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tWe suggest a new method for the 
al
ulation of the nonlo
al part of thee�e
tive a
tion. It is based on resummation of perturbation series for the heatkernel and its fun
tional tra
e at large values of the proper time parameter. Wederive a new, essentially nonperturbative, nonlo
al 
ontribution to the e�e
tivea
tion in spa
etimes with dimensions d > 2.1. Introdu
tionE�e
tive a
tion is among the fundamental ideas of modern quantum �eld theory. Cal-
ulated analyti
ally for a given ba
kground �eld, it gives information about the indu
edenergy-momentum tensor of quantum �elds and quantum 
orre
tions to the 
lassi
alequations of motion. The nonlo
al part of the e�e
tive a
tion should 
ontain, forinstan
e, parti
le 
reation e�e
ts. For bla
k holes it should be able to a

ount simulta-neously for va
uum polarization and asymptoti
 Hawking radiation. Various importantappli
ations of the e�e
tive a
tion 
an also be found in fundamental string theory. TheLorentzian e�e
tive a
tion, whi
h we a
tually need, 
an be obtained from the Eu
lidianone, � [� ℄, via analyti
 
ontinuation. In turn, � [� ℄ 
an be de�ned by the followingpath integralexp�� � [�(x) ℄� = Z D' exp��S[' ℄ + ('� �)Æ� [� ℄Æ� � ; (1.1)where �(x) is a given mean �eld, and the fun
tional integration over quantum �elds'(x) is assumed. The general semi
lassi
al expansion of � [� ℄ begins with the one-loop1




ontribution, whi
h is given by the gaussian path integralexp(�� [�(x) ℄) = Z D' exp��12 Z dxpg '(x) bF (r; �(x))'(x)� (1.2)The operator bF (r; �(x)) here determines the propagation of small �eld disturban
es'(x) on the ba
kground of �(x) and in bosoni
 
ase 
an generi
ally be written downas bF = �2+ V (x); (1.3)where2 =r2 � g��r�r� is the Lapla
ian in the Eu
lidean �eld theory, whi
h be
omesthe d'Alembertian when analyti
ally 
ontinued to the Lorentzian se
tor, and V (x) isthe potential term. Note that, for some �elds, the one-loop 
ontribution is exa
t, forinstan
e, for the s
alar �eld without self-
oupling. For a properly de�ned measure thegaussian integral (1.2) 
an be formally 
al
ulated as� = 12 ln Y� �! = 12X� ln� = 12 Tr ln bF; (1.4)where � are the eigenvalues of the operator bF 
orresponding to appropriately nor-malized eigenfun
tions ��(x), R dxpg ��(x)��0(x) = Æ��0. Here the fun
tional tra
eTr does not depend on a parti
ular basis in the fun
tional spa
e of disturban
es 'and, therefore, in an appropriate representation it redu
es to the integral over spatial
oordinates x of the diagonal element of the operator kernel.The e�e
tive a
tion (1.4) is, of 
ourse, ultraviolet divergent and should be regu-larized, with the subsequent interpretation of expli
itly isolated divergen
es in termsof in�nite renormalizations of the 
oupling 
onstants of the theory. These divergen
esare well understood and it is unlikely that anything new 
an be added here. There-fore, we 
on
entrate on more interesting �nite, and generally nonlo
al, 
ontributionsto one-loop e�e
tive a
tion. These 
ontributions depend on infrared properties of thetheory and 
ontain nontrivial information about real physi
al e�e
ts. Analyti
al 
al-
ulational s
hemes for � are usually based on the following integral representation ofthe fun
tional tra
e of bFTr ln bF = � 1Z0 dss Tr e�s bF ; (1.5)where all lo
al divergen
es 
an be easily isolated with the aid of dimensional regular-ization. The kernelK(sjx; y) � exp(�s bF ) Æ(d)(x; y); (1.6)2



where d is spa
etime dimensionality, obviously satis�es the heat kernel equation��sK(sjx; y) = � bFK(sjx; y) � (2 � V (x))K(sjx; y); (1.7)with the initial 
onditionK(0jx; y) = Æ(d)(x; y) (1.8)at s = 0: The auxiliary parameter s is usually 
alled the proper time. Thus, 
al
ulatingthe e�e
tive a
tion 
an be redu
ed to the solution of the Cau
hy problem for K(sjx; y).In fa
t, what we a
tually need is the 
oin
iden
e limit of this fun
tion, sin
e in therepresentation we used, the fun
tional tra
e of the operator e�s bF 
orresponds to theintegration of the diagonal elements of K over the spa
etime 
oordinates x, so that� = �12 Z dx �Z 10 dss K(sjx; x)� : (1.9)It is 
lear that the su

ess of the 
al
ulation of mainly depends on our ability to�nd an analyti
al solution of the heat kernel equation and 
arry out the integrationover the proper time in (1.9). The integral is obviously divergent as s ! 0. As wehave already mentioned above, this divergen
e 
an be easily isolated and interpreted interms of the lo
al ultraviolet properties of the theory. On the other hand, the behaviorof the integral at in�nity, s ! 1, determines infrared properties of the theory and
arries the physi
al information, e.g., parti
le 
reation. If the �eld has a big positivemass the proper time integral is 
onvergent at s!1. However, in the 
ase of massless�elds, the situation is mu
h less trivial. The infrared 
onvergen
e here depends on theapproximation s
heme used to 
al
ulate K(sjx; y). Then, it is often even un
lear towhat extent the obtained e�e
tive a
tion re
e
ts the physi
al properties of the theoryrather than the features of the approximation s
heme used.Below, we dis
uss the known 
al
ulational te
hniques, namely, the lo
al S
hwinger-DeWitt expansion [1, 2℄, nonlo
al 
ovariant perturbation theory [3, 4, 5℄ and the modi-�ed gradient expansion [6℄ and point out why all of them fail when applied to interestingphysi
al problems. Instead of them, we suggest a new method based on resummationof perturbation series and 
al
ulate new, essentially nonperturbative terms in the ef-fe
tive a
tion. This method be
omes indispensable in low-dimensional models (d � 2)where all previously known te
hniques are inappli
able. In this paper, we demonstratehow our method works in 
at spa
e of dimension d > 2; while the generalization to the
urved spa
e and low-dimensional 
ase will be 
onsidered in [7℄.One of the main results of this paper is an exa
t (nonperturbative in V ) late-time asymptoti
s for the heat kernel whi
h in a spa
etime of dimension d > 2 for the
oin
iden
e limit takes the following formK(sjx; x) = 1(4�s)d=2 �1 + 12� V V (x)�2 ; s!1: (1.10)3



This asymptoti
s 
an also be found when the arguments of K(sjx; y) are di�erent -see Se
t.4 for details. Another important result is the nonperturbative in potentialexpressionTrK(s) = 1(4�s)d=2 Z dx �1 � s�V (x) + V 12 � V V (x)�� s!1 (1.11)for the fun
tional tra
e of K(s)1.To avoid ex
essive use of integration signs we employ here and throughout the paperthe following shorthand notation12 � V J(x) � Z dy G(x; y)J(y); (1.12)where G(x; y) is the Green's fun
tion of the operator � bF = 2�V with zero boundary
onditions at spa
etime in�nity, that is(2 � V )G(x; y) = Æ(d)(x; y); G(x; y)! 0; jxj ! 1; (1.13)and J(x) 
an be any fun
tion of various �eld quantities like powers of potential, itsderivatives, et
. We always presume that the spa
etime has the positive de�nite (Eu-
lidean) signature, so that the Lapla
ian 2 is negative de�nite assuming zero boundary
onditions at in�nity. Moreover we 
onsider only non-negative potentials V (x) � 0;so that the whole operator bF = �2 + V is positive de�nite. Therefore, the Green'sfun
tion (1.13) is uniquely de�ned and guarantees that the nonlo
al expression (1.12)makes sense for d > 2.As we shall see, the asymptoti
s (1.10) and (1.11) are the 
orner stone of thete
hnique we develop for the 
al
ulation of nonlo
al 
ontributions to the e�e
tive a
tion.In parti
ular, they lead to essentially nonperturbative terms whi
h 
an be expli
itly
al
ulated for two broad 
lasses of potentials with 
ompa
t support, namely, for thoseones whi
h are, respe
tively, very small or very big in units of the inverse size of theirsupport. For small potentials we get the terms whi
h repla
e the 
onventional Coleman-Weinberg 
ontribution to the e�e
tive a
tion. In four dimensions, for instan
e, theseterms read�� = 164�2Z d4xV 2 ln�Z d4y V 2�� 164�2Z d4xV 2 ln�Z d4y V �2V �2V �;(1.14)where the mass parameter �2 re
e
ts the usual ultraviolet renormalization ambigu-ity. On the 
ontrary, in the 
ase of big potentials the Coleman-Weinberg a
tion is1Note that this expression for TrK(s) 
annot be obtained dire
tly by integrating the asymptoti
s(1.10) over the whole spa
etime be
ause for a given s this asymptoti
s fails at jxj2 > s. Its derivationis given in Se
t. 4 and Appendix B, where we show that the expressions (1.10) and (1.11) are in
omplete agreement with ea
h other. 4



supplemented by the nonlo
al term of the form�� = 164�2 Zjxj�R d4xDV + V 12� V V E2: (1.15)Here R is the size of the 
ompa
t support of V (x), that is, V (x) = 0 at jxj > R, and
:::� denotes the spa
etime averaging of the 
orresponding quantity over this 
ompa
tdomain. The obtained expressions are both nonlo
al and non-analyti
 in the potentialV (x).The paper is organized as follows. In Se
t.2 we 
onsider the known approximations
hemes and dis
uss their appli
ability in the infrared region. Se
t.3 is devoted tothe nonlo
al and nonlinear resummation of the S
hwinger-DeWitt perturbation series,
orresponding to the so-
alled 
onne
ted graph expansion of the heat kernel. In Se
t.4,as an extention of this resummation, we derive the asymptoti
s (1.10) and dis
ussits relation to the fun
tional tra
e (1.11) of the heat kernel. The nonperturbative,nonlo
al 
ontributions to the e�e
tive a
tion are obtained in Se
t.5 with the aid ofthe new te
hnique based on a pie
ewise smooth approximation for the heat kernel.In two appendi
es we give details of the resummation te
hnique and derive from the
ovariant perturbation theory the asymptoti
s of the heat kernel tra
e (1.11) up to the�rst subleading order in 1=s in
lusive.2. Approximation s
hemes and infrared propertiesof the e�e
tive a
tionIn 
at spa
e, whi
h we 
onsider in this paper, the solution of the heat kernel equation
an be easily found if the potential vanishes. For an arbitrary spatially dependentpotential the analyti
al expressions are, of 
ourse, available only in 
ertain approxima-tions. In the general 
ase, it is 
onvenient to fa
torize the "zero potential" part of thesolution expli
itly and use the following ansatz for K(sjx; y)K(sjx; y) = 1(4�s)d=2 exp"�jx� yj24s #
(sjx; y); (2.1)where the fa
tor singular in s guarantees that the initial 
ondition (1.8) is satis�ed,provided that 
 is analyti
 in s at s = 0 and 
(0jx; y) = 1. If V = 0, then 
 � 1 andhen
e all nontrivial information about the potential is en
oded in the deviation of 
from unity.The most well-known approximation used for the 
al
ulation of K(sjx; y) is the so-
alled lo
al S
hwinger-DeWitt expansion, where 
 is written down as a series in growingpowers of the proper time s. This expansion is a very powerful tool for revealing lo
alultraviolet properties of the theory. However, when applied in the infrared region, it5



gives a �nite result only for massive �elds. If the potential V (x) has a large positive
onstant part, that is,V (x) = m2 + v(x); (2.2)wherem2 is the squared mass of the �eld, then the fun
tion 
(sjx; y) 
ontains an overallexponential fa
tor e�sm2 and the independent of mass part is expanded in powers of s
(sjx; y) = e�sm2 1Xn=0 an(x; y) sn: (2.3)Here an(x; y) are the two-point S
hwinger-DeWitt 
oeÆ
ients, whoes 
oin
iden
e limits(x! y) are expli
itly 
al
ulable in general �eld theories, in
luding gravity. Substitut-ing (2.3) in (2.1) and then the obtained expression at x = y in (1.9) one gets:� = � 12 (4�)d=2 Z dx 1Xn=0 �Z 10 sn�d=2�1e�sm2ds� an(x; x): (2.4)It is important that the exponent e�sm2 is not expanded here in powers of s. There-fore, in the proper time integral it provides a 
uto� at the upper limit, so that the pow-ers of s in this expansion get e�e
tively repla
ed by powers of 1=m2. The �rst (d=2+1)integrals in (2.4) diverge at s ! 0 and should be regularized. To do that, we applythe dimensional regularization method. Namely, by repla
ing the dimensionality d by2!, we 
al
ulate the integrals in the domain of their 
onvergen
e and then analyti
ally
ontinue the result to ! ! d=2. In spa
es with even number of dimensions, whi
h wemainly 
onsider in what follows, this gives rise to the 
ontribution �div; log 
ontainingthe pole at ! = d=2 and the term logarithmi
 in m2�div;log= 12(4�) d2 Z dx d=2Xn=0 (�m2) d2�n�d2 � n�! " 1! � d2 ��0�d2 � n+ 1�+ln m24��2# an(x; x);(2.5)where ! ! d=2: The pole 
orresponds to an in�nite ultraviolet renormalization ofthe terms proportional to a0; :::; ad=2 in the original Lagrangian. Other terms in theexpansion (2.4) are �nite and give the infrared 
ontribution to the total a
tion� = �div;ln � 12 �m24� �d=2 Z dx 1Xn=d=2+1 �(n� d=2)(m2)n an(x; x): (2.6)The S
hwinger-DeWitt 
oeÆ
ients an(x; x) are the homogeneous polynomials of di-mensionality 2n in the units of inverse length, whi
h are built of v(x) and its multiplederivatives . Therefore, on dimensional grounds, they 
an be symboli
ally written downas an(x; x) � vk(x)(rivj)(x); 6



where i denotes an overall number of derivatives a
ting in all possible ways on j fa
torsof v(x), and k powers of v(x) stay undi�erentiated. The positive integers (k; j; i) arerelated to n as 2(k + j) + i = 2n. It is 
lear that the in�nite series in (2.6) representsthe expansion in growing powers of the following dimensionless quantitiesv (x)m2 � 1; riv(x)m2+i � 1; (2.7)whi
h obviously should be mu
h smaller than unity. Only in this 
ase the �rst fewterms in the asymptoti
 series (2.6) are reliable.Thus, the S
hwinger-DeWitt expansion is appli
able only in theories with small andslowly varying �elds as 
ompared to a big mass parameter. This expansion 
ontainsonly lo
al terms. This is not surprising be
ause all nonlo
al e�e
ts, e.g., parti
le
reation, are very small for heavy parti
les in a weak external �eld and 
annot behandled by this method. The S
hwinger-DeWitt te
hnique 
an be easily extended to
urved spa
etime and to theories with 
ovariant derivatives built with respe
t to anarbitrary �bre-bundle 
onne
tion. In this 
ase, the perturbation potential v(x) will alsodepend on the spa
etime 
urvature tensor and �bre-bundle 
urvatures (
ommutatorof 
ovariant derivatives). The smallness of �elds and their derivatives in
ludes therequirement of the smallness of these 
urvatures and their derivatives as well. Despiteits universality, the S
hwinger-DeWitt expansion be
omes ineÆ
ient when the ratiosin (2.7) be
ome of the order of unity and 
ompletely fails for massless �elds. In the last
ase all integrals over the proper time integral are infrared divergent. This divergen
ehas, of 
ourse, no physi
al meaning and is an artifa
t of the approximation te
hniqueused.There are two known ways to pro
eed with massless �elds. One possibility is theresummation of all terms whi
h 
ontain the undi�erentiated potential V (x) in the lo
alS
hwinger-DeWitt series (2.3). They are summed up to form an exponent similar toe�sm2
(sjx; x) = e�sV (x) 1Xn=0 ~an(x; x) sn: (2.8)This method was suggested in [6℄, where a regular te
hnique for the 
al
ulation of themodi�ed S
hwinger-DeWitt 
oeÆ
ients ~an(x; y) was also presented. The proper timeintegral in (1.9) has now an infrared 
uto� at s � 1=V (x) and in this 
ase the e�e
tivea
tion is similar to (2.5) - (2.6), where m2 is repla
ed by V (x) and an(x; x) by ~an(x; x).It is 
onvenient to write this a
tion as a sum of three terms� = �div + �CW + ��n; (2.9)where the divergent part is equal to�div = 12(4�) d2 Z dx d=2Xn=0 (�V ) d2�n�d2 � n� " 1! � d2 � �0�d2 � n + 1�� ln 4�# ~an(x; x):(2.10)7



The pole part of this a
tion 
oin
ides with that of (2.5) if we take m2 ! 0 limit of(2.5). A
tually, in this 
ase, only the term proportional to ad=2 survives in �div; log andby virtue of the relation between twiddled and untwiddled 
oeÆ
ients, namely,ad=2(x; x) = d=2Xn=0 (�V )d=2�n(d=2 � n)! ~an(x; x); (2.11)the pole parts of (2.5) and (2.10) are the same. The terms proportional to �0(d=2�n+1)perform �nite renormalization of the lo
al terms V d=2�n ~an: The logarithmi
 terms of(2.5) are repla
ed in the modi�ed a
tion (2.9) by�CW = 12(4�)d=2 Z dx d=2Xn=0 (�V )d=2�n(d=2 � n)! ln V�2 ~an = 12(4�)d=2 Z dx ln V�2 ad=2: (2.12)This is nothing but the spa
e-time integral of the Coleman-Weinberg e�e
tive potential.For instan
e, in four dimensions the leading term is the original Coleman-Weinberge�e
tive potential, V 2 ln(V=�2)=64�2, while the rest represents 
orre
tions due to thederivatives of V (x). Similarly to (2.6), the �nite part ��n is an in�nite series��n = �12 Z dx �V (x)4� �d=2 1Xn=d=2+1�(n � d=2) ~an(x; x)V n(x) : (2.13)The modi�ed S
hwinger-DeWitt 
oeÆ
ients do not 
ontain the undi�erentiated po-tential and the typi
al stru
ture of the terms entering ~an(x; x) is rmV j(x), wherem+2j = 2n. Every V here should be di�erentiated at least on
e and therefore m � j.Thus the 
oeÆ
ients ~an 
an be symboli
ally written down as~an(x; x) � [2n=3℄Xj=1 r2n�2jV j; (2.14)where the upper value of j is the integer part of 2n=3.This perturbation theory is eÆ
ient as long as the potential is slowly varying orbounded from below by a large positive 
onstant, so thatr2V (x)V 2(x) � 1; (rV (x))2V 3(x) � 1; ::: : (2.15)The 
ase of bounded potentials reprodu
es the original S
hwinger-DeWitt expansion fornonvanishing mass. Therefore, let us 
onsider the potentials whi
h vanish at spa
etimein�nity (jxj ! 1). Namely, we assume the 
ase of power-like fallo�V (x) � 1jxjp ; rmV (x) � 1jxjp+m ; jxj ! 1 (2.16)8



for some positive p. For su
h a potential terms of the perturbation series (2.13) behaveas ~anV n � [2n=3℄Xj=1 jxj(p�2)(n�j) (2.17)and thus de
rease with n only if p < 2. For p � 2; the modi�ed gradient expansion
ompletely breaks down. It makes sense only for slowly de
reasing potentials of theform (2.16) with p < 2. In this 
ase the potential V (x) is not integrable over thewhole spa
etime �R dxV (x) =1� and moreover even the operation (1=2)V (x) is notwell de�ned2. Therefore the above restri
tion is too strong to a

ount for many in-teresting physi
al problems. In addition, similarly to (2.6), the asymptoti
 expansion(2.13) is 
ompletely lo
al. It does not allow us to 
apture nonlo
al e�e
ts, whi
h areexponentially small for potentials satisfying (2.15).The way to over
ome this diÆ
ulty and to take into a

ount nonlo
al e�e
ts wassuggested in the form of 
ovariant perturbation theory (CPT) [3, 4, 5℄. In this theorythe full potential V (x) is treated as a perturbation and the solution of the heat equa-tion is found as a series in its powers. From the viewpoint of the S
hwinger-DeWittexpansion it 
orresponds to an in�nite resummation of all terms with a given power ofthe potential and arbitrary number of derivatives. The result reads asTrK(s) � Z dxK(sjx; x) = 1Xn=0 TrKn(s); (2.18)whereTrKn(s) = Z dx1dx2:::dxnFn(sjx1; x2; :::xn)V (x1)V (x2):::V (xn); (2.19)and the nonlo
al form fa
tors Fn(sjx1; x2; :::xn) were expli
itly obtained in [3, 4, 5℄. Itwas shown that at s!1 the terms in this expansion behave asTrKn(s) = O� 1sd=2�1� ; n � 1; (2.20)and, therefore in spa
etime dimension d � 3 the integrals in (1.9) are infrared 
onver-gent 1Z dss O� 1sd=2�1� <1: (2.21)In one and two dimensions this expansion for � does not exist ex
ept for the spe
ial
ase of the massless theory in 
urved two-dimensional spa
etime, when it reprodu
es2For the 
onvergen
e of the integral in (1=2)V the potential V (x) should fall o� at least as 1=jxj3in any spa
etime dimension [4℄. 9



the so-
alled Polyakov a
tion[9, 8, 4℄3. CPT should always be appli
able wheneverd � 3 and the potential V is suÆ
iently small4, so that its e�e
tive a
tion expli
itlyfeatures analyti
ity in the potential at V = 0. Therefore, its serious disadvantage isthat this theory does not allow one to overstep the limits of perturbation s
heme and,in parti
ular, dis
over non-analyti
 stru
tures in the a
tion if they exist.All this implies the ne
essity of a new approximation te
hnique that would allow usto over
ome disadvantages of the above methods. In the rest of this paper we developsu
h a te
hnique, involving further resummation of the perturbation series. We developan infrared improved perturbation theory for the heat kernel and reveal new nonlo
aland non-analyti
al stru
tures in the e�e
tive a
tion.3. Resummation of proper time seriesWe use the exponential ansatz for the fun
tion 
(sjx; y) de�ned by Eq.(2.1):
(sjx; y) = exp h�W (sjx; y)i:Our goal is to develop an approximation te
hnique for W similar to CPT, whi
h is analternative to the expansion in s. By virtue of (1.7) and (1.8) the fun
tion W (sjx; y)satis�es the equation�W�s + (x� y)�s r�W �2W = V � (rW )2; (3.1)with the initial 
onditionW (s = 0jx; y) = 0: (3.2)This equation is nonlinear in W and we solve it by iteration, 
onsidering (rW )2 as aperturbation. For this purpose it is 
onvenient to rewrite (3.1) - (3.2) as an integralequation. In Appendix A, it is shown that this integral equation takes the followingform W (sjx; y) = sZ 10 d� es�(1��)�2 �V (�x)� (rW (s�j �x; y))2� ; (3.3)where the operator �2 a
ts on the argument �x � �x(�jx; y) = �x+(1��)y: The equation(3.3) 
an be easily solved if (rW )2� V . As we will see later, this 
ondition is satis�ed3This a
tion 
an be obtained by integrating the 
onformal anomaly [9, 8℄.4 The 
onditions of the smallness of the potential are exa
tly opposite to those of (2.15), e.g.,V 2=r2V � 1. However, this is true only as a rather rough estimate, be
ause CPT is a nonlo
al per-turbation theory and its a
tual smallness \parameters" are some nonlo
al fun
tionals of the potential.10



for a broad 
lass of potentials V . The lowest order approximation for W is obtainedby omitting (rW )2 in eq. (3.3)W0(sjx; y) = sZ 10 d� es�(1��)�2 V (�x) j�x=�x+(1��)y : (3.4)This is a linear but essentially nonlo
al fun
tional of the potential. Further terms of theperturbation theory, Wn = O [(rW0)n℄, 
an be graphi
ally represented by 
onne
tedtree graphs with two derivatives in the verti
es, internal lines asso
iated with thenonlo
al operatorf(�s2) = Z 10 d� es�(1��)2; (3.5)and external lines given by (3.4)5. Note that this 
onne
ted graph stru
ture arises inthe exponential and when expanded gives rise to the dis
onne
ted graphs. In 
ontextof the heat kernel expansion this property was observed in [10℄. Resummation of theperturbation series in V expli
itly features exponentiation of the quantities 
ontain-ing only 
onne
ted graphs. Here we showed how this exponentiated set of 
onne
tedgraphs dire
tly arises from the solution of the simple nonlinear equation (3.1). The"propagator" (3.5) was worked out within the 
ovariant perturbation theory in [3, 4, 5℄and was also obtained in [6℄ by dire
t summation of gradient series.At this stage the eÆ
ien
y of the 
onne
ted graph expansion is not yet obvious.Crudely, it runs in powers of the dimensionless quantity (sf(�s2)r)2 V (x) whi
h, atleast naively, should be small for slowly varying or/and small potentials. Apart fromthis, infrared properties of the e�e
tive a
tion strongly depend on the lowest orderapproximation for W (3.4). The e�e
tive a
tion involves only diagonal elements of thetwo-point fun
tion W (sjx; y); whi
h look mu
h simpler than (3.4)W0(sjx; x) = sZ 10 d� es�(1��)2V (x): (3.6)Note that, at small s; the fun
tionW0 
an be expanded as W0 = sV +O (s2) : The onlyterm with undi�erentiated potential entering W0 is linear in s; while all other terms
ontain derivatives of the potential V: The same is also true for the exa
t W; whi
hdi�ers fromW0 by higher powers of the di�erentiated potential. This 
ompletely agreeswith the modi�ed gradient expansion dis
ussed in Se
t.2. However, the expression (3.6)dire
tly involves the nonlo
al operator and its late time behavior is very di�erent fromthat naively expe
ted in the modi�ed gradient expansion and in CPT.To show that, let us �rst �nd the 
oordinate representation of the operator (3.5),that is, the kernel f(�s2)Æ(d)(x; y). Using a well-known result for the exponentiated5This graphi
al interpretation should not be taken too literally be
ause integration over �-parameter(s) involves also the argument �x � �x(�jx; y) of the potential.11



2-operatores�(1��)2Æ(d)(x; y) = 1(4�s�(1 � �))d=2 exp�� jx� yj24s�(1 � �)� ; (3.7)one 
an writeZ 10 d� es�(1��)2Æ(d)(x; y)= e�jx�yj2=2s(4�s)d=2 Z 10 d� (1 + �)d�2�d=2 exp��jx� yj24s � 1� + ��� ; (3.8)where we have 
hanged the integration variable, � = �=(1+�), 0 � � <1. For d � 3;the integral 
an be easily 
al
ulated and the result is expressed as a sum of M
Donaldfun
tions of the argument jx� yj2=2sf(�s2)Æ(d)(x; y) = 2e�jx�yj2=2s(4�s)d=2 d�1Xk=1 Cd�2k�1Kk� d2 �jx� yj2=2s� ; (3.9)where Cd�2k�1 are the binomial 
oeÆ
ients. For very large s, the argument of Kk� d2 (z) issmall. Using the asymptoti
s: K�(z) ' �(j�j)(2=z)j�j=2; z ! 0, we �nd that at larges the form fa
tor is dominated by the following termf(�s2)Æ(d)(x; y) = 12s �(d=2 � 1)�d=2jx� yjd�2 +O� 1s2� : (3.10)Taking into a

ount the fa
t that12Æ(d)(x; y) = � �(d=2 � 1)4�d=2jx� yjd�2 ; (3.11)we �nally obtain:W0(sjx; x) = sf(�s2)V = � 22V (x) +O�1s� : (3.12)This behavior agrees with the formal asymptoti
s found by the Lapla
e method in [4℄.Therefore, at s!1, the fun
tion W0 approa
hes a 
onstant. The nonlo
al fun
tional(3.12) is well-de�ned for d � 3 only if the potential V vanishes fast enough at jxj ! 1.For splitted arguments the asymptoti
s of W0(sjx; y) is more intri
ate. In this 
asethe form fa
tor (3.5) no longer arises as a whole be
ause the integration parameter� appears in eq.(3.4) also in the argument �x = �x + (1 � �)y of the potential V (�x).Applying the Lapla
e method, one 
an show that the integral (3.4) is dominated bythe 
ontribution of the end points, � = 0 and � = 1. These 
ontributions are di�erentbe
ause �x(� = 0) = y and �x(� = 1) = x, when
eW0(sjx; y) = � 12V (x)� 12V (y) +O�1s� : (3.13)12



Substituting this expression in (3.3) and solving the integral equation by iterations one
an �nd the late time asymptoti
s W1(x; y) for the exa
t W (sjx; y)W (sjx; y) = W1(x; y) +O�1s� (3.14)as a nonlo
al gradient seriesW1(x; y) = � 12V (x) + 12 � 12rV (x)�2 + :::+ (x$ y): (3.15)It is remarkable, however, that this series 
an be "summed up" and the nonlo
alexpression for W1(x; y) 
an be found exa
tly in terms of the Green's fun
tion of theoriginal operator bF = �2+ V .4. Late time asymptoti
s of the heat kernelBy substituting the late time ansatz (3.14) in equation (3.1), it is easy to see that the�rst two terms in its left hand side vanish at s ! 1, while the rest redu
e to theequation for W1(x; y)(2 � V ) e�W1(x;y) = 0: (4.1)Despite the positivity of the operator �2 + V with Diri
hlet boundary 
onditions atjxj ! 1, this equation admits non-trivial solutions. In fa
t, e�W1(x;y) does not haveto go to zero at in�nity6. In view of the iterative solution (3.15) it should tend to someunknown fun
tion of ye�W1(x;y) ! C(y); jxj ! 1: (4.2)The equation (4.1) with this boundary 
ondition is then solved bye�W1(x;y) = C(y)�(x); (4.3)if the new fun
tion �(x) satis�es the equation(2 � V )�(x) = 0; (4.4)and �(x)! 1 at jxj ! 1. The solution of this problem for �(x) is uniquely determinedin terms of the Green's fun
tion (1.13)�(x) = 1 + 12 � V V (x): (4.5)6The boundary 
ondition K(sjx; y) ! 0 at jxj ! 1 is enfor
ed by the gaussian fa
tor in (2.1),even for nonvanishing �nite 
(sjx; y) = exp(�W (sjx; y).13



This fun
tion of x is a nonlo
al and essentially nonlinear fun
tional of the potential,and it will play a very important role in what follows.The heat kernel is symmetri
 in its arguments x; y and, therefore, the unknownfun
tion C(y) should 
oin
ide with �(y). Thus, �nally we obtain the following exa
tlate time asymptoti
se�W1(x;y) = �(x)�(y): (4.6)Expanding W1(x; y) in powers of the potential V one getsW1(x; y)=� ln�(x)� ln�(y)=� 12V (x)� 12V 12V (x) + 12 � 12V (x)�2 + :::+ (x$ y): (4.7)The �rst term here is in agreement with the perturbative asymptoti
s (3.15). However,beyond that, the iterative solution (3.15) seems to be in 
ontradi
tion with (4.7). Theseries (3.15) runs in powers of the di�erentiated potential, while the expansion (4.7)
ontains only undi�erentiated potential. However, integration by parts in the se
ondterm of (3.15) exa
tly reprodu
es the se
ond and third terms of (4.7). Thus, bothexpansions are equivalent, but the �rst one reveals more expli
itly the gradient of thepotential as a small parameter, while in (4.7) the smallness is a result of non-trivial
an
ellations between di�erent terms.Finally we write down the exa
t late time asymptoti
s for the heat kernel, advo
atedin Introdu
tion,K(sjx; y) = 1(4�s)d=2 �(x)�(y); s!1: (4.8)Its heuristi
 interpretation is rather transparent. The heat kernel 
an be de
omposedin the seriesK(sjx; y) =X� e��s��(x)��(y); (4.9)where � and �� are, respe
tively, the eigenvalues and eigenfun
tions of the operatorbF = �2 + V (x). Sin
e bF is a positive-semide�nite operator, only the lowest eigen-mode with � = 0 survives in this expression in the limit s ! 1. The appropriateeigenfun
tion satis�es the equation bF��=0 = 0, whi
h 
oin
ides with (4.4) and there-fore ��=0(x) = �(x). The spe
trum of the operator is 
ontinuous and the eigenmodesare not square integrable (�0(x)! 1 at jxj ! 1). This is why the integral over thespe
trum, denoted above by P�, yields within the steepest de
ent approximation thepower-like asymptoti
s, 1=sd=2, rather than the exponential one. Of 
ourse, these ar-guments are not very rigorous. The zero mode �(x) with unit boundary 
ondition atin�nity, does not even belong to the 
ontinuous spe
trum of modes normalized to the14



delta fun
tion. Nevertheless, as we have seen, this parti
ular mode gives the leading
ontribution to the late time asymptoti
s of the heat kernel.If we want to 
al
ulate the 
ontribution to the e�e
tive a
tion due to the latetime behavior of the heat kernel we need its fun
tional tra
e { spa
etime integral ofthe 
oin
iden
e limit K(sjx; x). Unfortunately, the expression (4.8) 
annot be useddire
tly to 
al
ulate TrK(s) for a given s. Point is that this asymptoti
 expressiontaken at a �xed large s is appli
able only for jxj2 < s and fails at jxj2 � s7. At thesame time, when 
al
ulating the tra
e we have to integrate over the whole spa
etimeup to jxj ! 1 and therefore need the heat kernel behavior for jxj2� s. The attemptto disregard this subtlety and integrate the 
oin
iden
e limit of (4.8) over x resultsin a poorly de�ned quantity { the spa
etime integral strongly divergent at in�nity.Nevertheless, one 
an use the expression (4.8) to �nd TrK(s) with the aid of thefollowing somewhat subtler pro
edure.First let us write the variational relationÆTrK(s) = �sTr �ÆV K(s)� = �sZ dx ÆV (x)K(sjx; x); (4.10)where, of 
ourse, K(s) = exp[s(2� V )℄. Then it follows thatÆTrK(s)ÆV (x) = �sK(sjx; x): (4.11)Substituting K(sjx; x) from (4.8) in the right hand side of this relation we obtain thefollowing fun
tional di�erential equationÆTrK(s)ÆV (x) = � s(4�s)d=2 �2(x): (4.12)This equation satis�es the intergrability 
ondition, be
ause the variational derivativeÆ�2(x)ÆV (y) = 2�(x)�(y) 12� V Æ(x; y) (4.13)is symmetri
 in x and y. Therefore (4.12) 
an be integrated to determine TrK(s). Thesolution subje
t to the obvious boundary 
onditions at V = 0 readsTrK(s) = 1(4�s)d=2 Z dx�1 � sV ��; s!1: (4.14)One 
an easily 
he
k that this expression satis�es the equation (4.12).It is remarkable that in the 
ovariant perturbation theory the leading and nextsubleading (in s) terms of the heat kernel tra
e 
an be expli
itly 
al
ulated for s!1in every order of expansion in powers of V . The 
orresponding in�nite series 
an be7This follows from the derivation of (4.8) above, whi
h is based on dis
arding the se
ond term ofeq.(3.1) linearly growing in (x� y)=s. 15



expli
itly summed up to yield essentially nonlo
al and nonlinear in V (x) expressionfor TrK(s). This is done in Appendix B to the �rst subleading order in
lusive. Thefollowing very simple and 
on
ise result reads asTrK(s) = 1(4�s)d=2 Z dx �1 � sV �� 2r�� 12� V r�� +O�1s�� (4.15)in terms of the fun
tion �(x) and its derivatives. As we see, it exa
tly reprodu
es theleading order term of (4.14), O(s=sd=2), and also gives a nontrivialO(1=sd=2)-
orre
tion.Below we use this asymptoti
s for obtaining new types of the nonlo
al e�e
tive a
tion.5. E�e
tive a
tionThe fun
tional tra
e of the heat kernel is everything we need for the 
al
ulation of thee�e
tive a
tion. Unfortunately, only its asymptoti
s are known. Namely, at small sone 
an use the modi�ed gradient expansion (2.1), (2.8) and at large s { the nonlo
aland nonlinear expression (4.15). The goal of this se
tion is to unify both of theseapproximations to get the expression for the e�e
tive a
tion whi
h would in
orporateboth the ultraviolet and infrared properties of the theory. The 
al
ulation will beexpli
itly done in four dimensional 
ase. The generalization to other dimensions d > 2is straightforward.The key idea is to repla
e TrK(s) in (1.9) by some approximate fun
tion Tr �K(s)su
h that the integral over s�� = �12 Z dss Tr �K(s) (5.1)be
omes expli
itly 
al
ulable. The di�eren
e TrK(s) � �K(s) 
an then be treated asa perturbation. Certainly, the eÆ
ien
y of this pro
edure very mu
h depends on thesu

essful 
hoi
e of �K(s). Here we exploit the simplest possibility { namely, let ustake two simple fun
tions Tr �K<(s) and Tr �K>(s), whi
h 
oin
ide with the leadingasymptoti
s of TrK(s) at s ! 0 and s ! 1 and use them to approximate TrK(s)respe
tively at 0 � s � s� and s� � s <1. In turn, the value of s� will be determinedfrom the requirement that these two fun
tions mat
h at s�. This will guarantee thestationarity of �� with respe
t to the 
hoi
e of s�, � ��=�s� = 0. We will dis
uss thejusti�
ation of this pro
edure a little later, while now let us pro
eed with the 
al
ulationof �� .At small s we use the lowest order term of the modi�ed gradient expansionTrK<(s) = 1(4�s)2 Z dx exp (�V s) ; s < s� (5.2)and disregard all terms 
ontaining derivatives of the potential V . The rest of the asymp-toti
 series (2.8), 
ontaining ~an, will be treated by perturbations. Correspondingly, at16



large s > s� we use the late time asymptoti
s (4.14)TrK>(s) = 1(4�s)2 Z dx (1 � sV �); s > s�: (5.3)The requirement of stationarity of �� with respe
t to s� leads to the equationZ dx exp (�V s�) = Z dx (1� s�V �); (5.4)whi
h determines the value of s� as some nontrivial fun
tional of the potential, s� =s�[V (x) ℄. Unfortunately this fun
tional is not 
al
ulable expli
itly in general, butnevertheless, as we will see below, it 
an be obtained for two rather broad 
lasses ofpotentials. The a
tion (5.1) 
an be written down as a sum of two 
ontributions�� = �< + �> = �12 1Z0 dss TrK<(s)� 12 1Zs� dss (TrK>(s)� TrK<(s)) : (5.5)The �rst integral here has already been 
al
ulated and is given by the sum of theexpressions (2.10) and (2.12) with ~a0 = 1 and ~an = 0; n � 1, whi
h in our parti
ular
ase give rise to�< = �div + �CW� 164�2 Z dx ��� 12 � ! + 2C � 3 � ln 4��V 2 + V 2 ln V�2 � ; ! ! 2; (5.6)where C = 0; 577::: is the Euler's 
onstant. The �rst term here is responsible for therenormalization of the original a
tion and the se
ond one is just the Coleman-Weinbergpotential. The se
ond integral in (5.5) 
an also be 
al
ulated exa
tly. Integrating byparts and taking into a

ount (5.4), we obtain�> � �12 1Zs� dss (TrK>(s)� TrK<(s))= 164�2 Z dx � V �s� � V e�s�Vs� + V 2�(0; s�V ) � ; (5.7)where �(0; x) is an in
omplete gamma fun
tion, �(0; x) = R1x dt t�1e�t, with the fol-lowing asymptoti
s�(0; x) �8><>:ln 1x �C; x� 1;1x e�x; x� 1: (5.8)Further steps strongly depend on the 
lass of potentials, for whi
h the 
onsisten
yof the pie
ewise approximation (5.2) - (5.3) should be 
arefully analyzed.17



5.1. Small potentialThe approximation (5.2) - (5.3) is eÆ
ient only if the ranges of validity of two asymp-toti
 expansions (respe
tively for small and big s) overlap with ea
h other and thepoint s� belongs to this overlap. In this 
ase the 
orre
tions due to the deviation ofTr �K(s) from the exa
t TrK(s) are uniformly bounded everywhere and one 
an expe
tthat (5.1) would give a good zeroth-order approximation to an exa
t result. Belowwe show that this ne
essary requirement 
an be satis�ed at least for two rather wide
lasses of potentials V (x).The modi�ed gradient expansion is well appli
able in the overlap range of theparameter s ifsrrV � V; (5.9)(
f. Eq.(2.15) with s repla
ed by e�e
tive 
uto� s = 1=V ) and the appli
ability of thelarge s expansion in the same domain reads assZ dxV �� Z dxr�� 1V �2r��; (5.10)whi
h means that the subleading term (quadrati
 in r��) of the late time expansion(4.15) is mu
h smaller than the leading se
ond term.To implement these requirements, let us make some simplifying assumptions. In-stead of the power law fallo�, assume that V (x) has a 
ompa
t support of �nite sizeR V (x) = 0; jxj � R: (5.11)Let us also assume that the 
hara
teristi
 magnitude of the potential inside its supportis given by V0. Then the estimate for the derivatives is obviousrrV � V0R2 (5.12)and (5.9) reads as sV0=R2 � V0, that iss� R2: (5.13)To �nd out what does the 
riterion (5.10) mean let us make a simplifying assumption,namely, that the potential V is small. In this 
ase it 
an be disregarded in the Green'sfun
tions and 1=(2 � V ) 
an be repla
ed by 1=2. Therefore the following estimateshold 12 � V V (x) � Zjyj�R dy 1jx� yjd�2V (y) � 1Rd�2RdV0 � V0R2;Z dxV � � V0Rd;Z dxr�� 1V �2r�� ' V 20 Rd+4: (5.14)18



Roughly, every Green's fun
tion gives the fa
tor R2, every derivative { 1=R, integrationgives the volume of 
ompa
t support Rd, et
. Applying these estimates to eq. (5.10)we get sV0Rd � V 20 Rd+4, when
es� V0R4: (5.15)Combining this with (5.13) one gets the following range of overlap of our asymptoti
expansionsR2 � s� V0R4: (5.16)It immediately follows from here that this overlap domain is not empty only ifV0R2 � 1: (5.17)Moreover, the assumption of disregarding the potential in the Green's fun
tion is alsojusti�ed in this 
ase sin
e V � V0 � 1=R2 � 2. In other words this bound means thatthe potential is small in units of the inverse size of its 
ompa
t support.Now let us 
he
k whether s� introdu
ed above belongs to the overlap domain (5.16).Note that if it is really so, then s�V in Eq.(5.4) is mu
h smaller than unity be
ausein the overlap range one has sV � sV0 � R2V0 � 1. Hen
e the exponent in the lefthand side of (5.4) 
an be expanded in powers of s�V , and the resulting equation for s�be
omes8Z dx �1 � s�V + s2�2 V 2 +O �(s�V )3�� = Z dx (1 � s�V �) (5.18)Its solutions has the following form:s� ' 2 R dxV (1 � �)R dxV 2 = 2 R dxV 1V�2VR dxV 2 : (5.19)Taking into a

ount the estimates (5.14) we see that the point s� � R2 belongs to theupper edge of the interval (5.16). Late time expansions is fairly well satis�ed here,but the small s expansion is on the verge of breakdown. At this level of generality itis hard to overstep the un
ertainty of this estimate. There is a hope that numeri
al
oeÆ
ients in more pre
ise estimates (with 
on
rete potentials) 
an be large enoughto shift s� to the interior of the interval (5.16) and, thus, make our approximation
ompletely reliable.Bearing in mind all these reservations let us pro
eed with the 
al
ulation of thee�e
tive a
tion. Using the small x asymptoti
s (5.8) in the expression (5.7) we get�> ' 164�2 Z d4x ��V 1� �s� + V 2�ln 1s�V �C + 1�� : (5.20)8Note that the quadrati
 term should be retained in the expansion of e�s�V if we want to get anontrivial solution for s�. 19



It is interesting to note that in the whole a
tion �� = �< + �> the Coleman-Weinbergterm disappears and the �nal answer reads�� ' 164�2 �� 12� ! +C� 2 � ln 4��Z d4xV 2+ 164�2 Z d4xV 2 ln�Z dxV 2�� 164�2 Z d4xV 2 ln�Z dxV �2V �2V �: (5.21)The �rst term here di�ers from �div in (5.6) by a �nite renormalization of the lo
alV 2-term, while the two other terms have entirely new nonlinear and nonlo
al stru
tureadvo
ated in the Introdu
tion. The ultraviolet renormalization mass parameter �2makes the argument of the se
ond logarithm dimensionless { it plays the same roleas for the Coleman-Weinberg potential, but now it enters the new essentially nonlo
alstru
ture.It is natural that the original Coleman-Weinberg term for the 
ase of small poten-tials (5.17) gets repla
ed by the other qualitatively new nonlo
al stru
ture. Potentialswhi
h are small in units of the inverse size of their support are qualitatively verydi�erent from nearly 
onstant potentials for whi
h the Coleman-Weiberg a
tion wasoriginally derived. In the 
ase of small potentials spa
etime gradients dominate overtheir magnitude and, therefore, one should not expe
t that the Colman-Weiberg termwould survive the in
lusion of nonlo
al stru
tures.5.2. Big potentialRemarkably, the 
ase of the small potentials (5.17) is not the only one when one 
an�nd a non-empty domain of overlap where both asymptoti
s for TrK(s) are appli
able.Namely, the opposite 
ase of big potentials (in units of the inverse size of their support)V0R2 � 1; (5.22)is equally good. The key observation here is that in this 
ase the kernel of the Green'sfun
tion 1=(2 � V ) 
an be repla
ed within the 
ompa
t support of V by �1=V (2 �1=R2 � V0 � V ) and 
orrespondingly12 � V V (x) � � 1V V = �1; (5.23)Z dxr�� 1V �2r�� ' R4V0R2 : (5.24)Therefore, the 
riterion of appli
ability of the late time expansion (5.10) be
omes s�1=V 20 R2. Together with (5.13) it yields the new overlap rangeR2 � s� 1V 20 R2 (5.25)whi
h is obviously not empty if the potential satis�es (5.22).20



To �nd s� in this 
ase we have to solve the equation (5.4) for the 
ase when s�V isnot anymore a small quantity. Sin
e V is big, the exponent in (5.4) 
an be repla
ed byzero inside the 
ompa
t support, exp(�s�V (x)) � 0, jxj � R, and by one outside of itwhere the potential vanishes, exp(�s�V (x)) � 1, jxj > R. Rewriting the integrals inboth sides of the equation (5.4) as a sum of 
ontributions of jxj � R and jxj > R, wesee that the 
ontribution of the non-
ompa
t domain gets 
an
elled and the equationbe
omess� Zjxj�R dxV � ' Zjxj�R dx: (5.26)Then it follows that s� is approximately given by the inverse of the fun
tion V �(x)averaged over the 
ompa
t support of the potentials� ' 1
V �� ; (5.27)
V �� � Rjxj�RdxV �Rjxj�Rdx : (5.28)A qualitative estimate of 
V �� � V0 implies that s� � 1=V0 and it belongs to themiddle of the interval (5.25). This makes the 
ase of big potentials fairly 
onsistent.On the other hand, the value of �(x) is 
lose to zero inside the potential support(see (5.23)), so most likely the estimate for 
V �� is smaller by at least one power ofthe quantity 1=V0R2, whi
h is the basi
 dimensionless small parameter in this 
ase.Therefore the magnitude of s� be
omes bigger by one power of V0R2, s� ' R2, whi
his again near the upper boundary of the overlap interval (5.25). Similarly to the smallpotential 
ase, a more rigorous analyses is needed (maybe for more 
on
retely spe
i�edpotentials) to a

ount for subtle edge e�e
ts at the boundary of 
ompa
t support,whi
h might shift the value of s� to a safe region inside (5.25).With the above estimate for s� � R2 the magnitude of s�V in the expression forthe infrared part of the e�e
tive a
tion (5.7) be
omes big, s�V � s�V0 � V0R2 � 1,and we use the big x asymptoti
s in (5.8) to get the 
ontribution�> ' 164�2s� Z d4xV � = 164�2 Zjxj�R dx 
V ��2: (5.29)In this 
ase the Coleman-Weinberg term is not 
an
elled in 
omplete agreement withwhat we would expe
t for big potentials and the �nal result reads�� = �div + �CW + 164�2 Zjxj�R d4x 
V ��2: (5.30)21



6. CommentsWe developed a new te
hnique for the 
al
ulation of late time asymptoti
s of the heatkernel and its fun
tional tra
e. Using these asymptoti
s we found previously unknownessentially nonlo
al and nonperturbative 
ontributions to the e�e
tive a
tion for twolarge 
lasses of potentials with 
ompa
t supports. Therefore, the generalization ofthese results to potentials with power-law fallo�, whi
h would imply subtler analyses,deserves further studies.Our results in their present form are appli
able only in higher dimensions d � 3.One 
an easily 
he
k that the expression (1=2)V is not well de�ned in low dimensions(d � 2). Note, that the logarithmi
 kernel of the Green's fun
tion of the massless �eldis de�ned in d = 2 only up to an additive 
onstant. Moreover, the 
onvolution ofthe Green's fun
tion with the potential makes sense in d = 2 only if the latter is thetotal derivative of some other fun
tion [4℄, as, for instan
e, the 2-dimensional 
urvatures
alar in the Polyakov a
tion [8℄. Thus, the extension of our results to low-dimensionalmodels, where other 
al
ulational s
hemes 
ompletely fail, is espe
ially important. Thiswill be done in the forth
oming paper [7℄.Another possibility is the generalization of our te
hnique to potentials with isolatedzeroes in the interior of spa
etime. Even more interesting is the situation when thepotential be
omes negative V (x) < 0 in some spa
etime domains. In this 
ase thereis a ta
hioni
 instability, and it is worth deriving quantitative 
riteria des
ribing thisinstability in terms of the properties of V (x).Finally, it is important to generalize our results to 
urved spa
etimes and in addition
onsider �elds with non-trivial spin-tensor stru
ture. All these issues are addressed in[7℄. The nonlo
al e�e
tive a
tion 
an then be applied to study interesting physi
alproblems, like quantum bla
k holes evaporation [6℄, quantum 
osmology, et
.It is worth mentioning that the developed te
hnique for late time asymptoti
s of theheat kernel 
ould also be useful in statisti
al physi
s for 
al
ulating low temperaturepartition fun
tions.A. Integral equation for WIn this Appendix we derive the integral form of the equation�W (sjx; y)�s + (x� y)�s r�W (sjx; y)�2W (sjx; y) = f(sjx; y); (A.1)wheref(sjx; y) � V (x)� (rW (sjx; y))2; (A.2)and W (s = 0jx; y) = 0. With this purpose we �rst introdu
e the new fun
tion ~WW (sjx; y) = e�s2 ~W (sjx; y): (A.3)22



Using the relationes2(x� y)�e�s2 = (x� y)� + 2sr� (A.4)one �nds that this fun
tion satis�es the following equation� ~W�s + (x� y)�s r� ~W = es2f; (A.5)whi
h does not 
ontain anymore 2-term on the left hand side. To write down theformal solution of this equation in terms of the "sour
e" term f = f(sjx; y), let usintrodu
e the 
hara
teristi
 
urve �x�(t) of (A.5), whi
h satis�es the equationd�x�(t)dt = (�x(t)� y)�t ; (A.6)with the boundary 
onditions�x�(t = 0) = y�; �x�(t = s) = x�: (A.7)The solution of (A.6) is�x�(t) = y� + (x� y)�s t: (A.8)The total derivative of ~W (tj�x(t); y) with respe
t to t along this 
hara
teristi
 
urve isthen equal toddt ~W (tj�x(t); y) = � ��t + (x� y)�t ���x�� ~W (tj�x; y) = et�2f(tj �x(t); y); (A.9)where �2 � �2=��x���x�. Integrating this equation from 0 to s with the initial 
ondition~W = 0 at t = 0 and taking into a

ount the boundary 
onditions (A.7) for �x(t), onegets ~W (sjx; y) = Z s0 dt et�2 f(tj �x (t) ; y): (A.10)Returning to the original W whi
h is related to ~W via (A.3) and taking into a

ountthat 2 = (t=s)2 �2 we �nally obtain:W (sjx; y) = sZ 10 d� es�(1��)�2f(s�j �x; y) ��� �x=�x+(1��)y; (A.11)where instead of t the new integration variable � = t=s was introdu
ed. This is exa
tlythe integral form (3.3) of the equation (A.1) that we used in Se
t.3.23



B. Covariant perturbation theory and late time be-havior of the fun
tional tra
e of the heat kernelHere we 
onsider the nonlo
al 
ovariant perturbation theory (CPT) of [3, 4, 5℄. InCPT the fun
tional tra
e of the heat kernel for the 
ovariant se
ond order di�erentialoperator is expanded as nonlo
al series in powers of the potential V with expli
itly
al
ulable 
oeÆ
ients - nonlo
al form fa
tors Fn(sjx1; x2; :::xn). Their leading asymp-toti
 behavior at large s was obtained in [4℄. Here we 
al
ulate them up to the �rstsubleading order in 1=s in
lusive for a simple operator bF = 2� V . Then we expli
itlyperform in�nite summation of power series in the potential to obtain the nonlo
al andnolinear expression (4.14) for late time behavior of TrK(s).A

ording to [4℄ the heat kernel tra
e is lo
al in the �rst two orders of the pertur-bation theory in the potential (2.18)TrK0(s) = 1(4�s)d=2 Z dx; (B.1)TrK1(s) = � s(4�s)d=2 Z dxV (x); (B.2)and in higher orders it reads asTrKn(s) = (�s)n(4�s)d=2n Z dx 
es
n�V (x1)V (x2):::V (xn)���x1=:::=xn=x; n � 2: (B.3)Here 
n is a di�erential operator a
ting on the produ
t of n potentials
n = n�1Xi=1 r2i+1 + 2 n�1Xi=2 i�1Xk=1 �i(1� �k)ri+1rk+1; (B.4)expressed in terms of the partial derivatives labelled by the indi
es i implying thatri a
ts on V (xi). It is assumed in (B.3) that after the a
tion of all derivatives on therespe
tive terms all xi are set equal to x. It is also assumed that the spa
etime indi
es ofall derivatives r = r� are 
ontra
ted in their bilinear 
ombinations, rirk � r�ir�k.The di�erential operator (B.4) depends on the parameters �i, i = 1; :::n� 1, whi
h arede�ned in terms of the parameters �i, i = 1; :::n as�i = �i+1 + �i+2 + :::+ �n;and the angular bra
kets in 
es
n� imply that this operator exponent is integrated over
ompa
t domain in the spa
e of �-parameters
es
n� � Z�i�0 dn� Æ� nXi=1 �i � 1� exp(s
n):24



The late time behavior of TrKn(s) is thus determined by the asymptoti
 behavior ofthis integral at s!1, whi
h 
an be 
al
ulated using the Lapla
e method. To applythis method, let us note that 
n is a negative semide�nite operator (this is shownin the Appendix B of [4℄) whi
h degenerates to zero at n points of the integrationdomain: (0; :::0; �i = 1; 0; :::0), i = 1; :::n. Therefore the asymptoti
 expansion of thisintegral is given by the 
ontribution of the 
orresponding n maxima of the integrandat these points. The integration by parts in (B.3) is justi�ed by the formal identityr1 + r2 + ::: + rn = 0 . Using it one 
an show that the 
ontributions of all thesemaxima are equal, so that it is suÆ
ient to 
al
ulate only the 
ontribution of the point�1 = 1, �i = 0, i = 2; :::n. In the vi
inity of this point it is 
onvenient to rewritethe expression for 
n in terms of the independent (n � 1) variables �2; �2; :::�n, theremaining �1 = 1 �Pni=2 �i,
n = nXi=2 �iD2i � nXm;k=2�m�kDmDk; (B.5)where the operator Dm is de�ned asDm = r2 +r3 + :::+rm; m = 2; :::n: (B.6)Substituting this expression for 
n in (B.3) and expanding in powers of the termbilinear in �-parameters one getsTrKn(s) = (�s)n(4�s)d=2 Z dx Z 10 dn�1� exp�s nXi=2 �iD2i �� 1� s nXm;k=2�m�kDmDk + :::! V1V2:::Vn: (B.7)Here 1=n fa
tor disappeared due to the 
ontribution of n equal terms and the range ofintegration over �2; :::�n, Pni=2 �i � 1, was extended to all positive values of �i. Thisis justi�ed sin
e the error we make by extending the integration range is exponentiallysmall and goes beyond the the a

ura
y of asymptoti
 expansion in inverse powers ofs. The se
ond term in the round bra
kets 
an be rewritten in terms of the derivativeswith respe
t to D2m a
ting on the exponential, so thatTrKn(s) = (�s)n(4�s)d=2 Z dx  1 � 1s nXm;k=2DmDk ��D2m ��D2k + :::!�Z 10 dn�1� exp�s nXi=2 �iD2i�V1V2:::Vn: (B.8)In this form it is obvious that further terms of expansion in powers of the quadrati
 in� part of 
n bring higher order 
orre
tions of the 1=s-series. Doing the integral over25



� here and performing di�erentiations one obtainsTrKn(s) = 1(4�s)d=2 Z dx "�s 1D22:::D2n + 2 nXm=2 1D22:::D2m�1 1(D2m)2 1D2m+1:::D2n+2 n�1Xm=2 nXk=m+1 1D22:::D2m�1 D�m(D2m)2 1D2m+1:::D2k�1 Dk�(D2k)2 1D2k+1:::D2n+O�1s�� V1V2:::Vn: (B.9)The �rst term in the square bra
kets gives the leading order term of the late timeexpansion. It 
an be further transformed by taking into a

ount that any operator Dmde�ned by (B.6) a
ts as a partial derivative only on the group of fa
tors VmVm+1:::Vnin the full produ
t V1:::Vn, DmV1:::Vn = V1:::Vm�1r(Vm+1:::Vn). Therefore all theoperators understood as a
ting to the right 
an be ordered in su
h a wayTrKn(s) = � s(4�s)d=2 Z dxV1 1D2nVn 1D2n�1Vn�1::: 1D22V2 +O� 1sd=2�that the labels of D2m's 
an be omitted and all D2m 
an be identi�ed with boxes alsoa
ting to the rightTrKn(s) = � s(4�s)d=2 Z dx V 12V 12 :::V 12| {z }n�1 V (x) +O� 1sd=2� : (B.10)In�nite summation of this series is not diÆ
ult to perform be
ause this is the geometri
progression in powers of the nonlo
al operator V (1=2) andTrK(s) = TrK0(s)� s(4�s)d=2 Z dx 1Xn=0�V 12�n V (x) +O� 1sd=2� ;or TrK(s) = 1(4�s)d=2 Z dx�1 � s2 12 � V V (x) +O(s0)�: (B.11)The se
ond term here looks as a total derivative. However, it does not vanish be
ausethis is a derivative of the nonlo
al expression and the 
orresponding surfa
e term doesnot vanish at in�nity in view of the Green's fun
tion asymptoti
s. This term 
an berewritten as2 12 � V V (x) = V (x) + V 12� V V (x) = V �(x); (B.12)and, therefore,TrK(s) = 1(4�s)d=2 Z dx�1 � s V �(x) +O(s0)�; (B.13)26



where O(s0) denotes the subleading in s terms whi
h depend on the potential in anontrivial way. They are given by in�nite resummation over n of the se
ond andthird terms in square bra
kets of Eq.(B.9). Remarkably, this summation 
an again beexpli
itly done. In this 
ase one has to sum multiple geometri
 progressions.Indeed, the se
ond term of (B.9) gives rise to the series2(4�s)d=2 Z dx 1Xn=2 nXm=2 V 12V::: 12V| {z }n�m 122 V 12 :::V 12| {z }m�2 V (x): (B.14)By summing the two geometri
 progressions with respe
t to independent summationindi
es 0 � n �m <1 and 0 � m� 2 <1 one �nds that this series redu
es to2(4�s)d=2 Z dxV 1(2� V )2 V (x); (B.15)whi
h after the integration by parts amounts to2(4�s)d=2 Z dx � 12 � V V (x)�2 = 2(4�s)d=2 Z dx�1� �(x)�2: (B.16)Similarly, the third term of (B.9) gives rise to the tripli
ate geometri
 progressionwhi
h after summation and integration by parts redu
es to2(4�s)d=2 Z dxV 1Xi=0 � 12V �i 12r� 12 1Xj=0 �V 12�j 12r� 12 1Xl=0 �V 12�l V (x)= � 2(4�s)d=2 Z dx�r��(x)� 12 � V V 12r��(x): (B.17)Taking here into a

ount that12 � V V 12 = 12� V � 12 (B.18)one �nds that the sum of (B.16) and (B.17) is equal to2(4�s)d=2 Z dx �(1 � �)2 �r�� 12 � V r�� +r�� 12r���= � 2(4�s)d=2 Z dxr�� 12 � V r��; (B.19)where the 
an
ellation of the �rst and the third terms takes pla
e after rewriting r��in the third term as r�(�� 1) and integrating it by parts9. Together with (B.13) the
ontribution (B.19) forms the nonlinear and nonlo
al late time expression for the heatkernel tra
e (4.14) up to the �rst subleading order in 1=s in
lusive.9Straightforward integration by parts ofr��(1=2)r�� is impossible be
ause �(x) does not vanishat jxj ! 1, while �(x)� 1 does. 27
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