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ABSTRACT

Let M = (Mr)reW be a system of matroids on a set S. For every transfinite sequence / of distinct
elements of 5, we define a number TJ(/). In [12] we proved that the condition that r](f) 3=0 for every
possible choice of/is necessary for M to have a system of mutually disjoint bases. Further, we showed
that this condition is sufficient if R is countable and Mr is a rank-finite transversal matroid for every
r e R. In this paper, we prove that our condition is also sufficient in the much more general case of
countable systems of arbitrary rank-finite matroids.

1. Introduction

Let 5 be a set and let M be a family of subsets of S. We say that M has finite
character if a set A belongs to M if and only if every finite subset 1 of A belongs to
M. We say that M is a matroid on S if M is non-empty and satisfies the following
conditions:

(1.1) if A e M and B ^A, then B e M;

(1.2) if /, J G M are finite and |/| = |/ | + 1, then there is an element y e / \ 7
such that J U{y} e M;

(1.3) M has finite character.

Obviously, if M is a matroid on S and S<^S', then M is a matroid on S'. A
matroid is finite if it is a finite family of sets or, equivalently, if it is a matroid on a
finite set. A maximal element of M is called a base of M, and the cardinality p(M)
of any base of M is called the rank of M. The matroid A/ is said to be rank-finite if
M has finite rank, and to be rank-countable if it has countable rank (p(M) s= Xo).

Let /? and S be disjoint sets and, for each r e R, let Mr be a matroid on the set
S. The system ^ = (Mr)re/? will be called a system of matroids on S. It will be said
to be countable if /? is countable (|7?|^K()), and to be finite if R is finite. The
system % = (Br)r^R of subsets of 5 will be called a system of disjoint bases for ^ if
2?r is a base of Mr, for r e R, and 5 r fl Br = 0 for every r, r' e /? such that r 7̂  r'.

If M is a matroid on the set S and >4 9 5, then let M\A be the restriction of A/ to
y4, that is, let / E M\A if and only if / ^A and I e M. Further, let M.A be the
contraction of M to A, that is, let / E M.A if and only if / 9 A and / U / s A / f o r
every 7 E M | ( S \ / 1 ) .

The problem of finding a necessary and sufficient condition for a system of
matroids to have a system of disjoint bases (known as the packing problem) has a
long history. The first result, which motivated further development in this area,
was a characterization of finite graphs having k edge-disjoint spanning trees
proved independently by Tutte [10] and Nash-Williams [6]. Edmonds [3]
generalized this result and characterized all finite matroids having k disjoint
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bases. Edmonds and Fulkerson [4] proved the following basic packing theorem
for finite systems of finite matroids.

THEOREM 1.1. If M is a finite system of finite matroids, then M has a system of
disjoint bases if and only if for every A £ S we have

reR

Brualdi [2] used Rado's selection principle to generalize Theorem 1.1. He
proved the following theorem.

THEOREM 1.2. / / M is a finite system of rank-finite matroids or an arbitrary
system of finite matroids, then M has a system of disjoint bases if and only if

(1.4) for every finite subset A of S we have

\A\^^ p(Mr.A).
reR

Unfortunately, condition (1.4) is not sufficient for the existence of a system of
disjoint bases of M when M is infinite and includes an infinite matroid, even when
all the matroids in M have rank at most 1.

EXAMPLE 1.3. Let R = {i E Z: / ^ 1} U H , S = {i E Z: i ^ 0}, and let M =

(Mr)rBR be the system of matroids on S such that

for every r e R.

In the above example, M is countable, contains matroids of rank 1, and only
one matroid in M is infinite. Clearly condition (1.4) is satisfied, but there is no
system of disjoint bases for M.

Oxley [8] formulated a sufficient (but not necessary) condition for a system of
matroids to have a system of disjoint bases.

In [12], we formulated a condition which is a generalization of condition (1.4)
and is necessary for any system of matroids to have a system of disjoint bases (see
Theorem 1.4). Our condition is an adaptation of the necessary and sufficient
condition for a countable family of sets to have a transversal that was proved by
Nash-Williams [7].

Given a family sd = (Ar)rfER of non-empty subsets of 5, we can form the
corresponding family of matroids M^ = (Mr)rER on S by taking

Mr = {{a}: aeAr}U{0},

for every r e R. Since any transversal of sd corresponds to a system of disjoint
bases of M^, the theorem of Nash-Williams [7] can be interpreted as a result
about the existence of a system of disjoint bases for a countable system of
matroids of rank at most 1 (see Theorem 1.7).

Before we can formulate our condition, we need to introduce some more
terminology. Let Z* = Z U i00, -°°} be the set of quasi-integers. The arithmetic
and inequalities on Z* follow the obvious rules with the additional rule that
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00-00 = 00 (see [7] for details). If A is a set, then the size \\A\\ of A is the
cardinality \A\ if A is finite, and ||J4|| = oo if A is infinite.

Assume that ordinals are defined in such a way that an ordinal a is the set of all
ordinals less than a. A transfinite sequence is a function with its domain being an
ordinal.

Let us assume now that Ji= (Mr)reR is a fixed system of matroids on S. If
r e R, Au A2 e Mr, Ax ^A2) #1 is a base of Mr.Au and B2 is a base of Mr.A2

containing Bu then let

yr(AuA2)=\\B2\BA\.

The function yr is well-defined, that is, the value of yr(AuA2) does not depend
on the choice of Bx and B2 (see [12]).

Suppose that reR and that si = (Aa)a<X) ^ = ( 5 a ) a < A are transfinite
sequences of subsets of 5 such that

(1.5) As g Ae and Bs c Be, for 8 ̂  0 < A,
(1.6) B6 is a base of Mr.As, for 5 < A,

and suppose that B is a base of Mr.(Ua<A^a) such that U O < A ^ £#• Then we
say that the pair (38, B) is a proper Mr-choice of bases for si.

If si = C<4o)a<A is a transfinite sequence of subsets of S and A is a limit ordinal,
then let

Tr(s4) = mins \B \ U Ba : ( (B a ) a < A , £ ) is a proper Mr-choice of bases for si \.
I I a<A J

By a <7«ewe we mean a countable injective transfinite sequence, that is, an
injective transfinite sequence whose domain is a countable ordinal. I f / i s a queue,
then d o m / i s the domain o f / a n d r g e / i s the range o f / If d o m / = A and a «£ A,
then fa will denote the restriction o f / t o a. A queue in S is a queue whose range is
a subset of S, and a X-queue is a queue with domain A.

With a A-queue/in 5 we associate a quasi-integer ?)(/), called the M-margin of
/ Let TJ(/) = 0 if A = 0. Suppose now that A > 0 and that q(f') has been defined
for every queue f in S such that dom/ ' < A. If A = 6 + 1 is a successor ordinal,
then let

h rge/).
re/?

If A is a limit ordinal, then let

i7(/) = liminfi7(/0)- 2 rr((rge/a)a<A).
e->A rs/?

We say that the system M is good if i?(/) ̂  0 for every queue / in 5.
Note that condition (1.4) is equivalent to saying that 17 (/) ^ 0 for every finite

queue/in 5. Also note that in Example 1.3, we have i?(/) = - 1 , where/is the
o>-queue given by /(/) = /. In general, the following theorem was proved in [12].

THEOREM 1.4. If M has a system of disjoint bases, then M is good.

The proof of Theorem 1.4 is relatively easy. A much more interesting problem
is when the converse of it holds. It is not hard to see that the exact converse of
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Theorem 1.4 is false. Consider the following example of an uncountable family of
matroids.

EXAMPLE 1.5. Let R = iox be the first uncountable ordinal, S = o) be the first
infinite ordinal, and let M= (Mr)r£R be the system of matroids on 5 such that

Mr = {{/}: ieS}U{0},

for every r e R.

It can easily be seen that in the above example rj(f) is equal to ||rge/|| for any
finite queue; hence "n(f) = tx for any infinite queue. Therefore M is good but,
obviously, there is no system of disjoint bases for M.

The following partial converse of Theorem 1.4 is a corollary of Theorem 1.2
obtained by using the equivalence between condition (1.4) and the condition that
rj(f) 2*0 for every finite queue / in 5".

COROLLARY 1.6. Let M be a finite system of rank-finite matroids or an arbitrary
system of finite matroids. If M is good, then M has a system of disjoint bases.

The first partial converse of Theorem 1.4 not restricted by the assumption that
either M or all its components are finite is the following theorem proved implicitly
by Nash-Williams [7].

THEOREM 1.7. If M is a good countable system of matroids of rank at most 1,
then M has a system of disjoint bases.

Using Theorem 1.7, we proved in [12] the following theorem.

THEOREM 1.8. / / M is a good countable system of rank-finite transversal
matroids on S, then M has a system of disjoint bases.

Since any matroid of rank at most 1 is a transversal matroid, Theorem 1.8 is a
generalization of Theorem 1.7. In general, the assumption that a given matroid is
a transversal matroid is quite restrictive. In this paper we show that it can be
removed. We shall prove the following theorem.

THEOREM 1.9. If M is a good countable system of rank-finite matroids on S, then
M has a system of disjoint bases.

Our proof of Theorem 1.9 (broken down into several lemmas and completed in
§ 6) is an adaptation of the technique used by Nash-Williams [7]. We strongly
believe that a further refinement of this method is possible, so that it can be used
to prove the following general conjecture, formulated first in [12].

CONJECTURE 1.10. If M is a good countable system of rank-countable matroids
on S, then M has a system of disjoint bases.

Furthermore, settling Conjecture 1.10 should allow us to characterize



A COUNTABLE FAMILY OF RANK-FINITE MATROIDS 505

countable graphs with k edge-disjoint spanning trees, and to prove a result about
detachments of countable graphs. (See [12] for details.)

2. Preliminaries

From now on, we assume that all the matroids considered are rank-finite. Let
{Su S2,..., Sk} be a finite partition of the set 5. If M, is a matroid on Sh for
i = \,2,...,k, then the direct sum A^ ©A/2©... © A/* of Mx, M2,..., Mk is the
family A/o of subsets of 5 defined by

/,: 4 eM, , i = 1,2, ...,

It is easy to verify that A/o is a matroid on S, and that B g s is a base of A/o if and
only if B = Uf=i B» for some bases B,, B2,..... #* of M,, A/2, •••, A/*, respectively.
Therefore

If, moreover, M is a matroid on 5 such that Mos^M and

p(M) = p(M0) = £
i=\

then we say that (A/,, M2,..., M .̂) is a decomposition of M.
Let A/ be a matroid on 5. If X <= 5, then let

LEMMA 2.1. Le/ X £ 5 and 5 be tf/?v Z>#se of M\X. Then I e A/. A' if and only if
^ X and I U B e A/.

/ See [1, Lemma 2.2].

Immediately from Lemma 2.1, we get the following corollary.

COROLLARY 2.2. / /X g 5, then (M\X, M.X) is a decomposition of M.

LEMMA 2.3. // X g 7 c 5, r/ien

Proo/. Let B be a base of M\Y = (M\X)\Y. Assume that / e (M\X).Y.
By Lemma 2.1, we have 7 g 7 and IUB e M\X. Thus / g Y\X and / UB e A/.
Therefore/e (A/. y ) \A r .

Now assume that I E(M.Y)\X. Then / e M . V and / g 5 \ X Thus I^Y\X
a n d / U B e M . Therefore / U B EM\X, and so / e (M\X).Y.

If u e 5, then let M - u = A/\{«} and A/~w = A/.(5\{«}). If/is a queue in 5,
then let M\f = A/ \ rge / and A/./ = A/.rge/

Let ^ b e the set of all queues in S and let ^ b e the subset of 5£ such that / e §>



506 JERZY WOJCIECHOWSK1

if the domain of / is a limit ordinal. Suppose £: ^—»Z* and that the limit
lima^ £(/0) exists for every limit ordinal A and every A-queue / Then the
function £: §*—> Z* defined by

an = Hm a/e),
© - • A

where A = dom/, will be called the limit of £,.
Definie the M-reserve fx to be the function from & to Z such that /a(/) =

p(M\f). Note that if / is a A-queue in S and 9^y^\, then /x(/e) ^ fx(fy).
Therefore, the limit jl of /x exists, and

/£(/) = min{/x(/e): 0<dom/},

for any / e ^.
If/i>/2> •••yfk a r e queues with mutually disjoint ranges, and if dom/ = A,, then

let/] *... *fk be the queue g such that domg = Aj 4-... + A ,̂ and

g(A, + ... + A/., + 9)= MO), for i = 1, 2,..., *, 0 < A,,

Informally, the queue/] *... *fk is the juxtaposition of the queues f\,f2, • •-,/*.
Let the empty queue e be the 0-queue, and if u e S, then let [u] be the 1-queue

/such that/(0) = u.

LEMMA 2.4. Le/ w e S, h be a X-queue in S\{u}, and g = [u]*h. If 6^\,
h' =he, and g' - [u]*h', then

Proof. Let B be a base of M\g, let D be a base of M\h such that B g D,
and let D' be a base of M \ / T such that D^D'. If « e D, then Z)U{M}^A/and
so M ^ D ' . Therefore utD'\D, and hence 5 U (£>' \ D ) g S \ r g e g ' . Since
obviously B U(D'\D)^D' e M, we conclude that

Let 5 ' be a base of M\g' such that 5 U (D'\D) cB'. Since 5 D (D'\D) = 0 ,
we have D'\D^B'\B. Therefore

= \\B'\B\\ ^ \\D'\D\\ = ii{h') -

and the proof is complete.

LEMMA 2.5. Let u £ S, M' = M ~u, and let ix' be the M'-reserve. If {u} e M,
and f is a queue in S\{u], then

Proof. Let B' be a base of M'\f. Then B' e M' and since {«} G A/, we
conclude that 2 ? ' U { U } E M , and so there is a base 5 of M\f such that
5 'U{«}cB, Clearly, B = B' U {«} and u * 5 ' . Therefore

- 1 ,

and the proof is complete.
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Let v be the function from ^ to Z such that v(e) = 0 and if / is a non-empty
queue in S with u =/(0), then let

0 if{u}eM\M.f,
1 otherwise.

The function v will be called the M-character. Note that if/is a A-queue in S and
6 =s y =s A, then v(/e) ^ v(/r). Therefore the limit v of v exists, and

v(/) = max{v(/0): 0<dom/},

for any / e SP.

LEMMA 2.6. Let u e S, M' = M ~u, and let /x' be the M'-reserve. If f is a

non-empty queue in S such that u = / (0) , then

Proof. Assume first that v(/) = 1. If {«} g M, then M' = M and so /x' = /x. If
{w} e A/./and if B is a base of M\f, then B U { M } G M and so B G M'. Thus 5 is
a base of M' \ / , and hence (x'(f) = /x(/).

Now assume that v(/) = 0. Let B be a base of M\f. Since {«} g M.f we have
BU{«}? A/. Let B' be a base of M ' \ / such that B ' g B . Then 5 ' e M' and
since {«} e M, we conclude that B' U {u} e M. Therefore B' is a proper subset of
B. Clearly ||B'|| = ||fi|| - 1, so fx'(f) = ix(f) - 1, and the proof is complete.

We say that an element u of 5 is M-essential if there is a countable set X <= S
such that {u} e M.X.

LEMMA 2.7. Lef w e 5, M" = M — u, and let /A" be the M"-reserve. If u is not

M-essential, and f is a queue in S\{u], then

Proof. Let T̂ = rge/ U {u}. We have

Let 5 be a base of MXA'. Since u is not A/-essential and X is countable, we have
{u} e Af.X Therefore BU{u}?M and so £ is a base of M\f It follows that
/x"(/) = M(/)» a nd t n e proof is complete.

LEMMA 2.8. The set of M-essential elements in S is countable.

Proof. We shall use induction on the rank of M. If p(M) = 0, then the set of
A/-essential elements in S is empty and hence countable.

Suppose that p(A/)>0 and that u is an M-essential element in 5. Let A' be a
countable subset of S such that {«} e M.X, and let Mo = M\X. Then p(M0)<
p(M) and so, by the inductive hypothesis, there are only countably many
Mo-essential elements.

We claim that if y e S \X is A/-essential, then y is also M0-essential. Indeed, let
y be an M-essential element in S \ ^ and let Y <=S be a countable set such that
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{y} e M.Y. Let B be a base of M0\Y = M\(XuY) and let B' be a base of
M\Y such that B^B'. Since {yJeMT, we have £'U{y}eM. Therefore
BU{y} eM and so 5 U{y} £ A/o since BU{y}g5 \X Thus {y} E MO.Y, and the
claim is proved.

From our claim it follows that there are only countably many M-essential
elements in S\X. Since X is countable, there are only countably many
M-essential elements in S, and the proof is complete.

LEMMA 2.9. Let X c= 5 and /xx be the M.X-reserve. If f is a k-queue in X, and
9^\, then

Proof. Let Z) be a base of M\X = (M\f)\X. Let B be a base of
(M.X)\f and B' be a base of (M.X)\fe such that B^B'. By Lemma 2.3, we
have (M.X)\f = (M\f).X and (M.A-)\/0 = (M\fe).X. By Lemma 2.1, the
set B U Z) is a base of A/ \ / and 5 ' U D is a base of M \fe. Therefore

and the proof is complete.

LEMMA 2.10. If g is a queue in S, f is a queue in S\rgeg, and pi is the
M\g-reserve, then

Proof. We have

/2(/) = P((M\g)\f) = P(M\g*f) =

and the proof is complete.

3. Weighted matroids

For technical reasons we need to generalize the notion of a rank-finite matroid.
We define a weighted matroid on 5 to be a pair N = (M, m), where M is a
rank-finite matroid on S and m is an integer such that m s* p(M). If m = p{M),
then TV will be called normal. If M is a rank-finite matroid on 5, then M will
denote the normal weighted matroid (M, p(M)).

Let N = (A/, m) be a weighted matroid on S and let A' £ 5. Set

Note that if TV is normal, then £(N, X) = p(M.X).
Let

N\X = M\X and N.X = (M.X, £(N, X)).

Clearly, N\X is a weighted matroid on S\X, and TV.A" is a weighted matroid
on X.

Assume now that the set R is countable and that, for each r e R, Nr = (Mr, mr)
is a weighted matroid on S. The system JV= (Nr)rER will be called a system of
weighted matroids on 5. We say that Jsr is normal if 7Vr is normal for every r s /?.
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If XcS, then let XX = (Nr.X)reR and X\X = (Nr\X)rER, and if / is a
queue in S, then let X.f = jV.rge/and X\f = X\rgef.

Let /xr be the Mr-reserve and ]Tr be the limit of fxr, for r e R. Define the
X-margin £(/) of / in the following way:

(3.1) £(/) = Sre/? (p(Mr) - mr) if A = 0,

(3.2) ^(f) = afe) + I - Xre/? (M/e) - Mr(/)) if A = 0 + 1,
(3.3) af) = lim infe-*A £(/e) ~ 2re/? (A^(/) ~ Mr(/)) if A is a limit ordinal.

We say that X is good if af) ** 0 for every queue / in 5.
Let M= (Mr)raR be the system of matroids corresponding to the system X, and

let 17 be the ^-margin.

LEMMA 3.1. If Xis normal, then r)(f) = £(/)> for every queue f in S.

Proof. Let A = dom/. We shall use transfinite induction on A. If A = 0, then
since X is normal, we have ??(/) = af) = 0-

If A = 6 + 1 for some ordinal 6, then

V(f) = life) + 1 " 2 7r(rge/e, rge/),
re/?

and

re/?

We claim that

yr(rge fe, rge/) = /xr(f9) - /Ltr(/), (3.4)

for every r e / ? . Indeed, let r e /?, B, be a base of Mr./e, and B2 be a base of Mr.f
containing B}. Further, let Z), be a base of Mr\fe and Z)2 be a base of Mr\f
such that D 2 c / ) , . Then B ^ D , and £2 U D2 are bases of Mr and hence

yr(rge/e,rge/)= HfiAfiJI = HA \D2\\ = /xr(/e) - M r(/) .

Therefore our claim is proved. From (3.4) and the inductive hypothesis, it follows
that r)(f) = af)-

Now assume that A is a limit ordinal. Let si = (rge/a)a<A. Then

i7(/) = lim inf rj(fe) - 2
e-* A re/?

and

= lim inf afe) ~ 2
0— A re/?

We claim that

Urf) = £(/)-/*,(/), (3-5)
for every r E R. Indeed, let r G R, and (39, £) be a proper A/r-choice of bases for
si, where SS = (BQ)a<x. Since Mr is a rank-finite matroid, there is an ordinal 5 < A
such that Ba = Bs for every a satisfying 5 ̂  a < A. Then Tr(^) = ||5 \BS\\. Let D
be a base of Mr \f and let Ds be the base of Mr \fs such that D5 c D. Clearly,
we have ||D6|| = ju^(/). Since BUD and B6 U D6 are bases of Mr, we get

= \\Ds\D\\=7Tr(f)-fir(f),
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and so our claim is proved. From (3.5) and the inductive hypothesis, it follows
that r](f) = £(/) so the proof is complete.

The following corollary follows immediately from Lemma 3.1.

COROLLARY 3.2. If N is normal, then M is good if and only if M is good.

The following lemmas will be needed later.

LEMMA 3.3. If u e S, then

Proof Since mr - p(Mr) 2* 0 and p(Mr) — fxr([u]) s= 0 for every r e R, we have

2 {mr - p(Mr)) + 2 (p(Mr) - Atr([«])) = 2 (mr - MM))-
re« re/f re/?

Therefore

reR

= I (p(Afr) - mr) + 1 - 2 (p(Afr) - M["]))
re/? re/?

re/?

LEMMA 3.4. If u G S, h is a queue in S \ {«}, «n^/ g = [u] * h, then

Proof Let A = dom h and y = domg. We shall use transfinite induction on A. If
A = 0, then y = 1 and h = e. Since M e ) ~ l^rig) =* 0 for every r s /?, we have

= f(e)
re/?

If A = 0 + 1 for some ordinal 6, then y = 5 + 1 for some ordinal 5 and
ge = [u] *hfi. By Lemma 2.4, we have

M g e ) - M g ) ^ Atr^s) - Mr(/2),

for any r E R. Thus, by the inductive hypothesis, we get

^(ge) + 1 - 2 (flrigs) - Hr(g))
re/?

re/?

If A is a limit ordinal, then y = A. We have

-2
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and

- 2 QTr{h)-nr{h)).

By the inductive hypothesis, we have

e-*\

To conclude the proof of the lemma it suffices to show that

JTr(g)-^(g)^lTr(h)-^(h), (3.6)

for every r s R. But for every r e R, since Mr is rank-finite, there is an ordinal
0r < A such that

]Tr{h) = fJir(her) and jo^g) = /xr([w] * he).

Therefore (3.6) follows from Lemma 2.4 and the proof is complete.

LEMMA 3.5. / / X g S and £x is the Jf.X-margin, then

for any queue f in X.

Proof. For every r e R, let fx? be the M^-reserve. Let A = dom/ We shall
use transfinite induction on A. If A = 0, then

) + p(Mr\X)-mr)
reR

re/?

If A = 9 + 1 for some ordinal 6, then by the inductive hypothesis and by Lemma
2.9, we have

r&R

!- 2 (
re/?

= £(/)•

If A is a limit ordinal, then for every r e / ? , there is an ordinal 6r < A such that

Vr(f) = P-r{fe) and ~rf{f) = rf{fe).
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Thus, by the inductive hypothesis and by Lemma 2.9, we have

€X(J) = limmf tx(Je) - 2 (/?(/) " /*?(/))

= lim inf £(/e) - 2 (nX(fer) ~ /**(/))

= lim inf £(/„) - 2 (M/*) ~ Mr(/))

= lim inf £(/ ,)- 2 GTM-tiA

and the proof is complete.

COROLLARY 3.6. If X is good and g is a queue in S, then X.g is good.

Proof. Let / be any queue in rge g. Then £(/) 5* 0 since JV is good. Taking
X = rgeg in Lemma 3.5 gives £A (/) = £(/) ss 0. Therefore X.g is good.

LEMMA 3.7. If g is a queue in S such that £(g) = 0, and f is a queue in S \ rgeg,
then

£(*•/) = &(/),
where £g is the X\g-margin.

Proof. Let \Lr be the M r \g-reserve , and let ~jTr be the limit of /2r, for r e R.
We shall use transfinite induction on A = dom/. If A = 0, then £(g * / ) = £(g) = 0,
and, since M"\g is normal, we have

If A = 0 + 1 for some ordinal 0, then by the inductive hypothesis and by Lemma
2.10, we have

re/?

If A is a limit ordinal, then by Lemma 2.10, we have fxr(g *fe) = fiLr(fe)> f ° r every
6 ^ A, so

JTr(g * / ) = lim fxr(g *fe) = lim /2r(/e) = jil^(/).

Moreover, by the inductive hypothesis, we have

lim inf g(g *fe) = lim inf L(fe);
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hence if y = dom(g */ ) , then

£(g */) = lim inf £((g */).) ~ 2 fc(g */) " frig */))
«-»T re/?

= lim i

= lim inf &
e— A

and the proof is complete.

COROLLARY 3.8. / / N is good and g is a queue in S such that £(g) = 0, then
N\g is good.

Proof. Let / be a queue in 5 \ rge g. Since M is good, we have £{g */) ^ 0, and
by Lemma 3.7, we have

Therefore N\g is good.

4. 77ie reduction procedure

To find a system of disjoint bases for M, we might take an element a & R and
start constructing a base for Ma by selecting an element u e 5 such that {u} e Ma,
and forming a new system M! of matroids representing the rest of the work to be
done. For r = a, we need to consider the matroid Ma-~u since B is a base of
Ma~~u if and only if B U {«} is a base of Ma. For the remaining values of r, we
should consider the matroid M'r = Mr- u and include the demand that a base of
M'r is also a base of Mr. We can easily express all these requirements using
weighted matroids instead of matroids.

If N = (M, m) is a weighted matroid on S and u e 5, then let

N - u = (M — w, m),

and if moreover {u} e M, then let

N ~ u = (M ~ w, m - 1).

Clearly, N — u and N ~ M are weighted matroids on 5\{w}. Note that N~u =
N.(S\{u}), and that N - u = N\{u} if and only if {«} e M.{u}.

If a e /? and {w} e Ma, then for every r e. R, let A^ = (M'r, m'r) be the weighted
matroid on 5 \{M} defined by

\.Na-u \ir = a.

The system (N'r)rsR defined by (4.1) will be denoted by Ji(a, u). Note that it is
possible that M"\s normal and N(a, u) is not normal.

From now to the end of this section, let us assume that a e R and u e S are
fixed elements such that {«} e Ma. Let Jf' = (N'r)reR = Jf(a, u) and let £' be_the
Jf -margin. For every r e R, let N'r = (M'r, m'r), \x'T be the M^-reserve, yJr be
the limit of ix'n and vr be the Mr-character.
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LEMMA 4.1. Ifu is not Mr-essential for any r e R\{a}, and f is a queue in S \{u},
then

Proof. Let A = dom/. If 8 =s A, then by Lemma 2.5, we have

/a / 5 ) = M / a ) - l , (4-2)
and by Lemma 2.7, we have

for every r e R \{a). Therefore

Vr(f), (4.4)

for any 6 < A and r e R.
Now we shall use transfinite induction on A. Assume that A = 0. Taking 8 = 0 in

the equations (4.2) and (4.3), we get

p(M'a) = p(Ma)-l and p(M'r) = p(Mr),

tor r E R \{a}. Since m'a - ma - 1 and m'r = mr for every r e R \{a}, we conclude
that

£(/) = S (PW) - «r) = 2 (p(M'r) - m'r) = £'(/)•
reR reR

If A = 6 + 1 for some ordinal 0, then using the inductive hypothesis and the
equation (4.4) we get

reR

re/?

Assume now that A is a limit ordinal. After taking limits of both sides of the
equation (4.4), as 6—>\, we get

MI(/ ) "/*;(/) = / ^ ( / ) -Mr(A (4-5)

for any r e R. By the inductive hypothesis, we have

lim inf £(fe) = liminf f'(/«)•
6—»A 0-*A

Therefore, using the equation (4.5), we get

£'(/) = lim inf £'(/*)- 2 (/£(/)-/*;

Thus the proof is complete.
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LEMMA 4.2. Suppose that M" is good and that the set {x s S: {X} E Ma) is
uncountable. Then there is y e S such that {y} E Ma and Jf(a, y) is good.

Proof. Since R is countable and, by Lemma 2.8, the set of Mr-essential
elements is countable for every r E R, we conclude that there is y E S such that
{y} E Ma and y is not A/r-essential for any r E R \{a}.

Since Jf is good, we have £(/) 2* 0 for every queue / in S. Therefore, if u = y,
then by Lemma 4.1, we have £'{f)^0 for any queue / in 5\{w} and so
Jf' = N{a, y) is good.

LEMMA 4.3. If h is a queue in S\{u] and g = [u]*h, then

Proof Let A = dom g. If 0 < 8 =s A, then u E rge gs and so

Mr(gs) = Mr(gfi). (4-6)

for every r E R \{a}. Moreover, by Lemma 2.6, we have

Vaigs) = Ma(gs) + va(ga) ~ 1- (4.7)

We shall now use transfinite induction to complete the proof. If A = 1, then h = e
and g = [«]. By Lemma 3.3, we have

2Mg)-mr) + \, (4.8)

and

?(g)=2(n'r(g)-m'r) + l. (4.9)
re/?

Since m'r = mr for r G R\{a}, and m'a = ma - 1, using the equations (4.6) and (4.7)
with 8 = A, and the equations (4.8) and (4.9), we get

£'(g) = I (M,(g) " mr) + va(g) + 1
re/?

If A = 0 + 1 for some ordinal 6, then by the inductive hypothesis we have

re/?

re/?

Using the equations (4.6) and (4.7) with 5 = A and with 5 = 6, we get

f (g) = ^(ge) + 1 + v,(g) - S (M,(ge) - MrU)) = ag) + vfl(g
re/?

If A is a limit ordinal, then by the inductive hypothesis we have

for every 0 < A. Therefore

lim inf £'(ge) = Hm inf {(go) + Va(g). (4.10)
0—»A 0—»A
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Moreover, taking limits of both sides of (4.6) and (4.7), as 5—»A, we get

7r(g) = Vr(g), (4.11)

for r e R \{a}, and

Wa(g) = lZ(g) + v~a(g)-l. (4.12)

Now using the equations (4.6) and (4.7) with 8 = A, and the equations (4.10),
(4.11) and (4.12), we conclude that

f (g) = Hminf ?(g9) - 2 (JZ(g) ~ fi'r

= lim inf age) + Ta(g) - I (?r(g) - ^r

= lim inf ̂ (ge) + vfl(g) -
e—A

and so the proof is complete.

LEMMA 4.4. / / M is good and Jf is not good, then there is a queue g in S such
that u £ rge g, fia(g) > 0, and £(g) = 0.

Proof. Since JP is not good, there is a queue h in 5\{w} such that £'(/i)<0.
Let g = [u]*h. By Lemma 3.4, we have g'(g) «* £'(h) + 1, and by Lemma 4.3, we
have £'(g) = ^(g) + va(g). Therefore

Since f (g) > 0 and va(g) 5= 0, we must have g(g) = 0 and vo(g) = 0.
To conclude the proof it remains to show that ixa(g)>0. Suppose that

Pa(g) = p(Ma\g) = 0. Then Ma = Ma.g. Since va(g) = 0 and g^e, we have
{u} £ Mfl and {u} $ Ma.g in contradiction with the equality of Ma and Ma.g.
Therefore the proof is complete.

5. Piecewise good systems

In order to prove Theorem 1.9, we need to generalize the notion of a good
system of weighted matroids.

Let {5,, S2,..., Sk} be a partition of S. If Nt = (A/,-, m,) is a weighted matroid on
Sh for i = 1,2,..., k, such that

and m = m}+ m2 +... + mk) then we will say that the sequence (Nu N2,..., Nk) is
a decomposition of N. Note that it is possible that (Nit N2,..., Nk) is a
decomposition of N but (A/,, Af2,..., A/k) is not a decomposition of A/ since M
may have a larger rank than M} 0 A/2©... @Mk does. However, if N, is normal for
every i with 1 «s / ̂  k, then (Nu N2,..., Nk) is a decomposition of N if and only if
(A/,, A/2,..., A/̂ ) is a decomposition of A/.

Let Jfj = (M#)),.6/} be a system of weighted matroids on Sh for / = 1, 2,...,/:,
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such that (N?\ N?\ ..., Nik)) is a decomposition of Nr for every r e R. Then we
will say that (Jf^, Jf2, ••-, Nk) is a decomposition of Jf, and we will write

Assume that N{
r
j) = (M<°, m<°), for every / = 1, 2,..., k and r e #.

LEMMA 5.1. / / Jf&Jfl@Jf2@...@Jifk> a <= R, and {u} e MiD for some j with
l^j^k, then

Jf{a, u) & JVj ©... 0 J{j_t © ^5(0, M) © Jfj+l ©... © ^ .

Proof. Because of symmetry, we can assume that ; = 1. Let N(a, u) = (N'r)r(ER

and Jfi(a,u) = (N7)r*R> where N'r = (M'r,m'r) and N1; = (M"r, m't), for r e R.
Clearly, we have

for every r e R. To complete the proof, we have to show that

A / ; / © M < 2 ) © M < 3 ) © . . . © M < * ) C M ; , (5.1)

for every r E R.
Assume first that re /? \{a} . Then M'r = mr-u and M" = M{P~u. Let

/, e MJ'cMl11 and let /, e M(
r° for / = 2, 3,..., A:. Then

Since /] E M(
r
u - u, we have M ^ /]. Clearly « ^ /, for / = 2, 3,..., /c; hence u $ I.

Therefore / E Mr — u = M ,̂ and so the condition (5.1) is satisfied for every
r<=R\{a}.

It remains to show that (5.1) holds for r = a. We have M'a = Ma~u and
M"a = M{

a
]) ~ u. Let /; E A/;' and /, e Mf for i = 2, 3,..., k. Then

and so

Let

Clearly w ^ /'. Since / ' U{u} = / E Mfl, we conclude that / ' E Ma-~u = M'a.
Therefore (5.1) holds for r = a and so the proof is complete.

COROLLARY 5.2. IfaeR,X^S, and u eS\X is such that {u} E Ma\X, then

M{a, u) & {tf\X)(a, u)®(XX).

Proof. It follows from Corollary 2.2 that
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Thus, using Lemma 5.1, we get the desired result.

We say that Jf is piecewise good if JV can be decomposed into finitely many
good weighted matroids, that is, if there are a finite partition {Su S2>..., Sk} of S
and good systems of weighted matroids JVJ on Sh for i = 1,2,..., k, such that
(Nu Jf2, •••, Nk) is a decomposition of Ji.

Recall that R and S are fixed sets with R being countable, Nr = (Mr, mr) is a
weighted matroid on S for each reR, and J V = (Nr)reR. Let 0 e /? be a fixed
element such that p(Ma) > 0. We shall now apply the reduction procedure
described in §4. Assuming that ^Vis piecewise good, our aim is to show that we
can select an element u e S such that {u} e Ma and the system X(a, u) is also
piecewise good. Repeating such selection p{Mr) times for every r e R, we will get
a set B f c 5 consisting of p{Mr) elements which will be a base of Mr. Moreover,
since any selected element is eliminated from consideration during further
selections, the bases obtained will be disjoint.

We will need the following lemmas.

LEMMA 5.3. If Ji is piecewise good, then Jf is normal.

Proof. Let (JVJ, JV2, ..., V̂̂ ) be a decomposition of X into good weighted
matroids such that Jfi = (N]!))reR for / = 0, 1,..., k, and N<° = (M<'\ m<y)) for
reR.

Since for each / = 1, 2,..., k, the system Jft is good, the value of the jV)-margin
on the empty queue is non-negative and hence p{M(^) = ml.0, for every reR.

Let r e R. Since (N(
r
]), N(^\ ..., Nik)) is a decomposition of Nn we have

p(Mr) ^ p(Af J'>) + p(M(
r
2)) + ... + p(Mlk))

= m(
r
]) + mi2) + ...+m(

r
k\

and

mr = m<r
]) + m(?) + ... +m(

r
k).

Thus p(Mr)^mr. Since Nr is a weighted matroid, we have p(Mr)^mr; hence
p{Mr) = mr, and so Nr is normal. Therefore X is normal and the proof is
complete.

LEMMA 5.4. / / the system N is good and the set {x G 5: {x} e Ma) is countable,
then there is u e S such that {11} e Ma and N(a, u) is piecewise good.

Proof. Let

E = {x G 5: {x} G Ma).

Note that E^0 since p{Mu) > 0.
Suppose that N{a, u) is not piecewise good for any u e. E. Let / be an a-queue

in E such that rge r = E and a =£ a>. (Here a> is the first infinite ordinal.) Let
Xj = t(i) for / < a. We claim that for every non-negative integer j , there are a
countable ordinal Ay and Ay-queue / ( ; ) in S such that

(5.2) {x,: i< ;}crge / ( » ,

(5.3) M * ( / O ) ) > 0 ,



A COUNTABLE FAMILY OF RANK-FINITE MATROIDS 519

(5.4) £(/O)) = 0, and

(5.5) if; ^ 1, then A, > Ay-, and / £ , =f^\

Note that after the claim is proved, it will follow that a = co.
To prove the claim we shall use induction on ;'. If; = 0, then / (0 ) = e satisfies the

conditions (5.2)-(5.5).
Suppose now that ; = k +1 , and fik) is a A*-queue in 5 satisfying the

requirements. Since ixa(f
{k))>0, the set £\rge/ ( / c ) is non-empty. Let p be the

minimal integer such that xp G E\rgefik). By Corollary 5.2, we have

J{(a, xp) & (^\/<*>)(fl, xp) © (X/<*>).

Since N.f{k) is good by Corollary 3.6, and N(a, xp) is not piecewise good, we
conclude that (Jf\fik))(a, xp) is not good. Since Jf\f(k) is good by Corollary
3.8, it follows from Lemma 4.4 that there is a queue g in 5\rge/(*) such that
xp G rgeg, /2fl(g)>0, and &(g) = 0, where /2a is the Ma \f

{k^reserve and & is
the jVX/^-margin.

Let/ ( ; )=/ ( ; c )*g. Then

{*,: *<;} <=rge/0)

since, by the inductive hypothesis, we have

and either xk e Tgef{k) or xk = xp G rgeg. Moreover, we have

\ (fik) *g)) = P( W \f(k)) \g) = fia(g) > 0,
and by Lemma 3.7, we have £(/(;)) = £*(#)= 0. Finally, if Â  = dom/(/c) and
Ay = dom/°'), then of course Xj > \k and f^=f(k). Thus, / 0 ) satisfies the
conditions (5.2)-(5.5) and our claim is proved.

Let
A = sup{A,: ; = 1,2,...},

and let / b e the A-queue in S such that if 0<A, then / (0 )= / o ) (0 ) , where ;
satisfies 6< Ay. By the condition (5.5), the queue/is well-defined and A is a limit
ordinal. It follows from (5.2) that E £rge/and thus

/*.(/) = 0;

it follows from (5.3) that

and it follows from (5.4) that

Since obviously /^(/) ^ Mr(/) for every r G R, we conclude that

= lim inf f (/,) - 2 ( £ ( / ) " Atr(/)) < 0,

which is in contradiction with our assumption that M is good. Therefore, there is
u G S such that J{(a, u) is piecewise good, and so the proof is complete.
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COROLLARY 5.5. / / Jf is piecewise good, then there is u e S such that {u} e Ma

and N{a, u) is piecewise good.

Proof. Let (Jiu Jf2, •••, Nk) be a decomposition of N into good weighted
matroids. Let {£,, S2,..., Sk} be a partition of S such that J\r,• = (M<(), m^0) is a
weighted matroid on 5,, for 1^/^/c. Since ma^p(Ma)>0, there is an integer
j (1 *s/ ̂  k) such that mf* > 0. Since /V} is good, it is normal and hence

By Lemmas 4.2 and 5.4, there is u e 5) such that Jfj(a, u) is piecewise good. Let
(jf^, Nj2),..., Jfjn) be a decomposition of J{j(a,u) into good weighted matr-
oids. By Lemma 5.1, we have

which implies that

and so the proof is complete.

6. The main result

Let r0, r,,... be a (possibly finite) enumeration of R. Let p, = p(Mr) for / < ||/?||.
We say that N is weedless if p, > 0 for every / < ||/? ||.

Assume that V̂ is weedless. Let

E = {(/,;) G Z X Z : 0 ^ / < | | / ? | | , l ^ ; ^ p , . } ,

and let < be the linear ordering of E such that (/, /) < (k, t) if either / < A: or
/ = k and j <& If j3, y G E, then let jS < y mean that (3 < y or j3 = y. If /3 £ E,
then let

^ = { y ^ : 7 < £}•

We say that jS = (/, /) e E is a starter if j = 1. If /3 E E, then let j3~ be the largest
starter in E0 U {(0,1)}. If j3 e E and / : Ep-^S, then let

^ " < 7 < ^ 1 and Yf = S\{f(y): y

If/: 5->5, then let

xf = xfp and y; = y/fl,

where fp is the restriction o f / t o E^. Let the 5«cce55or j3+ of /3 be the smallest
y G E such that /3 < 7.

An injective function/: Ê—*• S, where j3 = (/:, €) £ E, is a partial foundation of
V̂ if there is a piecewise good system of weighted matroids Jfp = (Nf)re/? on Yf

such that if N? = (Mf, mf) for r £ R, then
(6.1) Mf c Mr for any r e R,

(6.2) mg = p f t - ^ + l ,

(6.3) mf = pq for (7 > k, and

(6.4) if 0 = (/,;)+, then for every / 6 AfJ we have lUXf E Mr.
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An injective function / : E—»S is a foundation of N if for every jSeZ, the
restriction fa of / to Ep is a partial foundation of Jf.

LEMMA 6.1. If Jfis piecewise good and weedless, then there is a foundation of X

Proof. Clearly, it is enough to show that for every )3e5 , there is a partial
foundation fa: E^ —»S of ^such that fa is the restriction of fp+ to E^.

We shall use induction on /3. If j3 = (0,1), and /^ is the empty function, then fa
is a partial foundation of Jf since Jfl3 = Jf is a piecewise good system of weighted
matroids on Yfp = S and the conditions (6.1)-(6.4) are satisfied. Indeed, the
conditions (6.1) and (6.4) are satisfied trivially and the conditions (6.2) and (6.3)
hold since, by Lemma 5.3, the system Jfp is normal.

Assume now that /3 = y+, where y = (/,;), and that fy is a partial foundation of
Jf. Thus, there is a piecewise good system of weighted matroids Jfy on Yf such
that

(6.1') My
r c Mr for any r G R,

(6.2') m» = p , - / + l,
(6.3') my

rq - pq for q > i, and
(6.4') if y = (a, b)+, then for every / e Ml we have / U Xfy e Mv

We will show that there is a partial foundation fp of N such that /^ restricted to Ey

is equal to fy.
Since the system j \ r

y is piecewise good, it follows from Lemma 5.3 that it is
normal. Thus by (6.2'), we have

Therefore, by Corollary 5.5, there is u E Yf such that {«} £ A/jT and Ny(rh u) is
piecewise good.

Let /^: Ep -> 5 be such that

f/r(S) i f « < r ,
u itS-y.

Clearly, fp restricted to Ey is equal to fy> and fa is an injection since fy is an
injection and u e Yf. Let

Jfp = Jfy{rh u).

By the choice of u, Jfp is a piecewise good system of weighted matroids on
Yfll= Yf \{u}. Clearly, we have M^My

r for every r e R, so (6.1) follows from
(6.1'). y

If /3 is a starter, then ^ = 1 and /c = / + 1. By (6.3'), we have mjk = pk. Since
mfk — m?k, the condition (6.2) is satisfied in this case.

If (3 is not a starter, then € = j + l and k = i. Thus by (6.2'), we have

m?k = mf. = m?. - I = pj - j = pk - ? + \,

and so (6.2) is satisfied.
Since k s* i and since we have mf = mj for any g > i, the condition (6.3)

follows from (6.3').
To complete the proof it remains to show that (6.4) is satisfied. Assume first
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that y is a starter. Then /3~ = y and so A ^ = {M}. Since M% = M^ — ii and
{M} e MJt, we conclude that

for any / e M?r Since by (6.1') we have MJt^ Mr<) it follows that (6.4) is satisfied
in this case.

Now assume that y is not a starter. Then y = (i, j — 1)+ and Xf = A^U {«}. Let
/ e M?r Since A/? = Af * ~ M and M G Af *, it follows that / U {u} e M*." By (6.4'),
we have

and so (6.4) is satisfied. Thus the proof is complete.

Proof of Theorem 1.9. Let lA
r= (Mr)reR be the normal system of weighted

matroids corresponding to M. By Corollary 3.2, the system JV is good, and hence
it is piecewise good. Clearly, without loss of generality, we may assume that M is
weedless.

By Lemma 6.1, there is a foundation g of Jf. For every / with 0 ^ / < \\R\\, let
/3, = (/ + l, 1) = (/, PiY and let

Using the condition (6.4), with 1 = 0, for the partial foundation / = gPi, we get

Since g is an injection, we have

\\Bri\\=p,

and

for any / and / such that 0 ^ /, / < \\R\\ and / #y. Therefore (Br)r^R is a system of
disjoint bases for M, and so the proof is complete.
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