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Introduction and summary

For the purposes of the four-colour conjecture it is convenient to consider
only undirected graphs without loops and without multiple edges. In this
paper an abstract graph I’ is taken to mean a set ¥ ('), whose elements
are called the wvertices of T', together with a set &'(I'), whose elements are
unordered pairs of distinct vertices of I' and are called the edges of T';
and a planar graph T" is taken to mean a polygonal line complex homeo-
morphically embedded in the Euclidean plane, the 0-simplexes being called
the vertices—they form the set ¥"(I')—and the 1-simplexes being called
the edges—they form the set &(I')—in which no edge joins a vertex to itself
and two vertices are joined by at most one edge; an edge is not considered
to include the two wvertices which it joins. To each planar graph there
corresponds an abstract graph, but not conversely. The usual notation
of set theory will be used. The term subgraph will be used in the sense
that every graph is a subgraph of itself, as distinct from proper subgraph.t
The axiom of choice will be assumed. In what follows, definitions and
statements concerning graphs apply both to abstract and to planar graphs.

DeriniTion 1. A graph will be called «-colourable if its vertices can be
partitioned into « or fewer (colour) classes in such a way that no two
vertices belonging to the same class are joined by an edge.

The four-colour conjecture is equivalent to the statement that every
planar graph is 4-colourable (cf. (11), or (10) Lemma 1; and (14) 295). The
present paper contains two results connected with the four-colour con-
jecture; one applies to all abstract graphs and the other to planar graphs.

DrriniTioN 2. A graph with « vertices («> 1) in which every pair of
distinct vertices is joined by an edge will be denoted by {«), and a graph
obtained from an {a),a>2, by deleting a single edge (but not the end-
vertices of this edge) will be denoted by {«—). A graph obtained from
an {o),a>2, by the process of subdividing edges through the insertion
of new vertices applied any number of times, will be denoted by {aU);
{a) is not considered as a special case of {aU).

t IV =T, where I' is a graph, implies that I is a graph such that *(I'V) € ¥(T')

and &(IV)c é(I). If <7 (I")ué(T") but & is not a graph, then & is not called a
subgraph of I".
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Derinition 3. If I' is a graph and L <7 (I')u&(I'), then I' - will
denote the graph obtained from I' by deleting the set of vertices & n ¥*(I),
together with all edges of I' incident with at least one of these vertices
and then deleting all those edges of & n &(I') which still remain.

DeriniTiON 4. If ' is a graph and a and b are two distinct vertices of I'
then a graph obtained from I'—a -0 by adding a new vertex not in I'
and joining it by edges to precisely all those vertices of I'—a —b which
were joined in I' to at least one of a, b will be called a graph obtained from I'
by identifying the vertices a and b. I' is homomorphic to IV, in symbols
I'>T", will denote that I is a subgraph of a graph which is isomorphic
to the graph I or to a graph which can be obtained from I' by the opera-
tion of identifying pairs of vertices joined by an edge applied any number
of times. This relation is transitive. The operation of identifying pairs of
adjacent vertices will be denoted by o.

Derinition 5. If T' is a graph and a is a vertex, then the number of
vertices of I" to which a is joined by edges will be called the valency of a
in I" and denoted by v(a, I').

DeriniTioN 6. If I is a graph and ® is a connected (Def. 11) subgraph
of I' such that every vertex of I'—® is joined by an edge to at least one
vertex of @ then @ will be called a connected skeleton of T'.

DEeriNiTION 7. If T is a graph then the operation of deleting a set of
vertices each of which have valency <4 in I' (together with every edge
incident with at least one of the deleted vertices) will be denoted by «,
and the operation of identifying pairs of vertices which are joined by an
edge and at least one of which has valency <4 in I" will be denoted by o,.
If T" is a planar graph then the operation of identifying pairs of vertices
which are adjacent to the same region of the plane and are not joined by
an edge will be denoted by o,.

DEeriNITION 8. A member of a graph is the same as a ‘Glied’; see (16).
The two main results of this paper are:

THEOREM 1. If I is an abstract graph and not 4-colourable, then either
I'>{5), or else

(Va,b){a,be¥(I').>.T—a—-b><5->} and
(Va,b,c){a,b,ce¥(I').>.I'—a—-b—-c2{4U)}.

THEOREM 2. Let I' denote any planar graph and let Ty denote the graph
(posstbly empty and possibly identical with T') obtained from T by applying o,
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until there remains a graph without vertices of valency <4. T is said to have
the property B if Ty =@ or Ty is 4-colourable or (VA){A is a member of
Ly.—. |7 (A)|<35V|E(A)| < 101V A contains at most one vertex whose valency
in A exceeds 6V A has a connected skeleton such that all vertices of the skeleton
with the exception of at most five have valency <4 in AV A is 4-colourable}.

If T has the property B, or if (VA){A s a member of T'y.—>.A has the
property PV a graph having the property P can be obtained from A by
applying any or all of o4, ¢, and o4 in any suitable order and with repetitions
allowed}, then T' is 4-colourable.

Theorem 1 follows a line of approach indicated by two results due to
K. F. Wagner: the four-colour theorem is equivalent to the statement that
every graph which is not 4-colourable is homomorphic to a (5 ( (17) 573);
every graph which is not 4-colourable is homomorphic to a (5 - (18).

Theorem 2 establishes the truth of the four-colour conjecture for a new
class of planar graphs, it incorporates the results of C. E. Winn that every
planar graph with at most one vertex of valency > 7 is 4-colourable (20)
and that every planar graph with fewer than 36 vertices is 4-colourable (21),
and it furnishes a procedure for verifying that a given suitable planar
graph is 4-colourable without having to find a 4-colouring for the whole
of it.T

Notation and terminology

Graphs will be denoted by Greek capital letters, vertices by lower-case
italic letters, and an edge incident with the vertices ¢ and b by (e, b) and by
(b, a); this edge is said to jotn a and b, and @ and b are called the end-vertices
of (a,b). An edge is not considered to include its end-vertices and so an
edge by itself is not a graph, but an edge together with its two end-vertices
is one. If [ and I', are graphs then I', U T, denotes the graph whose set of
vertices is ¥ (I';) U¥(T'y) and whose set of edges is &(I';)u&(T,), and
analogously for I'; n T'y. The graph I is called finite if ¥"(I") is finite.

DErINtTION 9. @xbin [’ denotes that the vertices @ and b are joined by
an edge in the graph I'; @ ob in I" denotes that they are not.

DerFIiNiTION 10. A graph with vertices a,,...,a, and edges (a,,a,),...,
(a@,_1,a,), where v>2 and a,,...,a, are all distinct, is called a path; it is
said to join a, and a,, and a, and a, are called its end-vertices. A graph
with vertices a,,...,a, and edges (a,,@,),...,(2,_1,,),(a,,a,), where v>3
and a,, ...,a, are all distinct, is called a circust. ((2>-s and {2 U)-s are paths
and {3>-s and (3 U)-s are circuits.) The length of a path (circuit) is the

t The procedure works immediately for the maps showing the counties of Britain,
the states of the U.S.A., the cantons of Switzerland, and the départements of France.
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number of edges in the path (circuit). If I'y and Iy are two mutually
disjoint graphs and if Y is a path with end-vertices a, and a, such that
TNT; =a,and YNT, = a, then Y is called a (I',) (I'y)-path. In particular,
T is an (a,) (a,)-path. If a and b are two vertices of the path Y then the
path contained in Y which joins a and b is denoted by Y(a, 6] and by Y[, a];
T[a,a] = a.

DEerintTION 11. The graph I' is called connected if (Va,b){a,be¥ (')
and a#b.—.T contains at least one (a) (b)-path}; a graph which consists
of a single vertex is connected. I' is called u-fold connected (n>1) if
(Va,b){a,be ¥’ (') and a#b.—.T' contains a set of x or more distinct
(@) (b)-paths, any two of which have nothing but ¢ and b in common}.

DErFinITION 12, A graph will be called «-chromatic (x>1) if it is
x-colourable and not («—1)-colourable. A k-chromatic graph will be
called critical if it has no proper subgraph which is x-chromatic; it will
be called contraction-critical if it is connected and not homomorphic to
any «-chromatic graph other than itself.

DeriniTiON 13. For a>4 any {(a) or any {aU) contains exactly
o vertices having valency «—1, these will be called its branch-vertices.
A path contained in the {«) or (e U} which joins two branch-vertices and
does not contain any of the remaining branch-vertices will be called a
stde line of the {a) or {aU).

DeriniTION 14. If S < ¥ (') then I'— (I' = %) is called the subgraph of
T generated by the vertices of & and is denoted by I'(¥).

Proof of Theorem 1

1. Preliminary results

DxeriniTiON 15, If I' = A or A is obtained from I' by the operation «
applied one or more times (see Definition 4) then we will say that I' can
be contracted into A. From this and Definition 4 it follows that I'>I" if
and only if T is a subgraph of a graph into which I' can be contracted.

(1) T can be contracted into A if and only if there exists a mapping m of
¥ (T) onto ¥ (A) such that (Vd){de¥ (A)—T'(m~Y(d)) is connected} and
(Ve,f){e,feV (A) and (e,f)€A.«>.T contains at least one (m=(e)) (m~1(f))-
edge}.

(2) T'>T"ifand only if there exists a mapping m of a subset of ¥"(I") onto ¥"(I'')
such that (Vg){ge ¥ (I'")>T'(m=Y(g)) is connected} and (Vh,){h,ic ¥ (I")
and (h,t)e”.—.T contains at least one (m=2(h)) (m=1(z))-edge}.

The proof is left to the reader.
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DerinitioN 16. If there exists a mapping m of ¥/(I') onto ¥"(A) with
the properties described in (1) then A will be said to result from T' by
contracting each of the subgraphs I'(m=1(d)) into a single vertex. A mapping m
of a subset of ¥'(I") onto ¥"(I'’) with the properties described in (2) will be
called a homomorphism out of T" onto I''.

(3) If I'>T" then (3B){B<T and B>T" and B has at most as many

connected components as 1"'}.
This follows from Definition 4.
(4) If T >T" and T is finite then (3 B){B<T and B>T" and B is finite}.

Proof. By (2) there exists a homomorphism s out of I' onto I''. Let
915 -9, denote the vertices of I'". Corresponding to each edge (¢, ¢y)
contained in I select a vertex f,,* in m~1(g,) and a vertex fz,/ in m=1(g,)
such that (fys* fs”)€. In this way for each «, 1<k <y, a subset ¥,
of m~Y(g,) is selected, where | % | <v(g,, ). T'(m~(g,)) is connected and
therefore contains a finite connected subgraph I', such that & <¥"(T',).
The subgraph of T" generated by #"(I';)U ¥ (I';)u ... u¥(T,) is finite and
homomorphic to I'.

(5) If T is finite and every vertex of I", with at most one exception, has valency
>3, then T' contains a (4> or a {4 V) as a subgraph ( (7) Satz 5).

(6) If I'>><4) then T contains a (4> or a {4U) as a subgraph.

(I believe that this result is not new.) Proof. Suppose that (6) is false.
Then there exist finite graphs for which it is false, by (4): let ¥ be one
having a minimal number of vertices. It follows from the minimal
property of ¥ that ¥ contains no vertex of valency <3, and we have a
contradiction to (5). Hence (6) is true.

(7) If T is 3-fold connected then (Va,b){a,be ¥ (I')->T contains a {4) or a
{4 V) which contains a and b as branch-vertices} ( (7) Satz 8).

(8) If a graph is contraction-critical then it is critical.

The proof is left to the reader.

(9) Every x-chromatic graph, x being finite, contains a critical x-chromutic
subgraph. FEvery critical x-chromatic graph s finite and connected and
each of its vertices has valency >x—1, and if «>3 then it is 2-fold
connected ((5) 43).

(10) Every connected x-chromatic graph, k being finite, is either contraction-
critical or contractible into a contraction-critical x-chromatic graph.
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Proof. Let I' denote a connected x-chromatic graph and let I denote
a critical x-chromatic subgraph of I' (I = I" possibly). Clearly I' can be
contracted into a graph I'” such that ¥"(I'") = ¥(I'') and I 2TV (I'" = IV
possibly). Among the finite set of different x-chromatic graphs into which
the (finite connected) graph I'" can be contracted, let I'” be one having
the least possible number of edges (I = I'" possibly). Obviously I'” is not
homomorphic to any «-chromatic graph with fewer vertices than I'.
Furthermore if (a,b) is any edge of I'” then I'” — (a, ) is (x — 1)-colourable
because otherwise the graph obtained from I'” by identifying a and b
would not be (« — 1)-colourable, and this would contradict the definition
of I'. Hence I'" is contraction-critical.

(11) If a critical k-chromatic graph contains a {A) as a subgraph, where
A< k=1, then the graph can be contracted into a (A+1) ((6) Theorem 1).

(12) Every contraction-critical k-chromatic graph with « > 5 (except the {5))
s B-fold connected ((8) 128).

(13) Every 4-chromatic graph contains a {4 or a {4 U>as a subgraph ( (4) 87).
This follows from (9) and (5).

2. Results on connectivity
PropositioN 1. If a 3-fold connected graph contains more than one vertex
having valency > 3, then the graph is homomorphic to a {(5—">.

Proof. It will first be shown that

(14) If the 3-fold connected graph T' contains as a subgraph a {4 or a (4 U)
to which mot all vertices of 1" belong, then T'>{(5—>.

Proof of (14). Let A denote a {4) or a {4U) and let x denote a vertex
of T such that AcT'—2. From the fact that I' is 3-fold connected it
follows, by an extension of Menger’s Theorem (9), that I' contains three
(%) (A)-paths such that any two of them have only z in common. If the
three end-vertices s of three such paths do not all belong to one and
the same side line of A, then the union of A and the three paths is homo-
morphic to a {(5—). Therefore it only remains to consider the alternative
that I" has the property that

(1) (VA,z){ze¥ (I')and A =a{4) ora {4U) and A=T —x.—. one of the
stde lines of A has the property that it contains the end-vertex #x of every
(z) (A)-path contained in T'}.
(i) will lead to a contradiction, however.

The side line of A on which all (z) (A)-paths contained in I' end will be
denoted by Y,,, and the two branch-vertices of A which T, joins by y,,
and y),. Let Y;,Y,, Y3 be three (x) (A)-paths contained in I' and such that
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any two of them have only 2 in common, and let yy, denote AN Y, i = 1,2, 3,
the notation being chosen so that v, ,, ¥, ¥s, ¥s, ¥4, occur in this order along
Y \.» Where possibly ¥, = y,, and y, = ¥4 ,. Let 8(A,z, Y,, Y,, Y';) denote the
sum of the lengths of Y, [y,.,%,] and of Y,,[y},,ys]. Let §,, denote the
minimum value of §(A,z,Y,,Y,, T;) taken over all sets of three (x)(A)-
paths contained in I, any two of the paths of the same set having only «
in common. Let 8 denote the minimum value of 8, taken over all A and z
such that ze ¥ (') and A is a {(4) or a {(4U) contained as a subgraph in
'—z. Let A* and z* be such that §,.,. = & and let Y, * T,*, T;* be such
that §(A*,x*, T, * Y, *, T,*) = §, etc.

I'—y,*—y,* is connected because I' is 3-fold connected; therefore
' —y,* —y,* contains at least one

(Y aoanly1® ¥5* T =91 * — y3*) (A* = Y pna[yr*, y5*])-path.
Let Y denote such a path, let z denote the end-vertex of T belonging to
Y ponel¥2*, ¥5¥ ] — 91 * — y5*, and let 2’ denote the other end-vertex of Y.

(ii) (Y=2)n (Y *uY,*uY,*) =@.

Proof. Suppose that this is untrue, and let w denote the last vertex
belonging to Y'n (Y;* U YT,* U T';*) which is encountered when going along Y
from z to 2'; w+#2, but possibly w = z*. Suppose that weY*, 1<¢<3.
Y X[a*, w]u Y[w,2'] is an (z*) (A¥)-path; therefore, by (i),

Z'e Y./\‘J.“ - TA'x‘[yl*’ ?/'1*]
Tt may be assumed without loss of generality that 2" € Y e [y e e, Y1 ¥] — 1 *.
Then it follows from the minimal property of §,.,. that w#2z* and that
¢ = 3. But in this case

S(A*, w, Y[w, 2], Ty*[w, x*] U To*, Yy* w0, 9,%]) <3,

which is a contradiction. This proves (ii).

(i) 2 e A* =Y page.
Proof. Suppose that this is untrue. Then it may be assumed without

loss of generality that 2’ € Y e u[ype0, ¥,*] — 91 *. Let A* denote the (4U)
obtained from A* through replacing Y ... by
TAtItl’yAt_,:t, ZI] uYu TA'J:‘[Z: y;\txi]-

It follows from (ii) that 8,s e <8 ,4,+, and this contradicts the definition of
8psz+. This proves (iii).

Let V* denote the (4U)> obtained from A* through replacing
Y pozelyn®, y5*] by Yi* U Y3*. It follows from (ii) and (iii) that Yy.,.[z,1,*],
Y pouel2,43*], and Y are three (z) (V*)-paths of which any two have only 2
in common, and it follows from (iii) that their end-vertices #z do not
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all belong to one and the same side line of V*. This contradicts (i), and
so (14) is proved.

Proof of Proposition 1. Suppose that the proposition is false, and let T'
denote a 3-fold connected graph not homomorphic to a {(5—) in which
the vertices @ and b (@ #b) have valency > 3. It follows from (14) that "
contains no {4) as a subgraph and that

(iv) every {4U) contained in " as a subgraph includes all vertices of T.

By (7), I contains at least one {4 U> of which @ and b are branch-vertices,
A say. Let ¢ and d denote the other two branch-vertices of A and let
Y5 Ly ete. denote the side lines of A which join @ and b, a and ¢, etc.

« is incident with an edge not belonging to A, (@, ) say, and b with an
edge (b,y)¢A; possibly 2 =y. x¢Y ,uY, UY,, and y¢Y ,UuY, UYT,,
by (iv). Hence the union of Y, uY,UY, and (a,z) and any two of
Yoo Yo Yea is & <4 U) contained in I', and therefore, by (iv), Yoy, Yo Yaa
contain only one edge each; similarly 1, Y,, contain only one edge each.
Hence z,yeY  ;—c—d. 1t follows that I'>>{5—). This contradiction
proves Proposition 1.

CorOLLARY TO PROPOSITION 1. If a mew edge is added to a 3-fold
connected graph (without creating a double edge) then the resulting graph
18 homomorphic to a {5—>.

ProposiTioN 2. If I' vs a 5-fold connected graph then either I'>{5) or
(Va,y){x,ye ¥ ([)»>T -z —y>{5-))

Proof. Suppose on the contrary that I' % <{5> and z,ye¥(I') and
F—2z—y%<{5—>. This will lead to a contradiction.

Let I'V denote I'—x —y. I" is 3-fold connected; hence by Proposition 1
IV contains at most one vertex having valency >3 in I". But every
vertex of I' has valency > 5 in I’ because I' is 5-fold connected. Therefore
every vertex belonging to I'V, with at most one exception, is joined to z
and to y in I'. Not every vertex of I is joined to 2 in I', and not every
vertex of IV is joined to y in I, because I'” contains a {4} or a (4U) as
subgraph by (7). Hence I'’ contains just one vertex, z say, which is joined
neither to z nor to % in T', and all the other vertices of I'" are joined both
toxzand toy in I

I'"—z is 2-fold connected and therefore contains at least one circuit.
Let E denote a circuit contained in I'' —z. = contains at least five vertices
and edges, because otherwise I'— E would be connected and would there-
fore contain an (z)(y)-path, Y say, and the union of E, T, and the (z)(E)
and (y) (£)-edges contained in I" would be homomorphic to a {5).
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From the fact that I'" is 3-fold connected it follows, by an extension of
Menger’s Theorem (9), that I contains three () (£)-paths of which any
two have only z in common, Y,, Y,, and Y; say. Let w,=EnTY, for
i=1,2,3.

Contract Y, into a path with only one edge joining z and w, for¢ = 1, 2, 3.
Then contract E into a pentagonal circuit (5-circuit) E* in such a way
that the vertices w,, w,, w; remain distinct; Z* = E possibly. Among the
three vertices w,, w,, w; two can be found which are not joined by an edge
belonging to &*, w, and w; say. Identify z with w;. The graph so obtained
from I contains the pentagonal circuit Z* and the edge (w;, ;). Re-label
the vertices of Z* as a,,...,a; in cyclic order around EZ* in such a way
that w; = a, and w; = a,.

The graph which results from I' by this process contains E*, z, v, (a,, a;).
and the edges (z,a;) and (y,a;) for ¢ = 1,...,5. Identify 2 with ¢, and »
with a;. The resulting graph contains a (5), i.e. I'’>>{5)>. This contradic-
tion proves Proposition 2.

3. Deduction of Theorem 1

1. If a graph is not 4-colourable then, by (9), it contains a critical
5-chromatic graph as a subgraph. It is therefore sufficient to prove
Theorem 1 on the assumption that I' is 5-chromatic and critical.

By (10), either I' is contraction-critical or it can be contracted into a
contraction-critical 5-chromatic graph. Let m denote a homomorphism
of I onto the contraction-critical 5-chromatic graph I, where [V =T
possibly. Let m(a), m(b), m(c) be denoted by a’,b’, ¢’ respectively ; possibly
a' =a,b =b,or ¢ =c, and a’,b’,c’ are not necessarily distinct. (llearly
F-a-b>I"—a'-b"and '—a—-b—c>I"—a'—b'-c"

By (12), IV is 5-fold connected or a {5). By Proposition 2 it follows
that T">{5) or I"—a'—b'>(5—). Consequently, since the homo-
morphism relation is transitive, I'>(5> or I'—a —b>{(5—>.

2. Suppose that IV} (5> and I"'—a’'~b"—¢’ does not contain a {4U)
as a subgraph. This will lead to a contradiction.

By (9) and (11) it follows from this assumption that I'" does not contain
a (4) as a subgraph, and it follows further that at least two of a’,0’, ¢’
are joined by an edge in IV, because otherwise [ —a’'—b"—¢" would be
4-chromatic and consequently would contain a {4U) by (13). Suppose
that (a’,b')eI".

I"—a' —b"—c¢' is 2-fold connected. IV —a’—b'—¢’ contains at least two
vertices of valency 2, otherwise it would contain a {4U) by (5). Let z
and y denote two vertices having valency 2 in I —a'—b" -¢’. z and y
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are joined to a’, b’, and ¢’ because v(z, I'') = v(y, ') = 5. It follows that
(x,y)¢ I, otherwise z,y,a’, b’ would generate a (4) in I'.

IV —a’— b’ —¢’ contains at least one circuit to which z and y both belong,
because I —a’—b'—c¢’ is 2-fold connected. Let Z denote such a circuit
having the greatest possible number of vertices and edges, and let Y,
and Y, denote the two connected components of E—~z—y; Y,#@ and
Y, # @ because (z,y) ¢ V.

Every vertex of & other than z and y has valency >3in IV ~a'—b"—¢'.
For if ze¥"(Z) and 2#x and z5#y and v(z, ['—a'—b'—c¢') = 2, then z is
joined to a’, b’, and ¢’ because v(z, ') = 5, so that if E is contracted into a
{3) with vertices z,y,z, then the graph so obtained from I' contains a
{5) whose vertices are a’,b’, x,9,2, and this contradicts the hypothesis
that I % (5.

DEerFinITION 17. A path which joins two vertices of E not joined by an
edge belonging to X, and which has nothing except its two end-vertices
in common with E, will be called a chord of E.

Every vertex of E other than x and ¥ is the end-vertex of a chord of =
contained in I —a’ —b"—¢’. For let « denote a vertex of E other than z
and y. v(u,I"—a'—b'—c’)>3. Let ¢t denote a vertex of I'—a'—b"—¢’
such that (u,t)el”—a'—b'—¢’ and (u,t)¢E. If teE, then u, ¢, and (u,t)
together constitute a chord of E. If t¢E then I'—a’'—b'—c¢’ —u, being
connected since I'' is 5-fold connected, contains a (¢) (£ —u)-path, and it
follows from the maximal property of & that the union of such a path
and » and (u,t) is a chord of E contained in [ —a'—b"—¢'.

Every chord of E contained in IV —a’~0b'~¢ joins a vertex of T, to a
vertex of YT, For suppose on the contrary that such a chord joins two
vertices of, e.g., Y';. Among all such chords let Y be one which cuts off a
portion of Y, containing a minimum number of vertices. Let w denote a
vertex of Y, situated between the two end-vertices of Y. I'—a’'—b"—¢'
contains a chord of E, Y’ say, having w as end-vertex. It follows directly
from the maximal property of E and the minimal property of Y that
YNY =@ and that EnY separates ENY’ on E. Hence EUYTUTY' is a
{4 V) contained in I —a’ — b’ —¢’, which is contrary to hypothesis.

Let T* denote a chord of E contained in IV-a'—b'—¢'. [V—2z—y—¢'
is 2-fold connected, and consequently, by an extension of Menger’s
Theorem (9), it contains an (a') (E—z—y)-path T, and a (b')(E—z—y)-
path Y, such that Y, n Y, = @. Contract Y, —a’ and Y, — b into a single
vertex each, identify ¢’ with z, and contract Y, UY,UT* into the single
vertex d’. The graph so obtained from I contains a {(5) with vertices
a',b',d’',x,y, so that I >{5), contrary to hypothesis.
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Henceeither I''>(5)or I —a’'—b"— ¢’ 2 a {4 U). Consequently, since the
homomorphism relation is transitive, either I'’>>(5> or I'—a —b —¢>{(4).
Theorem 1 now follows by (6) and (11).

A consequence of Theorem 1

TrEOREM 3. If a graph is not 4-colourable and has a connected skeleton
with fewer than 4 vertices then it can be contracted into a {5).

Proof. Let T' denote the graph and @ the skeleton. TI' is necessarily
connected. By Theorem 1, I'>{(5> or I'=®2<4U). fT'-D®P=2(4U) then
the graph obtained from I' by contracting @ into a single vertex, and a
{4U) contained in ' — ® into a {4), contains a {5); and if I'’>¢(5) then T,
being connected, can be contracted into a (5.

Proof of Theorem 2

1. Preliminary results
(16) If T us a finite graph and |&T)|22|¥ ()| -2 then T'2{4) or
['2<¢4 0 ((7) Satz 6).

(16) If a graph is not x-colourable then at least one of its members is not
x-colourable.

This follows from the definition of member (16).

(17) The operations oy, oy, 05 applied to 5-chromatic planar graphs give
5-chromatic planar graphs.

Proof. For », the proof is essentially contained in A. B. Kempe’s
attempt to prove the 4-colour conjecture (15): Let I' denote a 5-chromatic
planar graph and z a vertex of valency <4 in I'. If o(z,I')<3 then
I'—2 is obviously not 4-colourable. Suppose that v(z, ') =4 and I'—=
is 4-colourable. Let (z,a),(z,b),(z,c), (z,d) denote the edges radiating
from z in this cyclic order. Kempe proves that if I'—z is 4-colourable
then I'—2 can be coloured with four colours in such a way that two of
a,b,c,d have the same colour. It follows that I' is 4-colourable, contrary
to hypothesis. The reader can reconstruct the proof from (15), or
alternatively from (1).

The truth of (17) for », follows immediately from its truth for o,.

(17) is true for o5, because the result of the operation is a planar graph,
and if it were 4-colourable then the original graph would be 4-colourable.

2. Planar graphs whick triangulate the whole plane

DEeriNiTION 18. A planar graph is said to triangulate the whole plane if
exactly three vertices and three edges constituting a (3) are adjacent to
each region of the plane.

DeriniTiON 19. If T' is a graph, I is a connected component of I'
(possibly IV = T'), L =¥ (I'), and I - is disconnected, then &’ will be
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called a cut-set of I'. If no proper subset of & is a cut-set of I' then &
will be called a minimal cut-set of T.

(18) Every planar graph which triangulates the whole plane, except a (3), is
3-fold connected. If T is such a graph and & is a finite minimal cut-set of T
then I'(&) is a circuit and T'—& has exactly two connected components.

The proof is left to the reader.

3. Irreducible 5-chromatic planar graphs

DEerFINTTION 20. A 5-chromatic planar graph will be called an irreducible
graph if it is not possible to obtain a 5-chromatic planar graph from it by
applying the operations ¢ and o,.

It follows from the definition and from (8), (9), (11), and the 5-colour
theorem that

(19) Every connected 5-chromatic planar graph is either trreducible or an
trreducible graph can be obtuined from it by the operations o and oy. Every
irreducible graph s critical and contraction-critical and contains no {(4) as
subgraph.

The following are some of the properties of irreducible graphs:
(20) Every irreductble graph triangulates the whole plane.

The proof is left to the reader.
(21) Ewvery trreducible graph is 5-fold connected.

This follows from (12). P. J. Heawood proved a special case of this (13).
(21') Every vertex of an irreductble graph has valency > 5.

(22) If T is an irreducible graph and & is a cut-set of I' containing five vertices
then one of the connected components of I' — & is a single vertex ((3) 120).

DeriniTioN 21. If T' is a graph and ae ¥ (I") then the subgraph of I'
generated by those vertices which are joined to a will be called the inner
entourage of ¢ in I" and denoted by E(a). The subgraph of I" generated by
those vertices #a which are joined to at least one vertex of E;(a) will be
called the outer entourage of a in I" and denoted by F (a). I'(aVU E{a)U E (a))
will be called the entourage of @ in I" and denoted by E(a).

From (18), (20), (21), and (22) it follows ((3) 123) that

(23) If a is any vertex of an irreducible graph then
(A) E(a) and E (a) are circuits,
(B) every vertex of E,(a) is joined to two or more consecutive vertices of
E (a), and every vertex of E (a) is joined either to exactly one vertex or
to exactly two consecutive vertices of K (a),
(C) exactly |V (E,(a))} vertices of E (a) are each joined to two consecutive
vertices of E(a).
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A typical E(a) is drawn in Fig. 1.
(24) An irreducible graph does not contain a vertex of valency 5 joined to three
vertices of valency 5 and one vertex of valency 6 ((12) 230).
(25) If a is a vertex of an irreducible graph having valency 5, 6, 7, or v>1,
then no 3, 3, 4, or v — 1 consecutive vertices of E,(a) have valency 5, respectively.
For v(a,T') = 5,6,7,v> 7 see ((3) 126), ((12) 229), (19), ((12) 233) re-
spectively.

(26) In an irreducible graph every vertex of valency < 6 is joined to at least one
vertex of valency =7 ((20) 515), and every vertex of valency > 7 is joined to at
least one vertex of valency = 7 or to at least three vertices of valency 6 ( (19) 260).
(27) If T ts an irreductble graph then

[V (T} 236 and [E(I)|=(17/6)]¢ (1))

See (21). The last inequality but one on p. 408 of (21) is equivalent
to |&(I)|=(17/6)| ¥ (I')|, and this combined with Euler’s inequality
|£(T)| <3| ¥ (T)|—6 gives |¥(I')| > 36. Hence |&(I")]>102.

Note. In the papers of P. Franklin and C. E. Winn referred to in
connexion with (24)-(27) the equivalents of (24)—(27) are established for
those 5-chromatic maps in the plane which contain the least possible
number of regions; these maps are called irreducible maps by these
authors. But in fact only the property of being irreducible under the
equivalents of » and s, for maps is used in their proofs, not the absolute
minimality of the number of countries, so that (24)-(27) are true for the
irreducible graphs of Definition 19.

4. Properties of the entourages in irreducible graphs
In this section I' will always denote an irreducible graph.

(28) (Va){ac? (T')—>|¥(E,(a))|>9 and at least three vertices of E (a) have
valency 3 in E(a)}.
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This follows from (24), (25), and (26).

(29) (Va){ae¥ (I')=>|¥ (I - E(a))| > 3}.
This follows from (21), (23), and (28).

(30) (Va){ae ¥ (I')—>out of any three consecutive vertices of E,(a) ut least
one 1s joined to two or more vertices of I' — E(a)}.

Proof. Suppose that this is false. Then the notation can be chosen so
that the vertices of E,(a) are by, ...,b, consecutively around E,(a), and
v(b;,' = E(a)) =1 for j = 1,2,3. By (21") and (23B), »(b;,T') = 5 and b, is
joined to two consecutive vertices of E(a) for j = 1,2,3. The notation
can be chosen so that the vertices of E,(a) are a,,...,a, consecutively
around E (a) and a,x by, a,x by, a; x by, ayx by, ayx by, and ayx by, It follows
that v(a,, ') = v(a,, I') = 5. Then we have a contradiction to (25) because
three consecutive vertices of £,(a,) have valency 5 in I". This proves (30).

(31) (Va){ae ¥ (I')>no two vertices of E (a) have the property that every
vertex of I' — E(a) s joined to at least one of them}.

Proof. Suppose that this is false. The notation can then be chosen
so that the vertices of E(a) are by,...,b, consecutively around E,(a)
(B=9 by (28)), and
(*) All vertices of I' — E(a) are adjacent to b, or to b,, and 7> 6.

Let ¢ denote that vertex of I' — E(a) which is joined to b, and b,, and d
that vertex of I' — E(a) which is joined to b,_; and b,.

(i) c#d and cob,_; and dob, in I

Forif, e.g., cxb,_in T, then by (*),v(b;, ' = E(a)) = Lforj = 2,...,7~2
contrary to (30).

(i1) It may be assumed without loss of generality that v(b,, I'— E(a)—c) = 0.

For if this is not the case then b, is joined to one or more vertices of
E (b,)n(I' = E(u)) and hence, by (23A) and (*), v(b,_,, I'— E(a)—d) = 0.

From (ii), (20), and (23A) it follows that
(ili) cx by in I' and v(b,, I') = 5.

From (ii), (21’), and (23) it follows that b, is joined to two consecutive
vertices of E,(a). Let the notation be chosen so that the vertices of
E (a) are a,, ...,a, consecutively around E,(a) and a,xb,, a;xb,, ayxb,,
and a,x b;.

The two alternatives v(by, I'— E(a)) = 1 and v(b;, I'— E(a)) > 2 will now
be considered in turn.

1. Suppose that v(by, '~ E(a)) = 1. Then c¢xb,, a;x by, and ayx by in T’
and v(a,, I') = v(bs, ') = 5 by (20), (21’), and (23). v(b,, ' — E(a)) > 2 by (30).
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b, is joined to no vertex of E,(b,) N (' — E(a)) other than ¢, {or otherwise
v(c,I') = 5 by (22) and (21’), and so three consecutive vertices of #,(bs),
namely c¢, by, and a,, have valency 5 in I', which contradicts (25). Hence
by (*) b, is joined to at least one vertex of E,(b,) N (['— E(a)).

v(as, I') > 6, for otherwise three consecutive vertices of E,(b;), namely
by, ay, and ay, have valency 5 in I', which contradicts (25). Hence a;x b;
and v(by, E(a)) = 3.

72 7. For if + = 6 then b, is joined to d and to nc other vertex of E,(b;)
and so by (*), v(by, I') = v(bs, ') = 5 and a,x by; consequently v(aq, I') = 6
and four consecutive vertices of E(a;), namely a,,b;, b4, 05, have valency
5 in I', which contradicts (25).

By (23) v(b,_,,'—E(@)—d) =v(b,_,, = E(a)—d) = 0 because b, is
joined to at least one vertex of E(b,)n(I'—E(a)); hence dxb,_, and
dxb,_;in T' by (20).

b,_s is joined to no vertex of E;(b,)n (I'— K(a)) other than d for the
same reason that b, is joined to no vertex of E (b,)n(I'— E(a)) other
than c.

If =17 then b,_3=05, and so v(b,,I') =5, and further a,xb,, so
v(a,, I') = 6. But four consecutive vertices of E(a;), namely a,, by, b,,
and b, have valency 5in I, and (25) is contradicted. If > 7 then b, _,#b,
and so v(b;,,'=H(a)) =1 for j=7—3,7—2,7—1; consequently (30) is
contradicted. So the assumption that »(b;,'—E(a)) =1 leads to a
contradiction.

2. Suppose thatv(by, I' = E(a)) = 2. v(by, B,(b;) —by—c) = 0 by (21); hence
b, is joined to one or more vertices of E,(b,) n(I'— E(a)) by (¥). It follows
by (21) that v(b,_;, T'— E(a)—d) = v(b,_,, '—E(a)—d) = 0, and so dx b,. ,
and dx b,_; by (20).

b,_y is joined to no vertex of E (b,)n(I"— K(a)) other than d for the
same reason that it follows from v(b;, I'— E(a)) = 1 that b, is joined to
no vertex of E,(b,)n(I'— E(a)) other than ¢. 7> 7 because if 7 = 6 then
b,_5 = b; and we have essentially the same situation as in 1 with = = 6,
which leads to a contradiction. So b,_3# b, and therefore v(b;, I' — E(a)) = 1
for j =7-3, 7—2, 7—1, and (30) is contradicted. (31) has now been
proved.

5. Hexagonal circuits tn wrreducible graphs

The propositions (32)~(38) here can also be deduced from the contents
of the investigation of 6-rings in minimal 5-chromatic maps made by
A. Bernhart (2). But §5 can be read independently of (2). = will in
§5 always denote a 6-circuit contained as a subgraph in the irreducible
graph I', and the vertices of E will be denoted by z,, ...,z consecutively
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around E. ©; and O, will denote the subgraphs of I' generated by the
vertices situated inside and outside E, respectively.

(32) O, is empty or connected and ©, is empty or connected.
This follows from (21).

(33) For j =1,0,|7(0;)|23.».(Va){ac ¥ (0,)>v(a, E) < 3}.
This follows from (21) and (22).
In the rest of §5 it will be assumed that ©,# 3 and ©,+# 0.

(34) Forj=1,0, |V(0;)|22.»>.v(x;, 0;)21 for k=1, ...,6.

Proof. If e.g. |7(0,)|>2 and ©,#J then, by (21) and (22), no two
vertices of Z are joined by an edge situated inside E, and hence by (20)
v(z,, 0,)=1fork=1,...,86.

(35) (Va){ae ¥ (I'-E) and v(a,B)>2.—. the vertices of E to which a is
joined are consecutive around E and around E;(a)}.

Proof. Suppose that ae¥"(0,) and v(a, E) > 2, but the vertices of E to
which a is joined are not consecutive around E. Then 0,—a#@ since
v(a,I') > 5 by (21’). Let the notation be chosen either so that a x z,, aox,,
and a x z; or so that ax x,, aox,, aoz,, and axz,.

Suppose that axz,, aox,, and axz;. Then, by (21), no vertex of I is
situated inside the 4-circuit z,,,; @, and hence, by (20), z,x2; and
(%, %3) Is situated inside this 4-circuit. It follows that all vertices of
Q, are situated inside the 5-circuit z,,x,,z,, %5, 24, While the vertices of
0, and x, are situated outside it. |¥7(0Q;)|>2 and Oy#@, so (22) is
contradicted.

Suppose that ax z,, aox,, a 0x,, and a x z,. This will lead to a contradic-
tion also. By (20) and (22) either exactly one vertex of I is situated inside
the 5-circuit z,, x,, 23, 24, @, or it may be assumed without loss of generality
that x, x x; and 2, x z, and (x,, z,), (z,, z,) are situated inside this 5-circuit.
If the vertex b is situated inside the 5-circuit z,z,,x;, 2, @, then b is
joined to all vertices of the 5-circuit by (21), and so a is the only vertex of I'
situated inside the 5-circuit z,, b, z,, z;, s by (22), and consequently a x z;
and axzg by (21). But this contradicts the initial assumption made
about a. If z,xz, and (z,,,) is situated inside the 5-circuit z,, ,, 25, 24, @,
then a is situated inside the 4-circuit z,, z,, z;, %5, and z, is situated outside
it, and so (21) is contradicted.

Hence if ae¥'(0,) and v(a, E) > 2 then the vertices of E to which a is
joined are consecutive around E. Suppose that axz,,...,axz, where
2 £<6. By (21) no vertex of I' is situated inside the triangulated (€ + 1)-
circuit @, %, ..., and so 2y, ..., 7, are consecutive around E(a). (35) is
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therefore proved for the vertices of (I'—E)n©®,. For the vertices of
(I'—=E)Nn Qg it can be proved similarly.
(36) Neither ©; nor O, has a cut-vertex.

Proof. If a is a cut-vertex of O, or of ©, then v(a,E)>2 by (20), but
the vertices of Z to which a is joined are not consecutive around Z by (21)
and so (35) is contradicted.

(37) For j =1,0, |¥(0;)| > 3> 0; contains as a subgraph a unique circust
E; such that every vertex of E; is joined to at least one vertex of B and every
vertex of ©;—E; is separated from = by E;.

Proof. If|¥(0©;)| > 3 then O, contains at least one circuit as a subgraph
by (36). Let E, denote a circuit with maximal area such that Z;c 0,.
It follows from (20) and (36) that =; has the required properties. If
|77(@y)| = 3 then @, contains at least one circuit by (36), and if E, is a
circuit with minimal area such that Z < ©, then, by (20) and (36), E,
has the required properties. '

(38) For j =1,0, the number of (E)(0;)-edges contained in T' is at most
|7 (E;)| +6.
This follows from (35) and (37).

Lemma 1. For j=1d,0, |¥(0;)|24~>0;—E; contains a connected
component with at least three vertices.

Progf. The truth of Lemma 1 with j = o follows from its truth with
4 =1 because the plane can be deformed so that = changes into a circle
whose centre does not belong to I' and the (deformed) plane can be
inverted with respect to Z. Lemma 1 with j = ¢ will now be proved by
reductio ad absurdum.

Let it be assumed that Lemma 1 with § = ¢ is not always true, and in
what follows let E denote a 6-circuit of minimal area among those 6-circuits
of T for which it is false. At least one such 6-circuit with least area exists,
because I is finite.

(i) ©;—E;#@ and | V'(E;)| > 5.

For suppose on the contrary that ©,— 2, = §. Then 0,2<4U) by (37),
and 0,2<4)> by (21); therefore |£(0,)|<2|7(0;)|—3 by (15). On the
other hand, all but at most three vertices of E; are joined to fewer than
three vertices of & by (35), from which it follows by (21'), (35), and (25)
that at least one vertex of ®, has valency > 6 in I'. Hence, by (21’) and
(38), 218(0,)1=25|7(0,)|+1—(]7(0;)|+6), and we have a contradic-
tion. So ©,~E;#@. From (21) and (37) it follows that | ¥ (X,)| = 5.

(i) (Vy){ye ¥ (&) >v(y, E) < 2}.

5388.3.13 P
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For if this is false then in view of (33) and (35) it may be assumed with-
out loss of generality that ye ¥"(E,) and yx z,, y x 2,5, y x z;. Let E’ denote
the 6-circuit x,, v, x5, 24, 5, ¥4, and let O; denote the subgraph of I' generated
by the vertices situated inside B, etc. |¥7(0©;)|> 4 by (i) and E’ has smaller
area than Z; therefore ®;— Z; contains a connected component with more
than two vertices. But 0; —Z;< 0, —E, and so we have a contradiction.

(ili) (Vy){ye? (E;) >y, ©,) > 3}.
This follows from (ii) and (21).
(iv) No edge of T’ joins two non-consecutive vertices of =,.

Suppose that this is false. Then the vertices of E; can be labelled
Y1 -.-» Y consecutively around E; so that y;xy, in T' and (y,,9,)¢E,.
(¥1,Y,) is situated inside E; because E, is the circuit of greatest area con-
tained in ®,. Consequently by (iii) and (21), 5< p< é—3. It follows from
(22) that the notation can be chosen so that z;xy; and z,xy, and
Yo .- Y,—1 are situated inside the 6-circuit zy,y;,7,,%,, %3, %, Let this
6-circuit be denoted by E". |77(0Q;)|>4 because p>5 and because it
follows from (iii) that at least one vertex of I is situated inside the circuit

—_—u

Y1 Y2 -+ Y, ©f —E; contains a connected component with more than
:‘”

two vertices because E” has smaller area than E. But Q;—-E;c®,-E,
and so we have a contradiction.

(v) ©,—E, is connected.

—
et

For suppose that ©,—Z,; is disconnected, let ¥ denote a connected
component of ®;,—E&;, andlet y,,¥,., ..., Yo, Where oy <op <. <oy, denote
those vertices of E; which are joined to one or more vertices of ¥'. >5
by (21). Yo rYe, determine ¢ arcs on E,. Those of the arcs which
contain an interior vertex joined to one or more vertices of ©®,-&,- ¥
contain at least five vertices by (21). Suppose, as we may, that y, and y,,
are the two end-vertices of such an arc. Then y, xy,, in I' by (20), but
(Yay» Yo,)  E4- So (iv) is contradicted.

| (0,—E;)|>1. For if ©,—E,; consists of the single vertex a then, by
(20) and (iv), E; = E,(a). It foliows that ¥ (£ (a))< ¥ (E), and so (28) is
contradicted.

177(0;~E,)|> 2.

Suppose that this is not true. Then it follows that @,— &, = ¢(2). Let
Y (0;,~E;) = {a,b}. Then by (ii) and (iv), (Vy){ye?(E;)>v(y,)<6}.
Hence if v(a, T") and v(b, I') were <6, neither @ nor b would be joined to
a vertex of valency >7, so that by (26) it may be assumed that
v(@,T')>7. In view of (20) and (iv) the notation can be chosen so that



ON THE FOUR-COLOUR CONJECTURE 211

]

AXYzs s BX Yos OX Yo DX Yy -+ DX Y, bx 7y, where 8 <a+2< €. By (21),
(ii), and (iv), v(y; E) = 2 and »(y;,I') =5 for j=2,...,a=1,a+1,..., &
From this and (38) it follows that £ = 8 and « = 6; consequently by (38),
v(y,, ') = v(y,, ') = 5. Hence v(y;,I") =5 for j =1,..., £ and so (25) is
contradicted. Therefore |¥'(®,—Z;)|>3. But this and (v) together
contradict the initial assumption that Q;—E, contains no connected
component with more than two vertices, and Lemma 1 is proved.

Y1, ---» Y denote the vertices of E; consecutively around E; and axy,,

Note. It can be shown by a further analysis that for j=¢,o0,
[77(0;)] >4— 0;—Z; contains a connected component with at least four
vertices.

Lemma 2. For j =4,0, |77(0,)|> 4—(Vt) {te ¥(0,) > ;-2 {4 UD}.

Proof. The truth of Lemma 2 for j = o follows from its truth for j =1
as in the case of Lemma 1. The truth of Lemma 2 for j = ¢ will be proved
by reductio ad absurdum. Let it be assumed false and in what follows let
& denote a 6-circuit with minimal area among those 6-circuits of I" for
which it is false, and let ¢ denote a vertex of ©, such that ®;, -t {4 U).

(i) (Vy){ye ¥ (E)>o(y, E) < 2}.

For if not, we may assume that ye ¥ (E,) and y x 2, ¥ x %,, ¥ x Z3 by (35).
Let E' denote the 6-circuit y,y, 25, 24, %5, 2. O; = O;—y. | ¥ (Q;)| >4 be-
cause it follows from Lemma 1 and (22) that |¥"(5;)| > 6. E’ has smaller

area than =, hence (Vu){ue ¥ (0;) > 0;—u=2<4U>}. This clearly contra-
dicts the assumption that @, —tp{4U).

(i) (Vy){ye? (E)—>2(y, 0;) > 3}.

This follows from (i) and (21").
(iii) No edye of I joins two non-consecutive vertices of Z;.

This can be proved in the same way as (iv) in the proof of Lemma 1.
(iv) teE,.

For suppose on the contrary thatte ©,~Z;. 0,~E;—t#d by Lemma 1.
Let ue¥(0,~ZE,—t). I'~tis 4-fold connected and I"'—t>E,; it follows
from this by an extension of Menger’s Theorem (9) that ©,—¢ contains

four (u)(E,)-paths any two of which have only » in common. Therefore
0; —t><4U) contrary to hypothesis.

(v) (Vo){ve? (0,—E;)>tx v}

—

For if ve¥(0,—E;) and tov then the subgraph of I' generated by
vU E,(v), which contains a {4U) as a subgraph, is a subgraph of ®;—¢.
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(vi) The notation may be chosen so that the vertices of E; are y,, ..., y, con-
secutively around E,, t = y,, and the vertices of @,—E, are z,, ...,2,, where
w23 and Yy, 2y, ..., 2,, Y are consecutive vertices of B (y,).

This follows from Lemma 1, (iv), and (v).

(vii) §>17, and v(%, E)=2and 'U(?/j: )= 5.](07' J=2,3, £-1, €.

This follows from (23), (i), (iii), and (vi).

(viii) v(2;, )26 or v(z,, T') > 6.

For suppose that on the contrary v(z),I') = v(z,,I') = 5. Then yyxz,,
Yax 21, Ya X 2o Y51 % Zup Yo X 2 Y% 21, NA 0(Y,, ') = v(y;_,, ') = 6 and
V(ye, E) = 9(ye_g, ) = 2 by (23), (25), (i), (vi), and (vii). Since v(y,,T) = 6
it follows from (vii) and (25) that v(z,,I')>6, and consequently by
(i), (iii), (21), and (23), v(y5,E) =2 and £>8. Thus o(y;,E) =2 for
§=2,3,4,5,6-2,6—1,¢ and £—2>5. This together with (37) contra-
dicts (38), and so (viii) is proved.

Assume without loss of generality that v(z,, I') > 6.

zyxy; for 5=1,2,...,0(z,1)-1
and hence by (21), (23), and (i), »(y;, ') =5 for j = 2,3,...,9(2, ')~ 2.
From this and (25) it follows that v(z,, I') > 8. Therefore by (21), (23), and
(i) and (vii),
Wy, B) =2 for j=2,3,..,0(2,)~2,6-1,¢

and E—1>9(2,1")—-2>6.
Hence (38) is contradicted. Lemma, 2 is therefore proved.

Lemma 3. If {j,k} = {i,0} then | ¥ (0,)| >4~

(Vp,q,7){pe?(E) and q,re¥(0;).>.T-0,—p—q-r2{4U)}.

Proof. The truth of Lemma 3 for j = 0 and k = ¢ follows from its truth
for j = ¢ and k = 0 as in the case of Lemma 1. Lemma 3 with j = ¢ and
k =0 will be proved by reductio ad absurdum. Let it be assumed not
generally true and in what follows let E denote a 6-circuit of minimal
area, contained in I' as a subgraph, for which Lemma 3 with j = ¢ and
k =o0is false, and let p,q,r be such that pe¥ (E), ¢,re¥(0,) and
I'-0,—p—q—r2{4V). Then every vertex of ©; is joined to at least one of
P,q,7.

() (Vy){ye ¥ (E)>v(y, E)<2}.

For if this is false we may assume that ye ¥ (E,) and yx 2,y x %o, Y x 24
by (33) and (35). Let E’ denote the 6-circuit z,,y, z,, 24, %5, 5. |7 (0F)| >4
because ®; = ©;—y and because it follows from Lemma 1 and (22) that
|7(8;)|26. q,re?(0O;) by Lemma 2. Hence, by the minimal property

of &, F-0y—p—qg—r2{4U).
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But this is a contradiction because
F'-@g~p—q—r=T-0,—y—p—qg—r and T'-0y—p—g—-rdU).
(i1) (Vy){ye¥ (E)->oly, 0,)>3}.
(i11) v(z,, 2;)>2 for h=1,...,6.
(ii) and (iii) follow from (i) by (20) and (21).
(iv) No edge of T joins two non-consecutive vertices of =,.

Suppose that this is false. Then, as in the proof of (iv) in the proof of
Lemma 1, the vertices of &, can be labelled y;,...,, consecutively around
E, so that y,xy, and (y,,y,) ¢ E;, (¥1,9,) is situated inside E;, 5<p< €3,
z xy, and x,xy, and at least four vertices of I' are situated inside
each of the 6-circuits z,,¥,, Y Ty Ly T and Z;,91, ¥, %4, %5, &5 Hence
0,~g—-r>{4U> by Lemma 2, which contradicts the hypothesis that
I'-0,—p—q—732<4U). This proves (iv).

The notation may be chosen so that p =z, and y,,...,y, denote the
vertices of E; consecutively around E; and z,xy; for j=1,...,4, and
Ty X Yy, TpX Yp, a0 TgX Yy, Tex Y- 2<p < E—4 by (ili).

(V) 2yxq or x,xr.

For suppose that , 0q and z;0r. Let E* denote the circuit
Tor Y1 Yas oes ,7/,,; Zg» L5s Ly X3

E¥c D~ 0Qy—p—q—r because z,0q and z;or. At least four vertices of I
are situated inside E* because p < £ —4; let w denote a vertex of I'—¢ -7
which is situated inside E*. I'—p —gq is 3-fold connected by (21), and it
follows (9) that I' — ®y— » — ¢ —r contains three (u) (£*)-paths any two of
which have only win common. Therefore I' — @, —p — ¢ —r> {4 U) contrary
to hypothesis.

(vi) x,0q or x,07.
For suppose that z,xq and x;xr. Then {¢,rj={y,,...,y,}. Hence, by
(iv), poy;, @0y, and roy,, if u+2<j<é—1. Therefore
[—=0y—p—q—r>T(y;UE(y;))>{4U),
contrary to hypothesis. This proves (vi).
Let the notation be chosen so that ;x ¢, 2,07, ¢ = ¥,, and 2<v<p.
(vii) gxr.
For suppose that qor. Let
2= (0;NEfy)V(Ei~Y —~Ypr1—Yusz— - —Yg)
U (

(4]

- xl) Y (x2’ yl) u (xs, y/z) if 2 s v< I
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and let
= (0N By DV Ei =Y, —Yue—Yuss— - — o)

U(E =) U (%9, 1) U (%6, Y 1) if v=yp.
Y is a circuit, p and ¢ are situated outside £ and r is situated inside
Y (because gor by hypothesis). Consequently Z<I'—=@,—p—g—r.
Yyres Yyusas ---» Yy are situated inside T. Let s denote a vertex of I'—r
which is situated inside Z. I'—7 is 4-fold connected, and it follows (9) that
I'— ©y—p—q—r contains four (s) (X)-paths any two of which have only s
in common. So I'-@,—p—-g—r>{4U) contrary to hypothesis. This
proves (vii).

poye and qoy, because of the way in which the notation has been
chosen and by (iv). Therefore 7x . So, by (vii), I' contains the 5-circuit
3, Y(= ), 7, Y T By (22), at most one vertex of I is situated inside this
5-circuit, so ¢ =y, p<3, because if u>2 then poy,., and goy,,
(by (iv) ), and 80 rx ¥,,,,; therefore I' contains the 5-circuit 2y, ¥y, 7, ¥ 141, Zg,
and by (22) at most one vertex of I is situated inside this 5-circuit.

By (iv) and (vii), and since I' = @y —p—q =72 4U), T X Yo, "X Y4, T X Y55 - .-,
rxy,. Therefore, by (iv), (vii), (21), and since 2<u<é—-4, 0,—E; =r.
This contradicts Lemma 1, and Lemma 3 is proved.

From Lemmas 2 and 3 there follows

ProrositioN 3. If T is an irreducible graph which contains a 6-circuit
such that at least four vertices of I' are situated inside it and at least four
outside it, then

(Y, vg, V3, Vg, V5) {¥1, ..., ¥ €Y () > T =, — ... —v32{4 U}

6. Proof that no irreducible graph contains a connected skeleton with fewer
than six vertices

Prorosrrion 4. If T is an irreducible graph then

(VQ){Q<T and Q connected and | 7" (Q)|<5.».T'-=Q2{4UD}.

Proof. By reductio ad absurdum. Suppose that Q is a connected

subgraph of I" with fewer than six vertices and I' - Q3 {4 U).
(Vz){ze? (I' - Q)>v(x,Q) > 1}.

For if ze¥(I'-Q) and v(z,Q) =0 then I'-Q>T(xUE,(z)), but
I'(z U E,(z)) > {4 U) and so the hypothesis that I' - Q {4 U} is contradicted.
() (Vz){ze? (I'-Q) and |7 (QNnE(z)|=1.-.|7(QNE,(x))]>2}.

For (Vy,2){ye ¥ (E,(z)) and ze ¥ (E (x)).~. E(x) —y —2> (4 U)}, as the
reader can easily verify.

I' — Q contains at least two vertices of valency <2 by (5). Let a denote
such a vertex. v(a,{2)> 3 by (21').
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(i) |7(Q)] = 5, v(a,Q) = 3, and v(a,T) = 5.

Proof. T'—Q3T'— E,(a)—a because of (23), (29), and (i). It follows that
v(a, Q) <|?(Q)]. If v(a,Q)=|7(Q)]—1 then QnE, (a) consists of a
single vertex and Qc FE(a) because I'-QdT'~E,(a)—a and because
Q is connected; this and (31) together contradict (i), and consequently
v(e, Q)< |7 (Q)|-2. But|7(Q)|<5 and v(a, Q) > 3; therefore | ¥ (Q)| = 5
and v(a, Q) = 3. It follows that v(a, ') = 5 because v(a, '— Q)< 2.

(iv) Q contains exactly one vertex of E (a) and exactly one vertex of ' — E(a)
and these two vertices are joined by an edge i 1.

Proof. QNE (a)#9 because |¥ (Q)| =5, v(a,2) =3, and Q is con-
nected. Q4 E(a) because if Q< E(a) then |7 (Q2nE (a))| =2, which
together with (31) contradicts (i). So |7 (QnEa))]=1. This and
|7 (QnEa))| = 3 and | 7(Q)| = 5, and Q connected, together imply (iv).

(v) The three vertices of QN E(a) are consecutive around E (a).

This follows from (23), (iii), (iv), and the fact that Q is connected.

Let the notation be chosen so that the vertices of E.(a) are a,, ...,a;
consecutively around E,(a) and the vertices of E,(a) are by, ..., b, consecu-
tively around E, (a) and a,x by, ayxb;, ayxb,, and {a; a,,a}<Q. Let
b and ¢ denote Qn E (a) and Qn (I — E(a)) respectively.

(vi) bxc, bxazVbxa,Vbxag, b#b,.

For Q is connected.
There are two alternatives: cob; or ¢x b,; these will now be considered

in turn.

1. Suppose that ¢nb;. Then bx b, by (i) and (vi). Therefore b = b, or
b =b,_,. Let the notation be chosen so that b = b,. Then b,xa, and
v(ay, [') = 5 by (23) and (vi).

v(b,,T') = 5. For suppose on the contrary that v(b,,[')>6. Then
v(b, '~ E(a)) =2 by (23). Let z,ye? (' FE(a)) be such that b,,z,7 in
this order are consecutive vertices of K,(b;). By (i) and (23), yxc. There-
fore the 4-circuit ¥, by, b,,c separates ¢ and z, and so (21) is contradicted.
Hence v(by, ') = 5. (b, T") = v(a,, ') = v(a, ') = 5>v(a,, ') =7 by (25).
v(ay, L) >7>by ;005 by (23). Therefore by_,xc by (i) and (23). Hence
the 5-circuit by_;, @, @, b,, ¢ separates b, and b, from a, a,, a4, and a;, and
so (22) is contradicted.

2. Suppose that ¢x b,. Then c¢ E (a,) because if ¢ = b, and b, > a, for some
1, then, since 8> 9 by (28), at least one of the 6-circuits b,,¢,b,,a,,a,,a,;
by, ¢, b;04,a,a4; by, c,b,, a4, a5, a, would have four or more vertices on each
side of it, so that, by Proposition 3, I' -=Q>{4U), which is contrary to
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hypothesis. Therefore boa,, so by (vi), bxa; or bxa;. It may be assumed
that bx a,.

b =by0rb=b; va,I') =5, byxa,, and byxc.

For put b = b,. If y = 2 then the statement follows from (23) and (vi).
If y > 2 then the 5-circuit ¢, b,, a,, ay, b, separates by, ...,b,_, from a, a,, a,
and a;; therefore, by (22) and (20), y =3 and byxc and b,xa,, and
consequently also v(a,, I') = 5.

v(b), ') = 5.

Suppose on the contrary that (b, I')>6. Let f denote a vertex of
(I'=E(a)—c)n E;(b,). fob, because if fxb, then the 3-circuit f,b,,b,
separates a from c. f¢ E (a;) because if fxb, and b,xa; and «>3 then
the 5-circuit f, b,, a,, as, b, separates b, and ¢ from a, a,,a,, and a; in contra-
diction to (22). Hence fob. Therefore fxc¢ by (i), and QnE(f) = c.
by, c,f, in this order, are therefore consecutive vertices of E,(b,). Con-
sequently v(b,,I'~E(a)) = 2, v(b,,') =6, and fxbs It follows from
Proposition 3 that a,¢ E(f). Since ay,a,¢ E,(f) and QnE(f) =c¢ it
follows from (ii) that ase B (f). It follows that v(a;,I') = 5, because if
v(ay, I') = 6 then let & be such that fxb; and b;xas: & <f because bgoag
since v(a,, I') = 6; therefore b; ¢ E,(a,) because v(f, H;(a,)) € 2 by (23); there-
fore $<f—2 and the 5-circuit f,by,ay,a5,b; separates by_; and by from
@, a,, ay, and @, in contradiction to (22). By (25), v(a;, ') = v(a,,I') =5
and v(b,, ') = 6.—>.v(bs, ') > 6, 50 v(by, ' — E(a)) > 2. Let g denote a vertex
of Ei(bs) N (I'— E(a)~f). g+#c because c,f, by, in this order, are consecutive
vertices of £,(b,). goc because if gx ¢ then the 4-circuit g, b4, b,, ¢ separates
a from f. gob by Proposition 3, since bxa,. Hence v(g,Q) = 0 and (i) is
contradicted. Therefore v(b,,I') = 5.

By (25), v(a,I) =v(ay,I') = (b, T) =5->9v(a,,[')>7. Consequently
byoas and by 0a; by (23). by oc because v(bs_y, (b)) <3 by (23).
bs_10b by (23). Hence v(bs_,,{2) = 0 and (i) is contradicted.

So each of the two alternatives cob, and ¢x b, leads to a contradiction.
Proposition 4 is thereby proved.

It follows from Proposition 4 that

(39) No irreducible graph contains a connected skeleton with fewer than six
vertices.

7. The proof of Theorem 2 completed
(40) If a graph T has a connected skeleton X then any graph obtained from
T’ by identifying vertices has a connected skeleton containing not more than
| ¥"(2)| vertices.

The proof is left to the reader.
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(41) If a planar graph has a connected skeleton all of whose vertices, with
at most five exceptions, have valency <4 in the graph, then the graph is
4-colourable.

Proof. By reductio ad absurdum. Suppose that (41) is false, let I" denote
a 5-chromatic planar graph with a skeleton which satisfies the conditions
of (41), and let ® denote the subgraph of I' generated by the vertices of
the skeleton. Let % denote the set of those vertices of ® whose valency
in T" exceeds 4, and let &' = ¥ ()~ %.
(i) F+£0.

For if & = @ then I' — ® is 5-chromatic by (17), but on the other hand
I' - @ is 3-colourable by (13) because I' = ® D (4> and I' — & $ (4 U) since O’
is connected and I'is a planar graph. Hence & #@.

(ii) If | ¥ (®@)|>5 then a 5-chromatic planar graph I'* with a connected
skeleton ®* having fewer than six vertices can be oblained from I' by the
operation o.

Proof. #'#@. Corresponding to each connected component ®; of
® —F choose a vertex f;€ % which is joined to at least one vertex of @;
in I" (f; exists because ® is connected), and let ¥'; denote ® — (® —f; — ®,).
¥, is connected. Let J;¥; = ¥. Let I'* and ®* denote planar graphs
obtained from I' and ® respectively by contracting each connected com-
ponent of ¥ into a single vertex. I'* is 5-chromatic because I'*2I"'— %",
and I' - %’ is 5-chromatic by (17). ®* is connected and a skeleton of I'*.
Finally, | ¥ (®*)| = | % | <5. This proves (ii).

If |77 (D) <5 then put T'* = T" and O* = .

By (39), I'* is not irreducible. Therefore, by (19), an irreducible graph
I'** can be obtained from I'* by applying the operations » and »;. By
(40), I'** has a connected skeleton with fewer than six vertices, and so
(39) is contradicted. This contradiction proves (41).

From (17), (16), (27), (41), and the theorem of C. E. Winn that every
planar map containing at most one region having more than six neighbours
is 4-colourable (20), it follows that if a planar graph has the property B
described in Theorem 2 then the graph is 4-colourable. Theorem 2 now
follows from (16) and (17).
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