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Abstract

In this paper we present improved combinatorial approximation
algorithms for the k-level facility location problem. First, by mod-
ifying the path reduction developed in [2], we obtain a combinato-
rial algorithm with a performance factor of 3.27 for any k > 2, thus
improving the previous bound of 4.56 achieved by a combinatorial
algorithm. Then we develop another combinatorial algorithm that
has a better performance guarantee and uses the first algorithm as
a subroutine. The latter algorithm can be recursively implemented
and achieves a guarantee factor h(k), where h(k) is strictly less than
3.27 for any k and tends to 3.27 as k goes to oo. The values of h(k)
can be easily computed with an arbitrary accuracy: h(2) =~ 2.4211,
h(3) =~ 2.8446, h(4) =~ 3.0565, h(5) ~ 3.1678 and so on. Thus, for the
cases of K = 2 and k = 3 the second combinatorial algorithm ensures
an approximation factor substantially better than 3, which is currently
the best approximation ratio for the k-level problem provided by the
non-combinatorial algorithm due to Aardal, Chudak, and Shmoys [1].
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1 Introduction

In the k-level facility location problem (for brevity, k-LFLP) we are given a
complete (k + 1)-partite graph G = (D U F; U ... U Fy; E) whose node set is
the union of k + 1 disjoint sets D, Fi, ..., F; and the edge set E consists of
all edges between these sets. The nodes in D are called demand sites and
the nodes in F = F; U...U Fy are facilities (of level 1,..., k respectively).
We are given edge costs ¢ € Rf and opening costs f € R{ (i. e., opening a
facility ¢ € F incurs a cost f; > 0).

The objective is to open a set of facilities X; C F; on each level ¢t =
1,...,k and to connect each demand site j € D to a path (or chain) ¢(j) =
(11(4),92(7), - - -, ix(j)) along open facilities i1 (j) € X1,i2(j) € Xo,...,ik(j) €
X}, so that the total cost of opening and connecting

S fi D (el in() + elin(), ia() + o+ elin 1 (), i) (1)

i€ X1U...UX}, je€D
is minimized.

In this paper we consider the metric case of the problem where ¢ is in-
duced by a metric on the whole set of nodes V. = DU F, U... U F;. Re-
cent applications of metric facility location problems include finding product
clustering, cost-effective placement of servers on the internet, and optimized
supply-chains [6].

Since the metric k-LFLP is NP-hard, the major part of research work
is concentrated on designing approximation algorithms. We say that an
algorithm for a minimization problem with non-negative objective function
is a p-approximation algorithm if it runs in polynomial time and for any
instance, outputs a solution of cost at most p times the optimum.

The special case of k-LFLP where & = 1 (1-LFLP) is nothing but the well-
known (metric) uncapacitated facility location problem (for brevity, UFLP).
It is known that the existence of a 1.463-approximation algorithm for solving
UFLP would imply NP ¢ DTIM E[n°®(o¢le™)] [7]. In recent years quite a
number of approximation algorithms have been developed for solving UFLP.
The currently best approximation algorithm due to Mahdian, Ye, and Zhang
[11] achieves a factor of 1.517. See Shmoys [13] and [11] for a detailed survey
on approximation algorithms for UFLP.

Obviously, the lower approximability bound 1.463 also applies to k-LFLP.
On the positive side, it is known that k-LFLP can be solved within a factor



of 3 by an LP rounding algorithm due to Aardal, Chudak, and Shmoys [1].
A drawback of this algorithm is that it includes a phase of solving a linear
relaxation with exponential number of variables. Despite the fact that this
relaxation can be solved by the ellipsoid method in polynomial time, the
algorithm would be inefficient in practice. For this reason, very recently sev-
eral combinatorial approximation algorithms have been developed to solve
this problem. These algorithms run in strongly polynomial time but with a
sacrifice in the performance guarantee. The first such algorithm by Meyer-
son, Munagala, and Plotkin [12] had an approximation factor of O(In |D|). A
constant factor of 9.2 was later obtained by Guha, Meyerson, and Munagala
[8]. Bumb and Kern [3] developed a dual ascent algorithm which had a per-
formance guarantee of 6. Ageev [2] established that any p-approximation al-
gorithm for UFLP could be translated to a 3p-approximation algorithm for k-
LFLP. Thus, the algorithm in [11] yields a combinatorial 4.56-approximation
algorithm for k-LFLP. We will refer to this approach as the path reduction
technique. It should be noted that Edwards [4] proposed a reduction similar
to that in [2] but his construction requires running time exponential in k.

None of the above algorithms has a performance guarantee better than
3. Whether or not k-LFLP can be approximated in polynomial time by a
factor less than 3 has become a challenging open question in this field.

In this paper we present improved combinatorial approximation algo-
rithms for the k-level facility location problem.

First, by modifying the path reduction of the k-level problem to the
1-level case developed in [2], we obtain a combinatorial algorithm with a per-
formance guarantee of 3.27 for any k, thus improving the previous bound of
4.56. The algorithm runs in time O(m$in® +m?n) where m = |F|, my = |F],
and n = |D|. Note that the approximation ratio of this path reduction algo-
rithm is fairly close to a factor of 3 provided by the LP rounding algorithm
[1]. Furthermore, this theoretical result in some sense explains why in com-
putational experiments the path reduction based algorithms perform better
than the LP rounding algorithm, as it has been observed by Edwards [4].

Though the intuition suggests that k-LFLP for small values of k& > 2
may be better approximable than the general problem, our path reduction
algorithm, as all the previous algorithms, has the same approximation factor
for each k. This drawback motivated our work on a better algorithm whose
performance factor would be an increasing function of k£ with values strictly
less than 3.27. Our efforts resulted in a recursive combinatorial algorithm for



k-LFLP, which is presented in the second part of this paper. It is based on
a combination of our path reduction algorithm and a recursive reduction of
k-LFLP to (k—1)-LFLP and UFLP. The algorithm runs in time O (k(m3n?®+
m?n)) and achieves an approximation factor h(k), where h(k) is strictly less
than 3.27 for any £ > 1 and tends to 3.27 as k tends to oc. The values
of h(k) can be easily computed with an arbitrary accuracy. In particular,
h(2) < 2.4211, h(3) < 2.8446, h(4) < 3.0565, h(5) < 3.1678. Thus, for
2-LFLP and 3-LFLP, the second algorithm achieves an approximation factor
substantially better than 3.

2 The path reduction algorithm

In this section we present a parameterized version of the path reduction,
which in combination with the greedy algorithm developed in [11] yields a
3.27-approximation algorithm for solving k-LFLP.

2.1 Definitions and notation

Denote by P the set of all paths of length £ — 1 connecting a node in F; to
a node in Fy. For a path p = (iy,49,--- i) € P, let ¢(p) = Zf:z c(iy1,1t).
For any subset X C F, let f(X) =, ¢ fi and let P(X) denote the subset
of paths in P passing through facilities in X.

Let M be an instance of k-LFLP and SOL be a solution of it. Recall
that SOL is a pair (X, ) where X is a set of open facilities and ¢ is an
assignment mapping D to P(X). We call a path in ¢(D) a service path.

For our analysis it would be convenient to represent the total cost of any
solution SOL for k-LFLP in the split form F¥° + C99F where F¥°" and
C99" stand for the facility and connection costs, respectively. To break down
further, for any ¢t = 2,...k, let C7°" denote the total connection cost
between open facilities on level £ — 1 and open facilities on level ¢. Hence
Co0L = Zle C5OL where C7 9 stands for the total connection cost between
demand sites and facilities on level 1. Similarly, let F°°" denote the total
cost to open facilities on level ¢, and thus FSOT = S FSOT.

To exploit the cost-split character of the objective function in k-LFLP we
modify the standard definition of performance guarantee in the split way:

Definition. A feasible solution SOL of a k-LFLP is called (a, b)-approzimate

CSOL
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if for any other feasible solution SOL* of the problem, the cost of SOL is at
most a 5O +pCSOL" | An algorithm for a k-LFLP is a (a, b)-approzimation
algorithm if the solution found by the algorithm is (a, b)-approximate.

Our path reduction algorithm was inspired by the observation that the
path reduction developed in [2] admits a slight modification implying that
any (a, b)-approximation algorithm for UFLP can be translated into a (a, 3b)-
approximation algorithm for k-LFLP. Therefore, to obtain a good approxi-
mation factor for k-LFLP, we have to solve the reduced UFLP in such a way
that the performance guarantee pair (a, b) approximately satisfies a = 3b. To
this point we apply the algorithm of Mahdian et al. [11] to obtain a guaran-
tee pair (3.27,1.09) for UFLP, which then implies a 3.27-approximation for
k-LFLP.

2.2 Parameterized path reduction

We now describe a path reduction with positive parameters a, b that gener-
alizes the reduction in [2] (corresponding to the case a = b =1).

Path reduction with parameters (a,b). Let M be an instance of k-
LFLP. For each i; € Fy and t € {1,---,|D|}, compute a path p(iy,¢) that
has the minimum value of ¢ - be(p) + af(p) over all paths p € P starting from
i1. (Note that the problem of finding such paths can be easily reduced to the
shortest path problem and there are total || - |D| of such paths.) Then,
associate with M an instance § of UFLP in which the set of demand sites
is D, and the set of “facilities” is the set of all pairs (i1,t) where i; € F; and
te{l,---,|D|}. In S, for any demand site j € D and “facility” (i1,1), the
cost of connecting j to (i1,t) is defined to be ¢(j,41) +¢(p(i1,t)); and the cost
of opening (7, 1) is defined to be f(p(i1,t)) (i.e., equal to the cost of opening
all facilities on path p(i1,t)). Given a solution SOLS of S, we construct back
a solution SOLM of M as follows: for any 7 € D, connect j to the service
path p(i;(j),t) such that (i;(j),t) is the “facility” serving j in S, and open
the facilities on all such service paths.

The main result of this subsection is the following theorem.

Theorem 1. If SOLS is an (a,b)-approximate solution of T, then SOLM
is an (a, 3b)-approzimate solution of M. Furthermore, for any solution SOL



of M,

k
FSOLM+CSOLM S CLFSOL—FbCigOL—i—?)bZCZSOL. (2)
=2

Therefore, we have

Corollary 1. Any (a,b)-approximation algorithm for solving UFLP yields
an (a, 3b)-approzimation algorithm for solving k-LFLP. O

Our proof of the theorem is based on Lemmas 1 and 2 below. The first
lemma is nothing but Lemma 2 in [2].

Lemma 1.

FSOLM < FSOLS CSOLM — CSOLS‘

and

The second lemma is an improvement of Lemma 4 in [2].

Lemma 2. For any solution SOL of M, there exists a corresponding solution
SOL* of the reduced S such that

k
aF SO 4 bC5OY < aFSOt 10070 + 30> " CFO. (3)

=2
We first deduce Theorem 1 from the above lemmas.

Proof of Theorem 1. Let SOL* be any solution of M. By Lemma 2, there
exists a corresponding solution SOL of § such that

k
CLFSOL +szOL S aFSOL* +bCi5'OL* +3bZCiS'OL* S aFSOL* +3bcsOL*_

t=2

On the other hand, by using Lemma 1 and the fact that SOLS is an (a, b)-
approximate solution of §, we have

FSOLM+CSOLM < FSOLS +CSOLS < CLFSOL +bCSOL

which proves (2). O



To prove Lemma 2 we need the following easy statement, which being a
bit stronger than Lemma 3 in [2], has an almost identical proof.

Lemma 3. Let Z be an instance of k-level FLP and SOL be a solution of
Z. Then T has a solution SOL = (X, ) such that

-1

(1) if in paths p(j') = (i), ...,4) and ©(3") = (i,...,i}) iy = i] for somel,
then i, =il for all r > 1;

. SOL k k SOL SOL
(ll) CiS’OL — CfOL, 21:2 ClSOL S 21:2 CZSOL, FSOL S FSOL' |

The above lemma implies that any solution SOL of k-LFLP can be re-
placed by a solution SOL satisfying (ii) and whose service paths constitute
a forest consisting of trees rooted at level k.

Proof of Lemma 2. Let SOL = (X, ¢) be a solution of M. For any j € D,
let ©(j5) = (i1(4), .- .. i(j)). By Lemma 3 we may assume that SOL satisfies
property (i) and thus the service paths of SOL constitute a forest consisting
of trees rooted at open facilities in Fj.

For every open facility u € Xy = X N F; lying on level k, let D, be the
set of demand sites assigned, by ¢, to a path finishing in «, and p(u) be a
path having minimum value of ¢(p) among all service paths p ending in u.
Also, let p(u) be the starting facility of p(u) lying on level 1.

Define a new solution SOLP = (X, ¢') by reassigning each j € D, to the
path p(u), i. e., by setting ¢'(j) = p(u) for all u € X;. Thus, by definition,
SOLP satisfies

FSOLP S FSOL (4)
and

oSoLP _ Z Z (c(j7 p(u)) + c(p(u))>

ueXy, jED,
By the triangle inequality and the definitions of p(u) and p(u),

c(j m(u) + e(p(u)) < (e(4. i1 (7)) + c(e(4)) + e(p(u))) + e(p(u))
< e(g, i (9)) + 3e(p(4))-



Thus we have

050" < 37 37 (elGin () + 3ele (7))

uEXy JED,,

k
=Cyo% +3) ot (5)

t=2

Now, by (4) and (5), it suffices to show that there exists a solution SOL*
of § such that

(LFSOL* _I_bC,S'OL* S (I,FSOLP—F[)CSOLP. (6)

Since the service paths of SOLP are disjoint, we have

LFSOLP 4 p(rSOLP _ Z( w)+b 3 (el i) + clp(u ))))

ue Xy, ieDy
_Z< )+ bDy] - clp(u) + b 3 e ]Hu>
. JEDy
= Z (af(p(u)) + b[ Dy - c(p(u))) 4 bOSOLP,
ueXy,

Now we define a solution SOL* of § by declaring all facilities lying on
the paths p(u(u),|D,|), u € Xk, open and by connecting j to the path
p(p(u),|Dy|) whenever j € D,. Then we have

aFSOL 40050 = 3 (af (p((w), D)) +BIDu| - clplp(w), | D)) + OO

ue Xy
<CLFSOLP 4 szOLP

The last inequality holds because for each u € X, by the construction of
paths p(i1,t) in the parameterized path reduction,

af(p(p(u), [Du])) + b|Dul - c(p(p(u), [Du]) < af(p(w)) + [ Dul - ¢(p(u))-

The next subsection analyzes particular values of parameters (a,b) to
establish our final result.



2.3 Algorithm PATH REDUCTION& GREEDY

To solve the instance S of UFLP we use the greedy algorithm developed
in [11] (in the sequel referred to as GREEDY). For completeness, we sketch
the algorithm GREEDY below, which essentially is a combination of the
algorithms of Jain, Mahdian, and Saberi [9] and Guha and Khuller [7].

Algorithm GREEDY:

Phase 1. Given an instance S of the UFLP, scale up the opening costs of all
facilities by a factor of 6 (> 1) (which is a constant that will be fixed later).
Then do the following:

1. At the beginning, all demand sites are unconnected, all facilities are
unopened, and the budget of every city j, denoted by Bj, is initialized
to 0. At every moment, each demand site j offers some money from its
budget to each unopened facility 7. The amount of this offer is equal to
max(B; — ¢;j,0) if j is unconnected, or max(c;; — ¢;;, 0) if it is already
connected to some other facility 7.

2. While there is an unconnected demand site, increase the budget of each
unconnected demand site at the same rate, until one of the following
two events occurs:

(a) For some unopened facility i, the total offer that it receives from
demand sites is equal to the (scaled) cost of opening i. In this
case, we open facility 7, and connect j to ¢ for every demand site
j (connected or unconnected) which has a positive offer to i,

(b) For some unconnected demand site j, and some facility 7 that is
already open, the budget of j is equal to the connection cost ¢;;.
In this event, we connect j to i.

Phase 2. Scale down the opening costs of facilities back to their original
values all at the same rate. If at any point during this process, a facility
could be opened without increasing the total cost (i.e., if the opening cost
of the facility equals the total amount that the demand sites can save by
switching their “service provider” to that facility), then we open the facility
and connect each demand site to its closest open facility.

In the following we only need two results from [11].



Lemma 4 ([11]). Let v; > 1 and v} = sup,{zx}, where 2y is the solution of
the following optimization program (which we call the factor-revealing LP).

Zle O — ’Y;f
Zf:l di

Mazximize

subject to:
a; <oy V1< <k,
Tii >Tiiqn V1<jg<i<k,
a; <rji+di+d; V1<j<i<Kk,

i—1 k
Zmax(rjﬂ- —d;,0) + Z,max(ai —d;,0) < f V1<i<k,
7j=1 Jj=i

Then for any 6 > 1, Algorithm GREEDY is a (y;+Ind, 1+73(;1)—approximation
algorithm for UFLP.

For any given 7%, one can solve the above linear program to compute ;.
However, since the number of variables here is unbounded, it is unlikely to be
computable exactly. In [11], the problem is solved by constructing a feasible
solution to the dual of this linear program, which provides an upper bound
on ..

The crucial result of [11] is the following

Lemma 5 ([11]). If v} = 1.11, then . = 1.78 is an upper bound on ;.

Let 4(6) = 77 + Iné and 7.(6) = 1 + 2= where v; = 1.11, 7, = 1.78.
By Lemmas 4 and 5, we have the following

Lemma 6. Algorithm GREEDY is an (77(6), v.(9))-approzimation algorithm
for any 6 > 1. O

By this lemma, the path reduction algorithm produces a (v;(J), 37.(0))-
approximation algorithm for k-LFLP where ¢ is an arbitrary number > 1.
By taking 6 = 8.67, one can see that our algorithm, which we will further
refer to as PATH REDUCTION& GREEDY, finds a solution within a factor of
3.27 of the minimal cost.
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Note that the paths p(i;, ) in the parameterized path reduction can be
computed in O(m?n) time. On the other hand, the total number of demand
sites and facilities in the reduced S is n + myn and thus GREEDY requires
O(m3n?) time to solve it. Therefore, the overall running time of PATH RE-
DUCTION& GREEDY is O(m3n® + m?n).

We remark that the bound 3.27 cannot be improved much by just using
Corollary 1 as a tool box. It is known [7] that for any x > 1, the existence
of (z,1 4 2e~")-approximation algorithm for UFLP would imply P = NP.
Therefore, the best we could get by using Corollary 1 is 3.236 since x + 3(1+
2¢7%) > 6.472 for any x > 1.

3 The recursive path reduction algorithm

A drawback of algorithm PATH REDUCTION& GREEDY is that the approx-
imation factor of 3.27 it provides does not depend on the number of levels
k, whereas 1-LFLP admits a 1.52-approximation and the intuition suggests
that k-LFLP for small values of £ must be much better approximable than
the general problem.

In this section, we present an improved combinatorial algorithm for k-
LFLP, which we refer to as SPLIT& RECURSION. It is based on a combination
of PATH REDUCTION& GREEDY and a recursive reduction of k-LFLP to (k—
1)-LFLP and UFLP. Algorithm SPLIT& RECURSION runs in time O (km?3n?+
km?n) and achieves an approximation factor h(k), where h(k) < 3.27 for
any k > 1 and tends to 3.27 as k tends to oo. The values of h(k) can be
easily computed with an arbitrary accuracy. In particular, h(2) ~ 2.4211,
h(3) ~ 2.8446, h(4) ~ 3.0565, h(5) ~ 3.1678.

3.1 Definitions and high level description

We first give a few definitions.

For any instance M of k-LFLP, we define an instance My_; of (k — 1)-
LFLP and an instance & of UFLP (1-LFLP) in the following way:

1. My is obtained from M by deleting all facilities on level 1 (or, by

opening for free all facilities on level 1). Thus, in My ; the set of
facilities lying on level r is F, .1, and the connection cost between 7 € D

11



and iy € F is
irelg}{c(j, v) + c(v,i9) }.
2. § is obtained from M by deleting all facilities on levels greater than
1 (and all edges incident with these facilities), and by doubling all the
edge costs between D and Fj.

We are now ready to proceed to a high level description of the algorithm.

In the case K = 2, M; and S are both instances of UFLP and we solve
them by GREEDY. Note that each j € D is assigned to a facility iy(j) € Fo
by the solution for M; and to a facility i;(j) € F; by the solution for S.
On the basis of these solutions we construct a solution for M, denoted by
SOLMS, by connecting each j to the path (i1(j),i2(7))-

Note that the straightforward variant of the above construction where the
connection costs coincide with the original ones in both instances of UFLP
yields a simple factor 3 reduction of 2-LFLP to UFLP. This reduction was
first observed by Gimadi [5].

When k > 3 our algorithm solves S by applying GREEDY and calls itself
to solve My _;. Now we have that the solution of § assigns each j € D to a
facility 4;(j) € F; while the solution to Mj_; assigns each j € D to a path
(12(j) € Fa, ..., ix(j) € Fr). In this case the solution SOLMS for M is con-
structed by connecting each j to the composite path (i1(5),42(7), - .., (j))-

However, the constructed solution SOLMS is not yet the output of the
algorithm. In addition, we find another solution SOLPG for M by applying
PaTH REDUCTION& GREEDY and finally output a solution having lower cost
among the two.

By unfolding this recursive description one can easily obtain a conven-
tional implementation as follows. The algorithm applies GREEDY to solve
k instances of UFLP obtained from the original instance M by deleting the
facilities on all levels except a fixed one. It then applies PATH REDUC-
TION& GREEDY to solve k£ — 1 instances of k-LFLP obtained from M by
deleting the facilities on all levels smaller than a fixed one. Finally, in k£ — 1
steps, on the basis of the retrieved solutions, it constructs an output solution.

From the above implementation it is clear that SPLIT& RECURSION can
be implemented in O(k(m3n® 4+ m?n)) time.

12



3.2 Algorithm SpLIT&RECURSION

Now we proceed to a formal description and analysis of the algorithm.
Algorithm SPLIT& RECURSION:

Input: An instance M of k-LFLP.
Output: A solution SOL for M.

if £k =1 then

SOL := the solution obtained by applying GREEDY to M;
endif
if £k > 2 then

Apply SPLIT& RECURSION to find a solution SOLM for M;_; and GREEDY
to find a solution SOLS for S;

Construct a solution SOLM S for Mj._; by connecting each j € D to the
path (i1(j),42(j) - - ., (j)) whenever j connects to i;(j) in SOLS and to the
path (is(7),...,ik(j)) in SOLM,

Apply PATH REDUCTION& GREEDY to find a solution SOLPG of M,

SOL := a solution having lower cost among SOLM S and SOLPG.
endif

The following theorem is the main result of this section.

Theorem 2. Let k > 2. For any solution SOL* of M and any 6 > 1, the
solution SOL retrieved by SPLIT& RECURSION satisfies

FSOL + CSOL S,yf(é)FSOL* + g(k),yc(é)CSOL* (7)

where
1 1

0(k) :3<1W> + 555

Since v7(0) is a strictly increasing function of § on the interval [1,00)
whereas 0(k)v.(0) is strictly decreasing, the minimum value of

pr(6) = max(ys(6), O(k)v(5))

is attained at a unique root d; of the transcendent equation

V5 (8) = 0(k)7.(9).

Thus we derive

13



Corollary 2. SPLIT&RECURSION is a py(dy)-approzimation algorithm for
k-LFLP.

By using a binary search, it is easy to compute d; approximately for every
k. This gives

p2(02) < po(3.71) < 2.4211,
p3(63) < p3(5.66) < 2.8446,
pa(04) < pa(7.0) < 3.0565,
p5(6 ) < ps(7.66) < 3.1678.

One can also see that as k — oo, (k) tends to 3 and the performance factor
tends to 3.27 as in algorithm PATH REDUCTION& GREEDY.

Proof of Theorem 2. We proceed by induction on k. Let SOL* be any solu-
tion of M. Then, by Theorem 1,

k
FSOLPG 4 CSOLPG S ’yf(é)FSOL* 4 ,yc(é)CiSOL* + 3’}/0((5) Z CtSOL*. (8)

Observe that SOL* induces a solution, SOLS*, to & and a solution,
SOLM*, to My_1; as SOL* assigns every demand site j to a facility, say
iy(j) € F; for each t = 1, ..., k. That is, j in SOLS* is assigned to i{(j) of S
with connection cost ¢(7, 21( ), and j in SOLM* is assigned to (i5(7), - .., i5(j))
in M,,_; with connection cost at most

c(7,17(7)) + c(ir(5), 5(5) + e((i2(7), - -, 3k (5)))
from the construction of the connection costs, see (1).

Recall that the connections costs in § are doubled from the edge costs
between D and F; in M. Hence, by Lemma 6, we have

FSOLS | (1SOLS < ,yf(é)FSOLS* i 2%(6)CSOLS*
= 3OV FFO 4 2y, (3)CFO 9
Assume now that £ = 2. In this case Mj_; is an instance of UFLP and
thus by Lemma 6 and the definition of My _1,
FSOLM + CSOLM S ’yf(é)FSOLM* +’YC(5)CSOLM*
< (O FOY + 7. (0)(CPOF + C5OF). (10)
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By the construction of SOLM S and the triangle inequality,
1
SOLMS + CSOLMS — SOLS + FSOLM + 5C«SOLS + ZC(ZI(]);ZQ(]))
jeD
< FSOLS 4 pSOLM %CSOLS+ <%CSOLS+CSOLM>
_ pSOLS | (;SOLS 4 pSOLM | (xSOLM.
and thus, by (9) and (10), we have
FSOLMS + CSOLMS S ,Yf(é)FSOL* + S’Yc(&)CiSOL* + ’Yc(é)CQSOL*-

Since the cost of SOL is at most half as great as the sum of costs of SOLM S
and SOLPG (8),

FSOL + CSOL S ’yf((S)FSOL* + 2’}/0((5)CiSOL* + 2’}/0((5)C§OL*,

which is nothing but (7) for k = 2.

Now, assume that (7) is true for each number of levels smaller than £.
By applying to My, which is an instance of (k — 1)-LFLP, the induction
hypothesis we obtain that

k
t=2
k

Ok — 1)7.(6) Y 5O (11)

=3
Again, by the construction of SOLMS and the triangle inequality,

FSOLMS+CSOLMS < FSOLS +CSOLS +FSOLM+CSOLM

and thus, by (9) and (11),

FSOLMS + CSOLMS S’Yf((s)FSOL* + (9(k o 1) + 2)’70(6)CFOL*+
k

0k — 1)7.() 3 C50L"
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Together with (8), this yields

FSOL 4 O5OL <y (§)FSOL 4 0(k 21) + 3%(6)CSOL*_
Since Bk 1 5
oy = D3
2
(7) follows. O

Finally, we remark that the approximation factors of our algorithms seem
to be insensitive to the particular choice of (v, v.) = (1.11,1.78) used in the
above analysis. For example, if one makes use of the pair (vs,7.) = (1,2)
(whose correctness was proved for the algorithm presented by Jain et al.
[9, 10]), then h(k) is strictly less than 3.301 for any £ > 1 and tends to 3.301
as k tends to co. In particular, h(2) < 2.462, h(3) < 2.882, h(4) < 3.091,
h(5) < 3.197.
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