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Abstract

A regularized boosting method is introduced, for which degaation is obtained through a pe-
nalization function. It is shown through oracle inequaltthat this method is model adaptive. The
rate of convergence of the probability of misclassificai®mmvestigated. It is shown that for quite
a large class of distributions, the probability of error eerges to the Bayes risk at a rate faster than
n-(V+2/(4V+1)) whereV is thevc dimension of the “base” class whose elements are combined by
boosting methods to obtain an aggregated classifier. Therdilon-independent nature of the rates
may partially explain the good behavior of these methodsatical problems. Under Tsybakov's
noise condition the rate of convergence is even faster. Westigate the conditions necessary to
obtain such rates for different base classes. The spedala@&boosting using decision stumps is
studied in detail. We characterize the class of classifeazable by aggregating decision stumps.
It is shown that some versions of boosting work especiallly iwéhigh-dimensional logistic addi-
tive models. It appears that adding a limited labelling adésthe training data may in certain cases
improve the convergence, as has been also suggested byathers.

Keywords:classification, boosting, consistency, rates of converggthecision stumps

1. Introduction

The statistical and learning-theoretical literature hatessed a recent explosion of theoretical
work attempting to explain the often surprisingly good habaof classification methods related to
boosting and other algorithms based on weighted votingrseke Boosting algorithms, originally
introduced by Freund and Schapire (see Freund 1995, Frenshdbehapire 1997, and Schapire
1990), are based on an adaptive aggregation of simple fidgissiontained in a small “base class”.
Originally, theoretical analysis was based on the obsinvdhat AbABoosTand related methods
tend to produce large-margin classifiers in a certain sesese $chapire, Freund, Bartlett, and Lee
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1998; Koltchinskii and Panchenko 2002). This view was camanted by Breiman’s observation
(Breiman, 1998) that boosting performs gradient descetitnigation of an empirical cost function
different from the number of misclassified samples, see Klason, Baxter, Bartlett, and Frean
(1999), Collins, Schapire, and Singer (2000), Friedmarstidaand Tibshirani (2000). Based on
this new view, various versions of boosting algorithms ha@en shown to be consistent in different
settings, see Breiman (2000), Bithimann and Yu (2003)gJ{aa03), Lugosi and Vayatis (2003),
Mannor and Meir (2001), Mannor, Meir, and Zhang (2002), Zhé2003).

The purpose of this paper is a deeper investigation of theargance of the probability of error
of regularized boosting classifiers by deriving bounds ffiertate of convergence. The main point is
the introduction of a boosting procedure with regularizatby a penalty function depending on the
£1 norm of the boosting coefficients. The main result of the papan oracle inequality showing
that this procedure is model adaptive, and stating in pdaichat the rate of convergence for the
probability of error of the associated classification rubaverges to that of the Bayes classifier at a
dimension-independent rate faster thar +2)/(4V+1)_whereV is thevc dimension of the base
classifiers—for a large class of distributions. The clasdistributions for which this rate holds is
defined in terms of properties of the functidih minimizing the expected cost function. If the base
classifier set is sufficiently rich, the class turns out to biteglarge. The analysis also points out a
curious behavior of boosting methods: in some cases thefai@nvergence can be speeded up by
adding (limited) random noise to the data!

We also note that under some additional natural assumptidghedistribution, considered by
Tsybakov (2003), Nedelec and Massart (2003), and Bardlettian, and McAuliffe (2003), the rate
of convergence may be even faster.

One of the main objectives of this paper is to better undedstiae behavior of boosting methods
using decision stumps. This special case is studied inldiethin a simple one-dimensional setting
and then in general. We characterize the class of classigalizable by aggregating decision
stumps. Itis shown that some versions of boosting work éalbewvell in high-dimensional logistic
additive models in that they do not suffer from the “curse ioiehsionality”.

The paper is organized as follows. In Section 2 our mathealathodel of boosting classifi-
cation is described. The main results are stated in Sectiom particular, rates of convergence
of a regularized boosting classifier are established undeaio assumptions on the distribution.
The main result, Corollary 7, is then discussed in subseggeamtions in which various concrete ex-
amples are considered. Our introductory example is a omesional problem in which “decision
stumps” are used as a base class. This example, detailedtiors4, sheds some light on the nature
of the assumption guaranteeing a fast rate of convergentsa, this example reveals some inter-
esting and surprising phenomena inherent in boostingitirss In particular, it is pointed out that
adding random noise to the labels in the data may improvedHenmance of regularized boosting.
In Section 5 we investigate, in detail, the example of bogstising decision stumps in higher-
dimensional problems. We point out that a sufficient condifior fast rates of convergence is that
the conditional probability function belongs to a logistidditive model, verifying the observation
of Friedman, Hastie, and Tibshirani (2000) that boostiniggislecision stumps works especially
well in logistic additive models. We point out (see Corofldr2) that regularized boosting using
the logistic cost function and decision stumps has a rembérkgood behavior under the additive
logistic model in high dimensional problems. We also chigze the class of classifiers that can
be realized by a convex combination of decision stumps. kti@e6 several important special
cases of base classes are studied briefly. These classeharaugh so that they allow universally
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consistent classification and have a fast rate of conveega large classes of distributions. We
also emphasize the scale and rotation invariance of bgpstathods based on several of these base
classes. The proof of Theorem 1 is given in Section 7.

2. Setup

The binary classification problem we consider is descritssfoléows. Let(X,Y) be a pair of random
variables taking values iff x {—1,1} whereX is a measurable feature space. Given a training data
of nindependent, identically distributed observation/lapairs D, = (X1,Y1),...,(Xn, Yn), having

the same distribution &%,Y), the problem is to design a classifgy: X — {—1,1} which assigns

a label to each possible value of the observation. The logs isfmeasured by

L(gn) = P[gn(X) # Y|Dn] .
The minimal possible probability of error is the Bayes ridknoted by

L* ~infL(g) = Emin(n(X),1-n (X))

where the infimum is taken over all measurable classifierst — {—1,1} andn(x) = P[Y =
1|X = x] denotes the posterior probability function. The infimumdhiaved by the Bayes classifier
9" (X) = Ilnw>1/2 — I <1/2 (wherel denotes the indicator function).

The voting classifiers studied in this paper combine theaiisiens based on a weighted majority
vote of classifiers from a base class of classifiérashose elementg: X — {—1,1} of C are called
the base classifiersWe denote the/c dimension ofC by V and assume it is finite. For simplicity
we assume that is symmetric in the sense that for agye ¢ we also have-g € C. (This is
equivalent to allowing negative weights in the voting schem

We define by#, the class of real-valued functiorfs: X — R obtained as nonnegative linear
combinations of the classifiers ¢iwith the sum of the coefficients equalXa> 0O:

N N
I = f(X):Zngj(X) : NeN;VlgjgN,gjeC,wjzo;ij:)\ )
=1 =1

Note that the symmetry of implies that%,, C %, wheneverA; < A,. Eachf € 7, defines a
classifiergs by

1 iff(x)>0

—1 otherwise.

0% = {
To simplify notation, we writd_(f) = L(gs) = P[g¢(X) # Y] and

—~ 1 n
L) =3 2 Taoo] -

As mentioned in the introduction, boosting methods may lesved as iterative methods for op-
timizing a convex empirical cost function. The approachetakn this paper is similar to that of
Lugosi and Vayatis (2003) in that we ignore the dynamics efdptimization procedure and simply
consider minimizers of an empirical cost function.
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To this end, letp: R — R be a twice differentiable, strictly increasing and stgictbnvex func-
tion such thatp(0) = 1 and lim_._. @(x) = 0 which we call thecost function The corresponding
risk functional and empirical risk functional are defined by

AWzEW#ﬂm>aman=%iw%um»

We recall from Lugosi and Vayatis (2003) the simple fact thate exists an extended-real-valued
function f* minimizing A(f) over all measurable function, given by

f*(x) = arg Egin{n(X)tp(—G) +(1-nx)e(a)} .
ac
We write A" = A(f*) = infs A(f).
The estimates we consider take the form

ﬂ‘ = argminAn(f) .
fef

(Note that the minimum may not be achievedfin However, to simplify the arguments we implic-
itly assume that the minimum in fact exists. All proofs maydousted, in a straightforward way, to
handle appropriate approximate minimizers of the emgidoat functional.) As argued in Lugosi
and Vayatis (2003), the paramefemay be regarded as a smoothing parameter. Large values of
improve the approximation properties of the clggsat the price of making the estimation problem
more difficult.

The estimators considered in this paper use a value dfosen empirically, by minimizing a
penalized value of the empirical coeﬁ(ﬂ). To this end, consider a sequence of real numbers
(Ak)ken increasing to+o and let{ : R™ — R™ be a so-called penalty (or regularization) function.
Define the penalized estimator by

frn = argmin{An () + (A} (1)

k>1

The role of the penalty is to compensate for overfitting wHielfips find an adequate value xf.
For larger values ol the class?,, is larger, and thereforé(Ax) should be larger as well. By a
careful choice of the penalty, specified in Theorem 1 below, may find a close-to-optimal balance
between estimation and approximation errors.

The main purpose of this paper is to investigate the proipaluf error L(fAn) of the classifier
5, induced by the penalized estimator. The decision funcgifcn)mnay be regarded as a regularized
boosting classifier where the regularization paramateontrols the sum of the weights of the
aggregated classifiers and is chosen by minimizing a pedhlialue of the empirical cost function.

Remark 1. ChoosingA in a countable set is done here to simplify the proof of theleramequality
in Theorem 1; the minimum over € R™ could also be considered with similar results up to minor
additional terms in the penalty.

Remark 2. For simplicity we assume that the base cl@sontains binary-valued functions and that
the class has a finitec dimension. However, the results may be generalized in &ghbtfarward
way to the case wheg contains real-valued functions taking valuegil, 1]. The assumption
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of finite vc dimension may be replaced by the more general assumptioritéhaovering num-
bersA((g, C,L2(Q)) are bounded bge" for some positive constantsandV for any probability
distribution Q.

Remark 3. (COMPUTATIONAL ISSUES) To compute the penalized estimatirin practice, one
may proceed by computing, for eakh the minimizerfﬁ‘k of the empirical cost function. This may
be done using iterative boosting algorithms which limit $ken of the weights of the base classifiers,
such as MRGINBOOST.L1 proposed by Mason, Baxter, Bartlett, and Frean (199ajthErmore,
many other algorithms have also been proposed to solvetlgitbe regularized boosting problems
of the type (1) when the minimization is performed overiat 0. We refer the reader to the recent
comprehensive review of Meir and Ratsch (2003). For aolditi discussion on the algorithmic
issues we refer to Bennett, Demiriz, and Ratsch (2002)pkugnd Vayatis (2003).

2.1 Relation to Earlier Work

Margin bounds. The first theoretical bounds about boosting-type methodsascalled “margin
bounds”. Although the motivation for deriving these boumdss initially to study the AdaBoost
algorithm, these bounds are “agnostic” in the sense thatdbenot depend on the precise algo-
rithm used, and can be applied for any algorithm which refwam estimator belonging tdy-o 7.
These bounds rely on the complexity of the base ctaasd on an empirical quantity, called mar-
gin. Schapire, Freund, Bartlett, and Lee (1998) proved tis¢ fiound of this type for boosting
algorithms, and improved rates were obtained by Koltchireskd Panchenko (2002). Duffy and
Helmbold (2000) used the former result to study boostimetglgorithms with more general poten-
tial functions (such as the functigmconsidered in this paper). Margin bounds provide an explici
confidence interval for the generalization error, althoitgh recognized that the bounds obtained
are generally too loose to be of practical interest.

Oracle inequalities. As opposed to margin bounds, oracle-type inequalities tefa precise al-
gorithm, usually some adaptive empirical loss minimizatmrocedure over a family of models.
Oracle inequalities ensure that the adaptive estimatos tamost” as well (up to additional terms
that should be as small as possible) as the best possibligdiumntside each model. Oracle inequal-
ities do not provide an explicit confidence interval, but aguntee about the performance and good
behavior of the estimator with respect to a given collectbmodels. They allow, in particular, to
derive bounds about convergence rates of the procedursgleoad. This type of bound will be our
main focus in this paper.

Convergence rates and model adaptivity.An oracle inequality for the estimator defined by (1)
was derived by Lugosi and Vayatis (2003) (see also Zhang gfl0&acle inequalities in a related
but different framework), when the penalty functigris of ordern—%/2. However, it was proved
by Bartlett, Jordan, and McAuliffe (2003) that, wharis fixed, the rate of convergence ﬂf(fz‘)
towards infc 5 A(f) is of ordern—(V+2/(2V+1)__hence strictly smaller tha®(n~/2). This result
can be compared to the the improved rates—which were of e sader—obtained by Koltchin-
skii and Panchenko (2002) for margins bounds. One goal gbtbsent paper is to provide an im-
proved oracle inequality that shows the adaptivity (andsisiancy) of the penalized estimator with
respect to these faster rates for a corresponding lightealpefunction (of order strictly smaller
than O(n*l/ 2)). Note that—up to our knowledge—it isot straightforward to build an adaptive
estimator over the different modefg, directly from the single-model analysis of Bartlett, Jarda
and McAuliffe (2003). In the present paper, although we uselar techniques, we require to use
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additional machinery and slightly different hypotheseastifie@ model adaptive estimator. Additional
discussion can be found in Section 7.

3. Main Results

To study the probability of error of the classifi@ﬁ], we first investigate the magnituderAn) —A*

which is well-known to be related to the differencéf,) — L*. All subsequent results are based on
the following theorem.

Theorem 1 Assume that the cost functignis twice differentiable, strictly increasing and strictly
convex withp(0) = 1 andlimy_, _» @(x) = O such that the constant

(ZMW%HM—M)
Tx+%(-x)

is finite. (Here av b denotes the maximum of a and b.) Define

Ly =0V max
XeR

— (@) +<P(—X))> (2)

\' V+2

ROLN) = (V + 2V (Lo+2)0(\) v (g (V) vian 2V

b(A) = (Le+2)0(A) ,
and let(Ax)ken be an increasing sequence(ihy +) such thaty .y A, ® < 1for somea > 0. Then
there exist positive constants, ¢, such that if¢ : R™ — R* satisfies

| C2bA)(alog(d) +& +l0g(2))
n

VA>0, Z(\)>cR(\N)

for some positive numbéy, then, with probability at least — exp(—¢), the penalized estimatdr
defined by(1) satisfies

A(f])—A(f*)gzinf{ inf (A(f)—A(f*))+ZZ()\k)} .

k=1 | feh,

The proof of this theorem is given in Section 7. A few remarntesia order.

Remark 1. (CONSTANTS)) Concrete values of the constamisandc, may be obtained from the
proof. However, these values are not optimal and for clagityl because our main focus here is on
the rate of convergence as a function of the sample size, @ferped not to specify their values.

Remark 2. (CONFIDENCE) The definition of the penalty given in the theorem deperushe
confidence parametér However, note that its role is minor since it only appearshim smaller
order second term. Indeed, for concreteness, one may takexdmpleg = 2logn without altering
the obtained rate of convergence. This choice also allows@deduce “almost sure” convergence
results by an application of the Borel-Cantelli lemma. Tihearem presented here is derived as a
consequence of Theorem 7 in Blanchard, Bousquet, and M#2688). (The statement of the cited
result is given in Appendix A below.) It is also possible, wé penalty function of the same order
up to logarithmic terms, to derive similar nonasymptotiqepbounds for the expected difference
IEA(fAn) — A(f*) using Theorem 8 of Blanchard, Bousquet, and Massart (2008).corresponding
result is omitted for brevity.
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Remark 3. (COST FUNCTIONS) The properties required by Theorem 1 of the cost functien a
not claimed to be necessary to derive the result. Espediadlycondition involving the constant
Ly, may seem unnatural, although it is not overly restrictive. particular, the most widely used
strictly convex cost functions, the exponential and thgitlofunctions satisfy the property. Indeed,
it is straightforward to check that fap(x) = €*, Ly, = 0 while for the logit cosip = log,(1+ €"),

Lo =2—2log2. We give the corresponding explicit corollary for $keetwo cost functions (using
some straightforward upper bounds and the factihatl):

Corollary 2 For the exponential cost functiap(x) = exp(x), the penalty function

ZN) = o (V + 2) exp(A)ATIN~ 2V + ¢y eXp(?\)(O(r'logh +8)

)

and for the logit costp(x) = log(1+ €*) the penalty function

L) = ca(V + 2An- 3¥iE 4 o NAI0gA+E) 'OiA +8)

(where g, cp,C3,C4 are appropriate constants) satisfy the requirements obiéra 1.

In particular, for the logit cost, it is interesting to notet a penalization which behaves linearly (up
to a logarithmic factor) irk is sufficient. This corresponds to a regularization funtfiwoportional

to ||wl||1, wherew is the collection of coefficients defining a positive lineanbination of base
class functions. This type of regularization has been megdyy various authors (see, e.g., Meir
and Ratsch 2003 for an overview).

How restrictive is condition (2) in the case of more genertdunctions? Since we assumed
that @ is twice differentiable, strictly increasing and convéy, is finite if and only if the limsup
of the expression inside the maximum in (2), whenr» +oo, is not+o. A simple sufficient con-
dition for this to hold is that there exists sorhe> 0 such that liminf_,_..(¢’/¢)(x) > L and
limsup,_, ..(¢/@)(x) < L/2. Furthermore, if we assume thatX) takes values ifg, 1 — €] almost
surely, then by a straightforward maodification of the probfTleorem 1 (or, to be more precise,
of Lemma 19 in Section 7) one sees that in the definitiohfthe maximum can be restricted to
x € [—fg, 7], where f is the value off* at a pointx such that(x) = 1—¢. In this case. is
necessarily finite. Note that this assumptionrpoan be enforced by adding a small flipping noise
on the data labels (see the related discussion below).

We note that Bartlett, Jordan, and McAuliffe (2003) study tble of the cost function in depth
and derive convergence results on a fixed mgidbr much more general cost functions. The more
restrictive conditions needed here come from the fact tretensider armdaptiveestimator over
the set of models.

In the case when the distribution of tté,Y) happens to be such that the “approximation error”
inffefAk A(f)— A* vanishes for some value af the above theorem implies the following immediate

corollary for the rate of convergence Af f,,) to A*.

Corollary 3 Assume that the distribution ¢X,Y) is such that there exists & > 0 such that
infres A(f) = A(f*). Under the conditions of Theorem 1, if the penalty is choedret

cob(A)(alog(A) + 2logn+log2)

((A) =R, N)+ 0
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then for every n, with probability at leagt— 1/n?,

1/V+2

A(fy) — A(F) <cna(vid)
where the constant C depends on the distribution, on thes gfasnd on the cost functiog.

Note that the penalty function doestdepend orkg above, so that the procedure is truly adaptive.
Of course, our main concern is not the behavior of the expemetA( fn) but the probablllty of

error L(f,) of the corresponding classifier. However for most cost fiamst the difference.(f,) —

L* may directly be related té\( fn) A*. Next we recall a simple but very useful inequality due to

Zhang (2003). This result has been generalized to a greantexy Bartlett, Jordan, and McAuliffe

(2003) for very general cost functions but we do not use thgtwver of their result.

Lemma 4 (ZHANG) Let ¢ be a nonnegative convex nondecreasing cost function sathitere
exist constants ¢ and>s 1 satisfying, for any) € [0,1],

S

30 <ca-Hm)

where Hn) = infger (N@(—a) + (1 —n)@(a)). Then for any real-valued measurable function f,

1/s
L(f)—L(f*) < ZC(E[(l—H(H(X)))H[gf<X>¢g*<X>]D
< 2c(A(f) — A(F*)Ys.

We note here that for both the exponential and the logit aosttfons the condition of the lemma
is satisfied withc = /2 ands = 2.

Lemma 4 implies that the rate of convergencé.of) —L(f*) to zero is at least as fast as tike
root of the rate ofA(f) — A(f*) to zero. The next lemma shows that, in fact, the excess pildipab
of errorL(f)—L(f*) always goes to zero strictly faster thei( f) — A(f*))Y/S whenevesis strictly
greater than one. (Recall that this is the case for the expih@nd logit cost functions that are our
main concern in this paper.)

Lemma 5 Let@be a nonnegative convex nondecreasing cost function satthire exist constants
c and s> 1 satisfying, for anyy € [0, 1],

S

1 S
30| <a-Ho).

Let{f,} be a sequence of real-valued measurable functions Wwith.. A(f,) = A(f*). Then, as
n— oo,
L(fa) — L(f7)

(A(fy) AT O

PROOF The proof is based on Lemma 4 and ideas from Devroye, Gitdl,Lugosi (1996, Theo-
rem 6.5). Let € (0,1/2) be an arbitrary number. Then

L(fn) —L(7)
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= E|I20(X) - Ullg, x)q0]
(see, e.qg., Devroye, Gyorfi, and Lugosi 1996, Theorem 2.2)

= El[2n(X) - 1!]1[%(x>¢g*(x>]Hnn<x>—1/2|58ﬂ
+E [|2ﬂ (X) = 1|H[gfn(X);&g*(X)]H[|n(x)*l/2|>s]]

r s 1/s
E {12000 YTg, 0049 )

IN

1 (s-1)/s
- <P 196,00 #9700 N0 - 1/2/ < £n(X) £ 5

+P[g5,(X) # g"(X),In(X) - 1/2| > 5](8—1)/s>
(by Holder's inequality applied for both terms)

Using the assumption ap

E[IZr](X)—1]5H[gfn(x#g*(x)]] < (2°E [(1—H(n(X)))H[gfn<x#g*<x>ﬂ
< (20)%(A(fn) —A(f))

by Lemma 4. Thus, it suffices to prove that the sum of the twdalbdities above may be made
arbitrarily small for largen, by an appropriate choice ef To this end, first note that for any fixed

lim P[gy,(X) # 9" (X),[n(X) =1/2[ > €] =0

because otherwisk(f,) — L(f*) would not converge to zero, contradicting the assumpti@t th
A(fn) — A(f*) converges to zero (by Lemma 4). On the other hand,

P 91,00 '(X)In(X) - 1/2 <8000 # 5| <P |00~ 172/ en(X) £ 5

which converges to zero as— 0, and the proof is complete. 1

Thus, whers > 1, L(f,) — L(f*) converges to zero faster thaA( f,) — A(f*))/s for all distri-
butions. However, to obtain nontrivial bounds for the ratithese two quantities, one has to impose
some assumptions on the underlying distribution. This negldne by following Tsybakov (2003)
who pointed out that under certain low-noise assumptionterdistribution much faster rates of
convergence may be achieved. Tsybakov’s condition resjtivat there exist constantse< [0, 1]
andf > 0 such that for any real-valued measurable funcfipn

P(gr(X) #g"(X)] < B(L(f)—L")*. (3)

Notice that all distributions satisfy this condition with= 0 and3 = 1, while larger values oft
place more restriction on the distribution. Intuitivelylemge value ofa means that the probability
thatn(X) is close to ¥2 is small. In the extreme case af=1 it is easy to see thaf(X) stays
bounded away from /2 with probability one. For more discussion on the meanintisfcondition
we refer to Tsybakov (2003) and Bartlett, Jordan, and Mdfulj2003). In Bartlett, Jordan, and
McAuliffe (2003) it is shown that under Tsybakov’s noise diion, the rate in Lemma 4 may be
improved as follows.
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Lemma 6 (BARTLETT, JORDAN, AND MCAULIFFE) Let@ be a cost function satisfying the condi-
tions of Lemma 4 and assume that condition (3) holds for som¢0, 1] and3 > 0. Then

S 1/(s—sa+a)
Bzfs(A(f)—A(f*))) |

For the cost functions that are most important for the prepaper,s= 2 and in that case, as
moves from zero to one, the exponeritd— sa + a) changes from A2 to 1. Thus, large values of
a significantly improve the rates of convergence ¢f ) to L*.

Combining Corollary 3 with Lemmas 4, 5, and 6 we obtain théofeing result. Even though it
may be generalized trivially for other cost functions, foncreteness and simplicity we only state it
for the two cost functions that have been most important fioua versions of boosting classifiers.
Recall that for both of these cost functions the conditiohe&ima 4 is satisfied with= 2.

Luy¢uwg<

Corollary 7 Let @ be either the exponential or the logit cost function and asthe penalized
estimatef,, of Corollary 3. Assume that the distribution of,Y) is such that there exists’a> 0
such thatnfsc 5 A(f) = A(f*). Then for every n, with probability at least- 1/n?, the probability
of error L(fAn) of the associated classifier satisfies

~ V42

L(f,) - L* <cna(i)

where the constant C depends on the distribution, on thes ¢fasand on the cost functiog. Also,
with probability one,

. =~ ) (V2
lim (L(fn) L > ni(vi) — o,
If, in addition, condition (3) holds for some € [0,1] and 3 > O, then with probability at least
1-1/r?,

) * _;(V_H)
L(fy) —L* <Cn 2za\Vil/

Corollary 7 is the main result of this paper on which the rdsthe discussion is based. The
remarkable fact about this corollary is that the obtaindd od convergence is independent of the
dimension of the space in which the observations take tlaures. The rates depend on the
dimension of the base class which may be related to the dioren$ the input space. However,
this dependence is mild and eveViiis very large, the rates are always faster thaf/'(22-%)  |n
the rest of the paper we consider concrete examples of bassed and argue that the class of dis-
tributions for which such surprisingly fast rates can beiedd can be quite large. The dependence
on the dimension is mostly reflected in the value of the canng€aRecall from Theorem 1 that the
value ofC is determined by the smallest valueofor which infsc 4, A(f) = A(f*) and its depen-
dence on\ is determined by the cost functiam For complex distributions, high-dimensional input
spaces, and simple base classes, this constant will bearge/ [The main message of Corollary 7 is
that, as a function of the sample sizghe probability of error converges at a fast rate, indepatigl
of the dimension. To understand the meaning of this res@th&ed to study the main condition on
the distribution, that is, that the minimizéi of the expected cost falls in the closure%f (in the
sense that int 5, A(f) = A(f*)) for some finite value ok. In the next sections we consider several
concrete important examples which help understand themeahing of Corollary 7.

870



RATE OF CONVERGENCE OF BOOSTING CLASSIFIERS

Remark. (APPROXIMATION ERROR. In Corollary 7 we only consider the case where
infreq, A(T) = A(f*) for some finite value ok. In this paper we focus on this simplest situation and
try to understand the nature of the distributions satigfygnch conditions. On the other hand, under
general conditions it can be guaranteed that the approximatror infsc 7, A(f) —A(f*) converges
to zero as\ — o, see, for example, Lugosi and Vayatis (2003), and Sectidntieopresent paper.
In this case Theorem 1 implies thatf,) — A(f*) with probability one, so that the procedure is
always consistent (thus improving the results of Lugosi ¥agatis (2003) since the penalty we
consider in the present paper is of strictly smaller orden)in Furthermore, Theorem 1 tells us
more: the penalized procedure effectively finds a tradeeffiveen the approximation properties of
the sets#, and the estimation error. A precise study of these appraidmaroperties and of the
corresponding rates of convergence is a complex, impgraauat largely unexplored problem.

4. Decision Stumps on the Real Line

In this section we consider the simple one-dimensional wé®.X = [0, 1] and when the base class
contains all classifierg of the formg(x) = 5" (x) = Ix>t) — Iix<t) @and of the formg(x) = 5 (X) =
[ix<t) — Ity wheret € [0,1] can take any value. (We note here that all results of thisseatay be
extended, in a straightforward way, to the case whiea R by the scale invariance of the estimates
we consider.) Clearly, thec dimension ofC isV = 2. In order to apply Corollary 7 it remains to
describe the class of distributions satisfying its condii. The next lemma states a simple sufficient
condition.

Lemma 8 Assume that the cost function and the distributiofafY) are such that the function*f
is of bounded variation. If- |gy denotes the total variation, definé|svo1 = 3(f*(0) + f*(1) +
|t*|gv). Theninfc s A(f) = A(f*) whenevel > |f*|gy 1.

PROOF Assume thaf* has a bounded variation. Théh may be written as a sum of a nondecreas-
ing and a nonincreasing function. A nondecreasing fundtiom [0, 1] may be approximated by a
finite mixture of stumps as follows. Deno&= h(1) — h(0). LetN be a positive integer and let
t1,...,tn be /N, ... N/N-quantiles of, that is,t = sup{x: h(x) < h(1)i/N},i=1,... ,N. Then

the function
0)+ ZNHM X) + ZZNS[

is at mostC/N away fromh in the supremum norm. Note also tHat Fihleves- Similarly, a
nonincreasing functiog may be approximated by a functigre #g,, ,, such that supq 4 l9(x) —

d(x)| < (9(0) —g(1))/N. Thus, the functiorf = h+gis such that

sup | £*(x) — F(x)| < h(1) —h(0) —Ill—g(O) —g(1) _ |fﬂ;\|IBV
xe[0,1]

and moreoverf ¢ Ft-levos SiNCe|hlay + |glev = [f*|sv. Thus, sinceN is arbitrary, f* is in the
closure off|t-|,,,, With respect to the supremum norm. The statement now follytke continuity
of ¢ and the boundedness of the functions in the closurg ©f,, ., with respect to the supremum
norm. |
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Thus, the fast rates of convergence stated in Corollary 7beaguaranteed whenevéf is
everywhere finite and has a bounded variation. Recall thrathfo exponential cost functiof* =
(1/2)log(n/(1—n)) and for the logit cost functiorf* =log(n/(1—n)). In both cases, it is easy
to see thaff* has a bounded variation if and onlyrjfis bounded away from zero and one and has
a bounded variation. In particular, we obtain the followayollary matching the minimax rate of
convergence for the probability of error obtained with dafiént method by Yang (1999a).

Corollary 9 Let X € [0,1]. Letgbe either the exponential or the logit cost function and @bers

the penalized estimath, of Corollary 3 based on decision stumps on the real line. dfahexists

a constant b> 0 such that b< n(X) < 1— b with probability one and) has a bounded variation,
then for every n, with probability at leagt— 1/n?, the probability of error l(fAn) of the associated
classifier satisfies

L(f,)—L* <Cn 3
where the constant C depends on b amy. Also, with probability one,

. 1 =~ <\
lim n? (L(fn)—L ) ~0.
If, in addition, condition (3) holds for sonte < [0,1] and > O, then for every n, with probability
at leastl — 1/n?,

L(f)—L*<Cn %@

The dependence of the value of the cons@on b and|n|gy may be determined in a straight-
forward way from Theorem 1. IAy is the smallest value for which ipfs A(f) = A", then the

constanC in the first inequality is proportional tf(L,+ 2)(p()\k))% ()\k(p(()\k))%. Clearly,Ax can be
bounded as a function @éfand|n|gy as shown in Lemma 8. Concrete values are given in Corollary
12 below in the more general multivariate case.

The condition that)(x) is bounded away from zero and one may seem to be quite unhatura
first sight. Indeed, values of(x) close to zero and one mean that the distribution has littieerand
should make the classification problem easier. Howeveulagged boosting methods suffer when
faced with a low-noise distribution since very large valeés\ are required to drive the approx-
imation error inc 4 A(f) — A* close to zero. (Note, however, that even winedoes not satisfy
the conditions of Corollary 9, lig.,« L(fAn) = L* almost surely, under a denseness assumption, by
Corollary 7.) The next simple example illustrates in padttbhenomenon: indeed,Xfis not suffi-
ciently large to makef, containf*, then the classifier minimizing(f) over 7, may indeed have a
very large probability of error because the function mirgimg theA-risk puts all its mass on points
for whichn is close to 0 or 1, while “neglecting” other points.

Example 1.(MINIMIZING A COST FUNCTION FOR A FIXEDA MAY BE BAD.) This example shows
a situation in which ifA is not large enough, even though the cl&scontains a functiorf such
that the corresponding classifigr equals the Bayes classifigt, the functionf, minimizing the
expected cosA\( f) over 7, induces a classifier with a significantly larger probabitifyerror.
Consider a simple problem where the distributionXois atomic, distributed uniformly on the
four pointsxy,...,Xs. The base clasg contains five classifiers: for eagh=1,...,4 there is a
0i(X) = 2[jx—x] — 1 and alsoC contains the trivial classifiego(x) = 1. Obviously, for anyA > 0,
the functions in7, induce all possible 16 classifiers on the four-point et {xs,...,xs}. Now
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consider the distribution defined y(x1) = 1/2+ 9, n(x2) = 1/2— 9, n(x3) = 1, andn(x4) = 0.
Then it is easy to show that @ is a convex strictly increasing differentiable cost funatiandAg

is such thatg (—Ag) = 23, then for anyA < Ao, the optimizer of the cost functiof, puts positive
weight onxz andx4 and zero weight oy andx, and thus has a probability of errb(ghfk) =1/4
while the Bayes error it* = 1/4— /2. The details of the proof are given in Appendix B. Note
that the fact that) is 1 and 0 orxz andxy is only to make the example simpler; we could assume
Nn(xs) =1/24+A,n(xa) = 1/2— A with A > & and observe a comparable behavior.

If n can be arbitrarily close to 0 and 1, théhtakes arbitrarily large positive or negative values
and thus cannot be in any, (since functions in this set take values[inA,A]). However, one
may easily force the condition of Corollary 9 to hold by adgisome random noise to the data.
Indeed, if, for example, we define the random varia¥lesuch that it equal¥ with probability
3/4 and—Y with probability 1/4, then the functiom’(x) = P[Y' = 1|X = x| = 1/4+n(x)/2 takes
its values in the intervall/4,3/4] (a similar transformation was also proposed by Yang 1999a,
Yang 1999b). More importantly, the Bayes classifiefor the distribution(X,Y’) coincides with
the Bayes classifieg” of the original problem. Also, recalling from Devroye, GQfipand Lugosi
(1996) that for any classifidg,

L(g) — L* = Eljgx)£g-(x) 12N (X) = 1]

and denoting the probability of error gfunder the distribution ofX,Y’) by L’(g) and the corre-
sponding Bayes error bly*, we see that for any classifigr

L(g)—L"=2(L'(g)-L"). (4)

This means that if one can design a classifier which perforelsfar the “noisy” problem(X,Y’),
then the same classifier will also work well for the originablplem (X,Y). Thus, in order to enlarge
the class of distributions for which the fast rates of cogeaece guaranteed by Corollary 9 holds,
one may artificially corrupt the data by a random noise, @ptaeach labeY; by a noisy version
Y/ as described above. Then the distribution of the noisy dasaich that’(x) is bounded away
from zero. If we also observe that'|sy = (1/2)|n|gv and that ifn(x) satisfies condition (3) for
somea € [0,1] andB > 0 thenn/(x) also satisfies condition (3) with the same= [0,1] but with

B’ = 29B, we obtain the following corollary.

Corollary 10 Let X € [0,1]. Letgbe either the exponential or the logit cost function and aters
the penalized estimatk, based on decision stumps, calculated based on the noisepted data
set described above. If(x) has a bounded variation, then for every n, with probabilityeast
1—1/r?, the probability of error L(fAn) of the associated classifier satisfies

L(f,) —L* <Cn 3

where the constant C depends only|gfsy. If, in addition, condition (3) holds for sontec [0, 1]
andp > 0, then

L(f,) —L <Cn %@

Of course, by corrupting the data deliberately with noise lmses information, but it is a curious
property of the regularized boosting methods studied hea¢ the rate of convergence may be
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sped up considerably for some distributions. (Indeed, finis was already pointed out by Yang
in establishing general minimax rates of convergence ifouarsettings (see Yang 1999a, Yang
1999b).) Besides, recall that, in the case we consider af@ostion ¢ such that the constant, is
infinite in Equation (2), Theorem 1 cannot be applied in gahdérowever since the noise-degraded
n’ is bounded away from 0 and 1, can be replaced by some finite constant (see the remark
about cost functions following Theorem 1), and hence Theotecan be applied for the noisy
distribution. For many distributions, the performanceedigtrates by adding noise, but at least the
rate of convergence is guaranteed to stay the same, andhlaniatue of the constai@ will be
affected. Unfortunately, it is impossible to test whethes bounded away from zero or not, and
it may be safe to add a little noise. Of course, the level ofatiéed noise (i.e., the probability of
flipping the labels in the training set) does not need to belfiedescribed above. Any strictly
positive value may be used and Corollary 10 remains true l&éhimore precise study is out of the
scope of this paper, let us just remark that a sensible cludittee noise level based on the present
bounds should be able to find a tradeoff between the impromteofehe bias in theA-risk and the
performance degradation as appearing in Equation (4).

Finally, a natural question is whether the improved cornerog rate that could be obtained
by adding a small labelling noise to the training data reglg practical consequence of using a
“surrogate” convex loss (the functiap) instead of the 6- 1 loss, or if it is just an artefact of the
analysis. Namely, consider a case where the data is conypsetearable with some margth> 0
by some functionf € 7;. In this situation the margin bounds of Koltchinskii and E#enko (2002)
ensure that the convergence rates are as fast as in ourignalyd no labelling noise is needed.
However, in a generic situation the problem with using theagiate A-risk is the disequilibrium
between regions where the target functionis very large or even infinite, and other regions where
it is relatively small (of course in such a situation the dataot separable). In this situation, it may
very well happen that the estimator will tend to concentedt®f its efforts on the former regions
while neglecting the latter, as was shown prototypicall{Example 1. Then, adding a small amount
of noise could effectively bring the estimator to improvetbe latter regions, which would have a
definite effect on generalization error. Whether addingeairtificially is helpful in practice should
be investigated by an adequate experimental study.

5. Decision Stumps in Higher Dimensions

5.1 Stumps and Generalized Additive Models

In this section we investigate the case whier- [0,1]9 and the base clags contains all “decision
stumps”, that is, all classifiers of the forgi}(x) = T o) = I <) ands;;(x) = T <) = I

te[0,1],i=1,...,d, wherex(V) denotes théth coordinate ok.

An important property of boosting using decision stumpshist of scale invariance. Indeed,
if each component of the observation vectdsis transformed by a (possibly different) strictly
monotone transformation then the resulting classifier daéshange. This remark also implies that
the assumption that the observations take their values fnenbounded s€0, 1]¢ is not essential,
we use it for convenience.

A straightforward extension of the proof of Lemma 8 in theyioes section shows that the
closure of f,, with respect to the supremum norm contains all functibrg the form

f(x) = f (X)) 4+ fg(x¥)
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where the functiond; : [0,1] — R are such thaltfi|gvo1+ -+ |falev,01 < A. Therefore, iff* has
the above form, we have ipdz A(f) = A(f*).
Recalling that the functiori* optimizing the cosA(f) has the form

iy Lo N
f (X)_Elogl—n(x)

in the case of the exponential cost function and

n(x)
1-n(x)

in the case of the logit cost function, we see that boostitiggudecision stumps is especially well
fitted to the so-called additive logistic model in whighs assumed to be such that ([og(1—n))

is an additive function (i.e., it can be written as a sum ofanate functions of the components of
X), see Hastie and Tibshirani (1990). The fact that boossnigtimately connected with additive
logistic models of classification has already been pointetdoy Friedman, Hastie, and Tibshirani
(2000). The next result shows that indeed, whamermits an additive logistic representation then
the rate of convergence of the regularized boosting classifast and has a very mild dependence
on the distribution.

f*(x) =log

Corollary 11 Let X € [0,1]% with d > 2. Let@be either the exponential or the logit cost function
and consider the penalized estimdieof Corollary 3 based on decision stumps. LetV3, V3 =
4V, =5, and ford> 5, iy = | 2log,(2d) |. If there exist functions;f. .., f,: [0,1] — R of bounded

variation such thatog 12%) =59, fi(xD) then for every n, with probability at leagt-1/n?, the

probability of error L(ﬂ]) of the associated classifier satisfies

~ . _;(M>
L(fp) —L* <Cn #\%+1

where the constantC dependsg‘hl | filev,,1. If, in addition, condition (3) holds for sontec [0, 1]
andf > 0, then

Vyq+2
L(f,)—L* SCn*ﬁ(\ﬁ—il) )

PROOF The statements follow from Corollary 7. The only detailtthemains to be checked is the
vc dimensionVy of the classC of decision stumps. This may be bounded by observing that the
shatter coefficient (i.e., the maximum number of differeityan points in[0,1]9 can be classified
using decision stumps) is at most rf@d(n+1),2"). Thus, ford > 5, 2d(n+ 1) < 2" if and only if

n > log,(2d) +log,(n+ 1) which is implied byn > 2log,(2d). Ford < 4, just notice that decisions
stumps are linear splits and tke dimension of the class of all linear splitsif equalsd+1. I

Remark. (DEPENDENCE ON THE DIMENSION) Under the assumption of the additive logistic
model, the rate of convergence is of the orden@f2-®) " (Ve+2/Va+1) whereVy depends om in a
logarithmic fashion. Even for large values @fthe rate is always faster than/22-%)_ |tis also
useful to examine the dependence of the consTam the dimension. A quick look at Theorem 1
reveals thaC in the first inequality of Corollary 11 may be bounded by a embal constant times
VVa@N)YVad@ (A) where) is the smallest number such that dpf, A(f) = A*. Thus, we may
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take A = 59, [filgvo1. SinceVy = [2logy(2d)], the dependence on the dimension is primarily
determined by the growth of the cost functipnHere there is a significant difference between the
behavior of the exponential and the logistic cost functiontigh dimensions. For the purpose
of comparison, it is reasonable to consider distributionshsthatA = Zid:]_’fi‘BVQl is bounded
by a linear function ofd. In that case the consta@tdepends o asO(/delogd) in the case

of the exponential cost function, but only @§./dlogd) in the case of the logistic cost function
(using directly Theorem 1 instead of the upper bound meaticebove). In summary, regularized
boosting using the logistic cost function and decision gisimas a remarkably good behavior under
the additive logistic model in high dimensional problensstated in the next corollary.

Corollary 12 Let X e [0,1]9 with d > 2. Let@be the logit cost function and consider the penalized
estimatef, of Corollary 3 based on decision stumps. Let B be a positivestemt. If there exist

functions {,...,fy : [0,1] — R with A = zid:]_’fi‘gvgl < Bd such thatlog 12%) = zf':l fi (x(‘>)

then for every n, with probability at leagt— 1/n?, the probability of error l(fAn) of the associated
classifier satisfies

Vd+2)

L(f)—L* <C./dlogd n+ (4+3

where C is a universal constant and i as in Corollary 11. If, in addition, condition (3) holdsrfo
somea € [0,1] and > 0O, then

. Vgt2
L(f) —L* < C(dlogd)z's n~ 7w (%)

Remark 1. (ADDING NOISE.) Just like in the one-dimensional case, the conditions arbilary
11 require that) be bounded away from zero and one. To relax this assumptiennay try to add
random noise to the data, just like in the one-dimensionsé.chlowever, this may not work in the
higher-dimensional problem because evefiifs an additive function, it may not have this property
any longer after the noise is added.

Remark 2. (CONSISTENCY) The results obtained in this paper (for instance, Corpll§ imply
the consistency of the classifié under the only assumption that may be written as a sum of
functions of the components, that is, tMth) — L* almost surely. The additional assumption on
the bounded variation of the components guarantees theafastof convergence. However fif is
not an additive function, consistency cannot be guaranaedithe example of the previous section
shows that boosting is not robust in the sense that it is rest guaranteed to perform nearly as well
as the best classifier contained in the class. Still, it isartgnt to understand the structure of the
classifiers that can be realized by aggregating decisiangsu The rest of this section is dedicated

to this problem.

5.2 Set Approximation Properties of Mixtures of Stumps

In what follows we investigate what kind of sesc [0,1]9 can be well approximated by sets of the
form As = {x|f(x) > 0}, wheref € %, is a linear combination of decision stumps.

It helps understand the main properties of these sets if wedinsider the discrete case, that
is, whenX is a grid of the formx = {0,1/k,...,k/k}9. If d = 1, obviously any function can be
written as a mixture of stumps since it is always of finite &adn in this discrete setting.
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Figure 1: Points or regions belonging to the getire in black. Left: four points ixOR position. Right: a
counterexample to Theorem 14 wh&nis not a cube: if the center square is not partXpfthe
Non-XOR requirement is satisfied, but any way to “exteridandA to the center square will lead
to a creation of arxoR position.

Next consider the cagk= 2. It is then easy to see that if a geis obtained as the support of the
positive part of an additive function of the forfi(x) = f1(x(1)) + fo(xY)) then there cannot exist
four pointsx,y,z,w, such that these points are the corners of a rectangle dligith the axes, the
two corners on one diagonal are elementé,adind the two points of the other diagonal are noAin
We call this the XOR” position. It turns out that this simple property, which wedidor brevity the
“non-xoR requirement”, is actually a necessary and sufficient camdfor a set to be of the form
As for f € 7, foranyA > 0.

Next we generalize this ideatbdimensions and characterize completely the sets one t¢aimob
with the additive models in the discrete setting. For thisneed a more general definition of the
XOR position (see also Figure 1).

Definition 13 Letx = {0,1/k,...,k/k}¢ and AC X. We say that four points,y z,w are inXoR
position with respect to A if there exists &r< ig < d such that

X(iO) — y(i0)7 Z(iO) — W(io);
(i) — A0) () — wi) C (5)
X =2V"" yW=wl foriig

and xwe Abutyz& A.

For a discrete grid we have the following characterizatibseais realizable as the positive part
of the mixture of stumps. Recall that a &is called a monotone layer iR¢ if it has one of the
following properties: either (1) for any € Sall pointsy < x are also inS, or (2) for anyx € Sall
pointsy > x are also irS. (We say thay < x if the inequality holds componentwise.)

Theorem 14 Letx = {0,1/k,...,k/k}9 and AC X. The following properties are equivalent:

(i) There exists f such that A {x|f(x) > 0} where f(x) = fy(x()) +... 4+ fg(x@);

(if) There does not exist anyyz w € X in XOR position with respect to A,

(iif) A can be transformed into a monotone layer by a permatetf the order along each axis,
that is, there exist permutatiors, ...,0q4 of {0,...,k} such that the image of A by the function
s:x=(i1/K,...,ig/K) — s(X) = (01(i1)/K,...,04(iq)/K) is @ monotone layer.

877



BLANCHARD, LUGOSI, AND VAYATIS

PROOF (i) = (ii): consider four points,y,z w satisfying (5). Suppose thatw € A andy ¢ A,
which meansf (x), f(w) > 0, f(y) < 0. Note that condition (i) and (5) imply thdt(x) + f(w) =
f(y)+ f(2). Hence we must havg(z) > 0 and the points cannot be ¥oR position.

(i) = (iii): consider “slices” of X perpendicular to the first coordinate axis, that $,=
{xe x|xP =i/k}. Define an order on the slices by saying tAt< S if and only if for any
x=(i/kXz,...,xs) € §, if we denotey = (j /K, Xz,...,Xa) € S}, thenlja g < Tjay)- Now, note that
(ii) implies that this order is total, that is, for aryj eitherS' < S or S < §'. As a consequence,
we can rearrange the order along the first coordinate usireyraytationgy, so that the slices are
sorted in increasing order. By doing this we do not alter the-xoOR property, hence we can repeat
the corresponding procedure along all the other coordéndtés then easy to see that the image of
A by these successive reorderings is now a monotone layer.

(iii) = (i): first note that any monotone layer can be representedsas af the form described
in (i). Therefore, any set obtained from a monotone layerdmyrutations of the order along each of
the axes can also be represented under this form, sinceufitia jnatter of accordingly rearranging,
separately, the values ®f,...,fq. |1

Note that it is essential in the last theorem thais an hypercubg0, 1)9. In Figure 1 we show
a contrived counterexample whekeis not a cube and satisfies condition (ii) of the above theprem
yet it is not possible in this case to find a functiénsatisfying (i), because there is no way to
“complete” the middle square so that the nooR requirement is still satisfied.

In the general case whe= [0, 1], we can derive, based on the discrete case, an approximation
result for sets whose boundary is of measure zero. The aippation is understood in the sense
of L! distance between indicators of sets with respect to theghibty measure ofX on x (or,
equivalently, the measure of the symmetric difference efgéts). Note that this distance is always
at least as large as the excess classification error.

Theorem 15 Let AC X be a set whose boundadA is of measure zero. Suppose there do not exist
four points xy,z,w € X in XOR position with respect to A. Then there exists a sequémgeof
linear combinations of decision stumps such that

lim P{[Tif,x)>0) — Iixenl] = 0.

PROOF We approximatex by discrete grids. Fix somec N and forl = (i1,...,iq) € {0,...,n— 1}d
denotex, = (i1/n,...,iq/n) and letB(1) be the closed box + [0,1]9. LetA, be the set of indicek
such thaB(l) contains at least a point of the boundaryfofandB,, = Ujca,B(1).

Now consider the discrete séf, = {x| 1 e€{0,....n— 1}d} and the projectiorA, = AN X,.
Now in Xy, A, satisfies the hypothesis (ii) of Theorem 14, and hence (8tisfied as well and there
exists a functiorf,(x) = fr1(xXM) +... 4 foa(x(@) defined forx € X, with Ay = {x € X, f(x) > O}.
Extend the functiong,, ; on [0, 1] by defining (with some abuse of notatiofy); (i/n+¢€) = fn(i/n)
for € € (0,1/n). Obviously, the extended functiorfs ; are still mixtures of stumps.

Let now gn(X) = Ij1, (x>0, X € X. We havegn(x) = Ijax) for x € By, by construction, and
therefore

P[T5,x)>0 — Iixeall] < P[X € By ,

which converges to zero @s— o, sincelg ; — Ij55 pointwise. |
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Remark. (DISREGARDING THE BOUNDARY) Since we concentrate on sétswith boundary of
measure 0, it is equivalent in the sense oflthelistance between sets to consideits closureA or

its interior int(A). One could therefore change the above theorem by statingt teaufficient that
the “nonxoR requirement” be satisfied by some &such that infA) C C C A. It would be even
nicer, if only of side interest, only to take into account dugles of points not on the boundary
of A to satisfy the non«oR requirement, so that any problem arising with the boundaay tme
disregarded. In Appendix C we show that this is actually thsecwhenevelP(dA) = 0 for some
measurd® having full support, e.g., the Lebesgue measure).

The theorems above help understand the structure of cssifiat can be realized by a linear
combination of decision stumps. However, for boosting tsbecessful it is not enough that the
Bayes classifieg* can be written in such a form. It may happen that even th@ighin the class of
classifiers induced by functions #,, the classifier corresponding fq minimizing the cost(f)
in 7, is very different. This is the message of Example 1 above.riEx¢ example shows a similar
situation in whichfor anyA > 0 there exists ari € ¥, such thag; = g*.

Example 2. (BAYES CLASSIFIER MAY BE DIFFERENT FROM THE ONE CHOSEN BY BOOSNG.)
Consider a two-dimensional problem with only two non-tvtlassifiers inC given by two linear
separators, one vertical and one horizontal, and the ltdlaasifier assigning-1 to everything. We
have four regions (denote@B; Bi)) and only three parameters (only one parameter per classifie
including the trivial one). By considering only symmetritusitions whera is the same o, and

D4, we see thaf, the function minimizingA(f) over .o %, must also be symmetric and hence

we reduce (after re-parameterization) to two parameddss The minimizerf is then of the form

f= ((a+§)/2 (a+?))/2)-

First consider a situation in whicK falls in D; or D4 with probability zero. Then in this case
f = f* on D, andDs. Furthermore, by choosing suitably in these regions, one may assume that
a> 0> bbuta+b> 0. Now suppose that we put a tiny positive weighin regionsD; andDg,
with the Bayes classifier on these regions being claksBut by continuity, the associatefg will

stay positive on these regionsifs small enough. TheggE # g* on these regions, while obviously

for anyA > 0 we can find an appropriate functidne M), such thags = g* = (j 711) in this case.

6. Examples of Consistent Base Classes

The results of the previous section show that using decisiomps as base classifiers may work
very well under certain distributions such as additive $tigimodels but may fail if the distribution
is not of the desired form. Thus, it may be desirable to usgelaclasses of base classifiers in order
to widen the class of distributions for which good perforroaris guaranteed. Recent results on
the consistency of boosting methods (see, e.g., Breimad, Blthimann and Yu 2003, Jiang 2003,
Lugosi and Vayatis 2003, Mannor and Meir 2001, Mannor, Mant Zhang 2002, Zhang 2003)
show that universal consistency of regularized boostinthods may be guaranteed whenever the
base class is so that the class of linear combinations ofddassifiers is rich enough so that every
measurable function can be approximated. In this sectionomsider a few simple choices of base
classes satisfying this richness property. In particua,recall here the following result (Lugosi
and Vayatis, 2003, Lemma 1):

Lemma 16 (LuGosI AND VAYATIS) Let the classC be such that its convex huf; contains all
the indicators of elements df, a subalgebra of the Borad-algebra B(RY) of RY, such thatB,
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generatesB(RY). Then
lim inf A(f)=A".
A—o fEN-F
More generally, a straightforward modification of this Lemshows that whenevef = J,-
is dense irL1(p), then itis true that infe 7 A(f) = A(F¥).
We consider the following examples; in all cases we assuatetth= R,

(1) Gin contains all linear classifiers, that is, functions of therf@(x) = 2[jay<p — 1,2 € RY,
beR.

(2) Gect contains classifiers of the forg(x) = 2l|,cg — 1 whereRis either a closed rectangle or
its complement irR¢.

(3) Ghan contains classifiers of the forg(x) = 2lj,.g — 1 whereB is either a closed ball or its
complement irk¢.

(4) Cen contains classifiers of the forg(x) = 2l — 1 where eitheE a closed ellipsoid or its
complement irk¢.

(5) Gree cOntains decision tree classifiers using axis parallel wittsd + 1 terminal nodes.

Clearly, the list of possibilities is endless, and these fixamples are just some of the most
natural choices. All five examples are such tht., % is dense inLsi(p) for any probability
distribution p (In the cases ofiect, Chal, and Ceyi this statement is obvious. F@li, this follows
from denseness results of neural networks, see Cybenko, ¥888ik, Stinchcombe, and White
1989. ForGyree Se€ Breiman 2000.) (We also refer to the general stateniegn @s a universal
approximation theorem by Zhang 2003 and which shows thathfoclassical choices of the cost
function @, we have, for any distribution, inf, ;5 A(f) = A" as soon agJ,. 7 is dense in the
space of continuous functions under the supremum norm.)atticplar, the results in the present
paper imply that in all cases, the penalized estinfatef Corollary 3 is universally consistent, that
is, L(f,) — L* almost surely ag — c.

Recall that the rates of convergence established in Coyoladepend primarily on the/c
dimension of the base class. Thie dimension equaly¥ = d+ 1 in the case ofji,,V=2d+ 1
for Gect, V = d+ 2 for Gpan, and is bounded by = d(d+1)/2+ 2 for G and byV = dlog,(2d)
for Gree (S€€, €.9., Devroye, Gyorfi, and Lugosi, 1996). Clearlg, ltwer the VC dimension is,
the faster the rate (estimation is easier). The followingsgion arises naturally: find a class with
VC dimension as small as possible whose convex hull is seiffityi rich inL1(p). A recent result
by Lugosi and Mendelson (2003) establishes the existenseaif a class with VC dimension at
most 2. This fact reveals that the combinatorial complexitya class is not always a reliable
measure of the approximation capacity of its convex hull.wieer, the construction by Lugosi
and Mendelson is theoretical and there is probably moreydfsane is concerned with practical
implementations of boosting methods (see also Remark Ipelo all cases, for even moderately
large values ofl, the rate of convergence stated in Corollary 7 is just siiglaster tham—1/(2(2-%))
and the most interesting problem is to determine the clagigstifbutions for which infc ¢ A(f) =
A* for some finite value oh. In all the above-mentioned special cases this class ig daige,
giving rise to a remarkably rich class of distributions fohish the dimension-independent rates of
convergence holds. The characterization of these clagsdistobutions similar to the one given
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in the one-dimensional case is far from being well undextotn the case otj, the problem

is closely related to the approximation properties of neneaworks. We merely refer to Barron
(1992, 1993), Darken, Donahue, Gurvits, and Sontag (1997)si and Anzelloti (1993), Maiorov,
Meir, and Ratsaby (1999), Meir and Maiorov (2000), Pinkug9d), Sontag (1992) for related
results. Most of these references provide quantitativalteselating the approximation error to
the smoothness of the target function. However, there ang fegv attempts to characterize the
functions that can actually be reconstructed with givetiaiaries. In one dimension, the problem
is well-understood: the closure under the uniform norm efttass of piecewise constant functions
is the class of regulated functions (for which both left aigdtr limits exist at each point). Hence,
by limiting the bounded variation, we lose the ability to eppmate these regulated functions
with linear combinations of decision stumps. I, there is no straightforward generalization of
regulated functions. Another interesting question is t@ftigate the approximation rates in terms
of the smoothing parametarfor universal base classes when the approximating fundsioaken

in %, and the work by Meir and Maiorov (2000), Mannor, Meir, andaag (2002), may provide
some hints for a systematic approach.

Remark 1. (COMPUTATIONAL PROBLEMS) Using the above-mentioned classes as base classifiers
may cause computational problems in high-dimensional lprob. Typical boosting algorithms
perform an iterative gradient descent optimization to mize the empirical cos,(f) and each
iteration step involves optimization over the class This may be efficiently computed when

is the class of decision stumps but in any of the cases camsida this section, optimization
may be problematic. There seems to exist a tradeoff betweemni¢thness of the base class and
computational feasibility of the optimization. In pra@ione may try to find classes “in between”,
that is, base classes larger than decision stumps which otayive rise to universally consistent
classifiers but still allow efficient optimization. Here we dot pursue this issue further.

Remark 2. (INVARIANCE.) In the previous section we already emphasized that ttssifiker fois
invariant under monotone transformations of the coordiraates, whert is the class of decision
stumps. This invariance property is important in situagiovhen the different components of the
feature vectoiX belong to incomparable physical quantities. Scale inmagashared by the method
based on the classé&k; and Gree but not with the rest. On the other hand, the rest of the exasnpl
have different important invariance properties. For eximpoosting based o6in, Goal, and Ceyl
are rotation invariant, andji, and (g are invariant under arbitrary invertible linear transfations
of the feature space. The choice of the base class shouldlbericed by the desirable invariance
property in practice.

7. Proof of Theorem 1 and Related Results

In this section we apply general abstract single-model andehselection theorems appearing in
Blanchard, Bousquet, and Massart (2003) (recalled in Agpeh for completeness) in the regular-
ized boosting setting to derive Theorem 1. We state herdesingdel convergence rate theorems
as well since the hypotheses to satisfy are essentiallyaiime sThis way we can recover a theorem
that is similar to results appearing in Bartlett, Jordard BitAuliffe (2003) (see a short discussion
below). The theorems cited in Appendix are extensions ofehselection methods by penalization
originating in works by Birgé and Massart (1998), Massa@Q0). We also use the technique of lo-
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calized Rademacher averages for fine-scale estimates cdiaeity of function classes, a principle
that has been put forward in
Bartlett and Mendelson (2002), Bartlett, Bousquet, anddiééson (2002), and Bousquet (2003).

7.1 Rates of convergence in a fixed model

In this section we first restrict our attention to the emgitidsk minimization estimator on a fixed
model 7,. Definef} = arg Minsc ¢ An(f). We then have the following theorems.

Theorem 17 Assume that the base cla§shas VC dimension V. Then, for any>Cl, with proba-
bility at least1l — exp(—9), we have:

AD) - A (f*><C+1<

<c—\nf (A(f)—A(f*))+CR1()\,n)+Cb1(A)6>,

fG?—}\ n

where - 1 o
Ri(A,n) = c1(V +2)%1 ((Lg+2)@N)) 7T (AG(N)) v1n~ 2V

and
bi(A) = c2(Lo+2)@(N),
where g, c, are numerical constants, and,lis defined by?2).

Theorem 18 (EXACT BIAS; BARTLETT, JORDAN, AND MCAULIFFE.) Assume that the base class
C has VC dimension V. Then, with probability at least exp(—9), we have:

AT~ ACE) < Jnf (ACT) — A(F)) + o) + 2002
where 1
Ro(h.r) = u(V +2)%F max(M) 2/ (3)2, 0(0) ™7 (g )
and

b2(A) = c2(¢ (A)°M(N) "+ @(A)),

where g, c, are numerical constants, and () = infycj_» x @' (X).

Remark. These two theorems are also consequences of a generalrthezgalled in Appendix
A—the difference comes from a slight difference in the agation of the latter. We mention these
two statements here to draw a short comparison. Theorem dBnigst identical to Theorem 17
of Bartlett, Jordan, and McAuliffe (2003) (more precisdlysia special case of the latter, since, as
already pointed out earlier, our general assumptions apaué stronger in this paper). Note also
that the proofs use very similar tools, although in the pnepaper a good part of them is wrapped
up into the general theorem quoted in Appendix A. Theorem ihe other hand, is really the
single-model counterpart of the penalized procedure obidma 1.

An advantage of Theorem 18 is the exact bias term, that isaltsence of the factor ¢ +
1)/(C—1) in front of the approximation error. Note, however, thastliact bias is lost anyway
when one turns to the true classification risk using Lemma &oAsince in our corollaries we

882



RATE OF CONVERGENCE OF BOOSTING CLASSIFIERS

assume the bias to be zero, this improvement becomes argle®n the other hand, the dependence
inV of the multiplicative constant is slightly better in Thewr&7 (note that a factor of ordql()\)v_il
is replaced b)((d()\)zM()\)‘l)\%ﬂ in Theorem 18: for instance takingas the exponential loss, the
latter expression is the third power of the former; for thgil@ost, this even more noticeable: the
latter expression is of order e/ (V + 1)) while the former is only of orde)\\%l).

Finally, note that neither of these theorems can be usedtljif@at least up to our knowledge)
to derive an oracle bound for a penalized procedure. Forribef pf Theorem 1 we need additional
model selection machinery which in particular only workslenthe hypotheses of Theorem 17.

7.2 Proofs

ProOF OFTHEOREM 1. Theorem 1 will be derived as a consequence of Theorem 2pieAdix
A. According to the notations used in the Appendix, we deffreelbss functior?(x,y) = @(—Xxy)
and write/( f) as a shorthand notation for the functipny) — ¢(f(x),y), so thatA(f) = E[/(f)].

We define the reference spageas the set of function$ from X into RU {—oo, +} such that
¢(f) € L?(P) whereP denotes the probability measure induced ¥yY). Note thatf* € & (even if
f* isinfinite at some points, because for any fixed priatX, the average losB[¢(f*(X),Y)|X =X
is always bounded by 1). We consider the countable family edes( 7, ),k € N.

Next we verify assumption§) — (iv) of Theorem 22. In the sequel will denote a numerical
constant whose value is not necessarily the same in différes. We first need to choose a pseudo-
distanced on &. We use

d?(f, ') = E[(£(f) — £(1))2).

This makes assumptiofi) trivially satisfied. Hypothesigiii) (model-wise boundedness assump-
tion) is also straightforward: for anf € 7,

DY) = o=y f(x))] < @A),

so that hypothesi6ii ) is satisfied witho, = @(Ax).
The verification of hypothesi§i) is summarized in the following Lemma.

Lemma 19 Assumep: R — R, is a twice differentiable, strictly increasing and stricttonvex
function. Denote

Ly =0V max
XeR

<a¢uruw—w>
LX) +Z(—x

If Ly < o, then for any function £ F,, we have
E[(0(f) = £(f))%] < (@A) +@(—A) + Lo E[¢() — £()] .

Thus, hypothesisii ) holds withCi = (Ly+ 2)@(A).
Finally, we turn to hypothesi§v) which contains the most information about the models. The
goal is first to bound, for anyp € %,

- (<P(X)+<P(—X))> :

A(r)=E Sup |(P=Po)(€(f) = £(fo)) |
dz(fi‘?)gr
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whereP f andP, f denote the expectation éfunderP and under the empirical probability distribu-
tion P, respectively. If we define the set of functions

Grto = {L(F) = L(fo)|f € A},

then

R(r)=E | sup [(P—Pn)g|
9<€G, 1y
PgP<r

ZlSiQ(Xi,Yi)

2
< —EpEe sup )
n 9€Gh 1o

P<r

where theg; are i.i.d. Rademacher variables, by a standard symmeétrizatgument.
We use the following lemma (which is essentially the sameeasrha 2.5 in Mendelson (2002),
except that we need to make some multiplicative factorsi@gypl

Lemma 20 (MENDELSON). Let # be a class of functions such thiat||, < T for all f € F. Set
7= SUPrcr Ep f? and assume that for sonye> 0 and p< 2, for any empirical measure,P

logA\((g, F,La(Pn)) < yeP.

(whereA[(g, F,L2(Py)) denotes the&-covering number off with respect to the distancex(R,)).
Then, putting B=yz(2— p)~1, we have

n

Bt 0

To apply the lemma we need to estimate the entropy numbeiass @) r,. First, sinceC is of
finite dimensiorV, we have that for any empirical measugg

2-p 4 _2p
gcmax(Br 2 ,BZpTZFrn

Nl
i

1
—EpE; sup
\/ﬁ ) feF

logA((e,conv(C), L*(Py)) < ce™ P,

wherep = \% as a consequence of Theorem 2.6.9 of van der Vaart and \W¢l886, p. 142).
Now note that for a class of real functiorfs over X, if we defineG as the set of functions over
X x {—1;1} that can be written a&,y) — yf(x) for somef € F, then the covering numbers gf
for L?(P,) are the same as the covering numbers of@géor L?(Q,) provided the marginal oQ,
onX is P,.

Furthermore, functions i, take values if—A,A], andg has Lipschitz constang (A) on this
interval. Therefore, by standard arguments (translatypa bxed function, dilation, application of
a Lipschitz function, see, e.g., Pollard 1984 for the neagswmols), we have

€

log AL(e, G £, L2(Pn)) < log Al <7\<|1(7\)

J,L2<Pn>> < c(AG(N))PeP.
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We can now apply Lemma 20 to the claggy,, with

= sup P <r,
ge Gz 1o
P<r

Th = @(\), andy, = c(A@(A))P, so that we obtain, putting, = (A¢(A))?2(2—p)~1,

3—‘5) . 6)

n

Zﬁig(XnYi)

<cmax( Byr# ,B,""T,”"n

Nl

1
—FE sup
va 9 G 1y

P<r

To study the behavior of the last upper bound, we determirewttien first term is dominant in the
above max. This is the case when , ,
r> (T\By)Zon 20 . (7)

Thus, if the above condition overis satisfied, we have

R(r) < W (r) = %Bﬁ"

for some numerical constaAtthat we can assume to be greater than 1,yans a sub-root function
as requested.
Finally, the solutiorry of the equation, (r) = r/C, is given by

[} = (AB,Cy)Zon 255,

For A = Ay, we takeC,, = Cx = (2+ Lg)@(Ak) so that, sincéd > 1 andCy > T,,, condition (7) is
ensured whenever>r; =rj . This concludes the check for hypotheiis).
To wrap up, hypothesg$) — (iv) of Theorem 22 are satisfied with the following choices

o by =@(Ay);
o Cc=(Lo+2)0(A);

4 V42

o I} =C(B\C)ZPN 2P = o((V +2) Ly + 2)9(N) VT (AG(N)) Pran~ 3%
Eventually, sek, = alogAx which concludes the proof. I

PrROOF OFLEMMA 19. It suffices to look at a fixed pointand to take the expectation as a final
step. We therefore first omit the dependencexém simplify the notation. Recall that if we denote
n="P(Y=1), then

f*(n) = argmin{ne(—a) + (1 —n)e(a)}

acR
is defined implicitly as the solution of

ng (=) =@Q-ng(f). (8)

Since@ is strictly convex and increasingd (x)/@ (—x) is increasing fromR onto R, . It is then
easy to deduce thdt is an increasing function of and thatf*(]0,1]) = R, so thatf* is invertible.
Furthermore, by the implicit function theorefti is a differentiable function of.
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Consider some functiofi € %, and puta = f(x) at the pointx considered. Note that| < A.
Define

N(n,a) = Ey[(e(f) —£(f%))?]
=n(@(—a) — o(—F*(n)))*+ (1—n) (@) — (f*(n)))?
and
D(n,a) =Ey[¢(f) —£(f7)]
=n(@—a)—@—f*(n))) + (1 —n) (e(a) —@(f*(n))) .

The goal is to show thad < C(a)D. To this end, first note thad((f*)~1(a),a) = D((f*)"1(a),a) =
0. We then compare the derivativesNvfandD with respect ta). We have

3o = (000 ) = (0(a) ~ (1)) + (NG~ 1)~ (1= M()) G-
= (o)~ G~ ) ~ (o) ~ &),

using (8). Note thadD/an is therefore positive forf* > a (or, equivalently, fom > (f*)~1(a))
and negative otherwise. We now turn to the derivativélpf

o = (0 0 1))~ (9(e)  0( 1)
+2(n6/(- 1) (@(-) ~ 1)) — (L (1) 0l ~0(1)))
(0(—a) — 0~ ) +0(a) — 0( ")) (0(—a) — 0 ") — (9(a) — 9(1")))

(NG 1)+ (- >><<p<—cx>—cp(—f*)—(cp(cx)—cp(f*)))‘;:
df* * *
:E<“’(O‘)+“’< W)+ M) G - (@) el 1) ).

where the second equality follows from (8) again. If we nowate

df* .
Lo= Ovnrg[gol<]< (NG (=) +(L-m@(F) 5 — (@F) + o ))>
we have, for alh > (f*)~%(a),
B < (0 + o) + Lo g

and the opposite inequality foy < (f*)~1(a). By integrating oven to the left or to the right of
(f*)~1(a), we deduce that for any € [0, 1],

N < (@(0) + @(—0a) + Lg)D < (@A) + @(—A) +Lo)D,

where the second inequality follows from the convexitypofntegration ovex leads to the desired
inequality.
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For a slightly more explicit expression bf,, note that by differentiating (8) we obtain
df* =)+ e()
dn - n@'(—f)+1-n)@'(f)
Then we can rewrite the ratio

ng(—f)+1-ng(f) ¥ +e(f)

Ng'(—f)+1-me'(f*)  fL@'(-F)+¢' ()

where we have used (8) again at the last line. This yieldsxpeession folL, given in the statement
of the Lemma.

SKETCH OF THE PROOF OFLEMMA 20. Putting

1
Rnp = —=EpEe sup
i vn i 8fefF

_iiif(xi)',

we have, following the proof of Lemma 2.5 in Mendelson (200&)d after applying standard
chaining techniques (see Dudley, 1978) and contractioguiaiiies (see Ledoux and Talagrand,
1991),

1
Rnp < Czy—zp(Tz—l-TnféRn,P)%(lfg)-
(Note the slight difference as compared to Mendelson 2002 as in this reference the author
assumed = 1). Now puttingB = y%(2— p)~1, we have

p

Rop < cBmax(t3, T 2R,p)z(1-2).
Now solving separately for the two terms of the above maximumobtain the conclusion. 1

PROOF OFTHEOREM 17. The theorem is a consequence of Theorem 21 quoted in AppAn
The hypotheses to satisfy are exactly the same as for Thebi@umt for one single moder,), so
one can just recycle the previous proofll

PROOF OFTHEOREM 18. This theorem is again a consequence of Theorem 21 btintt@sve pick

a different reference spa@ We chooses = 7, and denotef, = argminy_, E[((f)]. (Again, we
suppose here that the above minimum is attained to simpiéyatgument; the proof may easily be
adjusted accordingly if this is not the case.)

In this case hypothesi@ii ) is changed as compared to the previous theorem. This, in turn
changes the definition of the factGy and hence of;. To check hypothesiii ) we may apply
directly Lemmas 15 and 16 from Bartlett, Jordan, and McA&l{2003). These imply that i has
Lipschitz constant on [—A,A] and satisfies the uniform convexity assumption

VX,y € [<A,A] w—(p(%) >8(x—y)?,
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then for anyf € 4,,
_ L2 _
IMMU)—EUUF]SégﬂaU—%UQL
In our setting we can take = @ (M) andd = cM(A) (by second-order Taylor expansion). Thus we
can takeC, = c.¢/(A)°M(A) L. To satisfy hypothesiiii ) we use Equation (6) again so that we can
use the sub-root function

2-p

~ 1 __2
Pa(r) = cmax(B;\rTn?,Bf“’T)\ “Pn 2+p> ,

with the same notation as in the proof of Theorem 1. Solvirgefuation], (r) = r/C~:A, we then
apply Theorem 21. The consta@t> 1 appearing in that theorem can be taken arbitrarily close to
1, so that with probability + exp(—9d) the following bound holds:

AR~ AT) < Ro(h, ) + 202

(whereR; andb, are defined in the statement of the theorem). Adding, ) — A(f*) on each side
finishes the proof. 1

Appendix A: General Theorems for Single-Model and Model Sedction Estimator
Convergence

This section is devoted to recalling, in a compact versibe, dtatements of abstract theorems ap-
pearing in Blanchard, Bousquet, and Massart (2003) (réispbc Proposition 1 and Theorem 7 in
the latter reference).

Setup

We recall thatX denotes a measurable feature space. Aety) : R x {—1,1} — R be a loss
function. Given a functiorg : X — R, the notation/(g) is used for the functior(x,y) € X x
{—1,1} — £(g(x),y). LetP be a probability distribution otk x {—1,1} and® a set of extended-
real functions onX such that(®) C Lo(P). The target functiom* is defined as
g" = argminP/(Qg)
geSB
and for anyg € & we denote
L(9,9") = E[t(9)] - E[¢(g")] -
Let ((Xi,Yi))i=1,...n be an i.i.d.n-sample drawn from the probability distributiéhand letR, denote
the associated empirical measure. For a real fundtion X x {—1,1}, P f is an alternative notation
for Ep[f] (so that alsd®, f = %Xin:l f(X,Yi)). We say that a functioy : [0,00) — [0, ) is sub-root
if it is non-negative, non-decreasing, and i~ Y(r)/+/r is non-increasing for > 0.

Rate of Convergence in a Single Model

Let G be a subset o&. The empirical risk minimization estimator over the modgis defined by

g = argminP,/(g).
geG
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Theorem 21 Assume that there exists
e a pseudo-distance d ah
e a sub-root functionp

e constants band C

such that

(i) Vg,g € &, ( (9) —4(d))* <d*(g,9);
(i) vge g, d?(g9,9") <CL(9,9");

(i) V(xy),vge G, [€g(x),y)l<b;

and, if r* denotes the solution df(r) =r/C,

(iv) Vgoe G,Vr>r* E

sup !(P—F’n)(ﬁ(g)—ﬁ(go))!] < g(r).

g€ G:d?(9.go) <r
Then for all x> 0 and all K > 1 the following inequality holds with probability at least- e *:

. K41/, . r*  (2CK+ 18b)x
< = I S it/ I
L(g,g)_K 1<g|2fgL(g,g)+1OG<C+ = >

Model Selection Theorem (Deviation Bound)

Let (Gk)ken be a countable family of models withi, C & for all k e N. If pen :N — R is a real
function onN, then thepenalized minimum empirical risk estimatover the family of models is
defined as

g = argmin(P,£(g) + penk)).
keN,
g€ Gk

Theorem 22 Assume that there exist
e a pseudo-distance d a8;
e a sequence of sub-root functiofiy);

e two real, nondecreasing sequencgeg) and (Cy);

such that
(i) vg,d €8, P((g) —£(d))? < d*(9,9);
(ii) vk e N, Vg € Gi, d%(g9,9%) < CkL(9,9");

(9
(i) vkeN,Vge Gk, V(xy), [€(9(X),y)| < b
and, if r; denotes the solution djy(r) =r/C,
(iv) VKeN,Vgoe Gk, Vr=rc E| sup [(P—Pn)(£(g) —£(do))l | < Wk(r).

9€ Gk,
d?(g,go)<r
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Let (xc) be a nondecreasing sequence of real numbers suctpthate ™ < 1. Let§ > 0,K > 1 be
some real numbers to be fixed in advance. If we define a penaltjidnpen(k) such that

(65K C + 560) (X + & +109(2))
3n ’
then, for the corresponding penalized minimum empiricsit Bstimatoig, the following inequality
holds with probability greater that — exp(—§):
1

K+3
aa) < 5 ; ; * )
L(Q.9") < 7 jnf (glergkL(g,g )+ 2per(k)>

vkeN  penk) > 25(1(%‘ +
k

Appendix B: Details of Example 1.

First, we prove the following statements:

(i) If fissuchthati f(x) =0, thenf € % ifand only if A > 5 5[ ().

(ii) If f* (defined as in the rest of the paper) is such tHdk; ) + f*(xz) = f*(x3) + f*(x4) =0,
then so isf, for all A.

PROOF Denotingz = f(x;), we havef = ¥;z1|,;. Foralli, Ijx; = %(go+gi), and the linear relation

zf';lgi + 2go = 0 holds, so that the only ways to wrifeas a combination of the base functions are
exhaustively given by

f=%<i_i(a+u)gi+ (IZZH-ZH) go> , HER.

If in addition we assumg; z = 0, then the above combination is# for anyA > 15[z + | + |W.

It is easily seen that the minimum value of this upper bourabtained foqu= 0. This proves (i).
For (ii), let f € #,. Considerf’ obtained fromf by switching its values omy, X, andxs, X4
respectively. Therf’ € #, by symmetry off, andA(f’) = A(f) by the symmetry assumption on
f*. Sof’ = %(f + ') € %, by convexity of , andA(f”) < A(f) by convexity ofe; furthermore

f” satisfies the same symmetry relationsf aghis proves (ii). |1

Now for anyA > 0, putx(A) = f,(x;) > 0 andy(A) = f,(x3) > 0. Clearly these functions are
increasing and hence almost everywhere differentiabletfoms. From (i) and (ii) we deduce that

A=xA)+Y)
and that
A(T)) =2((05+8)(—x(A)) + (0.5—8)(X(A)) + ®(—y(A)) -
Differentiating these two equalities we get
YA +X(A) =1,
and

dAgA) =2(X(N)[(0.5—8)¢@ (X(N)) — (0.5+ )@ (—x(\)] = Y M@ (—y(N)) .

Clearly X andy must be such thaf% is the lowest possible given the constrait-y = 1.
Therefore as long a®.5— 8)@ (x(A)) — (0.54+3)@ (—x(A)) > —¢@(—y(A)) we must have'(A) =0
andy' (A) = 1. Sincex(0) = y(0) = 0 and@/(0) = 1, one deduces that as long@é—A) > 25, we
havey(A) = A,x(A) =0.
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Appendix C: Refinement of the NonxoRr Condition in a Continuous Setup

In this section we give a slight refinement concerning Thewoi®. In this theorem the assumption
is that no quadruple of points is in aR condition with respect té and thatP(dA) = 0. In that
case the theorem says that we can approximate the indidafomothe L(P) sense by taking the
sign of mixtures of stumps. We noticed that the result is anged if we replaced by any set
C such that intA) c C C A (where infA) andA denote interior and closure for the usual topology
on [0,1]%). A natural idea would then be that the “naiR condition” should only be required for
points not on the boundary @, so that any problem arising with points on the boundary ¢ de
disregarded.

If such a results holds, it means that, assuming that any goints not on the boundary of
A cannot be in a&OR position, there is a way of choosing a §€such that infA) c C C A and
satisfying the full “nonxoR” requirement. The counterexample shown on the right-hade of
Figure 1 shows that we cannot expect such a result to hold geakrality, even if the boundary
of A is of P-measure zero (consider the case where the center squaréimeasure 0, and the
boundary ofA is dense in this square).

Nevertheless, the following elementary topological lenstetes that this result holds if we
assume thadA is of Lebesgue measure zero.

Lemma 23 Suppose thabA is of P-measure zero for some measure P having full suppos-
sume that there do not exist any four pointg,x w € X \ dA in XOR position with respect to A.
Then any four points,¥,z,w € X cannot be inxor position with respect to € int(A) (the closure
of the interior of A).

PROOF Suppose thaty, Yo, Zg, Wo are inXoR position with respect t€, so thatxg, wy € C; Yo, 2 ¢ C.
We show this leads to a contradiction. Note thatx,if, z,w satisfy (5), then knowing, w andig
entirely determiney,z. Considetig as fixed and denote the associated application (excharigeng t
ip-th coordinates) : (x,w) — (zy) = F(x,w) from X x X into itself.

Lete be a positive real and dendBéu, €) the opere-ball centered i. DenoteDy, = (B(Xg,€) N
int(A)) andDy;, = Dy, \ 8A. Sincexo € C = int(A), Dy, is a nonempty open set and they,) > 0
sinceP has full support. Hencé?(D} ) = P(Dy,) > 0 sinceP(8A) = 0 andD; is also a nonempty
open set. Define similarl;, and consideH = F(D; x Dy, ) andH’ = H\ (A x 8A). H is a
nonempty open set of x X becausé- is a bicontinuous bijection, 8® P(H') = P® P(H) > 0,
and thereforeH’ is non-void.

From this we deduce that there exisiw) € (B(xp,€) Nint(A)) x (B(wp, &) Nint(A)), and(z)y) =
F(x,w) such thatx,y,z,w satisfy (5) and that none of these four points isd#a This way we
construct a sequenc&,, yn, Z,, Wn) of quadruples satisfying (5), and converging xoy, z,w) while
staying outside 0dA, with xn, Wy € int(A). By hypothesigX,, Yn, Z,,Wn) are not in axor position
with respect toA, hencey, or z, must belong to intA). Therefore either infinity manyy,’s or
infinitely manyz,'s belong to infA). Thus,yp or zy belongs tant(A) = C, in contradiction with the
initial hypothesis. 1
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