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Università di Bologna, Padova, Venezia

A New Graph-Theoretic Approach to Clustering,
with Applications to Computer Vision

Massimiliano Pavan

March 15, 2004

Coordinatore: Tutore:
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Abstract

This work applies cluster analysis as a unified approach for a wide range of vision appli-

cations, thereby combining the research domain of computer vision and that of machine

learning. Cluster analysis is the formal study of algorithms and methods for recovering

the inherent structure within a given dataset. Many problems of computer vision have

precisely this goal, namely to find which visual entities belong to an inherent structure,

e.g. in an image or in a database of images. For example, a meaningful structure in

the context of image segmentation is a set of pixels which correspond to the same object

in a scene. Clustering algorithms can be used to partition the pixels of an image into

meaningful parts, which may correspond to different objects. In this work we focus on the

problems of image segmentation and image database organization. The visual entities to

consider are pixels and images, respectively.

Our first contribution in this work is a novel partitional (flat) clustering algorithm.

The algorithm uses pairwise representation, where the visual objects (pixels, images) are

mapped to the nodes of an undirected edge-weighted graph, with edge weights representing

pairwise similarity relations. The clustering problem is formulated as a graph partitioning

problem, namely a meaningful partitioning of the nodes into clusters is thought.

Our clustering algorithm is centered around the notion of a dominant set, a novel com-

binatorial concept which arises from the study of a continuous formulation of the maximum

clique problem. Our proposal seems to be a plausible generalization of the notion of a max-

imal clique in the context of edge-weighted graphs since, in the unweighted case, dominant

sets turn out to be equivalent to (strictly) maximal cliques. Formal properties, intuitive

arguments, and empirical findings make dominant sets reasonable candidates for a new

vii



formal definition of a cluster. We also establish a correspondence between dominant sets

and the extrema of a quadratic form over the standard simplex. Computationally, this

allows us to find clusters using straightforward continuous optimization techniques such

as payoff-monotonic game dynamics, a class of dynamical systems arising in evolutionary

game theory. Such systems are attractive as can be coded in a few lines of any high-level

programming language, can easily be implemented in a parallel network of locally inter-

acting units (thereby motivating analog VLSI implementations), and offer the advantage

of biological plausibility.

Our second contribution in this work is a hierarchical extension of our partitional clus-

tering algorithm. To this end, we consider a family of (continuous) quadratic programs

which contain a parameterized regularization term that controls the global shape of the

energy landscape. When the regularization parameter is zero the local solutions are known

to be in one-to-one correspondence with dominant sets, but when it is positive an inter-

esting picture emerges. We determine bounds for the regularization parameter that allow

us to exclude from the set of local solutions those inducing clusters of size smaller than a

prescribed threshold. This suggests a new (divisive) hierarchical approach to clustering,

which is based on the idea of properly varying the regularization parameter during the

clustering process.

Getting back to the computer vision applications, we demonstrate the potential of the

approach for the problems of intensity, color and textured image segmentation as well as

image database organization.
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Chapter 1

Introduction

We present the goal of our work in Section 1.1, and some fundamental problems of com-

puter vision in Section 1.2. Background on clustering algorithms is provided in Sections 1.3

and 1.4. We outline our contribution in Section 1.5, where we also describe the organiza-

tion of the rest of this thesis.

1.1 The Motivation and the Goal of This Work

A wide range of tasks in computer vision may be viewed as unsupervised partitioning

of data. Image segmentation and image database organization are problems at different

levels of visual information processing (low and high level vision, respectively). These

tasks have different different application objectives, and they handle very different entities

of data (pixels or images). Nevertheless, they all reduce to the task of partitioning the

visual entities into “coherent” parts.

The practice of classifying objects (or patterns) according to perceived similarities is

the basis for much of cognitive science, and beyond [99, 116, 111]. Organizing data into

sensible groupings is one of the most fundamental modes of understanding and learning,

both for humans and “smart” machines. Cluster analysis is the formal study of algorithms

and methods for grouping objects. An object is described either by a set of measurement

or by relationships between the object and other objects.
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A cluster is comprised of a number of similar objects grouped together. We document

the following definitions of a cluster [53, 22]:

1. “A cluster is a set of entities which are alike, and entities from different clusters are

not alike.”

2. “A cluster is an aggregation of points in the test space such that the distance between

any two points in the cluster is less than the distance between any point in the cluster

and any point not in it.”

3. “Clusters may be described as connected regions of a multi-dimensional space con-

taining a relatively high density of points, separated from other such regions by a

region containing a relatively low density of points.”

The last two definitions assume that the objects to be clustered are represented as points

in the measurement space. Referring to the first definition, which is more relevant to

the current work, the coherence of a cluster should reflect intra-cluster homogeneity and

inter-cluster separability.

The goal of this work is to use cluster analysis as a unifying principle for a wide range

of vision problems. In our approach, the visual entities are described by relationships with

other visual entities. The affinity relationships are a function of the relevant attributes

of the entities. Low level attributes might be the spatial location, intensity level, color

composition or filter response of a pixel in the image. High level attributes may be as

complex as the entire shape of an object in the scene, or the color distribution of all the

pixels in an image. A cluster of pixels in the image, sharing similar locations and colors, is

expected to account for an object or a part of an object in the scene. A cluster of images

in a database is expected to be related with a common topic.

An attractive broad view of vision is that it is an inference problem [27]: we have

some measurements, and we wish to determine what caused them. There are crucial

features that distinguish vision from many other inference problems: firstly, there is a

prohibitively large amount of raw data, and secondly, we don’t know which of these data

items come from objects, and so help with solving the inference problem, and which do

not. This problem can be addressed by working with a compact representation of the

interesting image data that emphasizes the properties that make it interesting. Obtaining

this representation is known as segmentation.
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In addition to the problem of compact representation of the raw data there is the

problem of efficiently processing the awful amount of data. Algorithms that use low level

features can benefit from dividing the raw image data into parts that can be processed

separately. Image segmentation is therefore also motivated by the need to design more

efficient algorithms.

In the analysis of image databases, a related problem appears. Since we are typically

dealing with a large number of images, it is often necessary to divide them into subsets that

can be processed separately during image retrieval. Given a high level similarity measure

for images and a clustering algorithm, it is possible to organize an image database into

categories of interest. A further application of such an organization is to present the

content of the database in a concise form, which can be digested by the user [7].

1.2 Segmentation and Image Database Organization

Segmentation and image database organization are fundamental problems of computer

vision. An exhaustive survey in these areas are beyond the scope of this section. However,

to put our work into context, we focus on some of the more recent or classical methods.

Many image segmentation algorithms are reviewed in [78, 15, 27].

The classical techniques include gray level thresholding, region growing and recur-

sive splitting, relaxation by the Markov Random Field approach (originated in the work

of [36]), relaxation by neural networks, edge-detection-based algorithms [35], and varia-

tional formulations (e. g., [9, 75]).

More recently there has been an increasing interest in segmentation algorithms based

on pairwise clustering. This includes the usage of objective functions which are minimized

by graph-theoretic methods [120, 112, 71], deterministic annealing [50], agglomerative

algorithms [24], multi grid techniques [107], and non local Markov chains.

Orthogonal to these approaches, which try to minimize a certain cost function, are

the methods which are built upon local and greedy aggregation [23, 17], upon probabil-

ity distributions over partitions [32]. or upon spectral decomposition of the similarity

matrix [118].

A wide class of image database organization systems is based on image clustering.

The process of grouping images can be thought of a natural extension of the organization
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principles of lower vision levels [32]. One of the main differences between image database

organization systems that are based on image grouping lies in the image representation

itself, whether it entails global image information or contains local information as well [7].

The system presented by Chen et al. [16], which is based on global image representa-

tion including global color, texture and edge histograms, uses both divisive and agglomer-

ative clustering algorithms. Abdel-Mottaleb et al. [1, 62] presented a technique for image

retrieval from large databases based on local color features. A hierarchical model which

imposes coarse to fine structure on the image collection is suggested by Bernard et al. [4, 5]

and Gdalyahu et al. [32]. A probabilistic and continuous framework for image clustering

was recently introduced by Greenspan et al. [43]. They also have recently proposed a new

approach based on the information bottleneck principle [38, 39].

A rather different class of image database organization methods is based on supervised

grouping, which uses human intervention (see, e.g., [52, 108, 14, 42]).

1.3 Properties of Clustering Algorithms

Clustering algorithms are employed in diverse variety of problems, and consequently show

large divergence themselves. The principal properties that distinguish different clustering

algorithms are listed in the short survey below. In the next section we concentrate on the

class of pairwise algorithms, which are more relevant to the current work.

Data Representation

Clustering algorithms are matched to data type and different types of data lead to dif-

ferent representations. The data items can be mapped to some real normed vector space

(called feature space), can be described by histograms over a set of features, or can be

mapped (possibly implicitly) to the nodes of an edge-weighted graph, with edge weights

representing similarity or dissimilarity relations [13].

In the first case, each object in a set of n objects is represented by a set of d attributes

and each object is represented by a pattern, or d -dimensional vector [54]. The set itself is

viewed as a n×d pattern matrix. This form has the advantage that the data can be easily

visualized, which is important since in many applications the data analyst often relies

on visual inspection to recognize correlations and deviations from randomness. However,
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feature-based approaches have the disadvantage of requiring feature selection, which is

often an elusive task. Moreover, they suffer from the inadequacy of the metric utilized in

parameter space to appropriately represent (dis)similarities between data items.

While vectorial data characterize an object by a number of attributes, distributional

data of an object are described by an empirical probability distribution or histogram over

the set of features [90]. Basically, n histograms in Rd represent the co-occurrence of n

objects and d features.

The third form is called “pairwise representation” [49] and although it lacks geometrical

notions such as scatter and centroids, it is attractive as no feature selection is required

and pairwise relations are also allowed to violate metric properties such as the triangular

inequality, a situation that cannot be modeled when data are embedded in a normed

space. The same is true with respect to symmetry violation, which can be represented by

a directed graph.

Parametric Modeling

The assumption which underlies the modeling approach is that the data to be clustered is

generated by some statistical source, e.g. mixture model in which one assumes the data

were generated by multiple processes and estimates the parameters of the processes and

the number of components in the mixture. The clustering problem is then reduced to a

parameter estimation problem, which may addressed by iterative optimization techniques.

Classical examples are the k -means, and more generally, the EM algorithms [19]. Despite

the elegance of this approach, the estimation process leads to a notoriously difficult op-

timization. For example, the frequently used EM algorithm often converges to a local

maximum that depends on the initial conditions.

Exclusive versus nonexclusive

An exclusive (hard) classification is a partition of the set of objects. Each object belongs

to exactly one cluster. Nonexclusive classification can assign an object to several clusters.

Fuzzy clustering is a type of nonexclusive classification in which a pattern is assigned a

degree of belongingness to each cluster in a partition [53].
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Hierarchical versus Partitional

A hierarchical classification is a nested sequence of partitions whereas a partitional clas-

sification is a single partition. An hierarchy of solutions can be thought of a multi scale

interpretation of the data.

An agglomerative, hierarchical clustering places each object in its own cluster and

gradually merges these atomic clusters into larger and larger clusters until all objects are

in a single cluster. Divisive, hierarchical clustering reverses the process by starting with

all objects in one cluster and subdividing into smaller pieces.

Deterministic versus Stochastic

This issue is most relevant to partitional approaches designed to optimize a cost function.

This optimization can be accomplished using traditional techniques or through a random

search of the state space consisting of all possible labelings. Deterministic search tech-

niques may guarantee an optimal partition by performing exhaustive enumeration. On the

other hand, the stochastic search techniques generate a near-optimal partition reasonably

quickly, and guarantee convergence to optimal partition asymptotically.

Compactness versus Separation versus Connectedness

Different clustering algorithms seek clusters having different structures. Various algo-

rithms favor compact structures, e.g., the k -means, the complete-link and maximal-clique-

based algorithms [53, 3, 96], the pairwise and histogram data clustering formulations by

Buhmann et al. [49, 94]. Such methods stress high mutual similarity of cluster elements.

A different class of algorithms stresses connectedness of cluster elements via mediating

elements rather than favoring high mutual similarity. Examples are the single-link, the

minimum spanning tree and connected-component-based algorithms [53], and the recently

introduced path-based clustering [24]. These algorithms explicitly favor chained and elon-

gated structures. Finally, the family of cut-based algorithms [120, 112] inherently seek

well-separated clusters (see below).
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1.4 Review on Pairwise Clustering

Pairwise data clustering methods map (possibly implicitly) the data items to be clustered

to the nodes of a weighted graph, with edge weights representing similarity or dissimilarity

relations. This section briefly reviews clustering methods which are formulated as graph

partitioning.

Embedding

Metric dissimilarity relations dij between datapoints may be transformed to vectorial rep-

resentation. Consequently, instead of solving the graph partitioning problem, one faces

with the embedding problem followed by the application of vectorial clustering (using an

algorithm which may use such geometrical notions as centroids and scatter). The task of

embedding given dissimilarity data dij in a d -dimensional Euclidian space, which is also

a prerequisite for visual inspection, is known as multidimensional scaling [20, 57] and it is

usually formulated as an optimization problem [63, 61]. The embedding might preserves

the ranking of the pairwise distances, not necessarily their ratios.

An alternative method uses the mapping that assigns to each datapoint i the vec-

tor [di1 , di2 , . . . , din ]. Such a mapping embeds n points in Rn with the max norm l∞.

However, n is usually very large and dimensionality reduction is often required, where

possible methods are principal component analysis [29], random projection [56], principal

curves [45] and others, possibly introducing distortion into the low dimensional represen-

tation. Dimensionality reduction is closely related to the problem of feature selection,

namely it involves the assumption that a small number of features can be found, which

describe the datapoints with sufficient accuracy.

Heuristics

Probably the best known heuristic for pairwise clustering is agglomeration, which starts

from the trivial partition of n points into n clusters of size one, and continue by sub-

sequently merging the two most similar clusters. Different similarity measures between

clusters distinguish between different agglomerative algorithms. In particular, the single-

link algorithm defines the similarity between clusters as the maximal similarity between

two of their members, and the complete linkage algorithm uses the minimal such value.
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A very general class of agglomerative algorithms is formalized in [64, 53]. Agglomera-

tive heuristics lack the ability to separate between the problem definition and algorithmic

solution. Nevertheless, greedy agglomeration can also be connected with more global

properties. For example, the single- and complete-link heuristics are closely related to the

minimum spanning tree algorithm and maximal-clique-based algorithms respectively [53].

Furthermore, an elegant connection between agglomeration and cut-based algorithms has

recently been established by Gdalyahu et al. [32] (see also [10]). Their (stochastic) typical

cut algorithm induces a probability distribution over partitions and compute an “average”

cut of the data. The typical cut algorithm uses Karger’s contraction algorithm [58], which

is indeed a randomized version of the single-link agglomerative heuristic. See [23, 76] for

additional examples of greedy agglomeration with global properties.

Another well motivated heuristic is spectral decomposition (see below).

Objective Function

The clustering problem can be formulated as a discrete optimization problem, in which

case it involves two distinct steps: (i) determine some suitable cost function over the

partition (or hierarchy) space; (ii) compute a partition (or hierarchy) which minimizes the

cost. However, defining a meaningful cost is task dependent, and the search for its global

extremum is in general computationally intractable.

The minimal cut clustering algorithm defines the optimal partition as the one with

minimal capacity [55, 120]. For bipartitions, which split the data into two parts, this

optimization problem is extensively studied and is solved in polynomial time. However,

clustering applications frequently involve very large graphs, and the exact solution becomes

impractical. A major disadvantage of the capacity (cut) cost function, namely that it is

biased towards partitions which cuts a small number of edges, and may even separate a

single node from the graph, led to the proposal of another cost function which is called

“normalized cut” ([112], see below).

Various cost functions for clustering have been proposed in [20]. Herault and Ho-

raud [46] formalized foreground/background discrimination as a combinatorial optimiza-

tion problem. The model assumes that all foreground objects are similar to each other.

The use of deterministic annealing in pairwise clustering was explored in Hofmann and

Buhmann [49]. They introduced a cost function which stresses cluster coherency and is
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based on the idea of summing (and normalizing) all intra-cluster dissimilarities. Recently,

a cost function with an explicit bias for chained structures has been recently proposed

in [24], where an agglomerative algorithm is used for optimization. We refer the reader

to [95] for a classification theory of pairwise optimization-based clustering algorithms.

Cost functions for the pairwise data clustering problem have also been derived in prob-

abilistic settings. Folded Markov chains are used in [68] to derive various cost functions

and are thoroughly analyzed in [8, 41]. In [41] it is also shown that the cost function for

pairwise clustering introduced in [49] has an interesting connection with Bayes’ theorem.

Related work include also [2].

Cost functions can be also defined over partition trees (i.e., hierarchies) instead of over

single partitions [73, 100, 95, 122].

Spectral methods

Spectral methods identify good partitions via the eigenvectors of the similarity matrix, or

other matrices derived from it. These approaches are attractive in that they are based

on simple algorithms whose stability is well understood. They are closely related and all

use dominant eigenvectors of matrices to perform clustering. However, these approaches

use different matrices, focus on different eigenvectors and use a different method of going

from the continuous eigenvectors to the discrete clustering.

Perona and Freeman [91] suggested a clustering algorithm (known as the “factorization

method”) based on treating as an indicator function the first eigenvector (v1) of the

similarity matrix A. A threshold T is chosen, and each node i is assigned to one part if

v1i > T and to the other part otherwise. Perona and Freeman motivated the approach

by showing that for block diagonal affinity matrices, the first eigenvector has nonzero

components corresponding to points in the dominant cluster and zeros in components

corresponding to points outside the dominant cluster. All this is closely related to the

approach suggested by Sarkar and Boyer [104] in the context of change detection. They

argued that a maximally cohesive cluster can be found by maximizing the quadratic form

xTAx over the sphere, and showed that the maximizers are indeed the eigenvectors of

A. Recently, Robles-Kelly and Hancock [97] have embedded Sarkar and Boyer’s approach

in a probabilistic framework deriving an EM-like algorithm for clustering. Related work

include also [60], where possibly asymmetric similarity matrices are considered, [98], where
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a fast approximation of the first eigenvector is proposed and [92, 34] from the bibliometrics

domain.

Shi and Malik [112] used a quite different eigenvector for solving clustering problems.

Rather than examining the first eigenvector of A they look at generalized eigenvectors.

Let D = (dij ) be the degree matrix of A:

dii =
∑
j

aij (1.1)

Define the generalized eigenvector y as a solution to:

(D − A)y = λDy (1.2)

and define the second generalized eigenvector, denoted y2, as the y corresponding to

the second smallest λ. Shi and Malik suggested thresholding this second generalized

eigenvector of A in order to partition the nodes into two parts. If y2i > T then node i is

in one part, otherwise it is in the other. Shi and Malik motivated the approach by showing

that the second generalized eigenvector is an approximate solution to a continuous version

of a discrete problem in which the goal is to minimize:

yT(D − A)y
yTDy

(1.3)

subject to the constraint that yi ∈ {1,−b} and yTDe = 0, where e is a vector of appro-

priate length consisting of unit entries and b a positive real constant.

The significance of the discrete problem is that its solution can be shown to provide

the partition that minimizes the normalized cut cost function:

Ncut(S ,T ) =
cut(S ,T )
asso(S ,V )

+
cut(S ,T )
asso(T ,V )

(1.4)

where V is the set of nodes being split into two disjoint sets S ,T , cut(S ,T ) =
∑

i∈S ,j∈T aij

and asso(S ,V ) =
∑

j

∑
i∈S aij . Since S and T are disjoint, each numerator is the cut

capacity (sum over edges which cross the cut). In the denominator the terms asso(S ,V )

and asso(T ,V ) are called the associations of S and T, respectively. They act as penalties

for unbalanced cuts.

Thus the solution to the discrete problem finds a bipartitions that minimizes the affinity

between groups normalized by the affinity within each group. As Shi and Malik noted,
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there is no guarantee that the real solution will bear any relationship with the discrete

one. Indeed, they showed that the discrete optimization of equation (1.3) is NP-complete.

Note that while Perona and Freeman use the largest eigenvector, Shi and Malik use the

second smallest generalized eigenvector. Thus the two approaches appear quite different.

There is, however, a close connection. See [118] for the relation between the second

generalized eigenvector y2 and the principal eigenvector of D− 1
2 AD− 1

2 . Interestingly, the

factorization method, which seeks tight clusters, furnishes an approximate solution to the

problem of finding a partition (S ,T ) which maximizes:

asso(S ,S )
|S | +

asso(T ,T )
|T |

Both the normalized cut and the factorization algorithm can be motivated by a con-

tinuous approximation to a discrete optimization problem. However, no guarantee is

provided on the quality of the approximation. Generally speaking, spectral methods are

not associated with any exact global cost function and can be thought of useful heuristics.

Many other spectral approaches have been proposed in the literature (e.g., [105, 33,

18, 77]) and we refer the reader to [118, 77] for a review.

1.5 Our Contribution, and the Thesis Organization

In this work we present a novel clustering algorithm, and apply it to problems of im-

age segmentation and image database organization. We first introduce our method for

partitional clustering and then extend it to hierarchical clustering.

Our clustering algorithm, which uses pairwise representation, is centered around the

notion of a dominant set, a novel combinatorial concept which arises from the study of

a continuous formulation of the maximum clique problem. Our proposal seems to be a

plausible generalization of the notion of a maximal clique in the context of edge-weighted

graphs since, in the unweighted case, dominant sets turn out to be equivalent to (strictly)

maximal cliques. Formal properties, intuitive arguments, and empirical findings make

dominant sets reasonable candidates for a new formal definition of a cluster in the context

of edge-weighted graphs. We also establish a correspondence between dominant sets and

the extrema of a quadratic form over the standard simplex. Computationally, this allows us

to find clusters using straightforward continuous optimization techniques such as payoff-

monotonic game dynamics, a class of dynamical systems arising in evolutionary game.
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Such systems are attractive as can be coded in a few lines of any high-level programming

language, can easily be implemented in a parallel network of locally interacting units

(thereby motivating analog VLSI implementations), and offer the advantage of biological

plausibility.

Our second contribution in this work is an hierarchical extension of our partitional

clustering algorithm. To this end, we consider a family of (continuous) quadratic pro-

grams which contain a parameterized regularization term that controls the global shape

of the energy landscape. When the regularization parameter is zero the local solutions are

known to be in one-to-one correspondence with dominant sets, but when it is positive an

interesting picture emerges. We determine bounds for the regularization parameter that

allow us to exclude from the set of local solutions those inducing clusters of size smaller

than a prescribed threshold. This suggests a new (divisive) hierarchical approach to clus-

tering, which is based on the idea of properly varying the regularization parameter during

the clustering process.

Thesis Organization

The rest of this work is organized as follows. Chapters 2 to 4 describe our partitional

clustering algorithm. The novel notion of a cluster is described in Chapter 2, the continu-

ous formulation of the clustering problem is described in Chapter 3, and the optimization

technique we use to solve it is described in Chapter 4. Some results are summarized in

Chapter 5, where we apply our partititional clustering algorithm to image segmentation

and shape categorization. The hierarchical extension is described in Chapter 6, and re-

sults on image database organization are described in Chapter 7. A concluding discussion

follows in Chapter 8.



Chapter 2

Clustering by Dominant Sets

Many graph-theoretic clustering algorithms basically consist of searching for certain com-

binatorial structures in the similarity graph, such as a minimum spanning tree [121] or a

minimum cut [32, 112, 120] and, among these methods, a classic approach to clustering

(the “complete-link” algorithm [53]) reduces to a search for a complete subgraph, namely

a clique.1 Indeed, some authors [3, 96] argue that the maximal clique is the strictest defi-

nition of a cluster. Unfortunately, while the minimum spanning tree and the minimum cut

(and variations thereof) are notions that are explicitly defined on edge-weighted graphs,

the concept of a maximal clique is defined on unweighted graphs, and it is not clear how to

generalize it to the edge-weighted case. As a consequence, maximal-clique-based cluster-

ing algorithms typically work on unweighted graphs derived from the similarity graph by

means of some threshold operation [53, 3, 40]. Although such threshold operations can be

used to generate a hierarchy of clusters displayed to a user in the form of a dendogram [53],

in many computer vision applications this approach is infeasible due to the large number

of data to be clustered. It is therefore of considerable interest to extend the notion of

a maximal clique to edge-weighted graphs, thereby allowing the development of a new

non-hierarchical (partitional) clustering approach.

To this end, we propose a new approach for pairwise clustering based on a novel

combinatorial concept (that of a dominant set) which arises from the study of a continuous

formulation of the maximum clique problem, originally due to Motzkin and Straus [74].

Our proposal seems to be a plausible generalization of the notion of a maximal clique in
1Recall that a subset of vertices of a graph is said to be a clique if all its nodes are mutually adjacent; a

maximal clique is one which is not contained in any larger clique, whereas a maximum clique is one having

largest cardinality.
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the context of edge-weighted graphs since, in the unweighted case, dominant sets turn out

to be equivalent to (strictly) maximal cliques.

This chapter presents our novel definition of a cluster, which is used in Chapters 5 and 7

for a few vision applications. The general approach and the principles of our method are

described first. We introduce our novel definition and the high-level algorithm in Sec-

tion 2.1. To clarify how the algorithm works and to demonstrate some of its properties,

an illustrative example is worked out in details in Section 2.2. In Section 2.3 we inves-

tigate the robustness of our method and present some additional examples. Finally, in

Sections 2.4 and 2.5 we investigate the relationships between our novel definition of a

cluster and that of a (strictly) maximal clique.

2.1 Graph-theoretic Definition of a Cluster

We represent the data to be clustered as an undirected edge-weighted graph with no self-

loops G = (V ,E ,w), where V = {1, . . . ,n} is the vertex set, E ⊆ V ×V is the edge set,

and w : E → R∗
+ is the (positive) weight function. Vertices in G correspond to data points,

edges represent neighborhood relationships, and edge-weights reflect similarity between

pairs of linked vertices. As customary, we represent the graph G with the corresponding

weighted adjacency (or similarity) matrix, which is the n × n symmetric matrix A = (aij )

defined as:

aij =


 w(i , j ) , if (i , j ) ∈ E

0 , otherwise.

We do not assume that the similarity weights obey the triangular inequality, and self

similarities w(i , i) are not defined.

A common informal definition states that “a cluster is a set of entities which are alike,

and entities from different clusters are not alike” (see Section 1.1). Hence, a cluster should

satisfy two fundamental conditions: (a) it should have high internal homogeneity; (b)

there should be high inhomogeneity between the entities in the cluster and those outside.

When the entities are represented as an edge-weighted graph, these two conditions amount

to saying that the weights on the edges within a cluster should be large, and those on the

edges connecting the cluster nodes to the external ones should be small.

To give our formal definition of a cluster, we start with the intuitive idea that the

assignment of the edge-weights induces, in some way to be described, an assignment of
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Figure 2.1: An example edge-weighted graph.

weights on the vertices. This perspective gives us a chance to analyze the assignment

of the edge-weights in a simpler and fruitful way. To grasp the intuition behind this

idea, consider the graph in Figure 2.2 and the subgraph induced by the set S = {1, 2, 3}.
Observe that the edges incident to vertex 1 are the lightest ones (within the subgraph),

the heaviest ones are incident to vertex 3 and those incident to 2 are the lightest as well as

the heaviest ones. This induces a sort of natural ranking among the vertices of S , which

is captured by the notions introduced below.

Let S ⊆ V be a non-empty subset of vertices and i ∈ V . The (average) weighted

degree of i w.r.t. S is defined as: 2

awdegS (i) =
1
|S |

∑
j∈S

aij . (2.1)

Observe that awdeg{i} (i) = 0 for any i ∈ V . Moreover, if j /∈ S we define (see Figure 2.2):

φS (i , j ) = aij − awdegS (i) . (2.2)

Note that φ{i}(i , j ) = aij , for all i , j ∈ V with i �= j . Intuitively, φS (i , j ) measures the

similarity between nodes j and i , with respect to the average similarity between node i

and its neighbors in S . Note that φS (i , j ) can be either positive or negative. Referring to

the graph in Figure 2.1 we have:

φ{1,2} (1, 3) = a13 − awdeg{1,2} (1) = 4 − 0 + 3
2

=
5
2

.

We are now in a position to formalize the notion of “induction” of node-weights, which

is captured by the following recursive definition.
2Note that, although we consider graphs with no self-loops, in computing the average weighted degree

of i ∈ S we divide by |S | instead of |S |−1, and this can lead to somehow counterintuitive results especially

when S is a small set. For example, referring to the graph in Fig. 2.1 awdeg{1,2}(1) = 0+3
2

< 3.
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Figure 2.2: Calculation of φS (i , j ). Only the nodes and the edges plotted in solid line

are involved in the computation of φS (i , j ) (here, S = {i1, i2, . . . , i|S |−1, i}).

Definition 2.1 Let S ⊆ V be a non-empty subset of vertices and i ∈ S. The weight of i

w.r.t. S is

wS (i) =




1, if |S | = 1

∑
j∈S\{i}

φS\{i} (j , i)wS\{i} (j ) , otherwise.
(2.3)

Moreover, the total weight of S is defined to be:

W(S ) =
∑
i∈S

wS (i) . (2.4)

Note that w{i ,j} (i) = w{i ,j} (j ) = aij , for all i , j ∈ V (i �= j ). Also, observe that wS (i)

is calculated simply as a function of the weights on the edges of the subgraph induced

by S . Moreover, the weights so defined respect the intuitive ranking illustrated above.

For example, referring again to the graph in Figure 2.1, it turns out that w{1,2,3} (1) <

w{1,2,3} (2) < w{1,2,3} (3).

Intuitively, wS (i) gives us a measure of the overall similarity between vertex i and the

vertices of S \ {i} with respect to the overall similarity among the vertices in S \ {i}. For

example, in the graph of Figure 2.1 it turns out that w{4,5,6,7} (4) < 0 and w{8,9,10,11} (8) >

0 and this can be intuitively grasped by looking at the amount of edge-weight associated
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Figure 2.3: The subset of vertices {1, 2, 3} is dominant.

to vertices 4 and 8: that associated to vertex 4 is significantly smaller than that of subset

{5, 6, 7}; conversely, that associated to vertex 8 is significantly greater than that of subset

{9, 10, 11}.
The following definition represents our formalization of the concept of a cluster in an

edge-weighted graph.

Definition 2.2 A non-empty subset of vertices S ⊆ V such that W(T ) > 0 for any

non-empty T ⊆ S, is said to be dominant if:

1. wS (i) > 0, for all i ∈ S

2. wS∪{i} (i) < 0, for all i /∈ S.

The two conditions of the above definition correspond to the two main properties of

a cluster: the first regards internal homogeneity, whereas the second regards external

inhomogeneity. The condition W(T ) > 0 for any non-empty T ⊆ S is a technicality

explained in some detail in Chapter 3.

To illustrate, in the graph of Figure 2.3 the subset of vertices {1, 2, 3} is dominant, and

this may be intuitively explained by observing that the edge weights “internal” to that

set (60, 70 and 90) are larger than those between internal and external vertices (which

are between 5 and 25). As the example suggests, the main property of a dominant set is

that the overall similarity among internal nodes is higher than that between external and

internal nodes, and this fact is the motivation of considering a dominant set as a cluster

of nodes.



18 Chapter 2. Clustering by Dominant Sets

procedure PARTITIONAL CLUSTERING:

input: weighted graph G = (V ,E ,w) with n nodes.

output: a partition P.

P = ∅
while STOPPING CRITERION (G):

S ← DOMINANT SET(G)

P ← P ∪ {S}
V ← V \ S

end-loop

return P

Figure 2.4: Pseudo-code for our partitional clustering algorithm.

Basically, our clustering algorithm consists of iteratively finding a dominant set in

the graph (i.e., a cluster), and then removing it from the graph, until all vertices have

been clustered. The algorithm is described in pseudo-code in Figure 2.1. In this pseudo-

code the procedure DOMINANT SET finds a dominant set in the current graph G . The

procedure DOMINANT SET is the cornerstone of our method and will be described in

Chapter 4. The function STOPPING CRITERION simply check whether the current

graph G is empty or not.

The assignment of node weights naturally provides us with a measure of the over-

all similarity of a dominant set. Given a dominant set S ⊆ V , we measure its overall

cohesiveness with:
1
2

∑
i∈S awdegS (i) wS (i)

W(S )
(2.5)

We shall formally motivate this measure of cohesiveness in Chapter 3.

2.2 Illustrative Example

To illustrate some features of our method, we proceed with an illustrative synthetic ex-

ample. We use a point set example in two dimensions which can be easily visualized, see

Figure 2.5a.

The data consists of n = 39 points in R2 arranged in four globular regions. The

vectorial nature of data in this example, namely points in R2, is used for visualization but
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Figure 2.5: Clustering of points in the Euclidean plane. (a) The 39 data points; the

coordinates of the points are not available to the clustering algorithm, which uses only the

matrix of pairwise distances. (b) Clustering result.
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Figure 2.6: The similarity matrix aij computed for 39 points.

is hidden from the clustering algorithm. The information which is made available to the

clustering algorithm includes only the matrix of pairwise Euclidean distances dij between

points.

During preprocessing, the Euclidean distances dij are transformed to similarity weights,

which decrease with increasing distances. Psychophysical studies found that the similarity,

or the confusion frequency, between stimuli decay exponentially with some power of the

perceptual measure distance [109, 110, 21].

As customary, we use the following functional form:

w(i , j ) = exp(−d2
ij/σ2) , (2.6)

where σ is a positive real number which affects the decreasing rate of w (here we used

σ = 7.85).

We then construct a complete graph G(V ,E ,w) with n nodes, where node i represents

the i -th data point and the weight of edge i , j is set to w(i , j ). The resulting similarity

matrix is shown in Fig. 2.6. Here, and in the sequel, the gray-levels in the matrix rep-

resentation are proportional to the similarities: the darker the entries, the weaker the

similarities between the corresponding elements. Moreover, data items which belong to

the same cluster are ordered next to each other, hence the matrix shows a block diagonal

structure.

The constant σ reflects some reasonable local scale. If dij � σ then w(i , j ) is very

small and the nodes i and j are unlikely to belong to the same dominant set. The number
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σ = 7.85 is the only parameter involved in the preprocessing stage. Note that the weights

are in the range [0, 1].

Having constructed the similarity graph G , we are ready to apply our clustering al-

gorithm. Figure 2.5b shows a partition of the original data points into 4 clusters. Each

cluster is labeled with a number indicating the order of extraction from the graph by the

procedure DOMINANT SET (see pseudocode in Figure 2.1). Here, and in the sequel,

the font size in the figures are proportional to the participation: the smaller the size, the

weaker the participation of the corresponding point in the cluster.

Figure 2.7a shows again cluster 1 from Figure 2.2 (here, we call it S ): the 9 elements

of the cluster are ordered in accordance to their participations, measured by wS (i) for

i = 1 . . . 9. Figure 2.7b shows the ratios wS (i)
W(S) for i = 1 . . . 9. Note that, although the

coordinates of the points are not available to the clustering algorithm, the two central

elements (1 and 2) have the highest participation values. Furthermore, notice that the

farther the point from the barycenter of the cluster, the weaker the participation of the

corresponding node in the cluster.

Figure 2.8 shows the cohesiveness values (calculated according to (2.5)) of the four

clusters in Figure 2.5b. Not that the most compact cluster (cluster 3) has the highest

value of cohesiveness, while the least compact one (cluster 4) has the lowest value.

2.3 Robustness and Additional Examples

Robustness with respect to external parameters of the algorithm and its sensitivity to

their values is discussed here.

It is only the preprocessing stage, which constructs the weighted graph G , that depends

on external parameters. These parameters are related to the definition of similarity (which

is task dependent), and to transformation from perceptual similarity to edge weight.

Figure 2.3 extends the illustrative example of Section 2.2. We repeat the same ex-

periment using the same weighting function but with different local scale values, setting

σ = 5.7, 5.8, 9.9, 10. The larger σ is, the slower is the decay rate of the weights w(i , j ).

We conclude that the parameter σ in this example can be varied by almost 30% before

the local structure is lost.
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Figure 2.7: Node participation. (a) The 9 data points of cluster 1 from Figure 2.5b. (b)

The participation of the nodes in the cluster.
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Figure 2.8: Cohesiveness values of the four clusters in Figure 2.5b. The cohesiveness

values are calculated according to (2.5).
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Figure 2.9: Robustness with respect to the local scale parameter. The local scale (σ)

determines the decay rate of the weights w(i , j ). We repeat the experiment with σ =

5.7, 5.8, 9.9, 10.



Chapter 2. Clustering by Dominant Sets 25

5 10 15 20 25 30 35

5

10

15

20

25

30

35

5 10 15 20 25 30 35

5

10

15

20

25

30

35

0 2 4 6 8 10

0

2

4

6

8

10

12

14

16

1

1

1

1

1

1

1 1

1

2

2

2

2

2

2

2

2

2

3

3

3

3

3

3

3

3

3

3

3

4

4

4

4

4

4

4

4

4

4

0 2 4 6 8 10

0

2

4

6

8

10

12

14

16

1

1

1

1

1

1

1 1

1

2

2

2

2

2

2

2

2

2

3

3

3

3

3

3

3

3

3

3

4

4

4

4

4

4

4

4

4

4

σ = 9.9 σ = 10

Figure 2.10: Robustness with respect to the local scale parameter. The local scale

(σ) determines the decay rate of the weights w(i , j ). We repeat the experiment with

σ = 5.7, 5.8, 9.9, 10.
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Figure 2.11: The weighting function w(i , j ) = exp(−d2
ij /9.92) shown in solid line. The

dotted lines show the two alternative weighting functions used in Figures 2.12 and 2.13.

We now investigate the sensitivity to the transformation from perceptual similarity

to edge weight. Different clusters often have very different within-group similarity or

coherence. It is very difficult to predetermine the right weighting function on each cluster.

Therefore, it is important to design a grouping algorithm that is tolerant to a wide range

of weighting functions. We use three decreasing weighting functions, with different rate

of fall-off, on the point set example in Figure 2.5a. The three weighting functions are

plotted in Figures 2.11, 2.12b and 2.13b. The first two functions, w(i , j ) = exp(−d2
ij /σ2)

and w(i , j ) = exp(−dij /σ) have a moderate decreasing rate (here σ = 9.9 was used). The

third function, w(i , j ) = max(1−dij /σ, 0), has the fastest decreasing rate among the three.

In all cases, the algorithm was able to correctly partition the data points.

Before concluding this section, we report some additional examples of point set cluster-

ing. Referring to the point set in Figure 2.14, the algorithm makes a good job in finding

a meaningful clustering. However, a problem arises with the cluster on the top right,

whose elongated shape is difficult to be recovered by the algorithm: erroneously, an extra

spurious cluster was found. Indeed, our algorithm has a bias for finding tight, blob-like

clusters.

As an additional example, consider the point set in Figure 2.15. Here the algorithm
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Figure 2.12: Robustness with respect to the weighting function. (a) The similarity

matrix aij . (b) The weighting function w(i , j ) = exp(−dij /9.9) shown in solid line. The

dotted lines show the two alternative weighting functions used in Figures 2.11 and 2.13.

(c) Clustering result.
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Figure 2.13: Robustness with respect to the weighting function. (a) The similarity

matrix aij . (b) The weighting function w(i , j ) = max(1 − dij/9.9, 0) shown in solid line.

The dotted lines show the two alternative weighting functions used in Figures 2.11 and

2.12. (c) Clustering result.
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correctly discovered the globular structure on the center of the figure. On the other hand,

it incorrectly split in several parts the outer cluster.
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Figure 2.14: Clustering of points in the Euclidean plane. (a) The 32 data points. (b)

Clustering result.
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Figure 2.15: Clustering of points in the Euclidean plane. (a) The 75 data points. (b)

Clustering result.
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2.4 Unweighted Graphs

In this section, we turn our attention to unweighted graphs, namely graphs where w(i , j ) =

a > 0 for all {i , j} ∈ E , and we show that all the concepts introduced previously do

correspond to standard graph-theoretic notions related to that of a clique.

To this end, note that if C ⊆ V is a clique with m vertices of an unweighted graph G ,

then for any i ∈ C and j �∈ C we have:

φC (i , j ) =




a
m if (i , j ) ∈ E

a( 1
m − 1) otherwise.

Given a subset of vertices S ⊆ V and j ∈ V , we denote with:

degS (j ) = |{i ∈ S : {i , j} ∈ E}| ,

the degree of j w.r.t. S .

Proposition 2.1 Let C ⊆ V be a clique with m vertices of an unweighted graph. Then,

we have:

wC∪{i}(i) = am(degC∪{i}(i) − m + 1) ,

for any i �∈ C.

Proof: We proceed by induction on m. If m = 0, w∅∪{i}(i) = 1 = a0(0 − 0 + 1). If

m ≥ 1, we have by Definition 2.1:

wC∪{i}(i) =
∑
j∈C

φC (j , i)wC (j ) .

Applying the inductive hypothesis on C \ {j}, we obtain:

wC (j ) = am−1(m − 1 − (m − 1) + 1) = am−1 .

Therefore:

wC∪{i}(i) = am−1(
∑

j∈C , (i ,j )∈E

φC (j , i) +
∑

j∈C , (i ,j ) �∈E

φC (j , i))

= am−1

{
a
m

degC∪{i}(i) + a
(

1
m

− 1
)[

m − degC∪{i}(i)
]}

= am(degC∪{i}(i) − m + 1) .
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Note that a clique C of G is maximal if no external vertex to C is connected with

more than |C | − 1 vertices of C . In addition, we say that C is strictly maximal if no

vertex external to C is connected with exactly |C | − 1 vertices of C . Using these facts

and Proposition 2.1, it is simple to prove that, for any clique C with m vertices of G , the

following facts hold:

1. wC (i) = am−1, for any i ∈ C and hence W(C ) = mam−1.

2. C is a maximal clique if and only if wC∪{j} (j ) ≤ 0 for any j /∈ C .

3. C is a strictly maximal clique if and only if wC∪{j} (j ) < 0 for any j /∈ C .

From the above properties and the fact (see Section 2.1) that w{i ,j} (i) = w{i ,j} (j ) = aij

for all i , j ∈ V (i �= j ), the next corollary follows.

Corollary 2.1 Let S ⊆ V be a subset of vertices of an unweighted graph. Then the

following statements are equivalent:

1. S is a clique.

2. w{i ,j} (i) �= 0, for all i , j ∈ V (i �= j ).

3. W(T ) > 0 for any non-empty subset T ⊆ S.

Moreover, S is a strictly maximal clique if and only if it is dominant.

The fact that our definition of a dominant set is equivalent to that of a (strictly)

maximal clique when applied to unweighted graphs is a further motivation to consider

dominant sets as clusters.

2.5 Dominant Sets versus Maximal Cliques

Unweighted similarity graphs provide only binary information about the similarities be-

tween data items (either two data items are similar or not), and they are typically derived

from weighted similarity graphs by means of some threshold operation [53, 3, 40].

Maximal-clique-based clustering algorithms, which reduce to a search for a maximal

clique in the thresholded graph [3, 96], seek compact and isotropic structures. For example,
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referring to the point set in Figure 2.16, it can be proven that no threshold value may

separate the four points on the horizontal top stripe from those on the bottom one. Put

another way, it does not exist a threshold value such that the resulting unweighted graph

contains exactly two (strictly) maximal cliques corresponding to the two stripes of points.

On the other hand, moving back to the context of edge-weighted graphs, it turns out

that, employing the weighting function w(i , j ) = exp(−d2
ij /2.32) (see Section 2.2), the two

stripes of points correctly form two distinct dominant sets in the (weighted) similarity

graph. Interestingly, the point set in Figure 2.17, which is obtained by deleting a point

from a stripe of points in Figure 2.16, is not dominant. For example the leftmost point,

which is relatively far from the other ones, does not satisfy the condition regarding internal

homogeneity of a dominant set (namely, first condition of Definition 2.2). In fact, it turns

out that its weight is negative. We conclude that the coherency between the points in

Fig. 2.16 is achieved through the central “mediating” item.

Here is the key point: in the classical clique concept, every subset of a clique is still

a clique. Put another way, if a set of elements is sufficiently coherent to form a clique,

then also every subset is as much coherent. On the other hand, if a set of elements is

sufficiently coherent to be dominant, then it is not always true that all its subsets are as

much coherent. This is quite different from the clique concept of a cluster, where any pair

of items must be completely coherent, regardless of any other mediating items. This is also

why our algorithm has a bias for finding compact clusters with some degree of elongation.
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Figure 2.16: Clustering of points in the Euclidean plane. (a) The 8 data points. (b)

Clustering result.
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Figure 2.17: A stripe of points from Figure 2.16 with a missing item.



Chapter 3

Clustering as Standard Quadratic Optimization

In this chapter we establish a correspondence between dominant sets and the extrema of a

continuous quadratic form over the standard simplex. This will allow us to use continuous

optimization techniques to find them. The proposed objective function, which quantifies

the degree of cohesiveness of a cluster, has also been recently used by other authors, but

using different constraints [104, 91], and our program is a generalization of the so-called

Motzkin-Straus problem from graph theory [74].

3.1 From Dominant Sets to Local Optima

Given an edge-weighted graph G = (V ,E ,w) and its weighted adjacency matrix A, con-

sider the following quadratic program (which is a generalization of the so-called Motzkin-

Straus program [74]):

maximize f (x) = 1
2x

TAx

subject to x ∈ ∆
(3.1)

where

∆ = {x ∈ Rn : x ≥ 0 and eTx = 1}

is the standard simplex of the n-dimensional Euclidean space Rn (see Figure 3.1).

Recall that a point x∗ ∈ ∆ is said to be a global solution of program (3.1) if f (x∗) ≥
f (x), for all x ∈ ∆. It is said to be a local solution if there exists an ε > 0 such that

f (x∗) ≥ f (x) for all x ∈ ∆ whose distance from x∗ is less than ε, and if f (x∗) = f (x)

implies x∗ = x, then x∗ is said to be a strict local solution.
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Figure 3.1: The simplex ∆ in R3.

Given a vector x ∈ Rn , the support of x is defined as the set of indices corresponding

to its non-zero components, that is:

σ (x) = {i ∈ V : xi �= 0} . (3.2)

A point x ∈ ∆ satisfies the Karush-Kuhn-Tucker (KKT) conditions for problem (3.1),

i.e., the first-order necessary conditions for local optimality [66], if there exist n + 1 real

constants (Lagrange multipliers) µ1, . . . , µn and λ, with µi ≥ 0 for all i = 1 . . .n, such

that:

(Ax)i − λ + µi = 0 (3.3)

for all i = 1 . . .n, and
n∑

i=1

xiµi = 0 . (3.4)

Note that, since both xi and µi are nonnegative for all i = 1 . . .n, the latter condition

is equivalent to saying that i ∈ σ(x) implies µi = 0. Hence, the KKT conditions can be

rewritten as:

(Ax)i


 = λ, if i ∈ σ(x)

≤ λ, otherwise
(3.5)
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for some real constant λ (indeed, it is immediate to see that λ = xTAx). A point x ∈ ∆

satisfying (3.5) will be called a KKT point throughout.

We now introduce some new notations. If S ⊆ V , we denote by AS the submatrix of

A formed by the rows and the columns indexed by the elements of S . Additionally, we

define the matrix BS as:

BS =


 0 eT

e AS




where e is a vector of appropriate length consisting of unit entries. Assuming S =

{i1, . . . , im} with i1 < · · · < im , the matrix jBS is defined to be:

jBS =


 0 eT

e A1
S · · · Aj−1

S 0 Aj+1
S · · · Am

S




where Ai
S denotes the i -th column of AS .

With these notations, note that the KKT equality conditions in (3.5) amount to saying

that there exists a real number λ such that:

Bσ (λ, xi1 , . . . , xim ) T = (1, 0, . . . , 0) T (3.6)

where σ = σ(x) = {i1, . . . , im} with i1 < · · · < im .

Definition 3.1 We say that a non-empty subset of vertices S admits weighted character-

istic vector xS ∈ ∆ if it has non-null total weight W(S ), in which case we set:

xS
i =




wS (i)
W(S) , if i ∈ S

0 , otherwise.
(3.7)

Note that, by definition, dominant sets always admit a weighted characteristic vector.

We now provide a useful characterization of the graph-theoretic notions introduced in

Section 2.1 in terms of determinants. Let S = {i1, . . . , im} ⊆ V be a non-empty subset of

vertices and, w.l.o.g., assume i1 < · · · < im . Then, we have:

wS (ih) = (−1)m det
(

hBS

)
, (3.8)

for any ih ∈ S . Moreover:

W(S ) = (−1)m det (BS ) . (3.9)
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Conversely, the determinant of the matrix AS can be characterized in terms of the graph-

theoretic notions introduced in Section 2.1:

det(AS ) = (−1)m+1
∑
i∈S

awdegS (i)wS (i) . (3.10)

Moreover:

det(AS ) = (−1)m+1
∑
j∈S

aijwS (j ), (3.11)

where i is an arbitrary element of S (it can be shown that the sum in (3.11) does not

depend upon the choice of i). Finally, we provide an alternative, useful way of computing

the wS (i)’s:

wS (i) =
∑

j∈S\{i}
(aij − ahj ) wS\{i} (j ) (3.12)

where h is an arbitrary element of S \ {i} (it can be shown that the sum in (3.12) does

not depend upon the choice of h). The proofs of all these properties, which proceed

by induction and exploit elementary properties of the determinant, can be found in the

Appendix.

The next two results establish useful connections between KKT points of program (3.1)

and weighted characteristic vectors.

Lemma 3.1 Let σ = σ(x) be the support of a vector x ∈ ∆ which admits weighted

characteristic vector xσ. Then x satisfies the KKT equality conditions in (3.5) if and only

if x = xσ. Moreover, in this case, we have:

1.
wσ∪{j} (j )

W(σ)
= (Ax)j − (Ax)i = −µj (3.13)

for all i ∈ σ and j /∈ σ, where the µj ’s are the (nonnegative) Lagrange multipliers of

program (3.1).

2.

f (xσ) =
1
2

∑
i∈σ

awdegσ (i) wσ (i)

W(σ)

=
1
2

∑
j∈σ

aij
wσ(j )
W(σ)

,

where, in the last equality, i is an arbitrary element of σ.
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Proof: Note that conditions (3.6), which are equivalent to the KKT equality conditions

in (3.5), can be regarded as a system of linear equations in the unknowns λ and xi ’s (i ∈ σ).

From Lemma A.1, the system has a unique solution since det (Bσ) �= 0. Hence, supposing

σ = {i1, . . . , im} and, w.l.o.g., i1 < . . . < im , from Cramer’s rule and Lemma A.1 we have:

xih =
det

(
hBσ

)
det (Bσ)

=
(−1)m wσ (ih)
(−1)m W(σ)

=
wσ (ih)
W(σ)

for any 1 ≤ h ≤ m. Therefore x = xσ.

The fact that (Ax)j − (Ax)i = −µj , for i ∈ σ and j /∈ σ, follows immediately from

equation (3.3). Finally, using equation (3.12), we obtain:

wσ∪{j}(j )
W(σ)

=
∑

h∈σ(ajh − aih)wσ(h)
W(σ)

=
∑
h∈σ

ajhxσ
h −

∑
h∈σ

aihxσ
h

= (Axσ)j − (Axσ)i

which concludes the proof of 1, since x = xσ.

Since xσ satisfies the KKT equality conditions in (3.5), it is immediate to see that, for

any i ∈ σ:

f (xσ) =
1
2
(Axσ)i =

1
2

∑
j∈σ

aij
wσ(j )
W(σ)

The fact that f (xσ) = 1
2

∑
i∈σ

awdegσ(i)wσ(i)

W(σ) follows easily from equations (3.10) and (3.11).

Proposition 3.1 Let x ∈ ∆ be a vector whose support σ = σ(x) has positive total weight

W(σ), and hence admitting weighted characteristic vector xσ. Then, x is a KKT point

for (3.1) if and only if the following conditions hold:

1. x = xσ

2. wσ∪{j} (j ) ≤ 0, for all j /∈ σ .



42 Chapter 3. Clustering as Standard Quadratic Optimization

Proof: Vector x satisfies the KKT conditions (3.5) if and only if x = xσ (cfr. Lemma 3.1)

and (Ax)j ≤ (Ax)i for any j /∈ σ and i ∈ σ, but from (3.13) the latter condition amounts

to saying that wσ∪{j} (j ) ≤ 0, since W(σ) > 0.

The following theorem, which is the main result of this chapter, establishes an intrigu-

ing connection between dominant sets and local solutions of program (3.1).

Theorem 3.1 If S is a dominant subset of vertices, then its weighted characteristics

vector xS is a strict local solution of program (3.1).

Conversely, if x∗ is a strict local solution of program (3.1) then its support σ = σ(x∗)

is a dominant set, provided that wσ∪{i} (i) �= 0 for all i /∈ σ.

Proof:

First we note that, using equation (3.9), the well-known bordered Hessian test from

nonlinear programming [66] can easily be reformulated in the following way: Given a subset

of m vertices Q ⊆ V , AQ is negative definite in the subspace {y ∈ Rm :
∑m

i=1 yi = 0} if

and only if W(T ) > 0 for any non-empty subset T ⊆ Q .

Now, let S be a dominant set. Then, from Proposition 3.1, it follows that xS is a KKT

point for (3.1). Moreover, by Lemma 3.1, we have that the j -th nonnegative Lagrange

multiplier µj (j /∈ S ) is positive if and only if wS∪{j} (j ) < 0. Therefore, the second-order

sufficient conditions for local optimality [66], together with the bordered Hessian test,

imply that xS is a strict local solution for program (3.1).

Conversely, suppose that x∗ is a strict local solution of (3.1), and let σ = σ(x∗) be its

support. After some algebra, it follows that the submatrix Aσ is negative definite in the

subspace {y ∈ Rm :
∑m

i=1 yi = 0}, where m = |σ|. Hence, from the bordered Hessian

test, we have W(T ) > 0 for any non-empty subset T ⊆ σ.

Moreover, we have wS (i) > 0 for all i ∈ S . This follows directly from Lemma 3.1

(in fact, x∗ is a KKT point) and the definition of weighted characteristic vector. Finally,

Proposition 3.1 states that x∗ = xσ and wσ∪{j} (j ) ≤ 0, for all j �∈ σ. Therefore, the fact

that σ is dominant follows trivially from the hypotheses.

The condition that wσ∪{i} (i) �= 0 for all i /∈ σ is a technicality due to the presence of

“spurious” solutions in (3.1), namely solutions whose support does not admit a weighted

characteristic vector. However, this corresponds to a non-generic situation and thus, in

the following, we shall ignore it.
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By virtue of Theorem 3.1 dominant sets are in correspondence with (strict) solutions

of quadratic program (3.1). This is interesting because recently other quadratic program-

ming formulations have been proposed for clustering and segmentation, though motivated

by the different idea of finding cuts in a similarity graph [112, 44] or computing eigen-

values and eigenvectors of the weighted adjacency matrix [91, 104]. Once the clustering

problem is formulated as a continuous optimization problem, we can use any optimization

technique to solve it. In the next chapter, we shall see that payoff-monotonic dynamics

from evolutionary game theory lend themselves well to this task.

Relation to Sarkar and Boyer’s Approach

Our continuous quadratic formulation of the clustering problem can be also motivated as

follows. A common way to represent a cluster of nodes (see, e.g., [104, 91, 112]) is to asso-

ciate a real n-dimensional vector (x) to it, where its components express the participation

of nodes in the cluster: if a component has a small value, then the corresponding node

is weakly associated with the cluster, whereas if it has a large value, the node is strongly

associated with the cluster. Components corresponding to nodes not participating in the

cluster are zero.

Intuitively, a good cluster is one where elements that are strongly associated with it

also have large values connecting one another in the similarity matrix. Hence, a natural

way of defining the cohesiveness of a cluster is given by the function xTAx and this allows

us to formulate the clustering problem as the problem of finding a vector x that maximizes

f . However, note that the objective function is useless without some normalization of the

components of x, and thus we impose to it simplex (or probability) constraints. This yields

the standard quadratic program (3.1). Thus, in our formulation, a maximally cohesive

cluster can be found by determining a solution of program (3.1).

A similar (though substantially different) formulation to pairwise clustering has re-

cently been proposed by Sarkar and Boyer [104] (see also [91]), who suggested maximizing

xTAx subject to xTx = 1, leading to a continuous quadratic optimization problem over

the sphere instead of the simplex. Interestingly, this is equivalent to determining the

eigenvalues (and corresponding eigenvectors) of the similarity matrix A, a problem for

which standard algorithms exist. However, this “spectral” approach has a serious draw-

back, in that in general the components of an eigenvector are not necessarily nonnegative.
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Eigenvectors with negative components are meaningless in the above interpretation since

the membership of a node in a cluster cannot be negatively valued. This lead Sarkar and

Boyer, somewhat arbitrarily, to consider only same-sign eigenvectors, thereby ignoring the

others. In contrast to Sarkar and Boyer’s approach, we automatically avoid the nuisance of

dealing with negative components. As an aside, we also note that no exact combinatorial

interpretation is offered for their “eigenclusters.”

Relation to the Motzkin-Straus Theorem

Before concluding this chapter, we note that program (3.1) includes as a special case the

one introduced by Motzkin and Straus [74], which is intimately related to the maximum

clique problem in the context of unweighted graphs.

The problem of determining a maximum clique of an unweighted graph (or finding

its clique number) is a classical combinatorial optimization problem with a variety of

practical applications. It is known to be NP -hard for arbitrary graphs and, according to

recent theoretical results, so is the problem of approximating it within a constant factor.

We refer to [12] for a recent review concerning algorithms, applications and complexity

issues of this important problem.

In 1965, Motzkin and Straus [74] established a remarkable connection between the

solutions of program (3.1), where A is the (unweighted1) adjacency matrix of a graph G ,

and ω(G) denotes its clique number. Specifically, if x∗ is a global solution of (3.1), they

showed that the clique number ω(G) of G is related to f (x∗) according to the following

formula:

ω(G) =
1

1 − 2f (x∗)
. (3.14)

Additionally, they proved that a subset of vertices S is a maximum clique of G if and only

if its (unweighted) characteristic vector xS ,u, which is the vector in ∆ defined as:

xS ,u
i =


 1/|S |, if i ∈ S

0, otherwise

is a global solution of program (3.1).2

1The original setting of Motzkin and Straus corresponds to unweighted graphs where w(i , j ) = 1 for all

{i , j} ∈ E .
2Actually, in their original paper, Motzkin and Straus proved just the “only-if” part of this theorem.

The converse direction is however a straightforward consequence of their result [88].
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Recently, a similar connection has been established between maximal cliques of G

and local solutions of program (3.1), [88, 37]. Therefore, it is not surprising that, in the

unweighted case, dominant sets turn out to be equivalent to (strictly) maximal cliques.

The connection established by the Motzkin-Straus theorem between a purely combina-

torial problem and a continuous one, although probably motivated by genuine mathemati-

cal curiosity, is indeed a fruitful one both from a theoretical and a practical standpoint. For

example, in their original paper Motzkin and Straus used their result to provide an alter-

native proof of Turán’s classical theorem, and Wilf [119] derived from it new bounds on the

clique size. Computationally, the result has also proven to be extremely useful since it mo-

tivated several clique-finding heuristics (see, e.g., [12] and references therein). Moreover,

the Motzkin-Straus theorem has recently found various applications in computer vision

and pattern recognition, especially in graph matching and related problems [86, 89, 87].

During the last few years, several generalizations of the Motzkin-Straus theorem have

been proposed including, for example, Bomze’s spurious-free regularized version [11], Gib-

bons et al.’s extension to vertex-weighted graphs [37], based on a suggestion by Lovász, and

Sós and Straus’ generalization to hypergraphs [114]. Our combinatorial characterization

of the solutions of program (3.1) can be also thought of a generalization to edge-weighted

graphs of the original Motzkin-Straus theorem.
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Clustering Using Monotone Game Dynamics

Our continuous quadratic formulation of the clustering problem allows us to tackle it by

means of dynamic equations from evolutionary game theory, a discipline pioneered by

J. Maynard Smith [72] that aims to model the evolution of animal behavior using the

principles and tools of noncooperative game theory [48]. Evolutionary game models are

also gaining increasing popularity in economics since they allow one to elegantly get rid of

the much-debated assumptions of traditional game theory concerning the full rationality

and complete knowledge of players [117, 103, 28]. In particular, we focus on a wide family

of evolutionary game dynamics characterized by having the growth rates of strategies

ordered by their expected payoffs, so that strategies associated to higher payoffs grow

faster. These payoff-monotonic dynamics, which have already proven to be effective in

graph matching and related problems [86, 87, 93], are attractive as can be coded in a

few lines of any high-level programming language, can easily be implemented in a parallel

network of locally interacting units, and offer the advantage of biological plausibility [123].

We show that, when the payoff matrix is symmetric, these models possess a quadratic

Liapunov function which is strictly increasing along any nonconstant trajectory, and their

asymptotically stable stationary points are in one-to-one correspondence with (strict) local

solutions of standard quadratic programs. These properties make therefore any member of

the payoff-monotonic family a potential heuristic for our pairwise data clustering problem.

We start in Section 4.1 with background on payoff-monotonic game dynamics. The

connections between this family of dynamics and quadratic optimization problems are

outlined in Section 4.2, where we also show that payoff-monotonic dynamics can be usefully

employed to find data clusters. Finally, in Section 4.3 we expose the dynamics we used in
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our experiments.

4.1 Payoff-Monotonic Game Dynamics

Evolutionary game theory considers an idealized scenario whereby in a large population

pairs of individuals are repeatedly drawn at random to play a symmetric two-player game.

In contrast to traditional game theoretic models, players are not supposed to behave

rationally or to have complete knowledge of the details of the game. They act instead

according to a pre-programmed behavior pattern, or pure strategy, and it is supposed that

some evolutionary selection process operates over time on the distribution of behaviors.

We refer the reader to [48, 117] for excellent introductions to this rapidly expanding field.

Let J = {1, · · · ,n} be the set of available pure strategies and, for all i ∈ J , let xi(t)

be the proportion of population members playing strategy i , at time t . The state of the

population at a given instant is the vector x = (x1, · · · , xn)T. Clearly, population states

are constrained to lie in the standard simplex ∆ of IRn . The support σ(x) of a population

state x ∈ ∆ (as defined in Section 3.1) corresponds to the set of non-extinct strategies.

Given a subset of strategies S ⊆ J , the set of states where all strategies outside S are

extinct, which corresponds to a face of ∆, is defined as:

∆S = {x ∈ ∆ : σ(x) ⊆ S}

and its (relative) interior is:

int(∆S ) = {x ∈ ∆ : σ(x) = S} .

Clearly, ∆J = ∆ and, accordingly, we shall write int(∆) instead of int(∆J ).

Let M = (mij ) be the n × n payoff or utility matrix. Specifically, for each pair of

strategies i , j ∈ J , mij represents the payoff of an individual playing strategy i against

an opponent playing strategy j . In biological contexts payoffs are typically measured in

terms of Darwinian fitness or reproductive success (i.e., the player’s expected number

of offspring), whereas in economic applications they usually represent firms’ profits or

consumers’ utilities. If the population is in state x, the expected payoff earnt by an

i -strategist is:

πi(x) =
n∑

j=1

mij xj = (Mx)i (4.1)
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while the mean payoff over the entire population is

π(x) =
n∑

i=1

xiπi(x) = xTMx . (4.2)

In evolutionary game theory the assumption is made that the game is played over

and over, generation after generation, and that the action of natural selection will result

in the evolution of the fittest strategies. If successive generations blend into each other,

the evolution of behavioral phenotypes can be described by a set of ordinary differential

equations. A general class of evolution equations is given by:

ẋi = xigi(x) (4.3)

where a dot signifies derivative with respect to time, and g = (g1, . . . , gn) is a function

with open domain containing ∆. Here, the function gi (i ∈ j ) specifies the rate at which

pure strategy i replicates when the population is in state x. It is usually required that

the growth function g is regular [117], which means that it is C 1 and that g(x) is always

orthogonal to x, i.e., g(x)Tx = 0. The former condition guarantees us that the system

of differential equations (4.3) has a unique solution through any initial population state.

The condition g(x)Tx = 0, instead, ensures that the simplex ∆ is invariant under (4.3),

namely any trajectory starting in ∆ will remain in ∆.

A point x is said to be a stationary (or equilibrium) point of our dynamical system,

if ẋi = 0, for all i = 1 . . .n. A stationary point x is said to be Liapunov stable (or, more

simply stable) if for any neighborhood U of x there exists a neighborhood W of x such

that any trajectory in W remains also in U (formally, x(0) ∈ W implies x(t) ∈ U for all

t ≥ 0). It is said to be asymptotically stable if, in addition, such trajectories converge to

x.

Payoff-monotonic game dynamics represent a wide class of regular selection dynamics

for which useful properties hold. Intuitively, for a payoff-monotonic dynamics the strategies

associated to higher payoffs will increase at higher rate. Formally, a regular selection

dynamics (4.3) is said to be payoff-monotonic if:

gi(x) > gj (x) ⇐⇒ πi(x) > πj (x) (4.4)

for all x ∈ ∆.

Although this class contains many different dynamics, it turns out that they share

many common properties. To begin with, they all have the same set of stationary points.
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Proposition 4.1 A point x ∈ ∆ is stationary under any payoff-monotonic dynamics if

and only if πi(x) = π(x) for all i ∈ σ(x).

Proof. See [117, Proposition 4.7].

A well-known subclass of payoff-monotonic game dynamics is given by:

ẋi = xi


φ(πi (x)) −

n∑
j=1

xjφ(πj (x))


 (4.5)

where φ(u) is an increasing function of u. These models arise in modeling the evolu-

tion of behavior by way of imitation processes, where players are occasionally given the

opportunity to change their own strategies [47, 117].

When φ is the identity function, i.e., φ(u) = u, we obtain the standard first-order

replicator equations [117, 48]:

ẋi = xi


πi(x) −

n∑
j=1

xjπj (x)


 (4.6)

whose basic idea is that the average rate of increase ẋi/xi equals the difference between

the average fitness of strategy i and the mean fitness over the entire population. Such

dynamics can be implemented in analog VLSI hardware [115].

Another popular model arises when φ(u) = eκu which yields:

ẋi = xi


eκπi (x) −

n∑
j=1

xj eκπj (x)


 (4.7)

where κ is a positive constant. As κ tends to 0, the orbits of this dynamics approach those

of the standard, first-order replicator model (4.6), slowed down by the factor κ; moreover,

for large values of κ the model approximates the so-called “best-reply” dynamics [47, 48].

4.2 Payoff-Monotonic Dynamics and Quadratic Program-

ming

In this section we shall explore the connections between payoff-monotonic dynamics and

quadratic optimization problems. Consider the following standard quadratic program:

maximize π(x) = xTMx

subject to x ∈ ∆
(4.8)
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where M is an arbitrary n×n symmetric matrix. In evolutionary game theory a symmetric

payoff matrix arises in the context of doubly symmetric (or partnership) games, where the

interests of the two players coincide [48, 117].

Recall from Section 3.1 that a point x ∈ ∆ satisfies the KKT conditions for prob-

lem (4.8) 1 if there exist n + 1 real constants µ1, . . . , µn and λ, with µi ≥ 0 for all

i = 1 . . .n, such that:

(Mx)i − λ + µi = 0

for all i = 1 . . .n, and
n∑

i=1

xiµi = 0 .

Since both xi and µi are nonnegative for all i = 1 . . .n, the latter condition is equivalent

to saying that i ∈ σ(x) implies µi = 0. Hence, the KKT conditions can be rewritten as:

(Mx)i


 = λ if i ∈ σ(x)

≤ λ if i /∈ σ(x)
(4.9)

for some real constant λ. On the other hand, it is immediate to see that λ = xTMx.

The following easily proved results establishes a first connection between standard

quadratic programs and payoff-monotonic dynamics.

Proposition 4.2 If x ∈ ∆ is a KKT point for (4.8), then it is a stationary point of any

payoff-monotonic dynamics. If x ∈ int(∆) then the converse also holds.

Proof. A straightforward consequence of Proposition 4.1 and the KKT conditions (4.9).

In an unpublished paper, Hofbauer [47] showed that for symmetric payoff matrices the

population mean payoff xTMx is strictly increasing along the trajectories of any payoff-

monotonic dynamics. This result generalizes the celebrated “fundamental theorem of

natural selection” [48, 117].

Theorem 4.1 If the payoff matrix M is symmetric, then π(x) = xTMx is strictly in-

creasing along any nonconstant trajectory of any payoff-monotonic dynamics. In other

words, π̇(x(t)) ≥ 0 for all t , with equality if and only if x = x(t) is a stationary point.
1Here, compared with problem (3.1), we drop the multiplicative constant 1

2
. Clearly, the maximizers

remain the same.
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Proof. See [83].

Apart from the monotonicity result which provides a (strict) Liapunov function for

payoff-monotonic dynamics, the previous theorem also rules out complicated attractors

like cycles, invariant tori, or even strange attractors. It also allows us to establish a strong

connection between the stability properties of these dynamics and the solutions of (4.8).

To this end, we need an auxiliary result.

Lemma 4.1 Let x be a strict local solution of (4.8), and put S = σ(x). Then, x is the

only stationary point of any payoff-monotonic dynamics in int(∆S ). Moreover, xTMx >

yTMy for all y ∈ ∆S .

Proof. See [83].

Theorem 4.2 A point x ∈ ∆ is a strict local solution of program (4.8) if and only if it

is asymptotically stable under any payoff-monotonic dynamics.

Proof. See [83].

The results presented in this section show that payoff-monotonic dynamics can be

usefully employed to find (local) solutions of standard quadratic programs and hence

(according to our formulation) data clusters. Indeed, let G = (V ,E ,w) be a similarity

graph and let A denote its similarity matrix. By using

M = A (4.10)

as the payoff matrix, any payoff-monotonic dynamics, starting from an arbitrary initial

state, will eventually be attracted with probability 1 by the nearest asymptotically stable

point which. By virtue of Theorem 4.2, this will be a strict local solution of program (3.1),

and hence it will induce a cluster of vertices.
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4.3 Finding Dominant Sets by Replicator Dynamics

In all the experiments reported in this thesis we used the following discrete-time model:

xi (t + 1) =
xi(t)πi (t)∑n

j=1 xj (t)πj (t)
(4.11)

which corresponds to a well-known discretization of (4.6), [117], and is called discrete-time

first-order replicator equations. Equations (4.11) turn out to be a special case of a general

class of dynamical systems introduced by Baum and Eagon [6] in the context of Markov

chains theory. They also represent an instance of the original heuristic Rosenfeld-Hummel-

Zucker relaxation labeling algorithm [101], whose dynamical properties have recently been

clarified [85] (specifically, it corresponds to the 1-object, n-label case). Moreover, the

biological significance of such processes has been strongly advocated by Zucker et al. [123]

who hypothesized that the first 2-3 iterations of the algorithm could be implemented by

the pyramidal neurons connecting the striate and the extrastriate cortices.

We are now interested in the dynamical properties of discrete-time first-order replicator

dynamics; it is these properties that will allow us to solve our original combinatorial

problem. Indeed, the discrete-time model enjoys many of the properties of continuous-

time replicator equations (4.6). To begin with, it is readily seen that the simplex ∆ is

invariant under discrete-time replicator equations (4.11). Moreover, the stationary points

of (4.11), i.e. the points satisfying xi (t + 1) = xi(t), and the stationary points of (4.6),

coincide and are the solutions of the equations

xi [(Mx)i − xTMx] = 0 (4.12)

for i = 1 . . .n.

Theorem 4.3 If M = M T then the function x(t)TMx(t) is strictly increasing with in-

creasing t along any non-stationary trajectory x(t) under discrete-time (4.11) replicator

dynamics. Furthermore, any such trajectory converges to a stationary point. Finally,

a vector x ∈ ∆ is asymptotically stable under (4.11) if and only if x is a strict local

maximizer of xTMx on ∆.

The previous result is known in mathematical biology as the fundamental theorem of

natural selection [48, 117] and, in its original form, traces back to R. A. Fisher [25]. It can
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Figure 4.1: Simple point set (6 data points).

be regarded as a straightforward implication of the more general Baum-Eagon theorem [6].

The fact that all trajectories of the replicator dynamics converge to a stationary point has

been proven more recently [65, 69].

In light of their dynamical properties, first-order discrete-time replicator equations

naturally suggest themselves as a simple and useful heuristic for finding dominant sets.

Indeed, let A denote the weighted adjacency matrix of an edge-weighted graph G . By

letting

M = A

we know that the replicator dynamical systems (4.11), starting from an arbitrary initial

state, will iteratively maximize the function xTMx over ∆ and will eventually be attracted

with probability 1 by the nearest asymptotically stable point. By virtue of Theorem 4.3

this will then correspond to a strict local maximizer of xTMx in ∆ and hence, by Theo-

rem 3.1, to a dominant set.

Since the process cannot leave the boundary of ∆, it is customary to start out the

relaxation process from some interior point, a common choice being the barycenter of ∆.

This prevents the search from being initially biased in favor of any particular solution.

Getting back to the pseudo-code of Figure 2.1, the procedure DOMINANT SET simply

involves the simulation of the dynamical system (4.11).
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To illustrate, in Figure 4.2 the behavior of the dynamics (4.11) in clustering the simple

point set in Figure 4.1 is shown. The Euclidean distances dij are transformed to similarity

weights by using the functional form w(i , j ) = exp(−d2
ij /32) (see Chapter 2). The cluster

found by the dynamics contains the three rightmost points.

Characterizing the complexity of our approach appears to be difficult since it involves

the simulation of a dynamical system. However, we have observed experimentally that

the system converges quickly when applied to image segmentation (Chapter 5) as well as

image database organization (Chapter 7) and this confirms earlier findings, [11, 86].
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Figure 4.2: Evolution of the state vector x(t) for the points in Figure 4.1, using the

first-order discrete-time replicator model, equation (4.11).



Chapter 5

Results on Image Segmentation and Shape

Categorization

In this chapter we apply our partitional clustering algorithm to some fundamental com-

puter vision problems, namely image segmentation and shape categorization. In Sec-

tion 5.1 we consider segmentation of intensity, color and textured images. In Section 5.2

we apply our clustering methodology to the problem of the unsupervised learning of shape

categories from an image database. Specifically, two different collections of images reported

in the literature are divided into shape categories.

5.1 Image Segmentation

For image segmentation, nodes in the graph represent individual pixels. The difference

between the segmentation of brightness, color and textured images lies solely in the simi-

larity measure between pixels. While brightness is a one dimensional attribute, the color

resemblance between pixels is measured in a three dimensional color space and texture

resemblance is measured on a higher dimensional feature space. In accordance, the sim-

ilarity weight w(i , j ) between pixels (nodes) i and j increases with increasing bright-

ness/color/texture likelihood. Specifically, in our experiments the similarity between pixels

i and j was measured by (see equation 2.6):

w(i , j ) = exp
(−‖F(i) − F(j )‖2

2

σ2

)

where σ is a positive real number which affects the decreasing rate of w , and F(i) is a

feature vector based on intensity, color or texture information at node i , defined in Sections
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Figure 5.1: An 83 × 125 intensity image (left) and its segmentation (right). Parameter

setting: σ = 0.14. Minimal region size of interest is 11.

5.1.1, 5.1.2 and 5.1.3 respectively. As customary, we determine the parameter σ manually.

We refer the reader to [102] for an empirical comparison of dissimilarity measures for color

and texture.

In principle, our clustering algorithm consists of iteratively finding a dominant set

in the graph using replicator dynamics and then removing it from the graph, until all

vertices have been clustered. Indeed, in the experiments reported here, to avoid the

formation of small meaningless clusters, we repeated the process until 90% of the pixels

were clustered, the remaining ones being assigned to the closest clusters, in terms of

brightness/color/texture proximity. In our experiments, we used the discrete-time first-

order replicator equations (4.11). The process was started from the simplex barycenter and

stopped after a few iterations (typically, no more than three). To improve the segmentation

results, after convergence small isolated regions were incorporated into larger ones (see

figure’s captions for details).

5.1.1 Intensity Image Segmentation

We consider images where each pixel has a single intensity attribute. In accordance, F(i)

is defined as the intensity value at node i , normalized to a real number in the interval

[0, 1].

Figure 5.1 shows an intensity image taken during a baseball game that has been used

originally by Shi and Malik [112] and other authors [23, 32]. Here and in the sequel, the left



58 Chapter 5. Results on Image Segmentation and Shape Categorization

Figure 5.2: Normalized cut algorithm result [112].

side of the figures reporting our results shows the original image and the right one shows

the corresponding segmentation, where connected pixels having the same gray level are

intended to belong to the same region. As can be seen, unlike other algorithms [112, 32, 23]

(see Figures 5.2 to 5.4) ours was able to separate the grassy region from the back wall in a

nice way. The uniforms of the two players (which have significant variation due to folds in

the cloth) are also segmented in a satisfactory way, and smaller but important components

such as the arms and gloves are also correctly segmented. Like other algorithms [112, 32],

however, ours did not succeed in distinguishing between the Mets emblem and the left leg

of the top player. Also, note that the helmet of the bottom player is incorrectly merged

with the back wall. Overall, these results compare well with those presented in [112, 32],

and are substantially better than those obtained with an optimally-tuned standard split-

and-merge algorithm [32] (see Figure 5.5).

Figure 5.6, which shows a weather radar image, has also been used in [112] as an

instance whereby edge-detection-based segmentation would perform poorly. The algorithm

was able to correctly partition the image into a background and a foreground, and our

results compare well with those reported in [112], where the image was separated into

more components (see Figure 5.7).

Figure 5.8 shows the facade of a building. Again, the segmentation produced by our

algorithm is of good quality. Specifically, the sky, the windows, the banners, and the wall

(except from some noisy components around the central and right window on the first

level) are all correctly segmented. Note also that the shadow of the balcony, the central
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Figure 5.3: Felzenszwalb and Huttenlocher [23].
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Figure 5.4: Typical cut algorithm results (from [32]).

Figure 5.5: Results obtained with an optimally-tuned split-and-merge algorithm

(from [32]).
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Figure 5.6: A 115 × 97 intensity image (left) and its segmentation (right). Parameter

settings: σ = 0.1. Minimal region size of interest is 2.

Figure 5.7: Normalized cut algorithm result (from [112]).
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Figure 5.8: A 94 × 115 intensity image (left) and its segmentation (right). Parameter

setting: σ = 0.15. Minimal region size of interest is 11.

door, and the window on the left-hand side are erroneously put in a unique component.

5.1.2 Color Image Segmentation

Here we consider images where each pixel has three color attributes. Specifically, F(i) is

defined as the F(i) = [v , vs sin(h), vs cos(h)](i), where h, s, v are the HSV values [26] of

pixel i .

Figures 5.9 and 5.10 show results on color images taken from the COREL database.

Figure 5.9 shows the image of a spaceman. Note how the segmentation is very clean

despite substantial color variation. Essentially, the algorithm found three large regions:

a large component for the black sky, another one for the earth, and a third one for the

astronaut. Note also that some spurious regions were also found in the earth and in the

man areas.

Figure 5.10 (used also in [23]) shows an image of the Eiffel tower at night. Here, the

algorithm was able to partition the image into meaningful components. It found a large

component for the sky and, within the tower, it distinguished between the bright and

the dark areas. However, note that the dark area in the bottom part of the image was

incorrectly merged with the lower dark part of the tower. The quality of our segmenta-

tion looks comparable to the one reported by Felzenszwalb and Huttenlocher in [23] (see
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Figure 5.9: An 125 × 83 color image (left) and its segmentation (right). Parameter setting:

σ = 0.11. Minimal region size of interest is 16.
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Figure 5.10: A 121 × 82 color image (left) and its segmentation (right). Parameter settings:

σ = 0.325. Minimal region size of interest is 10.

Figure 5.11): they were able to separate the lower dark area from the tower, but failed in

clearly distinguishing the dark from the bright tower regions.

5.1.3 Textured Image Segmentation

Here F(i) is a feature vector based on texture information at pixel i defined as F(i) =

[|I ∗ f1|, . . . , |I ∗ fk |](i) and the fi are DOOG filters at various scales and orientations as

used in [70]; the intensity values Ii are intended to be normalized to real numbers in the

interval [0,1].

Figures 5.12 to 5.14 show the results obtained with our segmentation algorithm on

various textured images. Figure 5.12 shows a stripe of textures taken from the USC-

SIPI image database (avaiable at www.sipi.usc.edu/services/database). In this example,

to improve the segmentation result, a Gaussian smoothing on the filter responses was

performed. The process was stopped after 5 iterations.

Figures 5.13 and 5.14 show segmentation results for two natural images of a zebra and

a cheetah against a noisy background. In both cases, despite of significant variation of the
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Figure 5.11: Felzenszwalb and Huttenlocher (from [23]).
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Figure 5.12: A stripe of four 40× 40 texture patches (left) and its segmentation (right).

Parameter setting: σ = 0.02 .

Figure 5.13: An 81 × 128 zebra image (left) and its segmentation (right). Parameter

setting: σ = 0.1 .
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Figure 5.14: A 93 × 115 cheetah image (left) and its segmentation (right). Parameter

setting: σ = 0.17 .

textures on the body of the animals, our algorithm was able to capture the big picture of

the scenes. On average, the segmentation algorithm took only a few seconds on an Intel

Pentium III 750 Mhz.

5.2 Shape Categorization

We now illustrate the potential of our approach on the problem of the unsupervised learn-

ing of shape categories from an image database. To this end, we use two different similarity

matrices reported in the literature derived from as many binary shape databases.

5.2.1 Using Luo et al.’s Similarities

The first dataset we applied our algorithm on was used by Luo et al. [67], who developed

a maximum-likelihood framework for graph clustering. The dataset contains 25 different

shapes from 9 different classes: brushes, wrenches, pliers, hammers, spectacles, fishes,

rabbits, horses, and hands.

In the work described in [67], shapes were abstracted in terms of rooted shock-trees [113],

and the similarities between pairs of shapes were computed by using the weighted tree

edit distance of the corresponding trees. The resulting similarity matrix (whose entries

are taken from [67, Fig. 1] and scaled properly) is shown in Figure 5.15 (left). The order

of the entries in the matrix is the same as the one given above.
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Figure 5.15: Left: Similarity matrix used in the experiments described in Sect. 5.2.1.

Right: The nine categories discovered by our algorithm.

Figure 5.16: Luo et al. (from [67]).
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The results obtained using our clustering algorithm on this dataset are shown in

Fig. 5.16 (right). The algorithm discovered (correctly) 9 classes, and made only 3 mis-

takes by placing a pair of glasses in the fish class, and by swapping two elements from the

hammer and wrench classes. These results are substantially better than those reported

by Luo et al. in [67] (see Figure 5.16). Indeed, they were able to partition the database

into 7 (instead of 9) classes, and made more classification errors, by placing two fishes in

the spectacle class, a hammer in the wrench classes, and by putting together in a quite

inhomogeneous cluster, a hammer, a fish, a rabbit, and the two horses.

5.2.2 Using Klein et al.’s Similarities

The second series of experiments was conducted on the database used by Klein et al.

in [59], which contains 36 binary shapes from 6 different categories: fishes, wrenches,

planes, “greebles,” rabbits, and hands. Each category contains 6 different shapes.

They used an unrooted and ordered shock-tree representation for shapes. To measure

the distance between two shapes, they first compared each path in one shock graph to each

path in the other, computing a cost of deforming one to the other, and then used these

costs to compute the edit-distance. Fig. 5.17 (left) shows the similarity matrix obtained

by transforming the distances presented in [59, Table 1] into affinities using a customary

exponential transformation (see equation 2.6). The order of the entries is the same as the

one given above.

Figure 5.17: Left: Similarity matrix used in the experiments described in Sect. 5.2.2.

Right: The six categories discovered by our algorithm.
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Fig. 5.17 (right) shows the results obtained using our algorithm, which partitioned the

dataset into the right number of classes and made no classification error.



Chapter 6

Dominant Sets and Hierarchical Clustering

In Chapters 2 to 5 we have developed a new framework for partitional pairwise clustering

based on a new graph-theoretic concept, that of a dominant set, which generalizes the

notion of a maximal clique to edge-weighted graphs. A connection between dominant sets

and the solutions of a (continuous) quadratic optimization problem allows us the use of

straightforward dynamics from evolutionary game theory to determine them. We have

shown in Chapter 5 how the approach is a powerful one when applied to problems such

as image segmentation and shape categorization.

However, in many computer vision applications, such as the organization of an image

database [106, 7], it is important to organize the data to be clustered in a hierarchical

manner. In this chapter we show how to do this within the dominant set framework. To

this end, we consider a family of regularized (continuous) quadratic programs controlled

by a nonnegative parameter which determines the global shape of the energy landscape

as well as the location of its extrema. We investigate the properties of its solutions as a

function of its parameter. When the regularization parameter is zero the local solutions are

known to be in one-to-one correspondence with dominant sets, but when it is positive an

interesting picture emerges. As the parameter grows larger, local solutions corresponding

to small clusters disappear, and we derive bounds for it that allow us to exclude from the

set of solutions those inducing clusters of size smaller than a prescribed threshold. This

suggests a new (divisive) hierarchical approach to clustering, which is based on the idea

of properly varying the regularization parameter during the clustering process. We start

with a sufficiently large value, which yields a unique large cluster comprising all data, and

then decrease it properly in an attempt to split large and incoherent clusters into smaller
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pieces. The process is repeated recursively at each level in the hierarchy, where replicator

dynamics decribed in Chapter 4 are used as local optimization procedures.

We start in Section 6.1 by introducing a family of quadratic programs which contain

a parameterized regularization term. Bounds for the regularization parameter are derived

in Section 6.2. The description of the algorithm follows in Section 6.3.

6.1 A Family of Quadratic Programs

Let A = (aij ) be the similarity matrix of the n data to be clustered, and consider the

following family of standard quadratic programs:

maximize fα(x) = xT(A − αI )x

subject to x ∈ ∆
(6.1)

where α ≥ 0 is a parameter and I is the identity matrix, which includes as special case

program (3.1) when α = 0.

Note that the solutions of (6.1) remain the same if the matrix A − αI is replaced

with A − αI + κeeT, where κ is an arbitrary parameter, since xT(A − αI + κeeT)x =

xT(A−αI )x+ κ for all x ∈ ∆. In particular, if κ = α the resulting matrix is nonnegative

and has a null diagonal. Hence, Theorem 3.1 applies and all (strict) solutions of (6.1)

correspond to dominant sets for the scaled similarity matrix A + α(eeT − I ) having the

off-diagonal entries equal to aij + α.

A point x ∈ ∆ satisfies the KKT conditions for problem (6.1) if there exist n + 1 real

constants µ1, . . . µn and λ, with µi ≥ 0 for all i = 1 . . .n, such that:

(Ax)i − αxi − λ + µi = 0

for all i = 1 . . .n, and
n∑

i=1

xiµi = 0 .

Note that, since both the xi ’s and µi ’s are nonnegative, the latter condition is equivalent

to saying that i ∈ σ(x) implies µi = 0. Hence, the KKT conditions can be rewritten as

(Ax)i − αxi


 = λ if i ∈ σ(x)

≤ λ otherwise
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for some real constant λ. On the other hand, it is immediate to see that λ = xT(A−αI )x.

Hence the previous conditions can be explicitly rewritten as

(Ax)i − αxi = xTAx − αxTx, if i ∈ σ(x)

(Ax)i ≤ xTAx − αxTx, otherwise
(6.2)

As thoroughly discussed in Chapter 4, a straightforward way to find (local) solutions

of program (6.1) is given by the so-called (discrete-time) first-order replicator dynamics:

xi(t + 1) = xi (t)
(Ax)i − αxi (t)

x(t)T(A − αI )x(t)
(6.3)

for i = 1 . . .n.

Summarizing the results reported in Chapter 4, we have that, provided that the matrix

A−αI is scaled properly to avoid negative values, the simplex ∆ is invariant under these

dynamics. Moreover, the (scaled) objective function fα is strictly increasing along any

nonconstant trajectory of (6.3), and its asymptotically stable points are in one-to-one

correspondence to strict local solutions of (6.1). These, in turn, correspond to dominant

sets for the scaled similarity matrix A + α(eeT − I ).

6.2 Bounds for the Regularization Parameter

The objective function fα in (6.1) consists of a data term and a regularization term. The

first one (xTAx) favors solutions with high internal coherency, and the second (−αxTx),

which is controlled by the regularization parameter α, acts as an entropic factor: it is

concave and, on the simplex ∆, it is maximized at the barycenter and it attains its

minimum value at the vertices of ∆. Hence, when α is large enough the regularization

term dominates, and the only solution of (6.1) is expected to be in the interior of ∆,

probably close to the barycenter. In other words, we expect a unique large cluster which

comprises all the data points.

This intuitive picture is formalized by the following proposition, which gives also a

simple bound for the regularization parameter α. First, however, note that since A is

symmetric, all its eigenvalues are real, and we shall denote by λmax(A) the largest eigen-

value of A.
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Proposition 6.1 If α > λmax(A), then fα is a strictly concave function in IRn , and the

only solution x of (6.1) belongs to int(∆), i.e., σ(x) = V .

Proof. We have λmax(A − αI ) = λmax(A) − α < 0. Hence the matrix A − αI is

negative definite, which implies that fα is strictly concave. Consequently, program (6.1)

has a unique solution, say x. Suppose by contradiction that x lies on the boundary of ∆,

i.e., σ(x) �= V . From the KKT conditions (6.2) we have:

(Ax)i ≤ xTAx − αxTx < 0

for all i ∈ V \ σ(x), which is absurd since A and x are nonnegative.

For smaller values of α, however, it is difficult to predict what happens to the landscape

of fα, as it is not obvious how the data and the regularization terms interact. The next

theorem provides an answer to this question.

Theorem 6.1 Let S ⊂ V be a proper subset of vertices (S �= V ), and let AS denote the

submatrix of A formed by the rows and columns indexed by the elements of S . If

α > λmax(AS )

then there is no point x ∈ int(∆S ) that is a local maximizer of fα in ∆.

Proof. Let α > λmax(AS ). We first show that for all x ∈ int(∆S ) we have:

−γ(x) ≤ λmax(AS )

where

γ(x) = max
i /∈σ(x)

(Ax)i − xTAx
xTx

.

Indeed, for x ∈ int(∆S ), let xS be the vector obtained from x by dropping all components

in V \ S . We have:

γ(x) = max
i /∈σ(x)

(ASxS )i
xS

TxS
− xS

TASxS
T

xS
TxS

≥ max
i /∈σ(x)

(ASxS )i
xS

TxS
− λmax(AS )

≥ −λmax(AS )
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where the first inequality follows from the Rayleigh-Ritz theorem [51], and the last one

from the nonnegativity of A and x.

Now, suppose by contradiction that there exists a point x in int(∆S ) which is a local

maximizer of fα(x) in ∆. Since −α < −λmax(AS ) ≤ γ(x) there exists an i /∈ σ(x) = S

such that

−α <
(Ax)i − xTAx

xTx

which yields xTAx − αxTx < (Ax)i = (Ax)i − αxi . This means that the KKT condi-

tions (6.2) are violated, and this contradicts the hypothesis that x is a solution of (6.1).

Therefore, suppose that S is a cluster (i.e., a dominant set) we want to avoid. By

letting α > λmax(AS ) no point in ∆ with support S will be a solution of (6.1). Of course,

the problem is to obtain a reasonable bound for α without knowing S in advance. To this

end, suppose for simplicity that aij ≤ 1 for all i , j ∈ V , namely

0 ≤ A ≤ eeT − I .

From standard results on nonnegative matrices (see, e.g., [51]), we get

λmax(AS ) ≤ λmax(eeT − I ) = |S | − 1

for any S ⊆ V . Hence, if we want to avoid clusters of size |S | ≤ m < |V | we could simply

let

α > m − 1 .

In so doing, no face ∆S with |S | ≤ m will contain solutions of (6.1). Hence, these faces

cannot be approached by any interior trajectory of replicator dynamics with payoff A−αI ;

in other words, at this scale, all clusters will have at least m + 1 data points.

On the other hand, by virtue of Proposition 6.1, if

α > |V | − 1 ≥ λmax(A)

we always get a unique large cluster comprising all points in V .
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6.3 The Hierarchical Clustering Algorithm

Summarizing the above findings, when α > m − 1 the energy landscape of fα is populated

only by solutions having a support with more than m data points. Among them, some

will correspond to dominant sets for the original matrix A and some will be “spurious”

solutions, namely, solutions of program (6.1) that are not characteristic vectors of a domi-

nant set for A. Spurious solutions represent large subsets of points that are not sufficiently

coherent to be dominant with respect to A, although they are dominant for the scaled

matrix A + α(eeT − I ), and hence they should be split. Indeed, it is precisely the emer-

gence of these spurious solutions that allows us to provide the data to be clustered with a

natural hierarchical organization.

Instead of keeping the value of α fixed, our approach is to start with a sufficiently large

α, say α > λmax(A), and adaptively decrease it during the clustering process. The rationale

behind this idea is that for values of α that are large enough, only the characteristic vectors

of large dominant sets will be stable attractive points for the replicator dynamics, together

with a set of spurious solutions. As the value of α decreases, spurious solutions disappear

and at the same time (characteristic vectors of) smaller dominant sets become stable.

At a given level α, the algorithm produces a (flat) partition of the data set into several

“clusters,” some of which will be dominant with respect to the unscaled similarities (and

we declare them leaves of our hierarchy) and some will not. We then proceed by decreasing

α and recursively applying the procedure to these spurious solutions, in an attempt to split

them into smaller and more coherent pieces.

A high-level description of our algorithm is shown in Fig. 6.1 (as usual, V is the set

of data points to be clustered and A is the corresponding similarity matrix). Its output is

in the form of nested sets, with the nesting providing the hierarchy.

A few remarks about the previous algorithm are in order. The function SPLIT accepts

as input a set of vertices, the corresponding similarity matrix, and a parameter α, and

provides as output a (flat) partition of the input set at level (or scale) α. This can be

accomplished by iteratively finding a local maximizer of fα in ∆ (using, for example,

replicator dynamics with payoff A − αI ) and then removing the vertices in its support

from the input set, until all vertices have been clustered.

Note also that the repeat-until loop must terminate. In fact, since V is not dominant
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Algorithm HIER CLUSTERING( V , A )

begin

if V is dominant (or is a singleton) then return V

let α be a large positive value (e.g., α > |V | − 1)

repeat

decrease α (e.g., α ← α − 1)

if α < 0 then α ← 0

V1, . . . ,Vk ← SPLIT( V , A, α )

until k > 1

return
⋃k

i=1 { HIER CLUSTERING( Vi , AVi ) }
end

Figure 6.1: Pseudo-code for our hierarchical clustering algorithm.

(and is not a singleton) the function SPLIT will certainly return a non-trivial partition of

V for all α’s in some interval [0, α̂].

Finally, note that checking that the set V is dominant is straightforward. In fact, this

happens if and only if there exists a (unique, see [11]) strict local solution of (3.1) in int(∆)

and this happens if and only if any interior trajectory or replicator dynamics with payoff

A converges, with probability one, to a point in int(∆).
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Results on Image Database Organization

In this chapter we apply our hierarchical clustering algorithm to the problem of organiz-

ing an image database. This problems deal with the hierarchical aggregation of visual

elements, namely contours extracted from images, into coherent groups.

7.1 Organizing a Shape Database

According to the general approach adopted in this work, our first step is to represent the

images as nodes in a graph, and assign a similarity weight w(i , j ) to each edge. To this

end, we used three different similarity matrices reported in the literature derived from as

many binary shape databases.

7.1.1 Using Luo et al.’s Similarities

The first dataset we applied our hierarchical clustering algorithm on was used by Luo

et al. [67] (already described in some detail in Section 5.2.1). The dataset contains 25

different shapes from 9 different classes: brushes, wrenches, pliers, hammers, spectacles,

fishes, rabbits, horses, and hands. The similarity matrix is shown again in Fig. 7.1 (left).

The order of the entries in the matrix is the same as the one given above.

The results obtained using our hierarchical clustering algorithm on this dataset are

shown in Fig. 7.1 (right). At the lowest level of the hierarchy, the algorithm discovered

(correctly) 9 classes, and made only 3 mistakes by placing a pair of glasses in the fish

class, and by swapping two elements from the hammer and wrench classes (these results

are identical to those produced by the partitional algorithm, Section 5.2.1). As for the
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Figure 7.1: Left: Similarity matrix used in the experiments described in Section 7.1.1.

Right: Hierarchy produced by our algorithm.

upper levels of the hierarchy, the algorithm was able to separate the tools from the rest

of the objects. Note that these data do not exhibit a natural hierarchical organization,

hence it is not surprising that the algorithm produced a shallow tree.

7.1.2 Using Klein et al.’s Similarities

A second series of experiments was conducted on the database used by Klein et al. in [59]

(described in some detail in Section 5.2.2), which contains 36 binary shapes from 6 dif-

ferent categories: fishes, wrenches, planes, “greebles,” rabbits, and hands. Each category

contains 6 different shapes. Fig. 7.2 (left) shows the similarity matrix. The order of the

entries is the same as the one given above.

Fig. 7.2 (right) shows the results obtained using our algorithm. Starting from the root

of the hierarchy, the algorithm first distinguished between planes and hands from the rest

of the dataset, and it further refined the latter classes by separating fishes and tools from

greebles and rabbits. At the base level, the algorithm partitioned the dataset into the

right number of classes and made no classification error (as the partitional algorithm did,

Section 5.2.2). Note that, although some of these high-level groupings (e.g., tools and

fishes) make little sense from a semantic standpoint, the corresponding shapes are indeed

topologically similar, as can also be seen by manually inspecting the similarity matrix.
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Figure 7.2: Left: Similarity matrix used in the experiments described in Section 7.1.2.

Right: Hierarchy produced by our algorithm.

7.1.3 Using Gdalyahu et al.’s Similarities

Finally, we applied our algorithm on a larger database used by Gdalyahu et al. in a series

of papers [30, 31, 32] which contains 121 binary images, 90 of which represent 6 toy models

seen from 15 different viewpoints, while the other ones are 31 silhouettes taken from the

database used in the previous section. Overall, there are 12 categories: cows, hippos,

wolves, cars, sport cars, children, hands, fishes, planes, rabbits, wrenches, and greebles.

In [31], the (dis)similarities between shapes were computed by constructing a syntactic

representation for the shape boundaries and then finding an edit transformation which

maps one curve to the other by dynamic programming. Similarities were then obtained by

a standard exponential transformation (see equation 2.6). The resulting matrix is shown

in Fig. 7.3 (top), with the entries ordered as above.

The results of applying our algorithm on this database are shown in Fig. 7.3 (bottom).

Here, for each base-level cluster we show a representative for each category contained

in it and, in parenthesis, the number of objects in that category. At the coarsest scale,

the algorithm first distinguished the cars from all other classes and, by proceeding down

along the car branch, it then correctly separated the two car models, although it created an

extra spurious cluster with 5 cars. As for the remaining objects, it separated the mammals

(comprising the children) from the other objects, erroneously putting the wrenches in the
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Figure 7.3: Top: Similarity matrix used in the experiments described in Section 7.1.3.

Bottom: Hierarchy produced by our algorithm.

Figure 7.4: Factorization algorithm result. (From [30, p. 91])
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Figure 7.5: Typical cut algorithm result. (From [30, p. 90])
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Figure 7.6: Normalized cut algorithm result. (From [30, p. 92])
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mammal category, and then it separated quadrupeds from children and wrenches, which

in turn formed their own cluster. However, an extra cluster was created which contained

exemplars from the three quadruped classes. Finally, it correctly categorized the hands,

the greebles, the rabbits, the planes, but it split the fish class into two components.

Our results compare favorably with those obtained using a recursive application of Per-

ona and Freeman’s factorization algorithm [91] (see Figure 7.4), which does not suggest a

natural hierarchical interpretation of the data, and are comparable with the ones produced

by typical/normalized cut algorithms [32, 112] (see Figures 7.5 and 7.6), some mistakes of

which are similar to ours (e.g., mixing up wrenches with mammals at a coarse scale and

splitting the fishes into two or more classes). At the base level, they misplaced one or

more wrenches (both algorithms) and a plane (typical cut). The hierarchies produced by

the three algorithms, however, are different, with ours being shallower.

Interestingly, as observed by Gdalyahu [30, 32], the data in this database form chained

structures where images in the same class might be related to each other indirectly via

“mediating” images. In fact, while the single-link algorithm succeeds to find meaningful

structures, the complete-link approach fails completely on these data. In view of this, it is

remarkable that our algorithm, which favors compact (although not necessarily isotropic)

structures, produced reasonable results and succeeded in discovering meaningful hierar-

chical relations.
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Discussion and Conclusions

Our goal in this work was to apply cluster analysis as a unified approach for a wide range of

vision applications. Many vision applications can be viewed as data partitioning problems,

and can be addressed by this unified approach. In particular, we have focused on the tasks

of image segmentation and image organization. In our approach, the visual objects (pixels,

images) are mapped to the nodes of an undirected edge-weighted graph, with edge weights

representing pairwise similarity relations. We use a canonical weight transformation, which

converts the perceptual measure of distance to exponentially decaying similarity weight.

The clustering algorithm proposed in this thesis is centered around the novel notion of

a dominant set (Section 2.1). Our proposal seems to be a plausible generalization of the

notion of a maximal clique in the context of edge-weighted graphs since, in the unweighted

case, dominant sets turn out to be equivalent to (strictly) maximal cliques (Section 2.4).

We also have established a correspondence between dominant sets and the extrema

of a quadratic form over the standard simplex (Chapter 3). This is interesting because

recently other quadratic programming formulations have been proposed for clustering

and segmentation, though motivated by the different idea of finding cuts in a similar-

ity graph [112, 44] or computing eigenvalues and eigenvectors of the weighted adjacency

matrix [91, 104]. Computationally, this allows us to find clusters using straightforward

continuous optimization techniques such as payoff-monotonic game dynamics (Chapter 4),

a class of dynamical systems arising in evolutionary game theory. Such systems are at-

tractive as can be coded in a few lines of any high-level programming language, can easily

be implemented in a parallel network of locally interacting units, and offer the advantage

of biological plausibility.
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Our second contribution in this work is an hierarchical extension (Chapter 6) of our

partitional clustering algorithm. To this end, we have considered a family of parameter-

ized (continuous) quadratic programs (Section 6.1) and have studied the properties of its

solutions as a function of its (nonnegative) parameter. When the regularization parameter

is zero the local solutions correspond to dominant sets, and as it grows larger solutions

corresponding to small clusters disappear. We have determined bounds on the regular-

ization parameter which induce bounds on the size of the surviving clusters (Section 6.2).

These properties have motivated our hierarchical clustering algorithm (Section 6.3), which

is based on the idea of varying the regularization parameter in a principled way during

the clustering process.

In Chapters 5 and 7 we investigated experimentally the plausibility of our approach.

Some of our results were compared with other methods, primarily with the recently pro-

posed normalized cut algorithm [112], the typical cut algorithm [32] and the Felzenszwalb-

Huttenlocher segmentation algorithm [23]. To be concrete, we presented in Section 5.1

our segmentation results on images used also in [112, 32, 23]; we compared with the Luo

et al. clustering algorithm [67] the performance on shape categorization in Section 5.2;

and we compared with the typical cut algorithm and other methods the performance on

image database organization in Chapter 7.

In all cases, the quality of the results provided by our algorithm looks comparable or

better to the one of the other methods. There are, however, areas where there is scope for

improvement. As far as the image segmentation in concerned, our algorithm was proven

to report meaningful segmentation even after a few iterations of the replicator dynamical

system. However, for large images it would require an awful amount of time, since the time

complexity of each iteration is quadratic on the number of data items. In addition, our

algorithm need to be fed with a complete graph and does not allow standard techniques

for making it sparse. Possible ways to overcome these problems include the use of both

faster dynamics (or even different optimization techniques) and sampling procedures.
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A Long Proof

In Chapter 2 we gave a number of graph-theoretic notions in order to provide the defini-

tion of a dominant set. In Chapter 3 we established a correspondence between dominant

sets and the extrema of a quadratic form over the standard simplex. To do so, we ex-

ploited various characterizations of the graph-theoretic notions in terms of determinants

(Section 3.1). Here we provide proofs.

Lemma A.1 Let S = {i1, i2, . . . , im} ⊆ V be a non-empty subset of vertices and, w.l.o.g.,

assume i1 < i2 < · · · < im . Then, we have:

1. wS (ih) = (−1)m det(hBS ), for any ih ∈ S

2.
∑
j∈S

aijwS (j ) = (−1)m+1 det(AS ), where i is an arbitrary element of S

3.
∑
i∈S

awdegS (i)wS (i) = (−1)m+1 det(AS )

4. if m > 1, wS (i) =
∑

j∈S\{i}
(aij − ahj ) wS\{i} (j ), where h is an arbitrary element of

S \ {i}

5. W(S ) = (−1)m det (BS ).

Proof: To begin with, note that statement 2 implies statement 3. In fact:

∑
i∈S

awdegS (i)wS (i) =
1
m

∑
i∈S

∑
j∈S

aijwS (i)

=
1
m

m(−1)m+1 det(AS )

= (−1)m+1 det(AS )
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We now proceed by induction on m to prove statement 1 and 2. Given a matrix C , we

denote with Ci ,j the matrix resulting from the deletion of the i -th row and j -th column

from C .

If m = 1 (and S = {i1}) we have:

1. 1BS =


 0 1

1 0


, hence wS (i1) = 1 = (−1)1 det(1BS ) .

2. AS = (0), therefore
∑

j∈S aijwS (j ) = 0 = (−1)1+1 det(AS ) .

If m > 1, then:

1. exploding the determinant of hBS along the h + 1-th column, we obtain:

det(hBS ) = (−1)h det
[
(hBS )1,h+1

]
.

Exploding the determinant at right term along the h-th row, we have:

det(hBS ) = (−1)h{
(−1)h+1 det(AS\{ih}) +

∑
ik<ih

(−1)h+k+1aih ik det

{[(
hBS

)
1,h+1

]
h,k+1

}
+

∑
ik>ih

(−1)h+kaih ik det

{[(
hBS

)
1,h+1

]
h,k

}

}

Exploding the determinant of kBS\{ih} along the k + 1-th column, it can be shown

that, if ik < ih :

det

{[(
hBS

)
1,h+1

]
h,k+1

}
= (−1)1+(k+1) det

(
kBS\{ih}

)
.

Similarly, exploding the determinant of k−1BS\{ih}, it can be proved that, if ik > ih :

det

{[(
hBS

)
1,h+1

]
h,k

}
= (−1)1+k det

(
k−1BS\{ih}

)
.
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From these facts and the inductive hypothesis on S \ {ih}, we obtain:

det(hBS ) = −
∑
ik<ih

aih ik det(kBS\{ih}) (A.1)

−
∑
ik>ih

aih ik det(k−1BS\{ih}) (A.2)

−det(AS\{ih}) (A.3)

= (−1)m


 ∑

ik �=ih

aih ik wS\{ih}(ik ) −
∑
ik �=ih

air ik wS\{ih}(ik )


 (A.4)

for all ir ∈ S \ {ih}. Now, since statement 2 implies statement 3, we have:

det(hBS ) = (−1)m


 ∑

ik �=ih

aih ik wS\{ih}(ik ) −
∑
ik �=ih

awdegS\{ih}(ik )wS\{ih}(ik )




= (−1)m
∑
ik �=ih

[
aih ik − awdegS\{ih}(ik )

]
wS\{ih}(ik )

= (−1)m
∑
ik �=ih

φS\{ih}(ik , ih)wS\{ih}(ik )

= (−1)mwS (ih)

Note also that, from Equation A.4:

det(hBS ) = (−1)m


 ∑

ik �=ih

(aih ik − air ik )wS\{ih}(ik )




which proves 4.

2. To conclude the proof, we need an additional notation. With
(
hBS

)
i ,j ;ars

we denote

the matrix
[(

hBS

)
i ,j

]
p,q

where p, q are the row and column of the element ars in(
hBS

)
i ,j

respectively.

Exploiting statement 1, we have for any ir ∈ S :

∑
ih∈S

air ihwS (ih) =
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=
∑
ih∈S

air ih (−1)m det
(

hBS

)

= (−1)m
∑
ih∈S

air ih det
(

hBS

)

= (−1)m
∑
ih∈S

air ih (−1)h [

(−1)r+1 det [(AS )r ,h ] +∑
ik<ih

(−1)r+k+1air ik det
[
(hBS )1,h+1;air ik

]
+

∑
ik>ih

(−1)r+kair ik det
[
(hBS )1,h+1;air ik

]
]

= (−1)m+1 det (AS ) +

+(−1)m
∑
ih∈S

[

∑
ik<ih

(−1)r+k+1+hair ihair ik det
[
(hBS )1,h+1;air ik

]
+

∑
ik>ih

(−1)r+k+hair ihair ik det
[
(hBS )1,h+1;air ik

]
]

= (−1)m+1 det (AS ) +

+(−1)m [ ∑
ik<ih

(−1)r+k+1+hair ihair ik det
[
(hBS )1,h+1;air ik

]
+

∑
ih<ik

(−1)r+k+hair ihair ik det
[
(hBS )1,h+1;air ik

]
]

= (−1)m+1 det (AS ) +

+(−1)m{
∑
ik<ih

[

(−1)r+k+1+hair ihair ik det
[
(hBS )1,h+1;air ik

]
+

(−1)r+h+kair ik air ih det
[
(hBS )1,k+1;air ih

]
]}

= (−1)m+1 det (AS )
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The last equality arises from the fact that if ip , iq ∈ S with ip �= iq , then we have

(pBS )1,p;aiiq
= (pBS )1,q;aiip

for any i ∈ S .

Finally, to prove statement 5, we explode the determinant of BS along the first line:

det (BS ) =
m∑

j=1

(−1)1+(j+1) det
[
(BS )1,j+1

]

=
m∑

j=1

(−1)j (−1)1+(j+1) det
(
jBS

)

where, in the last equality, we have exploded the determinant of jBS along the j + 1-th

column. Now it follows easily that:

det (BS ) =
m∑

j=1

det
(
jBS

)
= (−1)m

∑
j∈S

wS (j )
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