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Abstract— The notion of generic final-state asymptotically polynomial systems. In [3], we showed by counterexamples

determinable hybrid system is introduced. Then, sufficient
conditions for a linear hybrid system to be generic final-
state asymptotically determinable are given. These conditions
show that generic final-state asymptotic determinability can be

that none of these implications holds in the case of hybrid
systems.

In this paper, we focus on the property called generic final—

verified even if each of the continuous subsystems of the hybrid state asymptotically determinability, since this condition is
system is not observable. More precisely, these conditions are enough to guarantee the existence of an asymptotic observer,

related to the minimum and maximum sojourn time in each
location as well as on the dimension and orientation of the
unobservable subspaces and on the reset mappings between
them.

I. INTRODUCTION .

Hybrid systems are powerful abstractions for modelling
complex systems so that they have been used in a number
of applications to provide models better reflecting the nature
of control problems such as the ones related to embedded
system design where discrete controls are routinely applied to
continuous processes. Their theoretical properties are still the
subject of intense research: in particular, observability is one ®
of the fundamental system properties that form the founda-
tions of control. The notion of observability is non trivial and
attention must be paid to the implications of the definitions
used. In traditional continuous and discrete—time systems, the
concept of observability has been studied extensively. Among
the seminal papers on the topic, Sontag in [7] introduces
a set of observability—related definitions and examines the
implications among the various concepts of observability.
Recently several papers appeared that dealt with observability
and observer design for hybrid and switching systems (see [3]

the one we need in most of the applications we are interested
in, including automotive engine control problems.

The contribution of this paper are:

The extension of the definition of generic final-state
determinability of Sontag to hybrid systems (Section II).
Informally, a hybrid system is generic final-state asymp-
totically determinable if any generic input/output experi-
ment permits the asymptotic determination of the state.
This notion facilitates the constructions of asymptotic
state observers.

Sufficient conditions for generic final-state asympto-
tically determinability of linear hybrid systems (Sec-
tion II).

Examples that show that a hybrid system can be generic
final-state asymptotic determinable even if each of the
continuous subsystems of the hybrid system is not
observable (Section 1V). This result is based on the
synergy that can be exploited between the continuous
and the discrete dynamics.

I[I. GENERIC FINAL-STATE ASYMPTOTIC

for a review of these approaches). These papers introduce HbETERMINABILITY FOR HYBRID SYSTEMS

different definitions of observability so that it is quite difficult
to compare them in a rigorous framework. De Sastisl.

in [1], show that the observability notions based on state
indistinguishability do not imply state reconstructability and
propose a new definition of observability, and a weaker no-
tion of detectability, based on the possibility of reconstructing

A hybrid systemH is a tuple

H: (Q727\1}7@>¢7n7X7U7Y>f7h7T)

the system state for discrete-time switching systems. In [3yhere @ = {q1,--- ,qn} is the finite set of discrete states
we addressed observability for hybrid systems by followinglocations) withNV = |Q|, ¥ is the finite set of possible input
the main ideas exposed by Sontag in his seminal paper aadd internal eventsy is the finite set of discrete outputs,
generalizing his definitions to the case of hybrid systemsX C R", U C R™, andY C RP? are the continuous state,
In [7], Sontag established the implications among the sigontrol and output domains, respectively. The functipns
different notions of observability he introduced in the case aindr characterize the dynamics of the discrete states of the



system as follows: (g0, o) and any inputsr (k) andu(t), ¢(k) can be identified
for any £ > K andz(t) can be identified fot — oo from
ak+1) € ok)o(k+1) (1) oo sermate (b aad ey

o(k+1) € ¢(alk),(tyy1) ultiyy)) @

Y(k+1) € n(qk),o(k+1),q(k+1)) (3) Informally, the above definition states that a hybrid system
is generic final-state asymptotically determinable if for any
initial condition, any generic input/output experiment permits
the asymptotic determination of the state.

where ¢(k) € @ and (k) € ¥ are, respectively, the
location and the discrete output after theh input event
o(k) € ¥, andt;, denotes the unknown time at which this

event takes place. The finite s&t is composed by both I1l. SUFFICIENT CONDITIONS FOR GENERIC
internal events, auto-generated by the hybrid system on tHelNAL-STATE ASYMPTOTIC DETERMINABILITY
basis of the values of the continuous statend inputu, In [2] and [4], a class of generic final-state asymptotically

and exogenous input events, whose enabling condition M@¥ierminable hybrid systems were identified and a scheme
or may not depend o and u. The set-valued functions o hyhrig observers that achieve asymptotic and exponential
P Qx % =29\ {}andn: Qx X xQ — Vare puyig state estimation were described. To this end, the no-
the transition and output funct|o.ns respectively. The fupctloHon of current-location observability of hybrid systems was
¢ Qx X xU — 2219\ {} is the set-valued function jhyoduced. A hybrid system isurrent—ocation observable
specifying the possible events at each location for giveR sfter an initial transient of a bounded numbirof steps,
values of the continuous stat€t) € X and continuous input 4 locationg(k), can be determined for ady> K, from the

u(t) € U of the system. L knowledge of the output signat(k) from k& = 1 to k = &,

The evente is _thesngnt eyent and it is mtroduced to rr_10de| for any initial configuration(qo, zo) and any inputsr(k) and
different possible situations for the discrete dynamics. Ff ;) Hence, current-location observable hybrid systems are
example, if ¢(q,z,u) = {e}, then there is no discrete generic final-state determinable with respect to the discrete
transition enabled for the given values .ofand v while if  gi546 |n general, as shown in [2], for ahy> K, the location
#(q,z,u) = {7, €}, then it is possible either to let time Pass (k) pelongs to an easy—to—compute subBgtof Q.

or to take the discrete transition associatedrtdVioreover, The following theorem, obtained by extending the results

if ¢(¢,2,u) = {7}, then the discrete transition associated @, [4] gives a class of generic final-state asymptotically
o is forced to occur. This is useful, for example, to mode}ljaterminable hybrid systems:

internal transitions due to the continuous state hitting a guard. theorem 2: A linear hybrid systenH is generic final—
The functionsf : Q x X xU — R" andh : @ x X =Y gate asymptotically determinable if
define the dynamics of the continuous variables of the hybrid 1) M is current-location observable;

systems. For linear hybrid systems they are assumed to be o . .
linear and time-invariant: 2) H remains in each locatiog; a bounded time greater

than or equal to a timé,,,, i.e.
i(t) = flgiz(t),ul) =A; z(t)+ B; ult) (4)
y(t) = h(g,z(t) = Ci x(t) (5)

wherey(t) € Y is the continuous output of the system and
A; e R, B; € R™™™, C; € RP*™ depend on the current
plant locationg;. log| max |TRLTY|
Finally, the functionr : Q x @ x X — X describes Ai — GiCy) + max 4 0 g;cReactg)
the continuous state resets associated to the hybrid syste|(n ! e ' Dy,
transitions. For each transitiap — ¢; the reset function is
assumed to be affine and described by

0 < Dy < gy —t < @)

3) for eachq; € Ep, there exists a gain matri&; such
that A; — G;C; has distinct eigenvalues and

<0

where «(-) denotes the spectral abscissa, Réaghis the

2(ty) = a(t}) = r(gi, a5, 2(t; ) = RL x(t;) + RY (6) Set of locations reachable in one step frgmandT; is a

- . transformation matrix diagonalizing; — G,C;.

where t;, denotes the transition time anﬂ,}j € R™",
Ry; € R". We assume that the hybrid systétnis subjectto  |f one can impose the sojourn tifia each location, then
an unbounded sequence of events, never reaches a blockiRg following corollary may be used:
condition and that there are no infinitely fast event sequences.corollary 3: Given a current—location observable linear
In this paper we investigate generic final-state asymptoticaliybrid system?, if all the pairs (A;,C;) are observable
determinability for linear hybrid systems, defined as followsinen there exists a minimum sojourn tinfik,, > 0 such that

Definition 1: A hybrid system™ is generic final-state  if 7/ remains in each locatiop a bounded time greater than
asymptotically determinable if there exists an integefX

finite and large enough such that, for any initial configuration ‘Maximum dwell-time in the notation of [6].



or equal toD,,, thenH is generic final-state asymptotically 4) for at least one locatiogy, € C the following condition

determinable. is verified
1 IN N IN mmN pl IN N __
The sufficient conditions given in Theorem 2 do not hoId,ResfZl Tog Tog -+ Ty Toy Ryyp, Toy Toy =0 (16)
for example, for linear hybrid systems with undetectable (i.e. whereC = {qr,, ey - - Qs 3
unstable and unobservable) dynamics associated to at least) there exist (0,1) such that
one location inEy. In fact, in this case. condition 3) cannot ¢
be fulfilled. Dy < S 17
In the sequel, sufficient conditions for generic final-state Ry |(va+1)7 - 1}
asymptotic determln_abmt}_/ for I|r_1ear hybno! systems with and matrices5; such that
undetectable dynamics will be given. To this end, for each b b
¢; € Eo, let us consider the Kalman decomposition of thee(sq)aADM |:604po +up exaDu _ gar M} _ 1—e¢
continuous state dynamics (4-5): ap—ap 25*1R;1(8
:9U(t) = A9 29Ut) + BP u(t 8 - (18)
$UNt) =AY 27N(t) + By u(t) ®) with
Ve = AP 0t N N N 5—1
EU) = A ) AT 2T B lt) Oy = Ry, T ITY ITES T, Rl T
— T N
y(t) = Cp a™'(t) (10) VA = i:rrllaXS{HAZ” -max[l,ea(AZi)]}
where z©% and =V respectively stand for the observable,, _ oo la(AN)]
and unobservable state components, which are related to the i=1,..., Oé'i o
original state space by the transformation ap = max a(Ag — G 0y) (19)
20i TP vp = max HAZH
N | =hr=| oy |7 (11) i=1,...8 ) - .
v Rx = max ||stze1 Tes |- max ||Te1 [
0i 0i Xeéo,lN} Xe{O,N}
=T [ ® i } = [1° TV [ i } (12) = X pl 1z
z [ ] T Hx,zrél?g,N}“Téi+1 Ry, Ty, [

O nOan N nNan 10 n><nOi =1
Wbﬁreﬂnxizv? Ni o Tﬁ de R ] ?ih N Rb ,bl where o(-) denotes the spectral abscissa. Parameters (19)
7" €R oS tNei imension o tloe unobServabl®are given for 4, with distinct unobservable eigenvalues,
subspace and /O: n—n"". The matgceSTi andT;‘N are diagonalizable observable closed-loop dynamics,Bralich
such that Im{T;} = Im {O(4;, C3) } and Im{T;""} = that AN and AY — G;C¢ are diagonal.
Ker {O(4;,C;)}, whereO(4;, C;) is the observability ma- Proof: Extending the methodology for hybrid observer

trix of the pair (4;, C;). If for somei the sygtem (4-5) IS gesign proposed in [2], [4], the dynamics of the continuous
observable, i.e. ranO(C;, A;) = n, thenn® = n and observer is;%(t) —0,if g & Fo, and

n™Nt = 0. Under the given state space transformation, the

resets (6) for the-th transition fromg; to ¢; become OUt) = F; 29(t) + B? u(t) + G, y(t) (20)
» : o Nire— aNi(t) = AP 30U(t) + AN #Vi(t) + BN u(t
xO](tk) _ Toj(qmq]',xo (tk )71,N (tk )) _ (13) ( ) ( ) ( ) ( )
TORLTIO 20U(¢=) + TORLTIN &Ni(t7) + TORY, if § ={q} € Eo, where A9, B®, C°, AN, AP and BN
7 gt k J gt k Jj g ; Yol o i
Nj Ny Oifar Nijsery are as in (8-10)F; = A — G;C;’, and the observer gain
2 t) = (g, 0,27 (8 ) 2 (8 ) = (14) matrix G; € R™” *? is the desi t d to set th
N pl 0 Oif— N pl N  Nifp— N 10 i gn parameter used (o set the
T3 R T a7 () + 17 Ry T 27 (ty) + T3 Ry velocity of convergence of the observable componeiits

. . .. . Oi AN
The following theorem gives sufficient conditions for genel® =", In €ach locatiorj € Eo. _
ric final—state asymptotic determinability of current—locatiord N continuous—time dynamics (20) are integrated over no-

observable hybrid systems with unobservable (possibly ugMPty time intervaldty, tx11). At time t;,,, when a tran-

detectable) subsystems. sition to locationg; takes place, the plant observer state is
Theorem 4: A linear hybrid systent is generic final— reset according to (13-14) as follows

state asymptoncally detgrmmable if :irOj‘(tk 41) = TOj‘(qi, 4, 5501"(15;“)7 jNi‘(t;_H)) 21)
1) H is current—location observable, NI (tpyr) = N (qi, 45, 29 (), BN ()

2) the graph describing the discrete—evolutior-btton-
tains only one cycle of locations;

3) H remains in each locatiog; at least a timeD,,, and
no more than a timé,,, i.e.

Notice that since the location observer instantaneously identi-
fies the hybrid plant transitions, then the continuous observer
dynamics switching and resets occur synchronously with the
hybrid transitions and resets at timg To be more precise,

0 < Dpy < tpy1—tr < Dy < 1 (15) from the hypothesis of current-location observability of the



hybrid systent it follows that there exists a positive integer The most critical term is
K such that the current location of the hybrid system is u _ Rl yN  yNpgl yN
properly identified for anykc > K. Moreover, after at most Nooo N = sy Ths oo Ty Tl T

|Eo| additional transitions, say at time, > tx, the hybrid since it is composed of unobservable dynamics only, whose
system reaches the locatign, and starts repeating forever evolutions are not modifiable by observer feedbacks

the cycleC. Then, asymptotic convergence of the continuou&rermsygff can be rewritten as

observation errog(t) = Z(t) — xz(t) is analyzed for > t,,. Y

According to the transformation in (11), the observation error  Y;Y = 7,V {eA% (tei=tirizn) _ I} Ty +TNT)Y

¢ is decomposed into the compones:, ¢™V¢), where .
where the exponential term, fdp,; < 1, can be bounded

o B O — 20t ] [ TP as follows
|: CNZ - i’Ni _ xNi - iN C (22) H Aév(tk+'7tk+' 1) IH < D (26)
. : e ! ' . o l/
¢ = TOCOi L TIN¢Ni (23) =T

with v4 is as in (19). MatrixMy, . ny can be written as the
sum of 2% terms, where by condition (16) the one without
éOi(t) = F,¢Oi(t) any exponential matrix is null. Then, fdp,; < 1, we have

ENi(t) = ANCN(t) 4 APCOi(1) @
By (24) and (23), fort € [tg,tx+1), beingqg = g;,

and is subject to

IMn,.. Nl < Rn [(VADM +1)% - 1} (27)

< Ry [(VA +1)° - 1} Dy

_ O _F;(t—ty) O N AN (t—ty) N . . .
¢t) = [Ti/ IO L TN ATt Ty whereRy is as in (19). Hence, for such that condition (17)

holds, we havd| My .. n| <.
t—t o
e [ apeneanar 1o |y OOV OF e Ol L terms, My, iy 7
o N, We nav

.....

and, by (6) and (21) oFes (thri—tiriot)

C(te+1) = Rzlj C(tIZ-H) =

jo {Ti/OeFi(tk+17tk)TiO+Ti/N€A£V(tk+17tk)TiN

< eaFDm

teti—thti-1 o
/ eAZ'iTAZeF"'i (tkﬁ—i*tkﬁ—i—l*‘r)dT
0

eOéADA{ _ eDtFDJvI

IN

vp
tor1 =tk ap — R
N ANt AP _F; —t— o)
+ Til A et TAi e (thy1—tr T)dT T; :| C(tk) eA/]zvi(thri—thrifl) < p@aDur
Consider now an evolution of the _hybrid systéfnglong the  wherevp, as andar are as in (19), and
cycleC = {qs,,qe,,---, .}, Starting from locationg,, at oD
. . . o
time ¢, and here ending at timg,;.s. We have [Mx,,,...x. || < Rxe"oam.
s D e@aDyv _ parDuy kn
arDy,
_ 1 T!0 o Fe; (tkti—thti1) O {6 g +uvp ]
C(tk+S) = H R&h+1 g € ot @A —ar

=1 with ko and ky being the number ofD and N terms,

toti—thti—
IN ALY (tkti—titio1) N S respectively, inX,, ,...,X,., and Rx is as in (19). Then
0 the sum of the2® — 1 terms Mx, . x,. # My.. N, IS
N 1270 S [RREE)
AT AP e (i =tisi-1=7) g O }}C(tk) upper bounded by

The matrix multiplying¢ () can be rewritten as the sum of ~ 25Rye(S—1aaDPu {eaFD’" +vp

exaDm _ eaFDM:|
25 terms

ap — OaR
Then, by choosindg; according to (18), we have from (25)

ICCthrs)l < [ Do IMoxe,oxe ] ICCEN < NG

This shows that the value of the norm of the observation

error after each cycl€ = {q,,qs,,--.,q:5} decreases and
teti—teti— H

/ eri—tig éAgTAZeFei (thti—tnio1—7) g Tg this concludes the proof.
0

Xe Xe

_ pl K Xey pl 1
Xeg — Rfsél Yv@g ce YZQ Reléz )/é

1

where eitherX,, = O or X,, = N, and
YZO

K3

10 JFy. (th+i—tk+i—1)O IN
Tzigl + + 1T€,3+T€,:'

N R .
Yév = TéfVeAh (b t’““*l)Tg 2For diagonal matrice®, [|ePt|| < e*(P)t, vt > 0 (see [5]).



Remark 5: Constraint Dy; < 1 in (15) is introduced g3 — ¢1, continuous dynamics in (4-5) given by
to obtain a very simple form for condition (17). Similar -

. ) . _ 2258 _ 1996 1996 998 1 7
results can be obtained fdb,,; > 1, replacing (17) with 3125 3125 3125 3125 10
i i I . 504 6502 5998 2999 6
a pqunom|al constraint forl.)M derived frpm (27),. .molre a 2he —gme  —2S —2 or_ 2
preciselyD,; ande must satisfy the following condition: 1= | 16049 2003 _ 31963 _ 4011 1= 4
12500 3125 12500 3125 5
3931 _ 989 8047  _ 3961 2
L 6250 3125 6250 6250 5
Ry [(VADM +1)% - 1] <e (28) 5 5
r 3163 777 436 401 4 7
. . . 12500 6250 3125 6250 5
Remark 6: Slightly more involved expressions for s e s oL ’,
parameters in (19) can be given when eitlgrhas multiple | 3125 T6250 6250 12500 T — ~5
unobservable eigenvalues or the observable closed-loop? _ A1l 777 747 401 2 2
dvnamics is defective 3125 12500 12500 12500 5
y ) 193 213 143 47 1
L~ 3125 6250 T 6250 3125 5
Equation (16) is a geometric condition on the dimension 1 0 L 0
and orientation of the unobservable subspaces, as well as on 100 L 250
the reset mappings between them, under which continuous B 0 30 350 U oT _ 0
state determinability can be achieved for the hybrid system 3= 0 0 -2 0 371
by switching between the subsystems. However, continuous
state determinability can be gained only if the switching is 0 0o 0 =5 1

fast enough. In fact, constraint (17) provides an upper bound
for the sojourn time in each location for the switching to and no continuous state resets during transmonsRlL]e !

0 _
be effective. Finally, condition (18) expresses how fast the nd i;; =0 in (). Computing a Kalman decomposition in
bservable and unobservable components, we obf@in=
observation dynamics should be in order to overcome theN1 _ 08 N3

=n =2 n° =1, nV2 = 3 and
possible unstability of the unobservable evolutions. transformation matrices (11-12) as follows

9/20 2/5 —2/5 —1/5
2/5 —1/5 —4/5 —2/5
—4/5 2/5 —9/10 4/5
—4/5 2/5 —2/5 —1/5

Ty
IV. EXAMPLES T
1

¥
In this section, some examples of final-state asympto-
tically determinable hybrid systems are given in order to 4/5 0 0 —4/5

illustrate the results of Theorem 4. 71— [T’O T’N] _ 8/5 -1 0 2/5
In geometric condition (16) both the orientation of the ' v 0 —4/5|-2/5 O

unobservable subspaces and the reset maps play a role. As an 0 —2/5| 4/5 -
example, consider a hybrid system with a two dimensional
continuous space and a two-location cycle with coincident T9 —4/5 2/5 =2/5 —1/5
unobservable subspaces, elgy = T3V = [ 01 ]T. If Ty = - 0 1/5 0 2/5
one of the reset map is thex 2 permutation matrix, e.g. N 1(/)5 1(/)5 _12/55
R, = | V1|, then (16) is satisfied wittt, — 1, — 2
10

and final-state determinability may be achieved. In fact, the —4/5|=2/5 9/5 2
second component of the state space is unobservable for bothy -1 [T’O TQIN] _| 25|15 8/ 4
subsystems, but at each switching fragmto ¢, its value =2/51-1/5 =8/5 1
is mapped into the first component, which is observable. —1/5]12/5 —4/5 =2
Hence, after each transition tg, the component that was 0 0 0 1
not observable can be recovered. ¢ 0 0 1 0

On the other hand, if the reset maps are the identity matrix T3 = =170 1 0 o
but the unobservable subspaces have a trivial intersection, Ty 100 0

eg. TN = [10]" andT3¥ = [01]", then (16) is

satisfied. In fact, both components from time to time become 0 0/0 -1
observable. T [T’O T’N} _ 0 0|1 O
As a final example, consider a three—location hybrid system, 3 3 3 0 1]0 0
with locationsqy, ¢2, ¢35 connected in a cyclg; — ¢ — 1 0{0 O



In the transformed space, dynamics (8-10) are given by

w— | 2V o2 o
Yo a0
1
AN = [ w0 ap— | 7m0 Y ]
1 b
0 35 0 0
A9 =-2/5, CP = -1
0 0 0 — =
AV =10 5 0 |, AP=] o0
0 0 -1k 0
ag—| 2 Voo 1]
3 — 0 _9 ) 3 —
AN: Wlo 0 AP: 0 2})0
3 0 1 » 413 1 0
100 250
Since

Ry T T Rl T TY Ry T T
Y Ty T T T T

condition (16) is verified and final-state determinability carLs]

be achieved if the system switches fast enough.

By (19), Ry = 4.3554, v4 = 0.01, and since the cycle
has three locationsy = 3. The upper bound),, < 7.1325
for the sojourn time is obtained from inequality (28) wit
e = 1. ChoosingD,; = 7, inequality (28) is verified with
e =0.98.

To complete the observability test, matricés and the
minimum sojourn timeD,,, for which (18) holds should be
determined. By (19)qs = 0.01 andvp = 0.004. Setting
D,, = 1.5, matricesG; are chosen such thatr = —10.
Then, matrices/’® and 7/° are recomputed to diagonalize
the closed loop matricesl — G;C?. With the resulting
transformations, by (19Rx = 1825. Since with this choice
of G, inequality (18) is verified, then, according to Theo-
rem 4, the given hybrid system is final-state asymptoticall
determinable.

h

V. CONCLUDING REMARKS

We discussed the notion of generic final-state asymptotic
determinability for hybrid systems following the lead of Son-
tag [7]. This notion facilitates the constructions of asymptotic
state observers. Interestingly, generic final-state asymptotic
determinability can be verified even if each of the continuous
subsystems of the hybrid system is not observable. This result
is based on the synergy that can be exploited between the
continuous and the discrete dynamics.
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