j µ′j (cj-1 + µj) c′j µ′j 
−1 
0 
1 
. 
. 
. 

r − 2 
r − 1 

r 

0 
0 
0 
. 
. 
. 
0 
1 
1 

−1 
0 
1 
. 
. 
. 

r − 2 
−1 
0 

−1 
0 
1 
. 
. 
. 

r − 2 
r − 1 

0 
0 
0 
. 
. 
. 
0 
1 

−1 
0 
1 
. 
. 
. 

r − 2 
−1 

 
3. Final Sum Modification (FSM): The final sum digit, sj, is obtained by 

,0,1 qjcs jjj <≤′+′= − µ                                       (14) 

where c-1 = 0. In the final result, S = (sq, sq-1, …, s0), sq = cq-1, and so S is in AHSD(r) 
representation. 

 
The above CF addition scheme is illustrated in Fig. 2. Note that the transfer digits 

and intermediate sum digits are obtained concurrently at each and every digit position. 
Also, in the last step (i.e., FSM), all the final sum digits are generated in parallel. Clearly, 
the proposed AHSD addition is real CF.  
 

 
Fig. 2. The double-transfer CF addition procedure. 

2.2.3 Comparison of CF addition schemes 

The requirement that one of the operands be in canonical form preserves the con-
sistency of our addition as described by Tables 1, 2, and 3. With the redundant digit − 1 
introduced, the CF addition in AHSD systems can be achieved. Obviously, the AHSD 
addition is a quasi-closed addition. By Proposition 1, the proposed CF addition satisfies 
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the properties of quasi-closure and subclosure. Note that although the proposed algo-
rithms for implementing the CF addition in AHSD are similar to the three-stage lim-
ited-carry addition for GSD as reported in [9, 28], they are different. The latter addition 
approach can only be used in cases when r = 2 and ρ = 1, or ρ = 2 while α = 1 or β = 1, 
both in GSD representation. Our proposed CF additions can be used when ρ = 1 and r ≥ 
2. Furthermore, if r = 2m our design can easily perform the simple conversion between 
ADSD and binary numbers. This makes our AHSD system a realistic one for fast arith-
metic computation, especially for applications that need to perform massive amounts of 
addition operations. In such a case, the AHSD-to-binary conversion overhead can be 
amortized over a long sequence of CF additions.  

We now make a brief review of the CF addition alternatives. The six approaches 
have been classified into three categories as follows [7, 9, 28]. 

1. Ideal CF (Type-I) addition: Fig. 3 shows the ideal CF addition scheme where the sum 
digit si depends only on the input digits xi and yi, not the carry-in. This is not possible 
for positional number representations.  

 

 
Fig. 3. Ideal CF addition (Type-I) [9]. 

 
2. CF addition: Any GSD system with r > 2 and ρ > 2, or r > 2 and ρ = 2, provided that 
α ≠ 1 and β ≠ 1, supports CF addition. There are two different CF additions as shown 
below. 

(a) Two-stage CF (Type-II) addition (see Fig. 4) 
(b) Single-stage CF (Type-III) addition (see Fig. 5) 

 
Fig. 4. Two-stage CF addition (Type-II) [9, 28]. 



SHAO-HUI SHIEH AND CHENG-WEN WU 

 

1024 

 

 

 

Fig. 5. Single-stage CF addition (Type-III) [28]. 

 
3. Limited-carry addition: The limited-carry addition is applicable for any GSD system 

with r = 2 and ρ = 1, or ρ = 2 and α = 1 or β = 1. 

(a) Three-stage limited-carry (Type-IV) addition with estimated transfer. The adder is 
shown in Fig. 6, where the estimate digit ei is binary, and the transfer digit ti is 
multivalued. 

(b) Three-stage limited-carry (Type-V) addition with double transfers (see Fig. 7) 
(c) Two-stage limited-carry (Type-VI) addition with parallel transfers (see Fig. 8) 

 
Fig. 6. Three-stage limited-carry addition with estimated transfer (Type-IV) [9, 28]. 

 
The comparison of AHSD with other CF addition schemes is shown in Table 4. 

From the table, we see that AHSD is the most flexible and compact representation since 
ρ = 1 for any radix r ≥ 2. Lower redundancy means less storage needed to represent the 
numbers. 
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Fig. 7. Three-stage limited-carry addition with double transfer (Type-V) [28]. 

 

 
Fig. 8. Two-stage limited-carry addition with parallel transfers (Type-VI) [9, 28]. 

 

2.3 AHSD-to-Binary Conversion 

Generally, a binary result is preferred in most applications. The AHSD-to-binary 
conversion is the most time-consuming procedure in AHSD-based systems, and its com-
plexity is ).(log m

nO  We describe two approaches to convert the final sum S = (sq, 
sq-1, …, s0) from AHSD form to binary representation. 
 
2.3.1 Direct conversion 

The following three-step algorithm directly converts the final AHSD sum to its 
equivalent binary sum by using a dedicated circuit. It has the highest conversion speed 
and the smallest hardware overhead. 
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Table 4. Comparison of different CF addition schemes. 

System r Digit Set ρ CF Scheme Constraints 
OSD 
[4] ≥ 3

{− α, …, − 1, 0, 1, … α}

 12 +
r  ≤ α ≤ (r − 1) r/2 + 1 ≤ ρ ≤ r − 1 Type-II symmetric 

{ ,..., ,..., }- r r
2 20  even radix MSD 

[4] ≥ 2
{ ,..., ,..., }- ±r r1

2
1

20 m

 
1 Type-V

odd radix 

≥ 3  
≥ 3

2 
Type-II
Type-III α ≠ 1 and β ≠ 1 

1  
α = 1 

GSD 
[7] 
[8] 
[9] 
[28] 

 
2 

{− α, …, 0, …, β} 

2 

Type-IV
Type-V
Type-VI β = 1 

AHSD ≥ 2 {− 1, .., r − 1} 1 Type-IV
Type-V  

 
1. Decompose each digit sj into +

js and :−
js  

 
,0, qjsss jjj <≤+= −+                                           (15) 

 
where sj ∈ Sr = {− 1, 0, 1, …, r − 1}, +

js ∈ Dr = {0, …, r − 1}, and −
js ∈ {0, − 1}. The 

digit sq is equivalent to a binary carry-out bit cq-1 for the CF addition with estimate digits 
and (cq-1 ∨ c′q -1) for the double transfer CF addition, so there is no need to convert it. Us-
ing the signed-number representation, each sj can be represented as an (m + 1)-bit num-
ber (z, vm-1, …, v1, v0), as shown in Table 5, where z is the sign bit. Therefore, decompo-
sition of sj is equivalent to partitioning it into the sign bit z (for −

js ) and the magnitude 
bits (vm-1, …, v1, v0) (for +

js ). Note that this can be done by simple wire routing, and no 
additional circuitry is required. 
 

Table 5. Signed-number representation for AHSD(r). 

Sr z vm−1 … v1 v0 
− 1 
0 
1 
. 
. 
. 

r − 2 
r − 1 

1 
0 
0 
. 
. 
. 
0 
0 

0 
0 
0 
. 
. 
. 
1 
1 

… 
… 
… 
. 
. 
. 

… 
… 

0 
0 
0 
. 
. 
. 
1 
1 

0 
0 
1 
. 
. 
. 
0 
1 

2. Add −
js and +

js to generate the digit dj in canonical form, i.e., 
 

,0, qjssd jjj <≤+= −+                                           (16) 
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where dj ∈ Dr = {0, 1, …, r − 1}. An implementation using the radix-r borrow-lookahead 
(BLA) generator is shown in Fig. 9. In the figure, nj represents −

js and vj stands for +
js . 

The function table of the jth-digit position in the direct AHSD(r)-to-binary converter is 
listed in Table 6. We define two auxiliary functions, the high-radix borrow generate 
function Gj and borrow propagate function Pj, as  
 

,jjj vnG =                                                       (17) 

).1  ( =+= jjjj vnvP                                               (18) 
 

 
Fig. 9. The direct AHSD(r)-to-binary converter. 

Table 6. The function for direct AHSD(r)-to-binary conversion. 

bj-1 nj vj dj bj 
0 
0 
0 
1 
1 
1 
1 
1 

0 
1 
1 
0 
0 
1 
1 
1 

vj 
(vj > 0) 

0 
(vj > 0) 

0 
(vj ≥ 2) 
(vj = 1) 

0 

vj 
(vj − 1) 
(r − 1) 
(vj − 1) 
(r − 1) 
(vj − 2) 
(r − 1) 
(r − 2) 

0 
0 
1 
0 
1 
0 
1 
1 

 
Thus, the borrow bj at position j can be formulated in terms of Gj and Pj as  

bj = Gj + Gj-1Pj + Gj-2Pj-1Pj + … + G0P1P2…Pj, 0 ≤ j < q,                   (19) 

where b-1 = 0. All the digits dj, 0 ≤ j < q, in canonical AHSD(r) form can then be gener-
ated in parallel: 

dj = bjr + {vj − (bj−1 + nj)}.                                             (20) 

3. According to Proposition 2, each dj can be converted into its equivalent m-bit binary 
form without additional hardware. 
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2.3.2 Conversion by transforms 

This algorithm is based on our previous work [29]. It converts the final AHSD(r) 
sum to binary by first transforming the final sum digit sj to another digit set, then per-
forming conventional radix-r addition and finally converting the result to its corre-
sponding binary representation. Thanks to transformation of the digit sets, any existing 
good radix-r adder can be used in the converter. Although more area and latency may 
result, the main advantages of this algorithm are hardware reusability, design flexibility, 
and reduced design complexity. To pave the way to developing systematic conversion 
rules, we define a function f(x) = (r − 1) − x, x ∈ Sr, that maps Sr into Pr = {0, 1, …, r}. 
Since f(x) is bijective and self-inversed, x = f(y) = f(f(x)) for all x ∈ Sr, and y = f(x) = 
f(f(y)) for all y ∈ Pr. The mapping is summarized in Table 7. 
 

Table 7. Mapping of f(x) between Sr and Pr. 

Sr Pr 
− 1 
0 
1 
. 
. 
. 

r − 2 
r − 1 

r 
r − 1 
r − 2 

. 

. 

. 
1 
0 

 
By applying f(x) to each digit in an AHSD(r) number, a (q + 1)-digit number S = (sq, 

sq-1, …, s0) can be represented as 

∑
=

=
q

j

j
j rsS

0

 

Yr

Yr

ryrr

ryf

q

q

q

j

q

j

j
j

j

q

j

j
j

+=

−−=

−−=

=

+

+

= =

=

∑ ∑

∑

1

1

0 0

0

)1(

)1(

)(

                                         (21) 

In this equation,Y standards for the (r − 1)’s complement of Y. The (q + 1)-digit 
number Y is denoted by Y = (yq, …, yj, …, y0)r, where yj ∈ Pr for j = 0, …, q. The number 
system that uses Pr as its digit set is called the minimally redundant positive digit (MRPD) 
number system. From (21), we obtain a three-stage algorithm for converting a (q + 
1)-digit final sum S = (sq, sq-1, …, s0) to binary form as follows. 
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1. AHSD-to-MRPD Conversion (AMC): Using the previously defined function f(x), we 
convert each digit sj of the final sum S in AHSD(r) to the corresponding digit yj of a (q 
+ 1)-digit number Y in MRPD(r), by the mapping as shown in Table 7. If we use the 
signed-number representation as shown in Table 5 to represent each digit sj, the opera-
tion can be performed by an array of NOR gates in constant time. This is shown in the 
upper part of Fig. 10, which is the entire AHSD(r)-to-binary converter. 

 

 
Fig. 10. AHSD(r)-to-binary conversion by transforms. 

 
2. MRPD-to-CRN Conversion (MCC): In this stage, we transform the (q + 1)-digit num-

ber Y to its equivalent (q + 2)-digit conventional radix-r number (CRN), in which the 
additional digit is just one-bit. We first decompose Y into two operands, Y1 and Y2. 
Now ,21

jjj yyy +=  and both 21  and jj yy are in {0, 1, …, r − 1}, i.e., Y1 and Y2 are con-
ventional radix-r numbers. The radix-r number Y can be obtained by just adding Y1 
and Y2 using a conventional radix-r adder, e.g., the carry-lookahead adder. This is the 
most time-consuming procedure in the entire AHSD-based system.  

3. CRN-to-Binary Conversion (CBC): Assuming r = 2m, we can directly convert each 
radix-r digit into an m-bit equivalent binary number. We then invert the entire vector to 
obtain the 1’s-complement representation ,Y which is equal to the (r − 1)’s complement 
of Y. Finally, we add rq+1 to .Y This stage can be implemented by an array of NOT 
gates in constant time, as shown in the lower part of Fig. 10. 

 
Fig. 10 depicts the AHSD(r)-to-binary converter. The computation time for both 

AHSD-to-binary conversion schemes discussed above is proportional to ,log m
n so a 

higher radix results in higher computational speed. 
The entire adder structures using the two approaches, including their input and out-

put converters, are shown in Figs. 11 and 12, respectively. In these adders, both bi-
nary-to-AHSD converter (BAC) and CF adders operate in constant time, so the 
AHSD-to-binary converter (ABC) dominates the time complexity of the adders.  
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Fig. 11. CF adder with estimate digits. 

 

 
Fig. 12. Repeated-transfer CF adder. 
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2.3.3 Comparison of AHSD-to-binary conversion schemes 

A comparison of the hardware flexibility, circuit reusability, and conversion time 
complexity between these two AHSD-to-binary conversion schemes is given in Table 8. 
In the table, a stands for the area of a full radix-r adder or subtractor. By (16), the direct 
conversion scheme basically performs the addition ,+− + jj ss which is simpler than a full 
radix-r addition since one of its operands )( −

js is a binary signal. The hardware that im-
plements this simple addition is called the radix-r partial adder. The computation time for 
the direct conversion is 

,)log( CGP
d
AB tqT =                                                 (22) 

where ,, CGP
d
AB tT and q denote the processing time for AHSD-to-binary direct conversion, 

carry generation per digit of the radix-r partial adder, and digit q = n/m, respectively. 
Note that the processing time is computed based on the well-known result that the aver-
age carry (or borrow) chain in a q-digit addition is of length log(q). 

Table 8. Comparison of AHSD-to-binary conversion schemes. 

Features Direct Conversion Conversion by Transforms 

Converter Circuitry Dedicated partial  
radix-r adder 

Any radix-r adder + 
(q + 1) (NOR + NOT) 

Area < a > a 
Time Complexity O(logn/m) O(log(n/m + 1)) 
Conversion Speed Fast Slow 

Hardware Reusable No Yes 
Design Complexity High Low 

 
A fast (q + 1)-digit radix-r adder (e.g., carry-lookahead adder, carry-skip adder, etc.) 

also can be used to implement the AHSD-to-binary conversion as shown in Fig. 10. The 
computation time for such conversion by transform is 

,)1log( NOTCGFNOR
t
AB ttqtT +++=                                   (23) 

where ,t
ABT tNOR, tCGF, tNOT, and q denote the processing time for AHSD-to-binary conver-

sion by transform, NOR operation, carry generation per digit of a conventional radix-r 
adder, NOT operation, and digit q = n/m, respectively. It should be noted that the carry 
generation time tCGF is larger than tCGP, because a partial radix-r adder is less complex, 
requiring fewer gates to implement. This also implies that the direct conversion is faster 
than the conversion by transforms.  

3. APPLICATION EXAMPLES 

3.1 AHSD(4) CF Adder 

The radix r = 2m should be used in practical AHSD-based implementations to 
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achieve the simplest conversion from and to binary. In this section we use the AHSD(4) 
number system as an example to show the proposed CF addition schemes. 

Consider the two binary numbers X = (11111111)2 and Y = (00000001)2 that are to 
be added. Apparently the longest carry propagation chain occurs in this case if an ordi-
nary ripple-carry adder is used. By using the proposed addition algorithms, we can gen-
erate the sum without any carry propagation in the CF adders. An entire AHSD(4) CF 
adder can be implemented using the following procedure. 

1. Binary-to-AHSD(4) Conversion 
By Proposition 2, any binary number can be partitioned, from the LSB to the MSB, 
into 2-bit blocks. Each block can then be converted directly into its corresponding ca-
nonical AHSD(4) digits concurrently. The two binary numbers X = (11111111)2 and Y 
= (00000001)2 are thus converted to the canonical AHSD(4) numbers X = (3333)4 and 
Y = (0001)4. As discussed above, the three-bit signed number (n, v1, v0) can be used to 
represent an AHSD(4) digit.  

2. CF Adder Based on AHSD(4) 
There are two CF addition schemes that can be used to implement the CF adder. The 
example based on the addition by estimated digits is shown in Fig. 13. In the IIS stage, 
the two AHSD(4) numbers are added to generate the digit sum Z = (3334)4. In the SCA 
stage, each digit of Z is converted to an intermediate transfer digit and an intermediate 
sum digit according to Table 9. The final sum S = (10000)4 in AHSD(4) representation 
is generated by the ADM stage by adding these two interim digits. 

 

 

Fig. 13. Example for addition by estimated digits. 

 
Table 9. Conversion rules for AHSD(4). 

zj zj-1 cj µj 
− 1 x 0 − 1 
0 x 0 0 
1 x 0 1 
2 x 0 2 
3 < 3 0 3 
 ≥ 3 1 − 1 

4 x 1 0 
5 x 1 1 
6 x 1 2 
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The addition procedure for AHSD(4) based on the repeated-transfer algorithm dis-
cussed above is shown in Fig. 14. In the FTG stage, the two AHSD(4) numbers are 
added to generate an interim transfer digit and an interim sum digit, as listed in Table 10. 
During the STG stage, the previous interim transfer digit and its corresponding interim 
sum digit are added to form a new interim transfer digit and a new interim sum digit as 
listed in Table 11. Each digit of the final sum S = (10000)4 is produced in the FSM stage 
by adding these two interim digits. 
 

 

Fig. 14. Repeated-transfer addition example. 

Table 10. Conversion of xj + yj in FTG. 

xj + yj cj µj 
− 1 
0 
1 
2 
3 
4 
5 
6 

0 
0 
0 
0 
0 
1 
1 
1 

− 1
0 
1 
2 
3 
0 
1 
2 

Table 11. Conversion of (cj-1 + µj) in STG. 

(cj-1 + µj) c′j µ′j 
− 1 
0 
1 
2 
3 
4 

0 
0 
0 
0 
1 
1 

− 1
0 
1 
2 
− 1
0 

 

3. AHSD(4)-to-Binary Conversion 
There are also two AHSD(4)-to-binary conversion schemes. The direct AHSD(4)-to- 
binary conversion scheme was shown in Fig. 9. A gate-level design of the jth bit slice 
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of the AHSD(4)-to-binary converter is shown in Fig. 15. It can be seen that bj can eas-
ily be generated according to (19). The other approach converts the final sum to binary 
form by digit set conversion and conventional radix-4 addition, as shown in Fig. 16. 

 
Fig. 15. A bit slice of the AHSD(4)-to-binary converter. 

 

 
Fig. 16. Example for conversion by transforms. 

 
We first convert S = (10000)4 to Y = (23333)4 in MRPD(4) by the mapping function 

specified in Table 12. Then we transform Y into its equivalent conventional radix-4 number 
Y = (23333)4 by partitioning Y = (23333)4 into Y1 = (23333)4 and Y2 = (00000)4, and then 
performing the conventional radix-4 addition. Note that since r = 4, the conversion seems 
unnecessary, i.e., we may skip the first two stages. However, for most other cases the 
first two stages are essential. In the final stage, each digit in the conventional radix-4 
number Y = (23333)4 is first converted to its two-bit binary equivalent with one addi-
tional leading bit as explained previously, and then the binary form Y = (01011111111)2 
is converted to its 1’s-complement .0)1010000000( 2Y Finally, the bit 210, which is 45, is 
added to the MSB ofY to generate the desired binary result S = (00100000000)2. 
 
 



AHSD NUMBER SYSTEMS FOR CARRY-FREE ADDITION 

 

1035

 

Table 12. Mapping of f() in radix-4. 

Sr Pr 
− 1 
0 
1 
2 
3 

4 
3 
2 
1 
0 

3.2 Sequential Adder 

A sequential adder calculates sequentially the sum of p numbers: X0, X1, …, Xp-1. 
The sum can be expressed as 

∑
−

=
−++++==

1

0
1210 ....)))(...((

p

i
pi XXXXXS                          (24) 

This sequential adder can be realized by using a CF adder, including the bi-
nary-to-AHSD converter (BAC), AHSD-to-binary converter (ABC), and a latch as 
shown in Fig. 17. Initially, switch SW1 selects input A for the CF Adder, and switch 
SW2 places the CF Adder output at port C for storing in the latch. At this moment, the 
first two inputs (X0 and X1) are loaded and added to generate the temporary sum S1, 
which is stored in the latch. After that, SW1 selects input B, so S1 is then added by X2 to 
generate the temporary sum S2 and is subsequently stored in the latch. We repeat the 
process for Si, i = 2, …, p − 2. In the final iteration, SW2 places the CF Adder output at 
port D, and the final sum S is produced by adding the temporary sum Sp-2 to Xp-1.  
 

 

Fig. 17. An AHSD(r) sequential adder design. 
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The time to perform p additions sequentially based on AHSD(r) is 
 
Tadd = tBA + (p − 2)[max(tBA, tL)] + (p − 1)tCF + tAB,                        (25) 

 
where tL, tBA, tCF, and tAB are the times for latching, binary-to-AHSD(r) conversion, CF 
addition, and AHSD(r)-to-binary conversion, respectively. Since tL, tBA, and tCF are all 
constant, regardless of the input word length, tAB dominates the time complexity. 
Speedup results from adding a large number of inputs. If p is large, the conversion time 
can be small in comparison with other terms and can be neglected, so the computation 
time can be approximated by 

].),[max(~
CFLBA

p
add tttpT +−                                         (26) 

On the other hand, if the word length q >> p, then the computation time can be ap-
proximated by 

 ,)log(~~
CGAB

q
add tqtT −−                                            (27) 

where tCG is the per-digit carry generation time of the AHSD-to-binary conversion. 
In comparison, the time to perform p additions sequentially based on the traditional 

radix-r number representation is 

],))[log(1( trad
CG

trad
add tqpT −=                                          (28) 

where trad
CGt is the per-digit carry generation time of a traditional radix-r adder. It can be 

seen that sequential addition based on AHSD(r) is superior to that based on traditional 
radix-r number representation, especially for a large amount of successive additions 
and/or subtractions, e.g., in multiplications and divisions. 

4. CONCLUSIONS 

In this paper two novel CF addition schemes based on an asymmetric high-radix 
signed-digit (AHSD) number system have been proposed. Although the proposed algo-
rithms for implementing the CF addition in AHSD are similar to the three-stage lim-
ited-carry addition for GSD, the latter can only be used when r = 2 and ρ = 1, or ρ = 2 
with α = 1 or β = 1. Our AHSD CF additions can be used when ρ = 1 and r ≥ 2. Addi-
tionally, if r = 2m for any positive integer m, the interface between AHSD and the binary 
number system is shown to be easily implementable. Two AHSD-to-binary conversion 
algorithms have also been proposed, one used to achieve high speed with smaller area, 
the other for hardware reusability and design flexibility. Since both the binary-to-AHSD 
converter and CF adder operate in a constant time, we can conclude that the 
AHSD-to-binary converter dominates the performance of the entire AHSD-based system. 
Hence, CF adders based on an AHSD number representation are especially suited to ap-
plications that process massive addition operations with only few input and output con-
versions needed. The time complexity of the entire AHSD CF adder is O(log(q)) = 
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O(log(n/m)). We also need additional studies including not only the implementation of 
CF adder with different design skills, but also the applications of various CF adders to 
design fast arithmetic. Systematic work in signed-digit representations remains to be 
done. 
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