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ialisation, also 
alled partial evaluation or partial dedu
-tion, is an automati
 te
hnique for program optimisation. The 
entralidea is to spe
ialise a given sour
e program for a parti
ular appli
ationdomain. Program spe
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ompasses traditional 
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ause of their 
lear (and often simple) semanti
al foundations, de
lar-ative languages o�er signi�
ant advantages for the design of semanti
s basedprogram analysers, transformers and optimisers. This thesis exploits theseadvantages in the 
ontext of logi
 programming and develops advan
edte
hniques for program spe
ialisation, striving to produ
e tangible pra
ti-
al bene�ts within the larger obje
tive of turning de
larative languages andprogram spe
ialisation into valuable tools for 
onstru
ting reliable, main-tainable and eÆ
ient programs.This thesis 
ontains 
ontributions within that 
ontext around severalthemes. New, powerful methods for the 
ontrol problem within partial de-du
tion, based on 
hara
teristi
 trees, are developed. A method for auto-mati
 
ompiler generation, whi
h does not have to resort to self-appli
ablespe
ialisers, is presented. A pra
ti
al and very su

essful appli
ation in thearea of integrity 
he
king in dedu
tive databases is worked out. Finally, anintegration of \unfold/fold" transformations with partial dedu
tion, as wellas a further integration with abstra
t interpretation, are developed.
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Chapter 1Introdu
tion1.1 Logi
 programming and program spe
ial-isationMathemati
al logi
, then, is a bran
h of mathemati
s whi
h hasmu
h the same relation to the analysis and 
riti
ism of thoughtas geometry does to the s
ien
e of spa
e.Haskell B. Curry in [58℄De
larative programming languagesDe
larative programming languages, are high-level programming languagesin whi
h one only has to state what is to be 
omputed and not ne
essarilyhow it is to be 
omputed.Logi
 programming and fun
tional programming are two prominent mem-bers of this 
lass of programming languages. While fun
tional programmingis based on the �-
al
ulus, logi
 programming has its roots in �rst-orderlogi
 and automated theorem proving. Both approa
hes share the view thata program is a theory and exe
ution 
onsists in performing dedu
tion fromthat theory (sometimes 
omplemented by abdu
tion or indu
tion).Logi
 programmingLogi
 programming grew out of the insight that a subset of �rst-order logi
,based on Horn 
lauses, has an eÆ
ient operational reading and 
an thusbe used as the basis of a programming language.1



2 CHAPTER 1. INTRODUCTIONTake the following Horn 
lause, part of a logi
 program 
omputing thederivative of a fun
tion:8(derivative(F +G ;F 0+G 0) derivative(F ;F 0)^derivative(G ;G 0))This Horn 
lause has a 
lear logi
al semanti
s, whose validity 
an be 
he
kedindependently of the rest of the logi
 program. Furthermore a natural lan-guage translation of this 
lause 
an be produ
ed in a straightforward man-ner, making the program more a

essible to people less versed with the(bla
k) art of 
omputer programming:If F 0 is the derivative of F and G0 is the derivative of G thenF 0 + G0 is the derivative of F + G.Finally, the 
lause has an operational reading as well, allowing for an eÆ-
ient exe
ution me
hanism:To 
al
ulate derivative(F+G ;F 0+G 0) one should �rst 
al
ulatederivative(F ;F 0) and then 
al
ulate derivative(G ;G 0)Using logi
 as the basis of a programming language also means thata uniform language 
an be used to express and reason about programs,spe
i�
ations, databases, queries and integrity 
onstraints.On the more pra
ti
al side, logi
 programming languages allow non-determinism, making them espe
ially well-suited for appli
ations like pars-ing. They also provide for automati
 memory management, thus avoidinga major sour
e of errors in other programming languages. Another advan-tage of logi
 programming languages is that they 
an 
ompute with partiallyspe
i�ed data and that the input/output relation is not �xed beforehand.For instan
e, the above mentioned program 
an not only be used to 
om-pute the derivative of e.g. x � x via the query  derivative(x � x ;F ) it 
analso be used to 
al
ulate its integral via the query  derivative(G ; x � x ).Finally, although early logi
 programming languages have been renownedfor their la
k of eÆ
ien
y, the implementations have grown ever more ef-�
ient, re
ent e�orts rea
hing or even surpassing the speeds of imperativelanguages for some appli
ations.Program spe
ialisationProgram spe
ialisation, also 
alled partial evaluation or partial dedu
tion,is an automati
 te
hnique for program optimisation. The 
entral idea is tospe
ialise a given sour
e program for a parti
ular appli
ation domain. Thisis (mostly) done by a well-automated appli
ation of parts of the Burstalland Darlington unfold/fold transformation framework. Program spe
iali-sation en
ompasses traditional 
ompiler optimisation te
hniques, su
h as
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onstant folding and in-lining, but uses more aggressive transformations,yielding both (mu
h) greater speedups and more diÆ
ulty in 
ontrollingthe transformation pro
ess. It is thus similar in 
on
ept to, but in severalways stronger than highly optimising 
ompilers.Program spe
ialisation 
an be used to speed up existing programs for
ertain appli
ation domains, sometimes a
hieving speedups of several or-ders of magnitude. It however also allows the user to 
on
eive more gen-erally appli
able programs using a more se
ure, readable and maintainablestyle. The program spe
ialiser then takes 
are of transforming this generalpurpose, readable, but ineÆ
ient program into an eÆ
ient one (e.g. in
or-porating Knuth-Morris-Pratt like optimisations or taking advantage of thehidden implementation parts of modules).Program spe
ialisation has proven to be useful in many appli
ation ar-eas. For instan
e, a lot of programs exhibit interpretive behaviour, theoverhead of whi
h 
an be removed by program spe
ialisation. The spe-
ialisation pro
ess 
an in su
h 
ir
umstan
es be seen as 
ompilation fromthe higher level language down to the language in whi
h the interpreter iswritten. Furthermore, given that a spe
ialiser is self-appli
able, i.e. is ableto e�e
tively spe
ialise itself, one 
an obtain 
ompilers as well as 
ompilergenerators automati
ally from an interpreter by the so 
alled Futamuraproje
tions.Apart from that, whenever part of the input 
hanges more slowly thanthe remaining input, program spe
ialisation 
an prove to be very valuable.One su
h often mentioned appli
ation is ray tra
ing, where a ray tra
er 
anbe spe
ialised for a parti
ular s
ene with an unknown viewpoint. Othersu

essful appli
ations of program spe
ialisation range from neural networktraining, spreadsheet 
omputations over to s
ienti�
 
omputing. Simplerforms of program spe
ialisation have also found their way into 
ompilersand program analysers. For instan
e, the Mer
ury 
ompiler 
an often getrid of the overhead of higher-order programming via partial evaluation whilea lot of abstra
t interpretation systems use a spe
ialisation te
hnique 
alledabstra
t 
ompilation.1.2 Overview of the thesisAim of the thesisBe
ause of their 
lear (and often simple) semanti
al foundations, de
larativelanguages o�er signi�
ant advantages for the design of semanti
s basedprogram analysers, transformers and optimisers.First, be
ause there exists a 
lear and simple semanti
al foundation,



4 CHAPTER 1. INTRODUCTIONte
hniques for program spe
ialisation 
an be proven 
orre
t in a formalway. Furthermore, program spe
ialisation does not have to preserve everyexe
ution aspe
t of the sour
e program, as long as the de
larative semanti
sis respe
ted. This permits mu
h more powerful optimisations, impossibleto obtain when the spe
ialiser has to preserve every operational aspe
t ofthe sour
e program.We1 will try to exploit these advantages in the 
ontext of logi
 program-ming and develop automati
 methods for program spe
ialisation, strivingto produ
e tangible pra
ti
al bene�ts within the larger obje
tive of turn-ing de
larative languages and program spe
ialisation into valuable tools for
onstru
ting reliable, maintainable and eÆ
ient programs.RoadmapThis thesis 
onsists of 6 major parts. Figure 1.1 
ontains a graphi
al rep-resentation of the 
hapters. Arrows indi
ate dependen
ies between 
hap-ters; topologi
al sorting 
an be used to determine an admissible readingsequen
e.Stru
ture of the parts� Part I 
ontains ba
kground material about �rst-order logi
, logi
programming and program spe
ialisation. A brief summary of othermathemati
al notations and 
onventions 
an be found in Appendix A.Chapter 2 starts out from the roots of logi
 programming in �rst-orderlogi
 and automated theorem proving and presents the syntax, seman-ti
s and proof theory of logi
 programs. In Chapter 3 the general ideaof program spe
ialisation, based on Kleene's S-M-N theorem, is intro-du
ed. A parti
ular te
hnique for spe
ialising logi
 programs, 
alledpartial dedu
tion, is then formalised. The theoreti
al underpinningsof this approa
h, based on the 
orre
tness results by Lloyd and Shep-herdson [185℄, are exhibited. We also elaborate on the 
ontrol issuesof partial dedu
tion and de�ne the 
ontrol of polyvarian
e problem.The latter is basi
ally related to how many spe
ialised versions shouldbe generated for a parti
ular predi
ate.� Part II of the thesis attends to a method for pre
ise and �ne-grained
ontrol of polyvarian
e, whose termination only depends on the ter-mination of the unfolding 
omponent. Chapter 4 �rst shows that a1The word \we" should not be interpreted as to some royal ambitions of mine. Infa
t, as most 
hapters of this thesis are adapted from papers whi
h other persons have
o-authored, it just avoids 
onfusing swit
hes of narrative.
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Figure 1.1: Overview of the 
haptersgood 
ontrol of polyvarian
e should not (solely) rely on synta
ti
 in-formation. Chara
teristi
 trees and paths, whi
h are abstra
tions ofthe 
omputational behaviour of goals introdu
ed by Gallagher andBruynooghe [100, 97℄, are shown to be mu
h more viable in that 
on-text. The 
hapter however also illustrates short
omings of the existingapproa
hes using 
hara
teristi
 trees, notably their in
apa
ity to pre-serve them upon generalisation. This 
an lead to severe spe
ialisationlosses, sometimes 
ombined with non-termination of the partial de-du
tion pro
ess. Chapter 5 attends to solving this problem. To thatend an extension of the Lloyd and Shepherdson framework, 
allede
ologi
al partial dedu
tion, is developed whi
h allows the preserva-tion of 
hara
teristi
 trees upon generalisation in a straightforwardmanner. Chapter 6 solves another important problem with the ex-isting approa
h based on 
hara
teristi
 trees: an ad-ho
 depth boundhas to be imposed on 
hara
teristi
 trees to ensure termination of thespe
ialisation pro
ess. A full-
edged algorithm for partial dedu
tion,whi
h does not require this depth bound, is developed in the 
hapter.



6 CHAPTER 1. INTRODUCTIONFinally, an implementation of this algorithm is des
ribed and used forextensive experiments, showing its improved performan
e over exist-ing spe
ialisation systems.� Part III, 
onsisting just of Chapter 7, 
on
entrates on issues relatedto self-appli
ation. In parti
ular it shows how one 
an get the ben-e�ts of self-appli
ation without self-appli
ation. Self-appli
ation hasnot been as mu
h in fo
us in partial dedu
tion as in partial evalu-ation of fun
tional and imperative languages, and the attempts toself-apply partial dedu
tion systems have not been altogether thatsu

essful. To over
ome this predi
ament, the 
hapter adapts the so
alled \
ogen approa
h" for logi
 programming languages. The 
en-tral idea is to write a 
ompiler generator instead of a self-appli
ablespe
ialiser. It is demonstrated that using the 
ogen approa
h one getsvery eÆ
ient 
ompiler generators whi
h generate very eÆ
ient gener-ating extensions whi
h in turn yield (for some examples at least) verygood and non-trivial spe
ialisation.� Part IV elaborates on a parti
ular (and novel) appli
ation of pro-gram spe
ialisation to integrity 
he
king in more detail. Integrity
onstraints are useful for the spe
i�
ation of dedu
tive databases,as well as for indu
tive and abdu
tive logi
 programs. Verifying in-tegrity 
onstraints upon updates is a major eÆ
ien
y bottlene
k andspe
ialised methods have been developed to speedup this task. They
an however still in
ur a 
onsiderable overhead and the main idea inthis part of the thesis is to further optimise these methods in a prin-
ipled way using the te
hniques of meta-programming and programspe
ialisation. Chapter 8 �rst presents some ba
kground in dedu
-tive databases, fo
ussing on the problem of integrity 
he
king. It alsodis
usses issues in meta-programming, notably elaborating on the dif-feren
es between the ground, non-ground and mixed representations.In Chapter 9, a meta-interpreter for integrity 
he
king in hierar
hi
aldatabases is presented, whi
h is then partially evaluated for 
ertaintransa
tion patterns. Extensive experiments are 
ondu
ted, exhibit-ing 
onsiderable speedups over existing integrity 
he
king te
hniques.The good results hinge on the fa
t that a lot of the integrity 
he
king
an already be performed given an update pattern without knowingthe a
tual, 
on
rete update.� Part V develops a major improvement of partial dedu
tion. In fa
t,partial dedu
tion within the Lloyd and Shepherdson framework, aswell as within the extension presented in Part II, 
annot a
hieve 
er-tain optimisations whi
h are possible within the full framework ofunfold/fold transformations. In this part of the thesis we thereforeendeavour to 
ombine the advantages of partial dedu
tion in terms of
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omplexity and 
ontrol with the power of unfold/fold transformations.In Chapter 10 we present the formal framework of 
onjun
tive par-tial dedu
tion, extending the Lloyd and Shepherdson framework byspe
ialising entire 
onjun
tions instead of simply individual atoms.Chapter 11 presents a 
omplementary te
hnique dete
ting and re-moving redundant arguments. Together these te
hniques are able toa

ommodate optimisations like tupling and deforestation. In Chap-ter 12 these new te
hniques are put on trial on an extensive set ofpure Prolog programs, illustrating the in
reased potential of 
onjun
-tive partial dedu
tion but also highlighting some remaining 
ontrolproblems.� Part VI, 
onsisting just of Chapter 13, presents a further extensionof partial dedu
tion, obtained by integrating abstra
t interpretationte
hniques. Chapter 13 starts out by presenting some remaining lim-itations of standard and 
onjun
tive partial dedu
tion in terms ofinferring su

ess-information. These short
omings are remedied by
ombining 
onjun
tive partial dedu
tion with an abstra
t interpre-tation te
hnique known as more spe
i�
 program 
onstru
tion. Thepra
ti
al impa
t of this approa
h is illustrated on some appli
ations,notably spe
ialising meta-programs written in the ground represen-tation and extending the approa
h of Part IV to re
ursive databases.Origin of the 
haptersEarlier versions of Chapters 5 and 6 appeared in [168℄ and [178℄ respe
-tively. [179℄ 
ombines these two papers and was written 
on
urrently withPart II of the thesis. Parts of [172℄ have also been in
orporated into Chap-ters 3{5. Chapter 7 is adapted from [142℄. Chapters 8 and 9 are revisedand extended versions of [173℄ 2, [174℄ and in
orporate some parts from[177℄. Chapters 10, 11 and 12 have been adapted from [175℄, [182℄ and[143℄ respe
tively. Parts of these 
hapters have been in
orporated into [62℄.Finally, Chapter 13 is adapted from [181℄.2\Permission to 
opy without fee all or part of this material is granted providedthat the 
opies are not made or distributed for dire
t 
ommer
ial advantage, the ACM
opyright noti
e and the title of the publi
ation and its date appear, and noti
e is giventhat 
opying is by permission of the Asso
iation for Computing Ma
hinery. To 
opyotherwise, or to republish, requires a fee and/or spe
i�
 permission."

1995 ACM 0-89791-720-0/95/0006...$3.50
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Chapter 2Logi
 and Logi
ProgrammingIn this 
hapter we summarise some essential ba
kground in �rst-order logi
and logi
 programming, required for the proper 
omprehension of this the-sis. The exposition is mainly inspired by [7℄ and [184℄ and in general adheresto the same terminology. The reader is referred to these works for a moredetailed presentation, 
omprising motivations, examples and proofs. Someother good introdu
tions to logi
 programming 
an also be found in [218℄,[85, 8℄ and [202℄, while a good introdu
tion to �rst-order logi
 and auto-mated theorem proving 
an be found in [94℄.2.1 First-order logi
 and syntax of logi
 pro-gramsWe start with a brief presentation of �rst-order logi
.De�nition 2.1.1 (alphabet)An alphabet 
onsists of the following 
lassesof symbols:1. variables;2. fun
tion symbols;3. predi
ate symbols;4. 
onne
tives, whi
h are : negation, ^ 
onjun
tion, _ disjun
tion,  impli
ation, and $ equivalen
e;11



12 CHAPTER 2. LOGIC AND LOGIC PROGRAMMING5. quanti�ers, whi
h are the existential quanti�er 9 and the universalquanti�er 8;6. pun
tuation symbols, whi
h are \(", \)" and \,".Fun
tion and predi
ate symbols have an asso
iated arity, a natural numberindi
ating how many arguments they take in the de�nitions following below.Constants are fun
tion symbols of arity 0, while propositions are predi
atesymbols of arity 0.The 
lasses 4 to 6 are the same for all alphabets. In the remainder ofthis thesis we suppose the set of variables is 
ountably in�nite. In addition,alphabets with a �nite set of fun
tion and predi
ate symbols will simply be
alled �nite. An in�nite alphabet is one in whi
h the number of fun
tionand/or predi
ate symbols is not �nite but 
ountably in�nite.We will try to adhere as mu
h as possible to the following synta
ti
al
onventions throughout the thesis:� Variables will be denoted by upper-
ase letters like X;Y; Z, usuallytaken from the later part of the (Latin) alphabet.� Constants will be denoted by lower-
ase letters like a; b; 
, usuallytaken from the beginning of the (Latin) alphabet.� The other fun
tion symbols will be denoted by lower-
ase letters likef; g; h.� Predi
ate symbols will be denoted by lower-
ase letters like p; q; r.De�nition 2.1.2 (terms, atoms) The set of terms (over some givenalphabet) is indu
tively de�ned as follows:� a variable is a term� a 
onstant is a term and� a fun
tion symbol f of arity n > 0 applied to a sequen
e t1; : : : ; tn ofn terms, denoted by f(t1; : : : ; tn), is also a term.The set of atoms (over some given alphabet) is de�ned in the following way:� a proposition is an atom and� a predi
ate symbol p of arity n > 0 applied to a sequen
e t1; : : : ; tnof n terms, denoted by p(t1; : : : ; tn), is an atom.We will also allow the notations f(t1; : : : ; tn) and p(t1; : : : ; tn) in 
asen = 0. f(t1; : : : ; tn) then simply represents the term f and p(t1; : : : ; tn)represents the atom p. For terms representing lists we will use the usualProlog [80, 262, 53℄ notation: e.g. [ ℄ denotes the empty list, [HjT ℄ denotesa non-empty list with �rst element H and tail T .



2.1. FIRST-ORDER LOGIC 13De�nition 2.1.3 (formula) A (well-formed) formula (over some givenalphabet) is indu
tively de�ned as follows:� An atom is a formula.� If F and G are formulas then so are (:F ), (F _G), (F ^G), (F  G),(F $ G).� If X is a variable and F is a formula then (8XF ) and (9XF ) are alsoformulas.To avoid formulas 
luttered with the pun
tuation symbols we give the 
on-ne
tives and quanti�ers the following pre
eden
e, from highest to lowest:1. :; 8; 9, 2. _, 3. ^, 4.  ;$.For instan
e, we will write 8X(p(X)  :q(X) ^ r(X)) instead of the lessreadable (8X(p(X)  ((:q(X)) ^ r(X)))).The set of all formulas 
onstru
ted using a given alphabet A is 
alledthe �rst-order language given by A.First-order logi
 assigns meanings to formulas in the form of interpre-tations over some domain D:� Ea
h fun
tion symbol of arity n is assigned an n-ary fun
tion Dn 7!D. This part, along with the 
hoi
e of the domain D, is referred toas a pre-interpretation.� Ea
h predi
ate symbol of arity n is assigned an n-ary relation, i.e. asubset of Dn (or equivalently an n-ary fun
tion Dn 7! ftrue; falseg).� Ea
h formula is given a truth value, true or false, depending on thetruth values of the sub-formulas. (For more details see e.g. [94℄ or[184℄).A model of a formula is simply an interpretation in whi
h the formulahas the value true assigned to it. Similarly, a model of a set S of formulasis an interpretation whi
h is a model for all F 2 S.For example, let I be an interpretation whose domain D is the set ofnatural numbers IN and whi
h maps the 
onstant a to 1, the 
onstant b to2 and the unary predi
ate p to the unary relation f(1)g. Then the truthvalue of p(a) under I is true and the truth value of p(b) under I is false.So I is a model of p(a) but not of p(b). I is also a model of 9Xp(X) butnot of 8Xp(X).We say that two formulas are logi
ally equivalent i� they have the samemodels. A formula F is said to be a logi
al 
onsequen
e of a set of formulas



14 CHAPTER 2. LOGIC AND LOGIC PROGRAMMINGS, denoted by S j= F , i� F is assigned the truth value true in all modelsof S. A set of formulas S is said to be in
onsistent i� it has no model. It
an be easily shown that S j= F holds i� S [ f:Fg is in
onsistent. Thisobservation lies at the basis of what is 
alled a proof by refutation: toshow that F is a logi
al 
onsequen
e of S we show that S [ f:Fg leads toin
onsisten
y.From now on we will also use true (resp. false) to denote some arbi-trary formula whi
h is assigned the truth value true (resp. false) in everyinterpretation. If there exists a proposition p in the underlying alphabetthen true 
ould e.g. stand for p_:p and false 
ould stand for p^:p.1 Wealso introdu
e the following shorthands for formulas:� if F is a formula, then (F  ) denotes the formula (F  true) and( F ) denotes the formula (false F ).� ( ) denotes the formula (false true).In the following we de�ne some other frequently o

urring kinds of for-mulas.De�nition 2.1.4 (literal) If A is an atom then the formulasA and :A are
alled literals. Furthermore, A is 
alled a positive literal and :A a negativeliteral.De�nition 2.1.5 (
onjun
tion, disjun
tion) Let A1; : : : ; An be literals,where n > 0. Then A1 ^ : : : ^ An is a 
onjun
tion and A1 _ : : :_ An is adisjun
tion.Usually we will assume ^ (respe
tively _) to be asso
iative, in the sensethat we do not distinguish between the logi
ally equivalent, but synta
ti-
ally di�erent, formulas p ^ (q ^ r) and (p ^ q) ^ r.De�nition 2.1.6 (s
ope)Given a formula (8XF ) (resp. (9XF )) the s
opeof 8X (resp. 9X) is F . A bound o

urren
e of a variable X inside a formulaF is any o

urren
e immediately following a quanti�er or an o

urren
ewithin the s
ope of a quanti�er 8X or 9X. Any other o

urren
e of Xinside F is said to be free.De�nition 2.1.7 (universal and existential 
losure) Given a formulaF , the universal 
losure of F , denoted by 8(F ), is a formula of the form(8X1 : : : (8XmF ) : : :) where X1; : : : ; Xm are all the variables having a freeo

urren
e inside F (in some arbitrary order). Similarly the existential
losure of F , denoted by 9(F ), is the formula (9X1 : : : (9XmF ) : : :).1In some texts on logi
 (e.g. [94℄) true and false are simply added to the alphabetand treated in a spe
ial manner by interpretations. The only di�eren
e is then that trueand false 
an be 
onsidered as atoms, whi
h 
an be 
onvenient in some pla
es.



2.2. SEMANTICS OF LOGIC PROGRAMS 15The following 
lass of formulas plays a 
entral role in logi
 programming.De�nition 2.1.8 (
lause) A 
lause is a formula of the form 8(H1 _ : : :_Hm  B1 ^ : : :^Bn), where m � 0; n � 0 and H1; : : : ;Hm; B1; : : : ; Bn areall literals. H1_ : : :_Hm is 
alled the head of the 
lause and B1 ^ : : :^Bnis 
alled the body.A (normal) program 
lause is a 
lause where m = 1 and H1 is an atom.A de�nite program 
lause is a normal program 
lause in whi
h B1; : : : ; Bnare atoms. A fa
t is a program 
lause with n = 0. A query or goal is a
lause with m = 0 and n > 0. A de�nite goal is a goal in whi
h B1; : : : ; Bnare atoms. The empty 
lause is a 
lause with n = m = 0. As we have seenearlier, this 
orresponds to the formula false true, i.e. a 
ontradi
tion.We also use 2 to denote the empty 
lause.In logi
 programming notation one usually omits the universal quanti-�ers en
apsulating the 
lause and one also often uses the 
omma(`,') insteadof the 
onjun
tion in the body, e.g. one writes p(s(X))  q(X); p(X) in-stead of 8X(p(f(X))  (q(X)^p(X))). We will adhere to this 
onvention.De�nition 2.1.9 (program) A (normal) program is a set of program
lauses. A de�nite program is a set of de�nite program 
lauses.In order to be able to express a given programP in a �rst-order languageL given by some alphabet A, the alphabet A must of 
ourse 
ontain thefun
tion and predi
ate symbols o

urring within P . The alphabet mighthowever 
ontain additional fun
tion and predi
ate symbols whi
h do noto

ur inside the program. We therefore denote the underlying �rst-orderlanguage of a given program P by LP and the underlying alphabet by AP .For te
hni
al reasons related to de�nitions below, we suppose that there isat least one 
onstant symbol in AP .2.2 Semanti
s of logi
 programsGiven that a program P is just a set of formulas, whi
h happen to be
lauses, the logi
al meaning of P might simply be seen as all the formulasF for whi
h P j= F . For normal programs this approa
h will turn out tobe insuÆ
ient, but for de�nite programs it provides a good starting point.2.2.1 De�nite programsTo determine whether a formula F is a logi
al 
onsequen
e of another for-mula G, we have to examine whether F is true in all models of G. One big
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lauses is that it is suÆ
ient to look just at 
ertain 
anoni
almodels, 
alled the Herbrand models.In the following we will de�ne these 
anoni
al models. Any term, atom,literal, 
lause will be 
alled ground i� it 
ontains no variables.De�nition 2.2.1 Let P be a program written in the underlying �rst-orderlanguage LP given by the alphabet AP . Then the Herbrand universe UPis the set of all ground terms over AP .2 The Herbrand base BP is the setof all ground atoms in LP .A Herbrand interpretation is simply an interpretation whose domain isthe Herbrand universe UP and whi
h maps every term to itself. A Herbrandmodel of a set of formulas S is an Herbrand interpretation whi
h is a modelof S.The interest of Herbrand models for logi
 programs derives from thefollowing proposition (the proposition does not hold for arbitrary formulas).Proposition 2.2.2 A set of 
lauses has a model i� it has a Herbrand model.This means that a formula F whi
h is true in all Herbrand models ofa set of 
lauses C is a logi
al 
onsequen
e of C. Indeed if F is true in allHerbrand models then :F is false in all Herbrand models and therefore, byProposition 2.2.2, C [ f:Fg is in
onsistent and C j= F .Note that a Herbrand interpretation or model 
an be identi�ed witha subset H of the Herbrand base BP (i.e. H 2 2BP ): the interpretationof p(d1; : : : ; dn) is true i� p(d1; : : : ; dn) 2 H and the interpretation ofp(d1; : : : ; dn) is false i� p(d1; : : : ; dn) 62 H. This means that we 
an usethe standard set order on Herbrand models and de�ne minimal Herbrandmodels as follows.De�nition 2.2.3 A Herbrand model H � BP for a given program P isa minimal Herbrand model i� there exists no H 0 � H whi
h is also aHerbrand model of P .For de�nite programs there exists a unique minimal Herbrand model,
alled the least Herbrand model , denoted by HP . Indeed it 
an be easilyshown that the interse
tion of two Herbrand models for a de�nite programP is still a Herbrand model of P . Furthermore, the entire Herbrand baseBP is always a model for a de�nite program and one 
an thus obtain theleast Herbrand model by taking the interse
tion of all Herbrand models.2It is here that the requirement that AP 
ontains at least one 
onstant symbol 
omesinto play. It ensures that the Herbrand universe is never empty.



2.2. SEMANTICS OF LOGIC PROGRAMS 17The least Herbrand model HP 
an be seen as 
apturing the intendedmeaning of a given de�nite program P as it is suÆ
ient to infer all thelogi
al 
onsequen
es of P . Indeed, a formula whi
h is true in the leastHerbrand modelHP is true in all Herbrand models and is therefore a logi
al
onsequen
e of the program.Example 2.2.4 Take for instan
e the following program P :int(0) int(s(X))  int(X)Then the least Herbrand model of P is HP = fint(0); int(s(0)); : : :g andindeed P j= int(0), P j= int(s(0)), . . . . But also note that for de�niteprograms the entire Herbrand base BP is also a model. Given a suitablealphabet AP , we might have BP = fint(a); int(0); int(s(a)); int(s(0)); : : :g.This means that the atom int(a) is 
onsistent with the program P (i.e.P 6j= :int(a)), but is not implied either (i.e. P 6j= int(a)).It is here that logi
 programming goes beyond \
lassi
al" �rst-orderlogi
. In logi
 programming one (usually) assumes that the program givesa 
omplete des
ription of the intended interpretation, i.e. anything whi
h
annot be inferred from the program is assumed to be false. For example,one would say that :int(a) is a 
onsequen
e of the above programP be
auseint(a) 62 HP . This means that, from a logi
 programming perspe
tive, theabove program 
aptures exa
tly the natural numbers, something whi
h isimpossible to a

omplish within �rst-order logi
 (for a formal proof see e.g.Corollary 4.10.1 in [78℄).A possible inferen
e s
heme, 
apturing this aspe
t of logi
 programming,was introdu
ed in [238℄ and is referred to as the 
losed world assumption(CWA). The CWA 
annot be expressed in �rst-order logi
 (a se
ond-orderlogi
 axiom has to be used to that e�e
t, see e.g. the approa
h adoptedin [183℄). Note that using the CWA leads to non-monotoni
 inferen
es,be
ause the addition of new information 
an remove 
ertain, previouslyvalid, 
onsequen
es. For instan
e, by adding the 
lause int(a)  to theabove program the literal :int(a) is no longer a 
onsequen
e of the logi
program.2.2.2 Fixpoint 
hara
terisation of HPWe now present a more 
onstru
tive 
hara
terisation of the least Herbrandmodel, as well as the asso
iated set of 
onsequen
es, using �xpoint 
on
epts.We �rst need the following de�nitions:De�nition 2.2.5 (substitution) A substitution � is a �nite set of theform � = fX1=t1; : : : ; Xn=tng where X1; : : : ; Xn are distin
t variables and
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h that ti 6= Xi. Ea
h element Xi=ti of � is 
alled abinding.Alternate de�nitions of substitutions exist in the literature (e.g. in [89,84℄, see also the dis
ussion in [149℄), but the above is the most 
ommon onein the logi
 programming 
ontext.We also de�ne an expression to be either a term, an atom, a literal, a
onjun
tion, a disjun
tion or a program 
lause.De�nition 2.2.6 (instan
e) Let � = fX1=t1; : : : ; Xn=tng be a substitu-tion and E an expression. Then the instan
e of E by �, denoted by E�, isthe expression obtained by simultaneously repla
ing ea
h o

urren
e of avariable Xi in E by the term t.We 
an now de�ne the following operator mapping Herbrand interpre-tations to Herbrand interpretations.De�nition 2.2.7 (TP ) Let P be a program. We then de�ne the (ground)immediate 
onsequen
e operator TP 2BP 7! 2BP by:TP (I) = fA 2 BP j A A1; : : :An is a ground instan
e of a
lause in P and fA1; : : : ; Ang � IgEvery pre-�xpoint I of TP , i.e. TP (I) � I, 
orresponds to a Herbrandmodel of P and vi
e versa. This means that to study the Herbrand modelsof P one 
an also investigate the pre-�xpoints of the operator TP . Forde�nite programs, one 
an prove that TP is a 
ontinuous mapping and thatit has a least �xpoint lfp(TP ) whi
h is also its least pre-�xpoint.The following de�nition will provide a way to 
al
ulate the least �xpoint:De�nition 2.2.8 Let T be a mapping 2D 7! 2D. We then de�ne T " 0 = ;and T " i+ 1 = T (T " i). We also de�ne T " 1 to stand for Si<1 T " i.The following theorem from [277℄ links the least Herbrand model withthe least �xpoint of TP and provides a way of 
onstru
ting it.Theorem 2.2.9 (Fixpoint 
hara
terisation of the least Herbrandmodel) Let P be a de�nite program. Then HP = lfp(TP ) = TP " 1.2.2.3 Normal programsWe have already tou
hed upon the CWA. Given a formula F , this ruleamounts to inferring that :F is a logi
al 
onsequen
e of a program P if Fis not a logi
al 
onsequen
e of P . In the 
ontext of normal programs the
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ompli
ated by the fa
t that negations 
an o

ur in the bodiesof 
lauses and therefore the truth of :F 
an propagate further and maybe used to infer positive formulas as well. This entails that a normal logi
program does not ne
essarily have a unique minimal Herbrand model. Togive a meaning to normal logi
 programs a multitude of semanti
s havebeen developed. We 
annot delve into the details of these semanti
s andhave to refer the interested reader to e.g. [9℄.We will just present a few details of the 
ompletion semanti
s, whi
h isthe approa
h 
losest to �rst-order logi
.De�nition 2.2.10 Given a program P the de�nition of a predi
ate p isthe set of 
lauses in P whose head has p as its predi
ate symbol.To make the link with �rst-order logi
, Clark developed the 
on
ept of
ompletion in [52℄. The basi
 idea is to repla
e every de�nition of somepredi
ate p by one if-and-only-if formula, 
alled the 
ompleted de�nitionof p. The resulting formulas are then 
ombined with what is 
alled Clark'sequality theory or simply CET, whi
h for
es equality = to be interpreted asthe identity relation on the Herbrand universe UP . The resulting program is
alled the 
ompletion of the original program P and is denoted by 
omp(P ).For instan
e, the 
ompleted de�nition of the predi
ate int from theprogram P of Example 2.2.4 is:8X(int(X) $ X = 0 _ 9Z(X = s(Z) ^ int(Z)))CET for the same program will 
ontain su
h formulas as:8X:(s(X) = 0)8X8Y (X = Y ! s(X) = s(Y ))The 
ompletion semanti
s has its short
omings (e.g. the program Pfrom Example 2.2.4 no longer 
aptures only the natural numbers: although
omp(P ) j= :int(a) whereas P 6j= :int(a), 
omp(P ) also has models inwhi
h the interpretation of int is not isomorphi
 to the natural numbers)but has the advantage of being rather straightforward and 
an be seen asthe theoreti
al basis for \negation as failure", whi
h we will present in thenext se
tion.2.3 Proof theory of logi
 programsWe start with some additional useful terminology related to substitutions.If E� = F then E is said to be more general than F . If E is more generalthan F and F is more general than E then E and F are 
alled variants (ofea
h other). If E� is a variant of E then � is 
alled a renaming substitutionfor E. Be
ause a substitution is a set of bindings we will denote, in 
ontrast



20 CHAPTER 2. LOGIC AND LOGIC PROGRAMMINGto e.g. [184℄, the empty or identity substitution by ; and not by the emptysequen
e �. Substitutions 
an also be applied to sets of expressions byde�ning fE1; : : : ; Eng� = fE1�; : : : ; En�g.Substitutions 
an also be 
omposed in the following way:De�nition 2.3.1 (
omposition of substitutions) Let � = fX1=s1; : : : ;Xn=sng and � = fY1=t1; : : : ; Yk=tkg be substitutions. Then the 
ompositionof � and �, denoted by ��, is de�ned to be the substitution fXi=si� j 1 �i � n ^ si� 6= Xig [ fYi=ti j 1 � i � k ^ Yi 62 fX1; : : : ; Xngg.3When viewing substitutions as fun
tions from expressions to expressions,then the above de�nition behaves just like ordinary fun
tion 
omposition,i.e. E(��) = (E�)�. We also have that (for proofs see [184℄) the identitysubstitution a
ts as a left and right identity for 
omposition, i.e. �; = ;� =�, and that 
omposition is asso
iative, i.e. (��)
 = �(�
).We 
all a substitution � idempotent i� �� = �. We also de�ne thefollowing notations: the set of variables o

urring inside an expression E isdenoted by vars(E), the domain of a substitution � is de�ned as dom(�)= fX j X=t 2 �g and the range of � is de�ned as ran(�) = fY j X=t 2�^Y 2 vars(t)g. Finally, we also de�ne vars(�) = dom(�)[ ran(�) as wellas the restri
tion �jV of a substitution � to a set of variables V by �jV =fX=t j X=t 2 � ^X 2 Vg.The following 
on
ept will form the link between the model-theoreti
semanti
s and the pro
edural semanti
s of logi
 programs.De�nition 2.3.2 (answer) Let P be a program and G = L1; : : : ; Lna goal. An answer for P [ fGg is a substitution � su
h that dom(�) �vars(G).2.3.1 De�nite programsWe �rst de�ne 
orre
t answers in the 
ontext of de�nite programs and goals.De�nition 2.3.3 (
orre
t answer) Let P be a de�nite program andG = A1; : : : ; An a de�nite goal. An answer � for P [ fGg is 
alled a
orre
t answer for P [ fGg i� P j= 8((A1 ^ : : :^An)�).Take for instan
e the program P = fp(a) g and the goal G = p(X).Then fX=ag is a 
orre
t answer for P [ fGg while fX=
g and ; are not.We now present a way to 
al
ulate 
orre
t answers based on the 
on
eptsof resolution and uni�
ation.3This de�nition deviates slightly from the one in [7, 184, 218℄. Indeed, taking thede�nition in [7, 184, 218℄ literally we would have that fX=agfX=ag = ; and not thedesired fX=ag (the de�nition in [7, 184, 218℄ says to delete any binding Yi=ti withYi 2 fX1; : : : ; Xng from a set of bindings). Our de�nition does not share this problem.



2.3. PROOF THEORY OF LOGIC PROGRAMS 21De�nition 2.3.4 (mgu) Let S be a �nite set of expressions. A substitution� is 
alled a uni�er of S i� the set S� is a singleton. � is 
alled relevanti� its variables vars(�) all o

ur in S. � is 
alled a most general uni�eror mgu i� for ea
h uni�er � of S there exists a substitution 
 su
h that� = �
.The 
on
ept of uni�
ation dates ba
k to [119℄ and has been redis
overedin [240℄. A survey on uni�
ation, also treating other appli
ation domains,
an be found in [147℄.If a uni�er for a �nite set S of expressions exists then there exists anidempotent and relevant most general uni�er whi
h is unique modulo vari-able renaming (see [7, 184℄). Uni�ability of a set of expressions is de
idableand there are eÆ
ient algorithms for 
al
ulating an idempotent and rel-evant mgu . See for instan
e the uni�
ation algorithms in [7, 184℄ or themore 
ompli
ated but linear ones in [193, 221℄. From now on we denote,for a uni�able set S of expressions, by mgu(S ) an idempotent and relevantuni�er of S. If we just want to unify two terms t1; t2 then we will alsosometimes write mgu(t1 ; t2 ) instead of mgu(ft1 ; t2g).We de�ne the most general instan
e, of a �nite set S to be the onlyelement of S� where � = mgu(S ). The opposite of the most general in-stan
e is the most spe
i�
 generalisation of a �nite set of expressions S,also denoted by msg(S ), whi
h is the most spe
i�
 expression M su
h thatall expressions in S are instan
es of M . Algorithms for 
al
ulating the msgexist [160℄, and this pro
ess is also referred to as anti-uni�
ation or leastgeneral generalisation.We 
an now de�ne SLD-resolution, whi
h is based on the resolutionprin
iple [240℄ and whi
h is a spe
ial 
ase of SL-resolution [154℄. Its usefor a programming language was �rst des
ribed in [153℄ and the nameSLD (whi
h stands for Sele
tion rule-driven Linear resolution for De�nite
lauses), was 
oined in [12℄. For more details about the history see e.g.[7, 184℄.De�nition 2.3.5 (SLD-derivation step) Let G = L1; : : : ; Lm; : : : ; Lkbe a goal and C = A B1; : : : ; Bn a program 
lause su
h that k � 1 andn � 0. Then G0 is derived from G and C using � (and Lm) i� the following
onditions hold:1. Lm is an atom, 
alled the sele
ted atom (at position m), in G.2. � is a relevant and idempotent mgu of Lm and A.3. G0 is the goal  (L1; : : : ; Lm�1; B1; : : : ; Bn; Lm+1; : : : ; Lk)�.G0 is also 
alled a resolvent of G and C.



22 CHAPTER 2. LOGIC AND LOGIC PROGRAMMINGIn the following we de�ne the 
on
ept of a 
omplete SLD-derivation (wewill de�ne in
omplete ones later on).De�nition 2.3.6 (
omplete SLD-derivation) Let P be a normal pro-gram and G a normal goal. A 
omplete SLD+-derivation of P [ fGg isa tuple (G;L; C;S) 
onsisting of a sequen
e of goals G = hG0; G1; : : :i, asequen
e L = hL0; L1 : : :i of sele
ted literals,4 a sequen
e C = hC1; C2; : : :iof variants of program 
lauses of P and a sequen
e S = h�1; �2; : : :i of mgu'ssu
h that:� for i > 0, vars(Ci) \ vars(G0) = ;;� for i > j, vars(Ci) \ vars(Cj ) = ;;� for i � 0, Li is a positive literal in Gi and Gi+1 is derived from Giand Ci+1 using �i+1 and Li;� the sequen
es G; C;S are maximal given L.A 
omplete SLD-derivation is just a 
omplete SLD+ derivation of a de�niteprogram and goal.The pro
ess of produ
ing variants of program 
lauses of P whi
h do notshare any variable with the derivation sequen
e so far is 
alled standardisingapart. Some 
are has to be taken to avoid variable 
lashes and the ensuingte
hni
al problems; see the dis
ussions in [149℄ or [84℄.We now 
ome ba
k to the idea of a proof by refutation and its relationto SLD-resolution. In a proof by refutation one adds the negation of whatis to be proven and then tries to arrive at in
onsisten
y. The former 
orre-sponds to adding a goal G = A1; : : : ; An to a program P and the latter
orresponds to sear
hing for an SLD-derivation of P [ fGg whi
h leads to2. This justi�es the following de�nition.De�nition 2.3.7 (SLD-refutation) An SLD-refutation of P [ fGg is a�nite 
omplete SLD-derivation of P [ fGg whi
h has the empty 
lause 2as the last goal of the derivation.In addition to refutations there are (only) two other kinds of 
ompletederivations:� Finite derivations whi
h do not have the empty 
lause as the last goal.These derivations will be 
alled (�nitely) failed.� In�nite derivations. These will be 
alled in�nitely failed.We 
an now de�ne 
omputed answers, whi
h 
orrespond to the output
al
ulated by a logi
 program.4Again we slightly deviate from [7, 184℄: the in
lusion of L avoids some minor te
h-ni
al problems wrt the maximality 
ondition.



2.3. PROOF THEORY OF LOGIC PROGRAMS 23De�nition 2.3.8 (
omputed answer) Let P be a de�nite program, Ga de�nite goal and D a SLD-refutation for P [ fGg with the sequen
eh�1; : : : ; �ni of mgu 's. The substitution (�1 : : : �n)jvars(G) is then 
alled a
omputed answer for P [ fGg (via D).If � is a 
omputed (respe
tively 
orre
t) answer for P [fGg then G� is
alled a 
omputed (respe
tively 
orre
t) instan
e for P [ fGg.Theorem 2.3.9 (soundness of SLD) Let P be a de�nite program andG a de�nite goal. Every 
omputed answer for P [ fGg is a 
orre
t answerfor P [ fGg.Theorem 2.3.10 (
ompleteness of SLD) Let P be a de�nite programand G a de�nite goal. For every 
orre
t answer � for P [fGg there exists a
omputed answer � for P [ fGg and a substitution 
 su
h that G� = G�
.A proof of the previous theorem 
an be found in [7℄.5We will now examine systemati
 ways to sear
h for SLD-refutations.De�nition 2.3.11 (
omplete SLD-tree) A 
omplete SLD-tree for P [fGg is a labelled tree satisfying the following:1. Ea
h node of the tree is labelled with a de�nite goal along with anindi
ation of the sele
ted atom2. The root node is labelled with G.3. Let  A1; : : : ; Am; : : : ; Ak be the label of a node in the tree andsuppose that Am is the sele
ted atom. Then for ea
h 
lause A  B1; : : : ; Bq in P su
h that Am and A are uni�able the node has one
hild labelled with (A1; : : : ; Am�1; B1; : : : ; Bq; Am+1; : : : ; Ak)�,where � is an idempotent and relevant mgu of Am and A.4. Nodes labelled with the empty goal have no 
hildren.5The 
orresponding theorem in [184℄ states that � = �
, whi
h is known to be false.Indeed, take for example the program P = fp(f(X;Y ))  g and the goal G = p(Z).Then fZ=f(a;a)g is a 
orre
t answer (be
ause p(f(a;a)) is a 
onsequen
e of P ), but� there is no 
omputed answer fX=f(a;a)g� for any 
omputed answer fZ=f(X 0; Y 0)g (where either X 0 or Y 0 must be di�erentfromZ; these are the only 
omputedanswers) 
omposing it with fX 0=a;Y 0=agwillgive fZ=f(a;a);X 0=a;Y 0=ag (or fZ=f(a;a); Y 0=ag if X 0 = Z or fZ=f(a;a);X 0=agif Y 0 = Z) whi
h is di�erent from fX=f(a)g.
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h of a 
omplete SLD-tree 
orresponds a 
omplete SLD-derivation. The 
hoi
e of the sele
ted atom is performed by what is 
alleda sele
tion rule. Maybe the most well known sele
tion rule is the left-to-right sele
tion rule of Prolog [80, 262, 53℄, whi
h always sele
ts the leftmostliteral in a goal. The 
omplete SLD-derivations and SLD-trees 
onstru
tedvia this sele
tion rule are 
alled LD-derivations and LD-trees.Usually one 
onfounds goals and nodes (e.g. in [7, 184, 218℄) althoughthis is stri
tly speaking not 
orre
t be
ause the same goal 
an o

ur severaltimes inside the same SLD-tree.We will often use a graphi
al representation of SLD-trees in whi
h the se-le
ted atoms are identi�ed by underlining. For instan
e, Figure 2.1 
ontainsa graphi
al representation of a 
omplete SLD-tree for P [ f int(s(0))g,where P is the program of Example 2.2.4.2 int(0)?? int(s(0))Figure 2.1: Complete SLD-tree for Example 2.2.42.3.2 Normal programsWe now de�ne 
orre
t answers in the 
ontext of normal goals and the
ompletion of normal programs.De�nition 2.3.12 (
orre
t answer) Let P be a de�nite program andG = A1; : : : ; An a de�nite goal. A substitution � is 
alled a 
orre
tanswer for 
omp(P ) [ fGg i� 
omp(P ) j= 8((A1 ^ : : :^An)�).In [184℄ it is shown that this 
on
ept generalises the earlier 
on
ept of a
orre
t answer in the de�nite 
ase.Finding an eÆ
ient proof pro
edure for normal programs is mu
h lessobvious than in the de�nite 
ase. The most 
ommonly used pro
edure isthe so 
alled SLDNF-pro
edure. It is an extension of SLD-resolution whi
halso allows the sele
tion of ground negative literals. Basi
ally a sele
tedground negative literal :A su

eeds (without 
omputed answer) if  Afails �nitely. Similarly a sele
ted ground negative literal fails if there exists



2.3. PROOF THEORY OF LOGIC PROGRAMS 25a refutation for  A. This implements what is 
alled the \negation asfailure" (NAF) rule, a less powerful but more tra
table inferen
e me
hanismthan the CWA.To de�ne SLDNF-derivations we use the approa
h presented in [184℄based on ranks, where the rank indi
ates the maximal nesting of sub-derivations and sub-trees 
reated by negative 
alls. Note that the de�nitionof [184℄ exhibits some te
hni
al problems, in the sense that some problem-ati
 goals do not have an asso
iated SLDNF-derivation (failed or otherwise,see [194, 10, 9℄). The de�nition is however suÆ
ient for our purposes, es-pe
ially sin
e most 
orre
tness results for partial dedu
tion (e.g. [184℄), tobe introdu
ed in the next 
hapter, use this de�nition anyway.Note that in De�nition 2.3.6 we already introdu
ed SLD+-derivationsfor normal programs and goals whi
h do not allow the sele
tion of negativeliterals. We also 
all an SLD+-refutation an SLDNF-refutation of rank 0.The notions of SLDNF-refutations of rank k and �nitely failed SLDNF-trees of rank k, as well as the notions of SLDNF-derivation and SLDNF-tree,depend on ea
h other. We start by de�ning SLDNF-trees.De�nition 2.3.13 (SLDNF-tree) Let P be a normal program and G anormal goal. A pseudo SLDNF-tree for P [fGg is a labelled tree satisfyingthe following:1. Ea
h node of the tree is labelled with a goal along with an indi
ationof the sele
ted atom2. The root node is labelled with G.3. Let  L1; : : : ; Lm; : : : ; Lk be the label of a node in the tree andsuppose that Lm is the sele
ted literal whi
h is an atom. Then forea
h 
lause A  B1; : : : ; Bq in P su
h that Lm and A are uni�ablethe node has one 
hild labelled with (L1; : : : ; Lm�1; B1; : : : ; Bq; Lm+1; : : : ; Lk)�,where � is an idempotent and relevant mgu of Lm and A.4. Let  L1; : : : ; Lm; : : : ; Lk be the label of a node in the tree andsuppose that Lm = :Am is the sele
ted literal. Then Am is groundand the node is either a leaf or has a 
hild labelled with L1; : : : ; Lm�1; Lm+1; : : : ; Lk.5. Nodes labelled with the empty goal have no 
hildren.A �nitely failed SLDNF-tree of rank 0 for P[fGg is a �nite pseudo SLDNF-tree whi
h satis�es:



26 CHAPTER 2. LOGIC AND LOGIC PROGRAMMING1. Only positive literals are sele
ted.2. Ea
h leaf is labelled with a non-empty goal  L1; : : : ; Lm; : : : ; Lk inwhi
h the sele
ted literal Lm is an atom (whi
h thus uni�es with no
lause head).A �nitely failed SLDNF-tree of rank k + 1 for P [ fGg is a �nite pseudoSLDNF-tree for P [ fGg whi
h satis�es:1. For ea
h non-leaf node labelled with  L1; : : : ; Lm; : : : ; Lk0 in whi
hthe sele
ted literal Lm = :Am is negative there is a �nitely failedSLNDF-tree of rank k for P [ f Amg.2. Ea
h leaf is labelled with a non-empty goal L1; : : : ; Lm; : : : ; Lk0 inwhi
h the sele
ted literal Lm is either� an atom (whi
h thus uni�es with no 
lause head) or� a negative literal Lm = :Am and there is an SLDNF-refutationof rank k of P [ f Amg.A �nitely failed SLDNF-tree is a �nitely failed SLDNF-tree of rank k forsome k.A 
omplete SLDNF-tree for P [ fGg is a �nite pseudo SLDNF-tree forP [ fGg whi
h satis�es:1. For ea
h non-leaf node labelled with  L1; : : : ; Lm; : : : ; Lk in whi
hthe sele
ted literal Lm = :Am is negative there is a �nitely failedSLNDF-tree for P [ f Amg.2. If a leaf is labelled with a non-empty goal  L1; : : : ; Lm; : : : ; Lk inwhi
h the sele
ted literal Lm = :Am is negative then there is anSLDNF-refutation of P [ f Amg.De�nition 2.3.14 (SLDNF-derivation) Let P be a normal programand G a normal goal. A pseudo SLDNF-derivation of P [ fGg is a tuple(G;L; C;S) 
onsisting of a sequen
e of goals G = hG0; G1; : : :i, a sequen
eL = hL0; L1; : : :i of sele
ted literals, a sequen
e C = hC1; C2; : : :i of variantsof program 
lauses of P or ground negative literals and a sequen
e S =h�1; �2; : : :i of substitutions su
h that:� for i > 0, vars(Ci) \ vars(G0) = ;;� for i > j, vars(Ci) \ vars(Cj ) = ;;� for i � 0, Li is a literal in Gi and either1. Gi+1 is derived from Gi and Ci+1 using �i+1 and Li or2. Gi = L01; : : : ; L0m; : : : ; L0k and the sele
ted literal Li = L0m =:Am is ground. In this 
ase, either Gi is the last goal or �i+1 = ;(the identity substitution), Ci+1 = :Am and



2.3. PROOF THEORY OF LOGIC PROGRAMS 27Gi+1 = L01; : : : ; L0m�1; L0m+1; : : : ; L0k.� the sequen
es G; C;S are maximal given L.An SLDNF-refutation of rank k + 1 of P [ fGg is a �nite pseudo SLDNF-derivation of P [ fGg ending with the empty goal 2 and su
h that forevery sele
ted ground negative literal Lm = :Am there exists a �nitelyfailed SLNDF-tree of rank k for P [ f Amg.An SLDNF-refutation is simply a SLDNF-refutation of rank k for some kand a 
omplete SLDNF-derivation is a pseudo SLDNF-derivation su
h thatfor every sele
ted ground negative literal Lm = :Am in some Gi either� Gi is the last goal and there exists an SLDNF-refutation of P [ f Amg or� Gi is not the last goal and there exists a �nitely failed SLNDF-treefor P [ f Amg.The following theorem establishes soundness of SLDNF and is due toClark [52℄.Theorem 2.3.15 (Soundness of Negation as Failure and SLDNF)Let P be a normal program and  Q a normal goal.� If P [f Qg has a �nitely failed SLDNF-tree then 
omp(P ) j= :Q.� Every 
omputed answer for P [ f Qg is a 
orre
t answer for
omp(P ) [ f Qg.Unfortunately SLDNF-resolution is in general not 
omplete, even wrtthe 
ompletion semanti
s, mainly (but not only) due to 
oundering, i.e.
omputation rea
hes a state in whi
h only non-ground negative literalsexist. See also [253℄ for some limitations of SLDNF. Some 
ompletenessresults for some spe
i�
 settings have been developed in e.g. [45, 44, 265, 87℄.To remedy the in
ompleteness of SLDNF, several extensions have beenproposed. Let us brie
y mention some of them.First, a straightforward extension is des
ribed in [184℄ (on page 94;already mentioned in [52℄ and 
alled SLDNFE in [9℄). The idea is to allowthe (tentative) sele
tion of non-ground negative literals :A: if a refutationof P [ f Ag with the empty 
omputed answer substitution 
an be foundthen we de
lare failure of :A and if a �nitely failed tree 
an be 
onstru
tedfor P[f Ag we de
lare su

ess. In the other 
ases :A 
annot be sele
ted.Another extension is the so 
alled SLS pro
edure [236℄. However, itspurpose is mainly theoreti
al, as it requires the dete
tion of in�nitely failedbran
hes (and treats them like the �nitely failed ones in SLDNF).The approa
h of 
onstru
tive negation over
omes some of the in
om-pleteness problems of SLDNF [48, 49, 86, 252, 267, 266℄ and 
an be usefulinside partial dedu
tion [115℄. The main idea is to allow the sele
tion of



28 CHAPTER 2. LOGIC AND LOGIC PROGRAMMINGnon-ground negative literals, repla
ing them by disequality 
onstraints. Forinstan
e, given P = fp(a) g the negative literal :p(X) 
ould be repla
edby :(X = a). Another related approa
h is presented in [105℄.2.3.3 Programs with built-insMost pra
ti
al logi
 programs make (heavy) usage of built-ins. Althougha lot of these built-ins, like e.g. assert/1 and retra
t/1, are extra-logi
aland ruin the de
larative nature of the underlying program, a reasonablenumber of them 
an a
tually be seen as synta
ti
 sugar. Take for examplethe following program whi
h uses the Prolog [80, 262, 53℄ built-ins = ::=2and 
all=1.map(P; [℄; [℄) map(P; [XjT ℄; [PXjPT ℄) C = ::[P;X; PX℄, 
all(C), map(P; T; PT )inv(0; 1) inv(1; 0) For this program the query  map(inv; [0; 1; 0℄; R) will su

eed with the
omputed answer fR=[1; 0; 1℄g. Given that query, the Prolog program 
anbe seen as a pure de�nite logi
 program by simply adding the followingde�nitions (where we use the pre�x notation for the predi
ate = ::=2):= ::(inv(X;Y ); [inv;X; Y ℄) 
all(inv(X;Y )) inv(X;Y )The so obtained pure logi
 program will su

eed for map(inv; [0; 1; 0℄; R)with the same 
omputed answer fR=[1; 0; 1℄g.This means that some predi
ates like map=3, whi
h are usually taken tobe higher-order, 
an simply be mapped to pure de�nite (�rst-order) logi
programs ([283, 212℄). Some built-ins, like for instan
e is=2, have to bede�ned by in�nite relations. Usually this poses no problems as long as, whensele
ting su
h a built-in, only a �nite number of 
ases apply (Prolog willreport a run-time error if more than one 
ase applies while the programminglanguage G�odel [123℄ will delay the sele
tion until only one 
ase applies).In the remainder of this thesis we will usually restri
t our attention tothose built-ins that 
an be given a logi
al meaning by su
h a mapping.



Chapter 3Partial Evaluation andPartial Dedu
tion3.1 Partial evaluationIn 
ontrast to ordinary (full) evaluation, a partial evaluator is given a pro-gram P along with only part of its input, 
alled the stati
 input. Theremaining part of the input, 
alled the dynami
 input , will only be knownat some later point in time. Given the stati
 input S, the partial evaluatorthen produ
es a spe
ialised version PS of P whi
h, when given the dynami
input D, produ
es the same output as the original program P . This pro-
ess is illustrated in Figure 3.1. The program PS is also 
alled the residualprogram.The theoreti
al feasibility of this pro
ess, in the 
ontext of re
ursivefun
tions, has already been established by Kleene [146℄ and is known asKleene's S-M-N theorem. However, while Kleene was 
on
erned with the-oreti
al issues of 
omputability and his 
onstru
tion yields spe
ialised pro-grams whi
h are slower than the original, the goal of partial evaluation isto exploit the stati
 input in order to derive more eÆ
ient programs.To obtain the spe
ialised program PS , a partial evaluator performs amixture of evaluation, i.e. it exe
utes those parts of P whi
h only depend onthe stati
 input S, and of 
ode generation for those parts of P whi
h requirethe dynami
 input D. This pro
ess has therefore also been 
alled mixed
omputation in [90℄. Also, it is pre
isely this approa
h whi
h distinguishespartial evaluation from other program spe
ialisation approa
hes.Be
ause part of the 
omputation has already been performed beforehandby the partial evaluator, the hope that we obtain a more eÆ
ient program29
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= Output= Input--
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�
 �	= Program= ResultFigure 3.1: Partial evaluation of programs with stati
 and dynami
 inputPS seems justi�ed. The simple example in Figure 3.2 illustrates this point:the 
ontrol of the loop in P is fully determined by the stati
 input e = 3and was exe
uted beforehand by the partial evaluator, resulting in a moreeÆ
ient spe
ialised program Pe.Partial evaluation has been applied to a lot of programming languagesand paradigms: fun
tional programming (e.g. [138℄), logi
 programming(e.g. [98, 152, 222℄), fun
tional logi
 programming (e.g. [2℄) term rewritesystems (e.g. [22, 23℄, [204℄) and imperative programming (e.g. [5, 3℄). Ageneral introdu
tion to partial evaluation 
an also be found in [136℄. Animportant 
on
ern in partial evaluation has also been the issue of self-appli
ation, i.e. to try to write partial evaluators whi
h are able to spe
ialisethemselves. We will return to this issue in Chapter 7.In the 
ontext of logi
 programming, full input to a program P 
onsistsof a goal G and evaluation 
orresponds to 
onstru
ting a 
omplete SLDNF-tree for P[fGg. For partial evaluation, the stati
 input then takes the formof a partially instantiated goal G0. In 
ontrast to other programming lan-guages and paradigms, one 
an still exe
ute P for G0 and (try to) 
onstru
ta SLDNF-tree for P [ fG0g. So, at �rst sight, it seems that partial evalu-ation for logi
 programs is almost trivial and just 
orresponds to ordinaryevaluation.However, be
ause G0 is not yet fully instantiated, the SLDNF-tree forP [ fG0g is usually in�nite and ordinary evaluation will not terminate. A
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PeP res res:=b*b*bfor i = 1 to e dores:=1res:=res*b rese b

eb3 5
12553 -- PartialEvaluator- '& $%6
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Figure 3.2: Partial evaluation of a simple imperative programmore re�ned approa
h to partial evaluation of logi
 programs is thereforerequired. A te
hnique whi
h solves this problem is known under the nameof partial dedu
tion. Its general idea is to 
onstru
t a �nite number of �nitetrees whi
h \
over" the possibly in�nite SLDNF-tree for P [fG0g. We willpresent the essentials of this te
hnique in the next se
tion.The term \partial dedu
tion" has been introdu
ed by Komorowski (see[152℄) to repla
e the term of partial evaluation in the 
ontext of pure logi
programs. We will adhere to this terminology be
ause the word \dedu
tion"pla
es emphasis on the purely logi
al nature of the sour
e programs. Also,while partial evaluation of e.g. fun
tional programs evaluates only thoseexpressions whi
h depend ex
lusively on the stati
 input, in logi
 program-ming one 
an, as we have seen above, in prin
iple also evaluate expressionswhi
h depend on the unknown dynami
 input. This puts partial dedu
tionmu
h 
loser to te
hniques su
h as super
ompilation [273, 274, 258, 114℄and unfold/fold program transformations [43, 222℄, and therefore using adi�erent denomination seems justi�ed. We will return to the relation ofpartial dedu
tion to these and other te
hniques in Chapters 6 and 10 (seealso [113, 135, 259℄). Finally, note that program spe
ialisation in generalis not limited to just evaluating expressions, whether they depend on thestati
 input or not. A striking illustration of this statement features inChapter 13.
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tionIn this se
tion we present the te
hnique of partial dedu
tion, whi
h orig-inates from [150, 151℄. Other introdu
tions to partial dedu
tion 
an befound in [152, 98, 63℄.In order to avoid 
onstru
ting in�nite SLDNF-trees for partially instan-tiated goals, the te
hnique of partial dedu
tion is based on 
onstru
ting�nite, but possibly in
omplete SLDNF-trees. The derivation steps in theseSLDNF-trees 
orrespond to the 
omputation steps whi
h have already beenperformed by the partial dedu
er and the 
lauses of the spe
ialised programare then extra
ted from these trees by 
onstru
ting one spe
ialised 
lauseper bran
h.In this se
tion we will formalise this te
hnique and present 
onditionswhi
h will ensure 
orre
tness of the so obtained spe
ialised programs.De�nition 3.2.1 (SLDNF-derivation) A SLDNF-derivation is de�nedlike a 
omplete SLDNF-derivation but may, in addition to leading to su
-
ess or failure, also lead to a last goal where no literal has been sele
tedfor a further derivation step. Derivations of the latter kind will be 
alledin
omplete.An SLDNF-derivation 
an thus be either failed, in
omplete, su

essfulor in�nite. Now, an in
omplete SLDNF-tree is obtained in mu
h in thesame way.De�nition 3.2.2 An SLDNF-tree is de�ned like a 
omplete SLDNF-treebut may, in addition to su

ess and failure leaves, also 
ontain leaves whereno literal has been sele
ted for a further derivation step. Leaves of the latterkind are 
alled dangling ([199℄) and SLDNF-trees 
ontaining dangling leavesare 
alled in
omplete. Also, an SLDNF-tree is 
alled trivial i� its root is adangling leaf, and non-trivial otherwise.The pro
ess of sele
ting a literal inside a dangling leaf of an in
ompleteSLDNF-tree and adding all the resolvents as 
hildren is 
alled unfolding .An SLDNF-tree for P[fGg 
an thus be obtained from a trivial SLDNF-treefor P [fGg by performing a sequen
e of unfolding steps. We will return tothis issue in Se
tion 3.3.3.Note that every bran
h of an SLDNF-tree has an asso
iated (possiblyin
omplete) SLDNF-derivation. We also extend the notion of a 
omputedanswer substitution (
.a.s.) to �nite in
omplete SLDNF-derivations (it isjust the 
omposition of the mgu's restri
ted to the variables of the top-levelgoal). Also, a resolvent of a �nite (possibly in
omplete) SLDNF-derivation



3.2. PARTIAL DEDUCTION 33is just the last goal of the derivation. Finally, if hG0; : : : ; Gni is the sequen
eof goals of a �nite SLDNF-derivation, we say D has length n.We will now examine how spe
ialised 
lauses 
an be extra
ted fromSLDNF-derivations and trees. The following de�nition asso
iates a �rst-order formula with a �nite SLDNF-derivation.De�nition 3.2.3 Let P be a program, Q a goal and D a �nite SLDNF-derivation of P [f Qg with 
omputed answer � and resolvent B. Thenthe formula Q�  B is 
alled the resultant of D.This 
on
ept 
an be extended to SLDNF-trees in the following way:De�nition 3.2.4 Let P be a program, G a goal and let � be a �niteSLDNF-tree for P [ fGg. Let D1; : : : ; Dn be the non-failing SLDNF-derivations asso
iated with the bran
hes of � . Then the set of resultantsresultants(� ) is the union of the resultants of the non-failing SLDNF-derivations D1; : : : ; Dn asso
iated with the bran
hes of � . We also de�nethe set of leaves, leaves(� ), to be the atoms o

urring in the resolvents ofD1; : : : ; Dn.Example 3.2.5 Let P be the following program:member(X ; [X jT ℄) member(X ; [Y jT ℄) member(X ;T )inboth(X ;L1 ;L2 ) member(X ;L1 );member(X ;L2 )The tree in Figure 3.3 represents a �nite in
omplete SLD-tree � for P [f inboth(X ; [a℄;L)g. This tree has just one non-failing bran
h and the set ofresultants resultants(� ) 
ontains the single 
lause:inboth(a; [a℄;L) member(a;L)Note that the 
omplete SLD-tree for P [ f inboth(X ; [a℄;L)g is in�nite.If the goal in the root of a �nite SLDNF-tree is atomi
 then the resul-tants asso
iated with the tree are all 
lauses. We 
an thus formalise partialdedu
tion in the following way.De�nition 3.2.6 (partial dedu
tion) Let P be a normal program andA an atom. Let � be a �nite non-trivial SLDNF-tree for P [f Ag. Thenthe set of 
lauses resultants(� ) is 
alled a partial dedu
tion of A in P .If A is a �nite set of atoms, then a partial dedu
tion of A in P is the unionof one partial dedu
tion for ea
h element of A.A partial dedu
tion of P wrt A is a normal program obtained from P byrepla
ing the set of 
lauses in P , whose head 
ontains one of the predi
atesymbols appearing in A (
alled the partially dedu
ed predi
ates), with apartial dedu
tion of A in P .



34 CHAPTER 3. PARTIAL EVALUATION AND DEDUCTIONfX=ag failPPPPPPPPPq member(X ; [℄);member(X ;L) member(a;L)? member(X ; [a℄);member(X ;L) inboth(X ; [a℄;L)?Figure 3.3: In
omplete SLD-tree for Example 3.2.5Example 3.2.7 Let us return to the program P of Example 3.2.5. Basedon the in
omplete SLDNF-tree in Figure 3.3, we 
an 
onstru
t the followingpartial dedu
tion of P wrt A = finboth(X ; [a℄;L)g:member(X ; [X jT ℄) member(X ; [Y jT ℄) member(X ;T )inboth(a; [a℄;L) member(a;L)Note that if � is a trivial SLDNF-tree for P [f Ag then resultants(� )
onsists of the problemati
 
lause A A and the spe
ialised program 
on-tains a loop. That is why trivial trees are not allowed in De�nition 3.2.6.This is however not a suÆ
ient 
ondition for 
orre
tness of the spe
ialisedprograms. In [185℄, Lloyd and Shepherdson presented and proved a fun-damental 
orre
tness theorem for partial dedu
tion. The two (additional)basi
 requirements for 
orre
tness of a partial dedu
tion of P wrt A arethe independen
e and 
losedness 
onditions. The independen
e 
onditionguarantees that the spe
ialised program does not produ
e additional an-swers and the 
losedness 
ondition guarantees that all 
alls, whi
h mighto

ur during the exe
ution of the spe
ialised program, are 
overed by somede�nition. Below we summarise the 
orre
tness result of [185℄.De�nition 3.2.8 (
losedness, independen
e) Let S be a set of �rstorder formulas and A a �nite set of atoms. Then S is A-
losed i� ea
hatom in S, 
ontaining a predi
ate symbol o

urring in an atom in A, is aninstan
e of an atom in A. Furthermore we say that A is independent i� nopair of atoms in A have a 
ommon instan
e.Note that two atoms whi
h 
annot be uni�ed may still have a 
ommoninstan
e (i.e. unify after renaming apart). For example, p(X) and p(f(X))are not uni�able but have e.g. the 
ommon instan
e p(f(X)).
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orre
tness of partial dedu
tion [185℄) Let P be anormal program, G a normal goal, A a �nite, independent set of atoms,and P 0 a partial dedu
tion of P wrt A su
h that P 0[fGg is A-
losed. Thenthe following hold:1. P 0[fGg has an SLDNF-refutation with 
omputed answer � i� P[fGgdoes.2. P 0 [ fGg has a �nitely failed SLDNF-tree i� P [ fGg does.For instan
e, the partial dedu
tion of P wrt A = finboth(X ; [a℄;L)gin Example 3.2.7 satis�es the 
onditions of Theorem 3.2.9 for the goals inboth(X ; [a℄; [b; a℄) and  inboth(X ; [a℄;L) but not for the goal  inboth(X ; [b℄; [b;a℄).Note that the original unspe
ialised program P is also a partial de-du
tion wrt A = fmember(X ;L); inboth(X ;L1 ;L2 )g whi
h furthermoresatis�es the 
orre
tness 
onditions of Theorem 3.2.9 for any goal G. Inother words, neither De�nition 3.2.6 nor the 
onditions of Theorem 3.2.9ensure that any spe
ialisation has a
tually been performed. Nor do theygive any indi
ation on how to 
onstru
t a suitable set A and a suitablepartial dedu
tion wrt A satisfying the 
orre
tness 
riteria for a given goalG of interest. These are all 
onsiderations generally delegated to the 
ontrolof partial dedu
tion, whi
h we dis
uss in the next se
tion.[18℄ also proposes an extension of Theorem 3.2.9 whi
h uses a notion of
overedness instead of 
losedness. The basi
 idea is to restri
t the attentionto those parts of the spe
ialised program P 0 whi
h 
an be rea
hed from G.The formalisation is as follows:De�nition 3.2.10 Let P be a set of 
lauses. The predi
ate dependen
ygraph of P is a dire
ted graph� whose nodes are the predi
ate symbols in the alphabet AP and� whi
h 
ontains an ar
 from p to q i� there exists a 
lause in P inwhi
h p o

urs as a predi
ate symbol in the head and q as a predi
atesymbol in the body.De�nition 3.2.11 Let P be a program and G a goal. We say that Gdepends upon a predi
ate p in AP i� there exists a path from a predi
atesymbol o

urring in G to p in the predi
ate dependen
y graph of P .We denote by P #G the de�nitions in P of those predi
ates in AP uponwhi
h G depends.Let A be a �nite set of atoms. We say that P [ fGg is A-
overed i�P #G [fGg is A-
losed.
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ing the 
ondition in Theorem 3.2.9 that \P 0[fGg is A-
losed"by the more general \P 0[fGg is A-
overed", we still have a valid theorem(see [18℄).Example 3.2.12 Let us again return to the program P of Example 3.2.5.By building a 
omplete SLD-tree for P [ f member(X ; [a℄)g, we get thefollowing partial dedu
tion P 0 of P wrt A = fmember(X ; [a℄)g:member(a; [a℄) inboth(X ;L1 ;L2 ) member(X ;L1 );member(X ;L2 )Unfortunately, Theorem 3.2.9 
annot be applied for G = member(X ; [a℄)be
ause P 0 [ fGg is not A-
losed (due to the body of the se
ond 
lause ofP 0). However, P 0 [ fGg is A-
overed, be
ause P 0 #G just 
onsists of the�rst 
lause of P 0. Therefore 
orre
tness of P 0 wrt G 
an be established bythe above extension of Theorem 3.2.9.3.3 Control of partial dedu
tionIn partial dedu
tion one usually distinguishes two levels of 
ontrol [98, 201℄:� the global 
ontrol , in whi
h one 
hooses the set A, i.e. one de
ideswhi
h atoms will be partially dedu
ed, and� the lo
al 
ontrol , in whi
h one 
onstru
ts the �nite (possibly in
om-plete) SLDNF-trees for ea
h individual atom inA and thus determineswhat the de�nitions for the partially dedu
ed atoms look like. An A1 ??��	 ��R��	 ��R ?��R��	 ? An: : :A1A lo
al levelglobal level�� ��Figure 3.4: Global and lo
al level of 
ontrolBelow we examine how these two levels of 
ontrol intera
t.
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tness, termination and pre
isionWhen 
ontrolling partial dedu
tion the three following, often 
on
i
ting,aspe
ts have to be re
on
iled:1. Corre
tness, i.e. ensuring that Theorem 3.2.9 or its extension 
an beapplied. This 
an be divided into a lo
al 
ondition, requiring the
onstru
tion of non-trivial trees, and into a global one related to theindependen
e and 
overedness (or 
losedness) 
onditions.2. Termination. This aspe
t 
an also be divided into a lo
al and a globalone. First, the problem of keeping ea
h SLDNF-tree �nite is referredto as the lo
al termination problem. Se
ondly keeping the set A �niteis referred to as the global termination problem.3. Pre
ision. For pre
ision of the spe
ialisation we 
an again dis
erntwo aspe
ts. One whi
h we might 
all lo
al pre
ision and whi
his related to the unfolding rule and to the fa
t that (potential for)spe
ialisation 
an be lost if we stop unfolding an atom in A prema-turely. Indeed, when we stop the unfolding pro
ess at a given goalQ, then all the atoms in Q are treated separately (partial dedu
-tions are de�ned for sets of atoms and not for sets of goals; see how-ever Chapters 10{13). For instan
e, if we stop the unfolding pro
essin Example 3.2.5 for G = inboth(X ; [a; b; 
℄; [
;d ; e℄) at the goalG0 = member(X ; [a; b; 
℄); member(X ; [
; d ; e℄), partial dedu
tionwill not be able to infer that the only possible answer for G0 and Gis fX=
g.The se
ond aspe
t 
ould be 
alled the global pre
ision and is related tothe stru
ture of A. In general having a more pre
ise and �ne grainedset A (with more instantiated atoms) will lead to better spe
ialisation.For instan
e, given the set A = fmember(a; [a; b℄);member(
; [d ℄)g,partial dedu
tion 
an perform mu
h more spe
ialisation (i.e. dete
tingthat the goal  member(a; [a; b℄) always su

eeds exa
tly on
e andthat member(
; [d ℄) fails) than given the less instantiated set A0 =fmember(X ; [Y jT ℄)g.A good partial dedu
tion algorithm will ensure 
orre
tness and termi-nation while minimising the pre
ision loss of point 3. Let us now examinemore 
losely how those three 
on
i
ting aspe
ts 
an be re
on
iled.3.3.2 Independen
e and renamingOn the side of 
orre
tness there are two ways to ensure the independen
e
ondition. One is to apply a generalisation operator like the msg on all the
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h are not independent (�rst proposed in [18℄). Applying thiste
hnique e.g. on the dependent set A = fmember(a;L);member(X ; [b℄)gyields the independent set fmember(X ;L)g. This approa
h also alleviatesto some extent the global termination problem. However, it also diminishesthe global pre
ision and, as 
an be guessed from the above example, 
anseriously diminish the potential for spe
ialisation.This loss of pre
ision 
an be 
ompletely avoided by using a renam-ing transformation to ensure independen
e. Renaming will map dependentatoms to new predi
ate symbols and thus generate an independent set with-out pre
ision loss. For instan
e, the dependent set A above 
an be trans-formed into the independent set A0 = fmember(a;L);member 0(X ; [b℄)g.The renaming transformation then has to map the atoms inside the resid-ual program P 0 and the partial dedu
tion goal G to the 
orre
t versions ofA0 (e.g. it has to rename the goal G =  member(a; [a; 
℄);member(b; [b℄)into  member(a; [a; 
℄);member 0(b; [b℄)). Renaming 
an often be 
om-bined with argument �ltering to improve the eÆ
ien
y of the spe
ialisedprogram. The basi
 idea is to �lter out 
onstants and fun
tors and onlykeep the variables as arguments. For instan
e, instead of renaming A intoA0, A 
an be dire
tly renamed into fmema(L);memb(X)g and G into mema([a; 
℄);memb(b). Further details about �ltering 
an be found ine.g. [100℄ or [17℄. See also [232℄, where �ltering 
an be obtained automat-i
ally when using folding. Filtering has also been referred to as \pushingdown meta-arguments" in [261℄ or \PDMA" in [220℄. In fun
tional pro-gramming the term of \arity raising" has also been used.Renaming and �ltering are used in a lot of pra
ti
al approa
hes (e.g.[97, 98, 100, 173, 167, 168℄) and adapted 
orre
tness results 
an be found in[17℄. We will return to �ltering in Se
tion 5.1 of Chapter 5 and will provesome 
orre
tness results in Se
tion 5.2.3.3.3 Lo
al termination and unfolding rulesThe lo
al 
ontrol 
omponent is usually en
apsulated in what is 
alled anunfolding rule, de�ned as follows.De�nition 3.3.1 (unfolding rule) An unfolding rule U is a fun
tionwhi
h, given a program P and a goal G, returns a �nite and possiblyin
omplete SLDNF-tree for P [ fGg.In addition to lo
al 
orre
tness, termination and pre
ision, the require-ments on unfolding rules also in
lude avoiding sear
h spa
e explosion aswell as work dupli
ation. Approa
hes to the lo
al 
ontrol have been basedon one or more of the following elements:



3.3. CONTROL OF PARTIAL DEDUCTION 39� determina
y [100, 98, 97℄Only (ex
ept on
e) sele
t atoms that mat
h a single 
lause head. Thestrategy 
an be re�ned with a so-
alled \look-ahead" to dete
t failureat a deeper level. Methods solely based on this heuristi
, apart fromnot guaranteeing termination, tend not to worsen a program, but areoften somewhat too 
onservative.� well-founded orders [37, 200, 199, 196℄Imposing some (essentially) well-founded order on sele
ted atomsguarantees termination, but, on its own, 
an lead to overly eagerunfolding.� homeomorphi
 embedding [258, 178℄Instead of well-founded ones, well-quasi orders 
an be used [21, 245℄.Homeomorphi
 embedding on sele
ted atoms has re
ently gained pop-ularity as the basis for su
h an order.We will examine the above 
on
epts in somewhat more detail. First thenotion of determinate unfolding 
an be de�ned as follows.De�nition 3.3.2 (determinate unfolding) A tree is (purely) determi-nate if ea
h node of the tree has at most 1 
hild. An unfolding rule is purelydeterminate without lookahead if for every program P and every goal G itreturns a determinate SLDNF-tree. An unfolding rule is purely determi-nate (with lookahead) if for every program P and every goal G it returnsa SLDNF-tree � su
h that the subtree �� of � , obtained by removing thefailed bran
hes, is determinate.Usually the above de�nitions of determinate unfolding rules are ex-tended to allow one non-determinate unfolding step, ensuring that non-trivial trees 
an be 
onstru
ted. Depending on the de�nition, this non-determinate step may either o

ur only at the root (e.g. in [97℄), anywherein the tree or only at the bottom (i.e. its resolvents must be leaves, as e.g. in[100, 172℄). These three additional forms of determinate trees, whi
h we will
all shower, fork and beam determinate trees respe
tively, are illustrated inFigure 3.5.Determinate unfolding has been proposed as a way to ensure that par-tial dedu
tion will never dupli
ate 
omputations in the residual program[100, 97, 98℄. Indeed, in the 
ontext of the left-to-right sele
tion rule ofProlog, the following fairly simple example shows that non-leftmost, non-determinate unfolding may dupli
ate (large amounts of) work in the trans-formation result. The one non-determinate unfolding step performed bya shower, fork or beam determinate unfolding rule, is therefore generallysupposed to mimi
 the runtime sele
tion rule.Example 3.3.3 Let us return to the program P of Example 3.2.5:



40 CHAPTER 3. PARTIAL EVALUATION AND DEDUCTION���	 ���R?? ??? ? ?���	 ?���R? ? ???���R���	 ???shower fork beam pureFigure 3.5: Four forms of determinate treesmember(X ; [X jT ℄) member(X ; [Y jT ℄) member(X ;T )inboth(X ;L1 ;L2 ) member(X ;L1 );member(X ;L2 )Let A = finboth(a;L1 ; [X ;Y ℄)g. By performing the non-leftmost non-determinate unfolding in Figure 3.6, we obtain the following partial dedu
-tion P 0 of P wrt A:member(X ; [X jT ℄) member(X ; [Y jT ℄) member(X ;T )inboth(a;L1 ; [a;Y ℄) member(a;L1 )inboth(a;L1 ; [X ; a℄) member(a;L1 )Let us examine the run-time goal G = inboth(a; [z ; y ; : : :; a℄; [X ;Y ℄), forwhi
h P 0 [ fGg is A-
overed. Using the Prolog left-to-right 
omputationrule the expensive sub-goal  member(a; [z ; y ; : : : ; a℄) is only evaluatedon
e in the original program P , while it is exe
uted twi
e in the spe
ialisedprogram P 0.Restri
ting ourselves to determinate unfolding ensures that su
h bad
ases of deterioration do not o

ur. It also ensures that the order of solu-tions, e.g. under Prolog exe
ution, is not altered and that termination ispreserved (termination might however be improved, as e.g. loop; fail 
anbe transformed into  fail; for further details related to the preservationof termination we refer to e.g. [230, 27, 30℄). Leftmost, non-determinateunfolding, usually allowed to 
ompensate for the all too 
autious nature ofpurely determinate unfolding, avoids the more drasti
 deterioration pitfallsin the 
ontext of e.g. Prolog, but 
an still lead to multiplying uni�
ations.Example 3.3.4 Let us adapt Example 3.3.3 by using the following set A= finboth(X ; [Y ℄; [V ;W ℄)g. We 
an fully unfold inboth(X ; [Y ℄; [V ;W ℄)and we then obtain the following partial dedu
tion P 0 of P wrt A:



3.3. CONTROL OF PARTIAL DEDUCTION 41HHHHjfail member(a;L);member(a; [℄) member(a;L) ����� member(a;L);member(a; [Y ℄)HHHHj member(a;L)��	 member(a;L);member(a; [X ;Y ℄)? inboth(a;L; [X ;Y ℄)
Figure 3.6: Non-leftmost non-determinate unfolding for Example 3.3.3member(X ; [X jT ℄) member(X ; [Y jT ℄) member(X ;T )inboth(X ; [X ℄; [X ;W ℄) inboth(X ; [X ℄; [V ;X ℄) No goal has been dupli
ated by the leftmost non-determinate unfolding, butthe uni�
ation X = Y for  inboth(X ; [Y ℄; [V ;W ℄) has potentially beendupli
ated. E.g., when exe
uting the runtime goal inboth(tx ; [ty℄; [tv; tw ℄)in P 0 the terms tx and ty will be uni�ed when resolving with the third 
lauseof P 0 and then uni�ed again when resolving with the fourth 
lause of P 0.1In the original program P this uni�
ation will only be performed on
e,namely when resolving with the �rst 
lause de�ning member . For run-timegoals where tx and ty are very 
ompli
ated stru
tures this might a
tuallyresult in P 0 being slower than the original P . However, as uni�
ations aregenerally mu
h less expensive than exe
uting entire goals, this problem is(usually) less of an issue.In pra
ti
al implementations one has also to take 
are of su
h issues asthe 
lause indexing performed by the 
ompiler as well as how terms are
reated (i.e. avoid dupli
ation of term 
onstru
tion operations). Again forthese issues, determinate unfolding has proven to be a generally safe, albeitsometimes too 
onservative, approa
h. Fully adequate solutions to these,more implementation oriented, aspe
ts are still topi
s of ongoing resear
h.Let us return to the aspe
t of lo
al termination. Restri
ting oneself todeterminate unfolding in itself does not guarantee termination, as there 
an1A very smart 
ompiler might dete
t this and produ
emore eÆ
ient 
ode whi
h doesnot re-exe
ute uni�
ations. It is promised that future versions of Mer
ury [257℄ will dothis.
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omputations. In (stri
t) fun
tional pro-grams su
h a 
ondition is equivalent to an error in the original program. Inlogi
 programming the situation is somewhat di�erent: a goal 
an in�nitelyfail (in a deterministi
 way) at partial dedu
tion time but still �nitely failat run time (see also the examples in Chapter 13). In appli
ations like the-orem proving, even in�nite failures at run-time do not ne
essarily indi
atean error: they might simply be due to unprovable statements. This is why,
ontrary to maybe fun
tional programming, additional measures on top ofdetermina
y should be adopted to ensure lo
al termination.One, albeit ad-ho
, way to solve this lo
al termination problem is tosimply impose an arbitrary depth bound. Su
h a depth bound is of 
oursenot motivated by any property, stru
tural or otherwise, of the program orgoal under 
onsideration. The depth bound will therefore lead either to toolittle or too mu
h unfolding in a lot of interesting 
ases.As already mentioned, more re�ned approa
hes to ensure terminationof unfolding exist. The methods in [37, 200, 199, 196℄ are based on well-founded orders, inspired by their usefulness in the 
ontext of stati
 termina-tion analysis (see e.g. [83, 61℄). These te
hniques ensure termination, whileat the same time allowing unfolding related to the stru
tural aspe
t of theprogram and goal to be partially dedu
ed, e.g. permitting the 
onsumptionof stati
 input within the atoms of A.Formally, well-founded sets and orders are de�ned as follows:De�nition 3.3.5 (s-poset) A stri
t partial order on a set S is an anti-re
exive, anti-symmetri
 and transitive binary relation on S �S. A 
oupleS;>S 
onsisting of a set S and a stri
t partial order >S on S is 
alled ans-poset or partially stri
tly ordered set.De�nition 3.3.6 (wfo) An s-poset S;>S is 
alled well-founded i� there isno in�nite sequen
e of elements s1; s2; : : : in S su
h that si > si+1, for alli � 1. The order >S is also 
alled a well-founded order (wfo) on S.To ensure lo
al termination, one has to �nd a sensible well-foundedorder on atoms and then only allow SLDNF-trees in whi
h the sequen
e ofsele
ted atoms is stri
tly de
reasing wrt the well-founded order. If an atomthat we want to sele
t is not stri
tly smaller than its an
estors, we eitherhave to sele
t another atom or stop unfolding altogether.Example 3.3.7 Let us return to the member program P of Example 3.2.5.A simple well-founded order on atoms of the form member(t1 ; t2 ) might bebased on 
omparing the list length of the se
ond argument.The list length list length(t) of a term t is de�ned to be:



3.3. CONTROL OF PARTIAL DEDUCTION 43� 1 + list length(t0) if t = [hjt0℄ and� 0 otherwise.We then de�ne the wfo on atoms by member(t1 ; t2) > member(s1 ; s2 ) i�list length(t2) > list length(s2).Based on that wfo, the goal member(X ; [a; bjT ℄) 
an be unfolded into member(X ; [bjT ℄) and further into  member(X ;T ) be
ause the listlength of the se
ond argument stri
tly de
reases at ea
h step. However,  member(X ;T ) 
annot be further unfolded into member(X ;T 0) be
ausethe list length does not stri
tly de
rease.Mu
h more elaborate well-founded orders, whi
h are e.g. 
ontinuouslyre�ned in the unfolding pro
ess, exist and we refer the reader to [37, 200,199, 196℄ for further details. These works also present a further re�nementwhi
h, instead of requiring a de
rease with every an
estor, only requiresa de
rease wrt the 
overing an
estors, i.e. one only 
ompares with thean
estor atoms from whi
h the 
urrent atom des
ends (via resolution).Let us now turn our attention to approa
hes based on well-quasi orders,whi
h are formally de�ned as follows.De�nition 3.3.8 (quasi order) A quasi order on a set S is a re
exiveand transitive binary relation on S � S. A 
ouple S;�S 
onsisting of a setS and a quasi order �S on S is 
alled a quasi ordered set.Hen
eforth, we will use symbols like <, > (possibly annotated by somesubs
ript) to refer to stri
t partial orders and �, � to refer to quasi orders.We will use either \dire
tionality" as is 
onvenient in the 
ontext.De�nition 3.3.9 (wqo) A quasi ordered set V;�V is 
alled well-quasi-ordered (wqo) i� for any in�nite sequen
e of elements e1; e2; : : : in V thereare i < j su
h that ei �V ej . We also say that �V is a well-quasi order(wqo) on V .One problemati
 aspe
t for the approa
h based on well-founded orders,is the satisfa
tory automati
 unfolding of meta-interpreters. This issueremains largely unsolved, although some initial e�orts 
an be found in[195, 196℄. In that 
ontext an approa
h based on well-quasi orders seemsto be more 
exible. Indeed, while an approa
h based on wfo requires astri
t de
rease at every unfolding step, an approa
h based on wqo 
anallow in
omparable steps as well. This e.g. allows a wqo to have no a priori�xed weight or order atta
hed to fun
tors and arguments.An interesting wqo is the homeomorphi
 embedding relation of [82℄. Wewill later use it in several experiments, superimposed on e.g. determinate
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al termination. We will also use it in the 
ontext ofglobal 
ontrol later in Chapter 6.The homeomorphi
 embedding relation is very generous and will forexample allow to unfold from p([℄; [a℄) to p([a℄; [℄) but also the other wayaround. This illustrates the 
exibility of using well-quasi orders 
omparedto well-founded ones, as there exists no wfo whi
h will allow both theseunfoldings. It however also illustrates why, when using a wqo, one has to
ompare with every prede
essor. Otherwise one will get in�nite derivationsof the form p([a℄; [℄)! p([℄; [a℄)! p([a℄; [℄)!. . . . When using a wfo one hasto 
ompare only to the 
losest prede
essor [199℄, be
ause of the transitivityof the order and the stri
t de
rease enfor
ed at ea
h step. However, wfo areusually extended to in
orporate variant 
he
king (see e.g. [196, 199℄) andtherefore require inspe
ting every prede
essor anyway (though only whenthere is no stri
t weight de
rease).3.3.4 Control of polyvarian
eIf we use renaming to ensure independen
e and (for the moment) supposethat the lo
al termination and pre
ision problems have been solved by theapproa
hes presented above, we are still left with the problem of ensur-ing 
losedness and global termination while minimising the global pre
isionloss. We will 
all this 
ombination of problems the 
ontrol of polyvarian
eproblem as it is very 
losely related to how many di�erent spe
ialised ver-sions of some given predi
ate should be put into A.2 It is this importantproblem we address in Part II of this thesis.Let us examine how the 3 subproblems of the 
ontrol of polyvarian
eproblem intera
t.� Coveredness vs. Global TerminationCoveredness (or respe
tively 
losedness) 
an be simply ensured by re-peatedly adding the un
overed (i.e not satisfying De�nition 3.2.11 orDe�nition 3.2.8 respe
tively) atoms to A and unfolding them. Unfor-tunately this pro
ess generally leads to non-termination, even whenusing the msg to ensure independen
e. For instan
e, the \reversewith a

umulating parameter" program (see Example 4.3.2 below ore.g. [196, 200℄) exposes this non-terminating behaviour.� Global Termination vs. Global Pre
isionTo ensure �niteness of A we 
an repeatedly apply an \abstra
tion"operator whi
h generates a set of more general atoms. Unfortunatelythis indu
es a loss of global pre
ision.By using the two ideas above to (try to) ensure 
overedness and global2Amethod is 
alledmonovariant if it allows only one spe
ialisedversion per predi
ate.



3.3. CONTROL OF PARTIAL DEDUCTION 45termination, we 
an formulate a generi
 partial dedu
tion algorithm. First,the 
on
ept of abstra
tion has to be formally de�ned.De�nition 3.3.10 (abstra
tion) Let A and A0 be sets of atoms. ThenA0 is an abstra
tion of A i� every atom in A is an instan
e of an atom inA0. An abstra
tion operator is an operator whi
h maps every �nite set ofatoms to a �nite abstra
tion of it.The above de�nition guarantees that any set of 
lauses 
overed by A isalso 
overed by A0. Note that sometimes an abstra
tion operator is alsoreferred to as a generalisation operator.The following generi
 s
heme, based on a similar one in [97, 98℄, de-s
ribes the basi
 layout of pra
ti
ally all algorithms for 
ontrolling partialdedu
tion.Algorithm 3.3.11 (standard partial dedu
tion)Input: A program P and a goal GOutput: A spe
ialised program P 0Initialise: i = 0, A0 = fA j A is an atom in G grepeatfor ea
h Ak 2 Ai do
ompute a �nite SLDNF-tree �k for P [ f Akg byapplying an unfolding rule U ;let A0i := Ai[ fBljBl 2 leaves(�k ) for some tree �k, su
h that Bl isnot an instan
e3 of any Aj 2 Aig;let Ai+1 := abstra
t(A0i); where abstra
t is an abstra
tion operatorlet i := i + 1;until Ai+1 = AiApply a renaming transformation to Ai to ensure independen
e;Constru
t P 0 by taking resultants.In itself the use of an abstra
tion operator does not yet guarantee globaltermination. But, if the above algorithm terminates then 
overedness is en-sured, i.e. P 0[fGg is Ai-
overed (modulo renaming). With this observationwe 
an reformulate the 
ontrol of polyvarian
e problem as one of �nding anabstra
tion operator whi
h maximises spe
ialisation while ensuring termi-nation.A very simple abstra
tion operator whi
h ensures termination 
an beobtained by imposing a �nite maximum number of atoms in Ai and usingthe msg to sti
k to that maximum. For example, in [200℄ one atom perpredi
ate is enfor
ed by using the msg. However, using the msg in this3One 
an also use the variant test to make the algorithmmore pre
ise.
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an indu
e an even bigger loss of pre
ision (
ompared to using themsg to ensure independen
e), be
ause it will now also be applied on in-dependent atoms. For instan
e, 
al
ulating the msg for the set of atomsfsolve(p(a)); solve(q(f (b)))g yields the atom solve(X) and all potential forspe
ialisation is probably lost.In [200℄ this problem has been remedied to some extent by using a stati
pre-pro
essing renaming phase (as de�ned in [18℄) whi
h will generate oneextra renamed version for the top-level atom to be spe
ialised. However,this te
hnique only works well if all relevant input 
an be 
onsumed in onelo
al unfolding of this top-most atom. Apart from the fa
t that this hugelo
al unfolding is not always a good idea from a point of view of eÆ
ien
y(e.g. it 
an slow down the program as illustrated by the Examples 3.3.3 and3.3.4), in a lot of 
ases this simply 
annot be a

omplished (for instan
e ifpartial input is not 
onsumed but 
arried along, like the representation ofan obje
t-program inside a meta-interpreter).The basi
 goal pursued in Part II of this thesis is to de�ne a 
exibleabstra
tion operator whi
h does not exhibit this dramati
 loss of pre
isionand provides a �ne-grained 
ontrol of polyvarian
e, while still guaranteeingtermination of the partial dedu
tion pro
ess.



Part IIOn-line Control of PartialDedu
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Chapter 4Chara
teristi
 Trees4.1 Stru
ture and abstra
tionIn the previous 
hapter we have presented the generi
 partial dedu
tion Al-gorithm 3.3.11. This algorithm is parametrised by an unfolding rule for thelo
al 
ontrol and by an abstra
tion operator for the 
ontrol of polyvarian
e.The abstra
tion operator examines a set of atoms and then de
ides whi
h ofthe atoms should be abstra
ted and whi
h ones should be left unmodi�ed.An abstra
tion operator like the msg is just based on the synta
ti
 stru
-ture of the atoms to be spe
ialised. This is generally not su
h a good idea.Indeed, two atoms 
an be unfolded and spe
ialised in a very similar way inthe 
ontext of one program P1, while in the 
ontext of another program P2their spe
ialisation behaviour is drasti
ally di�erent. The synta
ti
 stru
-ture of the two atoms is of 
ourse una�e
ted by the parti
ular 
ontext anda operator like the msg will perform exa
tly the same abstra
tion withinP1 and P2, although vastly di�erent generalisations might be 
alled for.A better 
andidate for an abstra
tion might be to examine the �nite,possibly in
omplete SLDNF-trees generated for these atoms. These trees
apture (to some depth) how the atoms behave 
omputationally in the 
on-text of the respe
tive programs. They also 
apture (part of) the spe
iali-sation that has been performed on these atoms. An abstra
tion operatorwhi
h takes these trees into a

ount will noti
e their similar behaviour inthe 
ontext of P1 and their dissimilar behaviour within P2, and 
an there-fore take appropriate a
tions in the form of di�erent generalisations. Thefollowing example illustrates these points.49



50 CHAPTER 4. CHARACTERISTIC TREESExample 4.1.1 Let P be the append program:(1) append ([℄;Z ;Z ) (2) append ([H jX ℄;Y ; [H jZ ℄) append (X ;Y ;Z )Note that we have added 
lause numbers, whi
h we will hen
eforth takethe liberty to in
orporate into illustrations of SLD-trees in order to 
larifywhi
h 
lauses have been resolved with. To avoid 
luttering the �gures wewill also sometimes drop the substitutions in su
h �gures.Let A = fB;Cg be a dependent set of atoms, where B = append ([a℄;X ;Y )and C = append (X ; [a℄;Y ). Typi
ally a partial dedu
er will unfold the twoatoms of A in the way depi
ted in Figure 4.1, returning the �nite SLD-trees�B and �C . These two trees, as well as the asso
iated resultants, have a verydi�erent stru
ture. The atom append ([a℄;X ;Y ) has been fully unfoldedand we obtain for resultants(�B) the single fa
t:append ([a℄;X ; [ajX ℄) while for append (X ; [a℄;Y ) we obtain for resultants(�C ) the following setof 
lauses:append ([℄; [a℄; [a℄) append ([H jX ℄; [a℄; [H jZ ℄) append (X ; [a℄;Z )So, in this 
ase, it is vital to keep separate spe
ialised versions for B andC and not abstra
t them by e.g. their msg.However, it is very easy to 
ome up with another 
ontext in whi
h thespe
ialisation behaviour of B and C are almost indis
ernible. Take forinstan
e the following program P � in whi
h append� no longer appendstwo lists but �nds 
ommon elements at 
ommon positions:(1�) append �([X jTX ℄; [X jTY ℄; [X ℄) (2�) append �([X jTX ℄; [Y jTY ℄;E ) append�(TX ;TY ;E )The asso
iated �nite SLD-trees ��B and ��C , depi
ted in Figure 4.2, are nowalmost fully identi
al. In that 
ase, it is not useful to keep di�erent spe-
ialised versions for B and C be
ause the following single set of spe
ialised
lauses 
ould be used for B and C without spe
ialisation loss:append�([ajT1 ℄; [ajT2 ℄; [a℄) This illustrates that the synta
ti
 stru
tures of B and C alone provideinsuÆ
ient information for a satisfa
tory 
ontrol of polyvarian
e and thata re�ned abstra
tion operator should also take the asso
iated SLDNF-treesinto 
onsideration.



4.2. CHARACTERISTIC PATHS AND TREES 51���	 ���R���R���	 append([a℄;X ;Y )  append(X ; [a℄;Y )2  append(X 0; [a℄;Y 0)(1) (2) append([℄;X ;Y 0)2(1) (2)Figure 4.1: SLD-trees �B and �C for Example 4.1.1���	 ���R���	 ���R2 append�([a℄;X ;Y )  append�(X ; [a℄;Y )2  append�(TX ; [℄;E)(1�) (2�) append�([℄;TX ;E)fail fail(1�) (2�)Figure 4.2: SLD-trees ��B and ��C for Example 4.1.14.2 Chara
teristi
 paths and treesIn the previous se
tion we have illustrated the interest of examining the(possibly in
omplete) SLDNF-trees generated for the atoms to be partiallydedu
ed and e.g. only abstra
t two (or more) atoms if their asso
iated treesare \similar enough". A 
ru
ial question is of 
ourse whi
h part of theseSLDNF-trees should be taken into a

ount to de
ide upon similarity. Iftwo atoms are abstra
ted only if their asso
iated trees are identi
al, thisamounts to performing no abstra
tion at all. So an abstra
tion operatorshould fo
us on the \essential" stru
ture of an SLDNF-tree and for instan
edisregard the parti
ular substitutions and goals within the tree. The fol-lowing two de�nitions, adapted from [97℄, do just that: they 
hara
terisethe essential stru
ture of SLDNF-derivations and trees.De�nition 4.2.1 (
hara
teristi
 path) Let G0 be a goal and let P be anormal program whose 
lauses are numbered. Let G0; : : : ; Gn be the goals
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omplete SLDNF-derivation D of P [ fG0g. The
hara
teristi
 path of the derivation D is the sequen
e hl0 Æ 
0; : : : ; ln�1 Æ
n�1i, where li is the position of the sele
ted literal in Gi, and 
i is de�nedas: � if the sele
ted literal is an atom, then 
i is the number of the 
lause
hosen to resolve with Gi.� if the sele
ted literal is :p(�t), then 
i is the predi
ate p.The set 
ontaining the 
hara
teristi
 paths of all �nite SLDNF-derivationsof P [ fG0g will be denoted by 
hpaths(P;G0).For example, the 
hara
teristi
 path of the derivation asso
iated withthe only bran
h of the SLD-tree �B in Figure 4.1 is h1 Æ 2; 1 Æ 1i.Re
all that an SLDNF-derivation D 
an be either failed, in
omplete,su

essful or in�nite. As we will see below, 
hara
teristi
 paths will onlybe used to 
hara
terise �nite and non-failing derivations of atomi
 goals,
orresponding to the atoms to be partially dedu
ed. Still, one might wonderwhy a 
hara
teristi
 path does not 
ontain information on whether theasso
iated derivation is su

essful or in
omplete. The following propositiongives an answer to that question.Proposition 4.2.2 Let P be a normal program and let G1; G2 be twogoals with the same number of literals. Let D1; D2 be two non-failed, �nitederivations of P [ fG1g and P [ fG2g respe
tively. Also let D1 and D2have the same 
hara
teristi
 path Æ. Then(1) D1 is su

essful i� D2 is and(2) D1 is in
omplete i� D2 is.Proof As D1 and D2 
an only be su

essful or in
omplete, points (1) and(2) are equivalent and it is suÆ
ient to prove point (1). Also, as D1 andD2 have the same 
hara
teristi
 path they must have the same length (i.e.same number of derivation steps) and we will prove the lemma by indu
tionon the length of D1 and D2.Indu
tion Hypothesis: Proposition 4.2.2 holds for derivations D1; D2with length � n.Base Case: D1; D2 have the length 0.This means that G1 is the �nal goal of D1 and G2 the �nal goal of D2. AsG1 and G2 have the same number of literals it is impossible to have thatG1 = 2 while G2 6= 2 or G1 6= 2 while G2 = 2.Indu
tion Step: D1; D2 have length n+ 1.Let R0; : : : ; Rn+1 be the sequen
e of goals of D1 (with R0 = G1) and letQ0; : : : ; Qn+1 be the sequen
e of goals of D2 (with Q0 = G2). Let D01 bethe suÆx of D1 whose sequen
e of goals is R1; : : : ; Rn+1. Similarly, let
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e of goals is Q1; : : : ; Qn+1. Let Æ =hl0 Æ 
0; : : : ; ln Æ 
ni be the 
hara
teristi
 path of D1 and D2. There aretwo possibilities for l0 Æ 
0, 
orresponding to whether a positive or negativeliteral has been sele
ted. If a negative literal has been sele
ted then (forboth R0 and Q0) one literal has been removed and R1 and Q1 have thesame number of literals. Similarly if a positive literal has been sele
tedthen trivially R1 and Q1 have the same number of literals (be
ause thesame 
lause 
1 in the same program P has been used). In both 
ases R1and Q1 have the same number of literals and we 
an therefore apply theindu
tion hypothesis on D01 and D02 to prove that D01 is su

essful i� D02 is.Finally, be
ause D1 (respe
tively D2) is su

essful i� D01 (respe
tively D02)is, the indu
tion step holds. 2The information whether a �nite, non-failing derivation of an atomi
goal is in
omplete or su

essful is thus already impli
itly present in the
hara
teristi
 path and no further pre
ision would be gained by adding it.Also, on
e the top-level goal is known, the 
hara
teristi
 path is suÆ-
ient to re
onstru
t all the intermediate goals as well as the �nal one. So,one 
ould a
tually repla
e the predi
ate p in point 2 of De�nition 4.2.1 anduse a unique symbol to signal the sele
tion of a negative literal.Now that we have 
hara
terised derivations, we 
an 
apture the 
om-putational behaviour of goals by 
hara
terising the derivations of their as-so
iated �nite SLDNF-trees.De�nition 4.2.3 (
hara
teristi
 tree) Let  Q be a goal, P a normalprogram and �Q a �nite SLDNF-tree for P[f Qg. Then the 
hara
teristi
tree � of �Q is the set 
ontaining the 
hara
teristi
 paths of the non-failingSLDNF-derivations asso
iated with the bran
hes of �Q. � is 
alled a 
har-a
teristi
 tree i� it is the 
hara
teristi
 tree of some �nite SLDNF-tree forsome program and goal.Let U be an unfolding rule su
h that U (P; Q) = �Q. Then � is also
alled the 
hara
teristi
 tree of Q in P under U , and will be denoted by
htree( Q ;P ;U ). When P and U are 
lear from the 
ontext we willsimply talk about the 
hara
teristi
 tree of Q. We also say that � isa 
hara
teristi
 tree of Q (in P ) i� for some unfolding rule U we have
htree( Q ;P ;U ) = � .Note that the 
hara
teristi
 path of an empty derivation is the emptypath hi, and the 
hara
teristi
 tree of a trivial SLDNF-tree is fhig, whilethe 
hara
teristi
 tree of a �nitely failed SLDNF-tree is ;.Although a 
hara
teristi
 tree only 
ontains a 
olle
tion of 
hara
ter-isti
 paths, the a
tual tree stru
ture is not lost and 
an be re
onstru
ted



54 CHAPTER 4. CHARACTERISTIC TREESwithout ambiguity. The \glue" is provided by the 
lause numbers inside the
hara
teristi
 paths (bran
hing in the tree is indi
ated by di�ering 
lausenumbers).Example 4.2.4 The 
hara
teristi
 trees of the �nite SLD-trees �B and �Cin Figure 4.1 are fh1 Æ 2; 1 Æ 1ig and fh1 Æ 1i; h1 Æ 2ig respe
tively.The 
hara
teristi
 trees of the �nite SLD-trees ��B and ��C in Figure 4.2 areboth fh1 Æ 1�ig.The following observations reveal the interest of 
hara
teristi
 trees inthe 
ontext of partial dedu
tion. Indeed, the 
hara
teristi
 tree of an atomA expli
itly or impli
itly 
aptures the following important aspe
ts of spe-
ialisation:� the bran
hes that have been pruned through the unfolding pro
ess(namely those that are absent from the 
hara
teristi
 tree). For in-stan
e, by inspe
ting the 
hara
teristi
 trees of �B and �C from Exam-ples 4.1.1 and 4.2.4, we 
an see that two bran
hes have been pruned forthe atom B (thereby removing re
ursion) whereas no pruning 
ouldbe performed for C.� how deep  A has been unfolded and whi
h literals and 
lauses havebeen resolved with ea
h other in that pro
ess. This 
aptures the 
om-putation steps that have already been performed at partial dedu
tiontime.� the number of 
lauses in the resultants of A (namely one per 
hara
-teristi
 path) and also (impli
itly) whi
h predi
ates are 
alled in thebodies of the resultants. As we will see later, this means that a singlepredi
ate de�nition 
an (in prin
iple) be used for two atoms whi
hhave the same 
hara
teristi
 tree.In other words, a 
hara
teristi
 tree 
aptures all the relevant aspe
tsof spe
ialisation, attained by the lo
al 
ontrol for a parti
ular atom. Aspe
ialisation aspe
t that does not materialise within a 
hara
teristi
 treeis how the atoms in the leaves of the asso
iated SLDNF-tree are furtherspe
ialised, i.e. the global 
ontrol and pre
ision are not 
aptured. However,the deeper an atom gets unfolded, the more information is 
arried by theasso
iated 
hara
teristi
 tree. If the unfolding rule is e.g. based on well-founded or well-quasi orders, it will (ideally) unfold until all partial inputhas been 
onsumed. In that 
ase it is more likely that two atoms withthe same 
hara
teristi
 tree will also have similar 
all patterns in the leaves(e.g. atoms 
ontaining no more partial input) and thus lead to similar globalspe
ialisation.
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hara
teristi
 trees only 
ontains paths for the non-failing bran
hes and therefore do not 
apture how exa
tly some bran
heswere pruned. The following example illustrates why this is adequate andeven bene�
ial.Example 4.2.5 Let P be the following program:(1) member(X ; [X jT ℄) (2) member(X ; [Y jT ℄) member (X ;T )Let A = member(a; [a; b℄) and B = member(a; [a℄). Suppose that A andB are unfolded as depi
ted in Figure 4.3. Then both these atoms have thesame 
hara
teristi
 tree � = fh1Æ1ig although the asso
iated SLDNF-treesdi�er by the stru
ture of their failing bran
hes. However, this is of no rele-van
e, be
ause the failing bran
hes do not materialise within the resultants(i.e. the spe
ialised 
ode generated for the atoms) and furthermore the sin-gle resultant member(a; [ajT ℄) 
ould be used for both A and B withoutloosing any spe
ialisation. ���R���	���R���	 ?(2)(1) member(a; [a℄)2  member(a; [℄)(2)(1) fail  member(a; [a; b℄)2  member(a; [b℄) member(a; [℄)(2)failFigure 4.3: SLD-trees for Example 4.2.5In summary, 
hara
teristi
 trees seem to be an almost ideal vehi
le for are�ned 
ontrol of polyvarian
e, a fa
t we will try to exploit in the followingse
tion.4.3 An abstra
tion operator using 
hara
ter-isti
 treesThe following abstra
tion operator represents a �rst attempt at using 
har-a
teristi
 trees for the 
ontrol of polyvarian
e. Basi
ally it 
lassi�es atoms
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iated 
hara
teristi
 tree. Generalisation, in this 
ase the msg,is then only applied on those atoms whi
h have the same 
hara
teristi
 tree.De�nition 4.3.1 (
habsP;U ) Let P be a normal program, U an unfoldingrule and A a set of atoms. For every 
hara
teristi
 tree � , let A� be de�nedas A� = fA j A 2 A ^ 
htree( A;P ;U ) = �g.The abstra
tion operator 
habsP;U is then de�ned as:
habsP;U (A) = fmsg(A� ) j � is a 
hara
teristi
 treegThe following example illustrates the above de�nition.Example 4.3.2 Let P be the program reversing a list using an a

umulat-ing parameter:(1) rev([℄; A

; A

) (2) rev([HjT ℄; A

;Res) rev(T; [HjA

℄; Res)We will use 
habsP;U together with an unfolding rule U based on well-founded orders inside the generi
 Algorithm 3.3.11 for partial dedu
tion.When starting out with A0 =frev([ajB℄; [℄; R)g the following steps are per-formed by Algorithm 3.3.11:� the only atom in A0 is unfolded (see Figure 4.4) and the atoms in theleaves are added, yielding: A00 = frev([ajB℄; [℄; R); rev(B; [a℄;R)g.� the abstra
tion operator 
habsP;U is applied:A1 = 
habsP;U (A00 ) = frev([ajB℄; [℄; R); rev(B; [a℄; R)g (be
ause theatoms in A00 have di�erent 
hara
teristi
 trees).� the atoms in A1 are unfolded (see Figure 4.4) and the atoms in theleaves are added, yielding:A01 = frev([ajB℄; [℄; R); rev(B; [a℄; R); rev(T; [H; a℄; R)g.� the abstra
tion operator 
habsP;U is applied:A2 = 
habsP;U (A01 ) = frev([ajB℄; [℄; R); rev(T; [AjB℄; R)g (be
ausethe atoms rev(B; [a℄; R) and rev(T; [H; a℄; R) have the same 
hara
-teristi
 tree, see Figure 4.4).� the atoms in A2 are unfolded and the leaf atoms added:A02 = frev([ajB℄; [℄; R); rev(T; [AjB℄; R); rev(T 0; [H 0; AjB℄; R)g.� the abstra
tion operator is applied: A3 = 
habsP;U (A02 ) = A2 andwe have rea
hed a �xpoint and thus obtain the following partial de-du
tion satisfying the 
overedness 
ondition (and whi
h is also inde-pendent without renaming):rev([ajB℄; [℄; R) rev(B; [a℄; R)



4.3. AN ABSTRACTION OPERATOR 57rev([℄; [AjB℄; [AjB℄) rev([HjT ℄; [AjB℄; Res) rev(T; [H;AjB℄; Res)Be
ause of the sele
tive appli
ation of the msg , no loss of pre
ision hasbeen in
urred by 
habsP;U , i.e. the pruning and pre-
omputation for e.g. theatom rev([ajB℄; [℄; R) has been preserved. An abstra
tion operator allowingjust one version per predi
ate would have lost this lo
al spe
ialisation, whilea method with unlimited polyvarian
e (also 
alled dynami
 renaming, ine.g. [17℄) does not terminate.For this example, 
habsP;U provides a terminating and �ne grained
ontrol of polyvarian
e, 
onferring just as many polyvariant versions asne
essary. The abstra
tion operator 
habsP;U is thus mu
h more 
exiblethan e.g. the stati
 pre-pro
essing renaming of [18, 200℄).? ���R���	 ���R���	(2) (1)2 (2) rev(B; [a℄;R)(1)2 (2) rev(T; [H;a℄;R) rev(T 0; [H 0; H;a℄;R) rev(T; [H;a℄;R) rev([ajB℄; [℄;R) rev(B; [a℄;R)Figure 4.4: SLD-trees for Example 4.3.2The above example is thus very en
ouraging and one might hope that
habsP;U always preserves the 
hara
teristi
 trees upon generalisation andthat it already provides a re�ned solution for the 
ontrol of polyvarian
eproblem. Unfortunately, although for a lot of pra
ti
al 
ases 
habsP;Uperforms quite well, it does not always preserve the 
hara
teristi
 trees,entailing a sometimes quite severe loss of pre
ision and spe
ialisation. Letus examine an example:Example 4.3.3 Let P be the program:(1) p(X) (2) p(
) Let A = fp(a); p(b)g. Independently of the unfolding rule, p(a) and p(b)have the same 
hara
teristi
 tree � = fh1Æ1ig. Thus 
habsP;U (S ) = fp(X)g



58 CHAPTER 4. CHARACTERISTIC TREESand the generalisation p(X) has unfortunately the 
hara
teristi
 tree � 0 =fh1 Æ 1i; h1 Æ 2ig and the pruning that was possible for the atoms p(a) andp(b) has been lost. More importantly, there exists no atom, more generalthan p(a) and p(b), whi
h has � as its 
hara
teristi
 tree.The problem in the above example is that, through generalisation, a newnon-failing derivation has been added, thereby modifying the 
hara
teristi
tree. Another problem 
an o

ur when negative literals are sele
ted by theunfolding rule.Example 4.3.4 Let us examine the following program P :(1) p(X) :q(X)(2) q(f(X))  For this program and using e.g. a determinate unfolding rule, p(a) and p(b)have the same 
hara
teristi
 tree fh1 Æ 1; 1 Æ qig. The abstra
tion operator
habsP;U will therefore produ
e fp(X)g as a generalisation of fp(a); p(b)g.Again however, p(X) has a di�erent 
hara
teristi
 tree, namely fh1 Æ 1ig,be
ause the non-ground literal :q(X) 
annot be sele
ted in the resolventof  p(X). The problem is that, by generalisation, a previously sele
tableground negative literal in a resolvent 
an be
ome non-ground and thus nolonger sele
table by SLDNF.These losses of pre
ision 
an have some regrettable 
onsequen
es inpra
ti
e:� important opportunities for spe
ialisation 
an be lost and� termination of Algorithm 3.3.11 
an be undermined.Let us illustrate the possible pre
ision losses through two simple, butmore realisti
 examples.Example 4.3.5 Let P be the following program, 
he
king two lists forequality.(1) eqlist([℄; [℄) (2) eqlist([HjX℄; [HjY ℄) eqlist(X;Y )Given any determinate unfolding rule, the atoms A = eqlist([1; 2℄; L) andB = eqlist(L; [3; 4℄) are unfolded as shown in Figure 4.5 and have the same
hara
teristi
 tree � = fh1 Æ 2; 1 Æ 2; 1 Æ 1ig. Unfortunately the abstra
tionoperator 
habsP;U is unable to preserve � . Indeed, 
habsP;U (fA;Bg) =feqlist(X;Y )g whose 
hara
teristi
 tree is fh1Æ1i; h1Æ2ig and the pre
om-putation and pruning performed on A and B has been lost.
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(2)(1) (2)(2)(1) (1)(2) (2)

���	 ���R eqlist(X 0; Y 0)2 eqlist(X;Y )  eqlist(X 0; [℄) eqlist(X; [4℄) eqlist(L; [3; 4℄)���R2���R ���	���R2 eqlist([℄; Y 0) eqlist([2℄; Y )���R ���	 eqlist([1; 2℄; L)
Figure 4.5: SLD-trees for Example 4.3.5The previous example is taken from [97℄, whose abstra
tion me
hanism
an solve the example. The following two examples 
an however not besolved by [97℄.Example 4.3.6 Let us return to Example 4.2.5 and spe
ialise the memberprogram for A = member(a; [a; b℄) and B = member(a; [a℄). First we putthe atoms into A0: A0 = fmember(a; [a; b℄);member(a; [a℄)g. For bothatoms the asso
iated 
hara
teristi
 tree is � = fh1 Æ 1ig, given e.g. a deter-minate unfolding rule with lookahead (see Figure 4.3). Thus 
habsP;U , aswell as the method of [97℄, abstra
ts the two atoms and produ
es the gen-eralised set A1 = fmember(a; [ajT ℄)g. Unfortunately, the generalised atommember(a; [ajT ℄) has a di�erent 
hara
teristi
 tree � 0, independently of theparti
ular unfolding rule. For a determinate unfolding rule with lookaheadwe obtain � 0 = fh1 Æ 1i; h1 Æ 2ig.This loss of pre
ision leads to sub-optimal spe
ialised programs. At thenext step of the algorithm the atom member(a;T ) will be added to A1.This atom also has the 
hara
teristi
 tree � 0 under U . Hen
e the �nal setA2 equals fmember(a;L)g (
ontaining the msg of member(a; [ajT ℄) andmember(a;T )g), and we obtain the following spe
ialisation, sub-optimalfor  member(a; [a; b℄);member(a; [a℄):



60 CHAPTER 4. CHARACTERISTIC TREES(1') member(a; [ajT ℄) (2') member(a; [X jT ℄) member(a;T )So, although partial dedu
tion was able to �gure out that member(a; [a; b℄)as well as member(a; [a℄) have only one non-failing resolvent, this informa-tion has been lost due to an impre
ision of the abstra
tion operator, therebyleading to a sub-optimal residual program in whi
h the determina
y is notexpli
it (and redundant 
omputation steps o

ur at run-time). Note that a\perfe
t" program for  member(a; [a; b℄);member(a; [a℄) would just 
on-sist of (a �ltered version of) 
lause (1').Let us dis
uss the termination aspe
ts next. One might hope that
habsP;U ensures termination of the partial dedu
tion Algorithm 3.3.11 ifthe number of 
hara
teristi
 trees is �nite (whi
h 
an be ensured by usinga depth-bound for 
hara
teristi
 trees1).A
tually if the 
hara
teristi
 trees are preserved, then the abstra
tionoperator 
habsP;U does ensure termination of the partial dedu
tion Algo-rithm 3.3.11.2However, if 
hara
teristi
 trees are not preserved by the abstra
tionoperator, then termination is no longer guaranteed (even assuming a �nitenumber of 
hara
teristi
 trees). The following example illustrates this.Example 4.3.7 Let P be the following program:(1) p(X;Y ) p(Y;X); p(a;X)(2) p(
; 
) Also let U be a very simple unfolding rule with a depth bound of 1. If weperform Algorithm 3.3.11 with 
habsP;U as abstra
tion operator, startingfrom the set of atoms A0 = fp(X;Y )g, we obtain the following:1. we unfold the atoms in A0 (see Figure 4.6) whi
h gives us the leavesfp(Y;X); p(a;X)g and thus A00 = fp(X;Y ); p(a;X)g.2. A1 = 
habsP;U (fp(X ;Y ); p(a;X )g) = fp(X;Y ); p(a;X)g(be
ause the atom p(a;X) has a di�erent 
hara
teristi
 tree thanp(X;Y ), see Figure 4.6).3. we unfold the atoms in A1 (see Figure 4.6) giving us the leaves:fp(Y;X); p(a;X); p(X; a); p(a; a)g and thusA01 = fp(X;Y ); p(a;X); p(X; a); p(a; a)g.1The unfolding rule 
an still unfold as deeply as it wants to. See the dis
ussion afterDe�nition 5.1.8 in Chapter 5.2The proof of Theorem 5.3.9 (for a more re�ned partial dedu
tion algorithm) 
ana
tually be easily adapted to demonstrate this.
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habsP;U to A01, giving A2 = fp(X;Y )g (be
ause p(a;X),p(X; a) and p(a; a) have the same 
hara
teristi
 tree fh1 Æ 1ig, seeFigure 4.6) tree but their msg is (a variant of) p(X;Y ). So A2 = A0and we have a loop.
���	���	 ���R���	 ���	 p(a; a) p(a; a); p(a; a) p(X;a) p(a;X); p(a;X)

 p(X;Y ) p(Y;X); p(a;X) 2  p(a;X) p(X;a); p(a; a)(1)(1)(1)(1) (2)
Figure 4.6: SLD-trees for Example 4.3.7The above example heavily exploits the non-monotoni
 nature of Algo-rithm 3.3.11. Indeed, termination of partial dedu
tion based on 
habsP;U ,given a �nite number of 
hara
teristi
 trees, 
ould be ensured by mak-ing Algorithm 3.3.11 monotoni
, i.e. repla
ing Ai+1 := abstra
t(A0i) byAi+1 := Ai[ abstra
t(A0i). From a pra
ti
al point of view, this solution ishowever not very satisfa
tory as it might unne
essarily in
rease the poly-varian
e, possibly leading to a 
ode explosion of the spe
ialised program aswell as to an in
rease in the transformation 
omplexity. The former 
anbe solved by a post-pro
essing phase removing unne
essary polyvarian
e.However, by using an altogether more pre
ise abstra
tion operator, preserv-ing 
hara
teristi
 trees, these two problem will disappear automati
ally. Wewill then obtain an abstra
tion operator for partial dedu
tion with optimallo
al pre
ision (in the sense that all the spe
ialisation a
hieved by the lo-
al 
ontrol 
omponent is preserved by the abstra
tion) and guaranteeingtermination. This quest is pursued in Chapters 5 and 6.4.4 Chara
teristi
 trees in the literatureChara
teristi
 trees have been introdu
ed, in the 
ontext of de�nite pro-grams and determinate unfolding rules without lookahead, by Gallagher



62 CHAPTER 4. CHARACTERISTIC TREESand Bruynooghe in [100℄ and were later re�ned by Gallagher in [97℄, lead-ing to the de�nitions that we have presented in this 
hapter. Both [100℄and [97℄ use a re�ned version of the abstra
tion operator 
habsP;U and [97℄uses a partial dedu
tion algorithm very similar to Algorithm 3.3.11.Unfortunately, although the abstra
tion operators in [97, 100℄ are moresophisti
ated than 
habsP;U and 
an e.g. handle the eqlist Example 4.3.5,they share the same problems. Indeed, for e.g. the Examples 4.3.3 and 4.3.7,the abstra
tion operators of [97, 100℄ behave exa
tly like 
habsP;U and theexamples 
an thus easily be adapted (to a

ount for some slight di�eren
esin the unfolding rule) to form 
ounterexamples not only for the pre
ision
laim of [100℄ but also for the termination 
laims of both [100℄ and [97℄.In Appendix B we a
tually adapt Example 4.3.3 to form a 
ounterexampleto the Lemma 4.11 in [100℄, whi
h asserts that the abstra
tion operatorof [100℄ preserves a stru
ture quite similar to 
hara
teristi
 trees in the
ontext of de�nite programs and beam determinate unfolding rules withoutlookahead (
f. De�nition 3.3.2). Some additional 
omments 
an be found in[171℄, where the 
ounterexample to Lemma 4.11 of [100℄ was �rst presented,as well as in its reworked version [172℄.Example 4.3.6, based upon the member program, forms another, morenatural 
ounterexample to [97℄. However, it is not a 
ounterexample to[100℄, as it is 
ru
ial in that example to use a determinate unfolding rulewith lookahead (otherwise A and B have a di�erent 
hara
teristi
 tree).Thus one might wonder if it is possible to 
ome up with \natural" exam-ples, using de�nite programs and unfolding rules without lookahead, whi
h
annot be solved by the te
hniques in [97℄ or [100℄. (The simple programs ofExample 4.3.3, Appendix B and Example 4.3.7 might be 
alled somewhatunnatural, Example 4.3.4 uses negation and the eqlist Example 4.3.5 
anbe solved by [97, 100℄.) The following shows that su
h natural examples doindeed exist and are not too diÆ
ult to 
ome by.Example 4.4.1 Let P be again the member program from Example 4.2.5and let A = member(a; [b; 
jT ℄), B = member(a; [
; d jT ℄). We will usea beam determinate unfolding rule without lookahead. In that 
ase theatoms A and B have the same 
hara
teristi
 tree � = fh1 Æ 2; 1 Æ 2; 1 Æ1i; h1 Æ 2; 1 Æ 2; 1 Æ 2g (see Figure 4.7). However, 
habsP;U (fA;Bg) =fmember(a; [X ;Y jT ℄)g and, as 
an be seen in Figure 4.7, the 
hara
teristi
tree of the generalisation is unfortunately fh1 Æ 1i; h1 Æ 2ig. The pre
ompu-tation and pruning that was possible for A and B has again not been pre-served by 
habsP;U . Applying e.g. Algorithm 3.3.11, we obtain at the nextiteration the set 
habsP;U (fmember(a; [X ;Y jT ℄);member(a; [Y jT ℄)g) =fmember(a; [Y jT ℄)g and then the �nal set 
habsP;U (fmember(a; [Y jT ℄);member(a;T )g) = fmember(a;T )g. We thus obtain the following subop-



4.5. EXTENSIONS OF CHARACTERISTIC TREES 63timal, unpruned program P 0, performing redundant 
omputations for bothA and B:(1') member(a; [ajT ℄) (2') member(a; [Y jT ℄) member(a;T )
(2)(1)(1) (2) (1) (2)(2)(2)(2) (2)

���	 ���R member(a; [Y jT ℄)2 member(a; [X ;Y jT ℄)  member(a;T ) member(a; [d jT ℄) member(a; [
;d jT ℄)���R2 member(a;T 0)���R ���	 ���R���R2 member(a;T 0) member(a;T ) member(a; [
jT ℄)���R ���	 ���R member(a; [b;
jT ℄)
Figure 4.7: SLD-trees for Example 4.4.14.5 Extensions of 
hara
teristi
 treesLess pre
isionSometimes di�erent 
hara
teristi
 trees 
an represent the same lo
al spe-
ialisation behaviour. Indeed, the 
hara
teristi
 tree also en
odes the par-ti
ular order in whi
h literals are sele
ted and thus does not take advantageof the independen
e of the 
omputation rule. This is not a problem for pre-
ision, but 
an lead to the produ
tion of more spe
ialised versions thanreally ne
essary, as the following example demonstrates.Example 4.5.1 Let P be this program:(1) p(X;Y ) q(X); q(Y )(2) q(a) 



64 CHAPTER 4. CHARACTERISTIC TREESLet A = p(a;X) and B = p(X; a). Then an unfolding rule U whi
h tries tounfold more instantiated atoms �rst will give the following results:� 
htree( A;P ;U ) = fh1 Æ 1; 1 Æ 2; 1 Æ 2ig� 
htree( B ;P ;U ) = fh1 Æ 1; 2 Æ 2; 1 Æ 2igSo although the resultants for A and B are identi
al their 
hara
teristi
trees are di�erent.A quite simple solution to this problem exists:3 after having performedthe lo
al unfolding we just have to normalise the 
hara
teristi
 trees byimposing a �xed (e.g. left-to-right) 
omputation rule and delaying the se-le
tion of all negative literals to the end. The results and dis
ussions ofthis and the following 
hapters remain valid independently of whether thisnormalisation is applied or not. In Example 4.5.1 both A and B then havethe same normalised 
hara
teristi
 tree fh1 Æ 1; 1 Æ 2; 1 Æ 2ig.A similar e�e
t 
an be obtained, in the 
ontext of de�nite programs,via the tra
e terms of [103℄.More pre
isionSupposing that we have an abstra
tion operator whi
h preserves the (nor-malised) 
hara
teristi
 trees, we will in fa
t get the minimal amount ofpolyvarian
e whi
h avoids any loss of lo
al spe
ialisation: a di�erent 
har-a
teristi
 tree now unavoidably leads to di�erent resultants and thus spe-
ialisation. In most 
ases this will be the ideal amount of polyvarian
e,(be
ause too mu
h polyvarian
e makes the spe
ialised program larger andoften slower) and no further lo
al spe
ialisation 
an be obtained by intro-du
ing more polyvarian
e.For some parti
ular appli
ations however, a need for further polyvari-an
e arises. This is for instan
e the 
ase for some examples in [66, 68, 201℄,where the spe
ialised program is not dire
tly exe
uted but �rst submittedto an abstra
t interpretation phase (in order to dete
t redundant 
lauses)whi
h is monovariant and 
annot generate further polyvarian
e by itself.In that 
ase further polyvarian
e 
an be generated during the spe
ialisa-tion by adorning the 
hara
teristi
 trees with some extra information. Forinstan
e, in [66℄ the 
hara
teristi
 trees are extended to in
lude a depth-kabstra
tion of the sele
ted literals and the abstra
tion operator will onlyabstra
t atoms with the same 
hara
teristi
 tree and the same depth-kabstra
tion.3Thanks to Mauri
e Bruynooghe for pointing this out.



Chapter 5E
ologi
al PartialDedu
tion5.1 Partial dedu
tion based on 
hara
teristi
atomsIn the previous 
hapter we have dwelled upon the appeal of 
hara
teristi
trees for 
ontrolling polyvarian
e, but we have also highlighted the diÆ
ultyof preserving 
hara
teristi
 trees in the abstra
tion pro
ess as well as theensuing problems 
on
erning termination and pre
ision. In this 
hapter, wepresent a solution to this entanglement. Its basi
 idea is to simply impose
hara
teristi
 trees on the generalised atoms. This amounts to asso
iating
hara
teristi
 trees with the atoms to be spe
ialised, allowing the preserva-tion of 
hara
teristi
 trees in a straightforward way and 
ir
umventing theneed for intri
ate generalisations.5.1.1 Chara
teristi
 atomsWe �rst introdu
e the 
ru
ial notion of a 
hara
teristi
 atom, whi
h asso-
iates a 
hara
teristi
 tree with an atom.De�nition 5.1.1 (
hara
teristi
 atom)A 
hara
teristi
 atom is a 
ouple(A; � ) 
onsisting of an atom A and a 
hara
teristi
 tree � .Note that � is not required to be a 
hara
teristi
 tree of A in the 
ontextof the parti
ular program P under 
onsideration.65



66 CHAPTER 5. ECOLOGICAL PARTIAL DEDUCTIONExample 5.1.2 Let � = fh1 Æ 1ig be a 
hara
teristi
 tree. Then bothCA1 = (member (a; [a; b℄); � ) and CA2 = (member(a; [a℄); � ) are 
hara
-teristi
 atoms. CA3 = (member(a; [ajT ℄); � ) is also a 
hara
teristi
 atom,but e.g. in the 
ontext of the member program P from Example 4.2.5, �is not a 
hara
teristi
 tree of its atom 
omponent member(a; [ajT ℄) (
f.Example 4.3.6). Intuitively, su
h a situation 
orresponds to imposing the
hara
teristi
 tree � on the atom member(a; [ajT ℄). Indeed, as we willsee later, CA3 
an be seen as a pre
ise generalisation (in P ) of the atomsmember(a; [a; b℄) and member(a; [a℄), solving the problem of Example 4.3.6.A 
hara
teristi
 atom will be used to represent a possibly in�nite set ofatoms, 
alled its 
on
retisations. This is nothing really new: in \standard"partial dedu
tion, as de�ned in Chapter 3, an atom A also represents apossibly in�nite set of 
on
rete atoms, namely its instan
es. The 
hara
-teristi
 tree 
omponent of a 
hara
teristi
 atom will just a
t as a 
onstrainton the instan
es, i.e. keeping only those instan
es whi
h have a parti
ular
hara
teristi
 tree. This is 
aptured by the following de�nition.De�nition 5.1.3 (
on
retisation) Let (A; �A) be a 
hara
teristi
 atomand P a program. An atom B is a pre
ise 
on
retisation of (A; �A) (inP )1 i� B is an instan
e of A and, for some unfolding rule U , 
htree( B ;P ;U ) = �A. An atom is a 
on
retisation of (A; �A) (in P ) i� it is aninstan
e of a pre
ise 
on
retisation of (A; �A) (in P ).We denote the set of 
on
retisations of (A; �A) in P by 
P (A; �A).A 
hara
teristi
 atom with a non-empty set of 
on
retisations in P willbe 
alled well-formed in P or a P -
hara
teristi
 atom. We will from nowon usually restri
t our attention to P -
hara
teristi
 atoms. In parti
ular,the partial dedu
tion algorithm presented later on in Se
tion 5.3 will onlybring forth P -
hara
teristi
 atoms, where P is the original program to bespe
ialised.Example 5.1.4 Take the 
hara
teristi
 atomCA3 = (member(a; [ajT ℄); � )with � = fh1 Æ 1ig from Example 5.1.2 and take the member programP from Example 4.2.5. The atoms member(a; [a℄) and member(a; [a; b℄)are pre
ise 
on
retisations of CA3 in P (see Figure 4.3). Also, neithermember(a; [ajT ℄) nor member(a; [a; a℄) are 
on
retisations of CA3 in P .Finally, observe that CA3 is a P -
hara
teristi
 atom while for instan
e(member(a; [ajT ℄); fh2 Æ 5 ig or even (member(a; [ajT ℄); fh1 Æ 2 ig are not.Example 5.1.5 Let P be the following simple program:1If P is 
lear from the 
ontext, we will not expli
itly mention it.



5.1. PARTIAL DEDUCTION WITH CHARACTERISTIC ATOMS 67(1) p(a; Y ) (2) p(X;Y ) :q(Y ); q(X)(3) q(b) Let � = fh1 Æ 1i; h1 Æ 2; 1 Æ q; 1 Æ 3ig and CA = (p(X;Y ); � ). Then p(X; a)and p(X; 
) are pre
ise 
on
retisations of CA in P (see Figure 5.1) andneither p(b; b), p(X; b), p(a; Y ) nor p(X;Y ) are 
on
retisations of CA inP . Also p(b; a) and p(a; a) are both 
on
retisations of CA in P , but theyare not pre
ise 
on
retisations. Observe that the sele
tion of the negativeliteral :q(Y ), 
orresponding to 1Æ q in � , is unsafe for  p(X;Y ), but thatfor any 
on
retisation of CA in P the 
orresponding derivation step is safeand su

eeds (i.e. the negated atom is ground and fails �nitely, see e.g. theSLDNF-tree for P [ f p(X; a)g in Figure 5.1).??���R2 p(X; a) :q(a); q(X) q(X)2 ���	 (q)(3)(1) (2)
Figure 5.1: SLDNF-tree for Example 5.1.5Note that by de�nition, the set of 
on
retisations asso
iated with a
hara
teristi
 atom is downwards 
losed (or 
losed under substitution).2This observation justi�es the following de�nition.De�nition 5.1.6 (un
onstrained 
hara
teristi
 atom) We will 
all aP -
hara
teristi
 atom (A; �A) whi
h has A as one of its 
on
retisations (inP ) un
onstrained (in P ).The 
on
retisations of an un
onstrained 
hara
teristi
 atom (A; �A) areidenti
al to the instan
es of the ordinary atom A (be
ause the 
on
retisa-tions are downwards 
losed and 
P (A; � ) 
ontains no atom stri
tly more2In other words a 
hara
teristi
 atom 
an (almost) be seen as a type in the sense of[11℄ (where a type is de�ned to be a de
idable set of terms 
losed under substitution).



68 CHAPTER 5. ECOLOGICAL PARTIAL DEDUCTIONgeneral than A). In still other words, 
hara
teristi
 atoms along with Def-inition 5.1.3 provide a proper generalisation of the way atoms are used inthe standard partial dedu
tion approa
h.5.1.2 Generating resultantsWe will now address the generation of resultants for 
hara
teristi
 atoms.The simplest approa
h is just to unfold the atom A of a 
hara
teristi
 atom(A; � ) pre
isely as indi
ated by � . As illustrated in Example 5.1.5 above,this might lead to the sele
tion of non-ground negative literals. This willnot turn out to be a problem however, be
ause, as we will prove later, the
orresponding derivations for any 
on
retisation of (A; � ) will be safe andthe sele
ted negative literals will su

eed.We need the following de�nition in order to formalise the resultantsasso
iated with a 
hara
teristi
 atom.De�nition 5.1.7 (generalised SLDNF-derivation)A generalised SLDNF-derivation is either 
omposed of SLDNF-derivationsteps or of derivation steps in whi
h a non-ground negative literal is sele
tedand removed. Generalised SLDNF-derivations will be 
alled unsafe if they
ontain steps of the latter kind and safe if they do not.Most of the de�nitions for ordinary SLDNF-derivations, like the asso-
iated 
hara
teristi
 path and resultant, 
arry over to generalised deriva-tions. Observe that a generalised SLDNF-derivation 
an be seen as a pseudoSLDNF-derivation (
f. De�nition 2.3.14) whi
h is allowed to be in
omplete.We �rst de�ne a set of possibly unsafe generalised SLDNF-derivationsasso
iated with a 
hara
teristi
 atom:De�nition 5.1.8 (DP (A; � )) Let P be a program and (A; � ) a P -
har-a
teristi
 atom. If � 6= fhig then DP (A; � ) is the set of all generalisedSLDNF-derivations of P [ f Ag su
h that their 
hara
teristi
 paths arein � . If � = fhig then DP (A; � ) is the set of all non-failing SLD-derivationsof P [ f Ag of length 1.3Note that the derivations in DP (A; � ) are ne
essarily �nite and non-failing (be
ause (A; � ) is a P -
hara
teristi
 atom, see also Lemma 5.2.12).We will 
all a P -
hara
teristi
 atom (A; � ) safe (in P ) i� all derivationsin DP (A; � ) are safe. Note that an un
onstrained 
hara
teristi
 atom in Pis also inevitably safe in P (be
ause A must be a pre
ise 
on
retisation of3Just like in De�nition 3.2.6 of standard partial dedu
tion, we want to 
onstru
t onlynon-trivial SLDNF-trees for P [ f Ag to avoid the problemati
 resultant A A.
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hara
teristi
 tree of A and thus all derivationsin DP (A; � ) are ordinary SLDNF-derivations and therefore safe).Based on the de�nition of DP (A; � ), we 
an now de�ne the resultants,and hen
e the partial dedu
tion, asso
iated with 
hara
teristi
 atoms:De�nition 5.1.9 (partial dedu
tion of (A; � )) Let P be a programand (A; � ) a P -
hara
teristi
 atom. Let fD1; : : : ; Dng be the generalisedSLDNF-derivations in DP (A; � ) and let  G1; : : : ; Gn be the goals inthe leaves of these derivations. Let �1; : : : ; �n be the 
omputed answers ofthe derivations from  A to  G1; : : : ; Gn respe
tively. Then the setof resultants fA�1  G1; : : : ; A�n  Gng is 
alled the partial dedu
tion of(A; � ) in P .Every atom o

urring in some of the Gi will be 
alled a leaf atom (in P )of (A; � ). We will denote the set of su
h leaf atoms by leavesP (A; � ).Example 5.1.10 The partial dedu
tion of (member(a; [ajT ℄); fh1 Æ 1 ig)in the program P of Example 4.2.5 is fmember(a; [ajT ℄)  g. Note thatit is di�erent from any set of resultants that 
an be obtained for the ordi-nary atom member(a; [ajT ℄). However, as we will prove below, the partialdedu
tion is 
orre
t for any 
on
retisation of (member(a; [ajT ℄); fh1 Æ1 ig).Example 5.1.11 The partial dedu
tion P 0 of (p(X;Y ); � ) with � = fh1Æ1i;h1 Æ 2; 1 Æ q; 1 Æ 3ig of Example 5.1.5 is:(1') p(a; Y ) (2') p(b; Y ) Note that using P 0 instead of P is 
orre
t for e.g. the 
on
retisations p(b; a)or p(X; a) of (p(X;Y ); � ) but not for p(b; b) or p(X; b) whi
h are not 
on-
retisations of (p(X;Y ); � ).We 
an now generate partial dedu
tions not for sets of atoms, but forsets of 
hara
teristi
 atoms. As su
h, the same atom A might o

ur in sev-eral 
hara
teristi
 atoms but with di�erent asso
iated 
hara
teristi
 trees.This means that renaming, as a way to ensure independen
e, be
omes evenmore 
ompelling than in the standard partial dedu
tion setting (
f. Se
-tion 3.3.2).In addition to renaming, we will also in
orporate argument �ltering,leading to the following de�nition.De�nition 5.1.12 (atomi
 renaming, renaming fun
tion)An atomi
renaming � for a set ~A of 
hara
teristi
 atoms is a mapping from ~A toatoms su
h that� for ea
h (A; � ) 2 ~A, vars(�((A; � ))) = vars(A);



70 CHAPTER 5. ECOLOGICAL PARTIAL DEDUCTION� for CA;CA0 2 ~A, su
h that CA 6= CA0, the predi
ate symbols of�(CA) and �(CA0) are distin
t (but not ne
essarily fresh, in the sensethat they 
an o

ur in ~A).Let P be a program. A renaming fun
tion �� for ~A in P based on � is amapping from atoms to atoms su
h that:��(A) = �((A0; � 0))� for some (A0; � 0) 2 ~A with A = A0� and A 2
P (A0; � 0).We leave ��(A) unde�ned if A is not a 
on
retisation in P of an elementin ~A. A renaming fun
tion �� 
an also be applied to a �rst-order formula,by applying it individually to ea
h atom of the formula.Note that, if the sets of 
on
retisations of two or more elements in ~Aoverlap, then �� must make a 
hoi
e for the atoms in the interse
tion andseveral renaming fun
tions based on the same � exist.De�nition 5.1.13 (partial dedu
tion wrt ~A) Let P be a program,~A = f(A1; �1); : : : ; (An; �n)g a �nite set of P -
hara
teristi
 atoms and ��a renaming fun
tion for ~A in P based on the atomi
 renaming �. For ea
hi 2 f1; : : : ; ng, let Ri be the partial dedu
tion of (Ai; �i) in P . Then theprogram f�((Ai; �i))�  ��(Bdy) j Ai�  Bdy 2 Ri ^ 1 � i � n ^��(Bdy) is de�nedg is 
alled the partial dedu
tion of P wrt ~A and ��.Example 5.1.14 Let P be the following program:(1) member(X ; [X jT ℄) (2) member(X ; [Y jT ℄) member(X ;T )(3) t member(a; [a℄);member(a; [a; b℄)Let � = fh1Æ1ig, � 0 = fh1Æ3ig and let ~A = f(member(a; [ajT ℄); � ); (t ; � 0)g.Also let �((member(a; [ajT ℄); � )) = m1 (T ) and �((t; � 0)) = t. Be
ause the
on
retisations in P of the elements in ~A are disjoint there exists only onerenaming fun
tion �� based on �.Notably ��( member(a; [a℄);member(a; [a; b℄)) =  m1([℄);m1([b℄) be-
ause both atoms are 
on
retisations of (member (a; [ajT ℄); � ). Thereforethe partial dedu
tion of P wrt ~A and �� is:4(1') m1(X)  (2') t m1([℄);m1([b℄)Note that in De�nition 5.1.13 the original program P is 
ompletely\thrown away". This is a
tually what a lot of pra
ti
al partial evaluatorsfor fun
tional or logi
 programming languages do, but is dissimilar to the4The FAR �ltering algorithm of Chapter 11 
an be used to further improve thespe
ialised program by removing the redundant argument of m1.



5.2. CORRECTNESS RESULTS 71Lloyd and Shepherdson framework [185℄ (
f. De�nition 3.2.6). However,there is no fundamental di�eren
e between these two approa
hes: keepingpart of the original program 
an be simulated in our approa
h by usingun
onstrained 
hara
teristi
 atoms of the form (A; fhig) 
ombined with arenaming � su
h that �((A; fhig)) = A.5.2 Corre
tness resultsLet us �rst rephrase the 
overedness 
ondition of Chapter 3 in the 
ontextof 
hara
teristi
 atoms. This de�nition will ensure that the renamings,applied for instan
e in De�nition 5.1.13, are always de�ned.De�nition 5.2.1 (P -
overed) Let P be a program and ~A a set of 
hara
-teristi
 atoms. Then ~A is 
alled P -
overed i� for every 
hara
teristi
 atomin ~A, ea
h of its leaf atoms (in P ) is a 
on
retisation in P of a 
hara
teristi
atom in ~A.Also, a goal G is P -
overed by ~A i� every atom A o

urring in G is a
on
retisation in P of a 
hara
teristi
 atom in ~A.Note that we use the term 
overedness instead of 
losedness here be-
ause, as mentioned above, the original program is (usually) thrown away,i.e. our approa
h already fo
usses its attention on only part of the pro-gram and is thus 
loser to 
overedness than 
losedness. Also, the movefrom 
losedness to 
overedness was ne
essary in the Lloyd and Shepherd-son framework [185℄ (
.f. Example 3.2.12) whenever unrea
hable atoms inthe original program were not instan
es of a partially dedu
ed atom. In-deed, be
ause the original program 
ould not be thrown away, there wasno way to apply the standard 
orre
tness Theorem 3.2.9 in su
h situations.This problem does not arise in the 
ontext of De�nition 5.1.13, be
ause we
an freely de
ide whi
h parts of the original program we 
arry over andwhi
h ones we throw away.The main 
orre
tness result for partial dedu
tion with 
hara
teristi
atoms is as follows:Theorem 5.2.2 Let P be a normal program, G a goal, ~A any �nite set ofP -
hara
teristi
 atoms and P 0 the partial dedu
tion of P wrt ~A and some��. If ~A is P -
overed and if G is P -
overed by ~A then the following hold:1. P 0 [ f��(G)g has an SLDNF-refutation with 
omputed answer � i�P [ fGg does.2. P 0 [ f��(G)g has a �nitely failed SLDNF-tree i� P [ fGg does.



72 CHAPTER 5. ECOLOGICAL PARTIAL DEDUCTIONWe will prove this theorem in three su

essive stages.1. First, in Subse
tion 5.2.1, we will restri
t ourselves to un
onstrained
hara
teristi
 atoms. This will allow us to reuse the 
orre
tness resultsfor standard partial dedu
tion with renaming in a rather straightfor-ward manner.2. In Subse
tion 5.2.2 we will then move on to safe 
hara
teristi
 atoms.Their partial dedu
tions 
an basi
ally be obtained from partial de-du
tions for un
onstrained 
hara
teristi
 atoms by removing 
ertain
lauses. We will show that these 
lauses 
an be safely removed with-out a�e
ting 
omputed answers or �nite failure.3. Finally, in Subse
tion 5.2.3 we will allow any 
hara
teristi
 atom. Ba-si
ally, the asso
iated partial dedu
tions 
an be obtained from partialdedu
tions for safe 
hara
teristi
 atoms by removing negative liter-als from the 
lauses. We will establish 
orre
tness by showing that,for all 
on
rete exe
utions, these negative literals will be ground andsu

eed.The reader not interested in the details of the 
orre
tness proof 
animmediately 
ontinue with Subse
tion 5.3 starting on page 86.5.2.1 Corre
tness for un
onstrained 
hara
teristi
atomsIf ~A is a set of un
onstrained 
hara
teristi
 atoms, a partial dedu
tion wrt~A 
an be seen as a standard partial dedu
tion with renaming. We willmake use of this observation to prove the following theorem.Theorem 5.2.3 Let P 0 be a partial dedu
tion of P wrt ~A and �� su
hthat ~A is a �nite set of un
onstrained P -
hara
teristi
 atoms and su
h that~A is P -
overed and G is P -
overed by ~A. Then:1. P 0 [ f��(G)g has an SLDNF-refutation with 
omputed answer � i�P [ fGg does.2. P 0 [ f��(G)g has a �nitely failed SLDNF-tree i� P [ fGg does.Proof First note that the P -
overedness 
onditions on ~A and G ensurethat the renamings performed to obtain P 0 (a

ording to De�nition 5.1.13),as well as the renaming ��(G), are de�ned (be
ause all the atoms in G, aswell as all the leaf atoms of ~A, are 
on
retisations of elements in ~A). Theresult then follows in a rather straightforward manner from the Theorems



5.2. CORRECTNESS RESULTS 733.5 and 4.11 in [17℄. In [17℄ the renaming has been split into 2 phases:one whi
h does just the renaming to ensure independen
e (
alled partialdedu
tion with dynami
 renaming; 
orre
tness of this phase is proven inTheorem 3.5 of [17℄) and one whi
h does the �ltering (
alled post-pro
essingrenaming; the 
orre
tness of this phase is proven in Theorem 4.11 of [17℄).To apply these results we simply have to noti
e that:� P 0 
orresponds to partial dedu
tion with dynami
 renaming and post-pro
essing renaming for the multiset of atoms A = fA j (A; � ) 2 ~Ag(indeed the same atom 
ould in prin
iple o

ur in several 
hara
ter-isti
 atoms; this is not a problem however, as the results in [17℄ 
arryover to multisets of atoms | alternatively one 
ould add an extra un-used argument to P 0, ��(G) and A and then pla
e di�erent variablesin that new position to transform the multiset A into an ordinaryset).� P 0[f��(G)g is A-
overed (
f. De�nition 3.2.11 in Chapter 3) be
ause~A is P -
overed and G is P -
overed by ~A (and be
ause the originalprogram P is unrea
hable in the predi
ate dependen
y graph fromwithin P 0 or within ��(G)).Three minor te
hni
al issues have to be addressed in order to reuse thetheorems from [17℄:� Theorem 3.5 of [17℄ requires that no renaming be performed on G,i.e. ��(G) must be equal to G. However, without loss of general-ity, we 
an assume that the top-level query is the unrenamed atomnew(X1; : : : ; Xk), where new is a fresh predi
ate symbol and wherevars(G) = fX1; : : : ; Xkg. We then just have to add the 
lausenew(X1; : : : ; Xk) Q, where G = Q, to the initial program. Triv-ially the query  new(X1; : : : ; Xk) and G are equivalent wrt 
.a.s.and �nite failure (see also Lemma 2.2 in [99℄).� Theorem 4.11 of [17℄ requires that G 
ontains no variables or predi-
ates in A. The requirement about the variables is not ne
essary inour 
ase be
ause we do not base our renaming on the mgu. The re-quirement about the predi
ates is another way of ensuring that ��(G)must be equal to G, whi
h 
an be 
ir
umvented in a similar way asfor the point above.� Theorems 3.5 and 4.11 of [17℄ require that the predi
ates of the re-naming do not o

ur in the original P . Our De�nition 5.1.12 doesnot require this. This is of no importan
e as the original program isalways \
ompletely thrown away" in our approa
h. We 
an still apply



74 CHAPTER 5. ECOLOGICAL PARTIAL DEDUCTIONthese theorems by using an intermediate renaming �0 whi
h satis�esthe requirements of Theorems 3.5 and 4.11 of [17℄ and then applyingan additional one step post-pro
essing renaming �00, with �� = �0�00,along with an extra appli
ation of Theorem 4.11 of [17℄. 25.2.2 Corre
tness for safe 
hara
teristi
 atomsWe �rst need the following adaptation of Lemma 4.12 from [185℄ (we justformalise the use in [185℄ of \
orresponding SLDNF-derivation" in terms of
hara
teristi
 paths).Lemma 5.2.4 Let R be the resultant of a �nite (possibly in
omplete)SLDNF-derivation of P [ f Ag whose 
hara
teristi
 path is Æ. If  A�resolves with R giving the resultant RA then there exists a �nite (possiblyin
omplete) SLDNF-derivation of P [f A�g whose 
hara
teristi
 path isÆ and whose resultant is RA.The following lemma is based upon Lemma 5.2.4 and will prove usefullater on. It establishes a link between SLD+-derivations in the unrenamedspe
ialised program and the original one.Lemma 5.2.5 Let P be a program, G a goal, ~A a set of safe 
hara
teristi
atoms and P 00 the union of partial dedu
tions R(A;�) (in P ), one for everyelement (A; � ) of ~A. Let D be a �nite SLD+-derivation of P 00 [ fGg with
omputed answer � and resultant R and su
h that every sele
ted atom A0,whi
h is resolved with a 
lause in R(A;�), is a 
on
retisation of (A; � ). Thenthere exists a �nite SLD+-derivation of P [ fGg with 
omputed answer �and resultant R.Proof We do the proof by indu
tion on the length of the SLD+-derivationD of P 00 [ fGg.Indu
tion Hypothesis: Lemma 5.2.5 holds for SLD+-derivations of P 00[fGg with length � k.Base Case: Let D have length 0. Then, trivially, the empty derivation ofP [ fGg has the same resultant G G and the same 
omputed answer ;.Indu
tion Step: Let D have length k+1. Let D00k be the SLD+-derivationof P 00 [ fGg 
onsisting of the �rst k steps of D. Let �k be the 
omputedanswer of D00k and Rk its resultant. We 
an then apply the indu
tion hy-pothesis to 
on
lude that there is a SLD+-derivation Dk of P[fGgwith thesame resultant and 
omputed answer. This also means that the resolvent| whi
h is just the body of the resultant | of D00k and Dk are the same.



5.2. CORRECTNESS RESULTS 75We denote this resolvent by RG. Let A0 be the atom sele
ted at the laststep of D in the resolvent RG. Let C 2 P 00 be the 
lause with whi
h A0is resolved. We know that C is the resultant of a �nite SLDNF-derivationof an atom P [ fAg, where (A; � ) 2 ~A, be
ause ~A 
ontains only safe 
har-a
teristi
 atoms. We also know, by assumption, that A0 is a 
on
retisationof (A; � ) and therefore an instan
e of A. We 
an thus apply Lemma 5.2.4for the last derivation step of D to 
on
lude that we 
an extend Dk in asimilar way, obtaining the same resolvent (the resolvent is just the bodyof the resultant), the same overall 
omputed answer � (if the head of tworesultants for the same goal RG are identi
al then so are the 
.a.s., andby 
omposing with �k we obtain the same overall 
omputed answer) andthus also the same overall resultant (be
ause, 
onversely, if the 
.a.s. andresolvent, for a derivation starting from the same goal G, are the same thenso are the resultants). 2We will now extend Lemmas 5.2.4 and 5.2.5 and establish a more pre
iselink between derivations in the renamed (standard) partial dedu
tion andderivations in the original program. For that, the following 
on
ept willprove to be useful.De�nition 5.2.6 (admissible renaming) Let F and F 0 be �rst-orderformulas. Let P be a program and � an atomi
 renaming for a set ~A of
hara
teristi
 atoms. We 
all F 0 an admissible renaming of F under � inP i� there exists some renaming fun
tion �0� for ~A in P based on � su
hthat F 0 = �0�(F ).Example 5.2.7 Let P be the member program (from Example 4.2.5) andlet ~A = fCA1; CA2g with CA1 = (member(a;L); fh1 Æ 1 ig) and CA2 =(member(a;L); fh1 Æ 1 i; h1 Æ 2 ig). Let � be an atomi
 renaming su
h that�(CA1) = mem1(L) and �(CA2) = mem2(L). Then both mem1([a℄) andmem2([a℄) are admissible renamings of member (a; [a℄) under � in P . Nowmem2([a; a℄) is an admissible renaming of member(a; [a; a℄) under � in P ,while mem1([a; a℄) is not (be
ause member(a; [a; a℄) is not a 
on
retisationof CA1). Also, member(b; [a℄) has no admissible renamings under � in P .The following lemma establishes a link between SLD+-derivation stepsin the (renamed) spe
ialised program and the unrenamed spe
ialised pro-gram.Lemma 5.2.8 Let P 0 be a partial dedu
tion of P wrt ~A and �� su
h that~A is a �nite set of safe P -
hara
teristi
 atoms and su
h that ~A is P -
overedand G is P -
overed by ~A.Let C 0 = �((A; � ))�  ��(Body), with (A; � ) 2 ~A, be a 
lause in P 0



76 CHAPTER 5. ECOLOGICAL PARTIAL DEDUCTIONand let C = A�  Body be the unrenamed version of C 0. Let G0 be anadmissible renaming of G under � in P and let 
 be a substitution (whi
he.g. standardises C 0 apart wrt G0). If RG0 is derived from G0 and C 0
 using�0 then there exists a goal RG su
h that:1. RG is derived from G and C
 using �0 and2. RG0 is an admissible renaming of RG under � in P .Proof Let L0 be the sele
ted atom in G0 and let L be the 
orrespondingatom in G. Be
ause G0 is an admissible renaming of G under � in P , weknow that for some renaming fun
tion �0�, we have �0�(G) = G0 and thusalso �0�(L) = L0. Furthermore, as L0 uni�es with �((A; � ))�
, we knowthat L 2 
P (A; � ) and thus also L = A� and L0 = �((A; � ))� for somesubstitution �.Now, as of De�nition 2.3.5, we know that �0 is an idempotent and relevantmgu of L0 = �((A; � ))� and �((A; � ))�
. Be
ause vars(A) = vars(�(A; � ))(
f. De�nition 5.1.12), we have that �0 is also an idempotent and relevantmgu of L = A� and A�
. Hen
e, by sele
ting L in G for resolution withC
, we obtain a goal RG whi
h is derived from G and C
 using the same�0.Finally, RG0 is an admissible renaming of RG under � in P be
ause:� all atoms in Body are P -
overed by ~A (be
ause ~A is P -
overed) andare therefore, by De�nition 5.1.12 of a renaming, admissible renam-ings under � in P .� the resolvent RG0 will 
ontain, in addition to instan
es of atoms inG0, instan
es of the atoms in Body, all of whi
h are still P -
overedby ~A, be
ause the set of 
on
retisations of 
hara
teristi
 atoms isdownwards 
losed. RG0 is therefore still an admissible renaming ofRG under � in P . 2Observe that if the substitution 
 in the above lemma standardisesC 0 apart wrt G0, then it also standardises C apart wrt G (be
ause, byDe�nition 5.1.12, vars(G) = vars(G0) as well as vars(C) = vars(C 0)).Usually one will 
all the spe
ialised program with one spe
i�
 renamingand not just with an admissible one. So one might wonder why we onlyprove in Lemma 5.2.8 above that RG0 is an admissible renaming of RG un-der � in P and not that RG0 = ��(RG). The reason is that in the 
ourse ofperforming resolution steps, atoms might be
ome more instantiated and ap-plying the renaming fun
tion �� on the more instantiated atom might result



5.2. CORRECTNESS RESULTS 77in a di�erent renaming. Take for example the set ~A = f(p(X); � ); (p(a); � 0)gof un
onstrained 
hara
teristi
 atoms, the goal G = p(X); p(X) and take� su
h that:� �((p(X); � )) = p0(X) and� �((p(a); � 0)) = pa.Then ��(G) =  p0(X); p0(X). Also assume that ��(p(a)) = pa. Nowsuppose that the 
lause C 0 = p0(a) is in the partial dedu
tion P 0 wrt anoriginal P and the set ~A. The 
lause C = p(a)  is then the unrenamedversion of C 0. Then RG0 = p0(a) is derived from ��(G) and C 0 usingfX=ag. Similarly, RG = p(a) is derived from G and C using fX=ag(no matter whi
h literal we sele
t). Now ��( p(a)) = pa 6= p0(a),i.e. RG0 6= ��(RG)! However,  p0(a) is still an admissible renaming of p(a) under � in P and Lemma 5.2.8 holds.We now 
ombine Lemmas 5.2.5 and 5.2.8 to establish a link betweenentire SLDNF-derivations in the renamed spe
ialised program and originalone. However, for the time being, we have restri
ted ourselves to un
on-strained 
hara
teristi
 atoms in order to establish the result. An illustrationof the following lemma 
an be found in Figure 5.2.Lemma 5.2.9 Let P 0 be a partial dedu
tion of P wrt ~A and �� su
h that~A is a �nite set of un
onstrained P -
hara
teristi
 atoms and su
h that ~Ais P -
overed and G is P -
overed by ~A.Let G0 be an admissible renaming of G under � in P . Let D0 be a �niteSLDNF-derivation of P 0 [ fG0g leading to the resolvent RG0 via the 
.a.s.�. Then there exists a �nite SLDNF-derivation of P [ fGg leading to aresolvent RG via 
.a.s. � su
h that RG0 is an admissible renaming of RGunder � in P and su
h that RG is P -
overed by ~A.? � ........... ?Y ...........RG0P 0 �G0 GRG P��0��00�Figure 5.2: Illustrating Lemma 5.2.9



78 CHAPTER 5. ECOLOGICAL PARTIAL DEDUCTIONProof First note that, if RG0 is an admissible renaming of RG, RGmust by de�nition be P -
overed by ~A.Also note that not all resolvents of P [ fGg are P -
overed by ~A | there
an be some intermediate goals whi
h have no 
orrespondent goal in P 0(be
ause entire derivation sequen
es 
an be 
ompressed into one resultantof P 0). So it is only at some spe
i�
 points that a resolvent of P [fGg hasa 
ounterpart in P 0 [ fG0g. We will however show in the following that, asasserted by the lemma, every derivation of P 0 [ fG0g has a 
ounterpart inP [ fGg.We �rst do the proof for SLD+-derivations, i.e. SLDNF-derivations in whi
hno negative literals are sele
ted. Let P 00 be the unrenamed version of P 0(i.e. the union of the partial dedu
tions of the elements of ~A). We 
an nowindu
tively apply Lemma 5.2.8 on every step of the SLD+-derivation D0 ofP 0 [ fG0g and thus obtain a SLD+-derivation of P 00 [ fGg with the same
omputed answer � and with a resolvent RG, su
h that RG0 is an admissiblerenaming of RG. Furthermore, the so obtained derivation of P 00[fGg willsatisfy the 
onditions of Lemma 5.2.5 (be
ause every intermediate goal ofthis derivation 
an be renamed into an intermediate goal of D0 and is thusP -
overed by ~A in P , i.e. every sele
ted atom is a 
on
retisation of anelement of ~A). We 
an thus apply Lemma 5.2.5 to 
on
lude that an SLD+-derivation of P [ fGg with the same 
.a.s. � and the same resolvent RG(whi
h is just the body of the resultant) | of whi
h RG0 is an admissiblerenaming | exists.So the lemma holds for SLDNF-derivations in whi
h no negative literalsare sele
ted.Let us now allow the sele
tion of a negative literal in the SLD+-derivationD0 (of P 0 [ fG0g leading to the resolvent RG0). In that 
ase we 
an applythe just established result for the derivation leading up to the goal NG0,in whi
h the sele
ted negative literal is sele
ted and su

eeds (be
ause D0is not a failed derivation as it leads to a goal RG0). Then, be
ause NG0 =�0�(NG) for some P -
overed goal NG and some renaming fun
tion �0�, andbe
ause ~A 
ontains only un
onstrained 
hara
teristi
 atoms, we 
an applyTheorem 5.2.3, to dedu
e that the negative literal must also su

eed inthe original program (with the same 
omputed answer, namely the identitysubstitution ;). The next resolvents, gNG and gNG0, are obtained from NGand NG0 respe
tively, by simply removing a negative literal at the sameposition. Therefore, gNG0 is still an admissible renaming of gNG. We 
anthus re-apply the above result for SLD+-derivations until the end of thederivation D0. Finally, we 
an repeat this same reasoning indu
tively forany number of sele
ted negative literals. 2



5.2. CORRECTNESS RESULTS 79In the proof of Lemma 5.2.9, we used the fa
t that ~A 
ontained only un-
onstrained 
hara
teristi
 atoms (to show that the behaviour of the sele
tednegative literals was preserved). We will now move to safe 
hara
teristi
atoms and show that their partial dedu
tions 
an be obtained from par-tial dedu
tions of un
onstrained 
hara
teristi
 atoms by removing 
ertain
lauses. This means that Lemma 5.2.9 
an a
tually be used to show sound-ness of SLD+-derivations for partial dedu
tions of safe 
hara
teristi
 atoms.To be able to show 
ompleteness, as well as allowing the sele
tion of neg-ative literals, we then show that these additional 
lauses 
an be removedwithout a�e
ting the �nite failure behaviour.The following lemmas will prove useful later on.Lemma 5.2.10 Let � be a 
hara
teristi
 tree. Let Æ1 2 � and Æ2 2 � . If Æ2is a pre�x of Æ1 then Æ1 = Æ2.Proof The property follows immediately from the de�nitions of SLDNF-trees and 
hara
teristi
 trees. 2Lemma 5.2.11 Let A and B be atoms and �A a 
hara
teristi
 tree of A inthe program P . If B is an instan
e of A then there exists a 
hara
teristi
tree �B of B in P su
h that �B � �A.Proof By De�nition 4.2.3, for some unfolding rule U we have that �A =
htree( A;P ;U ). Be
ause B is more instantiated than A, all resolutionsteps for  A are either also possible for  B or they fail. Therefore, forsome unfolding rule U 0, we have that �B = 
htree( B ;P ;U 0) � �A. 2Lemma 5.2.12 Let � be a 
hara
teristi
 tree, P a program and (A; � ) aP -
hara
teristi
 atom. If (A; � ) is safe then there exists an unfolding rulesu
h that � � 
htree( A;P ;U ).Proof As (A; � ) is a P -
hara
teristi
 atom, we must have by de�nition atleast one pre
ise 
on
retisation A0 whose 
hara
teristi
 path is � in P . Asall the derivations in DP (A; � ) are safe, we 
an unfold  A in a similarway as  A0. This will result in a 
hara
teristi
 tree � 0 whi
h 
ontains allthe paths in � as well as possibly some additional paths (whi
h failed for A0). 2The above Lemma 5.2.12 (also) establishes that the partial dedu
tionP(A;�) of a safe 
hara
teristi
 atom (A; � ) is a subset of a partial dedu
tionPA of the ordinary atom A. The Lemma 5.2.14 below shows that it is 
or-re
t to remove the resultants PA n P(A;�) for the 
on
retisations of (A; � ).In the proof of this lemma we need to 
ombine 
hara
teristi
 paths. A
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hara
teristi
 path being a sequen
e, we 
an simply 
on
atenate two 
har-a
teristi
 paths Æ1; Æ2. For this we will use the standard notation Æ1Æ2 fromformal language theory (
f. Appendix A.2 or [1, 128℄).We also need the following lemma from [185℄, where it is Lemma 4.10.Lemma 5.2.13 (persisten
e of failure) Let P be a normal program andG a normal goal. If P [ fGg has a �nitely failed SLDNF-tree of heighth and there is an SLDNF-derivation from G to G1, then P [ fG1g has a�nitely failed SLDNF-tree of height � h.Lemma 5.2.14 Let P be a program and (A; �A), (A; ��A) be safe P -
hara
teristi
 atoms with �A � ��A. Let C 2 resultants(��A)nresultants(�A)and let A0 2 
P (A; �A).If  A0 resolves with C to G0 then G0 fails �nitely in P .Proof Let ÆC be the 
hara
teristi
 path asso
iated in De�nition 5.1.8(of DP (A; � )) with C, i.e. C is the resultant of the generalised SLDNF-derivation for P [ f Ag whose 
hara
teristi
 path is ÆC . Be
ause (A; ��A)is safe, C is even the resultant of an SLDNF-derivation (and not of anunsafe generalised one). We 
an therefore apply Lemma 5.2.4 to dedu
ethat:(1) there exists a �nite SLDNF-derivation of P [ f A0g whose 
hara
-teristi
 path is ÆC and whose resolvent is G0.Be
ause C 2 resultants(��A) n resultants(�A) we know that ÆC 2 ��A andÆC 62 �A. Furthermore A0 2 
P (A; �A) implies by Lemma 5.2.11 that, forsome unfolding rule U , �̂ = 
htree( A0;P ;U ) � �A.If �̂ = ; then  A0 fails �nitely. Therefore, be
ause a �nite SLDNF-derivation from  A0 to G0 exists, we 
an dedu
e by persisten
e of failure(Lemma 5.2.13), that G0 must also fail �nitely.If �̂ 6= ; then the largest pre�x Æ0C of ÆC , su
h that for some 
̂ we haveÆ0C 
̂ 2 �̂ , must exist (the smallest one being hi). By Lemma 5.2.10 weknow that no proper pre�x of ÆC 
an be in ��A (be
ause ÆC 2 ��A), andtherefore neither in �A nor �̂ (be
ause �̂ � �A � ��A). This means that 
̂must be non-empty. We also know, again by Lemma 5.2.10, that Æ0C is aproper pre�x of ÆC (be
ause ÆC 2 ��A and Æ0C 
̂ 2 ��A), i.e. ÆC = Æ0C hl ÆmiÆ00C .We 
an also see that 
̂ 6= hl Æ miÆ00C be
ause Æ0C 
̂ 2 �̂ while ÆC 62 �̂ . Thismeans that there is bran
hing immediately after Æ0C (otherwise Æ0C is notthe largest pre�x of ÆC su
h that an extension of it is in �̂ ). We even knowthat in ÆC = Æ0ChlÆmiÆ00C the sele
ted literal at position l is a positive literal(the sele
tion of a negative literal 
an never lead to bran
hing), that m istherefore a 
lause number and also that 
̂ = hl Æ m̂i
̂0 with m̂ 6= m. Thesituation is summarised in Figure 5.3.



5.2. CORRECTNESS RESULTS 81?��R ? 9>=>; 
̂Gl Æm l Æ m̂G0 9>=>; Æ0C��RÆC 8>>>>>>>>>><>>>>>>>>>>: ?��	 A0
Figure 5.3: Illustrating the proof of Lemma 5.2.14Let G be the goal obtained from the �nite SLDNF-derivation of P [f A0gwhose 
hara
teristi
 path is Æ0Chl Æmi (this must exist be
ause an SLDNF-derivation of P [ f A0g with 
hara
teristi
 path ÆC exists by point (1)above). In order to arrive at the 
hara
teristi
 tree �̂ for A0 the unfoldingrule U also had to rea
h the goal G, be
ause �̂ 
ontains the 
hara
teristi
path Æ0Chl Æ m̂i
̂0 and G is \rea
hed" via Æ0Chl Æmi, a step whi
h 
annot beavoided by U if it wants to get as far as Æ0Chl Æ m̂i. Furthermore, as neitherÆ0Chl Æmi nor any extension of it are in �̂ (by de�nition of Æ0C) this meansthat  G �nitely fails.Finally, as ÆC is an extension of Æ0Chl Æmi, we know that a �nite (possiblyempty) SLDNF-derivation fromG to G0 exists and therefore, by persisten
eof failure (Lemma 5.2.13), G0 must also fail �nitely. 2We now present a 
orre
tness theorem for safe 
hara
teristi
 atoms.Theorem 5.2.15 Let P be a normal program, G a goal, ~A a �nite set ofsafe P -
hara
teristi
 atoms and P 0 the partial dedu
tion of P wrt ~A andsome ��. If ~A is P -
overed and if G is P -
overed by ~A then the followinghold:1. P 0 [ f��(G)g has an SLDNF-refutation with 
omputed answer � i�P [ fGg does.2. P 0 [ f��(G)g has a �nitely failed SLDNF-tree i� P [ fGg does.Proof The basi
 idea of the proof is as follows.



82 CHAPTER 5. ECOLOGICAL PARTIAL DEDUCTION1. First, we transform the 
hara
teristi
 atoms in ~A so as to make themun
onstrained (whi
h is possible by Lemma 5.2.12). For the so ob-tained partial dedu
tion P 00 we 
an reuse Theorem 5.2.3 to prove thatP 00 is totally 
orre
t.2. By 
onstru
tion, P 00 will be a superset of P 0, i.e. P 00 = P 0 [ PNew,and we will show, mainly using Lemma 5.2.14, that the 
lauses PNew
an be safely removed without a�e
ting the total 
orre
tness.The details of the proof are elaborated in the following.1. In order to make a 
hara
teristi
 atom (A; � ) in ~A un
onstrainedwe have to add some 
hara
teristi
 paths to � . We have that, for every(A; � ) 2 ~A, the set of derivations DP (A; � ) is safe. By Lemma 5.2.12 wethen know that for some unfolding rule U : � � 
htree( A;P ;U ). Let� 0 = 
htree( A;P ;U )n � and let RNew be the partial dedu
tion of (A; � 0)(i.e. the unrenamed 
lauses that have to be added to the partial dedu
tion of(A; � ) in order to arrive at a standard partial dedu
tion of the un
onstrained
hara
teristi
 atom (A; 
htree( A;P ;U ))). We denote by New(A;�) thefollowing set of 
lauses f�((A; � ))�  ��(Bdy) j A�  Bdy 2 RNewg.By adding for ea
h (A; � ) 2 ~A the 
lauses New(A;�) to P 0 we obtain apartial dedu
tion of P wrt an un
onstrained set ~A05 and the renamingfun
tion �� (where we extend � so that �(A; � [ � 0) = �(A; � )). Note that,every 
on
retisation of (A; � ) is also a 
on
retisation of (A; � [ � 0) (be
ause(A; � [� 0) is un
onstrained, and thus any instan
e of A is a 
on
retisation).Unfortunately, although G remains P -
overed by ~A0, ~A0 is not ne
essarilyP -
overed any longer. The reason is that new un
overed leaf atoms 
anarise inside New(A;�). Let UC be these un
overed atoms. To arrive at a P -
overed partial dedu
tion we simply have to add, for every predi
ate symbolp of arity n o

urring in UC, the 
hara
teristi
 atom (p(X1; : : : ; Xn); hi) to~A0, where X1; : : : ; Xn are distin
t variables. This will give us the new set~A00 � ~A0 (and we extend � and �� in an arbitrary manner for the elementsin ~A00 n ~A0). Let P 00 be the partial dedu
tion of P wrt ~A00 and ��. Now~A00 is trivially P -
overed and we 
an apply the 
orre
tness Theorem 5.2.3to dedu
e that the 
omputations of P 00 [ f��(G)g are totally 
orre
t wrtthe 
omputations in P [ fGg.2. Note that, by 
onstru
tion, we have that P 0 � P 00. We will nowshow that by removing the 
lauses PNew = P 00 n P 0 we do not lose any
omputed answer nor do we remove any in�nite failure, i.e.:5As in the proof of Theorem 5.2.3, ~A0 might a
tually be a multiset. However, thisposes no problems, as all results so far also hold for multisets of 
hara
teristi
 atoms.Alternatively, one 
ould add an extra unused argument to all predi
ates and ensure thatall elements in ~A have a di�erent variable in that position, thus guaranteeing that ~A0 isan ordinary set.



5.2. CORRECTNESS RESULTS 83� P 00 [ f��(G)g has an SLDNF-refutation with 
omputed answer � i�P 0 [ f��(G)g does.� P 00[ f��(G)g has a �nitely failed SLDNF-tree i� P 0 [f��(G)g does.Combined with point 1., this is suÆ
ient to establish that P 0 is also totally
orre
t wrt P . We do the proof by indu
tion of the rank of the SLDNF-derivations and trees.Indu
tion Hypothesis:� if P 00 [ f��(G)g has an SLDNF-refutation of rank k with 
omputedanswer � then P 0[f��(G)g has an SLDNF-refutation with 
omputedanswer �.� if P 0 [ f��(G)g has an SLDNF-refutation of rank k with 
omputedanswer � then P 00 [ f��(G)g has an SLDNF-refutation (of rank k)with 
omputed answer �.� if P 00 [ f��(G)g has a �nitely failed SLDNF-tree of rank k then P 0 [f��(G)g has a �nitely failed SLDNF-tree (of rank k).� if P 0 [ f��(G)g has a �nitely failed SLDNF-tree of rank k then P 00 [f��(G)g has a �nitely failed SLDNF-tree.Base Case: Be
ause P 0 � P 00, we have that whenever P 00[f��(G)g has a�nitely failed SLD+-tree so does P 0[f��(G)g, and whenever P 0[f��(G)ghas a SLD+-refutation with 
omputed answer � so does P 00 [ f��(G)g.We now show that every SLD+-derivation of P 00 [ f��(G)g, whi
h uses atleast a 
lause in P 00 n P 0, fails �nitely. This will ensure that P 00 [ f��(G)g
annot have any additional 
omputed answer and that it fails �nitely i�P 0 [ f��(G)g does.Let D be an SLD+-derivation of P 00 [ f��(G)g whi
h uses at least one
lause in P 00 n P 0. Let D0 be the largest pre�x SLD+-derivation of D su
hthat D0 uses only 
lauses within P 0. Let RG0 be the last goal of D0. We
an apply Lemma 5.2.9 to dedu
e that there exists an SLD+-derivation ofP [ fGg leading to RG su
h that RG0 is an admissible renaming of RGunder � in P and su
h that RG is P -
overed by ~A00. Let RG0 = �0�(RG)and let �0�(p(�t)) be the literal sele
ted in RG0 by D (i.e. the next step afterperforming D0). ?� .......... ?Y ...........RG0P 0��(G) GRG P���0�Be
ause RG0 is an admissible renaming of RG, we have p(�t) 2 
P (A; � )where �0�(p(�t)) = �((A; � ))�0 for some �0, �0� and (A; � ). Furthermore, we
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P (A; � 0) for some (A; � 0) 2 ~A with � 0 � � , be
ause theelements in ~A00 n ~A0 
annot be rea
hed from the 
lauses in P 0. We 
antherefore apply Lemma 5.2.14 to dedu
e that  p(�t), and therefore alsoRG, fails �nitely in P . We 
an now apply the 
orre
tness Theorem 5.2.3for the goal  p(�t) (it is possible to apply this theorem be
ause  p(�t) isP -
overed by ~A) to dedu
e that  ��(p(�t)) also fails �nitely in P 00.Indu
tion Step: Let us now prove the hypothesis for SLDNF-derivationsand trees of rank k+1. Be
ause P 0 � P 00, and by the indu
tion hypothesis(be
ause all sub-derivations and sub-trees for negative literals have rank� k), we have that whenever P 00[f��(G)g has a �nitely failed SLDNF-treeof rank k+1 so does P 0[f��(G)g, and whenever P 0[f��(G)g has a SLDNF-refutation or rank k + 1 with 
omputed answer � so does P 00 [ f��(G)g.Similar to the base 
ase, if we show that every SLDNF-derivation D of rankk + 1 of P 00 [ f��(G)g whi
h uses at least a 
lause in P 00 n P 0 fails �nitely,then P 00 [ f��(G)g 
annot have any additional 
omputed answer (over P )and it fails �nitely i� P 0 [ f��(G)g does. This 
an be done in exa
tlythe same manner as for the base 
ase, be
ause Lemmas 5.2.9, 5.2.14 andTheorem 5.2.3 hold for SLDNF-derivations and trees of any rank. 25.2.3 Corre
tness for unrestri
ted 
hara
teristi
 atomsWe are �nally in the position to prove the general 
orre
tness Theorem 5.2.2for partial dedu
tions of safe and unsafe P -
hara
teristi
 atoms.Proof of Theorem 5.2.2 For every (A; � ) 2 ~A let us remove the derivationsteps from � whi
h 
orrespond to the sele
tion of a non-ground negativeliteral in DP (A; � ), resulting in a modi�ed 
hara
teristi
 tree � 0. Note that,trivially, any 
on
retisation of (A; � ) is also a 
on
retisation of (A; � 0) (ifwe 
an build and SLDNF-tree for P [f A�g with 
hara
teristi
 tree � we
an also 
onstru
t an SLDNF-tree with 
hara
teristi
 tree � 0 by simply notsele
ting the o�ending negative literals). By substituting (A; � 0) for (A; � )in ~A we obtain a set ~A0 of safe 
hara
teristi
 atoms.6 Every 
lause in thepartial dedu
tion wrt ~A0 and �� 
an be obtained from a 
lause of P 0 byadding the negative literals whi
h are no longer sele
ted. So, just like inthe proof of Theorem 5.2.15, we might have to add 
hara
teristi
 atoms to~A0 (to 
over all these negative literals), in order to arrive at a P -
overedset, giving the new set of 
hara
teristi
 atoms ~A00 � ~A0. As in the proof of6As in the proofs of Theorems 5.2.3 and Theorem 5.2.15, ~A0 might a
tually be amultiset. Again, this poses no problems, as all results so far also hold for multisetsof 
hara
teristi
 atoms. Alternatively, one 
ould add an extra unused argument to allpredi
ates and ensure that all elements in ~A have a di�erent variable in that position,thus guaranteeing that ~A0 is an ordinary set.



5.2. CORRECTNESS RESULTS 85Theorem 5.2.15 we also extend � so that �(A; � 0) = �(A; � ) (and we extend� and �� in an arbitrary manner for the elements in ~A00 n ~A0).Let P 00 be the partial dedu
tion of P wrt ~A00 and ��. We 
an apply Theo-rem 5.2.15 to dedu
e that the 
omputations of P 00 [ f ��(G)g are totally
orre
t wrt P [ f Gg.We will now establish total 
orre
tness of P 0 (wrt P ) by proving that:� P 00 [ f��(G)g has an SLDNF-refutation with 
omputed answer � i�P 0 [ f��(G)g does.� P 00[ f��(G)g has a �nitely failed SLDNF-tree i� P 0 [f��(G)g does.We will do this proof by indu
tion on the rank of the SLDNF-refutationsand trees.Indu
tion Hypothesis:� if P 00 [ f��(G)g has an SLDNF-refutation of rank k with 
omputedanswer � then P 0 [ f��(G)g has an SLDNF-refutation (of rank k)with 
omputed answer �.� if P 0 [ f��(G)g has an SLDNF-refutation of rank k with 
omputedanswer � then P 00[f��(G)g has an SLDNF-refutation with 
omputedanswer �.� if P 00 [ f��(G)g has a �nitely failed SLDNF-tree of rank k then P 0 [f��(G)g has a �nitely failed SLDNF-tree.� if P 0 [ f��(G)g has a �nitely failed SLDNF-tree of rank k then P 00 [f��(G)g has a �nitely failed SLDNF-tree (of rank k).Base Case: For every SLD+-derivation in P 0 there exists a 
orrespond-ing SLD+-derivation in P 00, with however additional negative literals inthe resolvent. Thus, every 
omputed answer of P 00 [ f��(G)g (via anSLD+-refutation) is also a 
omputed answer of P 0[f��(G)g (via an SLD+-refutation). Also, if P 0 [ f��(G)g has a �nitely failed SLD+-tree thenP 00 [ f��(G)g also has a �nitely failed SLD+-tree. We will now show thatthese additional negative literals always su

eed. Thus, if for every deriva-tion in P 00 we impose the (fair) 
ondition that the additional negative liter-als are immediately sele
ted, we 
an establish a one to one 
orresponden
ebetween derivations in P 00 and P 0. Also, the 
lauses that had to be addedfor 
overedness are not rea
hable within P 0 and 
an therefore also be re-moved. So by showing that the additional negative literals always su

eed,we establish the base 
ase.Let G01 be a goal whi
h is an admissible renaming (under � in P ) of agoal G1 for P (i.e. G01 = �0�(G1) for some �0� | only su
h goals 
an o

urfor derivations inside P 0) whi
h resolves with a 
lause CÆ (
onstru
ted forthe 
hara
teristi
 path Æ) in P 0 and with sele
ted literal �0�(p(�t)) leadingto a resolvent RG0. Then G01 also resolves with a 
lause C 0 in P 00, underthe same sele
ted literal, leading to a resolvent RG00 whi
h has the sameatoms as RG0 plus possibly some additional negative literals N . Be
ause



86 CHAPTER 5. ECOLOGICAL PARTIAL DEDUCTIONG01 is an admissible renaming of G1 we know that p(�t) 2 
P (A; � ) where�0�(p(�t)) = �((A; � ))�0 for some �0. Be
ause p(�t) is a 
on
retisation of an el-ement in ~A we know that it must be the instan
e of a pre
ise 
on
retisationA. For this 
on
retisation A there exists a 
hara
teristi
 tree whi
h 
ontainsthe 
hara
teristi
 path Æ and for whi
h the negative literals 
orrespondingto N are ground and su

eed. Therefore, be
ause p(�t) is an instan
e of A,the literals inN are identi
al to the ones sele
ted for P[f Ag and are thusalso ground and su

eed. We 
an thus immediately (by Theorem 5.2.15)sele
t them in P 00 and 
an thus 
onstru
t a 
orresponding derivation in P 0.Indu
tion Step: The indu
tion step is very similar to the base 
ase and
an basi
ally be obtained by repla
ing SLD+ by SLDNF of rank k + 1. 25.3 A set based algorithm and its terminationIn this se
tion, we present a �rst, simple (set based) algorithm for partialdedu
tion through 
hara
teristi
 atoms. We will prove 
orre
tness as wellas termination of this algorithm, given 
ertain 
onditions.We �rst de�ne an abstra
tion operator whi
h, by de�nition, preservesthe 
hara
teristi
 trees.De�nition 5.3.1 (
hmsg(:); ~Aj� ) Let ~A be a set of 
hara
teristi
 atoms.Also let, for every 
hara
teristi
 tree � , ~Aj� be de�ned as ~Aj� = fA j(A; � ) 2 ~Ag. The operator 
hmsg() is de�ned as:
hmsg( ~A) = f(msg( ~Aj� ); � ) j � is a 
hara
teristi
 tree g.In other words, only one 
hara
teristi
 atom per 
hara
teristi
 treeis allowed in the resulting abstra
tion. For example, given the set ~A =f(p(a); fh1 Æ 1ig); (p(b); fh1 Æ 1ig)g, we obtain the abstra
tion 
hmsg( ~A) =f(p(X ); fh1 Æ 1 ig)g.De�nition 5.3.2 (
hatom) Let A be an ordinary atom, U an unfoldingrule and P a program. We then de�ne:
hatom(A;P ;U ) = (A; � ), where � = 
htree( A;P ;U ).We extend 
hatom to sets of atoms:
hatoms( ~A;P ;U ) = f
hatom(A;P ;U ) j A 2 ~Ag.Note that A is a pre
ise 
on
retisation of 
hatom(A;P ;U ).The following algorithm for partial dedu
tion with 
hara
teristi
 atomsis parametrised by an unfolding rule U , thus leaving the parti
ulars of lo
al
ontrol unspe
i�ed. Re
all that leavesP (A; �A) represents the leaf atomsof (A; �A) (see De�nition 5.1.9).



5.3. A SET BASED ALGORITHM AND ITS TERMINATION 87Algorithm 5.3.3Inputa program P and a goal GOutputa spe
ialised program P 0Initialisationk := 0; ~A0 := 
hatoms(fA j A is an atom in Gg;P ;U );repeat~Lk := 
hatoms(fleavesP(A; �A) j (A; �A) 2 ~Akg;P ;U );~Ak+1 := 
hmsg( ~Ak [ ~Lk);k := k + 1;until ~Ak = ~Ak+1 (modulo variable renaming)~A := ~Ak;P 0 := a partial dedu
tion of P wrt ~A and some renaming fun
tion ��;Let us illustrate the operation of Algorithm 5.3.3 on Example 4.2.5.Example 5.3.4 Let G = member(a; [a℄);member(a; [a; b℄) and P be theprogram from Example 4.2.5. Also let 
htree( member(a; [a℄);P ;U ) =
htree( member(a; [a; b℄);P ;U ) = fh1 Æ 1ig = � (see Figure 4.3 for the
orresponding SLD-trees). The algorithm operates as follows:1. ~A0 = f(member(a; [a℄); � ); (member(a; [a; b℄); � )g2. leavesP (member(a; [a℄); � ) = leavesP (member(a; [a; b℄); � ) = ;,~A1 = 
hmsg( ~A0 ) = f(member(a; [ajT ℄); � )g3. leavesP (member(a; [ajT ℄); � ) = ;, ~A2 = 
hmsg( ~A1 ) = ~A1 and wehave rea
hed the �xpoint ~A.A partial dedu
tion P 0 wrt ~A and �� with �((member(a; [ajT ℄); � )) =m1 (T ) is:m1(X) ~A is P -
overed and every atom in G is a 
on
retisation of a 
hara
teristi
atom in ~A. Hen
e Theorem 5.2.2 
an be applied: we obtain the renamedgoal G0 = ��(G) = m1([℄);m1([b℄) and P 0[fG0g yields the 
orre
t result.In the remainder of this subse
tion, we formally prove the 
orre
tnessof Algorithm 5.3.3, as well as its termination under a 
ertain 
ondition.As already de�ned in Se
tion 2, an expression is either a term, an atom,a literal, a 
onjun
tion, a disjun
tion or a program 
lause. Expressions are
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onstru
ted using the language LP whi
h we impli
itly assume underly-ing the program P under 
onsideration. Remember that LP may 
ontainadditional symbols not o

urring in P , but that, unless expli
itly statedotherwise, LP 
ontains only �nitely many 
onstant, fun
tion and predi
atesymbols. To simplify the presentation we also assume that, when talkingabout expressions, predi
ate symbols and 
onne
tives are treated like fun
-tors whi
h 
annot be 
onfounded with the original fun
tors and 
onstants(e.g. ^ and are binary fun
tors distin
t from the other binary fun
tors).The following well-founded measure fun
tion is taken from [100℄ (alsoin the extended version of [201℄):De�nition 5.3.5 (s(:), h(:)) Let Expr denote the sets of expressions. Wede�ne the fun
tion s : Expr!IN 
ounting symbols by:� s(t) = 1 + s(t1) + : : :+ s(tn) if t = f(t1; : : : ; tn), n > 0� s(t) = 1 otherwiseLet the number of distin
t variables in an expression t be v(t). We nowde�ne the fun
tion h : Expr!IN by h(t) = s(t) � v(t).The well-founded measure fun
tion h has the property that h(t) � 0for any expression t and h(t) > 0 for any non-variable expression t. Thefollowing important lemma is proven for h(:) in [99℄ (see also [201℄).Lemma 5.3.6 If A and B are expressions su
h that B is stri
tly moregeneral than A, then h(A) > h(B).It follows that, for every expression A, there are no in�nite 
hains ofstri
tly more general expressions.De�nition 5.3.7 (weight ve
tor) Let ~A be a set of 
hara
teristi
 atomsand let T = h�1; : : : ; �ni be a �nite ve
tor of 
hara
teristi
 trees. We thende�ne the weight ve
tor of ~A wrt T by hve
T ( ~A) = hw1; : : : ; wni where� wi =1 if ~Aj�i = ;� wi =PA2 ~Aj�i h(A) if ~Aj�i 6= ;The set of weight ve
tors is partially ordered by the usual order relationamong ve
tors:hw1; : : : ; wni � hv1; : : : ; vni i� w1 � v1; : : : ; wn � vn. Also, given a quasiorder �S on a set S, we from now on assume that the asso
iated equivalen
erelation �S and the asso
iated stri
t partial order >S are impli
itly de�nedin the following way:� s1 �S s2 i� s1 � s2 ^ s2 � s1 and s1 <S s2 i� s1 � s2 ^ s2 6� s1.The set of weight ve
tors is well-founded (no in�nitely de
reasing se-quen
es exist) be
ause the weights of the atoms are well-founded.



5.3. A SET BASED ALGORITHM AND ITS TERMINATION 89Proposition 5.3.8 Let P be a normal program, U an unfolding rule andlet T = h�1; : : : ; �ni be a �nite ve
tor of 
hara
teristi
 trees. For every pairof �nite sets of 
hara
teristi
 atoms ~A and ~B, su
h that the 
hara
teristi
trees of their elements are in T , we have that one of the following holds:� 
hmsg( ~A[ ~B) = ~A (up to variable renaming) or� hve
T (
hmsg ( ~A[ ~B)) < hve
T ( ~A).Proof Let hve
T ( ~A) = hw1; : : : ; wni and let hve
T (
hmsg( ~A [ ~B)) =hv1; : : : ; vni. Then for every �i 2 T we have two possible 
ases:� fmsg( ~Aj�i [ ~Bj�i )g = ~Aj�i (up to variable renaming). In this 
ase theabstra
tion operator performs no modi�
ation for �i and vi = wi.� fmsg( ~Aj�i [ ~Bj�i )g = fM g 6= ~Aj�i (up to variable renaming). Inthis 
ase (M; �i) 2 
hmsg( ~A [ ~B), vi = h(M ) and there are threepossibilities:� ~Aj�i = ;. In this 
ase vi < wi =1.� ~Aj�i = fAg for some atom A. In this 
ase M is stri
tly moregeneral than A (by de�nition of msg be
ause M 6= A up tovariable renaming) and hen
e vi < wi.� #( ~Aj�i) > 1. In this 
ase M is more general (but not ne
essarilystri
tly more general) than any atom in ~Aj�i and vi < wi be
auseat least one atom is removed by the abstra
tion.We have that 8i 2 f1; : : : ; ng : vi � wi and either the abstra
tion operatorperforms no modi�
ation (and ~v = ~w) or the well-founded measure hve
Tstri
tly de
reases. 2Theorem 5.3.9 If Algorithm 5.3.3 generates a �nite number of distin
t
hara
teristi
 trees then it terminates and produ
es a partial dedu
tionsatisfying the requirements of Theorem 5.2.2 for any goal G0 whose atomsare instan
es of atoms in G.Proof Rea
hing the �xpoint guarantees that all predi
ates in the bodiesof resultants are pre
ise 
on
retisations of at least one 
hara
teristi
 atomin ~Ak, i.e. ~Ak is P -
overed. Furthermore 
hmsg() always generates moregeneral 
hara
teristi
 atoms (even in the sense that any pre
ise 
on
reti-sation of an atom in ~Ai is a pre
ise 
on
retisation of an atom in ~Ai+1| this follows immediately from De�nitions 5.1.3 and 5.3.1). Hen
e, be-
ause any instan
e of an atom in the goal G is a pre
ise 
on
retisation of a
hara
teristi
 atom in ~A0, the 
onditions of Theorem 5.2.2 are satis�ed forgoals G0 whose atoms are instan
es of atoms in G, i.e. G0 is P -
overed by~Ak. Finally, termination is guaranteed by Proposition 5.3.8, given that thenumber of distin
t 
hara
teristi
 trees is �nite. 2The method for partial dedu
tion as des
ribed in this se
tion, usingthe framework of Se
tion 5.1, has been 
alled e
ologi
al partial dedu
tion
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ause it guarantees the preservation of 
hara
teristi
 trees. Aprototype partial dedu
tion system, using Algorithm 5.3.3, has been im-plemented and experiments with it 
an be found in [168℄ and [203℄. Wewill however further re�ne the algorithm in the next 
hapter and presentextensive ben
hmarks in Se
tion 6.4.2.5.4 Some further dis
ussions5.4.1 In
reasing pre
isionLet us return De�nition 5.1.8 of DP . For a given 
hara
teristi
 atom (A; � ),DP (A; � ) uses the 
hara
teristi
 tree � to determine exa
tly how  Ashould be unfolded (to generate the resultants). This is not always totallysatisfa
tory. For instan
e, it might be interesting to use a very deep andpre
ise tree � , in order to arrive at a pre
ise 
ontrol of polyvarian
e, butonly use a shallow, determinate unfolding for the resultants to guaranteeeÆ
ien
y of the spe
ialised program.Example 5.4.1 Let P be the Program from Examples 3.2.5 and 3.3.3:member(X ; [X jT ℄) member(X ; [Y jT ℄) member(X ;T )inboth(X ;L1 ;L2 ) member(X ;L1 );member(X ;L2 )Let A = inboth(a;L1 ; [a; a℄) and B = inboth(b;L1 ;L2 ). If we use a(shower) determinate unfolding rule U then 
htree( A;P ;U ) = 
htree( B ;P ;U ) = fh1 Æ 3ig. If we start Algorithm 5.3.3 with G = A;B thenA and B are abstra
ted by (inboth(X ;L1 ;L2 ); � ), resulting in a loss ofspe
ialisation. Note that even if we allow left-most non-determinate un-folding the 
hara
teristi
 trees of A and B will remain identi
al. Only ifwe use a more aggressive unfolding rule U 0, whi
h performs non-leftmostnon-determinate unfolding, will the di�eren
e between  A and  B bespotted, thus preventing the unne
essary abstra
tion. However, as shownin Example 3.3.3, su
h an unfolding will yield resultants in whi
h (possiblyexpensive) work gets dupli
ated.In su
h a 
ase it might be interesting to base the 
ontrol of polyvari-an
e on U 0 but 
onstru
t the spe
ialised program using U . Fortunately,De�nition 5.1.8 
an be quite easily adapted to a

ount for this desire.More formally, any unfolding whose asso
iated 
hara
teristi
 tree � 0 sat-is�es 
P (A; � 0) � 
P (A; � ) 
an be used in De�nition 5.1.8 and the 
orre
t-ness theorems still hold.7 This re�nement might be espe
ially interesting7Note that, by adapting the de�nition of DP , we also impli
itly adapt the de�nitionof the leaf atoms leavesP (A; �) and therefore Algorithm 5.3.3 still ensures 
overedness
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onservative unfolding rules, e.g. based solely on determina
y.The e

e partial dedu
tion system, whi
h we are going to present in thenext 
hapter, a
tually in
orporates this re�nement (whi
h we will not usein the experiments; it will however turn out to be useful for some examplesin Chapter 12).5.4.2 An alternative 
onstraint-based approa
hIn this subse
tion we summarise an alternative approa
h to preserving 
har-a
teristi
 trees upon generalisation. We will only mention the essentials;the full details 
an be found in the revised version of [172℄.In standard partial dedu
tion an atom A 2 A represents a possibly in�-nite set of 
on
retisations, namely all its instan
es. As shown in Chapter 4,this makes it impossible to preserve 
hara
teristi
 trees upon generalisation.In this 
hapter we have solved this problem by introdu
ing the frameworkof e
ologi
al partial dedu
tion. By using 
hara
teristi
 atoms instead ofplain atoms, together with a more re�ned notion of 
on
retisation, we wereable to ex
lude 
ertain instan
es from the 
on
retisations (namely thosewhi
h do not have the desired 
hara
teristi
 tree). [172℄ presents a gen-eralisation of this idea, whi
h, in the 
ontext of de�nite programs, allowsto restri
t the set of potential 
on
retisations by using 
onstraints. Basedupon the so obtained framework of 
onstrained partial dedu
tion, [172℄ alsopresents a 
on
rete te
hnique whi
h ensures the preservation of 
hara
ter-isti
 trees for 
ertain unfolding rules. The bene�ts of 
onstrained partialdedu
tion however surpass that 
ontext, and it 
an for instan
e also be usedto \drive negative information"(using the terminology of super
ompilation[273, 275℄).Constraint logi
 programmingWe brie
y re
all some basi
 terminology from 
onstraint logi
 programming(CLP) [133℄. In CLP the predi
ate symbols are partitioned into two dis-joint sets �
 (the predi
ate symbols to be used for 
onstraints, notablyin
luding \=") and �b (the predi
ate symbols for user-de�ned predi
ates).A 
onstraint is a �rst-order formula whose predi
ate symbols are all 
on-tained in �
. In the 
ontext of CLP one often uses the 
onne
tive \ 2 " inthe pla
e of \^" to separate 
onstraints from \ordinary" formulas. For in-stan
e, a CLP-goal is denoted by 
 2B1; : : : ; Bn, where 
 is a 
onstraintand B1; : : : ; Bn are ordinary atoms. The semanti
s of 
onstraints is givenby a stru
ture D, 
onsisting of a domain D and an assignment of fun
tionsand relations on D to fun
tion symbols and to predi
ate symbols in �
.and 
orre
tness.
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onstraint 
, D j= 
 then denotes the fa
t that 
 is true under theinterpretation provided by D.[172℄ de�nes a 
ounterpart to SLD-derivations for CLP-goals. In thegiven 
ontext of partial dedu
tion, the initial and �nal programs are ordi-nary logi
 programs (ordinary logi
 programs 
an be seen as CLP-programsusing equality 
onstraints over the stru
ture of feature termsFT , see [189℄).In order for the 
onstraint manipulations to be sound wrt the initial logi
program, we have to ensure that equality in the 
onstraint domain is a safeapproximation of equality as used for ordinary logi
 programs. In otherwords, if there is no SLD-refutation for P [f Qg then there should be noCLP-refutation for any P [ f 
 2Qg either. This property is ensured byadapting the de�nition of CLP-derivations from [92℄ su
h as to make sub-stitutions expli
it. This also makes it possible in [172℄ to de�ne 
omputedanswers and CLP-resultants for CLP-derivations.Constrained partial dedu
tionThe basi
 idea is instead of produ
ing a partial dedu
tion for a set of atomsto produ
e it for a set of 
onstrained atoms. A 
onstrained atom is a formulaof the form 
 2A, where A is an ordinary atom and 
 a 
onstraint. The setof 
on
retisations of a 
onstrained atom 
 2A are then all the atoms A�su
h that 
� holds, i.e. D j= 8(
�). This set of 
on
retisations (
alled validinstan
es in [172℄) is downwards-
losed.A partial dedu
tion of 
 2A in P is then obtained by taking the CLP-resultants of a �nite, non-trivial and possibly in
omplete CLP-tree for P [f 
 2Ag. This partial dedu
tion still 
ontains 
onstraints, whi
h arethen removed by a renaming fun
tion, de�ned in a very similar mannerto De�nition 5.1.12 (i.e. based upon an atomi
 renaming � whi
h maps
onstrained atoms to ordinary atoms). Given a 
overedness 
ondition, allthe ne
essary 
onstraint pro
essing has been performed at partial dedu
tiontime and 
orre
tness is formally established in [172℄Pruning 
onstraintsAs we have shown on multiple o

asions in Chapter 4, when taking themsg of two atoms A and B with the same 
hara
teristi
 tree � , we do notne
essarily obtain an atom C whi
h has the same 
hara
teristi
 tree. Now,instead of C, the te
hnique in [172℄ generates 
 2C as the generalisation ofA and B, where the 
onstraint 
 is designed in su
h a way as to prune thepossible 
omputations of C into the right shape, namely � . Indeed, all thederivations that were possible for A and B are also possible for C (be
ausewe only 
onsider de�nite programs and goals) and 
 only has to ensure that
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hes wrt � are pruned o� at some point (
f. Figure 5.4). A ?���	 ??���	 ���R ?���	 ���	 ���R�  C ?���	 ??���	 ���R���� 

 
Figure 5.4: Pruning ConstraintsTo be able to 
al
ulate a �nite 
onstraint, 
overing all instan
es of Cwhi
h have � as their 
hara
teristi
 tree, [172℄ is restri
ted to 
ertain unfold-ing rules (basi
ally beam determinate unfolding rules without lookahead;
f. De�nition 3.3.2). The pruning 
onstraints are then formulated usingClark's equality theory ). More pre
isely, [172℄ uses the stru
ture D = FT
onsisting of CET over the domain of �nite trees (with in�nitely manyfun
tors of every arity). It is basi
ally the same stru
ture as the one usedfor CLP(FT ) (see e.g. [256, 254, 255℄) as well as in 
onstru
tive negationte
hniques (e.g. [48, 49, 86, 252, 267, 266℄).Let us revisit Example 4.3.3 and illustrate how 
hara
teristi
 trees 
anbe preserved using 
onstrained partial dedu
tion.Example 5.4.2 Let us return to the program P from Example 4.3.3:(1) p(X) (2) p(
) We 
an abstra
t the atoms p(a) and p(b) of Example 4.3.3 (as well as theequivalent 
onstrained atoms true 2 p(a) and true 2 p(b)) by the moregeneral 
onstrained atom :(X = 
) 2 p(X), having the same 
hara
teristi
tree � = fh1 Æ 1ig. The additional mat
h with 
lause (2) is pruned for:(X = 
) 2 p(X), be
ause :(
 = 
) is unsatis�able in CET.Let us also brie
y dis
uss some further appli
ations of 
onstrained par-tial dedu
tion, beyond preserving 
hara
teristi
 trees. For example, a 
on-straint stru
ture over integers or reals 
ould handle Prolog built-ins like<;>;�;� in a mu
h more sophisti
ated manner than ordinary partialevaluators. Also, one 
an provide a re�ned treatment of the n== Pro-log built-in using the FT stru
ture. The following example illustrates this,



94 CHAPTER 5. ECOLOGICAL PARTIAL DEDUCTIONwhere a form of \driving of negative information"(using the terminology ofsuper
ompilation [273, 275℄) is a
hieved by 
onstrained partial dedu
tion.Example 5.4.3 Take the following adaptation of the member programwhi
h only su

eeds on
e.(1) member(X ; [X jT ℄) (2) member(X ; [Y jT ℄) Xn==Y ;member(X ;T )Let us start spe
ialisation with the goal  member(X ; [a;Y ; a℄). Using adeterminate unfolding rule (even with a lookahead) we would unfold thisgoal on
e and get the resolvent  Xn==a;member(X ; [Y ; a℄) in the se
-ond bran
h. Ordinary partial dedu
tion would ignore Xn==a and unfoldmember(X ; [Y ; a℄), thus produ
ing an extra super
uous resultant with theimpossible (given the 
ontext) 
omputed answer fX=ag. In the 
onstrainedpartial dedu
tion setting, we 
an in
orporate Xn==a as a 
onstraint andunfold :(X = a) 2member(X ; [Y ; a℄) instead of just member(X ; [Y ; a℄)and thereby prune the super
uous resultant. (We will see a te
hniquewhi
h 
an a
hieve a similar e�e
t in Part V of the thesis).Some dis
ussionsCompared to e
ologi
al partial dedu
tion, the method of [172℄ using prun-ing 
onstraints is more 
omplex and restri
ted to determinate unfoldingrules without lookahead as well as to de�nite programs. Within that 
on-text however, it enjoys a better overall pre
ision than e
ologi
al partialdedu
tion. In fa
t, the 
hara
teristi
 tree � inside a 
hara
teristi
 atom(A; � ) 
an be seen as an impli
it representation of 
onstraints on A. In e
o-logi
al partial dedu
tion, these 
onstraints are used only lo
ally to ensurepreservation of the 
hara
teristi
 tree and are not propagated towards other
hara
teristi
 atoms. The pruning 
onstraints in [172℄ are propagated andthus used globally. Future work is needed to determine whether this hasany real in
uen
e in pra
ti
e.5.4.3 Con
lusionWe have presented a new framework and a new algorithm for partial dedu
-tion. The framework and the algorithm 
an handle normal logi
 programsand pla
e no restri
tions on the unfolding rule. We provided general 
or-re
tness results for the framework as well as 
orre
tness and terminationproofs for the algorithm. Also, the abstra
tion operator of the algorithmpreserves the 
hara
teristi
 trees of the atoms to be spe
ialised and ensurestermination (when the number of distin
t 
hara
teristi
 trees is bounded)while providing a �ne grained 
ontrol of polyvarian
e.



Chapter 6Removing Depth Boundsby Adding Global Trees6.1 The depth bound problemThe algorithm for e
ologi
al partial dedu
tion presented in Se
tion 5.3only terminates when imposing a depth bound on 
hara
teristi
 trees. Inthis se
tion we present some natural examples whi
h show that this leadsto undesired results in 
ases where the depth bound is a
tually required.(These examples 
an also be adapted to prove a similar point about neigh-bourhoods in the 
ontext of super
ompilation of fun
tional programs. Wewill return to the relation of neighbourhoods to 
hara
teristi
 trees in Se
-tion 6.4.4.)When, for the given program, query and unfolding rule, the method ofSe
tion 5.3 generates a �nite number of di�erent 
hara
teristi
 trees, itsglobal 
ontrol regime guarantees termination and 
orre
tness of the spe-
ialised program as well as \optimal" polyvarian
e: For every predi
ate,exa
tly one spe
ialised version is produ
ed for ea
h of its di�erent asso
i-ated 
hara
teristi
 trees. Now, Algorithm 5.3.3 of the previous 
hapter, aswell as all earlier approa
hes based on 
hara
teristi
 trees ([100, 97, 172℄),a
hieves the mentioned �niteness 
ondition at the 
ost of imposing an adho
 (typi
ally very large) depth bound on 
hara
teristi
 trees. However,for a fairly large 
lass of realisti
 programs (and unfolding rules), the num-ber of di�erent 
hara
teristi
 trees generated, is in�nite. In those 
ases,the underlying depth bound will have to ensure termination, meanwhilepropagating its ugly, ad ho
 nature into the resulting spe
ialised program.We illustrate this problem through some examples, setting out with a95
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ial, but very simple one.Example 6.1.1 The following is the well known reverse with a

umulatingparameter where a list type 
he
k on the a

umulator has been added.(1) rev([℄;A

;A

) (2) rev([H jT ℄;A

;Res) ls(A

); rev(T ; [H jA

℄;Res)(3) ls([℄) (4) ls([H jT ℄) ls(T )As 
an be noti
ed in Figure 6.1, (determinate [100, 97, 172℄ and well-founded [37, 200, 199℄, among others) unfolding produ
es an in�nite numberof di�erent 
hara
teristi
 atoms, all with a di�erent 
hara
teristi
 tree. Im-posing a depth bound of say 100, we obtain termination, but 100 di�erent
hara
teristi
 trees (and instantiations of the a

umulator) arise and thealgorithm produ
es 100 di�erent versions of rev : one for ea
h 
hara
teristi
tree. The spe
ialised program thus looks like:(1') rev([℄; [℄; [℄) (2') rev([H jT ℄; [℄;Res) rev2 (T ; [H ℄;Res)(3') rev2 ([℄; [A℄; [A℄) (4') rev2 ([H jT ℄; [A℄;Res) rev3 (T ; [H ;A℄;Res)...(197') rev99 ([℄; [A1; : : : ;A98 ℄; [A1 ; : : : ;A98 ℄) (198') rev99 ([H jT ℄; [A1; : : : ;A98 ℄;Res) rev100(T ; [H ;A1; : : : ;A98 ℄;Res)(199') rev100([℄; [A1 ; : : : ;A99 jAT ℄; [A1; : : : ;A99 jAT ℄) (200') rev100([H jT ℄; [A1; : : : ;A99 jAT ℄;Res) ls(AT ); rev100 (T ; [H ;A1; : : : ;A99 jAT ℄;Res)(201') ls([℄) (202') ls([H jT ℄) ls(T )This program is 
ertainly far from optimal and 
learly exhibits the ad ho
nature of the depth bound.Situations like the above typi
ally arise when an a

umulating parame-ter in
uen
es the 
omputation, be
ause then the growing of the a

umula-tor 
auses a 
orresponding growing of the 
hara
teristi
 trees. To be fair, itmust be admitted that with most simple programs, this is not the 
ase. Forinstan
e, in the standard reverse with a

umulating parameter, the a

u-mulator is only 
opied in the end, but never in
uen
es the 
omputation. Asillustrated by Example 6.1.1 above, this state of a�airs will often alreadybe 
hanged when one adds type 
he
king in the style of [101℄ to even thesimplest logi
 programs.Among larger and more sophisti
ated programs, 
ases like the abovebe
ome more and more frequent, even in the absen
e of type 
he
king. For



6.1. THE DEPTH BOUND PROBLEM 97��R��	 ?(1)2 (2) rev(L; [℄;R) ls([℄); rev (T ; [H ℄;R) rev (T ; [H ℄;R)(3)��R��	 ??(1)2 (2) rev (T ; [H ℄;R) ls([H ℄); rev (T 0; [H 0 ;H ℄;R) rev (T 0; [H 0 ;H ℄;R)(3) ls([℄); rev(T 0; [H 0;H ℄;R)(4) ��R��	 ???
In general:(1)2 (2) (4) rev(T ; nz}|{[:::℄ ;R) ls([:::℄); rev (T 0; [H 0 ; :::℄;R) rev(T 0; [H 0; :::℄;R)(3) ls([℄); rev (T 0; [H 0 ; :::℄;R)(4)... 9>>=>>; n

Figure 6.1: SLD-trees for Example 6.1.1instan
e, in an expli
it uni�
ation algorithm, one a

umulating parameter isthe substitution built so far. It heavily in
uen
es the 
omputation be
ausenew bindings have to be added and 
he
ked for 
ompatibility with the
urrent substitution. Another example is the \mixed" meta-interpreter of[122, 173℄ (part of it is depi
ted in Figure 6.2; see also Chapter 8, notablySe
tion 8.4.2) for the ground representation in whi
h the goals are \lifted"to the non-ground representation for resolution. To perform the lifting, ana

umulating parameter is used to keep tra
k of the variables that havealready been en
ountered. This a

umulator in
uen
es the 
omputation:Upon en
ountering a new variable, the program inspe
ts the a

umulator.Example 6.1.2 Let A = l mng(Lg ;Ln; [sub(N ;X )℄; S ) and P be the pro-gram of Figure 6.2 in whi
h the predi
ate l mng transforms a list of groundterms into a list of non-ground terms. As 
an be seen in Figure 6.3, unfold-ing A (e.g. using well-founded measures), the atoml mng(Tg ;Tn; [sub(N ;X ); sub(J ;Hn)℄;S )is added at the global 
ontrol level (this situation arose in an a
tual experi-ment). Noti
e that the third argument has grown, i.e. we have an a

umu-



98 CHAPTER 6. REMOVING DEPTH BOUNDSProgram:(1) make non ground(GrTerm;NgTerm) mng(GrTerm;NgTerm; [℄;Sub)(2) mng(var(N );X ; [℄; [sub(N ;X )℄) (3) mng(var(N );X ; [sub(N ;X )jT ℄; [sub(N ;X )jT ℄) (4) mng(var(N );X ; [sub(M ;Y )jT ℄; [sub(M ;Y )jT1 ℄) not(N = M); mng(var(N );X ;T ;T1 )(5) mng(stru
t(F ;GrArgs); stru
t(F ;NgArgs);InSub;OutSub) l mng(GrArgs;NgArgs;InSub;OutSub)(6) l mng([℄; [℄;Sub;Sub) (7) l mng([GrH jGrT ℄; [NgH jNgT ℄;InSub;OutSub) mng(GrH ;NgH ;InSub; InSub1 );l mng(GrT ;NgT ; InSub1 ;OutSub)Example query: make non ground(stru
t(f ; [var(1 );var(2 );var(1 )℄);F ); 
.a.s. fF=stru
t(f ; [Z ;V ;Z ℄)gFigure 6.2: Lifting the ground representationlator. When in turn unfolding l mng(Tg ;Tn; [sub(N ;X ); sub(J ;Hn)℄; S ),we will obtain a deeper 
hara
teristi
 tree (be
ause mng traverses the thirdargument and thus needs one more step to rea
h the end) withl mng(Tg 0;Tn 0; [sub(N ;X ); sub(J ;Hn); sub(J 0;Hn 0)℄; S )as one of its leaves. An in�nite sequen
e of ever growing 
hara
teristi
 treesresults and again, as in Example 6.1.1, we obtain non-termination withouta depth bound, and very unsatisfa
tory ad ho
 spe
ialisations with it.Summarising, 
omputations in
uen
ed by one or more growing datastru
tures are by no means rare and will, very often, lead to ad ho
 be-haviour of partial dedu
tion, where the global 
ontrol is founded on 
har-a
teristi
 trees with a depth bound. In the next se
tion, we show how thisannoying depth bound 
an be removed without endangering termination.



6.2. PARTIAL DEDUCTION USING GLOBAL TREES 99HHHHj����� ����� ? HHHHj?(6) (7)2  mng(Hg;Hn; [sub(N ;X )℄; S1 ); l mng(Tg;Tn;S1 ; S)(3) (5)(4) l mng(Lg; Ln; a

umulatorz }| {[sub(N;X)℄;S)  l mng(Ag;An; [sub(N ;X )℄;S1 );l mng(Tg;Tn; S1 ;S) l mng(Tg;Tn; [sub(N ;X )℄;S)(2) not(J = N);mng(var(J );Hn; [℄;T1 ); l mng(Tg;Tn; [sub(N ;X )jT1 ℄;S) not(J = N); l mng(Tg;Tn; [sub(N;X); sub(J;Hn)℄| {z }a

umulator ; S)Figure 6.3: A

umulator growth in Example 6.1.26.2 Partial dedu
tion using global trees6.2.1 Introdu
tionA general framework for global 
ontrol, not relying on any depth bounds, isproposed in [201℄. Marked trees (m-trees) are introdu
ed to register des
en-den
y relationships among atoms at the global level. These trees are sub-divided into 
lasses of nodes and asso
iated measure fun
tions map nodesto well-founded sets. The overall tree is then kept �nite through ensuringmonotoni
ity of the measure fun
tions and termination of the algorithmfollows, provided the abstra
tion operator is similarly well-founded. It is tothis framework that we now turn for inspiration on how to solve the depthbound problem un
overed for 
hara
teristi
 trees in Se
tion 6.1.First, we have 
hosen to use the term \global tree" rather than \markedtree" in the present 
hapter, be
ause it better indi
ates its fun
tionality.Moreover, global trees rely on a well-quasi-order (or a well-quasi relation)between nodes, rather than a well-founded one, to ensure their �niteness.Apart from that, in essen
e, their stru
ture is similar: They register whi
hatoms derive from whi
h at the global 
ontrol level. The initial part ofsu
h a tree, showing the des
enden
y relationship between the atom in theroot and those in the dangling leaves of the SLDNF-tree in Figure 6.3, isdepi
ted in Figure 6.4.11Observe that the global tree in Figure 6.3 also 
ontains two nodes whi
h are variantsof their parent node. Usually, atoms whi
h are variants of one of their an
estor nodes, will



100 CHAPTER 6. REMOVING DEPTH BOUNDS������ ������/ SSSSSSwHHHHHjl mng(Tg;Tn; [sub(N ;X ); sub(J ;Hn)℄; S) l mng(Ag;An; [sub(N ;X )℄;S1 )l mng(Lg; Ln; [sub(N ;X )℄;S) l mng(Tg;Tn;S1 ; S)l mng(Tg;Tn; [sub(N ;X )℄;S)Figure 6.4: Initial se
tion of a global tree for Example 6.1.2 and the un-folding of Figure 6.3Now, the basi
 idea will be to have just a single 
lass 
overing the wholeglobal tree stru
ture and to wat
h over the evolution of 
hara
teristi
 treesasso
iated to atoms along its bran
hes. Obviously, just measuring the depthof 
hara
teristi
 trees would be far too 
rude: Global bran
hes would be
ut o� prematurely and entirely unrelated atoms 
ould be mopped togetherthrough generalisation, resulting in una

eptable spe
ialisation losses. No,as 
an be seen in Figure 6.1, we need a more re�ned measure whi
h wouldsomehow spot when a 
hara
teristi
 tree (pie
emeal) \
ontains" 
hara
ter-isti
 trees appearing earlier in the same bran
h of the global tree. If su
ha situation arises | as it indeed does in Example 6.1.1 | it seems reason-able to stop expanding the global tree, generalise the o�ending atoms andprodu
e a spe
ialised pro
edure for the generalisation instead.However, a 
loser look at the following variation of Example 6.1.2 showsthat also this approa
h would sometimes overgeneralise and 
onsequentlyfall short of providing suÆ
iently detailed polyvarian
e.Example 6.2.1 Re
onsider the program in Figure 6.2, and suppose thatdeterminate unfolding is used for the lo
al 
ontrol.The atom A = mng(G ; stru
t(
l ; [stru
t(f ; [X ;Y ℄)jB ℄); [℄; S ) will now bethe starting point for partial dedu
tion (also this situation arose in an a
tualexperiment). When unfolding A (see Figure 6.5), we obtain an SLD-tree
ontaining the atom mng(H ; stru
t(f ; [X ;Y ℄); [℄; S1 ) in one of its leaves. Ifwe subsequently determinately unfold the latter atom, we obtain a tree thatis \larger" than its prede
essor, also in the more re�ned sense. Potentialnon-termination would therefore be dete
ted and a generalisation operatorexe
uted. However, the atoms in the leaves of the se
ond tree are moregeneral than those already met, and simply 
ontinuing partial dedu
tionnot be expli
itly added to the global tree, as they do not give rise to further spe
ialisation.



6.2. PARTIAL DEDUCTION USING GLOBAL TREES 101without generalisation will lead to natural termination without any depthbound intervention. ��	 ��R ? l mng(A; [stru
t(f ; [X ;Y ℄)jB ℄); [℄; S)2 mng(H ; stru
t(f ; [X ;Y ℄); [℄; S1 )| {z }; l mng(T ;B;S1 ;S)(2) (5) (7) mng(G; stru
t(
l; [stru
t(f ; [X ;Y ℄)jB ℄); [℄; S)��	 ��R ???2(2) (5) (7) mng(H ;X ; [℄; S2 ); l mng(T ; [Y ℄; S2 ;S1 ) l mng(A; [X ;Y ℄; [℄; S1 ) z }| {mng(H ; stru
t(f ; [X ;Y ℄); [℄; S1 )(7) mng(H ;X ; [℄; S2 );mng(H 0;Y ; S2 ;S3 ); l mng(T 0; [℄; S3 ;S1 ) mng(H ;X ; [℄; S2 );mng(H 0 ;Y ; S2 ;S1 )(6)Figure 6.5: SLD-trees for Example 6.2.1Example 6.2.1 demonstrates that only measuring growth of 
hara
teris-ti
 trees, even in a re�ned way, does not always lead to satisfa
tory spe
ial-isation. In fa
t, whenever the unfolding rule does not unfold \as deeply" aswould be possible using a re�ned termination relation (for whatever reason,e.g. eÆ
ien
y of the spe
ialised program or be
ause the unfolding rule is notre�ned enough), then a growing 
hara
teristi
 tree might simply be 
ausedby splitting the \maximally deep tree" (i.e. the one 
onstru
ted using are�ned termination relation) in su
h a way that the se
ond part \
ontains"the �rst part. Indeed, in Example 6.2.1, an unfolding rule based on well-founded measures 
ould have 
ontinued unfolding more deeply for the �rstatom, thus avoiding the fake growing problem in this 
ase.Lu
kily, the same example also suggests a solution to this problem:Rather than measuring and 
omparing 
hara
teristi
 trees, we will s
ru-tinise entire 
hara
teristi
 atoms, 
omparing both the synta
ti
 
ontent ofthe ordinary atoms they 
ontain and the asso
iated 
hara
teristi
 trees. A
-
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ordingly, the global tree nodes will not be labelled by plain atoms as in[201℄, but by entire 
hara
teristi
 atoms. A growing of a 
hara
teristi
 treenot 
oupled with a growing of the synta
ti
 stru
ture then indi
ates a fakegrowing 
aused by a 
onservative unfolding rule.The rest of this se
tion, then, 
ontains the formal elaboration of this newapproa
h. In Subse
tion 6.2.2, we �rst extend the familiar generalisationnotion de�ned on atoms to 
hara
teristi
 atoms, and subsequently pro
eedto introdu
e the pre
ise 
omparison operation to be used on the latter.Some important properties 
onne
ting both operations are also stated andproved. Next, Subse
tion 6.2.3 introdu
es global trees and a 
hara
terisa-tion of their �niteness. Finally, our re�ned algorithm for partial dedu
tionis presented and proved 
orre
t and terminating in Subse
tion 6.2.4.6.2.2 More on 
hara
teristi
 atomsGeneralising 
hara
teristi
 atomsIn this subse
tion we extend the notions of variants, instan
es and gener-alisations, familiar for ordinary atoms, to 
hara
teristi
 trees and atoms.For ordinary atoms, A1 � A2 will denote that A1 is more general thanA2. We will now de�ne a similar notion for 
hara
teristi
 atoms along withan operator to 
ompute the most spe
i�
 generalisation. In a �rst attemptone might use the 
on
retisation fun
tion to that end, i.e. one 
ould stip-ulate that (A; �A) is more general than (B; �B) i� 
P (A; �A) � 
P (B; �B).The problem with this de�nition, from a pra
ti
al point of view, is thatthis notion is unde
idable in general and a most spe
i�
 generalisation isun
omputable. For instan
e, 
P (A; � ) = 
P (A; � [ fÆg) holds i� for everyinstan
e of A, the last goal asso
iated with Æ fails �nitely. De
iding thisis equivalent to the halting problem. We will therefore present a safe but
omputable approximation of the above notion, for whi
h a most spe
i�
generalisation 
an be easily 
omputed and whi
h has some ni
e propertiesin the 
ontext of a partial dedu
tion algorithm (see e.g. De�nition 6.2.27below).We �rst de�ne an ordering on 
hara
teristi
 trees. In that 
ontext, thefollowing notation will prove to be useful:pre�x (� ) = fÆ j 9
 su
h that Æ
 2 �g.De�nition 6.2.2 (�� ) Let �1; �2 be 
hara
teristi
 trees. We say that �1 ismore general than �2, and denote this by �1 �� �2, i�1. Æ 2 �1 ) Æ 2 pre�x (�2 ) and2. Æ0 2 �2 ) 9Æ 2 pre�x (fÆ0g) su
h that Æ 2 �1.



6.2. PARTIAL DEDUCTION USING GLOBAL TREES 103Note that �� is a quasi order on the set of 
hara
teristi
 trees and that�1 �� �2 is equivalent to saying that �2 
an be obtained from �1 by atta
hingsub-trees to the leaves of �1. Remember that, given a quasi order �, wealso use the asso
iated equivalen
e relation � and stri
t partial order � asde�ned in Se
tion 5.3.Example 6.2.3 Given �1 = fh1 Æ 3ig, �2 = fh1 Æ 3; 2 Æ 4ig and �3 =fh1 Æ 3i; h1 Æ 4ig we have that �1 �� �2 and even �1 �� �2 but not that�1 �� �3 nor �2 �� �3. We also have that fhig �� �1 but not that ; �� �1.In fa
t, fhig �� � holds for any � 6= ;, while ; �� � only holds for � = ;.Also � �� fhig only holds for � = fhig and � �� ; only holds for � = ;.The next two lemmas respe
tively establish a form of anti-symmetry aswell as transitivity of the order relation on 
hara
teristi
 trees.Lemma 6.2.4 Let �1; �2 be two 
hara
teristi
 trees. Then �1 �� �2 i��1 = �2.Proof The if part is obvious be
ause Æ and Æ0 
an be taken as pre�xes ofthemselves for the two points of De�nition 6.2.2.For the only-if part, let us suppose that �1 �� �2 and �2 �� �1 but�1 6= �2. This means that there must be a 
hara
teristi
 path Æ in �1 whi
his not in �2 (otherwise we reverse the roles of �1 and �2). We know however,by point 1 of De�nition 6.2.2, that an extension Æx = Æ
 of Æ must be in�2, as well as, by point 2 of the same de�nition, that a pre�x Æs of Æ mustbe in �2. Therefore �2 
ontains the paths Æx and Æs, where Æx = Æs
0
 andÆx 6= Æs (be
ause Æ 62 �2). But this is impossible by Lemma 5.2.10. 2Lemma 6.2.5 Let �1; �2 and �3 be 
hara
teristi
 trees. If �1 �� �2 and�2 �� �3 then �1 �� �3.Proof Immediate from De�nition 6.2.2 be
ause a pre�x of a pre�x remainsa pre�x. 2We now present an algorithm to generalise two 
hara
teristi
 trees by
omputing the 
ommon intial subtree. We will later prove that this algo-rithm 
al
ulates the most spe
i�
 generalisation.The following notations will be useful in formalising the algorithm.De�nition 6.2.6 Let � be a 
hara
teristi
 tree and Æ a 
hara
teristi
 path.We then de�ne the notations� # Æ = f
 j Æ
 2 �gand



104 CHAPTER 6. REMOVING DEPTH BOUNDStop(� ) = fl Æm j hl Æmi 2 pre�x (� )g.Note that, for a non-empty 
hara
teristi
 tree � , top(� ) = ; , � = fhig.Algorithm 6.2.7 (msg of 
hara
teristi
 trees)Inputtwo non-empty 
hara
teristi
 trees �A and �BOutputthe msg � of �A and �BInitialisationi := 0; �0 := fhig;while 9Æ 2 �i su
h that top(�A # Æ) = top(�B # Æ) 6= ; do�i+1 := (�i n fÆg)[ fÆhl Æmi j l Æm 2 top(�A # Æ)g;i := i + 1;end whilereturn � = �iExample 6.2.8 Take the 
hara
teristi
 trees �A = fh1 Æ 1; 1 Æ 2ig and�B = fh1 Æ 1; 1 Æ 2i; h1 Æ 1; 1 Æ 3ig. Then Algorithm 6.2.7 pro
eeds asfollows:� �0 = fhig,� �1 = fh1 Æ 1ig as for hi 2 �0 we have top(�A # hi) = top(�B # hi) =f1 Æ 1g.� � = �1 as top(�A # h1 Æ 1 i) = f1 Æ 2g and top(�B # h1 Æ 1 i) =f1 Æ 2; 1 Æ 3g and the while loop terminates.We �rst establish that Algorithm 6.2.7 indeed produ
es a proper 
har-a
teristi
 tree as output.Lemma 6.2.9 Any �i arising during the exe
ution of Algorithm 6.2.7 sat-is�es the property that Æ 2 �i ) Æ 2 pre�x (�A) \ pre�x (�B ).Proof We prove this by indu
tion on i.Indu
tion Hypothesis: For i � k � max (where max is the maximumvalue that i takes during the exe
ution of Algorithm 6.2.7) we have thatÆ 2 �i ) Æ 2 pre�x (�A) \ pre�x (�B ).Base Case: For i = 0 we have �i = fhig and trivially hi 2 pre�x (�A) \pre�x (�B ) be
ause �A 6= ; and �B 6= ;.Indu
tion Step: Let i = k+1 � max. For Æ 2 �k+1 we either have Æ 2 �k,and we 
an apply the indu
tion hypothesis to prove the indu
tion step, orwe have Æ = Æ0hl Æmi with l Æm 2 top(�A # Æ0)g and l Æm 2 top(�B # Æ0)g.By de�nition this implies that Æ0hl Æmi
 2 �A for some 
, i.e. Æ0hl Æmi 2



6.2. PARTIAL DEDUCTION USING GLOBAL TREES 105pre�x (�A). The same holds for �B , i.e. Æ0hl Æmi 2 pre�x (�B ), and we haveproven the indu
tion step. 2Lemma 6.2.10 Algorithm 6.2.7 terminates and produ
es as output a 
har-a
teristi
 tree � su
h that if 
htree(G ;P ;U ) = �A (respe
tively �B), thenfor some U 0, 
htree(G ;P ;U 0) = � . The same holds for any �i arising duringthe exe
ution of Algorithm 6.2.7.Proof Termination of Algorithm 6.2.7 is obvious as �A and �B are �nite,� 
annot grow larger (e.g. in terms of the sum of the lengths of the 
har-a
teristi
 paths) than �A or �B and �i+1 is stri
tly larger than �i. For theremaining part of the lemma we pro
eed by indu
tion. Note that Algo-rithm 6.2.7 is symmetri
al wrt �A and �B and it suÆ
es to show the resultfor �A.Indu
tion Hypothesis: For i � k we have that if 
htree(G ;P ;U ) = �Athen for some U 0 
htree(G ;P ;U 0) = �i .Base Case: �0 = fhig is a 
hara
teristi
 tree of every goal and the prop-erty trivially holds.Indu
tion Step: Let i = k + 1 and let �k+1 = (�k n fÆg)[ fÆhl1 Æm1i; : : : ; Æhln Æ mnig where top(�A # Æ)g = fl1 Æ m1; : : : ; ln Æ mng. ByLemma 6.2.9 we know that Æhlj Æmji 2 pre�x (�A). Be
ause �A is a 
har-a
teristi
 tree we therefore know that l1 = : : : = ln = l. By the indu
tionhypothesis we know that for some U 0 
htree(G ;P ;U 0) = �k . Let G0 bethe goal of the SLDNF-derivation of P [ fGg whose 
hara
teristi
 pathis Æ (whi
h must exist be
ause 
htree(G ;P ;U 0) = �k ) and let T be theSLDNF-tree for P [ fGg whose 
hara
teristi
 tree is �k. If we expandT by sele
ting the literal at position l in G we obtain a SLDNF-tree T 0whose 
hara
teristi
 tree is � 0 = (�k n fÆg)[ fÆhl Æ m1i; : : : ; Æhl Æ mnig[fÆhl Æm01i; : : : ; Æhl Æm0qig (be
ause Æhlj Æmji 2 pre�x (�A) and be
ause ad-ditional 
lauses might mat
h). If a negative literal is sele
ted we have thatn = 1, q = 0, �k+1 = � 0 and the indu
tion step holds. If a positive literal issele
ted then we 
an further unfold the goals asso
iated with derivations ofP [fGg whose 
hara
teristi
 paths are ÆhlÆm0ji and make them fail �nitely(be
ause Æhl Æm0ji 62 �A). In both 
ases we 
an 
ome up with an unfoldingrule U 00 su
h that 
htree(G ;P ;U 00) = �k+1 2Proposition 6.2.11 Let �A; �B be two non-empty 
hara
teristi
 trees.Then the output � of Algorithm 6.2.7 is the (unique) most spe
i�
 gen-eralisation of �A and �B .Proof We �rst prove that ea
h �i arising during the exe
ution of Algo-rithm 6.2.7 is a generalisation of both �A and �B . For this we have to show



106 CHAPTER 6. REMOVING DEPTH BOUNDSthat the two points of De�nition 6.2.2 are satis�ed; the fa
t that � andall �i are proper 
hara
teristi
 trees (a fa
t required by De�nition 6.2.2) isalready established in Lemma 6.2.10.1. We have to show that Æ 2 �i ) Æ 2 pre�x (�A) \ pre�x (�B ). But thisis already proven in Lemma 6.2.9.2. We have to show that Æ0 2 �A [ �B ) 9Æ 2 pre�x (fÆ0g) su
h thatÆ 2 �i. Again we prove this by indu
tion on i.Indu
tion Hypothesis: For i � k � max (where max is the maxi-mum value that i takes during the exe
ution of Algorithm 6.2.7) wehave that Æ0 2 �A [ �B ) 9Æ 2 pre�x (fÆ0g) su
h that Æ 2 �i.Base Case: For all Æ0 we have that hi 2 pre�x (fÆ0g) and hi 2 �0.Indu
tion Step: Let i = k + 1 � max and take a Æ0 2 �A [ �B . LetÆ 2 pre�x (fÆ0g) be su
h that Æ 2 �k, whi
h must exist by the indu
-tion hypothesis. Either we have that Æ 2 �k+1, and the indu
tion stepholds for Æ, or Æhl Æmi 2 �k+1 for every l Æm 2 top(�A # Æ) where alsotop(�A # Æ) = top(�B # Æ) 6= ;. Let 
 be su
h that Æ0 = Æ
 (whi
hmust exist be
ause Æ 2 pre�x (fÆ0g)). By Lemma 5.2.10 and be
ausetop(�A # Æ) top(�B # Æ) 6= ; we know that 
 
annot be empty andthus 
 = hl Æmi
0 where l Æm 2 top(�A # Æ). Hen
e, we have founda pre�x Æhl Æmi of Æ0 su
h that Æhl Æmi 2 �k+1.We have thus proven that every �i, and thus also the output � , is a gener-alisation of both �A and �B. We will now prove that � is indeed the mostspe
i�
 generalisation. For this we will prove that, whenever �� �� �A and�� �� �B then �� �� � . This is suÆ
ient to show that � is a most spe
i�
generalisation; uniqueness then follows from Lemma 6.2.4. To establish�� �� � we now show that the two points of De�nition 6.2.2 are satis�ed.1. Let Æ 2 ��. We have to prove that Æ 2 pre�x (� ). As �� �� �A and�� �� �B , we have by De�nition 6.2.2 that Æ 2 pre�x (�A)\pre�x (�B ).In order to prove that Æ 2 pre�x (� ) it is suÆ
ient to prove that ifÆ = Æ0hl ÆmiÆ00 then top(�A # Æ0) = top(�B # Æ0) 6= ;. Indeed, on
ewe have proven this statement, we 
an pro
eed by indu
tion (startingout with Æ0 = hi) to show that for some i we have Æ 2 �i (be
ausetop(�A # Æ0) = top(�B # Æ0) 6= ; and Æ 2 pre�x (�A)\pre�x(�B ) ensurethat if Æ0 2 �j then Æ0hl Æmi 2 �j+k for some k > 0). From then on,the algorithm will either leave Æ un
hanged or extend it, and thus wewill have established that Æ 2 pre�x (� ).(a) Let us �rst assume that top(�A # Æ0) = top(�B # Æ0) = ; andshow that it leads to a 
ontradi
tion. By this assumption we



6.2. PARTIAL DEDUCTION USING GLOBAL TREES 107know that no extension of Æ0 
an be in �A or �B , whi
h is in
ontradi
tion with Æ = Æ0hl ÆmiÆ00 2 pre�x (�A) \ pre�x (�B ).(b) Now let us assume that top(�A # Æ0) 6= top(�B # Æ0). This meansthat, for some l Æ m0, Æ0hl Æ m0i 2 pre�x (�A) and Æ0hl Æ m0i 62pre�x (�B ) (otherwise we reverse the roles of �A and �B). We
an thus dedu
e that, for any 
 (even 
 = hi), Æ0hl Æm0i
 62 ��(be
ause otherwise, by point 1 of De�nition 6.2.2, �� 6�� �B).Thus, in order to satisfy point 2 of De�nition 6.2.2 for �� �� �A,we know that some pre�x of Æ0 must be in �� (be
ause Æ0hl Æm0i
0 2 �A for some 
0). But this is impossible by Lemma 6.2.4,be
ause Æ = Æ0hl ÆmiÆ00 2 ��.So, assuming either top(�A # Æ0) = top(�B # Æ0) = ; or top(�A # Æ0) 6=top(�B # Æ0) leads to a 
ontradi
tion and we have established thedesired result.2. Let Æ0 2 � . We have to prove point 2 of De�nition 6.2.2 (for �� ��� ), namely that 9Æ00 2 pre�x (fÆ0g) su
h that Æ00 2 ��. We havealready proven that � is a generalisation of both �A and �B , and thusÆ0 2 pre�x (�A)\ pre�x (�B ). We also know, by the while-
ondition inAlgorithm 6.2.7, that eithera) top(�A # Æ0) = top(�B # Æ0) = ; orb) top(�A # Æ0) 6= top(�B # Æ0).Let us examine ea
h of these 
ases.(a) In that 
ase we have Æ0 2 �A \ �B whi
h implies, by point 2of De�nition 6.2.2, that 9Æ00 2 pre�x (fÆ0g) su
h that Æ00 2 ��be
ause �� �� �A and �� �� �B .(b) In that 
ase we 
an �nd Æ0hlÆmi
A 2 �A and lÆm 62 top(�B # Æ0)(otherwise we reverse the roles of �A and �B). As �� �� �A, weknow by point 2 of De�nition 6.2.2, that a pre�x Æ00 of Æ0hl Æmi
A is in ��. Finally, Æ00 must be a pre�x of Æ0 (otherwiseÆ00 = Æ0hl Æmi
0A 2 �� and, as Æ0hl Æmi
0A 62 pre�x (�B ) be
ausel Æ m 62 top(�B # Æ0), we 
annot have �� �� �B by point 1 ofDe�nition 6.2.2). 2For �A 6= ; and �B 6= ; we denote by msg(�A; �B ) the output of Algo-rithm 6.2.7. If both �A = ; and �B = ; then ; is the unique most spe
i�
generalisation and we therefore de�ne msg(;; ;) = ;. Only in 
ase one ofthe 
hara
teristi
 trees is empty while the other is not, do we leave the msgunde�ned.



108 CHAPTER 6. REMOVING DEPTH BOUNDSExample 6.2.12 Given �1 = fh1 Æ 3ig, �2 = fh1 Æ 3; 2 Æ 4ig, �3 = fh1 Æ3i; h1 Æ 4ig, �4 = fh1 Æ 3; 2 Æ 4i; h1 Æ 3; 2 Æ 5ig, we have that msg(�1 ; �2 ) =�1, msg(�1 ; �3 ) = msg(�2 ; �3 ) = fhig and msg(�2 ; �4 ) = �1.The above Lemma 6.2.10 and Proposition 6.2.11 
an also be used toprove an interesting property about the �� relation.Corollary 6.2.13 Let �1 and �2 be 
hara
teristi
 trees su
h that �1 �� �2.If 
htree(G ;P ;U ) = �2 then for some U 0, 
htree(G ;P ;U 0) = �1 .Proof First we have that Algorithm 6.2.7 will produ
e for �1 and �2 theoutput � = �1 (be
ause Algorithm 6.2.7 
omputes the most spe
i�
 gen-eralisation by Proposition 6.2.11). Hen
e we have the desired property byLemma 6.2.10. 2De�nition 6.2.14 (�
a) A 
hara
teristi
 atom (A1; �1) is more generalthan another 
hara
teristi
 atom (A2; �2), denoted by (A1; �1) �
a (A2; �2),i� A1 � A2 and �1 �� �2. Also (A1; �1) is said to be a variant of (A2; �2)i� (A1; �1) �
a (A2; �2).The following proposition shows that the above de�nition safely approx-imates the optimal but impra
ti
al \more general" de�nition based on theset of 
on
retisations.Proposition 6.2.15 Let (A; �A), (B; �B) be two 
hara
teristi
 atoms. If(A; �A) �
a (B; �B) then 
P (A; �A) � 
P (B; �B).Proof Let C be a pre
ise 
on
retisation of (B; �B). By De�nition 5.1.3,there must be an unfolding rule U su
h that 
htree( C ;P ;U ) = �B .By Corollary 6.2.13 we 
an �nd an unfolding rule U 0, su
h that 
htree( C ;P ;U 0) = �A. Furthermore, by De�nition 6.2.14, B is an instan
e of Aand therefore C is also an instan
e of A. We 
an 
on
lude that C is also apre
ise 
on
retisation of (A; �A). In other words, any pre
ise 
on
retisationof (B; �B) is also a pre
ise 
on
retisation of (A; �A). The result for general
on
retisations follows immediately from this by De�nition 5.1.3. 2The 
onverse of the above proposition does of 
ourse not hold. Takethe member program from Example 4.2.5 and let A = member(a; [a℄),� = fh1 Æ 1i; h1 Æ 2ig and � 0 = fh1 Æ 1ig. Then 
P (A; � ) = 
P (A; � 0)= fmember(a; [a℄)g (be
ause the resolvent member(a; [℄) asso
iated withh1Æ2i fails �nitely) but neither (A; � ) �
a (A; � 0) nor (A; � 0) �
a (A; � ) hold.The following is an immediate 
orollary of Proposition 6.2.15.



6.2. PARTIAL DEDUCTION USING GLOBAL TREES 109Corollary 6.2.16 Let P be a program and CA, CB be two 
hara
teristi
atoms su
h that CA �
a CB. If CB is a P -
hara
teristi
 atom then so isCA.Finally, we extend the notion of most spe
i�
 generalisation (msg) to
hara
teristi
 atoms:De�nition 6.2.17 Let (A1; �1), (A2; �2) be two 
hara
teristi
 atoms su
hthat msg(�1 ; �2 ) is de�ned.Then msg((A1 ; �1 ); (A2 ; �2 )) = (msg(A1 ;A2 );msg(�1 ; �2 )).Note that the above msg for 
hara
teristi
 atoms is indeed a most spe
i�
generalisation (be
ause msg(A1 ;A2 ) and msg(�1 ; �2 ) are most spe
i�
 gen-eralisations for the atom and 
hara
teristi
 tree parts respe
tively) and isstill unique up to variable renaming. Its further extension to sets of 
har-a
teristi
 atoms (rather than just pairs) is straightforward, and will not bein
luded expli
itly.Well-quasi ordering of 
hara
teristi
 atoms.We now pro
eed to introdu
e another order relation on 
hara
teristi
 atoms.It will be instrumental in guaranteeing termination of the re�ned partialdedu
tion method to be presented.We re
all De�nition 3.3.9 from Chapter 3:De�nition 3.3.9 (wqo) A poset V;�V is 
alled well-quasi-ordered (wqo)i� for any in�nite sequen
e of elements e1; e2; : : : in V there are i < j su
hthat ei �V ej . We also say that �V is a well-quasi order (wqo) on V .An interesting wqo is the homeomorphi
 embedding relation �. It hasbeen adapted from [81, 82℄, where it is used in the 
ontext of term rewrit-ing systems, for use in super
ompilation in [258℄. Its usefulness as a stop
riterion for partial evaluation is also dis
ussed and advo
ated in [190℄.Some 
omplexity results 
an be found in [264℄ and [117℄ (also summarisedin [190℄).Re
all that expressions are formulated using the alphabet AP whi
h weimpli
itly assume underlying the programs and queries under 
onsidera-tion. Remember that it may 
ontain symbols o

urring in no program andquery but that it 
ontains only �nitely many 
onstant, fun
tion and pred-i
ate symbols (but always in�nitely many variables). The latter propertyis of 
ru
ial importan
e for some of the propositions and proofs below. InSe
tion 6.4.1 we will present a way to lift this restri
tion.De�nition 6.2.18 (�) The homeomorphi
 embedding relation � on ex-pressions is de�ned indu
tively as follows:



110 CHAPTER 6. REMOVING DEPTH BOUNDS1. X � Y for all variables X;Y2. s � f(t1; : : : ; tn) if s� ti for some i3. f(s1; : : : ; sn) � f(t1; : : : ; tn) if 8i 2 f1; : : : ; ng : si � ti.Example 6.2.19 We have that: p(a) � p(f(a)), X �X, p(X) � p(f(Y )),p(X;X) � p(X;Y ) and p(X;Y ) � p(X;X).Proposition 6.2.20 The relation � is a wqo on the set of expressions overa �nite alphabet.Proof (Proofs similar to this one are standard in the literature. We in
ludeit for 
ompleteness.) We �rst need the following 
on
ept from [82℄. Let �be a relation on a set S of fun
tors (of arity � 0). Then the embeddingextension of � is a relation �emb on terms, 
onstru
ted (only) from thefun
tors in S, whi
h is indu
tively de�ned as follows:1. s �emb f(t1; : : : ; tn) if s �emb ti for some i2. f(s1; : : : ; sn) �emb g(t1; : : : ; tn) if f � g and 8i 2 f1; : : : ; ng : si �embti.The de�nition in [82℄ a
tually also allows fun
tors of variable arity, but wewill not need this in the following. We de�ne the relation � on the setS = V [ F of symbols, 
ontaining the (in�nite) set of variables V and the(�nite) set of fun
tors and predi
ates F , as the least relation satisfying:� x � y if x 2 V ^ y 2 V� f � f if f 2 FThis relation is a wqo on S (be
ause F is �nite) and hen
e by Higman-Kruskal's theorem ([121, 155℄, see also [82℄), its embedding extension toterms, �emb, whi
h is by de�nition identi
al to �, is a wqo on the set ofexpressions. 2The intuition behind De�nition 6.2.18 is that when some stru
ture re-appears within a larger one, it is homeomorphi
ally embedded by the latter.As is argued in [190℄ and [258℄, this provides a good starting point fordete
ting growing stru
tures 
reated by possibly non-terminating pro
esses.However, as 
an be observed in Example 6.2.19, the homeomorphi
embedding relation � as de�ned in De�nition 6.2.18 is rather 
rude wrtvariables. In fa
t, all variables are treated as if they were the same variable,a pra
ti
e whi
h is 
learly undesirable in a logi
 programming 
ontext.Intuitively, in the above example, p(X;Y ) � p(X;X) is a

eptable, whilep(X;X) � p(X;Y ) is not. Indeed p(X;X) 
an be seen as standing for
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h 
learly embeds p(X;Y ), butthe reverse does not hold.To remedy the problem (as well as another one related to the msg whi
hwe dis
uss later), we re�ne the above introdu
ed homeomorphi
 embeddingas follows:De�nition 6.2.21 (��) Let A;B be expressions. Then B (stri
tly home-omorphi
ally) embeds A, written as A��B, i� A�B and A is not a stri
tinstan
e of B.Example 6.2.22 We now still have that p(X;Y ) �� p(X;X) but notp(X;X) �� p(X;Y ). Note that still X �� Y and X �� X.An alternate approa
h might be based on numbering variables usingsome mapping #(:) and then stipulating that X �# Y i� #(X) � #(Y ).For instan
e in [190℄ a de Bruijn numbering of the variables is proposed.Su
h an approa
h, however, has a somewhat ad ho
 
avor to it. Take forinstan
e the terms p(X;Y;X) and p(X;Y; Y ). Neither term is an instan
eof the other and we thus have p(X;Y;X) �� p(X;Y; Y ) and p(X;Y; Y ) ��p(X;Y;X). Depending on the parti
ular numbering we will have eitherp(X;Y;X) 6�#p(X;Y; Y ) or p(X;Y; Y ) 6�#p(X;Y;X), while there is noapparent reason why one expression should be 
onsidered smaller than theother.2Theorem 6.2.23 The relation �� is a wqo on the set of expressions overa �nite alphabet.The following lemmas will enable us to prove Theorem 6.2.23.Lemma 6.2.24 (wqo from wfo) Let <V be a well-founded order on V .Then �V , de�ned by v1 �V v2 i� v1 6>V v2, is a wqo on V .Proof Suppose that there is an in�nite sequen
e v1; v2; : : : of elementsof V su
h that, for all i < j, vi 6�V vj . By de�nition this means that,for all i < j, vi >V vj. In parti
ular this means that we have an in�nitesequen
e with vi >V vi+1, for all i � 1. We thus have a 
ontradi
tion withDe�nition 3.3.6 of a well-founded order and �V must be a wqo on V . 2Lemma 6.2.25 Let �V be a wqo on V and let � = v1; v2; : : : be an in�nitesequen
e of elements of V .2[190℄ also proposes to 
onsider all possible numberings, but (leading to n! 
omplexity,where n is the number of variables in the terms to be 
ompared). It is un
lear how su
ha relation 
ompares to �� of De�nition 6.2.21.



112 CHAPTER 6. REMOVING DEPTH BOUNDS1. There exists an i > 0 su
h that the set fvj j i < j ^ vi �V vjg isin�nite.2. There exists an in�nite subsequen
e �� = v�1; v�2; : : : of � su
h that forall i < j we have v�i �V v�j .Proof The proof will make use of the axiom of 
hoi
e at several pla
es.Given a sequen
e �, we denote by �v0�V Æ the subsequen
e of � 
onsistingof all elements v00 whi
h satisfy v0 �V v00. Similarly, we denote by �v0 6�V Æthe subsequen
e of � 
onsisting of all elements v00 whi
h satisfy v0 6�V v00.Let us now prove point 1. Assume that su
h an i does not exist. We
an then 
onstru
t the following in�nite sequen
e �0; �1; : : : of sequen
esindu
tively as follows:� �0 = �� if �i = v0i:�i then �i+1 = �iv0i 6�V ÆAll �i are indeed properly de�ned be
ause at ea
h step only a �nite num-ber of elements are removed (by going from �i to �iv0i 6�V Æ; otherwise wewould have found an index i satisfying point 1). Now the in�nite sequen
ev01; v02; : : : has by 
onstru
tion the property that, for i < j, v0i 6�V v0j . Hen
e�V 
annot be a wqo on V and we have a 
ontradi
tion.We 
an now prove point 2. Let us 
onstru
t �� = v�1 ; v�2; : : : indu
tively asfollows:� �0 = �� if �i = r1; r2; : : : then v�i+1 = rk and �i+1 = �irk�V Æ where k is the�rst index satisfying the requirements of point 1 for the sequen
e �i(i.e. frj j k < j ^ rk �V rjg is in�nite) and where �i = rk+1; rk+2;. . . .By point 1 we know that ea
h �irk�V Æ is in�nite and �� is thus an in�nitesequen
e whi
h, by 
onstru
tion, satis�es v�i �V v�j for all i < j. 2Lemma 6.2.26 (
ombination of wqo) Let �1V and �2V be wqo's on V .Then the quasi order �V de�ned by v1 �V v2 i� v1 �1V v2 and v1 �2V v2,is also a wqo on V .Proof Let � be any in�nite sequen
e of elements from V . We 
an applypoint 2 of Lemma 6.2.25 to obtain the in�nite subsequen
e �� = v�1 ; v�2; : : :of � su
h that for all i < j we have v�i �1V v�j . Now, as �2V is also a wqowe know that, for some i < j, v�i �2V v�j holds as well. Hen
e, for theseparti
ular indi
es, v�i �V v�j and �V satis�es the requirements of a wqo onV . 2We 
an now a
tually prove Theorem 6.2.23.Proof of Theorem 6.2.23. �� 
an be expressed as a 
ombination of two
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tInst where A �NotStri
tInst Bi� B 6� A (i.e. B is not stri
tly more general than A or equivalently A isnot a stri
t instan
e of B). By Lemma 5.3.6 we know that � is a well-founded order on expressions. Hen
e by Lemma 6.2.24 �NotStri
tInst is awqo on expressions. By Proposition 6.2.20 we also have that � is a wqoon expressions (given a �nite underlying alphabet). Hen
e we 
an applyLemma 6.2.26 to dedu
e that �� is also a wqo on expressions over a �nitealphabet. 2We now extend the embedding relation of De�nition 6.2.21 to 
hara
-teristi
 atoms. Noti
e that the relation �� is not a wqo on 
hara
teristi
trees, even in the 
ontext of a given �xed program P . Take for examplethe in�nite sequen
e of 
hara
teristi
 trees depi
ted in Figure 6.1. None ofthese trees is an instan
e of any other tree.One way to obtain a wqo is to �rst de�ne a term representation of
hara
teristi
 trees and then apply the embedding relation �� to this termrepresentation.De�nition 6.2.27 (d:e) By d:e we denote a total mapping from 
hara
ter-isti
 trees to terms (expressible in some �nite alphabet) su
h that:� �1 �� �2 ) d�1e � d�2e (i.e. d:e is stri
tly monotoni
) and� d�1e�� d�2e ) msg(�1 ; �2 ) is de�ned.The 
onditions of De�nition 6.2.27 will be essential for the terminationof a partial dedu
tion algorithm to be presented later.In the following we show that su
h a mapping d:e a
tually exists.Re
all that � # Æ = f
 j Æ
 2 �g and pre�x (� ) = fÆ j 9
 su
h thatÆ
 2 �g. The following lemma will prove useful to establish the existen
eof a mapping d:e.Lemma 6.2.28 Let �1 and �2 be two 
hara
teristi
 trees and let Æ 2pre�x (�1 ) be a 
hara
teristi
 path. If �1 �� �2 then �1 # Æ �� �2 # Æ.Proof If Æ0 2 �1 # Æ then by de�nition ÆÆ0 2 �1. Therefore, by point 1 ofDe�nition 6.2.2, ÆÆ0 2 pre�x (�2 ) be
ause �1 �� �2. Thus Æ0 2 pre�x (�2 # Æ)and point 1 of De�nition 6.2.2 is veri�ed for �1 # Æ and �2 # Æ.Se
ondly, if Æ0 2 �2 # Æ then ÆÆ0 2 �2 and we have, by point 2 ofDe�nition 6.2.2, 9Æ̂ 2 pre�x (fÆÆ0g) su
h that Æ̂ 2 �1. Now, be
ause Æ 2pre�x (�1 ) we know that Æ̂ must have the form Æ̂ = Æ
 (otherwise we arrive ata 
ontradi
tion with Lemma 5.2.10) where 
 2 pre�x (fÆ0g). Thus 
 2 �1 # Æ(be
ause Æ
 2 �1) and also point 2 of De�nition 6.2.2 is veri�ed for �1 # Æand �2 # Æ. 2



114 CHAPTER 6. REMOVING DEPTH BOUNDSProposition 6.2.29 A fun
tion d:e satisfying De�nition 6.2.27 exists.Proof The stri
t monotoni
ity 
ondition of De�nition 6.2.27 is slightlytri
ky, but 
an be satis�ed by representing leaves of the 
hara
teristi
 treeby variables. First, re
all that top(� ) = fl Æm j hl Æmi 2 pre�x (� )g. Letus now de�ne the representation d�e of a non-empty 
hara
teristi
 tree �indu
tively as follows (using a binary fun
tor m to represent 
lause mat
hesas well as the usual fun
tors for representing lists):� d�e = X where X is a fresh variable if top(� ) = ;� d�e = [m(m1; d� # hl Æm1ie); : : : ;m(mk; d� # hl Æmkie)℄ if top(� ) =fl Æm1; : : : ; l Æmkg and where m1 < : : : < mk.For example, using the above de�nition, we havedfh1 Æ 3ige = [m(3; X)℄and dfh1 Æ 3; 2 Æ 4ige = [m(3; [m(4; X)℄)℄:Note that fh1Æ3ig �� fh1Æ3; 2Æ4ig and indeed dfh1Æ3ige �� dfh1Æ3; 2Æ4ige.Also note that, be
ause there are only �nitely many 
lause numbers, theseterms 
an be expressed using a �nite alphabet.3Note that if �1 �� �2 we immediately have by De�nition 6.2.2 that�1 6= ; and �2 6= ;. It is therefore suÆ
ient to prove stri
t monotoni
ityfor two non-empty 
hara
teristi
 trees �1 �� �2. We will prove this byindu
tion on the depth of �1, where the depth is the length of the longest
hara
teristi
 path in �1. We also have to perform an auxiliary indu
tion,showing that d�1e �� d�2e whenever �1 �� �2.Indu
tion Hypothesis: For all 
hara
teristi
 trees �1 of depth � d wehave that d�1e �� d�2e whenever �1 �� �2 and d�1e �� d�2e whenever�1 �� �2Base Case: �1 has a depth of 0, i.e. top(�1 ) = ;. This implies that d�1e isa fresh variable X. If we have �1 �� �2 then top(�2 ) 6= ; and d�2e will be astri
t instan
e of X, i.e. d�1e � d�2e. If we just have �1 �� �2 we still haved�1e � d�2e.Indu
tion Step: Let �1 have depth d + 1. This implies that top(�1 ) 6= ;and, be
ause �1 �� �2 or �1 �� �2, we have by De�nition 6.2.2 andLemma 5.2.10 that top(�1 ) = top(�2 ) (more pre
isely, by point 1 of De�-nition 6.2.2 we have top(�1 ) � top(�2 ) and by point 2 of De�nition 6.2.23We 
an make d:e inje
tive (i.e. one-to-one) by adding the numbers of the sele
tedliterals. But be
ause these numbers are not a priori bounded we then have to representthem di�erently than the 
lause numbers, e.g. in the form of s(: : : (0) : : :), in order tostay within a �nite alphabet.
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ombined with Lemma 5.2.10 | the latter aÆrming that hi 62 �1 | weget top(�1 ) � top(�2 )). Let top(�1 ) = fl Æ m1; : : : ; l Æ mkg. Both d�1eand d�2e will by de�nition have the same top-level term stru
ture | theymight only di�er in their respe
tive subterms fd�1 # hl Æmiie j 1 � i � kgand fd�2 # hl Æ miie j 1 � i � kg. We 
an now pro
eed by indu
tion.First by Lemma 6.2.28 we have that �1 # hl Æ mii �� �2 # hl Æ mii. Fur-thermore, in 
ase �1 �� �2, there must be at least one index j su
h that�1 # hl Æ mji �� �2 # hl Æ mji, otherwise �1 �� �2. For this index j we
an apply the �rst part of the indu
tion hypothesis (be
ause the depth ofthe respe
tive sub-trees is stri
tly smaller) to show that d�1 # hl Æ mjie� d�2 # hl Æmjie. For the other indexes i 6= j we 
an apply the se
ond partof the indu
tion hypothesis to show that d�1 # hl Æmiie � d�2 # hl Æmiie.Finally, be
ause all variables used are fresh and thus distin
t, there 
an beno aliasing between the respe
tive subterms and we 
an therefore 
on
ludethat d�1e � d�2e if �1 �� �2 as well as d�1e � d�2e if �1 �� �2.Remember that msg(�1 ; �2 ) is de�ned unless one of the 
hara
teristi
 treesis empty while the other one is not. Therefore, to guarantee that if d�1e��d�2e holds then msg(�1 ; �2 ) is de�ned, we simply have to ensure that� d;e �� d�e i� � = ; and� d�e �� d;e i� � = ;.This 
an be done by de�ning d;e = empty where the fun
tor empty is notused in the representation of 
hara
teristi
 trees di�erent from ;. 2The existen
e of su
h a mapping also implies, by Lemma 5.3.6, thatthere are no in�nite 
hains of stri
tly more general 
hara
teristi
 trees.(This would not have been true for a more re�ned de�nition of \moregeneral" based on just the set of 
on
retisations.)Also note that the inverse of the mapping d:e, introdu
ed in the proofof Proposition 6.2.29, is not total (it seems to be very diÆ
ult or evenimpossible to �nd a mapping satisfying De�nition 6.2.27 whose inverse istotal) but still stri
tly monotoni
. We will not need this property in thefollowing however. But note that, be
ause the inverse is not total, we
annot simply apply the msg to the term representation of 
hara
teristi
trees in order to obtain a generalisation. In other words, the de�nition ofd:e does not make the notion of an msg for 
hara
teristi
 trees, as well asAlgorithm 6.2.7, super
uous.From now on, we �x d:e to be a parti
ular mapping satisfying De�ni-tion 6.2.27. The mapping developed in the proof of Proposition 6.2.29 isa
tually a good 
andidate, as it has the desirable property that the stru
tureof a 
hara
teristi
 tree � is re
e
ted in the tree-stru
ture of the term d�e,thus ensuring that the value of � for spotting non-terminating pro
esses(see e.g. [190℄) 
arries over to 
hara
teristi
 trees.



116 CHAPTER 6. REMOVING DEPTH BOUNDSDe�nition 6.2.30 (��
a) Let (A1; �1); (A2; �2) be 
hara
teristi
 atoms. Wesay that (A2; �2) embeds (A1; �1), denoted by (A1; �1)��
a (A2; �2), i� A1��A2 and d�1e�� d�2e.Proposition 6.2.31 Let ~A be a set of P -
hara
teristi
 atoms. Then ~A;��
ais well-quasi-ordered.Proof Let E be the set of expressions over the �nite alphabet AP . ByTheorem 6.2.23, �� is a wqo on E . Let F be the alphabet 
ontainingjust one binary fun
tor 
a=2 as well as all the elements of E as 
onstantsymbols. Let us extend �� from E to F by (only) adding that 
a�� 
a. ��is still a wqo on F , and hen
e, by Higman-Kruskal's theorem ([121, 155℄,see also [82℄), its embedding extension (see proof of Proposition 6.2.20) toterms 
onstru
ted from F is also a wqo. Let us also restri
t ourselves toterms 
a(A; T ) 
onstru
ted by using this fun
tor exa
tly on
e su
h thatA is an atom and T the representation of some 
hara
teristi
 tree. Forthis very spe
ial 
ase, the embedding extension ��emb of �� 
oin
ides withDe�nition 6.2.30 (i.e. 
a(A1; d�1e)��emb 
a(A2; d�2e) i� (A1; �1)��
a (A2; �2))and hen
e ~A;��
a is well-quasi-ordered. 26.2.3 Global treesIn this subse
tion, we adapt and instantiate the m-tree 
on
ept presentedin [201℄ a

ording to our parti
ular needs.De�nition 6.2.32 (global tree) A global tree 
P for a program P is a(�nitely bran
hing) tree where nodes 
an be either marked or unmarkedand ea
h node 
arries a label whi
h is a P -
hara
teristi
 atom.In other words, a node in a global tree 
P looks like (n;mark ;CA), wheren is the node identi�er, mark an indi
ator that 
an take the values mor u, designating whether the node is marked or unmarked, and the P -
hara
teristi
 atom CA is the node's label. Informally, a marked node
orresponds to a 
hara
teristi
 atom whi
h has already been treated by thepartial dedu
tion algorithm.In the sequel, we 
onsider a global tree 
 partially ordered through theusual relationship between nodes: an
estor node >
 des
endent node.Given a node n 2 
, we denote by An

(n) the set of its 
 an
estor nodes(in
luding itself).We now introdu
e the notion of a global tree being well-quasi-ordered,and subsequently prove that it provides a suÆ
ient 
ondition for �niteness.Let 
P be a global tree. Then we will hen
eforth denote as Lbl
P the setof its labels. And for a given node n in a tree 
, we will refer to its labelby lbln .



6.2. PARTIAL DEDUCTION USING GLOBAL TREES 117De�nition 6.2.33 (label mapping) Let 
 be a global tree. Then wede�ne its asso
iated label mapping f
 as the mapping f
 : (
;>
 ) !(Lbl
 ;��
a) su
h that n 7! lbln . f
 will be 
alled quasi-monotoni
 i� 8n1; n2n1 >
 n2 ) lbln1 6��
a lbln2 .De�nition 6.2.34 We 
all a global tree 
 well-quasi-ordered if f
 is quasi-monotoni
.Theorem 6.2.35 A global tree 
 is �nite if it is well-quasi-ordered.Proof Assume that 
 is not �nite. Then it 
ontains (K�onig's Lemma)at least one in�nite bran
h n1 >
 n2 >
 . . . . Consider the 
orrespondingin�nite sequen
e of elements lbln1 ; lbln2 ; : : : 2 Lbl
 ;��
a . From Proposi-tion 6.2.31, we know that Lbl
 ;��
a is wqo and therefore, there must existlblni ; lblnj ; i < j in the above mentioned sequen
e su
h that lblni ��
a lblnj .But this implies that f
 is not quasi-monotoni
. 26.2.4 A tree based algorithmIn this subse
tion, 
on
luding Se
tion 6.2, we present the a
tual re�nedpartial dedu
tion algorithm where global 
ontrol is imposed through 
har-a
teristi
 atoms in a global tree.A formal des
ription of the algorithm 
an be found in Figure 6.6. Pleasenote that it is parametrised by an unfolding rule U , thus leaving the par-ti
ulars of the lo
al 
ontrol unspe
i�ed. As for Algorithm 5.3.3, we needthe notation 
hatom(A;P ;U ) (see De�nition 5.3.2). Also, without lossof generality, we suppose that the initial goal 
ontains just a single atom(otherwise we get a global forest instead of a global tree).As in e.g. [98, 201℄ (but unlike Algorithm 5.3.3), Algorithm 6.2.36 doesnot output a spe
ialised program, but rather a set of (
hara
teristi
) atomsfrom whi
h the a
tual 
ode 
an be generated in a straightforward way. Mostof the algorithm is self-explanatory, ex
ept perhaps the inner while-loop.In ~B, all the 
hara
teristi
 atoms are assembled, 
orresponding to the atomso

urring in the leaves of the SLDNF-tree built for An a

ording to �An .Elements of ~B are subsequently inserted into 
 as (unmarked) 
hild nodesof L if they do not embed the label of n or any of its an
estor nodes. If onedoes, and it is a variant of n's label or that of another node in 
, then it issimply not added to 
. (Note that one 
an 
hange to an instan
e test bysimply repla
ing �
a by �
a.) Finally, if a 
hara
teristi
 atom CAB 2 ~Bdoes embed an an
estor label, but there is no variant to be found in 
, thenthe most spe
i�
 generalisation M of CAB and all embedded an
estor labels~H is re-inserted into ~B. The latter 
ase is of 
ourse the most interesting:



118 CHAPTER 6. REMOVING DEPTH BOUNDSAlgorithm 6.2.36Inputa normal program P and goal  AOutputa set of 
hara
teristi
 atoms ~AInitialisation
 := f(1; u; (A; �A))g;while 
 
ontains an unmarked leaf dolet n be su
h an unmarked leaf in 
: (n; u; (An; �An));mark n;~B := f
hatom(B ;P ;U ) jB 2 leavesP (An; �An)g;while ~B 6= ; dosele
t CAB 2 ~B;remove CAB from ~B;if ~H = fCAC 2 An

 (n)jCAC ��
a CABg = ; thenadd (nB ; u; CAB) to 
 as a 
hild of n;else if 6 9CAD 2 Lbl
 su
h that CAD �
a CAB thenadd msg( ~H [ fCABg) to ~B;end whileend whilereturn ~A := Lbl
Figure 6.6: Partial dedu
tion with global trees.Simply adding a node labelled CAB would violate the well-quasi orderingof the tree and thus endanger termination. Cal
ulating the msg M (whi
halways exists by the 
onditions of De�nition 6.2.27) and trying to add itinstead se
ures �niteness, as proven below, while trying to preserve as mu
hinformation as seems possible (see however Se
tions 6.3 and 6.4). Notethat, similarly to CAB , we 
annot add the msg M dire
tly to the treebe
ause this might produ
e a tree whi
h is not well-quasi ordered (andtermination would also be endangered). Indeed, although by generalisingCAB into M we are a
tually sure that M will not embed any 
hara
teristi
atom in ~H (for a proof of this property see [178℄) it might embed other
hara
teristi
 atoms in the tree. Take for example a bran
h in a global treewhi
h 
ontains the 
hara
teristi
 atoms (p(f(a)); � ) and (p(X); � ). ThenCAB = (p(f(f(a))); � ) embeds (p(f(a)); � ) but not (p(X); � ). Thus ~H= f(p(f(a)); � )g and msg(f(p(f (a)); � ); (p(f (f (a))); � )g) = (p(f(X)); � ),
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h no longer embeds (p(f(a)); � ) but now embeds (p(X); � )! So, toensure that the global tree remains well-quasi ordered it is important tore-
he
k the msg for embeddings before adding it to the global tree.We obtain the following theorems:Theorem 6.2.37 Algorithm 6.2.36 always terminates.Proof Upon ea
h iteration of the outer while-loop in Algorithm 6.2.36,exa
tly one node in 
 is marked, and zero or more (unmarked) nodes areadded to 
. Moreover, Algorithm 6.2.36 never deletes a node from 
, nei-ther does it ever \unmark" a marked node. Hen
e, sin
e all bran
hings are�nite, non-termination of the outer while-loop must result in the 
onstru
-tion of an in�nite bran
h. It is therefore suÆ
ient to argue that the innerwhile-loop terminates and that after every iteration of the outer loop, 
 isa wqo global tree.First, this holds after initialisation. Also, obviously, a global tree will be
onverted into a new global tree through the outer while-loop. Now, awhile-iteration adds zero or more, but �nitely many, 
hild nodes to a par-ti
ular leaf n in the tree, thus 
reating a (�nite) number of new bran
hesthat are extensions of the old bran
h leading to n. We prove that on all ofthe new bran
hes, f
 is quasi-monotoni
. The bran
h extensions are a
tu-ally 
onstru
ted in the inner while-loop, at most one for every element of~B. So, let us take an arbitrary 
hara
teristi
 atom CAB 2 ~B, then thereare three 
ases to 
onsider:1. Either CAB does not embed any label on the bran
h up to (andin
luding) n. It is then added in a fresh leaf. Obviously, f
 will bequasi-monotoni
 on the newly 
reated bran
h.2. Or some su
h label is embedded, but there is also a variant (or moregeneral respe
tively, in 
ase an instan
e test is used) label already insome node of the tree 
. Then, no 
orresponding leaf is inserted inthe tree, and there is nothing left to prove.3. Or, �nally, some labels on the bran
h are embedded, but no variants(or more general 
hara
teristi
 atoms respe
tively) are to be foundin 
. We then 
al
ulate the msg M of CAB and all4 the labels~H = fL1; : : : ; Lkg on the bran
h it embeds. In that 
ase, M must bestri
tly more general than CAB. Indeed, if M would be a variant ofCAB then CAB must be more general than all the elements in ~H (byproperty of the msg), and even stri
tly more general be
ause no labelwas found of whi
h it was a variant (or instan
e respe
tively). This is4The algorithm would also terminate if we only pi
k one su
h label at every step.
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ontradi
tion with the de�nition of ��, whi
h requires that ea
h Liis not a stri
t instan
e of CAB for Li��CAB to hold. (More pre
isely,given Li = (Ai; �i) and CAB = (AB ; �B), Li �� CAB implies that Aiis not a stri
t instan
e of AB and that d�ie is not a stri
t instan
eof d�Be; the latter implies, by stri
t monotoni
ity5 of d:e that �i isnot a stri
t instan
e of �B and thus, by De�nition 6.2.14, we havethat Li is not a stri
t instan
e of CAB.) So in this step we have notmodi�ed the tree (and it remains wqo), but repla
ed an atom in ~B bya stri
tly more general one, whi
h we 
an do only �nitely many times(by Lemma 5.3.6) and thus termination of the inner while-loop isensured (as in the other two 
ases above an element is removed fromB and none are added).Note that, when using the � relation instead of ��, M would notne
essarily be more general than CAB, i.e. the algorithm 
ould loop.For example, take a global tree having the single node (p(X;X); � )and where we try to add ~B = f(p(X;Y ); � )g. Now we have thatp(X;X) � p(X;Y ) and we 
al
ulate the msgmsg(f(p(X ;X ); � ); (p(X ;Y ); � )g) = (p(X ;Y ); � )and we have a loop. 2Theorem 6.2.38 Let P be a program, input to Algorithm 6.2.36, and ~Athe 
orresponding set of 
hara
teristi
 atoms produ
ed as output. Then ~Ais P -
overed.Proof First, it is straightforward to prove that throughout the exe
utionof Algorithm 6.2.36, any unmarked node in 
 must be a leaf. It thereforesuÆ
es to show, be
ause the output 
ontains only marked nodes, that afterea
h iteration of the outer while-loop, only unmarked leaves in 
 possibly
arry a non-
overed label.6 Trivially, this property holds after initialisation.Now, in the outer while-loop, one unmarked leaf n is sele
ted and marked.The inner while-loop then pre
isely pro
eeds to in
orporate (unmarkedleaf) nodes into 
 su
h that all leaf atoms of n's label are 
on
retisationsof at least one label in the new, extended 
. 2The 
orre
tness of the spe
ialisation now follows from Theorem 5.2.2 pre-sented earlier.5Note that the proof also goes through if d:e is not stri
tly monotoni
 but just satis�esthat whenever �i is a stri
t instan
e of �B then �i 6 ���B.6I.e. a label with at least one leaf atom (in P ) that is not a 
on
retisation of any labelin 
.
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essing and other improvements6.3.1 Removing super
uous polyvarian
eIn this se
tion we �rst outline a possible post-pro
essing phase to removesuper
uous polyvarian
e. As mentioned in Chapter 4.5, this might not al-ways be a good idea, e.g. when the spe
ialised program is further analysedby a monovariant abstra
t interpretation phase whi
h 
annot generate fur-ther polyvarian
e by itself. In that 
ase, it is impossible for the partialdedu
er to know exa
tly whi
h polyvarian
e is super
uous and whi
h isnot. However, if the spe
ialised program is destined to be exe
uted di-re
tly, without any further spe
ialisation, then it is possible to redu
e thepolyvarian
e to some minimal level whi
h does not remove any of the spe-
ialisation performed by the proper partial dedu
tion phase des
ribed inAlgorithm 6.2.36.Indeed, unlike e
ologi
al partial dedu
tion as presented in Se
tion 5.3,Algorithm 6.2.36 will obviously often output several 
hara
teristi
 atomswith the same 
hara
teristi
 tree, ea
h giving rise to a di�erent spe
ialisedversion of the same original predi
ate de�nition. Su
h \dupli
ated" poly-varian
e is however super
uous, in the 
ontext of simply running the result-ing program, when it in
reases neither lo
al nor global pre
ision. As far aspreserving lo
al pre
ision is 
on
erned, matters are simple: One pro
edureper 
hara
teristi
 tree is what you want. The 
ase of global pre
ision isslightly more 
ompli
ated: Generalising atoms with identi
al 
hara
teristi
trees might lead to the o

urren
e of more general atoms in the leaves ofthe asso
iated lo
al tree. In other words, we might loose subsequent instan-tiation at the global level, possibly leading to a di�erent and less pre
iseset of 
hara
teristi
 atoms.The polyvarian
e redu
ing post-pro
essing that we propose in this se
-tion therefore avoids the latter phenomenon. In order to obtain the desirede�e
t, it basi
ally 
ollapses and generalises several 
hara
teristi
 atoms withthe same 
hara
teristi
 tree only if this does not modify the global spe
ial-isation. To that end we number the leaf atoms of ea
h 
hara
teristi
 atomand then label the ar
s of the global tree with the number of the leaf atomit refers to. We also add ar
s in 
ase a leaf atom is a variant of another
hara
teristi
 atom in the tree and has therefore not been lifted to theglobal level. We thus obtain a labelled global graph. We then try to 
ollapsenodes with identi
al 
hara
teristi
 trees using the well-known algorithm forminimisation of �nite state automata [1, 128℄: we start by putting all 
har-a
teristi
 atoms with the same 
hara
teristi
 tree into the same 
lass, andsubsequently split these 
lasses if 
orresponding leaf atoms fall into di�er-ent 
lasses. As stated in [128℄, the 
omplexity of this algorithm is O(kn2)



122 CHAPTER 6. REMOVING DEPTH BOUNDSwhere n is the maximum number of states (in our 
ase the number of 
har-a
teristi
 atoms) and k the number of symbols (in our 
ase the maximumnumber of leaf atoms).The following example illustrates the use of this minimisation algorithmfor removing super
uous polyvarian
e.Example 6.3.1 Let us return to the member program of Example 4.2.5,augmented with one additional 
lause:(1) member(X ; [X jT ℄) (2) member(X ; [Y jT ℄) member (X ;T )(3) t(T ) member(a; [a; b; 
; d jT ℄);member(b;T )Suppose that after exe
uting Algorithm 6.2.36 we obtain the following set of
hara
teristi
 atoms ~A = f(member(b;L); � ); (member (a; [a; b; 
; d jT ℄); � );(member(a; [b; 
; d jT ℄); � 0); (member (a;L); � ), (t(T ); fh1 Æ 3ig)g where � =fh1 Æ 1i; h1 Æ 2ig and � 0 = fh1 Æ 2; 1 Æ 2; 1 Æ 2ig. Depending on the parti
ularrenaming fun
tion, a partial dedu
tion of P wrt ~A will look like:mema;[a;b;
;d℄(T ) mema;[a;b;
;d℄(T ) mema;[b;
;d℄(T )mema;[b;
;d℄(T ) mema(T )mema([ajT ℄) mema([Y jT ℄) mema(T )memb([bjT ℄) memb([Y jT ℄) memb(T )t(T ) mema;[a;b;
;d℄(T );memb(T )The labelled graph version of the 
orresponding global tree 
an be found inFigure 6.7. Adapting the algorithm from [1, 128℄ to our needs, we start outby generating three 
lasses (one for ea
h 
hara
teristi
 tree) of states:� C1 = f(member(a; [a; b; 
; d jT ℄); �); (member(a;L); � );(member(b;L); � )g,� C2 = f(member(a; [b; 
; d jT ℄); � 0)g and� C3 = f(t(T ); fh1 Æ 3ig)g.The 
lass C1 must be further split, as the state (member(a; [a; b; 
; d jT ℄); � )has a transition via the label #1 to a state of C2 while the other states ofC1, (member (a;L); � ) and (member(b;L); � ), do not. This means that bya
tually 
ollapsing all elements of C1 we would lose subsequent spe
ialisa-tion at the global level (namely the pruning and pre-
omputation that isperformed within (member(a; [b; 
; d jT ℄); � 0)).We now obtain the following 4 
lasses:� C2 = f(member(a; [b; 
; d jT ℄); � 0)g,� C3 = f(t(T ); fh1 Æ 3ig)g,� C4 = f(member(a; [a; b; 
; d jT ℄); �)g and� C5 = f(member(a;L); � ); (member(b;L); � )g.
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lass that might be further split is C5, but both states of C5have transitions with identi
al labels leading to the same 
lasses, i.e. nospe
ialisation will be lost by 
ollapsing the 
lass. We 
an thus generateone 
hara
teristi
 atom per 
lass (by taking the msg of the atom partsand keeping the 
hara
teristi
 tree 
omponent). The resulting, minimisedprogram is thus:mema;[a;b;
;d℄(T ) mema;[a;b;
;d℄(T ) mema;[b;
;d℄(T )mema;[b;
;d℄(T ) memx(a; T )memx(X; [XjT ℄) memx(X; [Y jT ℄) memx(X;T )t(T ) mema;[a;b;
;d℄(T );memx(b; T )�(member(a;L); �)#1?? �(t(T ); fh1 Æ 3ig)?� #2#1(member(a; [a;b; 
;d jT ℄); �)(member(a; [b; 
;d jT ℄); � 0)#1#1 (member(b;L); �)#1Figure 6.7: Labelled global graph of Example 6.3.1 before post-pro
essingA similar use of this minimisation algorithm is made in [285℄ and [237℄.The former aims at minimising polyvarian
e in the 
ontext of multiple spe-
ialisation by optimising 
ompilers. The latter, in a somewhat di�erent
ontext, studies polyvariant parallelisation and spe
ialisation of logi
 pro-grams based on abstra
t interpretation.6.3.2 Other improvementsUpon 
lose inspe
tion, Algorithm 6.2.36 itself might be made more pre
iseby 
hoosing another, less general, label to insert upon generalisation. Asit 
urrently stands, the algorithm 
omputes the msg of the 
hara
teristi
atom to be added and the labels of all its embedded (future) an
estors.Now, there may be less general generalisations of CAB that likewise donot embed any an
estor label, and 
an be added safely instead of CAB.



124 CHAPTER 6. REMOVING DEPTH BOUNDS?? � (t(T ); fh1 Æ 3ig)�������= � #2#1(member(a; [a;b; 
;d jT ℄); �)(member(a; [b; 
;d jT ℄); � 0)#1#1(member(X ;L); �)#1Figure 6.8: Labelled global graph of Example 6.3.1 after post-pro
essingFor example, given ~H = f(p(a; b); �B)g and B = p(f(a); f(b)), the atompart of msg( ~H [ f(B ; �B )g) is p(X;Y ). However, both p(f(X); f(b)) andp(f(a); f(Y )) are more spe
i�
 generalisations of B that nevertheless do notembed p(a; b). A similar 
onsideration applies to the 
ase where no nodeis added sin
e some an
estor 
arries a label, more general than CAB . Towhat extent su
h re�nements would signi�
antly in
uen
e the spe
ialisationpotential, and, if so, whether it is a
tually possible to in
orporate them intoa 
on
rete algorithm, are topi
s for future resear
h.One further possibility for improvement lies in re�ning the ordering re-lation �
a on 
hara
teristi
 atoms and the related msg operator, so thatthey more pre
isely 
apture the intuitive, but un
omputable order based onthe set of 
on
retisations.7 Alternatively, one 
ould try to use an altogethermore a

urate abstra
tion operator than taking an msg on 
hara
teristi
atoms. For instan
e, one 
an endeavour to extend the 
onstraint based ab-stra
tion operator proposed in [172℄ (and brie
y dis
ussed in Se
tion 5.4.2)to normal programs and arbitrary unfolding rules. This would probablyresult in a yet (slightly) more pre
ise abstra
tion, 
ausing a yet smallerglobal pre
ision loss.Finally, one might also try to in
orporate more detailed eÆ
ien
y and
ost estimates into the global 
ontrol, e.g. based on [70, 71, 69℄, in order toanalyse the trade-o� between improved spe
ialisation and in
reased poly-varian
e and 
ode size.7For example, suppose that a given predi
ate is de�ned by 3 
lauses, numbered 1to 3. Then the msg of � = fh1 Æ 1ig and � 0 = fh1 Æ 2ig, a

ording to De�nitions 6.2.14and 6.2.17, would be fhig, meaning that the asso
iated spe
ialised predi
ate de�nitionwould 
ontain a resultant for 
lause (3) (see De�nition 5.1.8). This 
ould be remediedby using a more re�ned order relation ��
a for whi
h �� = fh1 Æ 1i; h1 Æ 2ig ��
a � and�� ��
a � 0. Hen
e the msg of � and � 0 would no longer be fhig, but the more pre
ise ��.



6.4. EXPERIMENTAL RESULTS AND DISCUSSION 1256.4 Experimental results and dis
ussion6.4.1 SystemsIn this se
tion we present an implementation of the ideas of the pre
ed-ing se
tions, as well as an extensive set of experiments whi
h highlightthe pra
ti
al bene�ts of the implementation over existing partial dedu
tionsystems.The system whi
h integrates the ideas of Chapters 5 and 6, 
alled e

e,is publi
ly available in [170℄ and is a
tually an implementation of a generi
version of Algorithm 6.2.36 whi
h allows the advan
ed user to 
hange andeven implement e.g. the unfolding rule as well as the abstra
tion oper-ator and non-termination dete
tion method. For instan
e, by adaptingthe settings of e

e, one 
an obtain exa
tly Algorithm 6.2.36. But one
an also simulate a (global tree oriented) version of Algorithm 5.3.3 usingdepth bounds to ensure termination. The system even o�ers some furtherpossibilities, beyond (e
ologi
al) partial dedu
tion. We will return to thisaspe
t of the system and present the underlying generi
 algorithm of e

ein Chapter 12.All unfolding rules of e

e were 
omplemented by simple more spe
i�
resolution steps in the style of sp [97℄. Constru
tive negation (see [49℄,[115℄)has not yet been in
orporated, but the sele
tion of ground negative literalsis allowed. Post-pro
essing removal of unne
essary polyvarian
e, using thealgorithm outlined in Se
tion 6.3, determinate post-unfolding as well asredundant argument �ltering (whi
h we will present later in Chapter 11)were enabled throughout the experiments dis
ussed below.The e

e system also handles a lot of Prolog built-ins, like for instan
e=, is, <, =<, <, >=, nonvar , ground , number , atomi
, 
all , n==, n=.All built-ins are supposed to be de
larative and their sele
tion delayeduntil they are suÆ
iently instantiated (e.g. the built-in ground is supposedto be delayed until its argument is ground, i.e. ground just fun
tions as adelay de
laration and is probably the least interesting of the above built-ins). The method presented in this 
hapter is extended by also registeringbuilt-ins in the 
hara
teristi
 trees. One problemati
 aspe
t is that, whengeneralising 
alls to built-ins whi
h generate bindings (like is/2 or =../2 butunlike >/2 or </2) and whi
h are no longer exe
utable after generalisation,these built-ins have to be removed from the generalised 
hara
teristi
 tree(i.e. they are no longer sele
ted). With that, the 
on
retisation de�nitionfor 
hara
teristi
 atoms s
ales up and the te
hnique will ensure 
orre
tspe
ialisation. It should also be possible to in
orporate the if-then-elseinto 
hara
teristi
 trees.Also, the embedding relation � of De�nition 6.2.18 (and the relations
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a based on it) has to be adapted. Indeed, some built-ins (like= ::=2 or is=2) 
an be used to dynami
ally 
onstru
t in�nitely many new
onstants and fun
tors and thus � is no longer a wqo. To remedy this, the
onstants and fun
tors are partitioned into the stati
 ones, o

urring in theoriginal program and the partial dedu
tion query, and the dynami
 ones.(This approa
h is also used in [244, 245℄.) The set of dynami
 
onstants andfun
tors is possibly in�nite, and we will therefore treat it like the in�niteset of variables in De�nition 6.2.18 by adding the following rule to the e

esystem:f(s1; : : : ; sm)�� g(t1; : : : ; tn) if both f and g are dynami
Some dynami
 fun
tors, whi
h already have a natural wqo (or a wfo, whi
h
an be turned into a wqo by Lemma 6.2.24) asso
iated with them, mightbe treated in a more re�ned way. For instan
e for integers we 
an de�ne:i� j if both i and j are integers and i � j.An even more re�ned solution (not implemented for the 
urrent experi-ments), might be based on using the general homeomorphi
 embeddingrelation of [155℄, whi
h 
an handle in�nitely many fun
tion symbols pro-vided that a wqo � on the fun
tion symbols is given:8f(s1; : : : ; sm)�� g(t1; : : : ; tn) if f � g and 91 � i1 < : : : im � nsu
h that 8j 2 f1; : : : ;mg : sj �� tij .We present ben
hmarks using 3 di�erent settings of e

e, hereafter
alled e

e-d, e

e-x-10 and e

e-x. The settings e

e-d and e

e-xuse Algorithm 6.2.36, with a di�erent unfolding rule, while e

e-x-10 usesa (global tree oriented) version of Algorithm 5.3.3 with a depth bound of10 to ensure termination. We also 
ompare with mixtus [245, 244℄, paddy[227, 228, 229℄ and sp [97, 98℄, of whi
h the following versions have beenused: mixtus 0.3.3, the version of paddy delivered with e
lipse 3.5.1 anda version of sp dating from September 25th, 1995.Basi
ally, the above mentioned systems use the following two di�erentunfolding rules:� \mixtus-like" unfolding: This is the unfolding strategy explained in[245, 244℄ whi
h in general unfolds deeply enough to solve the \fullyunfoldable" problems9 but also has safeguards against ex
essive un-folding and 
ode explosion. It requires however a number of ad ho
8A simple one might be f � g if both f and g are dynami
 or if f = g.9I.e. those problems for whi
h normal evaluation terminates (
f. the end of Se
tion 3.1in Chapter 3).



6.4. EXPERIMENTAL RESULTS AND DISCUSSION 127settings. (In the future, we plan experiments with unfolding alongthe lines of [199℄ whi
h is free of su
h elements.) For instan
e, fore

e-x and e

e-x-10 we used the settings (see [245℄) max re
 = 2,max depth = 2, maxfinite = 7, maxnondeterm = 10 and only al-lowed non-determinate unfolding when no user predi
ates were to theleft of the sele
ted literal. The method e

e-x-10 was also 
omple-mented by a level 10 depth bound. For mixtus and paddy we usedthe respe
tive default settings of the systems. Note that the \mixtus-like" unfolding strategies of e

e, mixtus and paddy di�er slightlyfrom ea
h other, probably due to some details not fully elaborated in[245, 227℄ as well as the fa
t that the di�erent global 
ontrol regimesin
uen
e the behaviour of the \mixtus-like" lo
al 
ontrol.� Determinate unfolding: Only (ex
ept on
e) sele
t atoms that mat
ha single 
lause head. The strategy is re�ned with a \lookahead" todete
t failure at a deeper level (
.f. De�nition 3.3.2). This approa
his used by e

e-d and sp. Note however that sp seems to employ are�ned determinate unfolding rule (as indi
ated e.g. by the results forthe ben
hmark depth:lam below).Both of these unfolding rules a
tually ensure that neither the numbernor the order of the solutions under Prolog exe
ution are altered. Also,termination under Prolog will be preserved by these unfolding rules (ter-mination behaviour might however be improved, as e.g. loop; fail 
an betransformed into  fail). For more details related to the preservation of(Prolog) termination we refer to [230, 27, 30℄.6.4.2 ExperimentsThe ben
hmark programs 
an be found in [170℄, short des
riptions are pre-sented in Appendix C. In addition to the \Lam & Kusalik" ben
hmarks(originally in [159℄) they 
ontain a whole set of more involved and real-isti
 examples, like e.g. a model-elimination theorem prover and a meta-interpreter for an imperative language. For some of these new ben
hmarktasks it is impossible to get (big) speedups | the goal of these tasks 
on-sists in testing whether no pessimisation, 
ode explosion or non-terminationo

urs.For the experimentation, we tried to be as realisti
 and pra
ti
e-orientedas possible. In parti
ular, we did not 
ount the number of inferen
es, the
ost of whi
h varies a lot, or some other abstra
t measure, but the a
tualexe
ution time and size of 
ompiled 
ode. The results are summarised inTable 6.1, while the full details 
an be found in Tables 6.2, 6.3 and 6.4.Further details and explanations about the ben
hmarks are listed below:



128 CHAPTER 6. REMOVING DEPTH BOUNDS� Transformation times (TT):The transformation times of e

e and mixtus also in
lude the timeto write the spe
ialised program to �le. Time for sp does not andfor paddy we do not know. We brie
y explain the use of 1 in thetables:� 1, sp: this means \real" non-termination (based upon the de-s
ription of the algorithm in [97℄)� 1, mixtus: heap over
ow after 20 minutes� 1, paddy: thorough system 
rash after 2 minutesIn Tables 6.2, 6.3 and 6.4, the transformation times (TT) are ex-pressed in se
onds while the total transformation time in Table 6.1is expressed in minutes (on a Spar
 Classi
 running under Solaris,ex
ept for paddy whi
h for te
hni
al reasons had to be run on a Sun4). Ea
h system was exe
uted using the Prolog system it runs on:Prolog by BIM for e

e, SICStus Prolog for mixtus and sp andE
lipse for paddy). So, ex
ept when 
omparing the di�erent settingsof e

e, the transformation times should thus only be used for arough 
omparison.It seems that the latest version 0.3.6 of mixtus does terminate forthe missionaries example, but we did not yet redo the experiments.paddy and sp did not terminate for one other example (memo-solveand imperative.power respe
tively) when we a

identally used notinstead of n+ (not is not de�ned in SICStus Prolog; paddy and spfollow this 
onvention and interpreted not as an unde�ned, failingpredi
ate). After 
hanging to n+, both systems terminated.� Relative Runtimes (RRT) of the spe
ialised 
ode:The timings are not obtained via a loop with an overhead but viaspe
ial Prolog �les, generated automati
ally by e

e. These �les 
allthe original and spe
ialised programs dire
tly (i.e. without overhead),at least 100 times for the respe
tive run-time queries, using the time=2predi
ate of Prolog by BIM 4.0.12 on a Spar
 Classi
 under Solaris.SuÆ
ient memory was given to the Prolog system to prevent garbage
olle
tion. Runtimes in Tables 6.2, 6.3 and 6.4 are given relative tothe runtimes of the original programs. In 
omputing averages andtotals, the time and size of the original program were taken in 
aseof non-termination (i.e. we did not punish mixtus, paddy and spfor the non-termination). The total speedups are obtained by theformula nPni=1 spe
iorigi



6.4. EXPERIMENTAL RESULTS AND DISCUSSION 129System Total Worst FU Not FU Total Code Total TTSpeedup Speedup Speedup Speedup Size in KB in mine

e-d 1.90 0.85 2.57 1.74 166.69 2.64e

e-x-10 2.13 0.79 7.07 1.71 224.35 112.72e

e-x 2.51 0.92 8.36 2.02 135.91 2.70mixtus 2.08 0.65 8.13 1.65 152.26 1+2.49paddy 2.08 0.68 8.12 1.65 196.19 1+0.28sp 1.46 0.86 2.08 1.32 182.02 31+1.92Table 6.1: Short summary of the results (higher speedup and lower 
odesize is better)where n is the number of ben
hmarks and spe
i and origi are theabsolute exe
ution times of the spe
ialised and original programs re-spe
tively. In Table 6.1 the 
olumn for \FU" holds the total speedupfor the fully unfoldable ben
hmarks (see Appendix C) while the 
ol-umn for \Not FU" holds the total speedup for the ben
hmarks whi
hare not fully unfoldable.All timings were for renamed queries, ex
ept for the original programsand for sp (whi
h does not rename the top-level query | this putssp at a disadvantage of about 10% in average for speed but at anadvantage for 
ode size). Note that paddy systemati
ally in
ludedthe original program and the spe
ialised part 
ould only be 
alled ina renamed style. We removed the original program whenever possibleand added 1 
lause whi
h allows 
alling the spe
ialised program alsoin an unrenamed style (just like mixtus and e

e). This possibilitywas not used in the ben
hmarks but avoids distortions in the 
odesize �gures (wrt mixtus and e

e).Note that timing in Prolog (by BIM), espe
ially on Spar
 ma
hines,
an sometimes be problemati
. It is not un
ommon that a simplereordering of the predi
ates 
an lead to a 10% di�eren
e in speed(and in some rare 
ases even more, as we will see later in Chapter 12).The problem is probably due to the 
a
hing performed by the Spar
pro
essor.� Size of the spe
ialised 
ode:The 
ompiled 
ode size was obtained via statisti
s=4 and is expressedin units, were 1 unit = 4.08 bytes (in the 
urrent implementation ofProlog by BIM).
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e based systems did terminate on all examples, as would be ex-pe
ted by the results presented earlier in the 
hapter. To our surprisehowever, all the existing systems, mixtus, paddy and sp, did not prop-erly terminate for at least one ben
hmark ea
h. Even ignoring this fa
t,the system e

e-x 
learly outperforms mixtus, paddy and sp, as well forspeed as for 
ode size, while having the best worst 
ase performan
e. Eventhough e

e is still a prototype, the transformation times are reasonableand usually 
lose to the ones of mixtus. e

e 
an 
ertainly be speeded up
onsiderably, maybe even by using the ideas in [229℄ whi
h help paddy tobe (ex
ept for one glit
h) the fastest system overall.Note that even the system e

e-x-10 based on a depth bound of 10,outperforms the existing systems on a

ount of the speed of the spe
ialisedprograms. Its transformation times as well as the size of the spe
ialised
ode are not so good however. Also note that for some ben
hmarks thead-ho
 depth bound of 10 was too shallow (e.g. relative) while for othersit was too deep and resulted in ex
essive transformation times (e.g. model-elim.app). But by removing the depth bound (e

e-x) we in
rease thetotal speedup from 2.13 to 2.51 while de
reasing the size of the spe
ialised
ode from 224 KB down to 136 KB. Also the total transformation timedrasti
ally de
reases by a fa
tor of 42. This 
learly illustrates that gettingrid of the depth bound is a very good idea in pra
ti
e.The di�eren
e between e

e-d and e

e-x in the resulting speedupsshows that determinate unfolding, at least in the 
ontext of standard partialdedu
tion,10 is in general not suÆ
ient for fully satisfa
tory spe
ialisation.The \mixtus-like" unfolding seems to be a good 
ompromise for standardpartial dedu
tion. Also note that for the not fully unfoldable ben
hmarks(most appli
ations will fall into this 
ategory: if a ben
hmark is fully un-foldable one does not need a partial evaluator, normal evaluation suÆ
es)e

e-d a
tually outperforms mixtus, paddy and sp (but not e

e-x).The total speedup of e

e-x is 2.51 and the speedup for the fully un-foldable ben
hmarks is 2.02, i.e. by partial dedu
tion we were able to 
utexe
ution time more than in half. Compared to speedups that are usuallyobtained by low-level 
ompiler optimisations, these �gures are extremelysatisfa
tory. Taken on its own, however, these �gures might look a bitdisappointing as to the potential of partial dedu
tion. But, as alreadymentioned, for some ben
hmark tasks it is impossible to get signi�
antspeedups. Also, partial dedu
tion is of 
ourse not equally suited for alltasks; but for those tasks for whi
h it is suited, partial dedu
tion 
an be even10See Chapter 12 for ben
hmarks on \
onjun
tive partial dedu
tion", in whi
h deter-minate unfolding is better than mixtus-like unfolding.
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h more worthwhile. For instan
e for the ben
hmarks model elim.app,liftsolve.app and liftsolve.db1 | whi
h exhibit interpretation overhead |e

e-x obtains speedup fa
tors of about 8, 17 and 50 respe
tively. Gettingrid of higher-order overhead also seems highly bene�
ial, yielding aboutone order of magnitude speedup. Another area in whi
h partial dedu
tionmight be very worthwhile is handling overly general programs, e.g. gettingrid of unne
essary intermediate variables or making use of the hidden partof abstra
t data types. We will return to some su
h programs (and thete
hniques required to adequately spe
ialise them) in Part V of the thesis.So, given the diÆ
ulty of the ben
hmarks (and the worst 
ase slowdown ofonly 8 %), the speedup �gures are a
tually very satisfa
tory and we 
on-je
ture that it will be bene�
ial to integrate the te
hniques, developed inthis part of the thesis, into a 
ompiler.In 
on
lusion, the ideas presented in this 
hapter and the previous 
hap-ters do not only make sense in theory on a

ounts of pre
ision and termi-nation, but they also pay o� in pra
ti
e, resulting in a spe
ialiser whi
himproves upon some major existing systems on a

ounts of speed and sizeof the spe
ialised programs.6.4.4 Further dis
ussionNote that Algorithm 6.2.36, as well as the e

e system based on it, stru
-ture the 
hara
teristi
 atoms in a global tree, and do not just put them ina set as in Algorithm 5.3.3 of Se
tion 5.3. The following example showsthat generalisation with non-an
estors may signi�
antly limit spe
ialisationpotential.Example 6.4.1 Let P be the usual append program where a type 
he
kon the se
ond argument has been added:(1) app([℄;L;L) (2) app([H jX ℄;Y ; [H jZ ℄) ls(Y ); app(X ;Y ;Z )(3) ls([℄) (4) ls([H jT ℄) ls(T )Let A = app(X ; [℄;Z ) and B = app(X ; [Y ℄;Z ). When unfolding as de-pi
ted in Figure 6.9, we obtain 
htree( A;P ;U ) = fh1 Æ 1i; h1 Æ 2; 1 Æ 3ig= �A and 
htree( B ;P ;U ) = fh1 Æ 1i; h1 Æ 2; 1 Æ 4; 1 Æ 3ig = �B . Theonly leaf atom of (A; �A) is app(X 0; [℄;Z 0) and the sole leaf atom of (B; �B)is app(X 0; [Y ℄;Z 0). In other words, the set f(A; �A); (B; �B)g is P -
overedand no potential for non-termination exists. However, if we 
olle
t 
har-a
teristi
 atoms in a set rather than a tree, we do not noti
e that (B; �B)does not des
end from (A; �A). Consequently, a growing of 
hara
teristi




132 CHAPTER 6. REMOVING DEPTH BOUNDStrees (and synta
ti
 stru
ture) will be dete
ted, leading to an unne
essarygeneralisation of (B; �B), and an una

eptable loss of pre
ision.���R���	 ? ���R���	 ??(1)2 (2) (3) (1)2 (2) (3)(4) app(X ; [℄;Z ) app(X 0; [℄;Z 0)  app(X ; [Y ℄;Z ) ls([℄);app(X 0; [Y ℄;Z ℄) app(X 0; [Y ℄;Z 0) ls([Y ℄);app(X 0; [Y ℄;Z 0) ls([℄);app(X 0; [℄;Z 0)Figure 6.9: SLD-trees for Example 6.4.1One might also wonder whether, in a setting where the 
hara
teristi
atoms are stru
tured in a global tree, it would not be suÆ
ient to justtest for homeomorphi
 embedding on the atom part. The intuition behindthis would be that a growth of the stru
ture of an atom part would forreasonable programs and unfolding rules lead to a growth of the asso
i-ated 
hara
teristi
 tree as well | so, using 
hara
teristi
 trees for de
idingwhen to abstra
t would a
tually be super
uous. For instan
e, in Exam-ple 6.1.1 we observe that rev(L; [℄;R) �� rev(T ; [H ℄;R) and, indeed, forthe 
orresponding 
hara
teristi
 trees dfh1 Æ 1i; h1 Æ 2; 1 Æ 3ige �� dfh1 Æ 1i;h1Æ2; 1Æ4; 1Æ3ige holds. Nonetheless, the intuition turns out to be in
orre
t.The following examples illustrate this point.Example 6.4.2 Let P be the following normal program sear
hing for pathswithout loops:(1) path(X ;Y ;L) :member(X ;L); ar
(X ;Y )(2) path(X ;Y ;L) :member(X ;L); ar
(X ;Z ); path(Z ;Y ; [X jL℄)(3) ar
(a; b) (4) ar
(b; a) (5) member(X ; [X jT ℄) (6) member(X ; [Y jT ℄) member(X ;T )Let A = path(a;Y ; [℄) and B = path(a;Y ; [b; a℄) and U an unfolding rulebased on �� (i.e. only allow the sele
tion of an atom if it does not embed a
overing an
estor). The SLDNF-tree a

ordingly built for  A is depi
ted
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urs in a leaf (A�� B) and will hen
e des
end from Ain the global tree. But the (term representation of) the 
hara
teristi
 tree�A = fh1Æ1; 1Æmember; 1 Æ3 i; h1Æ2; 1Æmember; 1 Æ3 ; 1Æ1; 1Æmember; 1 Æ4 i;h1 Æ 2; 1 Æ member ; 1 Æ 3 ; 1 Æ 2; 1 Æ member ; 1 Æ 4 ig is not embedded in(the representation of) �B = ;, and no danger for non-termination exists(more stru
ture resulted in this 
ase in failure and thus less unfolding). Amethod based on testing only �� on the atom 
omponent would abstra
tB unne
essarily. ����� HHHHj HHHHj�����? ?? ?
? ?? ? Az }| {path(a;Y ; [℄)(1) (2) (2)(1)2

 ar
(a;Y )(3) (3)2 :mem(a; [℄);ar
(a;Y )  :mem(a; [℄); ar
(a;Z ); path(Z ;Y ; [a ℄) ar
(a;Z ); path(Z ;Y ; [a ℄) path(b;Y ; [a ℄) ar
(b;Y )(4) (4) path(a;Y ; [b;a ℄)| {z }B :mem(b; [a℄); ar
(b;Z 0);path(Z 0;Y ; [b;a ℄) ar
(b;Z 0); path(Z 0;Y ; [b;a ℄) :mem(b; [a℄); ar
(b;Y )Figure 6.10: SLDNF-tree for Example 6.4.2Example 6.4.3 Let P be the following de�nite program:(1) path([N ℄) (2) path([X ;Y jT ℄) ar
(X ;Y ); path([Y jT ℄)(3) ar
(a; b) Let A = path(L). Unfolding A (using an unfolding rule U based on ��)will result in lifting B = path([bjT ℄) to the global level. The 
hara
teristi
trees are:�A = fh1 Æ 1i; h1 Æ 2; 1 Æ 3ig,�B = fh1 Æ 1ig. Again, A �� B holds, but not d�Ae �� d�Be.



134 CHAPTER 6. REMOVING DEPTH BOUNDSIn re
ent experiments, it also turned out that 
hara
teristi
 trees mightbe a vital asset when trying to solve the parsing problem [196℄, whi
h ap-pears when unfolding meta-interpreters with non-trivial obje
t programs.In su
h a setting a growing of the synta
ti
 stru
ture also does not implya growing of the 
hara
teristi
 tree.Example 6.4.4 Take the vanilla meta-interpreter with a simple familydatabase at the obje
t level:solve(empty) solve(A&B) solve(A); solve(B)solve(A) 
lause(A;B); solve(B)
lause(an
(X ;Y ); parent(X ;Y )) 
lause(an
(X ;Z ); parent(X ;Y )&an
(Y ;Z )) 
lause(parent(peter ; paul); empty) 
lause(parent(paul ;mary); empty) Let A = solve(an
(X ;Z )) and B = solve(parent(X ;Y )&an
(Y ;Z )). Wehave A �� B and without 
hara
teristi
 trees these two atoms would begeneralised (supposing that both these atoms o

ur at the global level) bytheir msg solve(G). If however, we take 
hara
teristi
 trees into a

ount, wewill noti
e that the obje
t level atom an
(Z ;X ) withinA has more solutionsthan the obje
t level atom an
(Y ;Z ) within B (be
ause in the latter oneY will get instantiated through further unfolding). I.e. the 
hara
teristi
tree of B does not embed the one of A and no unne
essary generalisationwill o

ur.Returning to the global 
ontrol method as laid out in Se
tion 6.2, one
an observe that a possible drawba
k might be its 
omplexity. Indeed, �rst,ensuring termination through a well-quasi-ordering is stru
turally more
ostly than the alternative of using a well-founded ordering. The latteronly requires 
omparison with a single \an
estor" obje
t and 
an be en-for
ed without any sear
h through \an
estor lists" (see [199℄). Testing forwell-quasi-ordering, however, unavoidably does entail su
h sear
hing andrepeated 
omparisons with several an
estors. Moreover, in our parti
u-lar 
ase, 
he
king ��
a on 
hara
teristi
 atoms might seem to be in itselfa quite 
ostly operation, adding to the 
omplexity of maintaining a well-quasi-ordering. But as the experiments of the previous subse
tion show, inpra
ti
e, the 
omplexity of the transformation does not seem to be all thatbad, espe
ially sin
e the experiments were still 
ondu
ted with a prototypewhi
h was not yet tuned for transformation speed.As already mentioned in Se
tion 4.5 of Chapter 4, the partial dedu
tionmethod of [97℄ was extended in [66℄ by adorning 
hara
teristi
 trees with adepth-k abstra
tion of the 
orresponding atom 
omponent. This was done
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rease the amount of polyvarian
e so that a post-pro
essingabstra
t interpretation phase | dete
ting useless 
lauses | 
an obtain amore pre
ise result. However, this k parameter is of 
ourse yet another adho
 depth bound. Our method is free of any su
h bounds and, without theSe
tion 6.3 post-pro
essing, nevertheless obtains a similar e�e
t.Algorithm 6.2.36 
an also be seen as performing an abstra
t interpre-tation on an in�nite domain of in�nite height (i.e. the as
ending 
hain
ondition of [57℄ is not satis�ed) and without a priori limitation of thepre
ision (i.e., if possible, we do not perform any abstra
tion at all and ob-tain simply the 
on
rete results). Very few abstra
t interpretations of logi
programs use in�nite domains of in�nite height (some notable ex
eptionsare [36, 134, 118℄) and to our knowledge all of them have some a priorilimitation of the pre
ision, at least in pra
ti
e.11 An adaptation of Algo-rithm 6.2.36, with its non ad ho
 termination and pre
ise generalisations,might provide a good starting point to introdu
e similar features into ab-stra
t interpretation methods, where they might prove equally bene�
ial.12We 
on
lude this se
tion with a brief dis
ussion on the relation betweenour global 
ontrol and what may be termed as su
h in super
ompilation[273, 274, 258, 114℄. (A distin
tion between lo
al and global 
ontrol is notyet made in super
ompilation.) We already pointed out that the inspira-tion for using � derives from [190℄ and [258℄. In the latter, a generalisationstrategy for positive super
ompilation (no negative information propaga-tion while driving) is proposed. It uses � to 
ompare nodes in a markedpartial pro
ess tree; a notion originating from [111℄ and 
orresponding toglobal trees in partial dedu
tion. These nodes, however, only 
ontain syn-ta
ti
al information 
orresponding to ordinary atoms (or rather goals, seeChapter 10). It is our 
urrent understanding that both the addition ofsomething similar to 
hara
teristi
 trees and the use of the re�ned �� em-bedding 
an lead to improvements of the method proposed in [258℄. Finally,it is interesting to return to an observation already made in Se
tion 4 of[201℄: Neighbourhoods of order \n", forming the basis for generalisation infull super
ompilation ([274℄), are essentially the same as 
lasses of atoms orgoals with an identi
al depth n 
hara
teristi
 tree. Adapting our te
hniqueto the super
ompilation setting will therefore allow to remove the depthbound on neighbourhoods.11In theory the type graphs of [134℄ 
an be as pre
ise as one wants, but in pra
ti
ewidening is applied whenever an upper bound is 
omputed.12For instan
e, one might adapt the wqo �� so that they work on the type graphson [134℄ instead of 
hara
teristi
 trees. One 
ould then 
ombine the method of [134℄with Algorithm 6.2.36 and obtain a more pre
ise abstra
t interpretation method, whi
honly sele
tively applies widening where it seems ne
essary for termination. See alsoChapter 13 for a 
on
rete 
ross-fertilisation between abstra
t interpretation and partialdedu
tion.
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lusion and future workIn this 
hapter, we have �rst identi�ed the problems of imposing a depthbound on 
hara
teristi
 trees (or neighbourhoods for that matter) usingsome pra
ti
al and realisti
 examples. We have then developed a sophisti-
ated on-line global 
ontrol te
hnique for partial dedu
tion of normal logi
programs. Importing and adapting m-trees from [201℄, we have over
omethe need for a depth bound on 
hara
teristi
 trees to guarantee terminationof partial dedu
tion. Plugging in a depth bound free lo
al 
ontrol strategy(see e.g. [37, 199℄), we thus obtain a fully automati
, 
on
rete partial dedu
-tion method that always terminates and produ
es pre
ise and reasonablepolyvarian
e, without resorting to any ad ho
 te
hniques. To the best ofour knowledge, this is the very �rst su
h method.Along the way, we have de�ned generalisation and embedding on 
har-a
teristi
 atoms, re�ning the homeomorphi
 embedding relation � from[81, 82, 190, 258℄ into ��, and showing that the latter is more suitable ina logi
 programming setting. To that end, we have also developed a wayto 
ombine two well-quasi orders into a more powerful one, as well as away to obtain a well-quasi order from a well-founded one. We have alsodis
ussed an interesting post-pro
essing intended to sift super
uous poly-varian
e, possibly produ
ed by the main algorithm. Extensive experimentswith an implementation of the method showed its pra
ti
al value; outper-forming existing partial dedu
tion systems for speedup as well as 
ode sizewhile guaranteeing termination.We believe that the global 
ontrol proposed in this and the previous
hapters is a very good one, but the quality of the spe
ialisation produ
edby any fully 
on
rete instan
e of Algorithm 6.2.36 will obviously also heavilydepend on the quality of the spe
i�
 lo
al 
ontrol used. At the lo
al 
ontrollevel, a number of issues are still open: fully automati
 satisfa
tory unfold-ing of meta-interpreters and a good treatment of truly non-determinateprograms are among the most pressing.Later in Chapters 10 and 11 we will also present an extension of partialdedu
tion, 
alled 
onjun
tive partial dedu
tion, whi
h in
orporates morepowerful unfold/fold-like transformations [222℄, allowing for example toeliminate unne
essary variables from programs [231℄. The extension boilsdown to the lifting of entire goals (instead of separate atoms) to the globallevel, as for instan
e in super
ompilation (where non-atomi
 goals translateinto nested fun
tion 
alls). This opens up a whole range of 
hallenging new
ontrol issues. As we will see later in Chapter 12, the te
hnique presentedin this part of the thesis will signi�
antly 
ontribute in that 
ontext too.
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e-x-10 e

e-xBen
hmark RRT Size TT RRT Size TTadvisor 0.32 809 1.01 0.31 809 0.78
ontains.kmp 0.80 1974 11.53 0.09 685 4.48depth.lam 0.06 1802 2.25 0.02 2085 1.91doubleapp 0.95 216 0.59 0.95 216 0.53ex depth 0.32 350 1.73 0.32 350 1.58grammar.lam 0.14 218 2.27 0.14 218 1.90groundunify.
omplex 0.53 4511 29.10 0.53 4800 0.75groundunify.simple 0.25 368 0.83 0.25 368 22.03imperative.power 0.56 1578 18.14 0.54 1578 27.42liftsolve.app 0.53 4544 16.70 0.06 1179 6.57liftsolve.db1 0.02 2767 22.15 0.02 1326 7.33liftsolve.db2 0.47 11303 154.94 0.61 4786 34.25liftsolve.lmkng 1.02 2385 3.44 1.02 2385 2.75map.redu
e 0.08 348 0.84 0.08 348 0.86map.rev 0.13 427 1.02 0.11 427 0.89mat
h.kmp 0.70 669 1.24 0.70 669 1.23memo-solve 1.26 2033 10.56 1.09 2241 4.31missionaries 1.03 2927 26.67 0.72 2226 9.21model elim.app 0.42 6092 5864.28 0.13 532 3.56regexp.r1 0.29 435 6.77 0.29 435 0.98regexp.r2 0.43 1373 8.63 0.51 1159 4.87regexp.r3 0.48 2041 10.82 0.42 1684 14.92relative.lam 0.02 709 506.89 0.00 261 4.06rev a

 type 0.99 2188 22.95 1.00 242 0.83rev a

 type.in�ail 0.55 1503 21.47 0.60 527 0.80ssuply.lam 0.14 426 7.84 0.06 262 1.18transpose.lam 0.18 2312 8.75 0.17 2312 1.98Average 0.47 2085 250.50 0.40 1263 6.00Total 12.67 56308 6763.41 10.75 34177 161.96Speedup 2.13 2.51Table 6.2: Detailed results for e

e-x-10 and e

e-x
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e-d spBen
hmark RRT Size TT RRT Size TTadvisor 0.47 412 0.79 0.40 463 0.29
ontains.kmp 0.83 1363 2.90 0.75 985 1.13depth.lam 0.94 1955 1.53 0.53 928 0.99doubleapp 0.98 277 0.61 1.02 160 0.11ex depth 0.76 1614 2.78 0.27 786 1.35grammar.lam 0.17 309 1.92 0.15 280 0.71groundunify.
omplex 0.40 9502 25.04 0.73 4050 2.46groundunify.simple 0.25 368 0.78 0.61 407 0.20imperative.power 0.37 2401 61.28 0.97 1706 6.97liftsolve.app 0.06 1179 5.42 0.23 1577 2.46liftsolve.db1 0.01 1280 12.95 0.82 4022 3.95liftsolve.db2 0.17 4694 14.95 0.82 3586 3.71liftsolve.lmkng 1.07 1730 1.70 1.16 1106 0.37map.redu
e 0.07 507 0.84 0.09 437 0.23map.rev 0.11 427 0.88 0.13 351 0.20mat
h.kmp 0.73 639 1.17 1.08 527 0.49memo-solve 1.17 2318 4.22 1.15 1688 3.65missionaries 0.81 2294 4.31 0.73 16864 82.59model elim.app 0.63 2100 2.83 - - 1regexp.r1 0.50 594 1.29 0.54 466 0.37regexp.r2 0.55 629 1.29 1.08 1233 0.67regexp.r3 0.50 828 1.74 1.03 1646 1.20relative.lam 0.82 1074 1.92 0.69 917 0.35rev a

 type 1.00 242 0.70 - - 1rev a

 type.in�ail 0.60 527 0.71 - - 1ssuply.lam 0.06 262 1.18 0.06 231 0.52transpose.lam 0.17 2312 2.56 0.26 1267 0.52Average 0.53 1550 5.86 0.68 1903 4.81Total 14.19 41837 158.29 18.48 45683 115.5Speedup 1.90 1.46Table 6.3: Detailed results for e

e-d and sp
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hmark RRT Size TT RRT Size TTadvisor 0.31 809 0.85 0.31 809 0.10
ontains.kmp 0.16 533 2.48 0.11 651 0.55depth.lam 0.04 1881 4.15 0.02 2085 0.32doubleapp 1.00 295 0.30 0.98 191 0.08ex depth 0.40 643 2.40 0.29 1872 0.53grammar.lam 0.17 841 2.73 0.43 636 0.22groundunify.
omplex 0.67 5227 11.68 0.60 4420 1.53groundunify.simple 0.25 368 0.45 0.25 368 0.13imperative.power 0.57 2842 5.35 0.58 3161 2.18liftsolve.app 0.06 1179 4.78 0.06 1454 0.80liftsolve.db1 0.01 1280 5.36 0.02 1280 1.20liftsolve.db2 0.31 8149 58.19 0.32 4543 1.60liftsolve.lmkng 1.16 2169 4.89 0.98 1967 0.32map.redu
e 0.68 897 0.17 0.08 498 0.20map.rev 0.11 897 0.16 0.26 2026 0.37mat
h.kmp 1.55 467 4.89 0.69 675 0.28memo-solve 0.60 1493 12.72 1.48 3716 1.70missionaries - - 1 - - 1model elim.app 0.13 624 5.73 0.10 931 0.90regexp.r1 0.20 457 0.73 0.29 417 0.13regexp.r2 0.82 1916 2.85 0.67 3605 0.63regexp.r3 0.60 2393 4.49 1.26 10399 1.35relative.lam 0.01 517 7.76 0.00 517 0.42rev a

 type 1.00 497 0.99 0.99 974 0.33rev a

 type.in�ail 0.97 276 0.77 0.94 480 0.28ssuply.lam 0.06 262 0.93 0.08 262 0.08transpose.lam 0.18 1302 3.89 0.18 1302 0.43Average 0.48 1470 5.76 0.48 1894 0.64Total 13.00 38214 149.7 12.96 49239 16.7Speedup 2.08 2.08Table 6.4: Detailed results for mixtus and paddy
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Chapter 7EÆ
iently GeneratingEÆ
ient GeneratingExtensions in Prolog7.1 Introdu
tion7.1.1 O�-line vs. on-line 
ontrolThe 
ontrol problems of spe
ialisation have been ta
kled from two di�er-ent angles: the so-
alled o�-line versus on-line approa
hes. The on-lineapproa
h performs all the 
ontrol de
isions during the a
tual spe
ialisa-tion phase. It is within this methodology that Part II of this thesis wassituated. The o�-line approa
h on the other hand performs an analysisphase prior to the a
tual spe
ialisation phase, based on some rough de-s
riptions of what kinds of spe
ialisations will have to be performed. Theanalysis phase provides annotations whi
h then guide the 
ontrol aspe
t ofthe proper spe
ialisation phase, often to the point of making it 
ompletelytrivial.Partial evaluation of fun
tional programs [56, 138℄ has mainly stressedo�-line approa
hes, while super
ompilation of fun
tional [273, 274, 258, 114℄and partial dedu
tion of logi
 programs [100, 245, 21, 37, 199, 201, 168, 178℄have 
on
entrated on on-line 
ontrol. (Some ex
eptions are [284, 207, 173,167℄.)On-line methods, like the one presented in Part II of this thesis, usu-ally obtain better spe
ialisation, be
ause no 
ontrol de
isions have to betaken beforehand, i.e. at a point where the full spe
ialisation information143



144 CHAPTER 7. GENERATING GENERATING EXTENSIONSis not yet available. The main reason for using the o�-line approa
h is tomake spe
ialisation more amenable to e�e
tive self-appli
ation [140, 141℄,as explained below.7.1.2 The Futamura proje
tionsA partial evaluation or dedu
tion system is 
alled self-appli
able if it is ableto e�e
tively1 spe
ialise itself. The pra
ti
al interests of su
h a 
apabilityare manifold. The most well-known lie with the so 
alled se
ond and thirdFutamura proje
tions (a term 
oined in [91℄; the idea of these proje
tions aswell as the idea of self-appli
ation in general originated in [96℄). The generalme
hanism of the Futamura proje
tions is depi
ted in Figure 7.1. The �rstFutamura proje
tion 
onsists in spe
ialising an interpreter for a parti
ularobje
t program, thereby produ
ing a spe
ialised version of the interpreterwhi
h 
an be seen as a 
ompiled version of the obje
t program. If the par-tial evaluator is self-appli
able then one 
an spe
ialise the partial evaluatorfor performing the �rst Futamura proje
tion, thereby obtaining a 
ompilerfor the interpreter under 
onsideration. This pro
ess is 
alled the se
ondFutamura proje
tion. The third Futamura proje
tion now 
onsists in spe-
ialising the partial evaluator to perform the se
ond Futamura proje
tion.By this pro
ess we obtain a 
ompiler generator (
ogen for short).Guided by these Futamura proje
tions a lot of e�ort, spe
ially in thefun
tional partial evaluation 
ommunity, has been put into making sys-tems self-appli
able. First su

essful self-appli
ation was reported in [140℄,and later re�ned in [141℄ (see also [138℄). The main idea whi
h made thisself-appli
ation possible was to separate the spe
ialisation pro
ess into twophases:� �rst a binding-time analysis (BTA for short) is performed whi
h,based on some rough des
ription of the spe
ialisation task, safelyapproximates the values that will be known at spe
ialisation timeand� a (simpli�ed) spe
ialisation phase, whi
h is guided by the result ofthe BTA.Su
h an approa
h is o�-line be
ause some, or even most, 
ontrol de
isionsare taken beforehand. The interest for self-appli
ation lies with the fa
tthat only the se
ond, simpli�ed phase has to be self-applied. On a morete
hni
al level, su
h an approa
h also avoids (due to the rough des
riptionof the spe
ialisation task) the generation of overly general 
ompilers and
ompiler generators. We refer to [140, 141, 138℄ for further details.1This implies some eÆ
ien
y 
onsiderations, e.g. the system has to terminate withinreasonable time 
onstrains, using an appropriate amount of memory.



7.1. INTRODUCTION 145In the 
ontext of logi
 programming languages the o�-line approa
h wasused in [207℄ and to some extent also in [115℄.On-line methods are mu
h more diÆ
ult to self-apply, and no results,
omparable to the ones obtained for o�-line methods, have been obtainedso far. Note however the resear
h in [107, 275℄ whi
h tries to remedy thisproblem as well as re
ent promising results obtained in [213℄, [276℄, [260℄.Finally, before dis
ussing the issue of self-appli
ation for logi
 programminglanguages in more detail, we would like to mention other possibilities ofself-appli
able partial evaluators beyond the Futamura proje
tions, namelythe spe
ialiser proje
tions [108℄. These allow e.g. the generation of newspe
ialisers from interpreters. -
�-

?
PartialEvaluator (1) PartialEvaluator (2)- 6Compiler-2nd? #" !InterpreterObje
tProgram InterpreterObje
tProgram

Obje
tProgramInterpreter
Generator

? �6Compiler-3rd? #" !Evaluator (3)Partial
InputObje
t-level - Obje
t-levelInput�OutputObje
t-level6-1st �� ��#" !ProgramCompiledEvaluator (1)Partial-

= Output= Input--�� ��= Program= ResultFigure 7.1: Illustrating the 3 Futamura proje
tions
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ation for logi
 programming languagesand the 
ogen approa
hFrom now on we will restri
t our attention to self-appli
ation of spe
ialisersfor logi
 programming languages.Above we have dis
ussed the interest of self-appli
able spe
ialisers forautomati
ally deriving 
ompilers and 
ompiler generators (
ogen's). How-ever, even when using an o�-line approa
h, writing an e�e
tively self-appli
able spe
ialiser is a non-trivial task | the more features one usesin writing the spe
ialiser the more 
omplex the spe
ialisation pro
ess be-
omes, be
ause the spe
ialiser then has to handle these features as well.Also, when non-de
larative features 
ome into play, 
ertain powerful op-timisation might no longer be admissible, be
ause the spe
ialiser is nowfor
ed to preserve the operational semanti
s. All this explains why so farno partial evaluator for full Prolog (like mixtus [245℄, or paddy [227℄) hasbeen made e�e
tively self-appli
able. On the other hand a partial dedu
erwhi
h spe
ialises only purely de
larative logi
 programs (like sage in [115℄or the system in [26℄) has itself to be written purely de
laratively, 
urrentlyleading to slow systems and impra
ti
al 
ompilers and 
ompiler generators.So far, the only pra
ti
al 
ompilers and 
ompiler generators have beenobtained by striking a deli
ate balan
e between the expressivity of the un-derlying language and the ease with whi
h it 
an be spe
ialised. Twoapproa
hes for logi
 programming languages along this line are [95℄ and[207℄. However, the spe
ialisation in [95℄ is in
orre
t with respe
t to someof the extra-logi
al built-ins, leading to in
orre
t 
ompilers and 
ompilergenerators when attempting self-appli
ation (a problem mentioned in [26℄,see also [207, 167℄). The partial evaluator logimix of [207℄ does not sharethis problem, but gives only modest speedups (when 
ompared to resultsfor fun
tional programming languages, see the remarks in [207℄) when self-applied.The a
tual 
reation of the 
ogen a

ording to the third Futamura pro-je
tion is not of mu
h interest to users sin
e, given the spe
ialiser, 
ogen
an be generated on
e and for all. Therefore, from a user's point of view,whether a 
ogen is produ
ed by self-appli
ation or not is of little importan
e| it is important that it exists and that it has an improved performan
eover dire
t self-appli
ation. This is the ba
kground behind the approa
h toprogram spe
ialisation 
alled the 
ogen approa
h: instead of trying to writea partial evaluation system whi
h is neither too ineÆ
ient nor too diÆ
ultto self-apply one simply writes a 
ompiler generator dire
tly. This is notas diÆ
ult as one might imagine at �rst sight: basi
ally 
ogen turns out tobe a rather straightforward extension of a binding-time analysis for logi
programs (something �rst dis
overed for fun
tional languages in [125℄).



7.1. INTRODUCTION 147In this 
hapter we will des
ribe the �rst 
ogen written in this way for alogi
 programming language: a small subset of Prolog.The most noti
eable advantages of the 
ogen approa
h is that the 
o-gen and the 
ompilers it generates 
an use all features of the implemen-tation language. Therefore, no restri
tions due to self-appli
ation have tobe imposed (the 
ompiler and the 
ompiler generator don't have to beself-applied)! As we will see, this leads to extremely eÆ
ient 
ompilers and
ompiler generators. So, in this 
ase, being able to use extra-logi
al featuresa
tually makes the 
ompilers more eÆ
ient as well as easier to generate.Some general advantages of the 
ogen approa
h are: the 
ogen manipu-lates only syntax trees and there is no need to implement a self-interpreter2;values in the 
ompilers are represented dire
tly (there is no en
oding over-head); and it be
omes easier to demonstrate 
orre
tness for non-triviallanguages (due to the simpli
ity of the transformation). In addition, the
ompilers are stand-alone programs that 
an be distributed without the
ogen.A further advantage of the 
ogen approa
h for logi
 languages is that the
ompilers and 
ompiler generators 
an use the non-ground representation(as we will see even a 
ompiled version of it). This is in 
ontrast to self-appli
able partial dedu
ers whi
h must use the ground representation inorder to be de
larative. We will return to this issue in Chapter 8. Further-more, the non-ground representation exe
utes several orders of magnitudefaster than the ground representation (even after spe
ialising, see [35℄) and,as we will see later in Chapter 13, 
an be impossible to spe
ialise satisfa
-torily by partial dedu
tion alone. (Note that even [207℄ uses a \mixed"representation approa
h whi
h lies in between the ground and non-groundstyle; see Chapter 8).Although the Futamura proje
tions fo
us on how to generate a 
ompilerfrom an interpreter, the proje
tions of 
ourse also apply when we repla
ethe interpreter by some other program whi
h is not an interpreter. Inthis 
ase the program produ
ed by the se
ond Futamura proje
tion is not
alled a 
ompiler, but a generating extension. The program produ
ed bythe third Futamura proje
tion 
ould rightly be 
alled a generating extensiongenerator or gengen, but we will sti
k to the more 
onventional 
ogen.The main 
ontributions of this 
hapter are:� the �rst des
ription of a handwritten 
ompiler generator (
ogen) fora logi
 programming language whi
h shows that su
h a program hasquite an elegant and natural stru
ture.2I.e. a meta-interpreter for the underlying language. Indeed the 
ogen just trans-forms the program to be spe
ialised, yielding a 
ompiler whi
h is then evaluated by theunderlying system (and not by a self-interpreter).
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i�
ation of the 
on
ept of binding-time analysis (BTA)in a (pure) logi
 programming setting and a des
ription of how toobtain a generi
 algorithm for partial dedu
tion from su
h a BTA (bydes
ribing how to obtain an unfolding and a generalisation strategyfrom the result of a BTA).� ben
hmark results showing the eÆ
ien
y of the 
ogen, the generatingextensions and the spe
ialised programs.The remainder of this 
hapter is organised as follows: In Se
tion 7.2we formalise the 
on
ept of o�-line partial dedu
tion and the asso
iatedbinding-time analysis. In Se
tion 7.3 we present and explain our 
ogenapproa
h in a pure logi
 programming setting (details on how to extendthis approa
h to handle some extra-logi
al built-ins and the if-then-else
an be found in Appendix D). In Se
tion 7.4 we present some examplesand results underlining the eÆ
ien
y of the 
ogen. We 
on
lude with somedis
ussions in Se
tion 7.5.7.2 O�-line partial dedu
tionAs mentioned in the introdu
tion, the main reason for using the o�-line ap-proa
h is to a
hieve e�e
tive self-appli
ation ([140, 141℄). But the o�-lineapproa
h is in general also more eÆ
ient, sin
e many de
isions 
on
erning
ontrol are made before and not during spe
ialisation. For the 
ogen ap-proa
h to be eÆ
ient it is vital to use the o�-line approa
h, sin
e then the(lo
al) 
ontrol 
an be hard-wired into the generating extension.7.2.1 Binding-time analysisMost o�-line approa
hes perform what is 
alled a binding-time analysis(BTA) prior to the spe
ialisation phase. This phase 
lassi�es arguments topredi
ate 
alls as either stati
 or dynami
. The value of a stati
 argumentis de�nitely known (bound) at spe
ialisation time whereas a dynami
 argu-ment is not de�nitely known (it might only be known at the a
tual run-timeof the program). In the 
ontext of partial dedu
tion, a stati
 argument 
anbe seen as a term whi
h is guaranteed not to be more instantiated at run-time (it 
an never be less instantiated at run-time). For example, if wespe
ialise a program for all instan
es of p(a;X) then the �rst argument top is stati
 while the se
ond one is dynami
 | a
tual run-time instan
esmight be p(a; b); p(a; Z) or p(a;X) but not p(b; 
). We will also say thatan atom is stati
 if all its arguments are stati
 and likewise that a goal isstati
 if it 
onsist only of stati
 (literals) atoms.



7.2. OFF-LINE PARTIAL DEDUCTION 149We will now formalise the 
on
ept of a binding-time analysis. For thatwe �rst de�ne the 
on
ept of divisions whi
h 
lassify arguments into stati
and dynami
 ones.De�nition 7.2.1 (division)A division � of arity n is a subset of the setf1; : : : ; ng of integers. Given �, we denote by �� the set f1; : : : ; ng n�.The elements of � represent the dynami
 argument positions of an atom,while �� represents the stati
 positions. As a notational 
onvenien
e we willuse (Æ1; : : : ; Æn) to denote a division � of arity n, where Æi = s if i 2 ��and Æi = d if i 2 �. For example, (s; d) denotes the division f2g of arity 2.From now on we will also use the notation Pred(P ) to denote the predi
atesymbols o

urring inside a program P . We now de�ne a division for aprogram P whi
h divides the arguments of every predi
ate p 2 Pred(P )into the stati
 and the dynami
 ones:De�nition 7.2.2 (division for a program) A division � for a programP is a mapping from Pred(P ) to divisions having the arity of the 
orre-sponding predi
ates.We say that an argument ti of an atom p(t1; : : : ; tn) is dynami
 wrt �(respe
tively stati
 wrt �) i� i 2 �(p) (respe
tively i 2 �(p)).Example 7.2.3 (d; s) is a division of arity 2 and (s; d; d) a division of arity3. Let P be a program 
ontaining the predi
ate symbols p=2 and q=3. Then� = fp=2 7! (d; s); q=3 7! (s; d; d)g is a division for P . Then the argumentsb and X of q(a; b;X) are dynami
 wrt � while a is stati
 wrt �.Divisions 
an be ordered in a straightforward manner: a division ofarity n is more general than another one if it 
lassi�es more arguments asdynami
. In the following we extend the order to divisions of programs.De�nition 7.2.4 (partial order of divisions) Let � and �0 be divisionsfor a program P . We say that �0 is more general than �, denoted by� v �0,3 i� for all predi
ates p 2 Pred(P ): �(p) � �0(P ).As already mentioned, a binding-time analysis will, given a programP (and some des
ription of how P will be spe
ialised), perform a pre-pro
essing analysis and return a division for P des
ribing when values willbe bound (i.e. known). It will also return an annotation whi
h will thenguide the lo
al unfolding pro
ess of the a
tual partial dedu
tion. From a3In fa
t we 
an even 
onstru
t a latti
e based on the lub for divisions of arity nde�ned by �t�0 = � [�0, the glb de�ned by �u� = � \�0, as well as ?n = ; and>n = f1; : : : ; ng.



150 CHAPTER 7. GENERATING GENERATING EXTENSIONStheoreti
al viewpoint an annotation restri
ts the possible unfolding rulesthat 
an be used (e.g. the annotation 
ould state that predi
ate 
alls top should never be unfolded whereas 
alls to q should always be unfolded).We therefore de�ne annotations as follows:De�nition 7.2.5 (annotation) An annotation U is a set of unfoldingrules (i.e. it is a subset of the set of all possible unfolding rules).In order to be really o�-line, the unfolding rules in the annotation shouldnot take the unfolding history into a

ount and should not depend \toomu
h" on the a
tual values of the stati
 (nor dynami
) arguments. We will
ome ba
k in the following subse
tion on what annotations 
an look likefrom a pra
ti
al viewpoint. We are now in a position to formally de�ne abinding-time analysis in the 
ontext of (pure) logi
 programs:De�nition 7.2.6 (BTA, BTC) A binding-time analysis (BTA) yields,given a program P and an initial division �0 for P , a 
ouple (U ;�) 
on-sisting of an annotation U and a division � for P more general than �0. Wewill 
all the result of a binding-time analysis a binding-time 
lassi�
ation(BTC)The initial division �0 gives information about how the program will bespe
ialised. In fa
t �0 spe
i�es what the initial atom(s) to be spe
ialised(i.e. the ones in A0 of Algorithm 3.3.11) will look like (if p0 does not o

urin A0 we simply set �0(p0) = ;). The role of � is to give information aboutwhat the atoms in Algorithm 3.3.11 will look like at the global level. Inthat light, not all BTC as spe
i�ed above are 
orre
t and we now developa safety 
riterion for a BTC wrt a given program. Basi
ally a BTC issafe i� every atom that 
an potentially appear in one of the sets Ai ofAlgorithm 3.3.11 (given the restri
tions imposed by the annotation of theBTA) 
orresponds to the patterns des
ribed by �. Note that if a predi
atep is always unfolded by the unfolding rule used in Algorithm 3.3.11 then itis irrelevant what the value of �p is.For simpli
ity, we will from now on impose that a stati
 argument mustbe ground.4 In parti
ular this guarantees our earlier requirement that theargument will not be more instantiated at run-time.De�nition 7.2.7 (safe wrt �) Let P be a program and let � be a divisionfor P and let p(�t) be an atom with p 2 Pred(P ). Then p(�t) is safe wrt �i� all its stati
 arguments wrt � are ground. A set of atoms S is safe wrt� i� every atom in S is safe wrt �. Also a goal G is safe wrt � i� all theatoms o

urring in G are safe wrt �.4This simpli�es stating the safety 
riterion of a BTA be
ause one does not have toreason about \freeness". In a similar vein this also makes the BTA itself easier.



7.2. OFF-LINE PARTIAL DEDUCTION 151For example, p(a;X) is safe wrt � = fp=2 7! (s; d)g while p(X; a) isnot.De�nition 7.2.8 (safe BTC, safe BTA) Let � = (U ;�) be a BTC for aprogram P and let U 2 U be an unfolding rule. Then � is a safe BTC forP i� for every U 2 U and for every goal G, whi
h is safe wrt �, U returnsan in
omplete SLDNF-tree whose leaf goals are safe wrt �. A BTA is safeif for any program P it produ
es a safe BTC for P .Example 7.2.9 Let P be the well known append program(1) app([℄;L;L) (2) app([H jX ℄;Y ; [H jZ ℄) app(X ;Y ;Z )Let � = fapp 7! (s; d ; d)g and let U be the set of all unfolding rules. Then(U ;�) is a safe BTC for P . For example, the goal  app([a; b℄;Y ;Z )is safe wrt � and an unfolding rule 
an either stop at  app([b℄;Y ;Z ), app([℄;Y 0;Z 0) or at the empty goal 2. All of these goals are safe wrt�. In general, unfolding a goal  app(t1 ; t2 ; t3 ) where t1 is ground, leadsonly to goals whose �rst arguments are ground.So, the above De�nition 7.2.8 requires atoms to be safe in the leaves ofin
omplete SLDNF-trees, i.e. at the point where the atoms get abstra
tedand then lifted to the global level.5 So, in order for the above 
ondition toensure safety at all stages of Algorithm 3.3.11, the parti
ular abstra
tionoperator should not abstra
t atoms whi
h are safe wrt � into atoms whi
hare no longer safe wrt �. This motivates the following de�nition:De�nition 7.2.10 An abstra
tion operator abstra
t is safe wrt a division� for some program P i� for every �nite set of atoms S, whi
h is safe wrt�, abstra
t(S) is also safe wrt �.7.2.2 A parti
ular o�-line partial dedu
tion methodIn this subse
tion we de�ne a spe
i�
 o�-line partial dedu
tion methodwhi
h will serve as the basis for the 
ogen developed in the remainderof this 
hapter. For simpli
ity, we will from now on restri
t ourselves tode�nite programs. Negation will in pra
ti
e be treated in the 
ogen eitheras a built-in or via the if-then-else 
onstru
t (see Appendix D).Let us �rst de�ne a parti
ular unfolding rule.5Also, when leaving the pure logi
 programming 
ontext and allowing extra-logi
albuilt-ins (like = ::=2) a lo
al safety 
ondition will also be required.



152 CHAPTER 7. GENERATING GENERATING EXTENSIONSDe�nition 7.2.11 (UL) Let L � Pred(P ) be a set of predi
ates, 
alled theredu
ible predi
ates. Also an atom will be 
alled redu
ible i� its predi
atesymbol is in L and non-redu
ible otherwise. We then de�ne the unfoldingrule UL to be the unfolding rule whi
h applies an unfolding step to the goalin the root and then unfolds the leftmost redu
ible atom in ea
h goal.We will use su
h unfolding rules in Algorithm 3.3.11 and we will restri
tourselves (to avoid distra
ting from the essential points) to safe BTA'swhi
h return results of the form � = (fULg;�). In the a
tual implementa-tion of the 
ogen (Appendix E) we use a slightly more liberal approa
h, inthe sense that spe
i�
 program points (
alls to predi
ates) are annotated aseither redu
ible or non-redu
ible. Also note that nothing prevents a BTAfrom having a pre-pro
essing phase whi
h splits the predi
ates a

ordingto their di�erent uses.Example 7.2.12 Let P be the following program(1) p(X) q(X;Y ); q(Y; Z)(2) q(a; b) (3) q(b; a) Let � = fp 7! (s); q 7! (s; d)g. Then � = (fUfqgg;�) is a safe BTC for P .For example, the goal  p(a) is safe wrt � and unfolding it a

ording toUfqg will lead (via the intermediate goals q(a; Y ); q(Y; Z) and q(b; Z))to the empty goal 2 whi
h is safe wrt �. Note that every sele
ted atomis safe wrt �.6 Also note that �0 = (fUfgg;�) is a not a safe BTC for P .For instan
e, for the goal  p(a) the unfolding rule Ufg just performs oneunfolding step and thus stops at the goal q(a; Y ); q(Y; Z) whi
h 
ontainsthe unsafe atom q(Y; Z).The only thing that is missing in order to arrive at a 
on
rete instan
eof Algorithm 3.3.11 is a (safe) abstra
tion operator, whi
h we de�ne in thefollowing.De�nition 7.2.13 (gen�, abstra
t�) Let P be a program and � be a di-vision for P . Let A = p(�t) with p 2 Pred(P ). We then denote by gen�(A)an atom obtained from A by repla
ing all dynami
 arguments of A (wrt�p) by distin
t, fresh variables not o

urring in A.We also de�ne the abstra
tion operator abstra
t� to be the natural exten-sion of the fun
tion gen�: abstra
t�(A) = fgen�(A) j A 2 Ag.6As already mentioned, this is not required in De�nition 7.2.8 but (among others)su
h a 
ondition will have to be in
orporated for the sele
tion of extra-logi
al built-ins.



7.2. OFF-LINE PARTIAL DEDUCTION 153For example, if the division � is fp=2 7! (s; d); q=3 7! (d; s; s)g thengen�(p(a; b)) = p(a;X) and gen�(q(a; b; 
)) = q(X; b; 
).Then abstra
t�(fp(a; b); q(a; b; 
)g) = fp(a;X); q(X; b; 
)g. Note that, triv-ially, abstra
t� is safe wrt �.Observe that in Algorithm 3.3.11 the un
overed leaf atoms are all addedand abstra
ted simultaneously, i.e. the algorithm progresses in a breadth-�rst manner. In general this will yield a di�erent result from a depth-�rst progression (i.e. adding one leaf atom at a time). However, be
auseabstra
t� is a homomorphism7 we 
an use a depth-�rst progression in Algo-rithm 3.3.11 and still get the same spe
ialisation. This is something whi
hwe will a
tually do in the pra
ti
al implementation.In the remainder of this 
hapter we will use the following o�-line partialdedu
tion method:Algorithm 7.2.14 (o�-line partial dedu
tion)1. Perform a BTA (possibly by hand) returning results of the form(fULg;�)2. Perform Algorithm 3.3.11 with UL as unfolding rule and abstra
t� asabstra
tion operator. The initial set of atoms A0 should only 
ontainatoms whi
h are safe wrt �.Proposition 7.2.15 Let (fULg;�) be a safe BTC for a program P . LetA0 be a set of atoms safe wrt �. If Algorithm 7.2.14 terminates then the�nal set Ai only 
ontains atoms safe wrt �.Proof Trivial, by indu
tion on i. 2We will illustrate this parti
ular partial dedu
tion method on an exam-ple.Example 7.2.16 We use a small generi
 parser for a set of languages whi
hare de�ned by grammars of the form S ::= aSjX (where X is a pla
eholderfor a terminal symbol). The example is adapted from [152℄ and the parserP is depi
ted in Figure 7.2.Given the initial division �0 = fnont=3 7! (s; d ; d); t=3 7! ;g a BTAmight return the following BTC � = (fUft=3gg;�) where � = fnont=3 7!(s; d ; d); t=3 7! (s; d; d)g. It 
an be seen that � is a safe BTC for P .Let us now perform the proper partial dedu
tion starting from A0 =fnont(
;R;T )g. Note that the atom nont(
;R;T ) is safe wrt �0 (andhen
e also wrt �). Unfolding the atom in A0 yields the SLD-tree inFigure 7.3. We see that the set of leaf atoms is fnont(
;V ;T )g. As7I.e. abstra
t�(;) = ; and abstra
t�(S [ S0) = abstra
t�(S)[ abstra
t�(S0).



154 CHAPTER 7. GENERATING GENERATING EXTENSIONSnont (
;V ;T ) is a variant of nont (
;R;T ) we obtain A1 = A0. The spe-
ialised program after renaming and �ltering looks like:nont
([ajV ℄;R) nont 
(V ;R)nont
([
jR℄;R) (1) nont(X ;T ;R) t(a; T; V );nont(X ;V ;R)(2) nont(X ;T ;R) t(X;T;R)(3) t(X; [XjES℄;ES)  Figure 7.2: A parser���R���	? ?(2) t(a; T; V );nont(
;V ;R)  t(
;T; R) nont(
;V ;R) 2 (3)(3) (1) nont(
;T ;R)Figure 7.3: Unfolding the parser of Figure 7.27.3 The 
ogen approa
h for logi
 program-ming languagesFor presentation purposes, and without loss of generality, we from nowon suppose that in Algorithm 7.2.14 the initial set A0 
onsists of just asingle atomA0 (a 
onvention followed by a lot of pra
ti
al partial dedu
tionsystems). Thus, a generating extension, is a program that, given a safeBTC (fULg;�) for P , performs part 2 of the o�-line partial dedu
tionAlgorithm 7.2.14 for a given atom A0 whi
h is safe wrt �. For instan
e,in the 
ase of the parser and the BTC from Example 7.2.16, a generatingextension is a program that, when given the atom A0 = nont (
;R;T ),produ
es the residual program shown in the example.



7.3. COGEN APPROACH FOR LOGIC PROGRAMMING 155Given a program P and a safe BTC � for P , a 
ompiler generator ,
ogen, is then simply a program that produ
es a generating extension of Pwrt �.8We will �rst examine in more detail the stru
ture of an eÆ
ient gener-ating extension. Based on this investigation the design of the 
ogen will berather straightforward (given the BTC).To perform the required spe
ialisation, a generating extension �rst hasto unfold the initial atom A0 on
e (to ensure a non-trivial tree). In ea
hbran
h, it then has to unfold the left-most redu
ible atom until no moreredu
ible atoms 
an be found. The atoms in the leaves of the thus obtainedSLDNF-tree have to be 
olle
ted and generalised. This pro
ess is repeatedfor all the new generalised atoms whi
h have not yet been unfolded, untilno more new atoms are found.The unfolding 
omponent of a generating extension might be imple-mented via a meta-program, working on a representation of the programP to be spe
ialised. However, this would not be the most eÆ
ient way tota
kle that problem. Indeed, the generating extension is tailored towards aparti
ular program P (and a parti
ular BTC) and we 
an use this informa-tion to get rid of some unne
essary overhead. The 
ru
ial idea is to writea spe
i�
 predi
ate p u for ea
h predi
ate p of arity n, tailored towardsunfolding atoms of the form p(t1; : : : ; tn). This predi
ate p u has n + 1arguments: the �rst n arguments 
ontain the arguments t1; : : : ; tn of theatom that has to be unfolded while the last argument 
olle
ts the result ofthe unfolding pro
ess. More pre
isely, p u(t1; :::; tn; B) will su

eed for ea
hbran
h of the in
omplete SLDNF-tree obtained by applying the unfoldingrule UL to p(t1; :::; tn), whereby it will return in B the atoms in the leaf ofthe bran
h9 and also instantiate t1; :::; tn via the 
omposition of mgu 's ofthe bran
h. For 
omplete SLDNF-trees (i.e. for atoms whi
h get fully un-folded) the above 
an be obtained very eÆ
iently by simply exe
uting theoriginal predi
ate de�nition of p for the goal p(t1; :::; tn) (no atoms in theleaves have to be returned be
ause there are none). To handle in
ompleteSLDNF-trees we just have to adapt the de�nition of p so that unfolding
an be stopped (for non-redu
ible predi
ates) and so that the atoms in theleaves are 
olle
ted.This 
an be obtained by transforming every 
lause for p=n into a 
lausefor p u=(n+ 1), as done in the following de�nition.De�nition 7.3.1 Let P be a program and C = p(�t) A1; :::; Ak a 
lause of8The BTA itself 
an also be seen as part of the 
ogen. In that 
ase a 
ogen is aprogram that, given an initial division �0 produ
es a generating extension of P wrtsome (U;�), where � is more general than �0.9For reasons of 
larity and simpli
ity in un
attened form.
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ate symbol p=n. Let L � Pred(P ) be a set of redu
iblepredi
ate symbols. We then de�ne the 
lause CLu to be:p u(�t; [R1; :::;Rk℄) S1; :::;Skwhere1. Si = q u(�s;Ri) and Ri is a fresh unused variable, if Ai = q(�s) isredu
ible2. Si = true and Ri = Ai, if Ai is non-redu
ibleWe will denote by PLu the program obtained by applying the above transfor-mation to every 
lause in P and removing all true atoms from the bodies.In the above de�nition inserting a literal of the form q u(�s;Ri) into thebody 
orresponds to further unfolding whereas inserting true 
orrespondsto stopping the unfolding pro
ess. In the 
ase of Example 7.2.16 withL = ft=3g, applying the above to the program P of Figure 7.2 gives riseto the following program PLu (whi
h 
ould be further improved by a simplepartial evaluation):nont_u(X,T,R,[V1,nont(X,V,R)℄) :- t_u(a,T,V,V1).nont_u(X,T,R,[V1℄) :- t_u(X,T,R,V1).t_u(X,[X|R℄,R,[℄).This pie
e of 
ode might a
tually be 
alled a 
ompiled non-ground rep-resentation, and 
ontributes mu
h to the �nal eÆ
ien
y of the generatingextensions. Evaluating it for the 
all nont u(
,T,R,Leaves) yields two
omputed answers whi
h 
orrespond to the two bran
hes in Figure 7.2:> ?-nont_u(
,T,R,Leaves).T = [a | _52℄Leaves = [[℄,nont(
,_52,R)℄Yes ;T = [
 | R℄Leaves = [[℄℄YesThe above 
ode is of 
ourse still in
omplete as it only handles the unfoldingpro
ess and we have to extend it to treat the global level as well. Firstly,
alling p u only returns the atoms of one leaf of the SLDNF-tree, so weneed to add some 
ode that 
olle
ts the information from all the leaves.This 
an be done very eÆ
iently using Prolog's findall predi
ate. Note
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larative 
ontext. This poses no problem,be
ause our generating extensions do not have to be self-applied. To stayde
larative one would have to use something like meta-programming in theground representation (see Chapter 8), whi
h would severely undermineour eÆ
ien
y (and simpli
ity) 
on
erns. This is why the 
ogen approa
h is(probably) mu
h more diÆ
ult to realise in a language like G�odel (maybeintensional sets 
an be used to a
hieve the above) and having some non-de
larative features at our disposal is a de�nite advantage.Using the 
all findall(B,nont u(
,R,T,B),Bs), the Bs will be instan-tiated to the list [[[℄,nont(
, 48, 49)℄,[[℄℄℄, whi
h essentially 
orre-sponds to the leaves of the SLDNF-tree in Figure 7.3, sin
e by 
atteningout we obtain: [nont(
, 48, 49)℄. Furthermore, if we 
allfindall(
lause(nont(
,T,R),Bdy),nont u(
,T,R,Bdy),Cs)we will even get in Cs a representation of the two resultants of Exam-ple 7.2.16.On
e all the resultants have been generated, the body atoms have to begeneralised (using gen�) and unfolded if they have not been en
ounteredyet. The easiest way to a
hieve this is to add a fun
tion p m, for ea
h non-redu
ible predi
ate p, su
h that p m implements the global 
ontrol aspe
tof the spe
ialisation. That is, for every atom p(�t), if one 
alls p m(�t; R)then R will be instantiated to the residual 
all of p(�t) (i.e. the 
all after�ltering and renaming, for instan
e the residual 
all of p(a; b;X) might bep1(X)). At the same time p m also generalises this 
all, 
he
ks if it hasbeen en
ountered before and if not, unfolds the atom, generates 
ode andprints the resultants (residual 
ode) of the atom. We have the followingde�nition of p m, where we denote the Prolog 
onditional by If->Th;El.An illustration of this de�nition, for the predi
ate nont of Example 7.2.16,
an be found in Figure 7.4.De�nition 7.3.2 Let P be a program and p=n be a predi
ate de�ned in P .Let L � Pred(P ) be a set of redu
ible predi
ate symbols. For p 2 Pred(P )we de�ne the 
lause Cpm, de�ning the predi
ate p m, to be:p m(�t,R) :-( find pattern(p(�t),R) -> true; ( insert pattern(p(�s),H),findall(C,(p u(�s,B), treat 
lause(H,B,C)),Cs),pp(Cs),find pattern(p(�t),R) ) ).where �t is a sequen
e of n distin
t, fresh variables and p(�s) = gen�(p(�t)).Finally we de�ne PLm = fCpm j p 2 Pred(P ) n Lg.1010This 
orresponds to saying that only redu
ible atoms 
an o

ur at the global level,
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ate find pattern 
he
ks whether its �rst argu-ment is a 
all that has been en
ountered before, and if so its se
ond argu-ment will be instantiated to the 
orresponding residual 
all (with renamingand �ltering performed). This is a
hieved by keeping a list of the predi
atesthat have been en
ountered before along with their renamed and �ltered
alls. So if the 
all find pattern(p(�t),R) su

eeds, then R has been in-stantiated to the residual 
all of p(�t), if not then the other bran
h of the
onditional is exe
uted.The predi
ate insert pattern will add a new atom (its �rst argument)to the list of atoms en
ountered before and return (in its se
ond argumentH) the generalised, renamed and �ltered version of the atom. The atomH will provide (maybe further instantiated) the head of the resultants tobe 
onstru
ted. This 
all to insert pattern is put �rst to ensure that anatom is not spe
ialised over and over again at the global level.The 
all to findall(C,(p u(�s,B),treat 
lause(H,B,C)),Cs) unfoldsthe generalised atom p(�s) and returns a list of residual 
lauses for p(�s) (inCs). The 
all p u(�s,B) inside findall returns a leaf goal of the SLDNF-tree for p(�s), whi
h is going to be the body of a residual 
lause with headH. For ea
h of the atoms in the body of this 
lause two things have to bedone. First, for ea
h atom a spe
ialised residual version has to be gen-erated if ne
essary. Se
ond, ea
h atom has to be repla
ed by a 
all to a
orresponding residual version. Both of these tasks 
an be performed by
alling the 
orresponding \m" fun
tion of the atoms, so if a body 
ontainsan atom p(�t) then p m(�t,R) is 
alled and the atom is repla
ed by the valueof R. This task is performed by the predi
ate treat 
lause, whose thirdargument will 
ontain the new 
lauses.The predi
ate pp pretty-prints the 
lauses of the residual program. Thelast 
all to find pattern will instantiate R to the residual 
all of the atomp(�t).We 
an now de�ne the generating extension of a program:De�nition 7.3.3 Let P be a program, L 2 Pred(P ) a set of predi
atesand (fULg;�) a safe BTC for P , then the generating extension of P withrespe
t to (fULg;�) is the program Pg = PLu [PLm.The 
omplete generating extension for Example 7.2.16 is shown in Fig-ure 7.4.The generating extension is 
alled as follows: if one wants to spe
ialise anatom p(�t), where p is one of the non-redu
ible predi
ates of the subje
tprogram P , then one simply 
alls p m(�t, ).and hen
e only redu
ible atoms 
an be put into the initial set of atoms A0 of Algo-rithm 3.3.11. To be able to put non-redu
ible atoms into A0, one just hast to repla
e\p 2 Pred(P ) n L" by \p 2 Pred(P )".



7.4. EXAMPLES AND RESULTS 159nont m(B,C,D,E) :-( find pattern(nont(B,C,D),E) -> true; (insert pattern(nont(B,F,G),H),findall(I,(nont u(B,F,G,J),treat 
lause(H,J,I)),K),pp(K),find pattern(nont(B,C,D),E))).nont u(B,C,D,[E,nont(B,G,D)℄) :- t u(a,C,G,E).nont u(H,I,J,[K℄) :- t u(H,I,J,K).t u(L,[L|M℄,M,[℄).Figure 7.4: The generating extension for the parserThe job of the 
ogen is now quite simple: given a program P and asafe BTC � for P , generate a generating extension for P 
onsisting of thetwo parts des
ribed above. The 
ode of the essential parts of our 
ogenis shown in Appendix E. The predi
ate predi
ate generates the de�ni-tion of the global 
ontrol m-predi
ates for ea
h non-redu
ible predi
ate ofthe program, whereas the predi
ates 
lause, bodys and body take 
are oftranslating 
lauses of the original predi
ate into 
lauses of the lo
al 
ontrolu-predi
ates. Note how the se
ond argument of bodys and body 
orre-sponds to 
ode of the generating extension whereas the third argument
orresponds to 
ode produ
ed at the next level, i.e. at the level of the spe-
ialised program. Further details on extending the 
ogen to handle built-insand the if-then-else 
an be found in Appendix D.7.4 Examples and resultsIn this se
tion we present some experiments with our 
ogen implementation,hen
eforth referred to as logen, as well as with some other spe
ialisationsystems. We will use three example programs to that e�e
t.The �rst program is the parser from Example 7.2.16. We will use thesame annotation as in the previous se
tions: nont 7! (s; d ; d).The se
ond example program is the \mixed" meta-interpreter for theground representation of [173℄ in whi
h the goals are \lifted" to the non-ground representation for resolution. See Chapter 8 for further details.We will spe
ialise this program given the annotation solve 7! (s; d), i.e.we suppose that the obje
t program is given and the query to the obje
tprogram is dynami
.



160 CHAPTER 7. GENERATING GENERATING EXTENSIONSFinally we also experimented with a regular expression parser, whi
htests whether a given string 
an be generated by a given regular expression.The example is taken from [207℄. In the experiment we used dgenerate 7!(s; d) for the initial division, i.e. the regular expression is fully knownwhereas the string is dynami
.7.4.1 Experiments with logenThe Tables 7.1, 7.2 and 7.3 summarise our ben
hmarks of the logen sys-tem. The timings were obtained by using the 
putime=1 predi
ate of Prologby BIM on a Spar
 Classi
 under Solaris (timings, at least for Table 7.1,were almost identi
al for a Sun 4).Program Time Annotationparser 0.02 s nont 7! (s;d ;d)solve 0.06 s solve 7! (s;d)regexp 0.02 s dgenerate 7! (s;d)Table 7.1: Running logenProgram Time Queryparser 0.01 s nont(
;T ;R)solve 0.01 s solve(\fq(X) p(X); p(a) g"; Q)regexp 0.03 s dgenerate("(a + b) � :a:a:b";S)Table 7.2: Running the generating extensionProgram Speedup Fa
tor Runtime Queryparser 2.35 nont(
; [ 18z }| {a; : : : ; a; 
; b℄; [b℄)solve 7.23 solve(\fq(X) p(X); p(a) g";\ q(a)")regexp 101.1 dgenerate("(a + b) � :a:a:b";"abaaaabbaab")Table 7.3: Running the spe
ialised programThe results depi
ted in Tables 7.1, 7.2 and 7.3 are very satisfa
tory.The generating extensions are generated very eÆ
iently and also run veryeÆ
iently. Furthermore the spe
ialised programs are also very eÆ
ientand the speedups are very satisfa
tory. The spe
ialisation for the parserexample 
orresponds to the one obtained in 7.2.16. By spe
ialising solveour system logen was able to remove almost all11 the overhead of the11To get rid also of the en
oding overhead using stru
t=2 one would also have to apply



7.4. EXAMPLES AND RESULTS 161ground representation, something whi
h has been a
hieved for the �rsttime in [97℄. In fa
t, the spe
ialised program looks like this:solve__0([℄).solve__0([stru
t(q,[B℄)|C℄) :-solve__0([stru
t(p,[B℄)℄), solve__0(C).solve__0([stru
t(p,[stru
t(a,[℄)℄)|D℄) :-solve__0([℄), solve__0(D).The spe
ialised program obtained for the regexp example a
tually 
or-responds to a deterministi
 automaton, a feat that has also been a
hievedby the system logimix in [207℄. For further details about the examples seeAppendi
es F.1, F.2 and F.3.7.4.2 Experiments with other systemsWe also performed the experiments using other spe
ialisation systems, someof whi
h we already en
ountered in Chapter 6. All systems were able tosatisfa
torily handle the parser example and 
ame up with (almost) thesame spe
ialised program as logen. More spe
i�
 information is presentedin the following.mixtus. mixtus ([245℄) is a partial evaluator for full Prolog whi
h is not(e�e
tively) self-appli
able. We experimented with version 0.3.3 of mixtusrunning under SICStus Prolog 2.1. mixtus 
ame up with exa
tly the samespe
ialisation as our logen for the parser and solve examples. mixtuswas also able to spe
ialise the regexp program, but not to the extent ofgenerating a deterministi
 automaton.sp. We experimented with the sp system (see [97℄), a spe
ialiser for asubset of Prolog (
omparable to our subset, with the ex
eption that spdoes not handle the if-then-else). For the solve example sp was able toobtain the same spe
ialisation as logen, but only after re-spe
ialising thespe
ialised program a se
ond time (also sp does not perform �ltering whi
hmight a

ount for some loss in eÆ
ien
y). Due to the heavy usage of theif-then-else the regexp example 
ould not be handled (dire
tly) by sp.logimix. logimix ([207℄) is a self-appli
able partial evaluator for a sub-set of Prolog, 
ontaining if-then-else, side-e�e
ts and some built-ins. Thisa te
hnique 
alled 
onstru
tor spe
ialisation (for fun
tional programming languages, seee.g. [206℄ or [88℄).
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orporates ideas developed for fun
tional programming and fallswithin the o�-line setting and requires a binding time annotation. It isnot (yet) fully automati
 in the sense that the program has to be hand-annotated. For the parser and regexp examples, logimix 
ame up withalmost the same programs than logen (a little bit less eÆ
ient be
ausebindings were not ba
k-propagated on the head of resultants). We werenot able to annotate solve properly, in every 
ase logimix aborted due toan \instantiation error" on the =../2 built-in. This 
ould either be due toa misunderstanding (on our part) of the annotations of logimix or simplydue to a bug in logimix. It might also be that the example 
annot behandled by logimix be
ause the restri
tions on the annotations are moresevere than ours (in logen the unfoldable predi
ates do not require a divi-sion and logen allows non-deterministi
 unfolding | the latter seems tobe 
ru
ial for the solve example).leupel. leupel ([167, 173℄, see also Chapter 9) is a (not yet e�e
tivelyself-appli
able) partial evaluator for a subset of Prolog, very similar to theone treated by logimix. The system is guided by an annotation phasewhi
h is unfortunately also not automati
. The annotations are \semi-on-line", in the sense that 
onditions (tested in an on-line manner) 
an be givenon when to make a 
all redu
ible, non-redu
ible or even unfoldable (givenno loop is dete
ted at on-line spe
ialisation time). We will re-examinethat system in Chapter 9. For the parser and regexp examples the systemperformed the same spe
ialisation as logen. For the solve example leupeleven 
ame up with a better spe
ialisation than logen, in the sense thatunfolding has also been performed at the obje
t level:solve__1([℄).solve__1([stru
t(q,[stru
t(a,[℄)℄)|A℄) :- solve__1(A).solve__1([stru
t(p,[stru
t(a,[℄)℄)|A℄) :- solve__1(A).Su
h optimisations depend on the parti
ular obje
t program and aretherefore outside the rea
h of purely o�-line methods.e

e. This is the system we already des
ribed and used in Chapter 6. It isa fully automati
 on-line system for a de
larative subset of Prolog (similarto the language handled by SP). We used the settings 
orresponding toe

e-x, as des
ribed in Se
tion 6.4. For the parser example e

e produ
edthe same spe
ialisation as logen. For the solve example the e

e 
ameup with a better spe
ialisation than logen, identi
al to the one obtainedby leupel (but this time fully automati
ally). Due to the heavy usage of



7.4. EXAMPLES AND RESULTS 163the if-then-else the regexp example 
ould, similarly to SP, not be handled(dire
tly) by e

e.paddy. We also did some experiments with the paddy system (see [227℄)written for full E
lipse (a variant of Prolog). paddy basi
ally performed thesame spe
ialisation of solve as e

e or leupel, but left some useless testsand 
lauses inside. paddy was also able to spe
ialise the regexp program,but again not to the extent of generating a deterministi
 automaton.sage. Finally, we tried out the self-appli
able partial dedu
er sage (see[115, 116℄) for the logi
 programming language G�odel. sage 
ame up with(almost) the same spe
ialised program for the parser example as logen.sage performed little spe
ialisation on the solve example, returning almostthe unspe
ialised program ba
k. Due to the heavy usage of the if-then-elsethe regexp example 
ould not be handled by sage.7.4.3 Comparing transformation timesWe were able to measure transformation times (to be 
ompared with theresults of Table 7.2) for all systems ex
ept for sage. Also, all systemsex
ept paddy were run on the same ma
hine as logen. In fa
t, paddyruns under E
lipse and had for te
hni
al reasons to be exe
uted on a Sun 4.mixtus and logimix were exe
uted under SICStus Prolog 2.1, while sp wasexe
uted using SICStus Prolog 3 (for sp we only ben
hmarked one iteration,although two were required for an optimal result for solve). leupel ande

e were ben
hmarked using Prolog by BIM.12As logimix is self-appli
able, we were also able to produ
e generatingextensions to perform the spe
ialisation more eÆ
iently. Produ
ing thesegenerating extensions by using logimix
ogen (obtained via the third Fu-tamura proje
tion) took 1:103s for the parser example and 0:983s for theregexp example.13 The 
orresponding generating extensions then performedthe spe
ialisation in 0:015s instead of 0:018s for the parser example, andin 0:078s instead of 0:093s for the regexp example (so only modestly fasterthan running logimix dire
tly). We also tested the size of the logen andlogimix
ogen using statisti
s(program,S) of SICStus Prolog. The resultfor logimix
ogen (without front- and ba
k-end) was 161616 bytes and the12leupel uses the ground representation and is therefore rather slow. Also, the timingsof e

e in
lude the printing of tra
ing information as well as some run-time type 
he
ks.As mentioned in Chapter 6, e

e is still a prototype and its transformation speed 
anstill be (dramati
ally) improved.13Produ
ing these generating extensions via the se
ond Futamura proje
tion took1:469s for the parser example and 1:277s for the regexp example.
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tive shell and various tools) was 20464bytes, so about 1/8th of the size of logimix
ogen.A summary of all the transformation times 
an be found in Table 7.4.The 
olumns marked by spe
 
ontain the times needed to produ
e thespe
ialised program (using the generating extensions in the 
ase of logenand logimix
ogen), whereas the 
olumns marked by genex 
ontain the timesneeded to produ
e the generating extensions. As 
an be seen, logen isby far the fastest system overall, as well for spe
ialisation as for 
ompilergeneration. Table 7.5 
ontains a 
omparison of the run-times of some ofthe residual programs for a variety of run-time queries.14 It highlights thegood spe
ialisation obtained by logen but also shows that for the solveexample, as explained earlier, the on-line systems were able to produ
ebetter spe
ialisation.Spe
ialiser parser parser solve solve regexp regexpgenex spe
 genex spe
 genex spe
O�-linelogen 0.02 s 0.01 s 0.06 s 0.01 s 0.02 s 0.03 slogimix 1.47 s 0.02 s - - 1.28 s 0.09 slogimix
ogen 1.10 s 0.02 s - - 0.98 s 0.08 sSemi On-lineleupel - 0.11 s - 0.64 s - 4.00 sOn-linee

e-x - 0.09 s - 3.48 s - -mixtus - 0.14 s - 1.36 s - 13.63 spaddy - 0.05 s - 0.80 s - 3.17 ssp - 0.07 s - 0.47 s - -Table 7.4: Spe
ialisation timesFinally the �gures in Tables 7.1 and 7.2 really shine when 
omparedto the 
ompiler generator and the generating extensions produ
ed by theself-appli
able sage system. Unfortunately self-applying sage is 
urrentlynot possible for normal users, so we had to take the timings from [115℄:generating the 
ompiler generator takes about 100 hours (in
luding garbage
olle
tion), generating a generating extension took for the examples (whi
hare probably more 
omplex than the ones treated in this se
tion) in [115℄14The parser example is not in
luded as all systems performed pra
ti
ally identi
alspe
ialisation. For sp, the residual program obtained after two spe
ialisation phases wasused. However, the residual programs produ
ed by sp 
annot be 
alled in renamed way,thus leading to the higher run-time in Table 7.5.
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ialiser solve regexpO�-linelogen 0.31 s 0.21 slogimix - 0.24 sSemi On-lineleupel 0.16 s 0.21 sOn-linee

e-x 0.16 s -mixtus 0.28 s 0.24 spaddy 0.30 s 0.27 spaddy 0.48 s -Table 7.5: Speed of the residual programs (for a large number of queries)at least 7:9 hours (11:8 hours with garbage 
olle
tion). The speedups byusing the generating extension instead of the partial evaluator range from2:7 to 3:6 but the exe
ution times for the system (in
luding pre- and post-pro
essing) still range from 113s to 447s.7.5 Dis
ussion and future workIn 
omparison to other partial dedu
tion methods the 
ogen approa
h may,at least from the examples given in this 
hapter, seem to do quite well withrespe
t to speedup and quality of residual 
ode, and outperform any othersystem with respe
t to transformation speed. But this eÆ
ien
y has a pri
e.Firstly, sin
e our approa
h is o�-line it will of 
ourse su�er from the samede�
ien
ies than other o�-line systems when 
ompared to on-line systems.For instan
e, an o�-line system has to resort to a mu
h simpler 
ontrolstrategy during spe
ialisation, and in
orporating re�ned 
ontrol methods,like the ones developed in Part II of the thesis, is usually not possible. Thismeans e.g. that o�-line systems are not able to perform unfolding at theobje
t level, as dis
ussed in Se
tions 7.4.2 and 7.4.3). Se
ondly, no partiallystati
 stru
tures were needed in the above examples and our system 
annothandle these, so it will probably have diÆ
ulties with something like thetranspose program (see [97℄ or Appendix C) or with a non-ground meta-interpreter. However, our notion of BTA and BTC is quite a 
oarse oneand 
orresponds roughly to that used in early work on self-appli
ability ofpartial evaluators for fun
tional programs, so one might expe
t that this
ould be re�ned 
onsiderably.
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h is 
losely related to the one for fun
tional pro-gramming languages there are still some important di�eren
es. Sin
e 
om-putation in our 
ogen is based on uni�
ation, a variable is not for
ed tohave a �xed binding-time assigned to it | the binding-time analysis is justrequired to be safe. Consider, for example, the following program:g(X) :- p(X),q(X)p(a).q(a).If the initial division �0 states that the argument to g is dynami
, then�0 is safe for the program and the unfolding rule that unfolds predi
atesp and q. The residual program that one gets by running the generatingextensions is:g__0(a).In 
ontrast to this any 
ogen for a fun
tional language known to us will
lassify the variable X in the following analogue fun
tional program (hereexempli�ed in S
heme) as dynami
:(define (g X) (and (equal? X a) (equal? X a)))and the residual program would be identi
al to the original program.One 
ould say that our system allows divisions that are not uniformly
ongruent in the sense of Laun
hbury [162℄ and essentially, our systemperforms spe
ialisation that a partial evaluation system for a fun
tionallanguage would need some form of driving to be able to do.Whether appli
ation of the 
ogen approa
h is feasible for spe
ialisationof other logi
al programming languages than Prolog is hard to say, butit seems essential that su
h languages have some meta-level built-in pred-i
ates, like Prolog's findall and 
all predi
ates, for the method to beeÆ
ient. This means that it is probably very diÆ
ult, or even impossi-ble, to use the approa
h (eÆ
iently) for G�odel. On the other hand, in alanguage like XSB [243, 50℄, the 
ogen might a
tually be
ome simpler be-
ause one might be able to use the underlying tabling me
hanism for thememoisation, whi
h 
urrently has to be done expli
itly by the generatingextensions. Further work will be needed to establish these 
onje
tures.7.5.1 BTA based on groundness analysisWe now present some remarks on the relation between groundness analysisand BTA.
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e we imposed that a stati
 term must be ground, one might thinkthat the BTA 
orresponds exa
tly to groundness analysis (via abstra
tinterpretation [57℄ for instan
e). This is however not entirely true be
ausea standard groundness analysis gives information about the arguments atthe point where a 
all is sele
ted (and often imposing left-to-right sele
tion).In other words, it gives groundness information at the lo
al level when usingsome standard exe
ution. A BTA however requires groundness informationabout the arguments of 
alls in the leaves, i.e. at the point where theseatoms are lifted to the global 
ontrol level.So what we a
tually need is a groundness analysis adapted for unfoldingrules and not for standard exe
ution of logi
 programs. However, we willsee that, by re-using and running a standard groundness analysis on atransformed version of the program to be spe
ialised, we 
an 
ome up witha reasonable BTA.The groundness analysis whi
h we will re-use is based on the PLAIsystem (implemented in SICStus Prolog) whi
h is a domain independentframework for developing global analysers based on abstra
t interpretation.It was originally developed in [120℄, was subsequently enhan
ed with a moreeÆ
ient �x-point algorithm [209, 210, 211℄. In our experiments we will usethe set sharing domain [131℄ provided with PLAI (sharing allows to infergroundness in a straightforward way | basi
ally if a variable does not sharewith any other variable nor with itself then it is ground).Let us now examine the Example 7.2.16 again and perform some mod-i�
ations to the program PLu we produ
ed earlier:nont_u(X,T,R) :- t_u(a,T,V),nont_g(X,V,R).nont_u(X,T,R) :- t_u(X,T,R).t_u(X,[X|R℄,R).nont_g(X,V,R).All we have done is to remove the extra argument 
olle
ting the atomsin the leaves and we have also repla
ed the literal true (whi
h 
orrespondsto stopping the unfolding pro
ess and lifting nont(X,V,R) to the globallevel) by a spe
ial 
all to a new predi
ate nont g(X,V,R). In this way the
all patterns of nont g 
orrespond almost exa
tly to the atoms whi
h arelifted to the global level in Algorithm 7.2.14.If we now run the groundness analysis on this program, stating that theentry point is nont(X,T,R), with X being ground, we will obtain as a resultthat all 
alls to nont g have their �rst argument ground. Also for the solveexample of Se
tion 7.4 this approa
h (by removing negative goals so thatthe results of the abstra
t interpretation remain a safe approximation) weobtain a 
orre
t BTC telling us that 
alls to solve g will have the �rstargument ground!



168 CHAPTER 7. GENERATING GENERATING EXTENSIONSHowever, note that the groundness analysis supposes a left-to-right se-le
tion rule. This results in an analysis whi
h supposes that the non-redu
ible atoms are lifted to the global level as soon as they be
ome leftmost(and not after the whole unfolding as been done). This might result in thegroundness analysis being too 
onservative wrt the a
tual partial dedu
-tion. We 
an remedy this to some extent by moving all g-
alls to the end ofthe 
lause. The optimal solution would be, for the groundness analysis todelay 
alls to g-
alls fun
tions as long as possible. It will have to be studiedwhether this 
an be obtained via some adaptation of the PLAI algorithm.Another promising dire
tion might be based on using the te
hniques forthe \prop" domain developed in [54℄.Also note that the above pro
ess still needs a set L of redu
ible predi-
ates. The big question is, how do we 
ome up with su
h a set. One mightuse a \standard" strategy from fun
tional programming (see [24℄): everypredi
ate p that is not deterministi
 will be added to the set of residualpredi
ates L (and then groundness analysis will have to be run again,...,until a �xpoint is rea
hed). Further work will be required to work out theexa
t theoreti
al and pra
ti
al details of this approa
h. It will also haveto be studied, whether in the new logi
 programming language Mer
urya BTA be
omes mu
h easier, due to the presen
e of the type and modede
larations.157.5.2 Related work in partial evaluation and abstra
tinterpretationThe �rst hand-written 
ogen based on partial evaluation prin
iples was,in all probability, the system RedCompile for a diale
t of Lisp [16℄. Sin
ethen su

essful 
ompiler generators have been written for many di�erentlanguages and language paradigms [241, 125, 127, 20, 5, 25, 109℄.In the 
ontext of de�nite 
lause grammars and parsers based on them,the idea of hand writing the 
ompiler generator has also been used in [214,215℄.16 However, it is not based on (o�-line) partial dedu
tion. The exa
trelationship to our work is 
urrently being investigated.Also the 
onstru
tion of our program PLu (De�nition 7.3.1) seems to berelated to the idea of abstra
t 
ompilation, as de�ned for instan
e in [120℄.In abstra
t 
ompilation a program P is �rst transformed and abstra
ted.Running this transformed program then performs the a
tual abstra
t in-terpretation analysis of P . In our 
ase 
on
rete exe
ution of PLu performs15Note however that the type and mode de
larations are spe
i�ed for fully knowninput and not for partially known input.16Thanks to Ulri
h Neumerkel for pointing this out.
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tion pro
ess. Another similar idea has also beenused in [271℄ to 
al
ulate abstra
t answers.Note that in [54℄, a di�erent kind of abstra
t 
ompilation is presented, inwhi
h a transformed program is analysed (and does not perform the analysisitself). This seems to be related to the idea outlined in Se
tion 7.5.1 forobtaining a BTA from an existing groundness analysis.7.5.3 Future workThe most obvious goal of the near future is to see if a 
omplete and pre-
ise binding-time analysis 
an be developed, e.g. by extending or modifyingan existing groundness/sharing analysis, as outlined above. On a slightlylonger term one might try to extend the 
ogen and the binding-time ana-lysis to handle partially stati
 stru
tures as well as allowing more thantwo binding-times, thus leading to a multi-level 
ogen (see [109℄). It alsoseems natural to investigate to what extent more powerful 
ontrol and spe-
ialisation te
hniques (like the unfold/fold transformations, [222℄) 
an bein
orporated into the 
ogen in the 
ontext of 
onjun
tive partial dedu
tion(whi
h will be presented later in Chapter 10).
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Chapter 8Integrity Che
king andMeta-Programming8.1 Introdu
tion and motivationIntegrity 
onstraints play a 
ru
ial role in (among others) dedu
tive data-bases, abdu
tive and indu
tive logi
 programs.1 They ensure that no 
on-tradi
tory data 
an be introdu
ed and monitor the 
oheren
e of the programor database. From a pra
ti
al viewpoint, however, it 
an be quite expen-sive to 
he
k the integrity after ea
h update. To alleviate this problem,spe
ial purpose integrity simpli�
ation methods have been proposed (e.g.[39, 73, 188, 186, 242, 59℄), taking advantage of the fa
t that the databasewas 
onsistent prior to the update, and only verifying 
onstraints possi-bly a�e
ted by the new information. However, even these re�ned methodsoften turn out to be not eÆ
ient enough. We will show how program spe-
ialisation 
an be used to get rid of some of these ineÆ
ien
ies. The basi
idea will be to write the integrity 
he
king pro
edure as a meta-interpreter,whi
h will then be optimised for 
ertain transa
tion patterns.There have been two lines of motivation for this part of the thesis. A �rstmotivation 
ame from parti
ipation in the ESPRIT-proje
t COMPULOG.This proje
t brought together leading European resear
h groups, both fromthe areas of dedu
tive databases and logi
 programming. One idea, thatwas a frequent issue of dis
ussion among the partners, was the potentialof deriving highly spe
ialised integrity 
he
ks for dedu
tive databases, by1In the remainderof this part of the thesis we will 
on
entrateon dedu
tive databases,but the results are also valid for indu
tive or abdu
tive logi
 programs with integrity
onstraints. 173



174 CHAPTER 8. INTEGRITY CHECKINGpartially evaluating integrity 
he
king pro
edures, implemented as meta-interpreters, with respe
t to parti
ular update patterns and with respe
tto the more stati
 parts of the database.A se
ond line of motivation is to promote partial dedu
tion toward abroader 
ommunity in software development resear
h and industry, as a(mature) te
hnology for automati
 optimisation of software. Although par-tial dedu
tion is by now a well-a

epted and frequently applied optimisationte
hnique within the logi
 programming 
ommunity, very few reports onsu

essfully optimised appli
ations have appeared in the literature. This isquite in 
ontrast with work on partial evaluation for fun
tional - and evenimperative - languages, where several \su

ess stories", e.g in the areasof ray tra
ing [6, 205℄, s
ienti�
 
omputing [112℄, simulation and modelling[284℄, [3, 4℄ have been published. As su
h, a se
ond motivation for this workhas been to report on a very su

essful appli
ation of partial dedu
tion: ourexperiments illustrating how spe
ialisation 
an signi�
antly improve on thebest general purpose integrity 
he
king te
hniques known in the literature.First though, we present some essential ba
kground in dedu
tive data-bases and integrity 
he
king. We also present a new method for spe
ialisedintegrity 
he
king, whi
h we will turn out to be well suited for programspe
ialisation.8.2 Dedu
tive databases and spe
ialised in-tegrity 
he
kingDe�nition 8.2.1 (dedu
tive database) A dedu
tive database is a set of
lauses.A fa
t is a 
lause with an empty body, while an integrity 
onstraintis a 
lause of the form false  Body. A rule is a 
lause whi
h is neithera fa
t nor an integrity 
onstraint. As is well-known, more general rulesand 
onstraints 
an be redu
ed to this format through the transformationsproposed in [187℄. Constraints in this format are referred to as in
onsisten
yindi
ators in [251℄.For the purposes of this and the following 
hapter, it is 
onvenient to
onsider a database to be in
onsistent, or violating the integrity 
onstraints,i� false is derivable in the database via SLDNF-resolution. Other views ofin
onsisten
y exist and some dis
ussions 
an for instan
e be found in [41℄.Note that we do not require a dedu
tive database to be range-restri
ted.This is be
ause our notion of integrity is based on SLDNF-resolution, whi
halways gives the same answer irrespe
tive of the underlying language (see
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tion is still useful as it ensures that noSLDNF-refutation will 
ounder.As pointed out above, integrity 
onstraints play a 
ru
ial role in severallogi
 programming based resear
h areas. It is however probably fair to saythat they re
eived most attention in the 
ontext of (relational and) dedu
-tive databases. Addressed topi
s are, among others, 
onstraint satis�abil-ity, semanti
 query optimisation, system supported or even fully automati
re
overy after integrity violation and eÆ
ient 
onstraint 
he
king upon up-dates. It is the latter topi
 that we fo
us on in this and the following
hapter.Two seminal 
ontributions, providing �rst treatments of eÆ
ient 
on-straint 
he
king upon updates in a dedu
tive database setting, based uponthe original work by Ni
olas for relational databases [217℄, are [73℄ and[188, 186℄. In essen
e, what is proposed is reasoning forwards from an ex-pli
it addition or deletion, 
omputing indire
tly 
aused impli
it potentialupdates. Consider the following 
lause:p(X;Y ) q(X); r(Y )The addition of q(a) might 
ause impli
it additions of p(a; Y )-like fa
ts.Whi
h instan
es of p(a; Y ) will a
tually be derivable depends of 
ourseon r. Moreover, some or all su
h instan
es might already be provable insome other way. Propagating su
h potential updates through the program
lauses, we might hit upon the possible addition of false. Ea
h time thishappens, a way in whi
h the update might endanger integrity has beenun
overed. It is then ne
essary to evaluate the (properly instantiated)body of the a�e
ted integrity 
onstraint to 
he
k whether false is a
tuallyprovable in this way.Propagation of potential updates, along the lines proposed in [186℄, 
anbe formalised as follows.De�nition 8.2.2 (database update) A database update, U , is a triplehDb+; Db=; Db�i su
h that Db+; Db=; Db� are mutually disjoint dedu
tivedatabases.We say that Æ is an SLDNF-derivation after U for a goal G i� Æ is anSLDNF-derivation for Db+ [Db= [ fGg.Similarly Æ is an SLDNF-derivation before U for G if Æ is an SLDNF-derivation for Db� [Db= [ fGg.Db� are the 
lauses removed by the update and Db+ are the 
lauseswhi
h are added by the update. Thus, Db� [Db= represents the databasestate before the update and Db+ [Db= represents the database state afterthe update.



176 CHAPTER 8. INTEGRITY CHECKINGBelow, mgu�(A;B) represents a parti
ular idempotent and relevant mguof fA;B0g, where B0 is obtained from B by renaming apart (wrt A). If nosu
h uni�er exists then mgu�(A;B) = fail . The operation mgu� has thefollowing interesting property:Proposition 8.2.3 Let A;B be two expressions. Then mgu�(A;B) = faili� A and B have no 
ommon instan
e.Proof (: Suppose mgu�(A;B) = � 6= fail . This means that A� = B
� forsome 
 and A and B have a 
ommon instan
e and we have a 
ontradi
tion.): Suppose that A and B have the 
ommon instan
e A� = B� and let 
 bethe renaming substitution for B used by mgu�. This means that for some
�1 we have B

�1 = B and B

�1� = A�. Now as the variables of B
and A are disjoint the set of bindings �� = � jvars(A) [ (
�1�) jvars(B
) is awell de�ned substitution and a uni�er of A and B
, i.e. mgu�(A;B) 6= failand we have a 
ontradi
tion. 2De�nition 8.2.4 (potential updates) Given a database update U =hDb+; Db=; Db�i, we de�ne the set of positive potential updates pos(U )and the set of negative potential updates neg(U ) indu
tively as follows:pos0(U ) = fA j A Body 2 Db+gneg0(U ) = fA j A Body 2 Db�gposi+1(U ) = fA� j A Body 2 Db=; Body = : : : ; B; : : : ;C 2 posi(U ) and mgu�(B ;C ) = �g[ fA� j A Body 2 Db=; Body = : : : ;:B; : : : ;C 2 negi(U ) and mgu�(B ;C ) = �gnegi+1(U ) = fA� j A Body 2 Db=; Body = : : : ; B; : : : ;C 2 negi(U ) and mgu�(B ;C ) = �g[ fA� j A Body 2 Db=; Body = : : : ;:B; : : : ;C 2 posi(U ) and mgu�(B ;C ) = �gpos(U ) = Si�0 posi(U )neg(U ) = Si�0 negi(U )These sets 
an be 
omputed through a bottom-up �xpoint iteration.Example 8.2.5 Let Db+ = fman(a)  g, Db� = ; and let the following
lauses be the rules of Db=:mother(X ;Y ) parent(X ;Y );woman(X )



8.2. DEDUCTIVE DATABASES AND INTEGRITY CHECKING 177father(X ;Y ) parent(X ;Y );man(X )false  man(X );woman(X )false  parent(X ;Y ); parent(Y ;X )For the update U = hDb+; Db=; Db�i, we then obtain, independently of thefa
ts in Db=, that pos(U ) = fman(a); father(a; ); falseg and neg(U )=;.Simpli�ed integrity 
he
king, along the lines of the Lloyd, Topor andSonenberg (LST) method [188, 186℄, then essentially boils down to evalu-ating the 
orresponding (instantiated through �) Body every time a falsefa
t gets inserted into some posi(U ). In Example 8.2.5, one would thus onlyhave to 
he
k  man(a);woman(a). In pra
ti
e, these tests 
an be 
ol-le
ted, those that are instan
es of others removed, and the remaining onesevaluated in a separate 
onstraint 
he
king phase. The main di�eren
e withthe exposition in [188, 186℄ is that we 
al
ulate pos(U ) and neg(U ) in onestep instead of in two.2Note that in the above de�nition we do not test whether an atom A 2pos(U ) is a \real" update, i.e. whether A is a
tually derivable after theupdate (this is what is 
alled the phantomness test) and whether A wasindeed not derivable before the update (this is 
alled the idleness test). Asimilar remark 
an be made about the atoms in neg(U ). Other proposals forsimpli�ed integrity 
he
king often feature more pre
ise (but more laborious)update propagation. The method by De
ker [73℄, for example, performs thephantomness test and 
omputes indu
ed updates rather than just potentialupdates. Many other solutions are possible, all with their own weak as wellas strong points. An overview of the work during the 80s is o�ered in [41℄.A 
lear exposition of the main issues in update propagation, emerging aftera de
ade of resear
h on this topi
, 
an be found in [156℄. [47℄ 
ompares theeÆ
ien
y of some major strategies on a range of examples. Finally, re
ent
ontributions 
an be found in, among others, [46, 75, 164, 251, 165℄.Con
entrating on potential updates has the advantage that one doesnot have to a

ess the entire database for the update propagation. In fa
t,De�nition 8.2.4 does not referen
e the fa
ts in Db= at all (only 
lauseswith at least one literal in the body are used). For a lot of examples, likedatabases with a large number of fa
ts, this leads to very good eÆ
ien
y(see e.g. the experiments in [47, 251℄). It, however, also somewhat restri
tsthe usefulness of a method based solely on De�nition 8.2.4 when the rulesand integrity 
onstraints 
hange more often than the fa
ts.Based upon De�nition 8.2.4 we now formalise a parti
ular simpli�
ationmethod in more detail. The following de�nition uses the sets pos(U ) and2This approa
h should be more eÆ
ient, while yielding the same result, be
ause inea
h iteration step the in
uen
e of an atomC is independent of the other atoms 
urrentlyin posi and negi.



178 CHAPTER 8. INTEGRITY CHECKINGneg(U ) to obtain more spe
i�
 instan
es of goals and dete
t whether theproof tree of a goal is potentially a�e
ted by an update.De�nition 8.2.6 (�+U , ��U) Given a database update U and a goal G = L1; : : : ; Ln, we de�ne:�+U (G) = f� j C 2 pos(U ), mgu�(Li ;C ) = �,Li is a positive literal and 1 � i � n g[ f� j C 2 neg(U ), mgu�(Ai ;C ) = �,Li = :Ai and 1 � i � ng��U (G) = f� j C 2 neg(U ), mgu�(Li ;C ) = �,Li is a positive literal and 1 � i � n g[ f� j C 2 pos(U ), mgu�(Ai ;C ) = �,Li = :Ai and 1 � i � ngWe say that G is potentially added by U i� �+U (G) 6= ;. Also, G is potentiallydeleted by U i� ��U (G) 6= ;.Note that trivially �+U (G) 6= ; i� �+U ( Li) 6= ; for some literal Liof G. The method by Lloyd, Sonenberg and Topor in [186℄ 
an roughlybe seen as 
al
ulating �+U ( Body) for ea
h body Body of an integrity
onstraint and then evaluating the simpli�ed 
onstraint false  Body� forevery � 2 �+U ( Body).For the Example 8.2.5 above we obtain:�+U ( man(X );woman(X )) = ffX=agg and�+U ( parent(X ;Y ); parent(Y ;X )) = ;and thus obtain the following set of simpli�ed integrity 
onstraints:ffalse  man(a);woman(a)gChe
king this simpli�ed 
onstraint is of 
ourse mu
h more eÆ
ient thanentirely re-
he
king the unsimpli�ed integrity 
onstraints of Example 8.2.5.In the method presented in the remainder of this se
tion, we will use thesubstitutions �+U slightly di�erently. First though, we 
hara
terise deriva-tions in a database after an update, whi
h were not present before theupdate.De�nition 8.2.7 (in
remental SLDNF-derivation)Let U = hDb+; Db=; Db�i be a database update and let Æ be an SLDNF-derivation after U for a goal G. A derivation step of Æ will be 
alled in
re-mental i� it resolves a positive literal with a 
lause from Db+ or if it sele
ts
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h that  A is potentially deleted by U .We say that Æ is in
remental i� it 
ontains at least one in
remental deriva-tion step.The treatment of negative literals in the above de�nition is not optimal.In fa
t \ A is potentially deleted by U" does not guarantee that the samederivation does not exist in the database state prior to an update. Howeveran optimal 
riterion, due to its 
omplexity, has not been implemented inthe 
urrent approa
h.Lemma 8.2.8 Let G be a goal and U a database update. If there exists anin
remental SLDNF-derivation after U for G, then G is potentially addedby U .Proof Let U = hDb+; Db=; Db�i and let Æ be the in
remental SLDNF-derivation after U for G. We de�ne Æ0 to be the in
remental SLDNF-derivation for G after U obtained by stopping at the �rst in
rementalderivation step of Æ. Let G0 = G;G1; : : : ; Gk, with k > 0, be the se-quen
e of goals of Æ0. We will now prove by indu
tion on the length k of Æ0that G0 is potentially added by U .Indu
tion Hypothesis: For 1 � k � n we have that G0 is potentiallyadded by U .Base Case: (k = 1). This means that only one derivation step has beenperformed, whi
h must therefore be in
remental. There are two possibil-ities: either a positive literal Li = Ai or a negative literal Li = :Ai hasbeen sele
ted inside G0. In the �rst 
ase the goal G0 has been resolvedwith a standardised apart3 
lause A  Body2 Db+ with mgu(Ai ;A)=�.Thus by De�nition 8.2.4 we have A 2 pos0(U ) and by De�nition 8.2.6 weobtain � 2 �+U (G0). In the se
ond 
ase we must have ��U ( Ai) 6= ; andby De�nition 8.2.6 there exists a C 2 neg(U ) su
h that mgu�(Ai ;C ) = �.Hen
e we know that � 2 �+U ( G0). So, in both 
ases �+U ( G0) 6= ;, i.e.G = G0 is potentially added by U .Indu
tion Step: (k = n+1). We 
an �rst apply the indu
tion hypothesison the in
remental SLDNF-derivation for G1 after U 
onsisting of the lastn steps of Æ (i.e. whose sequen
e of goals is G1; : : : ; Gn+1) to dedu
e thatG1 is potentially added by U .Let G1 = L1; : : : ; Ln. We know that for at least one literal Li we havethat �+U ( Li) 6= ;.If a negative literal has been sele
ted in the derivation step from G0 to3So far we have not provided a formal de�nition of the notion of \standardisingapart". Several ones, 
orre
t and in
orre
t, exist in the literature (see e.g. the dis
ussionin [149℄ or [84℄). Just suppose for the remainder of this proof that fresh variables, noto

urring \anywhere else", are used.



180 CHAPTER 8. INTEGRITY CHECKINGG1 then G0 is also potentially added, be
ause all the literals Li also o

urun
hanged in G0.If a positive literal L0j has been sele
ted in the derivation step from G0 toG1 and resolved with the (standardised apart) 
lause A  B1; : : : ; Bq 2Db=, with mgu(L0j ;A) = �, we have: G0 =  L01; : : : ; L0j; : : : ; L0r, G1 = (L01; : : : ; L0j�1; B1; : : : ; Bq; L0j+1; : : : ; L0r)�.There are again two 
ases. Either there exists a L0p, with 1 � p � r^p 6= j,su
h that �+U ( L0p�) 6= ;. In that 
ase we have for the more general goal L0p that �+U ( L0p) 6= ;4 and therefore G0 is potentially added.In the other 
ase there must exist a Bp, with 1 � p � q, su
h that �+U ( Bp�) 6= ;. If Bp is a positive literal, we have by De�nition 8.2.6 for someC 2 pos(U ) that mgu�(Bp�;C ) = �. Therefore, by De�nition 8.2.4, weknow that there is an element A0 2 pos(U ) whi
h is more general thanA��. As A� is an instan
e of L0j , L0j and A0 have the 
ommon instan
e A��and thus mgu�(L0j ;A0) must exist (by Proposition 8.2.3) and we 
an thus
on
lude that �+U ( L0j) 6= ; and that G = G0 is potentially added.The proof is almost identi
al for the 
ase that Bp is a negative literal. 2De�nition 8.2.9 (relevant SLDNF-derivation) Let Æ be a (possiblyin
omplete) SLDNF-derivation after U = hDb+; Db=; Db�i for G0 and letG0; G1; : : : be the sequen
e of goals of Æ. We say that Æ is a relevant SLDNF-derivation after U for G0 i� for ea
h Gi we either have that Gi is potentiallyadded by U or Æi is in
remental after U , where Æi is the sub-derivationleading from G0 to Gi.A refutation being a parti
ular derivation we 
an spe
ialise the 
on
eptand de�ne relevant SLNDF-refutations. The following theorem will formthe basis of our method for performing spe
ialised integrity 
he
king.Theorem 8.2.10 (in
remental integrity 
he
king)Let U = hDb+; Db=; Db�i be a database update su
h that there is noSLDNF-refutation before U for the goal false.Then  false has an SLDNF-refutation after U i�  false has a relevantrefutation after U .Proof (: If  false has a relevant refutation then it trivially has arefutation, namely the relevant one.): The refutation must be in
remental, be
ause otherwise the derivation4Note that this is not the 
ase if we use just the mgu without standardising apartinside De�nition 8.2.6. This te
hni
al detail has been overlooked in [188, 186℄. Take forinstan
e L0p = p(X) and � = fX=f(Y )g. Then L0p� uni�es with p(f(X)) 2 pos(U) andthe more general L0p does not!
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ontradi
tion. Let G0 = false;G1 ; : : : ;Gk = 2 be the in
remental refutation. For ea
h Gi, we eitherhave that Gi o

urs after the �rst in
remental derivation step and hen
ethe sub-derivation Æi, leading from G0 to Gi, is in
remental. If on the otherhand Gi is situated before the �rst in
remental derivation step, we 
an useLemma 8.2.8 to infer that Gi is potentially added. Thus the derivation
onforms to De�nition 8.2.9 and is relevant. 2In other words, if we know that the integrity 
onstraints of a dedu
tivedatabase were not violated before an update, then we only have to sear
h fora relevant refutation of  false in order to 
he
k the integrity 
onstraintsafter the update. Observe that, by de�nition, on
e a derivation is notrelevant, it 
annot be extended into a relevant one.The method 
an be illustrated by re-examining Example 8.2.5. Thegoals in the SLD-tree in Figure 8.1 are annotated with their 
orrespondingsets of substitutions �+U . The SLD-derivation leading to  parent(X ;Y );parent(Y ;X ) is not relevant and 
an therefore be pruned. Similarly allderivations des
ending from the goal man(X ); woman(X ) whi
h do notuse Db+ = fman(a)  g are not relevant either and 
an also be pruned.However, the derivation leading to  woman(a) is in
remental and is rel-evant even though  woman(a) is not potentially added.����	 ����R?����R����	  parent(X;Y);parent(Y;X) ; man(X);woman(X) fX=ag false f;g woman(a) ;...Figure 8.1: SLDNF-tree for Example 8.2.5Note that the above method 
an be seen as an extension of the LSTmethod in [186℄, be
ause �+U is not only used to simplify the integrity
onstraints at the topmost level (i.e. a�e
ting the bodies of integrity 
on-straints), but is used throughout the testing of the integrity 
onstraints toprune non-relevant bran
hes. An example where this aspe
t is importantwill be presented in Se
tion 9.3. However, the LST method in [186℄ not
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onstraints but also instantiates them, possibly gen-erating several spe
ialised integrity 
onstraints for a single unspe
ialisedone. This instantiation often 
onsiderably redu
es the number of mat
h-ing fa
ts and is therefore often vital for improving the eÆ
ien
y of theintegrity 
he
ks. The De�nition 8.2.9 of relevant derivations does not use�+U to instantiate intermediate goals. The reasons for this are purely pra
-ti
al, namely, to keep the method as simple as possible for e�e
tive partialevaluation. De�nition 8.2.9 
ould a
tually be easily adapted to use �+U forinstantiating goals and Theorem 8.2.10 would still be valid. But, surpris-ingly, the instantiations will often be performed by the partial evaluationmethod itself and the results in Se
tion 9.3 illustrate this. We will furtherelaborate on these aspe
ts in Se
tion 9.1.2.8.3 Meta-interpreters and pre-
ompilationA meta-program is a program whi
h takes another program, the obje
t pro-gram, as input, manipulating it in some way. Usually the obje
t and meta-program are supposed to be written in (almost) the same language. Meta-programming 
an be used for (see e.g. [122, 14℄) extending the programminglanguage, modifying the 
ontrol [60℄, debugging, program analysis, programtransformation and, as we will see, spe
ialised integrity 
he
king.Indeed, update propagation, 
onstraint simpli�
ation and veri�
ation
an be implemented through a meta-interpreter5, manipulating updatesand databases as obje
t level expressions. A major bene�t of su
h ameta-programming approa
h lies in the 
exibility it o�ers: Any parti
u-lar propagation and simpli�
ation strategy 
an be in
orporated into themeta-program.Furthermore, by partial evaluation of this meta-interpreter, we may (inprin
iple) be able to pre-
ompile the integrity 
he
king for 
ertain updatepatterns. Let us re-examine Example 8.2.5. For the 
on
rete update ofExample 8.2.5, with Db+ = fman(a) g, a meta-interpreter implementingthe method of the previous se
tion would try to �nd a refutation for falsein the manner outlined in Figure 8.1. By spe
ialising this meta-interpreterfor an update pattern Db+ = fman(A)  g, Db� = ;, where A is not yetknown, one might (hopefully) obtain a spe
ialised update pro
edure, eÆ-
iently 
he
king integrity, essentially as follows:in
onsistent(add (man(A))) evaluate(woman(A))Given the 
on
rete value for A, this pro
edure will basi
ally 
he
k 
onsis-5We sometimes also refer to a meta-program as a meta-interpreter if we want toemphasise the fa
t that the obje
t program is exe
uted rather than analysed.
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y in a similar manner to the unspe
ialised meta-interpreter, but willdo this mu
h more eÆ
iently, be
ause the propagation, simpli�
ation andevaluation pro
ess is already pre-
ompiled. For instan
e, the derivationin Figure 8.1 leading to  parent(X ;Y ); parent(Y ;X ) has already beenpruned at spe
ialisation time. Similarly all derivations des
ending fromthe goal man(X ); woman(X ), whi
h do not use Db+, have also alreadybeen pruned at spe
ialisation time. Finally, the spe
ialised update pro
e-dure no longer has to 
al
ulate pos(U ) and neg(U ) for the 
on
rete updateU . All of this 
an lead to very high eÆ
ien
y gains. Furthermore, for theintegrity 
he
king method we have presented in the previous se
tion, thesame spe
ialised update pro
edure 
an be used as long as the rules andintegrity 
onstraints do not 
hange (i.e. Db+ and Db� only 
ontain fa
ts).For example, after any 
on
rete update whi
h is an instan
e of the updatepattern above, the spe
ialised update pro
edure remains valid and does nothave to be re-generated.Both [282℄ and [251℄ expli
itly address this 
ompilation aspe
t. Theirapproa
hes are, however, more limited in some important respe
ts and bothuse ad-ho
 te
hniques and terminology instead of well-established and gen-eral apparatus provided by meta-interpreters and partial evaluation (themain 
on
ern of [251℄ is to show why using in
onsisten
y indi
ators insteadof integrity 
onstraints is relevant for eÆ
ien
y and a good idea in general).In our approa
h we 
an 
onsider any kind of update pattern, any kindof partial knowledge and any simpli�
ation method, simply by 
hangingthe meta-interpreter and the partial evaluation query | it is not �xedbeforehand whi
h part of the database is stati
 and whi
h part is subje
tto 
hange.6In the next 
hapter we will present a meta-interpreter for spe
ialisedintegrity 
he
king whi
h is based on Theorem 8.2.10. This meta-interpreterwill a
t on obje
t level expressions whi
h represent the dedu
tive databaseunder 
onsideration. So, before presenting the meta-interpreter in moredetail, it is advisable to dis
uss the issue of representing these obje
t levelexpressions at the meta-level, i.e. inside the meta-interpreter.6This 
an be very useful in pra
ti
e. For instan
e, in [40℄, Bry and Manthey arguethat for some appli
ations fa
ts 
hangemore often than rules and rules are updatedmoreoften than integrity 
onstraints. As su
h, spe
ialisation 
ould be done with respe
t todynami
EDBs, as well as with respe
t to dynami
 IDBs, if so required by the appli
ation.



184 CHAPTER 8. INTEGRITY CHECKING8.4 Some issues in meta-programming8.4.1 The ground vs. the non-ground representationIn logi
 programming, there are basi
ally two (fundamentally) di�erent ap-proa
hes to representing an obje
t level expression, say the atom p(X; a),at the meta-level. In the �rst approa
h one uses the term p(X; a) asthe meta-level representation. This is 
alled a non-ground representa-tion, be
ause it represents an obje
t level variable by a meta-level vari-able. In the se
ond approa
h one would use something like the termstru
t(p; [var(1 ); stru
t(a; [℄)℄) to represent the obje
t level atom p(X; a).This is 
alled a ground representation, as it represents an obje
t level vari-able by a ground term. Figure 8.2 
ontains some further examples of theparti
ular ground representation whi
h we will use throughout this thesis.From now on, we use \T " to denote the ground representation of a termT . Also, to simplify notations, we will sometimes use \p"(t1; : : : ; tn) as ashorthand for stru
t(p; [t1 ; : : : ; tn ℄).Obje
t level Ground representationX var(1)
 stru
t(
; [℄)f(X;a) stru
t(f ; [var(1 ); stru
t(a; [℄)℄)p q stru
t(
lause; [stru
t(p; [℄); stru
t(q; [℄)℄)Figure 8.2: A ground representationThe ground representation has the advantage that it 
an be treatedin a purely de
laratively manner, while for many appli
ations the non-ground representation requires the use of extra-logi
al built-ins (like var/1or 
opy/2). The non-ground representation also has semanti
al problems(although they were solved to some extent in [64, 197, 198℄). The mainadvantage of the non-ground representation is that the meta-program 
anuse the \underlying"7 uni�
ation me
hanism, while for the ground rep-resentation an expli
it uni�
ation algorithm is required. This (
urrently)indu
es a di�eren
e in speed rea
hing several orders of magnitude. The
urrent 
onsensus in the logi
 programming 
ommunity is that both repre-sentations have their merits and the a
tual 
hoi
e depends on the parti
ularappli
ation. In the following subse
tion we dis
uss the di�eren
es between7The term \underlying" refers to the system in whi
h the meta-interpreter itself iswritten.



8.4. SOME ISSUES IN META-PROGRAMMING 185the ground and the non-ground representation in more detail. For furtherdis
ussion we refer the reader to [122℄, [123, 34℄, the 
on
lusion of [197℄.Uni�
ation and 
olle
ting behaviourAs already mentioned, meta-interpreters for the non-ground representation
an simply use the underlying uni�
ation. For instan
e, to unify the obje
tlevel atoms p(X; a) and p(Y; Y ) one simply 
alls p(X; a) = p(Y; Y ). This isvery eÆ
ient, but after the 
all both atoms will have be
ome instantiatedto p(a; a). This means that the original atoms p(X; a) and p(Y; Y ) are nolonger \a

essible" (in Prolog for instan
e, the only way to \undo" theseinstantiations is via failing and ba
ktra
king), i.e. we 
annot test in thesame derivation whether the atom p(X; a) uni�es with another atom, sayp(b; a). This in turn means that it is impossible to write a breadth-�rst likeor a 
olle
ting (i.e. performing something like findall/38) meta-interpreterde
laratively for the non-ground representation (it is possible to do this non-de
laratively by using for instan
e Prolog's extra-logi
al 
opy/2 built-in).In the ground representation on the other hand, we 
annot use theunderlying uni�
ation (for instan
e \p"(var(1);\a") =\p"(var(2); var(2))will fail). The only de
larative solution is to use an expli
it uni�
ationalgorithm. Su
h an algorithm, taken from [67℄, is in
luded in Appendix H.1.(For the non-ground representation su
h an algorithm 
annot be writtende
laratively; non-de
larative features, like var/1 and = ::=2, have to beused.) For instan
e, unify(\p"(var(1);\a");\p"(var(2); var(2)); Sub) yieldsan expli
it representation of the uni�er in Sub, whi
h 
an then be appliedto other expressions. In 
ontrast to the non-ground representation, theoriginal atoms \p"(var(1);\a") and \p"(var(2); var(2)) remain a

essiblein their original form and 
an thus be used again to unify with other atoms.Writing a de
larative breadth-�rst like or a 
olle
ting meta-interpreter posesno problems.Standardising apart and dynami
 meta-programmingTo standardise apart obje
t program 
lauses in the non-ground represen-tation, we 
an again use the underlying me
hanism. For this we simplyhave to store the obje
t program expli
itly in meta-program 
lauses. Forinstan
e, if we represent the obje
t level 
lause8Note that the findall/3 built-in is non-de
larative, in the sense that the meaningof programs using it may depend on the sele
tion rule. For example, given a program
ontaining just the fa
t p(a)  , we have that  �ndall(X ; p(X ); [A℄);X = b su

eeds(with the answer fA=p(a);X=bg) when exe
uted left-to-right but fails when exe
utedright-to-left.
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(X ;Y ) parent(X ;Y )by the meta-level fa
t
lause(1 ; an
(X ;Y ); [parent(X ;Y )℄) we 
an obtain a standardised apart version of the 
lause simply by 
alling 
lause(1 ;Hd ;Bdy). Similarly, we 
an resolve this 
lause with the atoman
(a;B) by 
alling  
lause(C ; an
(a;B);Bdy).9The disadvantage of this method, however, is that the obje
t programis �xed, making it impossible to do \dynami
 meta-programming" (i.e.dynami
ally 
hange the obje
t program, see [122℄); this 
an be remediedby using a mixed meta-interpreter, as we will explain in Subse
tion 8.4.2below). So, unless we resort to su
h extra-logi
al built-ins as assert andretra
t, the obje
t program has to be represented by a term in orderto do dynami
 meta-programming. This in turn means that non-logi
albuilt-ins like 
opy/2 have to be used to perform the standardising apart.Figure 8.3 illustrates these two possibilities. Note that without the 
opy inFigure 8.3, the se
ond meta-interpreter would in
orre
tly fail for the givenquery. For our appli
ation this means that, on the one hand, using the non-logi
al 
opying approa
h unduly 
ompli
ates the spe
ialisation task whileat the same time leading to a serious eÆ
ien
y bottlene
k. On the otherhand, using the 
lause representation, implies that representing updatesto a database be
omes mu
h more 
umbersome. Basi
ally, we also haveto en
ode the updates expli
itly as meta-program 
lauses, thereby makingdynami
 meta-programming impossible.1. Using a Clause Representation 2. Using a Term Representationsolve([℄) solve(P; [℄) solve([H jT ℄) solve(P; [H jT ℄) 
lause(H ;B) member (Cl;P); 
opy(Cl; 
l(H ;B))solve(B); solve(T) solve(P;B); solve(P;T)
lause(p(X ); [℄)  solve([p(a);p(b)℄)  solve([
l(p(X ); [℄)℄; [p(a);p(b)℄)Figure 8.3: Two non-ground meta-interpreters with fp(X)  g as obje
tprogramFor the ground representation, it is again easy to write an expli
it stan-dardising apart operator in a fully de
larative manner. For instan
e, inthe programming language G�odel [123℄ the predi
ate RenameFormulas=3serves this purpose.9However, we 
annot generate a renamed apart version of an
(a;B). The 
opy=2built-in has to be used for that purpose.
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esIn the non-ground representation we 
annot test in a de
larative man-ner whether two atoms are variants or instan
es of ea
h other, and non-de
larative built-ins, like var/1 and =../2, have to be used to that end.Indeed, suppose that we have implemented a predi
ate variant=2 whi
hsu

eeds if its two arguments represent two atoms whi
h are variants ofea
h other and fails otherwise. Then  variant(p(X); p(a)) must fail and variant(p(a); p(a)) must su

eed. This, however, means that the query variant(p(X); p(a)); X = a fails when using a left to right 
omputa-tion rule and su

eeds when using a right to left 
omputation rule. Hen
evariant=2 
annot be de
larative (the exa
t same reasoning holds for thepredi
ate instan
e=2). Thus it is not possible to write de
larative meta-interpreters whi
h perform e.g. tabling, loop 
he
ks or subsumption 
he
ks.Again, for the ground representation there is no problem whatsoever towrite de
larative predi
ates whi
h perform variant or instan
e 
he
ks.Spe
ifying partial knowledgeOne additional disadvantage of the non-ground representation is that it ismore diÆ
ult to spe
ify partial knowledge for partial evaluation. Suppose,for instan
e, that we know that a given atom (for instan
e the head of a fa
tthat will be added to a dedu
tive database) will be of the form man(T ),where T is a 
onstant, but we don't know yet at partial evaluation timewhi
h parti
ular 
onstant T stands for. In the ground representation thisknowledge 
an be expressed as stru
t(man; [stru
t(C ; [℄)℄). However, inthe non-ground representation we have to write this as man(X ), whi
h isunfortunately less pre
ise, as the variable X now no longer represents only
onstants but stands for any term.10UnfoldingAutomati
ally unfolding a meta-interpreter in a satisfa
tory way is a non-trivial issue and has been the topi
 of a lot of 
ontributions [158, 261,220, 215, 21, 115, 196, 195℄ (see also [137℄ for an a

ount about the spe-
ialisation of interpreters in fun
tional programming languages). For thefully general 
ase, this problem has not been solved yet. However, using anon-ground representation for goals in the meta-interpreter simpli�es the10A possible solution is to use the = ::=2 built-in to 
onstrainX and represent the aboveatom by the 
onjun
tion man(X );X = ::[C ℄. This requires that the partial evaluatorprovides non-trivial support for the built-in = ::=2 and is able to spe
ialise 
onjun
tionsinstead of simply atoms, see Chapter 10.
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ontrol of unfolding. In fa
t, a simple variant test11 inside the partial eval-uator 
an sometimes be suÆ
ient to guarantee termination when unfoldingsu
h a meta-interpreter. This is illustrated in Figure 8.4, where interme-diate goals have been removed for 
larity and where Prog represents anobje
t program inside of whi
h the predi
ate p=1 is re
ursive via q=1. Themeta-interpreter unfolded in the left 
olumn uses a ground representationfor resolution and a variant test of the partial evaluator will not dete
t aloop. The partial evaluator will have to abstra
t away the 
onstants 1 and 3in order to terminate and generate spe
ialised 
ode. However, if we unfolda meta-interpreter in whi
h the goals are in non-ground form, the varianttest is suÆ
ient to dete
t the loop and no abstra
tion is needed to generateeÆ
ient spe
ialised 
ode. This point is 
ompletely independent of the in-ternal representation the partial evaluator uses, i.e. of the fa
t whether thepartial evaluator itself uses a ground or a non-ground representation | itmight even be written in another programming language.A ground solve Non-ground solvesolve(Prog; [stru
t(p; [var(1)℄)℄) solve(Prog; [p( 1)℄)# #solve(Prog; [stru
t(q; [var(3)℄)℄) solve(Prog; [q( 3)℄)# #solve(Prog; [stru
t(p; [var(3)℄)℄) solve(Prog; [p( 3)℄)Figure 8.4: Unfolding meta-interpreters8.4.2 The mixed representationSometimes it is possible to 
ombine the ground and the non-ground ap-proa
hes. This was �rst exempli�ed by Gallagher in [97, 98℄, where a(de
larative) meta-interpreter for the ground representation is presented.From an operational point of view, this meta-interpreter lifts the groundrepresentation to the non-ground one for resolution. We will 
all this ap-proa
h the mixed representation, as obje
t level goals are in non-groundform while the obje
t programs are in ground form. A similar te
hniquewas used in the self-appli
able partial evaluator logimix [207, 138℄. Hilland Gallagher [122℄ provide a re
ent a

ount of this style of writing meta-interpreters. With that te
hnique we 
an use the versatility of the groundrepresentation for representing obje
t level programs (but not goals), while11Meaning that the partial evaluator does not unfold atoms whi
h are variants of some
overing an
estor.



8.4. SOME ISSUES IN META-PROGRAMMING 189still remaining reasonably eÆ
ient. Furthermore, as demonstrated by Gal-lagher in [97℄, and by the experiments in the next 
hapter, partial eval-uation 
an in this way sometimes 
ompletely remove the overhead of themeta-interpretation. Performing a similar feat on a meta-interpreter usingthe full ground representation with expli
it uni�
ation is mu
h harder andhas, to the best of our knowledge, not been a

omplished yet (for somepromising attempts see the partial evaluator sage [116, 115, 35℄, or thenew s
heme for the ground representation in [177℄).make non ground(GrTerm;NgTerm) mng(GrTerm;NgTerm; [℄; Sub)mng(var(N );X ; [℄; [sub(N ;X )℄) mng(var(N );X ; [sub(M ;Y )jT ℄; [sub(M ;Y )jT1 ℄) (N = M ! (T1 = T;X = Y ) ; mng(var(N );X ;T ;T1 ))mng(stru
t(F ;GrArgs); stru
t(F ;NgArgs); InSub;OutSub) l mng(GrArgs;NgArgs; InSub;OutSub)l mng([℄; [℄;Sub;Sub) l mng([GrH jGrT ℄; [NgH jNgT ℄;InSub;OutSub) mng(GrH ;NgH ; InSub;InSub1 );l mng(GrT ;NgT ; InSub1 ;OutSub)Figure 8.5: Lifting the ground representationA meta-interpreter using the mixed representation 
ontains a predi
atemake non ground=2 , whi
h lifts a ground term to a non-ground one. Forinstan
e, the query make non ground (stru
t(f ; [var(1 ); var(2 ); var(1 )℄);X )su

eeds with a 
omputed answer similar tofX=stru
t(f ; [ 49 ; 57 ; 49 ℄)g.The variables 49 and 57 are fresh variables (whose a
tual names mayvary and are not important). The 
ode for this predi
ate is presented inFigure 8.5 and a simple meta-interpreter based on it 
an be found in Fig-ure 8.6. This 
ode is a variation of the Instan
e-Demo meta-interpreterin [122℄, where the predi
ate make non ground=2 is 
alled Instan
eOf/2.Indeed, although operationally make non ground=2 lifts a ground term toa non-ground term, de
laratively (when typing the predi
ates) the se
ondargument of make non ground=2 
an be seen as representing all groundterms whi
h are instan
es of the �rst argument; hen
e the names In-



190 CHAPTER 8. INTEGRITY CHECKINGsolve(Prog; [℄) solve(Prog; [H jT ℄) non ground member(stru
t(
lause; [H jBody℄);Prog);solve(Prog;Body); solve(Prog;T )non ground member(NonGrTerm; [GrHjGrT ℄) make non ground(GrH ;NonGrTerm)non ground member(NonGrTerm; [GrHjGrT ℄) non ground member(NonGrTerm;GrT )Figure 8.6: An interpreter for the ground representationstan
eOf/2 and Instan
e-Demo. Also note that, in 
ontrast to the originalmeta-interpreter presented in [97℄, these meta-interpreters 
an be exe
utedwithout spe
ialisation. One 
an even exe
ute make non ground (stru
t(man; [stru
t(C ; [℄)℄);X )and obtain the 
omputed answer fX=stru
t(man; [stru
t(C ; [℄)℄)g. (How-ever, the goal  make non ground (stru
t(man; [C ℄);X ) has an in�nitenumber of 
omputed answers.) Observe that in Figure 8.5 we use anif-then-else 
onstru
t, written as (if -> then ; else), whi
h for the timebeing we assume to be de
larative (the Prolog if-then-else will, however,also behave properly be
ause the �rst argument to make non ground willalways be ground).Behaviour of Meta-interpreter Non-Ground Mixed GroundBreadth-First/Findall No No YesDynami
 Meta-Programming No Yes YesLoop Che
king/Tabling No No YesUnderlying Uni�
ation Yes Yes NoFigure 8.7: Comparing the ground, non-ground and mixed representationsSo, be
ause the obje
t program is in ground form, dynami
 meta-programming is possible. Be
ause the goals of the mixed representation arein non-ground form, features su
h as tabling, subsumption or loop 
he
king
annot be added de
laratively to a meta-interpreter for the mixed repre-



8.4. SOME ISSUES IN META-PROGRAMMING 191sentation. On the positive side, however, as dis
ussed for the non-groundrepresentation above, this also means that unfolding be
omes simpler andsometimes a variant test 
an suÆ
e.So, for appli
ations whi
h do not require su
h features as tabling, themixed representation is the most promising option.Figure 8.7 summarises the possibilities and limitations of the di�erentstyles of writing meta-interpreters.
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Chapter 9Pre-Compiling IntegrityChe
ks via PartialEvaluation ofMeta-InterpretersIn this 
hapter we pursue our goal of pre-
ompiling the integrity 
he
kingpro
edure by writing it as a meta-interpreter whi
h we then spe
ialise for
ertain update patterns. As we have elaborated in the previous 
hapter, themixed representation is the most promising option for the meta-interpreter,if we 
an avoid su
h features as subsumption or loop 
he
king. It is 
learthat in the general setting of re
ursive databases this 
annot be a

om-plished. However, for hierar
hi
al databases, a loop or subsumption 
he
kis not needed to ensure termination of the integrity 
he
king pro
edure. So,in a �rst approa
h we will restri
t ourselves to hierar
hi
al databases withnegation and try to write the integrity 
he
king pro
edure using the mixedrepresentation. We will return to the issue of re
ursion in Se
tion 9.4.9.1 A meta-interpreter for integrity 
he
kingin hierar
hi
al databases9.1.1 General layoutWe will now extend the meta-interpreter for the mixed representation ofFigure 8.6 to perform spe
ialised integrity 
he
king, based upon Theo-193



194 CHAPTER 9. CREATING INTEGRITY CHECKSrem 8.2.10 presented earlier. This theorem tells us that we 
an stop resolv-ing a goal G when it is not potentially added, unless we have performed anin
remental resolution step earlier in the derivation. The program skeletonin Figure 9.1 implements this idea (the full Prolog 
ode 
an be found inAppendix G.1).The argument Updt 
ontains the ground representation of the updatehDb+; Db=; Db�i. The predi
ate resolve in
rementally/3 performs in
re-mental resolution steps (a

ording to De�nition 8.2.7). Non-in
rementalresolution steps are performed by resolve unin
rementally/3 . The predi
atepotentially added/2 tests whether a goal is potentially added by an updatebased De�nition 8.2.6. The implementations of resolve in
rementally andresolve unin
rementally are rather straightforward (see Appendix G.1).However, the implementation of potentially added poses some subtle diÆ-
ulties, as we will see in Subse
tion 9.1.2 below.Spe
ialised integrity 
he
king now 
onsists in 
alling in
remental solve (\hDb+; Db=; Db�i",  false)The query will su

eed if the integrity of the database has been violated bythe update. in
remental solve(Updt ;Goal) potentially added(Updt ;Goal),resolve(Updt ;Goal)resolve(Updt ;Goal) resolve unin
rementally(Updt ;Goal ;NewGoal),in
remental solve(Updt ;NewGoal)resolve(Updt ;Goal) resolve in
rementally(Updt ;Goal ;NewGoal),Updt =\hDb+;Db=;Db�i",solve(\Db= [Db+";NewGoal)Figure 9.1: Skeleton of the integrity 
he
ker9.1.2 Implementing potentially addedThe rules of De�nition 8.2.4, 
an be dire
tly transformed into a simple logi
program whi
h dete
ts in a naive top-down way whether a goal is potentiallyadded or not. Making abstra
tion of the parti
ular representation of 
lausesand programs, we might write potentially added like this:



9.1. A META-INTERPRETER FOR INTEGRITY CHECKING 195potentially added(hDB+;DB=;DB�i;A) A : : : 2 DB+potentially added(hDB+;DB=;DB�i;A) A : : : ;A0; : : : 2 DB=,potentially added(hDB+;DB=;DB�i;A0)Su
h an approa
h terminates for hierar
hi
al databases and is very easyto partially evaluate. It will, however, lead to a predi
ate whi
h has mul-tiple, possibly identi
al and/or subsumed1 solutions. Also, in the 
ontextof the non-ground or the mixed representation, this predi
ate will instanti-ate the (non-ground) goal under 
onsideration. This means that, to ensure
ompleteness, we would either have to ba
ktra
k and try out a lot of uselessinstantiations2, or 
olle
t all solutions and perform expensive subsumptiontests to keep only the most general ones. The latter approa
h would haveto make use of a findall primitive as well as an instan
e test, both ofwhi
h are non-de
larative (see Chapter 8) and very hard to partially evalu-ate satisfa
torily; e.g. e�e
tive partial evaluation of findall has to the bestof our knowledge not been a

omplished yet. Let us illustrate this problemthrough an example.Example 9.1.1 Let the following 
lauses be the rules of Db=:mother(X ;Y ) parent(X ;Y );woman(X )father(X ;Y ) parent(X ;Y );man(X )false  mother(X ;Y ); father(X ;Z )Let Db� = ; and Db+ = fparent(a; b)  ;man(a)  g and as usual U =hDb+; Db=; Db�i. A naive top-down implementation will su

eed 3 timesfor the query potentially added (\U"; false)and twi
e for the query potentially added (\U"; father(X ;Y ))with 
omputed answers fX=ag and fX=a; Y=bg. Note that the solutionfX=a; Y=bg is \subsumed" by fX=ag (whi
h means that, if 
oundering isnot possible, it is useless to instantiate the query by applying fX=a; Y=bg).The above example shows that using a naive top-down implementationof potentially added inside the integrity 
he
ker of Figure 9.1 is highly in-eÆ
ient, as it will result in a lot of redundant 
he
king. A solution tothis problem is to wrap 
alls to potentially added into a verify(:) primitive,1A 
omputed answer � of a goalG is 
alled subsumed if there exists another 
omputedanswer �0 of G su
h that G� is an instan
e of G�0 .2It would also mean that we would have to extend Theorem 8.2.10 to allow for in-stantiation, but this is not a major problem.
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eeds on
e with the empty 
omputed answer if the goalG su

eeds in any way and fails otherwise. This solves the problem ofdupli
ate and subsumed solutions. For instan
e, for Example 9.1.1 above,both  verify(potentially added (\U"; false)) verify(potentially added (\U"; father(X ;Y )))will su

eed just on
e with the empty 
omputed answer and no ba
ktra
kingis required, as no instantiations are made.The disadvantage of using verify is of 
ourse that no instantiations areperformed (whi
h in general 
ut down the sear
h spa
e dramati
ally). How-ever, as will see later, these instantiations 
an often be performed by pro-gram spe
ialisation.Unfortunately, the verify(:) primitive is not de
larative. It 
an, however,be implemented with the Prolog if-then-else 
onstru
t, whose semanti
s isstill reasonably simple. Indeed, verify(Goal) 
an be translated into((Goal->fail;true)->fail;true).Also, as we will see in the next se
tion, spe
ialisation of the if-then-elseposes mu
h less problems than for instan
e the full blown 
ut. This wasalready suggested by O'Keefe in [219℄ and 
arried out by Takeu
hi and Fu-rukawa in [268℄. So, given the 
urrent speed penalty of the ground represen-tation [35℄, employing the if-then-else seems like a reasonable 
hoi
e. In thenext se
tion we will �rst present a subset of full Prolog, 
alled If-Then-Else-Prolog or just ITE-Prolog, and dis
uss how ITE-Prolog-programs 
an bespe
ialised. ITE-Prolog of 
ourse 
ontains the if-then-else, but in
ludes sev-eral built-ins as well. Indeed, on
e the if-then-else is added, there are no ad-ditional diÆ
ulties in handling some simple built-ins like var/1, nonvar/1and =../2 (but not built-ins like 
all/1 or assert/1 whi
h manipulate
lauses and goals).9.2 Partial evaluation of ITE-Prolog9.2.1 De�nition of ITE-PrologTo de�ne the syntax of ITE-Prolog-programs we partition the predi
atesymbols into two disjoint sets �bi (the predi
ate symbols to be used forbuilt-ins) and �
l (the predi
ate symbols for user-de�ned predi
ates). Anormal atom is then an atom whi
h is 
onstru
ted using a predi
ate symbol2 �
l. Similarly a built-in atom is 
onstru
ted using a predi
ate symbol2 �bi. A ITE-Prolog-atom is either a normal atom, a built-in atom or itis an expression of the form (if ! then; else) where if; then and else are
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onjun
tions of ITE-Prolog-atoms. A ITE-Prolog-
lause is an expressionof the form Head  Body where Head is a normal atom and Body is a
onjun
tion of ITE-Prolog-atoms.Operationally, the if-then-else of ITE-Prolog behaves like the 
orre-sponding 
onstru
t in Prolog [262, 218℄. The following informal Prolog
lauses 
an be used to de�ne the if-then-else [235℄:(If->Then;Else) :- If,!,Then.(If->Then;Else) :- Else.In other words, when the test If su

eeds (for the �rst time) a lo
al 
ut isexe
uted and exe
ution pro
eeds with the then part. Most uses of the 
ut
an a
tually be mapped to if-then-else 
onstru
ts [219℄ and the if-then-else
an also be used to implement the negation.Be
ause the if-then-else 
ontains a lo
al 
ut, its behaviour is sensitiveto the sequen
e of 
omputed answers of the test-part. This means thatthe 
omputation rule and the sear
h rule have to be �xed in order to givea 
lear meaning to the if-then-else. From now on we will presuppose theProlog left-to-right 
omputation rule and the lexi
al sear
h rule.The two ITE-Prolog-programs hereafter illustrate this point.Program P1 Program P2q(X) (p(X)! X = 
;fail) q(X) (p(X)! X = 
; fail)p(a) p(
) p(
) p(a) Using the Prolog 
omputation and sear
h rules, the query  q(X) will failfor program P1, whereas it will su

eed for P2. All we have done is 
hangethe order of the 
omputed answers for the predi
ate p=1. This impliesthat a partial evaluator for ITE-Prolog has to ensure the preservation ofthe sequen
e of 
omputed answers. This for instan
e is not guaranteed byany partial dedu
tion method presented so far, all of whi
h preserve the
omputed answers but not their sequen
e.However, the semanti
s of the if-then-else remains reasonably simpleand a straightforward denotational semanti
s [139℄, in the style of [15℄ and[230℄, 
an be given to ITE-Prolog. For example, suppose that we asso
iateto ea
h ITE-Prolog-literal L a denotation [jL℄jP in the program P , whi
his a possibly in�nite sequen
e of 
omputed answer substitutions with anoptional element? at the end of (a �nite sequen
e) to denote looping. Someexamples are then [jtrue℄jP = h;i, [jX = a℄jP = hfX=agi and [jfail℄jP = hi.In su
h a setting the denotation of an if-then-else 
onstru
t 
an simply



198 CHAPTER 9. CREATING INTEGRITY CHECKSbe de�ned by:[j(A! B;C)℄jP =8<: [jB�1℄jP if [jA℄jP = h�1; : : :i[jC℄jP if [jA℄jP = hih?i if [jA℄jP = h?i9.2.2 Spe
ialising ITE-PrologIn order to preserve the sequen
e of 
omputed answers, we have to address aproblem related to the left-propagation of bindings. For instan
e, unfoldinga non-leftmost atom in a 
lause might instantiate the atoms to the left ofit or the head of the 
lause . In the 
ontext of extra-logi
al built-ins this
an 
hange the program's behaviour. But even without built-ins, this left-propagation of bindings 
an 
hange the order of solutions whi
h, as we haveseen above, 
an lead to in
orre
t transformations for programs 
ontainingthe if-then-else. In the example below, P4 is obtained from P3 by unfoldingthe non-leftmost atom q(Y ), thereby 
hanging the sequen
e of 
omputedanswers.Program P3 Program P4p(X;Y ) q(X); q(Y ) p(X;a) q(X)q(a) p(X; b) q(X)q(b)  q(a) q(b) Sequen
e of 
omputed answers for  p(X;Y )hp(a; a); p(a; b); p(b; a); p(b; b)i hp(a; a); p(b; a); p(a; b); p(b; b)iThis problem of left-propagation of bindings has been solved in vari-ous ways in the partial evaluation literature [228, 227, 245, 244℄, as well asoverlooked in some 
ontributions (e.g. [95℄). In the 
ontext of unfold/foldtransformations of pure logi
 programs, preservation of the order of solu-tions, as well as left-termination, is handled e.g. in [230, 30℄.In the remainder, we will use the te
hniques we des
ribed in [167℄ tospe
ialise ITE-Prolog-programs. The method of [167℄ tries to stri
tly en-for
e the Prolog left-to-right sele
tion rule. However, sometimes one doesnot want to sele
t the leftmost atom, for instan
e be
ause it is a built-inwhi
h is not suÆ
iently instantiated, or simply to ensure termination of thepartial evaluation pro
ess. To 
ope with this problem, [167℄ extends the
on
ept of LD-derivations and LD-trees to LDR-derivations and LDR-trees,whi
h in addition to left-most resolution steps also 
ontain residualisationsteps. The latter remove the left-most atom from the goal and hide it



9.2. PARTIAL EVALUATION OF ITE-PROLOG 199from the left-propagations of bindings. Generating the residual 
ode fromLDR-trees is dis
ussed in [167℄.Unfolding inside the if-then-else is also handled in a rather straightfor-ward manner. This is in big 
ontrast to programs whi
h 
ontain the fullblown 
ut. The reason is that the full 
ut 
an have an e�e
t on all subse-quent 
lauses de�ning the predi
ate under 
onsideration. By unfolding, thes
ope of a 
ut 
an be 
hanged, thereby altering its e�e
t. The treatment of
uts therefore requires some rather involved te
hniques (see [42℄, [245, 244℄or [228, 227℄). The 
ut inside the if-then-else, however, is lo
al and doesnot a�e
t the rea
hability and meaning of other 
lauses. It is thereforemu
h easier to handle by a partial evaluator. The following example illus-trates this. Unfolding q(X) in the program P5 with the if-then-else posesno problems and leads to a 
orre
t spe
ialisation. However, unfolding thesame atom in the program P6 written with the 
ut leads to an in
orre
tspe
ialised program in whi
h e.g. p(a) is no longer a 
onsequen
e.Program P5 Program P6p(X) (q(X)! fail; true) p(X) q(X); !; failp(X) q(X) (X = a! fail; true) q(X) X = a; !; failq(X) Unfolded Programsp(X) ((X = a! fail; true) p(X) X = a; !; fail; !; fail! fail p(X) !; fail; true) p(X) The exa
t details on how to unfold the if-then-else 
an be found in [167℄,where a freeness and sharing analysis is used to produ
e more eÆ
ient spe-
ialised programs by removing useless bindings as well as useless if-then-elsetests. The latter often o

ur when predi
ates with output arguments areused inside the test-part of an if-then-else. A further improvement lies ingenerating multiple spe
ialisations of a predi
ate 
all a

ording to varyingfreeness information of the arguments.In summary, partial evaluation of ITE-Prolog, 
an be situated some-where between partial dedu
tion of pure logi
 programs and partial eval-uation of full Prolog (e.g. mixtus [245, 244℄ or paddy [228, 229, 227℄ butalso [279, 280℄).9.2.3 Some aspe
ts of leupelThe partial evaluation system leupel, we have already en
ountered inChapter 7, in
ludes all the te
hniques sket
hed so far in this se
tion. The



200 CHAPTER 9. CREATING INTEGRITY CHECKSimplementation originally grew out of [166℄. In Se
tion 9.3 we will applythis system to obtain spe
ialised update pro
edures. Below we present twomore aspe
ts of that system, relevant for our appli
ation.Safe left-propagation of bindingsAt the end of Se
tion 9.1.2 we pointed out that a disadvantage of usingverify is that no instantiations are performed. Fortunately these instanti-ations 
an often be performed by the partial evaluation method, throughpruning and safe left-propagation of bindings. Take for instan
e a look atthe spe
ialised update pro
edure in Figure 9.4 (to be presented later in Se
-tion 9.3) and generated for the update Db+ = fman(a)  g, Db� = ;. Thisupdate pro
edure tests dire
tly whether woman(A) is a fa
t, whereas theoriginal meta-interpreter of Figure 9.1 would test whether there are fa
tsmat
hing woman(X ) and only afterwards prune all irrelevant bran
hes.This instantiation performed by the partial evaluator is in fa
t the rea-son for the extremely high speedup �gures presented in the results of Se
-tion 9.3. In a sense, part of the spe
ialised integrity 
he
king is performedby the meta-interpreter and part is performed by the partial evaluator.The above optimisation was obtained by unfolding and pruning all irrel-evant bran
hes. In some 
ases we 
an also improve the spe
ialised updatepro
edures by performing a safe left-propagation of bindings. As we haveseen in the previous subse
tion, left-propagation of bindings is in generalunsafe in the 
ontext of ITE-Prolog (left-propagation is of 
ourse safe forpurely de
larative programs and is performed by ordinary partial dedu
-tion). There are, however, some 
ir
umstan
es where bindings 
an be left-propagated without a�e
ting the 
orre
tness of the spe
ialised program.The following example illustrates su
h a safe left-propagation, as well as itsbene�ts for eÆ
ien
y.Example 9.2.1 Take the following 
lause, whi
h might be part of aspe
ialised update pro
edure.in
remental solve 1(A) parent(X ;Y );(a test! X = A; Y = b; X = A; Y = 
)Suppose that the 
omputed answers of parent=2 are always groundingsubstitutions. This is always guaranteed for range restri
ted (see e.g. [41℄)database predi
ates. In that 
ase the bindingX = A 
an be left-propagatedin the following way:in
remental solve 1(A) X = A; parent(X ;Y );(a test! Y = b;Y = 
)This 
lause will generate the same sequen
e of 
omputed answers thanthe original 
lause, but will do so mu
h more eÆ
iently. Usually, there
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ts and in
remental solve 1 will be 
alled withA instantiated. Therefore, the se
ond 
lause will be mu
h more eÆ
ient| the 
all to parent will just su

eed on
e for every 
hild of A instead ofsu

eeding for the entire parent relation.The leupel partial evaluator 
ontains a post-pro
essing phase whi
hperforms 
onservative but safe left-propagation of bindings, 
ommon to allalternatives (like X = A above). This guarantees that no additional 
hoi
epoints are generated but in the 
ontext of large databases this is usuallynot optimal. For instan
e, for the Example 9.2.1 above, we might also left-propagate the non-
ommon bindings 
on
erning X, thereby produ
ing thefollowing 
lauses:in
remental solve 1(A)  X = A; Y = b; parent(X ;Y );(a test! true; fail)in
remental solve 1(A)  X = A; Y = 
; parent(X ;Y );(a test! fail; true)In general this spe
ialised update pro
edure will be even more eÆ
ient.This indi
ates that the results in Se
tion 9.3 
an be even further improved.Control of unfoldingThe partial evaluator leupel is de
omposed into three phases:� the annotation phase, whi
h annotates the program to be spe
ialised� the spe
ialisation phase, whi
h performs the unfolding guided by theannotations of the �rst phase,� the post-pro
essing phase, whi
h performs optimisation on the gener-ated partial dedu
tions (i.e. removes useless bindings, performs safeleft-propagation of bindings, simpli�es the residual 
ode) and gener-ates the residual program.Su
h a de
omposition has already proven to be useful for self-appli
ationin the world of fun
tional programming (see e.g. [138℄) as well as for logi
programming ([207℄,[115℄).Unfortunately, the annotation phase of leupel is not yet fully auto-mati
 and must usually be performed by hand. On the positive side, thisgives the knowledgeable user very pre
ise 
ontrol over the unfolding, espe-
ially sin
e some quite re�ned annotations are provided for. For instan
e,the user 
an spe
ify that the atom var(X) should be fully evaluated onlyif its argument is ground or if its argument is guaranteed to be free (atevaluation time) and that it should be residualised otherwise. Our partialevaluation method 
an thus be seen as being \semi on-line" in the sensethat some unfolding de
isions are made o�-line while others are still made
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ently been taken up for fun
tional programmingin [260℄ (see also the �lters in [55℄).In our 
ase, the approa
h of hand annotating the meta-interpreter isvery sensible. Indeed, given proper 
are, the same annotated meta-program
an be used for any kind of update pattern. Therefore, investing time inannotating the meta-interpreter of Appendix G.1 | whi
h only has to bedone on
e | gives high bene�ts for all 
onse
utive appli
ations and these
ond and third phases of leupel will then be able to derive spe
ialisedupdate pro
edures fully automati
ally, as exempli�ed by the prototype[169℄.9.3 Experiments and results9.3.1 An exampleBefore showing the results of our method, let us �rst illustrate in whatsense it improves upon the method of Lloyd, Sonenberg and Topor (LST)in [186℄.Example 9.3.1 Let the rules in Figure 9.2 form the intensional part ofDb= and let Db+ = fman(a)  g, Db� = ;. Then, independently of thefa
ts in Db=, we have:pos(U ) =fman(a); father(a; );married to(a; );married man(a);married woman( ); unmarried(a); falsegneg(U ) =funmarried(a); falsegThe LST method of [186℄ will then generate the following simpli�ed in-tegrity 
onstraints:false  man(a);woman(a)false  parent(a;Y ); unmarried(a)Given the available information, this simpli�
ation of the integrity 
on-straints is not optimal. Suppose that some fa
t mat
hing parent(a;Y ) ex-ists in the database. Evaluating the se
ond simpli�ed integrity 
onstraintsabove, then leads to the in
omplete SLDNF-tree depi
ted in Figure 9.3 andsubsequently to the evaluation of the goal: woman(a);:married woman(a)This goal is not potentially added and the derivation leading to the goalis not in
remental. Hen
e, by Theorem 8.2.10, this derivation 
an bepruned and will never lead to a su

essful refutation, given the fa
t thatthe database was 
onsistent before the update. The in
remental solve



9.3. EXPERIMENTS AND RESULTS 203meta-interpreter of Appendix G.1 improves upon this and does not try toevaluate  woman(a);:married woman(a).mother(X ;Y ) parent(X ;Y );woman(X )father(X ;Y ) parent(X ;Y );man(X )grandparent(X ;Z ) parent(X ;Y ); parent(Y ;Z );married to(X ;Y ) parent(X ;Z ); parent(Y ;Z );man(X );woman(Y )married man(X ) married to(X ;Y )married woman(X ) married to(Y ;X )unmarried(X ) man(X );:married man(X )unmarried(X ) woman(X );:married woman(X )false  man(X );woman(X )false  parent(X ;Y ); parent(Y ;X )false  parent(X ;Y ); unmarried(X )Figure 9.2: Intensional part of Db=A
tually, through partial evaluation of the in
remental solve meta-interpreter, this useless bran
h is already pruned at spe
ialisation time.For instan
e, when generating a spe
ialised update pro
edure for the updatepattern Db+ = fman(A)  g, Db� = ;, we obtain the update pro
edurepresented in Figure 9.4.3 This update pro
edure is very satisfa
tory and isin a 
ertain sense optimal. The only way to improve it, would be to addthe information that the predi
ates in the intensional and the extensionaldatabase are disjoint. For most appli
ations this is the 
ase, but it is notrequired by the 
urrent method. This explains the seemingly redundant testin Figure 9.4, 
he
king whether there is a fa
t married to in the database.Ben
hmarks 
on
erning this example will be presented in Se
tion 9.3.2.Finally, we show that, although the LST method of [186℄ 
an also handleupdate patterns, the simpli�ed integrity 
onstraints that one obtains in thatway are neither very interesting nor very eÆ
ient. Indeed, one might thinkthat it is possible to obtain spe
ialised update pro
edures immediately from3The �gure a
tually 
ontains a slightly sugared and simpli�ed version of the resultingupdate pro
edure. There is no problem whatsoever, apart from �nding the time for
oding, to dire
tly produ
e the sugared and simpli�ed version. Also, all the ben
hmarkswere exe
uted on un-sugared and un-simpli�ed versions.



204 CHAPTER 9. CREATING INTEGRITY CHECKS����	 ����R man(a);:married man(a)  woman(a);:married woman(a)?fY=?g unmarried(a) parent(a;Y);unmarried(a)
Figure 9.3: SLDNF-tree for Example 9.3.1the LST method of [186℄, by running it on a generi
 update instead of afully spe
i�ed 
on
rete update. Let us re-examine Example 9.3.1. For thegeneri
 update (pattern) Db+ = fman(X )  g,4 Db� = ;, we obtain,independently of the fa
ts in Db=, the sets:pos(U ) =fman( ); father( ; );married to( ; );married man( );married woman( ); unmarried( ); falsegneg(U ) =funmarried( ); falsegThe LST method of [186℄ will thus generate the following simpli�ed integrity
onstraints:false  man(X );woman(X )false  parent(X ;Y ); unmarried(X )So, by running LST on a generi
 update we were just able to dedu
e thatthe se
ond integrity 
onstraint 
annot be violated by the update | theother integrity 
onstraints remain un
hanged. This means that the spe-
ialised update pro
edures we obtain by this te
hnique will in general onlybe slightly faster than fully re-
he
king the integrity 
onstraints after ea
hupdate. For instan
e, the above pro
edure will run (
f. Table 9.1 in thenext subse
tion) up to 3 orders of magnitude slower than the spe
ialisedupdate pro
edure in Figure 9.4 obtained by leupel. So, although the pre-
ompilation pro
ess for su
h an approa
h will be very fast, the obtained4The LST method of [186℄ (as well as any other spe
ialised integrity 
he
kingmethodwe know of) 
annot (on its own) handle patterns of the form man(A), where A standsfor an as of yet unknown 
onstant. We thus have to use the variable X to represent theupdate pattern for LST (repla
ingA by a 
onstant would, in all but the simplest 
ases,lead to in
orre
t results).
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remental solve 1(X1) :-fa
t(woman,[stru
t(X1,[℄)℄).in
remental solve 1(X1) :-fa
t(parent,[stru
t(X1,[℄),X2℄),(fa
t(married to,[stru
t(X1,[℄),X3℄)-> fail;((fa
t(parent,[stru
t(X1,[℄),X4℄),fa
t(parent,[X3,X4℄),fa
t(woman,[X3℄) )-> fail; true)).Figure 9.4: Spe
ialised update pro
edure for adding man(A)update pro
edures usually have little pra
ti
al value. In order for this ap-proa
h to be more eÆ
ient, the LST method should be adapted so that it
an distinguish between variables and unknown input stemming from theupdate pattern. But this is exa
tly what our approa
h based on partialevaluation of meta-interpreters a
hieves!9.3.2 Comparison with other partial evaluatorsIn this subse
tion, we perform some experiments with the database of Ex-ample 9.3.1. The goal of these experiments is to 
ompare the annotationbased partial evaluation te
hnique presented in Se
tion 9.2 with some exist-ing automati
 partial evaluators for full Prolog and give a �rst impressionof the potential of our approa
h. In Subse
tion 9.3.3, we will do a moreextensive study on a more 
ompli
ated database, with more elaborate trans-a
tions, and show the bene�ts 
ompared to the LST method [186℄.The times for the ben
hmark are expressed in se
onds and were obtainedby 
alling the time=2 predi
ate of Prolog by BIM, whi
h in
orporates thetime needed for garbage 
olle
tion, see [235℄. We used sets of 400 updatesand a fa
t database 
onsisting of 108 fa
ts and 216 fa
ts respe
tively. Therule part of the database is presented in Figure 9.2. Also note that, intrying to be as realisti
 as possible, the fa
t part of the database has beensimulated by Prolog fa
ts (whi
h are, however, still extra
ted a tuple at atime by the Prolog engine). The tests were exe
uted on a Sun Spar
 Classi
running under Solaris 2.3.The following di�erent integrity 
he
king methods were ben
hmarked:



206 CHAPTER 9. CREATING INTEGRITY CHECKS1. solve: This is the naive meta-interpreter of Figure 8.6. It does notuse the fa
t that the database was 
onsistent before the update andsimply tries to �nd a refutation for  false.2. i
-solve: This is the in
remental solve meta-interpreter performingspe
ialised integrity 
he
king, as des
ribed in Se
tion 9.1. The skele-ton of the meta-interpreter 
an be found in Figure 9.1, the full 
odeis in Appendix G.1.3. i
-leupel: These are the spe
ialised update pro
edures obtained byspe
ialising i
-solve with the partial evaluation system leupel de-s
ribed in Se
tion 9.2. A prototype, based on leupel, performingthese spe
ialisations fully automati
ally, is publi
ly available in [169℄.This prototype 
an also be used to get the timings for solve and i
-solve above as well as i
-leupel� below.4. i
-leupel�: These are also spe
ialised update pro
edures obtainedby leupel, but this time with the safe left-propagation of bindings(see Se
tion 9.2.3) disabled.5. i
-mixtus: These spe
ialised update pro
edures were obtained byspe
ialising i
-solve using the automati
 partial evaluator mixtusdes
ribed in [244, 245℄. Version 0.3.3 of mixtus, with the defaultparameter settings, was used in the experiments.6. i
-paddy: These spe
ialised update pro
edures were obtained byspe
ialising i
-solve using the automati
 partial evaluator paddy pre-sented in [227, 228, 229℄. The resulting spe
ialised pro
edures had tobe slightly 
onverted for Prolog by BIM: get 
ut/1 had to be trans-formed into mark/1 and 
ut to/1 into 
ut/1. We also had to in
reasethe \term depth" parameter of paddy from its default value. Withthe default value, paddy a
tually slowed down the i
-solve meta-interpreter by about 30 %.The �rst experiment we present 
onsists in generating an update pro-
edure for the update pattern:Db+ = fman(A) g, Db� = ;,where A is unknown at partial evaluation time. The result of the partialevaluation obtained by leupel 
an be seen in Figure 9.4 and the timingsare summarised in Table 9.1. The �rst row of �gures 
ontains the absoluteand relative times required to 
he
k the integrity for a database with 108fa
ts. The se
ond row 
ontains the 
orresponding �gures for a databasewith 216 fa
ts.
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-solve i
-leupel i
-leupel� i
-mixtus i
-paddy108 fa
ts42.93 s 6.81 s 0.075 s 0.18 s 0.34 s 0.27 s572.4 90.8 1 2.40 4.53 3.60216 fa
ts267.9 s 18.5 s 0.155 s 0.425 s 0.77 s 0.62 s1728.3 119.3 1 2.74 4.96 4.00Table 9.1: Results for Db+ = fman(A) g, Db� = ;The times in Table 9.1 (as well as in Table 9.2) in
lude the time tospe
ialise the integrity 
onstrains as well as the time to run them. Notethat solve performs no spe
ialisation, while all the other methods inter-leave exe
ution and spe
ialisation, as explained in Se
tion 9.1. The timesrequired to generate the spe
ialised update pro
edures (i
-leupel, i
-leupel�,i
-mixtus and i
-paddy) for the above update pattern are not in
luded. Infa
t these update pro
edures only have to be regenerated when the rules orthe integrity 
onstraints 
hange. The time needed to obtain the i
-leupelspe
ialised update pro
edure was 78.19 s. The 
urrent implementation ofleupel has a very slow post-pro
essor, displays tra
ing information anduses the ground representation. Therefore, it is 
ertainly possible to redu
ethe time needed for partial evaluation by at least one order of magnitude.Still, even using the 
urrent implementation, the time invested into partialevaluation should pay o� rather qui
kly for larger databases.In another experiment we generated a spe
ialised update pro
edure forthe following update pattern:Db+ = fparent(A;B) g, Db� = ;,where A and B are unknown at partial evaluation time. This update pat-tern o�ers less opportunities for spe
ialisation than the previous one. Thespeedup �gures are still satisfa
tory but less spe
ta
ular. The results aresummarised in Table 9.2.In summary, the speedups obtained with the leupel system are veryen
ouraging. The spe
ialised update pro
edures exe
ute up to 2 orders ofmagnitude faster than the intelligent in
remental integrity 
he
ker i
-solveand up to 3 orders of magnitude faster than the non-in
remental solve.The latter speedup 
an of 
ourse be made to grow to almost any �gure byusing larger databases. Note that, a

ording to our experien
e, spe
ialisingthe solve meta-interpreter of Figure 8.6 usually yields speedups rea
hing atmost 1 order of magnitude.



208 CHAPTER 9. CREATING INTEGRITY CHECKSsolve i
-solve i
-leupel i
-leupel� i
-mixtus i
-paddy108 fa
ts43.95 s 7.75 s 0.24 s 0.355 s 0.53 s 0.45 s183.1 32.3 1 1.48 2.21 1.88216 fa
ts273.1 s 21.9 s 0.915 s 1.16 s 1.67 s 1.435 s298 23.9 1 1.26 1.82 1.57Table 9.2: Results for Db+ = fparent(A;B) g, Db� = ;Also, the spe
ialised update pro
edures obtained by using the leupelsystem performed between 1.6 and 5 times faster than the ones obtained bythe fully automati
 systems mixtus and paddy. This shows that using an-notations, 
ombined with restri
ting the attention to ITE-Prolog instead offull Prolog, pays o� in better spe
ialisation. Finally, note that the safe left-propagation of bindings des
ribed in Se
tion 9.2.3 has a de�nite, bene�
iale�e
t on the eÆ
ien
y of the spe
ialised update pro
edures.9.3.3 A more 
omprehensive studyIn this subse
tion, we perform a more elaborate study of the spe
ialisedupdate pro
edures generated by leupel and 
ompare their eÆ
ien
y withthe one of the LST te
hnique [186℄, whi
h often performs very well in pra
-ti
e, even for relational or hierar
hi
al databases [74℄. To that end we willuse a more sophisti
ated database and more 
ompli
ated transa
tions. Therules and integrity 
onstraints Db= of the database are taken from in [251℄and 
an be found in Appendix G.3.For the ben
hmarks of this subse
tion, solve, i
-solve and i
-leupel arethe same as in the Subse
tion 9.3.2. In addition we also have the integrity
he
king method i
-lst , whi
h is an implementation of the LST method[186℄ and whose 
ode 
an be found in Appendix G.2.5For the more elaborate ben
hmarks, we used 5 di�erent update patterns.The results are summarised in the Tables 9.3, 9.4, 9.5, 9.6 and 9.7. Theparti
ular update pattern, for whi
h the spe
ialised update pro
edures weregenerated, 
an be found in the table des
ription. Di�erent 
on
rete updates,all instan
es of the given update pattern, were used to measure the eÆ
ien
yof the methods. The se
ond 
olumn of ea
h table 
ontains the integrity5We also tried a \dirty" implementationusing assert and retra
ts to store the potentialupdates. But, somewhat surprisingly, this solution ran slower than the one shown inAppendix G.2, whi
h stores the potential updates in a list.
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onstraints violated by ea
h 
on
rete update. For ea
h parti
ular 
on
reteupdate, the �rst row 
ontains the absolute times for 100 updates and these
ond row 
ontains the relative time wrt to leupel. Ea
h table is dividedinto sub-tables for databases of di�erent sizes (and in 
ase of i
-leupel thesame spe
ialised update pro
edure was used for the di�erent databases).As in the previous experiments, the times to simplify and run the integrity
onstraints, given the 
on
rete update, were in
luded. The time to generatethe spe
ialised updated pro
edures (i
-leupel) is not in
luded. As justi�edin Se
tion 9.3.1, i
-lst is run on the 
on
rete update and not on the updatepattern.As 
an be seen from the ben
hmark tables, the update pro
edures gen-erated by leupel perform extremely well. In Table 9.6, leupel dete
tedthat there is no way this update 
an violate the integrity 
onstraints |hen
e the \in�nite" speedup. For 238 fa
ts, the speedups in the other ta-bles range from 99 to 918 over solve, from 89 to 324 over i
-solve and from18 to 157 over i
-lst. These speedups are very en
ouraging and lead us to
onje
ture that the approa
h presented in this paper 
an be very useful inpra
ti
e and lead to big eÆ
ien
y improvements.Of 
ourse, the larger the database be
omes, the more time will be neededon the a
tual evaluation of the simpli�ed 
onstraints and not on the sim-pli�
ation. That is why the relative di�eren
e between i
-lst and i
-leupeldiminishes with a growing database. However, even for 838 fa
ts in Ta-ble 9.7, i
-leupel still runs 25 times faster than i
-lst . So for all examplestested so far, using an evaluation me
hanism whi
h is slower than in \real"database systems and therefore exaggerates the e�e
t of the size of the data-base on the ben
hmark �gures (but is still tuple-oriented | future workwill have to examine how the 
urrent te
hnique and experiments 
arry overto a set-oriented environment), the di�eren
e remains signi�
ant.We also measured heap 
onsumption of i
-leupel , whi
h used from 43to 318 times less heap spa
e than i
-solve. Finally, in a small experimentwe also tried to spe
ialise i
-lst for the update patterns using mixtus, butwithout mu
h su

ess. Speedups were of the order of 10%.



210 CHAPTER 9. CREATING INTEGRITY CHECKSUpdate ICs viol solve i
-solve i
-leupel i
-lst138 fa
ts1 f2,2g 33.20 s 18.72 s 0.07 s 6.62 s474 267 1 952 f8g 32.60 s 18.35 s 0.04 s 6.51 s815 262 1 1633 fg 33.10 s 18.54 s 0.07 s 6.51 s473 265 1 93238 fa
ts1 f2,2g 69.60 s 32.56 s 0.13 s 6.75 s535 250 1 522 f8g 68.30 s 32.40 s 0.10 s 6.51 s683 324 1 653 fg 67.90 s 31.90 s 0.13 s 6.51 s522 245 1 50Table 9.3: Results for Db+ = ffather(X ;Y) g, Db� = ;Update ICs viol solve i
-solve i
-leupel i
-lst128 fa
ts1 f5, 6g 28.80 s 35.40 s 0.17 s 13.12 s169 208 1 772 fa1, a1, 5, 10g 29.70 s 37.21 s 0.34 s 12.58 s87 109 1 373 fg 28.70 s 36.50 s 0.26 s 11.69 s110 140 1 45238 fa
ts1 f5, 6g 67.50 s 77.61 s 0.30 s 12.88 s225 259 1 432 fa1, a1, 5, 10g 68.00 s 80.20 s 0.69 s 12.66 s99 116 1 183 fg 67.30 s 80.49 s 0.55 s 11.76 s122 145 1 21Table 9.4: Results for Db+ = f
ivil status(X ;Y;Z; T ) g, Db� = ;
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-solve i
-leupel i
-lst138 fa
ts1 fg 36.30 s 47.80 s 0.21 s 19.68 s173 228 1 94238 fa
ts2 fg 78.10 s 95.30 s 0.41 s 20.32 s190 232 1 50Table 9.5: Results for Db+ = ffather(F ;X ); 
ivil status(X ;Y;Z; T )  g,Db� = ;
Update ICs viol solve i
-solve i
-leupel i
-lst138 fa
ts1 fg 59.60 s 3.50 s 0.00 s 6.50 s\1" \1" 1 \1"2 fg 59.40 s 3.50 s 0.00 s 6.54 s\1" \1" 1 \1"238 fa
ts1 fg 59.70 s 3.50 s 0.00 s 6.55 s\1" \1" 1 \1"2 fg 59.10 s 3.60 s 0.00 s 6.53 s\1" \1" 1 \1"Table 9.6: Results for Db+ = ;, Db� = ffather(X ;Y) g
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-solve i
-leupel i
-lst138 fa
ts1 f8,8,9ag 59.90 s 13.45 s 0.18 s 16.60 s333 75 1 922 f8,8,9ag 59.75 s 11.25 s 0.15 s 12.08 s398 75 1 813 fg 60.70 s 11.00 s 0.08 s 11.96 s759 69 1 1504 fg 59.90 s 13.50 s 0.11 s 16.47 s545 123 1 150238 fa
ts1 f8,8,9ag 74.10 s 17.50 s 0.19 s 17.38 s390 92 1 912 f8,8,9ag 73.10 s 14.30 s 0.16 s 12.64 s457 89 1 673 fg 73.50 s 14.00 s 0.08 s 12.56 s918 175 1 1574 fg 72.60 s 17.20 s 0.11 s 17.25 s660 156 1 157338 fa
ts1 f8,8,9ag 114.20 s 22.30 s 0.28 s 17.09 s407 80 1 61438 fa
ts1 f8,8,9ag 161.60 s 27.30 s 0.36 s 17.06 s448 76 1 47838 fa
ts1 f8,8,9ag 391.50 s 48.10 s 0.68 s 17.26 s576 71 1 25Table 9.7: Results for Db+ = ;, Db� = f
ivil status(X ;Y;Z; T ) g



9.4. MOVING TO RECURSIVE DATABASES 2139.4 Moving to re
ursive databasesThe ITE-Prolog approa
hAs we have seen in the previous se
tion, we were able to produ
e highly ef-�
ient update pro
edures for hierar
hi
al databases by partial evaluation ofmeta-interpreters. The question is whether these results 
an be extended ina straightforward way to re
ursive, strati�ed databases, maybe by (slightly)adapting the meta-interpreter.In theory the answer should be yes. The \only" added 
ompli
ationis that, in a top-down method, a loop 
he
k has to be in
orporated intopotentially added to ensure termination. This loop 
he
k must a
t on thenon-ground representation of the goal and 
an, for Datalog programs, bebased on keeping a history of goals and using the instan
e or variant 
he
kto dete
t loops. As we have already seen in Se
tion 8.4.1 su
h a loop 
he
kwill be non-de
larative for the mixed representation, but 
an be expressedwithin ITE-Prolog.Unfortunately, we found out, through initial experiments, that su
h aloop 
he
k is very diÆ
ult to partially evaluate satisfa
torily: often partialevaluation leads to an explosion of alternatives in the residual 
ode, manyof whi
h are a
tually unrea
hable. Indeed, the partial evaluator shoulde.g. be able to dete
t that, if X is guaranteed to be free, then p(a) isalways an instan
e of p(X). This requires intri
ate spe
ialisation of built-ins using freeness information (something that might still be feasible withthe leupel system). Furthermore, the partial evaluator should be 
apableto dete
t that something like p(f(A)) is always an instan
e of p(A), nomatter what A stands for. However, su
h reasoning requires analysingin�nitely many di�erent 
omputations, something whi
h standard partialevaluation 
annot do.In order to over
ome this problem, stronger partial evaluation methodsare needed. In Chapter 13 we will present su
h a te
hnique, whi
h 
ombinespartial dedu
tion with a bottom-up abstra
t interpretation. Combining le-upel and its freeness analysis with the approa
h of Chapter 13 might resultin a system whi
h 
an obtain spe
ialised update pro
edures for re
ursive,strati�ed databases. Further work will be needed to establish this.The de
larative approa
hAnother approa
h has been pursued in [176, 177℄. There it was attemptedto use pure logi
 programs and partial dedu
tion in the hope of over
omingthe above mentioned problems.However, as we already mentioned in Se
tion 8.4.1, any loop 
he
k forthe non-ground representation or the mixed representation is non-de
lar-



214 CHAPTER 9. CREATING INTEGRITY CHECKSative by nature. But when using the ground representation, 
ontrary towhat one might expe
t, partial dedu
tion is unable to spe
ialise this meta-interpreter in an interesting way and no spe
ialised update pro
edures 
anbe obtained. To solve this problem, again an in�nite number of di�erent
omputations have to be analysed. We will return to this issue in Chap-ter 13 and show how a 
ombination of partial dedu
tion and abstra
t inter-pretation o�ers a solution. Another approa
h was presented in [176, 177℄,based on a new implementation of the ground representation 
ombinedwith a 
ustom spe
ialisation te
hnique. Some promising results were ob-tained, but the results are still far away from the good results obtained forhierar
hi
al databases in this 
hapter. One reason was that the problemsmentioned above for the instan
e 
he
k using the non-ground representationalso persist to some extent with the ground representation.The tabling approa
hFinally, a third solution might lie with writing the integrity 
he
king in alogi
 programming language with tabling (su
h as XSB [243, 50℄) or withinthe dedu
tive database itself (just like the meta-interpreters for magi
-setsor abdu
tion in [38, 263, 124℄). In su
h a setting, the loop 
he
k does nothave to be written within the meta-interpreter but 
an be (partly) dele-gated to the underlying system. This approa
h would enable the use of thenon-ground or mixed representation and might even get rid of the need ofthe non-de
larative verify primitive for the hierar
hi
al 
ase. However, spe-
ialisation of tabled logi
 programs is a largely unexplored area and posessome subtle diÆ
ulties. Determinate unfolding for instan
e, is no longerguaranteed to be bene�
ial and might even transform a terminating pro-gram into a non-terminating one (see [180, 76℄). So, although this approa
hseems promising, it will require further resear
h to gauge its potential.9.5 Con
lusion and future dire
tionsCon
lusion and dis
ussionWe presented the idea of obtaining spe
ialised update pro
edures for dedu
-tive databases in a prin
ipled way: namely by writing a meta-interpreterfor spe
ialised integrity 
he
king and then partially evaluating this meta-interpreter for 
ertain update patterns. The goal was to obtain spe
ialisedupdate pro
edures whi
h perform the integrity 
he
king mu
h more eÆ-
iently than the generi
 integrity 
he
king methods.In Chapter 8 we have �rst des
ribed this approa
h in general and thenpresented a new integrity 
he
king method well suited for partial evalu-
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ussed several implementation details of this integrity
he
king method and gained insights into issues 
on
erning the ground ver-sus the non-ground representation. We notably argued for the use of a\mixed" representation, in whi
h the obje
t program is represented usingthe ground representation, but where the goals are lifted to the non-groundrepresentation for resolution. This approa
h has the advantage of using the
exibility of the ground representation for representing knowledge aboutthe obje
t program (in our 
ase the dedu
tive database along with theupdates), while using the eÆ
ien
y of the non-ground representation forresolution. The mixed representation is also mu
h better suited for partialevaluation than the full ground representation.In a �rst approa
h, we have restri
ted ourselves to normal, hierar
hi
aldatabases in this Chapter. Also, for eÆ
ien
y reasons, the meta-interpreterfor spe
ialised integrity 
he
king had to make use of a non-de
larative verify
onstru
t. This verify primitive 
an be implemented via the if-then-else
onstru
t. We have then presented an extension of pure Prolog, 
alledITE-Prolog, whi
h in
orporates the if-then-else and we have presented howthis language 
an be spe
ialised. We have drawn upon the te
hniques in[167℄ and presented the partial evaluator leupel and a prototype [169℄based upon it, whi
h 
an generate spe
ialised update pro
edure fully auto-mati
ally.This prototype has been used to 
ondu
t extensive experiments, theresults of whi
h were very en
ouraging. Speedups rea
hed and ex
eeded 2orders of magnitude when spe
ialising the integrity 
he
ker for a given setof integrity 
onstraints and a given set of rules. These high speedups arealso due to the fa
t that the partial evaluator performs part of the integrity
he
king. We also 
ompared the spe
ialised update pro
edures with the wellknown approa
h by Lloyd, Sonenberg and Topor in [186℄, and the resultsshow that big performan
e improvements, also rea
hing and ex
eeding 2orders of magnitude, 
an be obtained.Within this 
hapter, we have restri
ted our attention to hierar
hi
aldatabases, whi
h provided a 
on
eptually simpler presentation, highlight-ing the basi
 issues in a 
learer way. Still, one 
ould argue that our exper-imental results should therefore not have been 
ompared with alternativeapproa
hes for integrity 
he
king in dedu
tive databases, but 
ompared tothose for relational databases instead. However, even for relational data-bases | with 
omplex views | the dedu
tive database approa
hes, su
has the LST method [186℄, seem to be the most 
ompetitive ones available.The simpler alternative of mapping down intensional database relations toextensional ones (through full unfolding of the views) and performing re-lational integrity 
he
king on the extensional database predi
ates, tends to
reate extensive redundant multipli
ation of 
he
ks.



216 CHAPTER 9. CREATING INTEGRITY CHECKSExample 9.5.1 Let us try to fully unfold the integrity 
onstraints of thesimple database in Figure 9.2. Note that in general, unfolding inside nega-tion is tri
ky. Here however, we are lu
ky as all negated rules are justde�ned by 1 
lause, and full unfolding will give:false  man(X );woman(X )false  parent(X ;Y ); parent(Y ;X )false  parent(X ;Y );man(X );:parent(X ; )false  parent(X ;Y );man(X );:parent( Z ; )false  parent(X ;Y );man(X );:man(X )false  parent(X ;Y );man(X );:woman( Z )false  parent(X ;Y );woman(X );:parent( Z ; )false  parent(X ;Y );woman(X );:parent(X ; )false  parent(X ;Y );woman(X );:man( Z )false  parent(X ;Y );woman(X );:woman(X )So even for this rather simple example, the fully unfolded integrity 
on-straints be
ome quite numerous.For the update Db+ = fman(a)g, Db� = ; we then get, by unifyingthe update literals with the body atoms, the following spe
ialised integrity
onstraints:false  woman(a)false  parent(a;Y );:parent(a; )false  parent(a;Y );:parent( Z ; )false  parent(a;Y );:man(a)false  parent(a;Y );:woman( Z )Note that the parent(a;Y ) has been dupli
ated 4 times! The resultingsimpli�ed integrity 
he
ks are thus not nearly as eÆ
ient as our spe
ialisedupdate pro
edure in Figure 9.4 (espe
ially if a has a lot of 
hildren), whi
hexe
utes this parent(a;Y ) only on
e. For more 
ompli
ated examples, en-tire 
onjun
tions will get dupli
ated, making the situation worse. This isthe pri
e one has to pay for getting rid of the rules: rules 
apture 
ommon
omputations and avoid that they get repeated (memoisation will only solvethis problem for atomi
 queries).As su
h, even in the 
ontext of hierar
hi
al databases, our 
omparisonsare with respe
t to the best alternative approa
hes [74℄.To summarise, it seems that partial evaluation is 
apable of automati-
ally generating highly spe
ialised update pro
edures for hierar
hi
al data-bases with negation.
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tionsIn the 
urrent 
hapter we have already dis
ussed how one might extendthe 
urrent te
hniques and results to re
ursive, strati�ed databases. Onemight also apply the te
hniques of this 
hapter to other meta-interpreters,whi
h have a more 
exible way of spe
ifying stati
 and dynami
 parts ofthe database and are less entren
hed in the 
on
ept that fa
ts 
hange moreoften than rules and integrity 
onstraints.Another important point is the eÆ
ien
y of generating the spe
ialisedupdate pro
edures, as opposed to running them. For the examples pre-sented in this 
hapter, the update pro
edures have to be re-generated whenthe rules or the integrity 
onstraints 
hange (but not when the fa
ts 
hange).A te
hnique, based on work by Benkerimi and Shepherdson [19℄, 
ould beused to in
rementally adapt the spe
ialised update pro
edure whenever therules or integrity 
onstraints 
hange. Another approa
h might be based onusing a self-appli
able partial evaluation system in order to obtain eÆ
ientupdate pro
edure 
ompilers by self-appli
ation.On the level of pra
ti
al appli
ations, one might try to apply the meth-ods of this 
hapter to abdu
tive and indu
tive logi
 programs. For instan
e,we 
onje
ture that solvers for abdu
tion, like the SLDNFA pro
edure [79℄,
an greatly bene�t in terms of eÆ
ien
y, by generating spe
ialised integrity
he
king pro
edures for ea
h abdu
ible predi
ate.Finally, it might also be investigated whether partial evaluation aloneis able to derive spe
ialised integrity 
he
ks. In other words, is it possibleto obtain spe
ialised integrity 
he
ks by spe
ialising a simple solve meta-interpreter, like the one of Figure 8.6. In that 
ase, the assumption that theintegrity 
onstraints were satis�ed before the update has to be handed tothe spe
ialiser, for instan
e in the form of a 
onstraint. The framework of
onstrained partial dedu
tion [172℄, whi
h we mentioned in Se
tion 5.4.2,
ould be used to that e�e
t. In su
h a setting, self-appli
able 
onstrainedpartial dedu
tion 
ould be used to obtain spe
ialised update pro
edures byperforming the se
ond Futamura proje
tion [96, 91℄ and update pro
edure
ompilers by performing the third Futamura proje
tion.
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Chapter 10Foundations ofConjun
tive PartialDedu
tion10.1 Partial dedu
tion vs. unfold/foldThe partial evaluation and partial dedu
tion approa
h, sometimes also re-ferred to | in slightly di�erent 
ontexts | as program spe
ialisation, hasbeen our 
enter of attention from Chapter 3 onwards. It falls within themore general area of program transformation te
hniques. Another approa
hto program transformation, whi
h has (also) re
eived 
onsiderable atten-tion over the last few de
ades, is the unfold/fold approa
h (see e.g. [43℄,[93℄,[269℄, [249, 250℄, [222, 223, 232, 161, 233, 234, 231, 230℄).The relation between these two streams of work has been a matter ofresear
h, dis
ussion and 
ontroversy. Some illuminating dis
ussions, in the
ontext of logi
 programming, 
an be found in [220℄, [278℄, [157℄, [232, 222℄,[250℄ and [29℄.At �rst sight, their relation seems 
lear: partial dedu
tion is a stri
tsubset of the unfold/fold transformation. In essen
e, partial dedu
tionrefers to the 
lass of unfold/fold transformations in whi
h \unfolding" isthe only basi
 transformation rule. Other basi
 unfold/fold rules, su
h as\folding", \de�nition", \lemma appli
ation" or \goal repla
ement", or |in more general unfold/fold 
ontexts | \
lause repla
ement" and others,are not supported.This is however only a rough representation of the relationship between221



222 CHAPTER 10. CONJUNCTIVE PARTIAL DEDUCTIONthe two approa
hes. To re�ne it, �rst, it should be noted that any partialdedu
tion algorithm imposing the Lloyd-Shepherdson 
losedness 
ondition([185℄, 
f. De�nition 3.2.8), or a similar 
overedness 
ondition (
f. De�ni-tion 3.2.11 or De�nition 5.2.1), impli
itly a
hieves the e�e
t of a foldingtransformation. If the 
ondition holds, ea
h atom in a body of a trans-formed 
lause refers ba
k to one of the heads of the transformed 
lauses,and a limited form of impli
it folding is obtained.Moreover, most partial dedu
tion methods make use of renaming trans-formations (
f. Se
tion 3.3.2 and De�nition 5.1.12) to ensure the Lloyd-Shepherdson independen
e 
ondition (
f. De�nition 3.2.8) while avoidingpre
ision losses. Again, renaming is 
losely related to unfold/fold. Roughlystated, it 
an be formalised as a two-step basi
 transformation involving a\de�nition" step (the new predi
ate is de�ned to have the truth-value ofthe old one), immediately followed by a number of folding steps (appropri-ate o

urren
es of the old predi
ate are repla
ed by the 
orresponding newone).In spite of these additional 
onne
tions, there are still important dif-feren
es between the unfold/fold and partial dedu
tion methods. One isthat there is a large 
lass of transformations whi
h are a
hievable throughunfold/fold, but not through partial dedu
tion. Typi
al instan
es of this
lass are transformations that eliminate \redundant variables" (see [222,231, 233℄). Two types of redundant variables are often distinguished in theliterature. The �rst refer to those 
ases in whi
h the same input datastru
-ture is 
onsumed twi
e. As an example, 
onsider the predi
atemax length(X ;M ;L) max (X ;M ); length(X ;L)whi
h is true if M is the maximum of the list of numbers X, and if Lis the length of the list. By unfold/fold, the de�nitions for max=2 andlength=2 
an be merged, produ
ing a de�nition for max length=3 , whi
honly traverses X on
e. In the fun
tional 
ommunity, su
h a transformationis referred to as tupling.A se
ond type of redundant variables turns up in 
ases where a data-stru
ture is �rst 
onstru
ted by some pro
edure, and, in a next part of the
omputation, de
omposed again. As an example, 
onsider the predi
atedouble app(X;Y; Z;R) app(X;Y; I); app(I; Z;R)whi
h holds if the list R 
an be obtained by 
on
atenating the lists X, Yand Z. Again, unfold/fold allows to merge the two 
alls to app=3 and toeliminate the 
onstru
tion of the intermediate datastru
ture I. In this 
ase,in the fun
tional 
ommunity, the transformation is referred to as deforesta-tion [281℄. Neither of these transformations are a
hievable through partialdedu
tion alone.



10.1. PARTIAL DEDUCTION VS. UNFOLD/FOLD 223On the other hand, partial dedu
tion has some advantages over un-fold/fold as well. First, it should be noted that, in order to a
hieve e�e
tivespe
ialisation, unfold/fold has to be augmented with some form of \dead
ode elimination". More importantly, however, due to its more limitedappli
ability, and its resulting lower 
omplexity, partial dedu
tion 
an bemore e�e
tively and easily 
ontrolled. These 
ontrol issues have obtained
onsiderable attention in partial dedu
tion resear
h, and, in the 
urrentstate-of-the-art, have obtained a level of re�nement whi
h goes beyondmere heuristi
 strategies, as we �nd in unfold/fold. Formal frameworkshave been developed, analysing issues of termination, 
ode- and sear
h-explosion and obtained eÆ
ien
y gains ([37, 199℄, [100, 98℄, [168, 178℄).Several fully automated systems have been developed (sp [97, 98℄, sage[115, 116℄, paddy [227, 228, 229℄, mixtus [245, 244℄, e

e in Chapter 6) as well as semi-automated ones (logimix [207℄, leupel [167, 173℄, seealso Chapter 9, logen in Chapter 7) have been developed and su

essfullyapplied to at least medium-size appli
ations ([68℄, [158℄ and Chapter 9).As a result, partial dedu
tion has rea
hed a degree of maturity that bringsit to the edge of wide-s
ale appli
ability, whi
h is beyond what any othertransformation te
hnology for logi
 programs has a
hieved today.The aim of this 
hapter is to provide a basi
 starting point to bringthe advantages of these two transformation methods together. In order todo so, we only rely and build on two well-understood 
on
epts, whi
h havebeen at the basis of this thesis so far: the Lloyd-Shepherdson framework (
f.Chapter 3) and renaming transformations (
f. Chapters 3 and 5). (We willleave the more sophisti
ated 
ontrol issues, related e.g. to 
hara
teristi
trees and their preservation, as dis
ussed in Chapters 4{6, aside for thetime being.) No expli
it new basi
 transformation rules, su
h as folding orde�nition, are introdu
ed. Nevertheless, we provide a framework in whi
hmost tupling and deforestation transformations, in addition to the 
urrentpartial dedu
tion transformations, 
an be a
hieved.More pre
isely, we propose two minimal extensions to partial dedu
tionmethods, prove their 
orre
tness and illustrate how they a
hieve removal ofunne
essary variables within a framework of 
onjun
tive partial dedu
tion.One of these minimal extensions is on the level of the Lloyd-Shepherdsonframework itself: we will 
onsider sets Q of 
onjun
tions of atoms insteadof the usual sets of atoms. A se
ond extension is on the level of the renam-ing transformations, where we will use renamings of 
onjun
tions of atoms,instead of renamings of single atoms. Together with a post-pro
essing tobe presented in Chapter 11, they provide for a setting of 
onjun
tive par-tial dedu
tion that | based on our 
urrent empiri
al evaluation | seemspowerful enough to a
hieve the results of most unfold/fold transformationsinvolving unfolding, folding and de�nition only.



224 CHAPTER 10. CONJUNCTIVE PARTIAL DEDUCTIONWe already pointed out that, at least on the te
hni
al level, most of theseideas have already been raised in the 
ontext of unfold/fold (e.g. [232, 222℄,[250℄). In these papers, the step from partial dedu
tion to (
ertain strate-gies in) unfold/fold has also been 
hara
terised as essentially moving fromsets of atoms to sets of 
onjun
tions. Therefore, te
hni
ally, the 
urrent
hapter is strongly related to these works, and for a number of our proofswe a
tually apply the results of [222℄. The obje
tives, however, di�er.Where [232, 222℄ aim to 
larify the relation between the two approa
hes, by
hara
terising partial dedu
tion within the unfold/fold framework, we willprovide minimal extensions to partial dedu
tion with the aim of in
ludinga large part of the unfold/fold power. We show how 
orre
tness results forpartial dedu
tion 
an be reformulated in the extended 
ontext. We thusprovide a generalised framework that allows to easily extend 
urrent re-sults on 
ontrol of partial dedu
tion and 
urrent partial dedu
tion systems.Parti
ular instan
es of this framework, reusing the automati
 methods foron-line 
ontrol presented in Chapters 4{6 will be presented in Chapter 12.The so obtained method approa
hes more 
losely te
hniques for the spe-
ialisation and transformation of fun
tional programs, su
h as deforestation[281℄, and super
ompilation [273, 274, 258, 114℄. Espe
ially the latter 
on-stituted, together with unfold/fold transformations, a sour
e of inspirationfor the 
on
eption and design of 
onjun
tive partial dedu
tion.Another related work is extended OLDT [33℄, whi
h, in the 
ontext ofabstra
t interpretation, extends OLDT [270, 145℄ to handle 
onjun
tions.We will return to the relation of [33℄ to our work in Chapter 13.10.2 Conjun
tive partial dedu
tionIn this se
tion we provide extensions of the basi
 de�nitions in the Lloyd-Shepherdson framework [185℄ with renaming as presented in Chapter 3. Wealso illustrate how these extensions are suÆ
ient to support the transforma-tions referred to in the introdu
tion. Throughout the 
hapter, we generallyrestri
t our attention to de�nite programs and goals. In Se
tion 10.4.1 wedis
uss extensions to the normal 
ase.10.2.1 ResultantsA 
ru
ial 
on
ept for partial dedu
tion is the one of a resultant , whi
hwe de�ned in De�nitions 3.2.3 and 3.2.4 of Chapter 3 for �nite SLDNF-derivations and trees respe
tively. This allowed us to 
onstru
t a spe
ialisedprogram by extra
ting 
lauses from �nite, but possibly in
omplete SLDNF-trees.



10.2. CONJUNCTIVE PARTIAL DEDUCTION 225Let us brie
y re
all that the resultant of derivation for P [ f Qgleading to B via the 
omputed answer � was de�ned to be Q�  B. Notethat in general su
h a resultant Q�  B is not a 
lause: the left-hand side Qmay 
onsist of a 
onjun
tion of atoms. In the presentation so far, based onthe Lloyd-Shepherdson framework, the SLDNF-trees and derivations wererestri
ted to having only atomi
 top-level goals. This restri
tion ensuredthat the resultants are indeed 
lauses. But as we will see later on, thisalso severely restri
ts the spe
ialisation potential of partial dedu
tion. Wetherefore omit this restri
tion here.We �rst de�ne partial dedu
tion of a single 
onjun
tion.De�nition 10.2.1 (
onjun
tive partial dedu
tion of Q) Let P be aprogram and Q a 
onjun
tion. Let � be a �nite, non-trivial and possibly in-
omplete SLD-tree for P [f Qg. Then the set of resultants resultants(� )is 
alled a 
onjun
tive partial dedu
tion of Q in P .Let us immediately illustrate this notion with a simple example we al-ready referred to at the beginning of the 
hapter. The example, as wellas the double app Example 10.2.7, is fairly trivial. This does not relateto any limitations of the proposed framework, but to a deliberate 
hoi
eof sele
ting minimally 
omplex examples for illustrating the proposed 
on-
epts and method. Also, in the following, we will use the 
onne
tive ^ toavoid 
onfusion between 
onjun
tion and the set pun
tuation symbol \,".We impli
itly assume asso
iativity of the 
onne
tive ^, i.e. Q1 ^Q2 ^ Q3,(Q1 ^ Q2) ^ Q3 and Q1 ^ (Q2 ^ Q3) all denote the same 
onjun
tion andwe will usually use the �rst notation.Example 10.2.2(max length) Let P be the following program.(C1) max length(X ;M ;L) max (X ;M )^ length(X ;L)(C2) max (X ;M ) max 1 (X ; 0 ;M )(C3) max1 ([ ℄;M ;M ) (C4) max1 ([H jT ℄;N ;M ) H � N ^max1 (T ;N ;M )(C5) max1 ([H jT ℄;N ;M ) H > N ^max1 (T ;H ;M )(C6) length([ ℄; 0 ) (C7) length([H jT ℄;L) length(T ;K )^ L is K + 1Let Q = fmax length(X ;M ;L); max1 (X ;N ;M ) ^ length(X ;L)g. As-sume that we 
onstru
t the �nite SLD-trees �1; �2 | depi
ted in Figure 10.1| for the elements of Q. The asso
iated 
onjun
tive partial dedu
tions arethen resultants(�1) = fR1;1g and resultants(�2) = fR2;1; R2;2; R2;3g re-spe
tively, where the individual resultants are as follows:(R1;1) max length(X ;M ;L) max1 (X ; 0 ;M )^ length(X ;L)



226 CHAPTER 10. CONJUNCTIVE PARTIAL DEDUCTION(R2;1) max1 ([ ℄;N ;N )^ length([ ℄; 0 ) (R2;2) max1 ([H jT ℄;N ;M )^ length([H jT ℄;L) H � N ^max1 (T ;N ;M )^ length(T ;K ) ^ L is K + 1(R2;3) max1 ([H jT ℄;N ;M )^ length([H jT ℄;L) H > N ^max1 (T ;H ;M )^ length(T ;K ) ^ L is K + 1If we take the union of the 
onjun
tive partial dedu
tions of the elementsof Q we obtain the set of resultants PQ = fR1;1; R2;1; R2;2; R2;3g. ClearlyPQ is not a Horn 
lause program. Apart from that, with the ex
eption thatthe redundant variable still has multiple o

urren
es, PQ has the desiredtupling stru
ture. The two fun
tionalities (max=3 and length=2 ) in theoriginal program have been merged into single traversals.?? ? HHHHHj������? ? ? max (X ;M ) ^ length(X ;L)C2 max1(X ; 0 ;M )^ length(X ;L) max length(X ;M ;L) C4C1 C3 C52 length([ ℄)C6  H > N^ H � N^ H � N^  H > N^ max1(X ;N ;M )^ length(X ; L)C7 C7length([H jT ℄;L)max1(T ;N ;M )^ length([H jT ℄;L)max1(T ; h;M )^L is K + 1length(T ;K )^max1(T ;N ;M )^ L is K + 1length(T ;K )^max1(T ;H ;M )^Figure 10.1: SLD-trees �1 and �2 for Example 10.2.210.2.2 Partitioning and renamingIn order to 
onvert resultants into a standard logi
 program, we will re-name 
onjun
tions of atoms by new atoms. Su
h renamings require some
are. For one thing, given a set of resultants PQ, obtained by taking the
onjun
tive partial dedu
tion of the elements of a set Q, there may be ambi-guity 
on
erning whi
h 
onjun
tions in the bodies to rename. For instan
e,if PQ 
ontains the 
lause p(X;Y )  r(X) ^ q(Y ) ^ r(Z) and Q 
ontainsr(U )^ q(V ), then either the �rst two, or the last two atoms in the body ofthis 
lause are 
andidates for renaming. To formally �x su
h 
hoi
es, weintrodu
e the notion of a partitioning fun
tion.BelowM(A) denotes all multisets 
omposed of elements of a set A and=r denotes identity of 
onjun
tions, up to reordering. If M is a multiset



10.2. CONJUNCTIVE PARTIAL DEDUCTION 227then we also use notations like ^Q2MQ to denote a parti
ular 
onjun
tion
onstru
ted from the elements in M , taking their multipli
ity into a

ount.For instan
e, for the multisetM = fp; pg, ^Q2MQ refers to the 
onjun
tionp ^ p.De�nition 10.2.3 (partitioning fun
tion) Let C denote the set of all
onjun
tions of atoms over the given alphabet. A partitioning fun
tion is amapping p : C !M(C), su
h that for any C 2 C: C =r ^Q2p(C)Q.For the max length example, let p be the partitioning fun
tion whi
hmaps any 
onjun
tion C =r max1 (X ;N ;M ) ^ length(X ;L) ^B1 ^ : : : ^Bn to fmax1 (X ;N ;M )^ length(X ;L);B1 ; : : : ;Bng, where B1; : : : ; Bn aren � 0 atoms with predi
ates di�erent from max1 and length . We leave punde�ned on other 
onjun
tions.Note that the multipli
ity of literals is relevant for the 
.a.s. semanti
s1and we therefore have to use multisets | instead of just simple sets | forfull generality in De�nition 10.2.3 above.Even with a �xed partitioning fun
tion, a range of di�erent renamingfun
tions 
ould be introdu
ed, all ful�lling the purpose of 
onverting 
on-jun
tions into atoms (and therefore, resultants into Horn 
lauses). Thedi�eren
es are related to potentially added fun
tionalities of these renam-ings, su
h as:� elimination of multiply o

urring variables (e.g. p(X;X) 7! p0(X)),� elimination of redundant data stru
tures (e.g. q(a; f(Y )) 7! q0(Y )),� elimination of existential or unused variables.Below we introdu
e a 
lass of generalised renaming fun
tions, supportingthe �rst two fun
tionalities stated above, but making abstra
tion of whetherand how they are performed. We will also present a post-pro
essing, sup-porting the third fun
tionality, in Chapter 11.The following is inspired from De�nition 5.1.12 in Chapter 5.De�nition 10.2.4 (atomi
 renaming)An atomi
 renaming � for a givenset of 
onjun
tions Q is a mapping from Q to atoms su
h that� for ea
h Q 2 Q: vars(�(Q)) = vars(Q) and� for Q;Q0 2 Q su
h that Q 6= Q0: the predi
ate symbols of �(Q) and�(Q0) are distin
t (but not ne
essarily fresh).Note that with this de�nition, we are a
tually also renaming the atomi
elements of Q. This is not really essential for 
onverting generalised pro-grams into standard ones, but, as already dis
ussed in Chapter 3, provesuseful for various other aspe
ts (e.g. dealing with independen
e).1Take for example P = fp(a;X) ; p(X;b) g. Then P [ f p(X;Y ); p(X;Y )g hasan SLD-refutation with 
.a.s. fX=a;Y=bg while P [ f p(X;Y )g has not.



228 CHAPTER 10. CONJUNCTIVE PARTIAL DEDUCTIONDe�nition 10.2.5 (renaming fun
tion) Let � be an atomi
 renamingfor Q and p a partitioning fun
tion. A renaming fun
tion ��;p for Q (basedon � and p) is a mapping from 
onjun
tions to 
onjun
tions su
h that:��;p(B) =r VCi2p(B) �(Qi)�i where ea
h Ci = Qi�i for some Qi 2 Q.If some Ci 2 p(B) is not an instan
e of an element in Q then ��;p(B) isunde�ned. Also, for a goal Q, we de�ne ��;p( Q) = ��;p(Q).Observe that we do not ne
essarily have that �(Q) = ��;p(Q). Indeed,there are two degrees of non-determinism for de�ning ��;p on
e � and pare �xed. First, if Q 
ontains elements Q and Q0 whi
h share 
ommoninstan
es, then there are several possible ways to rename these 
ommoninstan
es and a multitude of renaming fun
tions based on the same atomi
renaming � and partitioning p exist. Se
ondly, the order in whi
h the atoms�(Qi)�i o

ur in ��;p(B) is not �xed beforehand and may therefore varyfrom one renaming fun
tion to another. Usually one would like to preservethe order in whi
h the unrenamed atoms o

urred in the original 
onjun
-tion B. This is however not always possible, namely when the partitioningfun
tion assembles non-
ontiguous 
hunks from B. Take for instan
e the
onjun
tion B = q1^ q2^ q3, a partitioning p su
h that p(B) = fq1^ q3; q2gand an atomi
 renaming � su
h that �(q1 ^ q3) = qq and �(q2) = q. Then��;p(B) = qq ^ q and �0�;p(B) = q ^ qq are the only possible renamingsand in both of them q2 has 
hanged position. Fortunately the order ofthe atoms is of no importan
e for the usual de
larative semanti
s, i.e. itdoes neither in
uen
e the least Herbrand model, the 
omputed answers ob-tainable by SLD-resolution nor the set of �nitely failed queries. The ordermight however matter if we restri
t ourselves to some spe
i�
 sele
tion rule(like LD-resolution). We will return to this issue in Chapter 12.De�nition 10.2.6 (
onjun
tive partial dedu
tion wrt Q) Let P bea program, Q = fQ1; : : : ; Qng be a �nite set of 
onjun
tions and let ��;pbe a renaming fun
tion for Q based on the atomi
 renaming � and thepartitioning fun
tion p. For ea
h i 2 f1; : : : ; ng, let PQi be a 
onjun
tivepartial dedu
tion of Qi in P and let PQ = Si2f1;:::;ngPQi .2Then the program f�(Qi)�  ��;p(B) j Qi�  B 2 PQi ^ 1 � i � n ^��;p(B) is de�ned g is 
alled the 
onjun
tive partial dedu
tion of P wrt Q,PQ and ��;p.Returning to Example 10.2.2, we introdu
e a di�erent predi
ate for ea
hof the two elements in Q via the atomi
 renaming �:2We also impli
itly assume that we know for whi
h Qi 2 Q a parti
ular resultant inPQ was produ
ed. Also, the same resultant might o

ur in di�erent PQi , and thus PQa
tually has to be a multiset of resultants (whi
h poses no diÆ
ulties, however).



10.2. CONJUNCTIVE PARTIAL DEDUCTION 229� �(max length(X ;M ;L)) = max length(X ;M ;L) and� �(max1 (X ;N ;M )^ length(X ;L)) = ml(X ;N ;M ;L).Q does not 
ontain elements with 
ommon instan
es and for the resultantsat hand there exists only one renaming fun
tion ��;p for Q based on � andp. The 
onjun
tive partial dedu
tion wrt Q is now obtained as follows. Thehead max length(X ;M ;L) in the resultant R1;1 is repla
ed by itself. Thehead-o

urren
es max1 ([ ℄;N ;N )^ length([ ℄; 0 ) and max1 ([H jT ℄;N ;M )^length([H jT ℄;L) are repla
ed by ml([ ℄; N;N; 0) and ml([HjT ℄; N;M;L).The body o

urren
es max1 (X ; 0 ;M ) ^ length(X ;L), max1 (T ;N ;M ) ^length(T ;K ) as well as max1 (T ;H ;M ) ^ length(T ;K ) are repla
ed bythe atomsml(X; 0;M;L), ml(T;N;M;K) and ml(T;H;M;K) respe
tively.The resulting program is:max length(X ;M ;L) ml(X ; 0 ;M ;L)ml([ ℄; N;N; 0) ml([HjT ℄; N;M;L) H � N ^ ml(T;N;M;K) ^ L is K + 1ml([HjT ℄; N;M;L) H > N ^ ml(T;H;M;K) ^ L is K + 1Example 10.2.7(double append) Let P = fC1; C2g be the by now wellknown append program.(C1) app([ ℄; L; L) (C2) app([HjX℄; Y; [HjZ℄) app(X;Y; Z)Let us employ this program to 
on
atenate three lists, by using the goalG = app(X;Y; I)^app(I; Z;R), whi
h 
on
atenates the three lists X;Y; Zyielding as result R. This is a
hieved via two 
alls to app and the lo
alvariable I. The �rst 
all to app 
onstru
ts from the lists X and Y anintermediate list I, whi
h is then traversed when appending Z. Whilethe use of the goal G is simple and elegant, it is rather ineÆ
ient sin
e
onstru
tion and traversal of su
h intermediate data stru
tures is expensive.Partial dedu
tion within the framework of Lloyd and Shepherdson [185℄
annot substantially improve the program sin
e the atoms app(X;Y; I),app(I; Z;R) are transformed independently. We will now show, that 
on-jun
tive partial dedu
tion 
an indeed remove the unne
essary variable Iand get rid of the asso
iated ineÆ
ien
ies.Let Q = fapp(X;Y; I)^app(I; Z;R); app(X;Y; Z)g and assume that we
onstru
t the �nite SLD-tree �1 depi
ted in Figure 10.2 for the query  app(X;Y; I)^app(I; Z;R) as well as a simple tree �2 with a single unfoldingstep for  app(X;Y; Z). Let PQ 
onsist of the 
lauses resultants(�2) =fC1; C2g as well as the resultants resultants(�1):(R1) app([ ℄; Y; Y ) ^ app(Y; Z;R) app(Y; Z;R)(R2) app([HjX 0℄; Y; [HjI 0℄)^ app([HjI 0℄; Z; [HjR0℄) app(X 0; Y; I 0) ^ app(I 0; Z;R0)



230 CHAPTER 10. CONJUNCTIVE PARTIAL DEDUCTION������ HHHHHj ?C1 C2 app(Y; Z;R)  app(X 0; Y; I 0) ^ app([HjI 0℄;Z;R) app(X 0; Y; I 0) ^ app(I 0; Z;R0)C2 app(X; Y; I) ^ app(I;Z;R)Figure 10.2: SLD-tree for Example 10.2.7Suppose that we use a partitioning fun
tion p su
h that p(B) = fBg forall 
onjun
tions B. If we now take an atomi
 renaming � for Q su
h that�(app(X;Y; I) ^ app(I; Z;R)) = da(X;Y; I; Z;R) and �(app(X;Y; Z)) =app(X;Y; Z) (i.e. the distin
t variables have been 
olle
ted and have beenordered a

ording to their �rst appearan
e), the 
onjun
tive partial dedu
-tion P 0 of P wrt Q, PQ and ��;p will 
ontain the 
lauses C1; C2 as wellas: (C 03) da([ ℄; Y; Y; Z;R) app(Y; Z;R)(C 04) da([HjX 0℄; Y; [HjI 0℄; Z; [HjR0℄)  da(X 0; Y; I 0; Z;R0)Exe
uting G = app(X;Y; I) ^ app(I; Z;R) in the original programleads to the 
onstru
tion of an intermediate list I by app(X;Y; I), whi
his then traversed again (
onsumed) by app(I; Z;R). In the 
onjun
tivepartial dedu
tion, the ineÆ
ien
y 
aused by the unne
essary traversal of Iis avoided as the elements en
ountered while traversing X and Y are storeddire
tly in R. However, the intermediate list I is still 
onstru
ted, and ifwe are not interested in its value, then this is an unne
essary overhead. We
an remedy this by a rather straightforward post-pro
essing phase, whi
hwe will present later in Chapter 11. The resulting spe
ialised program then
ontains the 
lauses C1; C2 as well as:(C3) da([ ℄; Y; Z;R) app(Y; Z;R)(C4) da([HjX 0℄; Y; Z; [HjR0℄) da(X 0; Y; Z;R0)The unne
essary variable I, as well as the ineÆ
ien
ies 
aused by it, havenow been 
ompletely removed.
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tness resultsIn this se
tion we will state and prove 
orre
tness results for 
onjun
tivepartial dedu
tion.10.3.1 Mapping to transformation sequen
esAs already mentioned in the introdu
tion, standard partial dedu
tion is astri
t subset of the (full) unfold/fold transformation te
hnique as de�nedfor instan
e in the survey paper [222℄ by Pettorossi and Proietti. It istherefore not surprising that 
orre
tness 
an be established by showing thata 
onjun
tive partial dedu
tion 
an (almost) be obtained by a 
orrespondingunfold/fold transformation sequen
e and then re-using 
orre
tness resultsfrom [222℄.Note that, in 
ontrast to [222℄, we treat programs as sets of 
lauses andnot as sequen
es of 
lauses. The order (and multipli
ity) of 
lauses makesno di�eren
e for the semanti
s we are interested in. In the remainder ofthis 
hapter we will use the notations hd(C); bd(C) of [222℄ to refer to thehead and the body of a 
lause C respe
tively.As stated in [222℄, a program transformation pro
ess starting from aninitial program P0 is a sequen
e of programs P0; : : : ; Pn, 
alled a transfor-mation sequen
e, su
h that program Pk+1, with 0 � k < n, is obtainedfrom Pk by the appli
ation of a transformation rule, whi
h may depend onP0; : : : ; Pk. We need the following four transformation rules from [222℄.We start out by de�ning the unfolding rule [222, (R1)℄.De�nition 10.3.1 (Unfolding rule) Let Pk 
ontain the 
lause C = H  F ^ A ^G, where A is a positive literal and where F and G are (possiblyempty) 
onjun
tions. Suppose that:1. fD1; : : : ; Dng, with n � 0,3 are all the 
lauses in a program Pj, with0 � j � k, su
h that A is uni�able with hd(D1); : : : ; hd(Dn), withmost general uni�ers �1; : : : ; �n, and2. Ci is the 
lause (H  F ^ bd(Di) ^G)�i, for i = 1; : : : ; n.If we unfold C wrt A (using D1; : : : ; Dn) in Pj, we derive the 
lausesC1; : : : ; Cn and we get the new program Pk+1 = (Pk nfCg)[fC1; : : : ; Cng.3[222, (R1)℄ a
tually stipulates that n > 0 and thus does not allow the sele
tion of anatom whi
h uni�es with no 
lause | a situation whi
h naturally arises when performingpartial dedu
tion. However, the \deletion of 
lauses with �nitely failed body" rule [222,(R12)℄ 
an be used in those 
ir
umstan
es instead. Furthermore, all the 
orre
tnessresults that we will use from [222℄ allow both these rules to be applied, and we 
an thuse�e
tively allow the 
ase n = 0 as well.



232 CHAPTER 10. CONJUNCTIVE PARTIAL DEDUCTIONFor example, given P0 = fp q^r; q rg, we 
an unfold p q^r wrtq using P0, deriving the 
lause p r^r and we get P1 = fp r^r; q rg.The following is a simpli�ed form of the folding rule [222, (R2)℄, suÆ-
ient for our needs.De�nition 10.3.2 (Folding rule) Let Pk 
ontain the 
lause C and let Dbe a 
lause in a program Pj, with 0 � j � k. Suppose that there exists asubstitution � su
h that:1. C is the 
lause H  Bdy, where Bdy =r bd(D)� ^F and where F isa (possibly empty) 
onjun
tion, and2. for any 
lause D0 6= D in Pj , hd(D0) is not uni�able with hd(D)�.If we fold C (wrt bd(D)�) using D in Pj, we derive a 
lause C 0 = H  Bdy0, with Bdy0 =r hd(D)� ^ F , and we get the new program Pk+1 =(Pk n fCg) [ fC 0g.For example, we 
an fold p q^r wrt r using q r in P0 above, givingas result the 
lause p q ^ q and the program P1 = fp q ^ q; q rg.The following de�nes the Tamaki&Sato-folding (or T&S-folding) rule[222, (R3)℄, whi
h is a restri
ted form of the folding rule above (the T&S-folding and -de�nition rules are initially from the paper [269℄ by Tamakiand Sato).De�nition 10.3.3 (T&S-folding rule) An appli
ation of the folding ruleof De�nition 10.3.2 is an appli
ation of T&S-folding rule if the followingadditional requirements are veri�ed:1. � restri
ted to vars(bd(D)) n vars(hd(D)) is a variable renaming4whose image (i.e. ran(� #vars(bd(D))nvars(hd(D)))) has an empty inter-se
tion with the set vars(H) [ vars(F ) [ vars(hd(D)�), and2. the predi
ate symbol of hd(D) o

urs in Pj only on
e, that is, in thehead of the 
lause D (thus, D is not re
ursive).In that 
ase we say that Pk+1 is obtained by T&S-folding C (wrt bd(D)�)using D in Pj.We now present the T&S-de�nition rule [222, (R15)℄ whi
h, under 
er-tain 
onditions, allows to introdu
e new de�nitions. For this we assume thatall predi
ate symbols o

urring in a transformation sequen
e P0; : : : ; Pk are4I.e. a variable pure substitution whi
h is a one-to-one and onto mapping from itsdomain to itself.



10.3. CORRECTNESS RESULTS 233partitioned into the set of new predi
ates and the set of old predi
ates. Newpredi
ates are the ones whi
h o

ur either in the head of exa
tly one 
lausein P0, and nowhere else in P0, or they o

ur in the head of a 
lause intro-du
ed by the T&S-de�nition rule below. Note that this de�nition of oldand new predi
ates from [222℄ di�ers slightly from the one in [269℄.De�nition 10.3.4 (T&S-de�nition rule) Given a transformation se-quen
e P0; : : : ; Pk, we may get a new program Pk+1 by adding to programPk a 
lause H  Bdy su
h that:1. the predi
ate of H does not o

ur in P0; : : : ; Pk, and2. Bdy is made out of literals with old predi
ates o

urring in P0; : : : ; Pk.We say that Pk+1 is obtained from Pk by the T&S-de�nition rule. If point2, but not ne
essarily point 1, is veri�ed we will say that Pk+1 is obtainedfrom Pk by the de�nition rule.In De�nition 10.3.5 below, we map a 
onjun
tive partial dedu
tion toa transformation sequen
e. Basi
ally the 
onjun
tive partial dedu
tion P 0of P wrt Q, PQ and ��;p 
an be obtained from P using 4 transformationphases. In the �rst phase, one introdu
es de�nitions for every 
onjun
tionin Q, using the same predi
ate symbol as in �. In the se
ond phase, thesenew de�nitions get unfolded a

ording to the SLD-trees for the elementsin Q: exa
tly one unfolding step for ea
h 
orresponding resolution step inthe SLD-trees. In the third phase, 
onjun
tions in the bodies of 
lauses arefolded using the de�nitions introdu
ed in phase 1. Finally, in the fourthphase, the original de�nitions in P are removed. The �rst three phases
an be mapped to the unfold/fold transformation framework of [222℄ in astraightforward manner. Phase 4 will have to be treated separately (be
ausethe 
lause removals do not meet the requirements of de�nition eliminationtransformations as de�ned in [222℄).In De�nition 10.2.4 of an atomi
 renaming, we did not require that thepredi
ate symbols of the renamings were fresh, i.e. it is possible to reusepredi
ate symbols that o

ur in the original program P . This is of no
onsequen
e, be
ause the original program is \thrown away". However, inunfold/fold, the original program is not systemati
ally thrown away and inde�nition steps one 
an usually only de�ne fresh predi
ates. To simplifythe presentation, we restri
t ourselves in a �rst phase to atomi
 renamingswhi
h only map to fresh predi
ate symbols, not o

urring in the origi-nal program P . Those atomi
 renamings will be 
alled fresh. At a laterstage, we will extend the result to any atomi
 renaming satisfying De�ni-tion 10.2.4.



234 CHAPTER 10. CONJUNCTIVE PARTIAL DEDUCTIONDe�nition 10.3.5 (transformation sequen
e) Let P 0 be the 
onjun
-tive partial dedu
tion of P wrt Q, PQ and ��;p. A transformation se-quen
e for P 0 (given P , Q, PQ and ��;p) is a transformation sequen
eP0; : : : ; Pd; : : : ; Pu; : : : ; Pf , su
h that P0 = P , and1. P0; : : : ; Pd is obtained by performing (only) de�nition introdu
tions,namely exa
tly one for every element Q 2 Q: Pi = Pi�1 [ f�(Q) Qg.2. Pd; : : : ; Pu is obtained by performing (only) unfolding steps using
lauses of P0, namely exa
tly one for every resolution step in theSLD-trees 
onstru
ted (in order to obtain PQ) for the elements of Q:i.e. if this resolution step in a tree for Q 2 Q resolves a sele
ted literalA with 
lauses D1; : : : ; Dn, we perform an unfolding step of a 
lause�(Q)�  F;A;G in some Pi wrt A, using D1; : : : ; Dn in P0.3. Pu; : : : ; Pf is obtained by performing (only) folding steps, namelyexa
tly one for every renamed 
onjun
tion C in the body of a 
lause ofPQ: i.e. for C = Q�, su
h that Q 2 Q ^ C 2 p(B) ^ ��;p(C) = �(Q)�,where H  B 2 PQ, we fold a 
orresponding 
lause H  B0 wrt Q�,(where B0 =r Q� ^R) using the de�nition �(Q) Q in Pd, yieldingthe new 
lause H  B00 (with B00 =r �(Q)� ^R).The following example illustrates the above de�nition.Example 10.3.6 (double append, revisited) Let P = P0 = fC1; C2gbe the append program of Example 10.2.7 and let Q, ��;p, PQ and P 0be de�ned as in that example ex
ept that we adapt � slightly su
h that�(app(X;Y; Z)) = app0(X;Y; Z) (to make � fresh). Then the transforma-tion sequen
e P0; P1; P2; P3; P4; P5; P6; P7; Pf , shown below, is a transfor-mation sequen
e for P 0. P1 = P0 [ fDef1g and P2 = P1 [ fDef2g areobtained by a de�nition introdu
tion, where(Def1) da(X;Y; I; Z;R) app(X;Y; I) ^ app(I; Z;R)(Def2) app0(X;Y; Z) app(X;Y; Z)P3 = P0 [ fU1; U2; Def2g is obtained by unfolding the 
lause Def1 abovewrt app(X;Y; I), using P0, where(U1) da([ ℄; Y; Y; Z;R) app(Y; Z;R)(U2) da([HjX 0℄; Y; [HjI 0℄; Z;R) app(X 0; Y; I 0)^ app([HjI 0℄; Z;R)P4 = P0 [ fU1; U3; Def2g is obtained by unfolding the 
lause U2 abovewrt app([HjI 0℄; Z;R), using P0, where(U3) da([HjX 0℄; Y; [HjI 0℄; Z; [HjR0℄) app(X 0; Y; I 0)^app(I 0; Z;R0)P5 = P0 [ fU1; U3; U4; U5g is now obtained by unfolding 
lause Def2wrt app(X;Y; Z) using P0, where



10.3. CORRECTNESS RESULTS 235(U4) app0([℄; L; L) (U5) app0([HjX℄; Y; [HjZ℄) app(X;Y; Z)P6 = P0 [ fU1; U 03; U4; U5g is obtained by folding the 
lause U3 wrt(app(X;Y; I)^ app(I; Z;R))�, using the 
lause Def1 from P1 above, where� = fX=X 0; I=I 0; R=R0g and(U 03) da([HjX 0℄; Y; [HjI 0℄; Z; [HjR0℄) da(X 0; Y; I 0; Z;R0)Finally, after two more folding steps using Def2 from P1 we obtain the�nal program Pf = P0 [ fU 01; U 03; U4; U 05g:(C1) app([℄; L; L) (C2) app([HjX℄; Y; [HjZ℄) app(X;Y; Z)(U 01) da([ ℄; Y; Y; Z;R) app0(Y; Z;R)(U 03) da([HjX 0℄; Y; [HjI 0℄; Z; [HjR0℄) da(X 0; Y; I 0; Z;R0)(U4) app0([℄; L; L) (U 05) app0([HjX℄; Y; [HjZ℄) app0(X;Y; Z)Note that the steps from P0 to P1 and P1 to P2 are appli
ations ofthe T&S de�nition introdu
tion rule. Note that the last 3 steps are T&S-folding steps (see De�nition 10.3.3). However, e.g. the folding step from P5to P6 is not an instan
e of the reversible folding rule (R13) of [222℄ (whi
hwould require app(X 0; Y; I 0)^app(I 0; Z;R0) to be folded with a 
lause in P5and di�erent from U3). Also note that Pf n P = P 0.In Lemma 10.3.7 we establish a ne
essary 
ondition in order to applysome of the theorems from [222℄, namely that the de�nition steps in De�-nition 10.3.5 are T&S-de�nition steps.Lemma 10.3.7 Let P0; : : : ; Pf be a transformation sequen
e for P 0 
on-stru
ted using a fresh atomi
 renaming. All the de�nition introdu
tionsteps of P0; : : : ; Pf are T&S de�nition steps.Proof All de�nition steps are of the form: Pk = Pk�1[f�(Q) Qg. The
onditions imposed on � guarantee that the predi
ate of �(Q) does not o
-
ur in P0; : : : ; Pk (point 1 of De�nition 10.3.4). Point 2 of De�nition 10.3.4requires that all the predi
ates in the body of the introdu
ed 
lause are onlyold predi
ates. A

ording to the de�nitions in [269℄, all predi
ates in P0 areold and hen
e this 
ondition is trivially satis�ed. However, for the slightlymodi�ed de�nitions used in [222℄, this is not always the 
ase, but we 
an usethe following simple 
onstru
tion to make every predi
ate in P an old pred-i
ate. Let the predi
ates o

urring in P be p1; : : : ; pj, and let fresh andfail be distin
t propositions not o

urring in P , nor in the image of �. Wesimply de�ne P0 = P[ fCfg where Cf = fresh  fail; p1( �t1); : : : ; pj( �tj)and the ti are sequen
es of terms of 
orre
t length. By doing so, we do notmodify any of the semanti
s we are interested in, but ensure that all the
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ates in P are old a

ording to the de�nition in [222℄. We impli
itlyassume the presen
e of su
h a Cf in the following lemmas and propositionsas well (in 
ase we want to apply the modi�ed de�nitions used in [222℄). 210.3.2 Fair and weakly fair partial dedu
tionsIn De�nition 10.2.1 (as well as in standard partial dedu
tion, 
f. Chapter 3),we required the SLD-trees to be non-trivial. In the 
ontext of standard par-tial dedu
tion of atoms, this 
ondition avoids problemati
 resultants of theform A  A and is fully suÆ
ient for total 
orre
tness (given indepen-den
e and 
overedness). In the 
ontext of 
onjun
tive partial dedu
tions,we need (for 
orre
tness wrt the �nite failure semanti
s) an extension ofthis 
ondition:De�nition 10.3.8 (inherited, fair) Let the goal G0 = (A1 ^ : : :Ai�1^B1 ^ : : :Bk ^ Ai+1 ^ : : :An)� be derived via an SLD-resolution step fromthe goal G = A1 ^ : : :Ai ^ : : :An, and the 
lause H  B1 ^ : : :Bk, withsele
ted atom Ai. We say that the atoms A1�; : : : ; Ai�1�; Ai+1�; : : : ; An�in G are inherited from G in G0. We extend this notion to derivations bytaking the transitive and re
exive 
losure.A �nite SLD-tree � for P[fGg is said to be fair i� no atom in a danglingleaf goal L of � is inherited from G in L.The 
onjun
tive partial dedu
tion P 0 of P wrt Q, PQ and ��;p is fairi� all the SLD-trees used to 
onstru
t PQ are fair.The above means that every atom o

urring in the top-level goal of anSLD-tree has to be sele
ted at some point in every non-failing bran
h. ForSLD-trees for atomi
 goals this notion 
oin
ides with the one of non-trivialtrees. Also, for the folding steps that we will perform (in the transformationsequen
e asso
iated with a 
onjun
tive partial dedu
tion), this 
orrespondsto 
onditions of fold-allowing in [222, De�nition 7℄ or inherited in [249℄. Allthese 
onditions ensure that we do not en
ode an unfair sele
tion rule inthe transformation pro
ess, whi
h is vital when trying to preserve the �nitefailure semanti
s (for a more detailed dis
ussion see e.g. [249℄).Sometimes however, this de�nition, as well as the one of fold-allowing in[222℄ or the one of inherited in [249℄, imposes more unfolding than stri
tlyne
essary. In some 
ases this even for
es one to perform non-leftmost,non-determinate unfolding. As already dis
ussed in Chapter 3, notablyin Example 3.3.3, this 
an have disastrous e�e
ts on the eÆ
ien
y of thespe
ialised program. Also, the tree �1 of Example 10.2.7 depi
ted in Fig-ure 10.2 does not satisfy De�nition 10.3.8, although the resulting program isa
tually totally 
orre
t. In order to make �1 fair one would have to performone more unfolding step on  app(Y; Z;R).



10.3. CORRECTNESS RESULTS 237The following, weaker notion of fairness remedies this problem.De�nition 10.3.9 (weakly fair) Let P 0 be the 
onjun
tive partial de-du
tion of P wrt Q, PQ and ��;p. For Q 2 Q let LeavesQ denote thedangling leaf goals of the SLD-tree for P [ f Qg used to 
onstru
t the
orresponding resultants in PQ.We �rst de�ne the following (in
reasing) series of subsets of Q:� Q 2 WF0 i� Q 2 Q and for ea
h L 2 LeavesQ no atom is inheritedfrom Q in L.� Q 2 WFk+1 i� Q 2 Q and for ea
h L 2 LeavesQ and ea
h C 2 p(L)whi
h 
ontains an atom inherited from  Q in L and whi
h getsrenamed into �(Q0)� (with C = Q0� and Q0 2 Q) inside ��;p(L) wehave that Q0 2 WFk.Then P 0 is weakly fair i� there exists a number 0 � k < 1 su
h thatQ =WFk.Note that if every SLD-tree �Q is fair (i.e. P 0 is fair) then P 0 is weaklyfair, independently of the renaming fun
tion ��;p (be
ause no atom in aleaf is inherited from the root goal and thus WF0 = Q). Intuitively, theabove de�nition ensures that every atom in a 
onjun
tion Q in Q is eitherunfolded dire
tly in the tree � (Q) or it is folded on a 
onjun
tion Q0 inwhi
h the 
orresponding atom is guaranteed to be unfolded (again eitherdire
tly or indire
tly by folding and so on in a well-founded manner).5Example 10.3.10 Let PQ be the resultants for the set of 
onjun
tions Q =fapp(X;Y; I) ^ app(I; Z;R), app(X;Y; Z)g of Example 10.2.7. The simpletree for P [ f app(X;Y; Z)g is fair. Therefore app(X;Y; Z) 2 WF0independently of ��;p.Let �1 be the SLD-tree of Figure 10.2 for P [ fGg, with G =  app(X;Y; I)^app(I; Z;R). The 
onjun
tions in the dangling leaves of � arefL1; L2g, with L1 = app(Y; Z;R) and L2 = app(X 0; Y; I 0) ^ app(I 0; Z;R0).The SLD-tree �1 is not fair, but for ��;p of Example 10.2.7, we have thatapp(X;Y; I) ^ app(I; Z;R) 2 WF1:� app(X 0; Y; I 0) and app(I 0; Z;R0) are not inherited from G in  L2.� app(Y; Z;R) is inherited from G in  L1, but we have ��;p(L1) =�(app(X;Y; Z))� and, as we have seen above, app(X;Y; Z) 2 WF0.So for k = 1 we have that Q =WFk and P 0 is thus weakly fair.5It would be possible to further re�ne De�nition 10.3.9 by treating ea
h atom in a
onjun
tion individually. However, this makes the 
orre
tnessproofs mu
hmore intri
ateand the need for this re�nement has not (yet) arisen in pra
ti
e.



238 CHAPTER 10. CONJUNCTIVE PARTIAL DEDUCTIONThe following shows that, due to our parti
ular way of de�ning renam-ings, the folding steps in a transformation sequen
e are T&S-folding steps.Lemma 10.3.11 Let P0; : : : ; Pf be a transformation sequen
e for the 
on-jun
tive partial dedu
tion P 0 of P0 wrt Q, PQ and ��;p based on a freshatomi
 renaming. Then the folding steps in P0; : : : ; Pf are T&S-foldingsteps whi
h satisfy the requirements of Theorems 8 and 10 in [222℄. If inaddition P 0 is fair, then the T&S-folding steps also satisfy the requirementsof Theorem 12 in [222℄.Proof In order to prove that the folding steps of De�nition 10.3.5 areT&S-folding steps, we have to show that points 1 and 2 of De�nition 10.3.3hold. Point 2 states that the predi
ate symbol of �(Q) should o

ur onlyon
e in Pd (where Pd is the program of De�nition 10.3.5 obtained after allde�nitions have been introdu
ed), whi
h holds trivially by 
onstru
tion ofthe de�nitions in Pd and be
ause the atomi
 renaming � is fresh. Also,point 1 of De�nition 10.3.3 states that variables removed by the renamingshould be existential variables. Be
ause we imposed vars(�(Q)) = vars(Q)for atomi
 renamings, no variables are removed and the 
riterion is triviallysatis�ed.The fa
t that we have non-trivial SLD-trees ensures that at least one atomin B is fold-allowing (see [222, De�nition 7℄) and hen
e, the requirementsof Theorem 8 and 10 hold. Furthermore, if P 0 is fair, then every atom in Bwrt whi
h T&S-folding is performed (i.e. every atom in Q) is fold-allowing,and the requirements of Theorem 12 are met. 2If P 0 is only weakly fair then the requirements of Theorem 12 in [222℄are not met. We will have to deal with that spe
ial 
ase separately lateron.Proposition 10.3.12 Let P0; : : : ; Pf be a transformation sequen
e for the
onjun
tive partial dedu
tion P 0 of P0 wrt Q, PQ and ��;p based on a freshatomi
 renaming. Then, for every goal G, su
h that its predi
ates o

ur inP0, we have that� P0[fGg has an SLD-refutation with 
omputed answer � i� Pf [fGghas.If in addition P 0 is weakly fair then� P0 [ fGg has a �nitely failed SLD-tree i� Pf [ fGg has.Proof Lemmas 10.3.7 and 10.3.11 ensure that the prerequisites of Theorem10 in [222℄ are met. Hen
e the 
omputed answer semanti
s SemCA is
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onditions and P0 [ fGg has an SLD-refutationwith 
omputed answer � i� Pf [ fGg has.6If P 0 is fair we 
an use the same Lemmas 10.3.7 and 10.3.11 
ombined withTheorem 12 of [222℄ to dedu
e that the �nite failure semanti
s SemFF ispreserved, i.e. P0 [ fGg has a �nitely failed SLD-tree i� Pf [ fGg has.As already mentioned earlier, in 
ase P 0 is only weakly fair we 
annotdire
tly apply Theorem 12 of [222℄. We therefore do a spe
i�
 proof byindu
tion on the minimum number min su
h that Q =WFmin , where theWF i are de�ned as in De�nition 10.3.9.Indu
tion Hypothesis: The �nite failure semanti
s is preserved far allP 0 whi
h are weakly fair and su
h that min � k .Base Case: If min = 0 then for every Q 2 Q no leaf 
ontains an atominherited from Q and thus P 0 is fair. Hen
e, by the above reasoning, we
an dedu
e the preservation of �nite failure.Indu
tion Step: Let min = k + 1 and let W � Q be de�ned as W =WFk+1 n WFk. The idea of the proof is to unfold the 
lauses for theelements ofW so that, a

ording to De�nition 10.3.9, they be
ome elementsof WFk in the unfolded program P 0f . This will allow us to apply theindu
tion hypothesis on P 0f . The details are elaborated in the following.As in De�nition 10.3.9, we denote by LeavesQ (with Q 2 Q) the danglingleaf goals of the SLD-tree for P[f Qg used to 
onstru
t the 
orrespondingresultants in PQ. Let P 0f be obtained from Pf by performing the followingunfolding steps for every element Q 2 W:for ea
h L 2 LeavesQ and ea
h C 2 p(L) whi
h 
ontains an atominherited from Q in L and whi
h gets renamed into �(Q0)�, unfoldthe 
lause 
orresponding to L wrt �(Q0)� (i.e. the renamed version ofC inside ��;p(L)) using the de�nition of �(Q0) in Pf .Note that P 0f 
an be obtained by a transformation sequen
e for a partialdedu
tion P 00 based on the same atomi
 renaming � and the same set Qas P 0 but based on SLD-trees with a deeper unfolding for the elements ofW.7 Ea
h element of Q n W is still in WFk (as well as in WF i,i < k ifit was in WF i for Pf ) be
ause the asso
iated trees and resultants remainun
hanged. We also know that every Q0 above must be in Q nW =WFk,be
ause the se
ond rule of De�nition 10.3.9 
ould be applied to dedu
e6Note that Lemmas 10.3.7 and 10.3.11 also ensure that Theorem 8 of [222℄ 
an beapplied and thus, given a �xed �rst-order language LP , the least Herbrand model se-manti
s SemH is also preserved (restri
ted to the predi
ates o

urring in the originalprogram P0). We will not use this property in the remainder of this 
hapter however.7Possibly a slightly adapted renaming fun
tion is needed to ensure that the renamingsof the new leaves of these deeper SLD-trees 
oin
ide with the 
lause bodies obtainedby the unfolding performed on Pf . See the dis
ussion about admissible renamings inSe
tion 5.2.2 of Chapter 5.
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e in P 00 asso
iated with P 0f , ea
h element of Wis now in WFk, due to the unfolding. Hen
e we 
an apply the indu
tionhypothesis to dedu
e that �nite failure is preserved in P 0f wrt P0. Nowbe
ause unfolding is totally 
orre
t wrt the �nite failure semanti
s SemFF ,we know that Pf and P 0f are equivalent under SemFF . Thus the indu
tionhypothesis holds for min = k + 1 . 2We are now in position to state a 
orre
tness result similar to the onesin Chapters 3 and 5. In 
ontrast to these results however, we do not needan independen
e 
ondition (be
ause of the renaming), but we still need anadapted 
overedness 
ondition:De�nition 10.3.13(Q-
overed wrt p) Let p be a partitioning fun
tionand Q a set of 
onjun
tions. We say that a 
onjun
tion Q is Q-
overedwrt p i� every 
onjun
tion Q0 2 p(Q) is an instan
e of an element in Q.Furthermore a set of resultants R is Q-
overed wrt p i� every body of everyresultant in R is Q-
overed wrt p.The above 
overedness 
ondition ensures that the renamings performedin De�nition 10.2.6 are always de�ned and that the original program P 
anbe thrown away from the end result of a transformation sequen
e for theasso
iated 
onjun
tive partial dedu
tion.Example 10.3.14 Let Q = fq(x)^ r; q(a)g, Q = q(a)^ q(b)^ r. Then, fora partitioning fun
tion p su
h that p(Q) = fq(b) ^ r; q(a)g, Q is Q-
overedwrt p. However, for p0 with p0(Q) = fq(a) ^ r; q(b)g, Q is not Q-
overedwrt p0.Proposition 10.3.15 establishes a 
orresponden
e between the result Pfof the above transformation sequen
e and the 
orresponding 
onjun
tivepartial dedu
tion.Proposition 10.3.15 Let P 0 be the 
onjun
tive partial dedu
tion of P wrtQ, PQ and ��;p su
h that PQ is Q-
overed wrt p. Also let P0; : : : ; Pf be atransformation sequen
e for P 0. Then Pf nP = P 0, where P is the originalprogram.Theorem 10.3.16 Let P 0 be the 
onjun
tive partial dedu
tion of P wrtQ, PQ and ��;p. If PQ [ fGg is Q-
overed wrt p then� P [ fGg has an SLD-refutation with 
.a.s. � i� P 0 [ f��;p(G)g hasan SLD refutation with 
.a.s. �.If in addition P 0 is weakly fair then� P [ fGg has a �nitely failed SLD-tree i� P 0 [ f��;p(G)g has.



10.3. CORRECTNESS RESULTS 241Proof Let us �rst prove the theorem for 
onjun
tive partial dedu
tions
onstru
ted using a fresh atomi
 renaming �.Let x1; : : : ; xn be the variables of G ordered a

ording to their �rst ap-pearan
e and let query be a fresh predi
ate of arity n. We then de�neP0 = P [ fquery(x1; : : : ; xn)  QGg where G = QG. The 
onjun
-tive partial dedu
tion of P0 will be identi
al to the one of P ex
ept forthe extra 
lause for query. We 
an now 
onstru
t a transformation se-quen
e P0; : : : ; Pf for the 
onjun
tive partial dedu
tion of P0 and thenapply Proposition 10.3.12 to dedu
e that query(x1; : : : ; xn) has the same
omputed answer and �nite failure behaviour in P0 and Pf . Note thatquery is de�ned in Pf by the 
lause query(x1; : : : ; xn) ��;p(QG). Hen
eP [ fGg has the same behaviour wrt 
omputed answers and �nite failureas Pf [ f��;p(G)g. Finally P 0 = Pfn fP [ query(x1; : : : ; xn)  ��;p(Q)g.Hen
e, the theorem follows from the fa
t that, due to Q-
overedness wrt p,the predi
ates de�ned in P , as well as the predi
ate query, are ina

essiblefrom ��;p(Q) in the predi
ate dependen
y graph.Let us now prove the result for unrestri
ted renaming.For that we simply introdu
e a fresh intermediate renaming and prove theresult by two appli
ations of the above theorem. More pre
isely, let �0 and�00 be su
h that �(Q) = �00(�0(Q)) for every Q 2 Q and su
h that �0 isa fresh atomi
 renaming for PQ and also su
h that �00 is a fresh atomi
renaming wrt the range of �0. Su
h renamings 
an always be 
onstru
ted.We 
an now apply the above result to dedu
e that the 
onjun
tive par-tial dedu
tion P 00, obtained from PQ under ��0 ;p, is totally 
orre
t for thequery ��0;p(G). The 
onjun
tive partial dedu
tion P 0 (as well as the query��;p(G)) 
an be obtained from P 00 by performing a (standard) partial de-du
tion wrt the set A = f�0(Q) j Q 2 Qg and by unfolding every atom inA exa
tly on
e. Hen
e we 
an re-apply the above theorem and we obtaintotal 
orre
tness of P 0 wrt P . 2Let us brie
y illustrate Theorem 10.3.16 on a small example.Example 10.3.17 (double append, revisited) Let PQ, P and P 0 betaken from Example 10.2.7. Let G = app([1; 2℄; [3℄; I) ^app(I; [4℄; R).We have that ��;p(G) = da([1; 2℄; [3℄; I; [4℄; R). It 
an be seen that PQ [fGg is Q-
overed wrt p and indeed, as predi
ted by Theorem 10.3.16,P [ fGg and P��;p [ f��;p(G)g have the same set of 
omputed answers:ffI=[1; 2; 3℄;R=[1; 2;3;4℄gg.Note that P 0, as mentioned in Example 10.3.10 above, is weakly fair andtherefore �nite failure is also preserved.
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ussion and 
on
lusion10.4.1 Negation and normal programsWhen extending 
onjun
tive partial dedu
tion for negation two issues 
omeup: one is 
orre
tly handling normal logi
 programs instead of de�niteprograms and the se
ond one is to allow the sele
tion of ground negativeliterals (i.e. moving from SLD+-trees to SLDNF-trees).The former is not so diÆ
ult, as a lot of results from the literature 
an bereused. For instan
e, we 
an re
y
le results from the unfold/fold literatureto prove preservation of the perfe
t model semanti
s for strati�ed programs[249℄ and preservation of the well-founded semanti
s for normal programs[250℄. If in addition we have fair SLD+-trees, the 
onditions of modi�ed(T&S) folding of [249℄ hold, and we 
an use preservation of the SLDNFsu

ess and �nite failure set for strati�ed programs. Some further resultsfrom [13℄ 
an also be applied. In [31℄, the 
orre
tness results of [249℄ areadapted for Fitting's semanti
s and the results might also be appli
able inour 
ase. The results of [104℄ do not seem to be appli
able be
ause they usea di�erent folding rule (whi
h requires the 
lauses involved in the foldingpro
ess to be all in the same program Pi).Allowing SLDNF-trees instead of SLD+-trees is more diÆ
ult. Notethat [249, 250, 222, 13, 31℄ do not allow the unfolding of negative literals.Sele
ting negative literals might be obtained by goal repla
ement or 
lauserepla
ement , but Theorems 15 and 16 from [222℄ 
annot be applied be
ausedi�erent folding rules are used. [246℄ allows unfolding inside negation andworks with �rst order formulas, but it still has to be investigated whether itsresults (for Kleene's 3-valued logi
) 
an be used. Also [144℄ has a negativeunfolding rule (under 
ertain termination 
onditions), but this rule (alongwith the 
orre
tness theorems) is situated in the 
ontext of deriving de�nitelogi
 programs from �rst order spe
i�
ations. So, for the moment, thereseems to be no 
onjun
tive equivalent to the 
orre
tness theorem of [185℄ fornormal logi
 programs and partial dedu
tion based on 
onstru
ting �niteSLDNF-trees. Further work will be needed to extend the 
orre
tness resultsof the previous se
tion.10.4.2 Preliminary results and potentialSome preliminary and promising experiments with 
onjun
tive partial de-du
tion have been 
ondu
ted in [175℄ (in Chapter 12 we will present moreelaborate and extensive ben
hmarks). They were based on a system forstandard partial dedu
tion des
ribed in [168, 178℄. The adaptation to 
on-jun
tive partial dedu
tion was pretty straightforward, further underlining
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laim that 
onjun
tive partial dedu
tion is just a simple, butpowerful, extension of the standard partial dedu
tion 
on
ept.The good results that were obtained in [175℄ (as well as the ones we willobtain later in Chapter 12) seem to indi
ate that folding 
ombined with arather simple unfolding rule 
an solve some of the traditional lo
al 
ontrolproblems for meta-interpreters. This is also related to the fa
t that thelo
al pre
ision problem outlined in Chapter 3 disappears, at least to someextent: there is no longer an automati
, unavoidable abstra
tion asso
iatedwith stopping the unfolding. In other words, given a good global 
ontrol,the lo
al 
ontrol no longer has to worry about pre
ision: it 
an 
on
entrateon the eÆ
ien
y of the resultants it generates.Folding also solves a problem already raised in [220℄. Take for examplea meta-interpreter 
ontaining the following 
lauses, where noloop(A;H) isan expensive test whi
h 
annot be (fully) unfolded:solve([℄;H) solve([AjT ℄;H) noloop(A;H) ^ 
lause(A;B)^solve(B; [AjH℄) ^ solve(T;H)Here standard partial dedu
tion fa
es a dilemma when spe
ialising the atomsolve([ �d℄;H). After resolving with the se
ond 
lause and performing onedeterminate unfolding step (on solve([℄;H)) we obtain the following goal noloop( �d;H) ^ 
lause( �d;B) ^solve(B; [ �djH℄)Either we unfold 
lause( �d;B), thereby propagating the partial input �dover to B in solve(B; [ �djH℄), but at the 
ost of dupli
ating noloop( �d;H)and most probably leading to a slowdown. Or standard partial dedu
-tion 
an stop the unfolding, but then the partial input �d 
an no longerbe propagated over to B inside solve(B; [ �djH℄). Using 
onjun
tive partialdedu
tion however, we 
an be eÆ
ient and propagate information at thesame time, simply by stopping unfolding and spe
ialising the 
onjun
tion
lause( �d;B) ^ solve(B; [ �djH℄).810.4.3 Con
lusionIn 
on
lusion, we have presented a simple but powerful extension of partialdedu
tion, showed that it 
an perform tupling and, when 
ombined witha suitable post-pro
essing to be presented in the next Chapter, also defor-estation. We proved 
orre
tness results with respe
t to 
omputed answer8The Paddy system [227℄ uses non-atomi
, non-re
ursive folding to avoid ba
kpropa-gation of bindings (to preserve Prolog semanti
s). In general this is suÆ
ient to solve theabove problem. Apart from that, Paddy only performs folding of atoms, i.e. the sameimpli
it folding used in standard partial dedu
tion.
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s, least Herbrand model semanti
s and �nite failure semanti
s. Forthe latter we also presented improved 
onditions, whi
h, in 
ontrast to 
ur-rent results for unfold/fold, allow the preservation of �nite failure while notimposing 
ertain potentially disastrous (non-determinate) unfolding steps.



Chapter 11Redundant ArgumentFiltering11.1 Introdu
tionAutomati
ally generated programs often 
ontain redundant parts. For in-stan
e, programs produ
ed by standard partial dedu
tion [185℄ often haveuseless 
lauses and redundant stru
tures, see e.g. [98℄. This has motivateduses of regular approximations to dete
t useless 
lauses [101, 68, 66℄ andrenaming (or �ltering) transformations [99, 17℄ whi
h remove redundantstru
tures. We have already dis
ussed the latter transformations in Chap-ter 3, where they also proved useful to ensure the independen
e 
ondition,and we have then widely used su
h transformations, notably in Chapters 5and 10.In this 
hapter we are 
on
erned with yet another notion of redundan
ywhi
h may remain even after these transformations have been applied, viz.redundant arguments. These seem to appear parti
ularly often in programsprodu
ed by 
onjun
tive partial dedu
tion as presented in Chapter 10.Consider the program P 0 we obtained in Example 10.2.7 by 
onjun
tivepartial dedu
tion of the append program for the goal G = app(X;Y; I)^app(I; Z;R) (renamed to  da(X;Y; I; Z;R) in P 0):app([ ℄; L; L) app([HjX℄; Y; [HjZ℄) app(X;Y; Z)da([ ℄; Y; Y; Z;R) app(Y; Z;R)da([HjX 0℄; Y; [HjI 0℄; Z; [HjR0℄)  da(X 0; Y; I 0; Z;R0)Here the 
on
atenation of the lists Xs and Ys is still stored in T , but isnot used to 
ompute the result in R. Instead the elements en
ountered245



246 CHAPTER 11. REDUNDANT ARGUMENT FILTERINGwhile traversing Xs and Ys are stored dire
tly in R. Informally, the thirdargument of da is redundant. Thus, although this program represents a stepin the right dire
tion, we would rather prefer the following program:app([ ℄; L; L) app([HjX℄; Y; [HjZ℄) app(X;Y; Z)da0([ ℄; Y; Z;R) app(Y; Z;R)da0([HjX 0℄; Y; Z; [HjR0℄) da0(X 0; Y; Z;R0)The step from da=5 to da0=4 was left open in Chapter 10. The step 
an-not be obtained by the renaming operation in [99, 17℄ whi
h only improvesprograms where some atom in some body 
ontains fun
tors or multiple o
-
urren
es of the same variable. In fa
t, this operation has already beenemployed by 
onjun
tive partial dedu
tion to arrive at the program withda=5. The step also 
annot be obtained by other transformation te
hniques,su
h as partial dedu
tion itself, or the more spe
i�
 program 
onstru
tionof [191, 192℄ (
f. Chapter 13). Indeed, any method whi
h preserves the leastHerbrand model, or the 
omputed answer semanti
s for all predi
ates, isin
apable of transforming da=5 to da0=4. The point is that although the listI is redundant in some sense|whi
h is made pre
ise below|the 
hange ofarity also 
hanges the semanti
s.Redundant arguments also appear in a variety of other situations. Forinstan
e, they appear in programs generated by standard partial dedu
tionwhen 
onservative unfolding rules are used.As another example, redundant arguments arise when one re-uses generi
predi
ates for more spe
i�
 purposes. For instan
e, let us de�ne a member=2predi
ate by re-using a generi
 delete=3 predi
ate:member(X ;L) delete(X ;L;DL)delete(X ; [X jT ℄;T ) delete(X ; [Y jT ℄; [Y jDT ℄) delete(X ;T ;DT )Here the third argument of delete is redundant but 
annot be removed byany of the te
hniques 
ited above.In this 
hapter we rigorously de�ne the notion of a redundant argu-ment, and show that the problem of removing all redundant arguments isunde
idable. We then present an eÆ
ient algorithm whi
h 
omputes a safeapproximation of the redundant arguments and removes them. Corre
t-ness of the te
hnique is also established. On a range of programs produ
edby 
onjun
tive partial dedu
tion (with renaming), an implementation ofour algorithm redu
es 
ode size and exe
ution time by an average of ap-proximately 20%. The algorithm never in
reases 
ode size nor exe
utiontime.
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t erasuresIn the remainder, Pred(P ) denotes the set of predi
ates o

urring in a logi
program P , arity(p) denotes the arity of a predi
ate p, Clauses(P ) denotesthe set of 
lauses in P and Def(p; P ) denotes the de�nition of p in P . Anatom, 
onjun
tion, goal, or program, in whi
h every predi
ate has arity 0is 
alled propositional.In this se
tion we formalise redundant arguments in terms of 
orre
terasures.De�nition 11.2.1 Let P be a program.1. An erasure of P is a set of tuples (p; k) with p 2 Pred(P ), and1 � k � arity(p).2. The full erasure for P is >P = f(p; k) j p 2 Pred(P ) ^ 1 � k �arity(p)g.The e�e
t of applying an erasure to a program is to erase a number ofarguments in every atom in the program. For simpli
ity of the presentationwe assume that, for every program P and goal G of interest, ea
h predi-
ate symbol o

urs only with one parti
ular arity (this will later ensurethat there are no unintended name 
lashes after erasing 
ertain argumentpositions).De�nition 11.2.2 Let G be a goal, P a program, and E an erasure of P .1. For an atom A = p(t1; : : : ; tn) in P , let 1 � j1 < : : : < jk � nbe all the indexes su
h that (p; ji) 62 E. We then de�ne AjE =p(tj1 ; : : : ; tjk).2. P jE and GjE arise by repla
ing every atom A by AjE in P and G,respe
tively.How are the semanti
s of P and P jE of De�nition 11.2.2 related? Sin
ethe predi
ates in P may have more arguments than the 
orresponding predi-
ates in P jE, the two programs have in
omparable semanti
s. Nevertheless,the two programs may have the same semanti
s for some of their arguments.Example 11.2.3 Consider the de�nite program P :p(0; 0; 0) p(s(X); f(Y ); g(Z)) p(X;Y; Z)The goal G = p(s(s(0)); B;C) has exa
tly one SLD-refutation, with 
om-puted answer fB=f(f(0)); C=g(g(0))g. Let E = f(p; 3)g, and hen
e P jEbe:



248 CHAPTER 11. REDUNDANT ARGUMENT FILTERINGp(0; 0) p(s(X); f(Y )) p(X;Y )Here GjE = p(s(s(0)); B) has exa
tly one SLD-refutation, with 
omputedanswer fB=f(f(0))g. Thus, although we have erased the third argument ofp, the 
omputed answer for the variables in the remaining two arguments isnot a�e
ted. Taking �nite failures into a

ount too, this suggests a notionof equivalen
e 
aptured in the following de�nition.De�nition 11.2.4 An erasure E is 
orre
t for a de�nite program P and ade�nite goal G i�1. P [ fGg has an SLD-refutation with 
omputed answer � with �0 =� jvars(GjE) i� P jE [ fGjEg has an SLD-refutation with 
omputedanswer �0.2. P [ fGg has a �nitely failed SLD-tree i� P jE [ fGjEg has.Given a de�nite goal G and a de�nite program P , we may now saythat the i'th argument of a predi
ate p is redundant if there is an erasureE whi
h is 
orre
t for P and G and whi
h 
ontains (p; i). However, wewill 
ontinue to use the terminology with 
orre
t erasures, rather thanredundant arguments.Usually there is a 
ertain set of argument positions I whi
h we do notwant to erase. For instan
e, for G = app([a℄; [b℄; R) and the append pro-gram, the erasure E = f(app; 3)g is 
orre
t, but applying the erasure willalso make the result of the 
omputation invisible. In other words, we wishto retain some arguments be
ause we are interested in their values (see alsothe examples in Se
tion 11.4). Therefore we only 
onsider subsets of >P nIfor some I. Not all erasures in
luded in >P n I are of 
ourse 
orre
t, butamong the 
orre
t ones we will prefer those that remove more arguments.This motivates the following de�nition.De�nition 11.2.5 Let G be a goal, P a program, E a set of erasures of P ,and E;E0 2 E .1. E is better than E0 i� E � E0.2. E is stri
tly better than E0 i� E is better than E0 and E 6= E0.3. E is maximal i� no other E0 2 E is stri
tly better than E.Proposition 11.2.6 Let G be a de�nite goal, P a de�nite program and Ea 
olle
tion of erasures of P . Among the 
orre
t erasures for P and G in Ethere is a maximal one.



11.2. CORRECT ERASURES 249Proof There are only �nitely many erasures in E that are 
orre
t for Pand G. Just 
hoose one whi
h is not 
ontained in any other. 2Maximal 
orre
t erasures are not always unique. For G = p(1; 2) andthe following program P :p(3; 4) qq both f(p; 1)g and f(p; 2)g are maximal 
orre
t erasures, but f(p; 1); (p; 2)gis in
orre
t.The remainder of this se
tion is devoted to proving that �nding best
orre
t erasures is unde
idable. The idea is as follows. It is de
idablewhether P [fGg has an SLD-refutation for propositional P and G, but notfor general P and G. The full erasure of any P and G yields propositionalP j>P and Gj>P . The erasure is 
orre
t i� both or none of P [ fGg andP j>P [ fGj>Pg have an SLD-refutation. Thus a test to de
ide 
orre
tness,together with the test for SLD-refutability of propositional formulae, wouldgive a general SLD-refutability test.Lemma 11.2.7 There is an e�e
tive pro
edure that de
ides, for a propo-sitional de�nite program P and de�nite goal G, whether P [ fGg has anSLD-refutation.Proof By a well-known [184, Corollary7.2, Theorem 8.4℄ result, P [ fGghas an SLD-refutation i� P [ fGg is unsatis�able. The latter problem isde
idable, sin
e P and G are propositional. 2Lemma 11.2.8 Let G be a de�nite goal, P a de�nite program, and E anerasure of P . If P [fGg has an SLD-refutation, then so has P jE[ fGjEg.Proof By indu
tion on the length of the SLD-derivation of P [ fGg. 2Lemma 11.2.9 Let P be a de�nite program and G a de�nite goal. IfP [ fGg has an SLD-refutation, then P [ fGg has no �nitely failed SLD-tree.Proof By [184, Theorem 10.3℄. 2Proposition 11.2.10 There is no e�e
tive pro
edure that tests, for a def-inite program P and de�nite goal G, whether >P is 
orre
t for P and G.Proof Suppose su
h an e�e
tive pro
edure exists. Together with the ef-fe
tive pro
edure from Lemma 11.2.7 this would give an e�e
tive pro
edure
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ide whether P [ fGg has an SLD-refutation, whi
h is known to bean unde
idable problem:11. If P j>P [ fGj>Pg has no SLD-refutation, by Lemma 11.2.8 neitherhas P [ fGg.2. If P j>P [ fGj>Pg has an SLD-refutation then:(a) If >P is 
orre
t then P [ fGg has an SLD-refutation by De�ni-tion 11.2.4.(b) If >P is in
orre
t then P [ fGg has no SLD-refutation. In-deed, if P [ fGg had an SLD-refutation with 
omputed an-swer �, then De�nition 11.2.4 (1) would be satis�ed with �0 =� jvars(Gj>P )= ;. Moreover, by Lemma 11.2.9 none of P [ fGgand P j>P [ fGj>Pg would have a �nitely failed SLD-tree, soDe�nition 11.2.4(2) would also be satis�ed. Thus >P would be
orre
t, a 
ontradi
tion. 2Corollary 11.2.11 There is no e�e
tive fun
tion that maps any de�niteprogram P and de�nite goal G to a maximal, 
orre
t erasure for P and G.Proof >P is the maximal among all erasures of P , so su
h a fun
tion fwould satisfy: f(P;G) = >P , >P is 
orre
t for P and Ggiving an e�e
tive pro
edure to test 
orre
tness of >P , 
ontradi
ting Propo-sition 11.2.10. 211.3 Computing 
orre
t erasuresIn this se
tion we present an algorithm whi
h 
omputes 
orre
t erasures.Corollary 11.2.11 shows that we 
annot hope for an algorithm that always
omputes maximal 
orre
t erasures. We therefore derive an approximatenotion whi
h 
aptures some interesting 
ases. For this purpose, the follow-ing examples illustrate some aspe
ts of 
orre
tness.The �rst example shows what may happen if we try to erase a variablethat o

urs several times in the body of a 
lause.1Gj>P may 
ontain variables, namely those o

urring in atoms with predi
ate symbolsnot o

urring in P . However, su
h atoms are equivalent to propositional atoms noto

urring in P .



11.3. COMPUTING CORRECT ERASURES 251Example 11.3.1 Consider the following program P :p(X) r(X;Y ); q(Y )r(X; 1) q(0) If E = f(r; 2)g then P jE is the program:p(X) r(X); q(Y )r(X) q(0) In P the goalG = p(X) fails �nitely, while in P jE the goalGjE = p(X)su

eeds. Thus E is not 
orre
t for P and G. The sour
e of the problemis that the existential variable Y links the 
alls to r and q with ea
h other.By erasing Y in  r(X;Y ), we also erase the syn
hronisation between rand q. Also, if E = f(q; 1); (r; 2)g then P jE is the program:p(X) r(X); qr(X) q Again, GjE = p(X) su

eeds in P jE, so the problem arises independentlyof whether the o

urren
e of Y in q(Y ) is itself erased or not.In a similar vein, erasing a variable that o

urs several times within thesame 
all, but is not linked to other atoms, 
an also be problemati
.Example 11.3.2 If P is the program:p(a; b) p(f(X); g(X))  p(Y; Y )and E = f(p; 2)g then P jE is the program:p(a) p(f(X))  p(Y )Here G = p(f(X); Z) fails �nitely in P , while GjE = p(f(X)) su

eeds(with the empty 
omputed answer) in P jE.Note that, for E = f(p; 1); (p; 2)g, P jE is the program:pp pAgain GjE = p su

eeds in P jE and the problem arises independently ofwhether the se
ond o

urren
e of Y is erased or not.Still another problem is illustrated in the next example.Example 11.3.3 Consider the following program P :p([℄; [℄) p([XjXs℄; [XjYs℄) p(Xs; [0jYs℄)



252 CHAPTER 11. REDUNDANT ARGUMENT FILTERINGIf E = f(p; 2)g then P jE is the program:p([℄) p([XjXs℄) p(Xs)In P , the goal G = p([1; 1℄; Y ) fails �nitely, while in P jE the goalGjE = p([1; 1℄) su

eeds. This phenomenon 
an o

ur when erased argu-ments of predi
ate 
alls 
ontain non-variable terms.Finally, problems may arise when erasing in the body of a 
lause avariable whi
h also o

urs in a non-erased position of the head of a 
lause:Example 11.3.4 Let P be the following program:p(a; b) p(X;Y ) p(Y;X)If E = f(p; 2)g then P jE is the program:p(a) p(X) p(Y )Here G = p(
; Y ) fails (in�nitely) in P while GjE = p(
) su

eeds inP jE. The syn
hronisation of the alternating arguments X and Y is lost bythe erasure.The above 
riteria lead to the following de�nition, in whi
h (1) rules outExample 4, (2) rules out Examples 2 and 3, and (3) rules out Example 5.De�nition 11.3.5 Let P be a de�nite program and E an erasure of P .E is safe for P i� for all (p; k) 2 E and all H  C; p(t1; : : : ; tn); C 0 2Clauses(P ), it holds that:1. tk is a variable X.2. X o

urs only on
e in C; p(t1; : : : ; tn); C 0.3. X does not o

ur in HjE.This in parti
ular applies to goals:De�nition 11.3.6 Let P be a de�nite program and E an erasure ofP . E is safe for a de�nite goal G i� for all (p; k) 2 E where G = C; p(t1; : : : ; tn); C 0 it holds that:1. tk is a variable X.2. X o

urs only on
e in in C; p(t1; : : : ; tn); C 0.



11.3. COMPUTING CORRECT ERASURES 253We will now show that the 
onditions in De�nitions 11.3.5 and 11.3.6 area
tually suÆ
ient to ensure 
orre
tness. We already mentioned on page 222in Chapter 10 that renaming is 
losely related to unfold/fold and that it
an be formalised as a two-step basi
 transformation involving a de�nitionstep, immediately followed by a number of folding steps. This observa-tion also applies to erasures, whose appli
ation 
an be seen as an, albeitpowerful, renaming transformation. The 
onditions in De�nitions 11.3.5and 11.3.6 o

ur, in a less obvious formulation, within the formalisationof T&S-folding (see De�nition 10.3.3). This will allow us to reuse 
orre
t-ness results from the unfold/fold literature in the proof below. Indeed, themethod of this 
hapter 
an be seen as a novel appli
ation of T&S-foldingusing a parti
ular 
ontrol strategy.Proposition 11.3.7 Let G be a de�nite goal, P a de�nite program, andE an erasure of P . If E is safe for P and for G then E is 
orre
t for P andG.Proof We will show that P jE 
an be obtained from P by a sequen
eof T&S-de�nition, unfolding and T&S-folding steps (see Se
tion 10.3.1 inChapter 10). Let P0 = P [ query( �X )  Q be the initial program of ourtransformation sequen
e, where G = Q and �X is the sequen
e of distin
tvariables o

urring in GjE. First, for ea
h predi
ate de�ned in P su
hthat A 6= AjE, where A = p(X1; : : : ; Xn) is a maximally general atom, weintrodu
e the de�nition Defp = AjE  A. The predi
ate of A o

urs in P0,and is therefore old a

ording to the de�nitions in [269℄ (if one wants to usethe de�nitions in [222℄ one 
an use exa
tly the same \tri
k" explained in theproof of Lemma 10.3.7). By the 
onditions we imposed earlier on P (namelythat ea
h predi
ate symbol o

urs with only 1 arity, see the dis
ussions justafter De�nition 11.2.1) we also know that the predi
ate of P jE does noto

ur in P0. Thus these de�nition steps are T&S-de�nition introdu
tionsteps. We now unfold every de�nition AjE  A wrt A using the 
lausesde�ning A in P0, giving us the program Pk (where k is the number ofde�nitions that have been unfolded). For every atom p(t1; : : : ; tn) in thebody of a 
lause C of Pk, for whi
h a de�nition Defp has been introdu
edearlier, we perform a folding step of C wrt p(t1; : : : ; tn) using Defp . Notethat every su
h atom p(t1; : : : ; tn) is fold-allowing (be
ause either it hasbeen obtained by unfolding a de�nition AjE  A and is not inheritedfrom A or it stems from the original program). The result of the foldingstep is that of repla
ing p(t1; : : : ; tn) by p(t1; : : : ; tn)jE. This means thatafter having performed all the resolution steps we obtain a program P 0 =P jE[ query( �X ) QjE[P 00 where P 00 are the original de�nitions of thosepredi
ates for whi
h we have introdu
e a de�nition Defp. Now, as already



254 CHAPTER 11. REDUNDANT ARGUMENT FILTERINGmentioned earlier, the 
onditions in De�nition 11.3.5 and De�nition 11.3.6are equivalent to the 
onditions of T&S-folding and therefore P 0 
an beobtained from Pk by a sequen
e of T&S-unfolding, unfolding and thenT&S-folding steps on fold-allowable atoms. Note that here it is vital tode�ne �X to be the variables of GjE in the 
lause query( �X )  Q of P0,otherwise the folding steps performed on the atoms of Q would not beT&S-folding steps. We 
an thus apply Theorems 10 and 12 in [222℄ todedu
e preservation of the 
omputed answers and of �nite failure. Finally,as P 00 is unrea
hable from  query( �X ) we 
an remove P 00 and be
auseGjE = QjE the 
onditions of De�nition 11.2.4 are veri�ed for P and G.2 The following algorithm 
onstru
ts a safe erasure for a given program.Algorithm 11.3.8 (RAF)Input: a de�nite program P , an initial erasure E0.Output: an erasure E with E � E0.Initialisation: i := 0;while there exists a (p; k) 2 Ei anda H  C; p(t1; : : : ; tn); C 0 2 Clauses(P ) su
h that:1. tk is not a variable; or2. tk is a variable that o

urs more than on
e in C; p(t1; : : : ; tn); C 0; or3. tk is a variable that o

urs in HjEi doEi+1 := Ei n f(p; k)g;i := i+ 1;end whilereturn EiThe above algorithm starts out from an initial erasure E0, usually 
on-tained in >P n I, where I are positions of interest (i.e. we are interested inthe 
omputed answers they yield). Furthermore E0 should be so as to besafe for any goal of interest (see the example in the next se
tion).Proposition 11.3.9 With input E0, RAF terminates, and output E is aunique erasure, whi
h is the maximal safe erasure for P 
ontained in E0.Proof The proof 
onsists of four parts: termination of RAF, safety ofE for P , uniqueness of E, and optimality of E. The two �rst parts areobvious; termination follows from the fa
t that ea
h iteration of the whileloop de
reases the size of Ei, and safety is immediate from the de�nition.



11.4. APPLICATIONS AND BENCHMARKS 255To prove uniqueness, note that the non-determinism in the algorithm is the
hoi
e of whi
h (p; k) to erase in the while loop. Given a logi
 program P ,let the redu
tion F !(p;k) G denote the fa
t that F is not safe for P andthat an iteration of the while loop may 
hose to erase (p; k) from F yieldingG = F n f(p; k)g.Now suppose F !(p;k) G and F !(q;j) H, with (p; k) 6= (q; j). Thenby analysis of all the 
ombinations of reasons that (p; k) and (q; j) 
ouldbe removed from F it follows that G !(q;j) I and G !(p;k) I with I =F nf(p; k); (q; j)g. In other words the redu
tion relation is lo
ally 
on
uent(see e.g. [82℄). So, be
ause the relation is also terminating, we 
an applythe diamond lemma [216℄ (also in [82℄) to dedu
e that it is 
on
uent. Hen
ethe �nal output E is unique.To see that E is the maximal one among the safe erasures 
ontained in E0,note that F !(p;k) G implies that no safe erasure 
ontained in F 
ontains(p; k). 211.4 Appli
ations and ben
hmarksWe �rst illustrate the usefulness of the RAF algorithm in the transformationof double-append from Se
tion 11.1. Re
all that we want to retain thesemanti
s (and so all the arguments) of doubleapp, but want to erase asmany arguments in the auxiliary 
alls to app and da as possible. Thereforewe start RAF withE0 = f(da; 1); (da; 2); (da;3); (da; 4); (da;5); (app;1); (app; 2); (app;3)gAppli
ation of RAF to E0 yields E = f(da; 3)g, representing the informa-tion that the third argument of da 
an be safely removed, as desired. By
onstru
tion of E0, we have that E � E0 is safe for any goal whi
h is aninstan
e of doubleapp(Xs;Ys;Zs; R). Hen
e, as long as we 
onsider onlysu
h goals, we get the same answers from the program with da0=4 as we getfrom the one with da=5.Let us also treat the member-delete problem from Se
tion 11.1. If westart RAF with E0 = f(delete; 1 ); (delete2 ); (delete; 3 )gindi
ating that we are only interested in 
omputed answers to member=2 ,then we obtain E = f(delete; 3 )g and the following more eÆ
ient programP jE: member(X ;L)  delete(X ;L)delete(X ; [X jT ℄)  delete(X ; [Y jT ℄)  delete(X ;T )



256 CHAPTER 11. REDUNDANT ARGUMENT FILTERINGTo investigate the e�e
ts of Algorithm 11.3.8 more generally, we havein
orporated it into the e

e partial dedu
tion system [170℄, already used inChapter 6. The details about how the system was extended for 
onjun
tivepartial dedu
tion are presented in the next Chapter.We ran the system with and without redundant argument �ltering (butalways with renaming in the style of [99℄) on a series of ben
hmarks of thedppd library [170℄ (a brief des
ription 
an also be found in Appendix C).An unfolding rule allowing determinate unfolding and leftmost \indexed"non-determinate unfolding (using the homeomorphi
 embedding relationon 
overing an
estors to ensure �niteness) was used.2 As in Chapter 6, thetimings were obtained via the time=2 predi
ate of Prolog by BIM 4.0.12(on a Spar
 Classi
 under Solaris) using the \ben
hmarker" �les generatedby e

e. The 
ompiled 
ode size was obtained via statisti
s=4 and isexpressed in units, were 1 unit 
orresponds to approximately 4.08 bytes (inthe 
urrent implementation of Prolog by BIM). The total speedups wereobtained by the same formula as in Se
tion 6.4.The results are summarised in Tables 11.2 and 11.1. As 
an be seen,RAF redu
ed 
ode size by an average of 21% while at the same time yieldingan average additional speedup of 18%. Note that 13 out of the 29 ben
h-marks bene�ted from RAF, while the others remained una�e
ted (i.e. noredundant arguments where dete
ted). Also, none of the programs weredeteriorated by RAF. Ex
ept for extremely large residual programs, theexe
ution time of the RAF algorithm was insigni�
ant 
ompared to thetotal partial dedu
tion time. Note that the RAF algorithm was also usefulfor examples whi
h have nothing to do with deforestation and, when run-ning the same ben
hmarks with standard partial dedu
tion based on e.g.determinate unfolding, RAF also turned out to be useful, albeit to a lesserextent. In 
on
lusion, RAF yields a pra
ti
ally signi�
ant redu
tion of 
odesize and a pra
ti
ally signi�
ant speedup (e.g. rea
hing a fa
tor of 4:29 fordepth).
2The full system options were: Abs:j, InstChe
k:a, Msv:s, NgSlv:g, Part:f, Prun:i,Sel:l, Whistle:d, Poly:y, Dpu: yes, D
e:yes, MsvPost: no.
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hmark Code Sizewithout RAF with RAFadvisor 809 u 809 uapplast 188 u 145 u
ontains.kmp 2326 u 1227 u
ontains.lam 2326 u 1227 udepth.lam 5307 u 1848 udoubleapp 314 u 277 uex depth 874 u 659 u
ip 573 u 493 ugrammar.lam 218 u 218 ugroundunify.simple 368 u 368 uliftsolve.app 1179 u 1179 uliftsolve.db1 1326 u 1326 uliftsolve.lmkng 2773 u 2228 umap.redu
e 348 u 348 umat
h.kmp 543 u 543 umat
h.lam 543 u 543 umaxlength 1083 u 1023 umodel elim.app 444 u 444 uregexp.r1 457 u 457 uregexp.r2 831 u 799 uregexp.r3 1229 u 1163 urelative.lam 261 u 261 uremove 2778 u 2339 urev a

 type 242 u 242 urev a

 type.in�ail 1475 u 1475 urotateprune 4088 u 3454 ussuply.lam 262 u 262 utranspose.lam 2312 u 2312 uAverage Size 1204.91 u 952.64 u(79.06%)Table 11.1: Code size (in units)



258 CHAPTER 11. REDUNDANT ARGUMENT FILTERINGBen
hmark Exe
ution Time ExtraOriginal without RAF with RAF Speedupadvisor 0.68 0.21 0.21 1.00applast 0.44 0.17 0.10 1.70
ontains.kmp 1.03 0.28 0.10 2.80
ontains.lam 0.53 0.15 0.11 1.36depth.lam 0.47 0.30 0.07 4.29doubleapp 0.44 0.42 0.35 1.20ex depth 1.14 0.37 0.32 1.16
ip 0.61 0.66 0.58 1.14grammar.lam 1.28 0.18 0.18 1.00groundunify.simple 0.28 0.07 0.07 1.00liftsolve.app 0.81 0.04 0.04 1.00liftsolve.db1 1.00 0.01 0.01 1.00liftsolve.lmkng 0.45 0.54 0.44 1.23map.redu
e 1.35 0.11 0.11 1.00mat
h.kmp 2.28 1.49 1.49 1.00mat
h.lam 1.60 0.95 0.95 1.00maxlength 0.10 0.14 0.12 1.17model elim.app 1.43 0.19 0.19 1.00regexp.r1 1.67 0.33 0.33 1.00regexp.r2 0.51 0.25 0.18 1.39regexp.r3 1.03 0.45 0.30 1.50relative.lam 3.56 0.01 0.01 1.00remove 4.66 3.83 3.44 1.11rev a

 type 3.39 3.39 3.39 1.00rev a

 type.in�ail 3.39 0.96 0.96 1.00rotateprune 5.84 6.07 5.82 1.04ssuply.lam 0.65 0.05 0.05 1.00transpose.lam 1.04 0.18 0.18 1.00Total Speedup 1 2.11 2.50 1.18Table 11.2: Exe
ution times (in s)
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e and negationIn this se
tion we dis
uss some natural extensions of our te
hnique.11.5.1 A polyvariant algorithmThe erasures 
omputed by RAF are monovariant: an argument of somepredi
ate has to be erased in all 
alls to the predi
ate or not at all. It issometimes desirable that the te
hnique be more pre
ise and erase a 
ertainargument only in 
ertain 
ontexts (this might be espe
ially interesting whena predi
ate also o

urs inside a negation, see the next subse
tion below).Example 11.5.1 Consider the following program P :p(a; b) p(b; 
) p(X;Y ) p(X;Z); p(Z; Y )For E0 = f(p; 2)g (i.e. we are only interested in the �rst argument to p),RAF returns E = ; and hen
e P jE = P . The reason is that the variableZ in the 
all p(X;Z) in the third 
lause of P 
annot be erased. Thereforeno optimisation 
an o

ur at all. To remedy this, we need a polyvariantalgorithm whi
h, in the pro
ess of 
omputing a safe erasure, generates du-pli
ate versions of some predi
ates, thereby allowing the erasure to behavedi�erently on di�erent 
alls to the same predi
ate. Su
h an algorithm mightreturn the following erased program:p(a) p(b) p(X) p(X;Z); p(Z)p(a; b) p(b; 
) p(X;Y ) p(X;Z); p(Z; Y )The rest of this subse
tion is devoted to the development of su
h apolyvariant RAF algorithm.First, the following, slightly adapted, de�nition of erasing is needed. Thereason is that several erasures might now be applied to the same predi
ate,and we have to avoid 
lashes between the di�erent spe
ialised versions forthe same predi
ate.De�nition 11.5.2 Let E be an erasure of P . For an atomA = p(t1; : : : ; tn),we de�ne AjjE = pE(tj1 ; : : : ; tjk) where 1 � j1 < : : : < jk � n are all theindexes su
h that (p; ji) 62 E and where pE denotes a predi
ate symbol ofarity jk su
h that 8p; q; E1; E2 (pE1 = qE2 i� (p = q ^E1 = E2)).



260 CHAPTER 11. REDUNDANT ARGUMENT FILTERINGFor example, we might have that p(X;Y )jjf(p; 1)g = p0(X) togetherwith p(X;Y )jjf(p; 2)g= p00(Y ), thereby avoiding the name 
lash that o

urswhen using the old s
heme of erasing.Algorithm 11.5.3 (polyvariant RAF)Input: a de�nite program P , an initial erasure Ep for some predi
ate p.Output: a new program P 0 whi
h 
an be 
alled with  p(t1; : : : ; tn)jjEp andwhi
h is 
orre
t3 if Ep is safe for  p(t1; : : : ; tn).Initialisation: New := f(Ep; p)g; S := ;; P 0 = ;;while not New � S dolet S := S [New, S0 := New n S and New := ;for every element (Ep; p) of S0 dofor every 
lause H  A1; : : : ;An 2 Def(p;P ) dolet EAi = f(qi; k) j Ai = qi(t1; : : : ; tm) and 1 � k � m and(qi; k) satis�es1. tk is a variable X; and2. X o

urs exa
tly on
e in A1; : : : ;An; and3. X does not o

ur in HjjEp glet New := New[ f(EAi ; qi) j 1 � i � nglet P 0 := P 0[ fHjjEp  A1jjEA1 ; : : : ;AnjjEAngend forend forend whilereturn P 0Note that, in 
ontrast to monovariant RAF, in the polyvariant RAFalgorithm there is no operation that removes a tuple from the erasure Ep.So one may wonder how the polyvariant algorithm is able to produ
e a
orre
t program. Indeed, if an erasure Ep 
ontains the tuple (p; k) thismeans that this parti
ular version of p will only be 
alled with the k-thargument being an existential variable. So, it is always 
orre
t to erase theposition k in the head of a 
lause C for that parti
ular version of p, be
auseno bindings for the body will be generated by the existential variable andbe
ause we are not interested in the 
omputed answer bindings for thatvariable. However, the position k in a 
all to p somewhere else in theprogram, e.g. in the body of C, might not be existential. But in 
ontrastto the monovariant RAF algorithm, we do not have to remove the tuple(p; k): we simply generate another version for p where the k-th argumentis not existential.3In the sense of De�nition 11.2.4, by simply repla
ing P jE by P 0 and j by jj.



11.5. POLYVARIANCE AND NEGATION 261Example 11.5.4 Let us tra
e Algorithm 11.5.3 by applying it to the pro-gram P of Example 11.5.1 above and with the initial erasure Ep = f(p; 2)gfor the predi
ate p. For this example we 
an suppose that pEp is the pred-i
ate symbol p with arity 1 and p; is simply p with arity 2.1. After the �rst iteration we obtain New = f(;; p); (f(p; 2)g; p)g, as wellas S = f(f(p; 2)g; p)g and P 0 =p(a) p(b) p(X) p(X;Z); p(Z)2. After the se
ond iteration we have that New = f(;; p)g as well asS = f(f(p; 2)g; p); (;; p)g, meaning that we have rea
hed the �xpoint.Furthermore P 0 is now the desired program of Example 11.5.1 above,i.e. the following 
lauses have been added wrt the previous itera-tion: p(a; b) p(b; 
) p(X;Y ) p(X;Z); p(Z; Y )The erasure Ep is safe for e.g. the goal G = p(a;X), and the spe
ialisedprogram P 0 
onstru
ted for Ep is 
orre
t for GjjEp = p(a) (in the sense ofDe�nition 11.2.4, by simply repla
ing P jE by P 0 and j by jj). For instan
e,P [ f p(a;X)g has the 
omputed answer fX=bg with �0 = fX=bgj; = ;and indeed P 0 [ f p(a)g has the 
omputed answer ;.Termination of the algorithm follows from the fa
t that there are only�nitely many erasures for every predi
ate. The result of Algorithm 11.5.3is identi
al to the result of Algorithm 11.3.8 applied to a suitably dupli-
ated and renamed version of the original program. Hen
e 
orre
tness fol-lows from 
orre
tness of Algorithm 11.3.8 and of the dupli
ation/renamingphase.11.5.2 Handling normal programsWhen treating normal logi
 programs an extra problem arises: erasingan argument in a negative goal might modify the 
oundering behaviourwrt SLDNF. In fa
t, the 
onditions of safety of De�nition 11.3.5 or De�-nition 11.3.6 would ensure that the negative 
all will always 
ounder! Soit does not make sense to remove arguments to negative 
alls (under the
onditions of De�nition 11.3.5, De�nition 11.3.6) and in general it wouldeven be in
orre
t to do so. Take for example the goal  ni and programP :



262 CHAPTER 11. REDUNDANT ARGUMENT FILTERINGint(0) int(s(X))  int(X)ni :int(Z)p(a) By simply ignoring the negation and applying the RAF Algorithm 11.3.8for E0 = f(int; 1)g we obtain E = E0 and the following program P jE whi
hbehaves in
orre
tly for the query G = ni (i.e.GjE fails and thereby falselyasserts that everything is an integer)4:int int intni :intp(a) This problem 
an be solved by adopting the pragmati
 but safe approa
hof keeping all argument positions for predi
ates o

urring inside negativeliterals. Hen
e, for the program P above, we would obtain the 
orre
t era-sure E = ;. This te
hnique was a
tually used for the ben
hmark programswith negation of the previous se
tion.11.6 Reverse �ltering (FAR)In some 
ases, the 
onditions of De�nition 11.3.6 
an be relaxed. For in-stan
e, the erasure f(p; 1); (q; 1)g is safe for the goal p(X) and program:p(X) q(f(X))q(Z) The reason is that, although the erased argument of q(f(X)) is a non-variable, the value is never used. So, whereas the RAF Algorithm 11.3.8dete
ts existential arguments (whi
h might return a 
omputed answer bind-ing), the above is an argument whi
h is non-existential and non-ground butwhose value is never used (and for whi
h no 
omputed answer binding willbe returned).11.6.1 The FAR algorithmThose kind of arguments 
an be dete
ted by another post-pro
essing phase,exe
uting in a similar fashion as RAF, but using reversed 
onditions. The4For instan
e, in the programming language G�odel, the query  ni 
ounders in Pwhile  nijE = ni fails in P jE. Note however that in Prolog, with its unsoundnegation, the query  ni fails both in P and P jE. So this approa
h to erasing insidenegation is a
tually sound wrt unsound Prolog. Furthermore, in Mer
ury, the 
lausede�ning ni a
tually stands for ni  :9Z(int(Z)). The approa
h is thus also sound forMer
ury (thanks to Filip Ghyselen for pointing this out).



11.6. REVERSE FILTERING (FAR) 263algorithm is presented in the following.Algorithm 11.6.1 (FAR)Input: a de�nite program P .Output: a 
orre
t erasure E for P (and any G).Initialisation: i := 0; E0 = >P ;while there exists a (p; k) 2 Ei and a p(t1; : : : ; tn) B 2 Clauses(P ) su
h that1. tk is not a variable; or2. tk is a variable that o

urs more than on
e in p(t1; : : : ; tn); or3. tk is a variable that o

urs in BjEi doEi+1 := Ei n f(p; k)g;i := i+ 1;end whilereturn EiThe justi�
ations for the points 1{3 in the FAR algorithm are as follows:1. If tk is a non-variable term this means that the value of the argumentwill be uni�ed with tk. This might lead to failure or to a 
omputedanswer binding being returned. So the value of the argument is usedafter all and might even be instantiated.2. If tk is repeated variable in the head of a 
lause it will be uni�ed withanother argument leading to the same problems as in point 1.3. If tk is a variable whi
h o

urs in non-erased argument in the bodyof a 
lause then it is passed as an argument to another 
all in whi
hthe value might be used after all and even be instantiated.These 
onditions guarantee that an erased argument is never inspe
ted orinstantiated and is only passed as argument to other 
alls in positions inwhi
h it is neither inspe
ted nor instantiated.Note that this algorithm looks very similar to the RAF Algorithm 11.3.8,ex
ept that the roles of the head and body of the 
lauses have been reversed.This has as 
onsequen
e that, while RAF dete
ts the arguments whi
h areexistential (and in a sense propagates unsafe erasures top-down, i.e. fromthe head to the body of a 
lause), FAR dete
ts arguments whi
h are neverused (and propagates unsafe erasures bottom-up, i.e. from the body to thehead of a 
lause). Also, be
ause the erasures 
al
ulated by this algorithmdo not 
hange the 
omputed answers, we 
an safely start the algorithm
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omplete erasure E0 = >P . It 
an again be seen that the out
omeof the algorithm is unique.Also note that the two algorithms RAF and FAR 
annot be put into onealgorithm in a straightforward way, be
ause erasures have di�erent mean-ings in the two algorithms. We 
an however get an optimal (monovariant)result by running sequen
es of FAR and RAF alternately | until a �x-pointis rea
hed (this pro
ess is well-founded as only �nitely many additional ar-gument positions 
an be erased). Unfortunately, as the following examplesshow, one appli
ation ea
h of RAF and FAR is not suÆ
ient to get theoptimal result.Example 11.6.2 Let P be the following program:p q(a; Z)q(X;X) Applying FAR does not give any improvement be
ause of the multiple o
-
urren
e of the variable X in the head of the se
ond 
lause. After RAF weobtain:p q(a)q(X) Now applying FAR we get the optimally erased program:p qq So in this example the FAR algorithm bene�ted from erasure performedby the RAF algorithm. The following example shows that the 
onverse 
analso hold.Example 11.6.3 Take the following program:p q(X;X)q(a; Z) Applying RAF does not give any improvement be
ause of the multipleo

urren
e of the variable X (but this time inside a 
all and not as in theExample 11.6.2 above inside the head). However, applying FAR gives thefollowing:p q(X)q(a) And now RAF 
an give an improvement, leading to the optimal program:p qq 



11.6. REVERSE FILTERING (FAR) 265The reason that ea
h of the algorithms 
an improve the result of theother is that RAF 
annot erase multiply o

urring variables in the bodywhile FAR 
annot erase multiply o

urring variables in the head. So, one
an easily extend Examples 11.6.2 and 11.6.3 so that a sequen
e of appli
a-tions of RAF and FAR is required for the optimal result. We have not yetexamined whether the RAF and FAR algorithm 
an be 
ombined in a morere�ned way, e.g. obtaining the optimal program in one pass and maybe alsoweakening the respe
tive safety 
onditions by using information providedby the other algorithm.11.6.2 Polyvarian
e for FARThe RAF algorithm looks at every 
all to a predi
ate p to de
ide whi
h ar-guments 
an be erased. Therefore, the polyvariant extension was based onprodu
ing spe
ialised (but still safe) erasures for every distin
t use of thepredi
ate p. The FAR algorithm however looks at every head of a 
lausede�ning p to de
ide whi
h arguments 
an be erased. This means that anargument might be erasable wrt one 
lause while not wrt another. We
learly 
annot 
ome up with a polyvariant extension of FAR by generatingdi�erent erasures for every 
lause. But one 
ould imagine dete
ting forevery 
all the 
lauses that mat
h this 
all and then derive di�erent erasedversions of the same predi
ate. In the 
ontext of optimising residual pro-grams produ
ed by (
onjun
tive) partial dedu
tion this does not seem tobe very interesting. Indeed, every 
all will usually mat
h every 
lause ofthe spe
ialised predi
ate (espe
ially for partial dedu
tion methods whi
hpreserve 
hara
teristi
 trees like the ones presented in Chapters 5 and 6).11.6.3 Negation and FARIn 
ontrast to RAF, the erasures obtained by FAR 
an be applied insidenegative 
alls. The 
onditions of the algorithm ensure that any erased vari-able never returns any interesting5 
omputed binding. Therefore removingsu
h arguments, in other words allowing the sele
tion of negative goals evenfor the 
ase that this argument is non-ground, is 
orre
t wrt the 
ompletionsemanti
s by 
orre
tness of SLDNFE (see Se
tion 2.3.2).Take for example the following program P :r(X) :p(X)p(X) q(f(X))q(Z) 5An erased variable V might only return bindings of the form V=F where F is a freshexistential variable.



266 CHAPTER 11. REDUNDANT ARGUMENT FILTERINGBy ignoring the negation and applying the FAR algorithm, we get theerasure E = f(q; 1); (p; 1); (r; 1)g and thus P jE:r :pp qq Using P jE[fGjEg instead of P [fGg is 
orre
t. In addition P jE[fGjEgwill never 
ounder when using standard SLDNF, while P will 
ounderfor any query G = r(t) for whi
h t is not ground. In other words, theFAR algorithm not only improves the eÆ
ien
y of a program, but also its\
oundering behaviour" under standard SLDNF.11.6.4 Implementation of FARThe FAR algorithm has also been implemented (by slightly re-writing theRAF algorithm) and in
orporated into the e

e system [170℄. Preliminaryexperiments indi
ate that, when exe
uted on
e after RAF, it is able toremove redundant arguments mu
h less often than RAF, although in some
ases it 
an be highly bene�
ial (e.g. bringing exe
ution time of the �nalspe
ialised program from 6.3 s down to 4.1 s for the memo-solve example ofthe dppd library [170℄). Also, it seems that an optimisation similar to FARhas re
ently been added to the Mer
ury 
ompiler, where it is e.g. useful toget rid of arguments 
arrying unused type information.11.7 Related work and 
on
lusionOur algorithm RAF for removal of redundant arguments, together with
onjun
tive partial dedu
tion of Chapter 10, is related to Proietti and Pet-torossi's Elimination Pro
edure (EP) for removal of unne
essary variables.Both 
an be used to perform tupling and deforestation and the proofs inthis thesis show that 
onjun
tive partial dedu
tion and RAF 
an (partially)be mapped to sequen
es of Tamaki-Sato de�nition steps and unfolding stepsfollowed by Tamaki-Sato folding steps. There are however some subtle dif-feren
es between 
ontrol in 
onjun
tive partial dedu
tion and 
ontrol inthe unfold/fold approa
h. Indeed, an unfold/fold transformation is usuallydes
ribed as doing the de�nition steps �rst (and at that point one knowswhi
h arguments are existential be
ause existentiality 
an be propagatedtop-down | but one does not yet have the whole spe
ialised program avail-able) while 
onjun
tive partial dedu
tion 
an be seen as doing the de�nitionintrodu
tion and the 
orresponding folding steps only at the very end (whenprodu
ing the residual 
ode). Therefore the use of an algorithm like RAF
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onjun
tive partial dedu
tion to dete
t the existential vari-ables for the respe
tive de�nitions. But on the other hand this also gives
onjun
tive partial dedu
tion the possibility to base its 
hoi
e on the entireresidual program. For instan
e, one may use a monovariant algorithm (tolimit the 
ode size) or an algorithm like FAR whi
h, due to its bottom-upnature, has to examine the entire residual program.Another related work is [77℄, whi
h provides some pragmati
s for re-moving unne
essary variables in the 
ontext of optimising binarised Prologprograms.Yet another related work is that on sli
ing [247℄, useful in the 
ontextof debugging. RAF 
an also be used to perform a simple form of programsli
ing; for instan
e, one 
an use RAF to �nd the sub-part of a programwhi
h a�e
ts a 
ertain argument. However, the sli
e so obtained is usu-ally less pre
ise than the one obtained by the spe
i�
 sli
ing algorithm of[247℄ whi
h takes Prolog's left-to-right exe
ution strategy into a

ount andperforms a data-dependen
y analysis.Similar work has also been 
onsidered in other settings than logi
 pro-gramming. Conventional 
ompiler optimisations use data-
ow analyses todete
t and remove dead 
ode, i.e. 
ommands that 
an never be rea
hedand assignments to variables whose values are not subsequently required,see [1℄. These two forms of redundan
y are similar to useless 
lauses andredundant variables.Su
h te
hniques have also appeared in fun
tional programming. Forinstan
e, Chin [51℄ des
ribes a te
hnique to remove useless variables, us-ing an abstra
t interpretation (forwards analysis). A 
on
rete program istranslated into an abstra
t one working on a two-point domain. The least�x-point of the abstra
t program is 
omputed, and from this an approxi-mation of the set of useless variables 
an be derived.Hughes [130℄ des
ribes a ba
kwards analysis for stri
tness analysis. Su
hanalyses give for ea
h parameter of a fun
tion the information either thatthe parameter perhaps is not used, or that the parameter de�nitely is used.The analysis in [130℄ 
an in addition give the information that a parameterde�nitely is not used, in whi
h 
ase it 
an be erased from the program.Another te
hnique 
an be based on Seidl's work [248℄. He shows that the
orresponding question for higher-level grammars, parameter-redu
edness,is de
idable. The idea then is to approximate a fun
tional program bymeans of a higher-level grammar, and de
ide parameter-redu
edness on thegrammar.Most work on program sli
ing has been done in the 
ontext of imper-ative programs [272℄. Reps [239℄ des
ribes program sli
ing for fun
tionalprograms as a ba
kwards transformation.Compared to all these te
hniques our algorithm is strikingly simple,
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ient, and easy to prove 
orre
t. The obvious drawba
k of ourte
hnique is that it is less pre
ise. Nevertheless, the ben
hmarks show thatour algorithm performs well on a range of me
hani
ally generated programs,indi
ating a good trade-o� between 
omplexity and pre
ision.



Chapter 12Conjun
tive PartialDedu
tion in Pra
ti
e12.1 Controlling 
onjun
tive partial dedu
-tion for pure PrologIn 
onjun
tive partial dedu
tion, a 
onjun
tion 
an be abstra
ted by ei-ther splitting it into sub
onjun
tions, or generalising synta
ti
 stru
ture,or through a 
ombination of both. In 
lassi
al partial dedu
tion, on theother hand, any 
onjun
tion is always split (i.e. abstra
ted) into its 
on-stituent atoms before lifting the latter to the global level.Apart from this aspe
t, the 
onventional 
ontrol notions des
ribed inChapters 3{6 also apply in a 
onjun
tive setting. Notably, the 
on
eptof 
hara
teristi
 atoms 
an be generalised to 
hara
teristi
 
onjun
tions,whi
h are just pairs 
onsisting of a 
onjun
tion and an asso
iated 
hara
-teristi
 tree.We will for the remainder of the 
hapter only be 
on
erned with 
on-jun
tive partial dedu
tion for pure Prolog. This means, besides disallowingnon-pure features (see also Se
tion 2.3.3), that we will restri
t ourselves toLD-derivations, i.e. using the stati
 (unfair) left-to-right sele
tion rule (seeSe
tion 2.3.1). We will also demand preservation of termination under thatsele
tion rule.12.1.1 Splitting and abstra
tionA termination problem spe
i�
 to 
onjun
tive partial dedu
tion lies in thepossible appearan
e of ever growing 
onjun
tions at the global level. To269
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ope with this, abstra
tion in the 
ontext of 
onjun
tive partial dedu
tionmust in
lude the ability to split a 
onjun
tion into several parts, thus pro-du
ing sub
onjun
tions of the original one. A method to deal with thisproblem has been developed in [110, 62℄. and we will present the essen-tials below. See also e.g. [232℄ for a related generalisation operation in the
ontext of an unfold/fold transformation te
hnique.First, to dete
t potential non-termination, the homeomorphi
 embed-ding, de�ned for expressions in Chapter 6, 
an be extended to 
onjun
tions[110, 62℄. For this the following notations will prove useful. Given a 
on-jun
tion Q = A1 ^ : : : ^ Ak any 
onjun
tion Q0 = Ai1 ^ : : : ^ Aij su
hthat 1 � i1 < : : : < ij � k is 
alled an ordered sub
onjun
tion of Q. If inaddition il+1 = il + 1 for 1 � l < j then Q0 is 
alled a 
ontiguous orderedsub
onjun
tion of Q.De�nition 12.1.1 (homeomorphi
 embedding) Let Q = A1^ : : :^Anand Q0 be 
onjun
tions. We say that Q is embedded in Q0, denoted byQ��Q0, i� Q0 6� Q and there exists an ordered sub
onjun
tion A01^: : :^A0nof Q0 su
h that Ai �� A0i for all i 2 f1; : : : ; ng.Proposition 12.1.2 The relation �� is a well-quasi order for the set of
onjun
tions.Proof Without the \stri
tly more general part" (Q0 6� Q) this 
an beproven using Higman-Kruskal's theorem ([121, 155℄, see also [82℄) by takingthe embedding extension ([82℄, see also Chapter 6) of �� for atoms (whi
his a wqo a

ording to Theorem 6.2.23) and by 
onsidering ^ as a fun
torof variable arity (i.e. an asso
iative operator). This embedding extensionis then identi
al to �� for 
onjun
tions, ex
ept for the test \Q0 6� Q". Thefa
t that with the test \Q0 6� Q" �� is still a wqo 
an be proven exa
tlylike in Theorem 6.2.23, i.e. by using Lemma 6.2.24 to 
onstru
t a wqo fromthe well-founded order � and then integrate it using Lemma 6.2.26. 2Example 12.1.3 Let us present a simple example. Consider the two 
on-jun
tions Q1 and Q2:Q1 = p(X;Y ) ^ q(Y; Z)Q2 = p(f(X); Y ) ^ r(Z;R) ^ q(Y; Z)If spe
ialisation of Q1 leads to spe
ialisation of Q2, there is a danger ofnon-termination as we have Q1 �� Q2 (be
ause p(X;Y ) �� p(f(X); Y ),q(Y; Z) �� q(Y; Z) and Q2 is not stri
tly more general than Q1).On
e we have dete
ted su
h potential non-termination we have to avoid
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ialising Q2 dire
tly and abstra
t it �rst.1 For this a generalisation ofsynta
ti
 stru
ture based on the msg , as used in the 
ontext of \
lassi
al"partial dedu
tion, is not suÆ
ient. Indeed, for two 
onjun
tions Q = A1 ^: : :^An and Q0 = A01 ^ : : :^A0n a most spe
i�
 generalisation msg(Q ;Q 0)exists only (whi
h is then unique modulo variable renaming) if Ai and A0ihave the same predi
ate symbols for all i. So, when Q1 and Q2 di�er in thenumber of atoms or in their respe
tive predi
ate symbols the msg 
annot betaken. This is for instan
e the 
ase in Example 12.1.3 and one then has tosplit Q2 up into sub
onjun
tions (possibly 
ombined with a generalisationof synta
ti
 stru
ture).These observations lead to the following de�nition of abstra
tion in the
ontext of 
onjun
tive partial dedu
tion.De�nition 12.1.4 (abstra
tion) A multiset of 
onjun
tions fQ1; : : : ; Qkgis an abstra
tion of a 
onjun
tion Q i� for some substitutions �1; : : : ; �k wehave that Q =r Q1�1 ^ : : :^Qk�k. An abstra
tion operator is an operatorwhi
h maps every 
onjun
tion to an abstra
tion of it.A parti
ular abstra
tion operatorOne 
onstituent of the abstra
tion operation of [110℄ is to always split a
onjun
tion into maximal 
onne
ted sub
onjun
tions �rst. This notion is
losely related to those of \variable-
hained sequen
e" and \blo
k" in [231,232℄, and the de�nition is as follows. Re
all that we assume asso
iativityof ^ and that =r denotes identity up to reordering (
f. Se
tion 10.2.2).De�nition 12.1.5 (maximal 
onne
ted sub
onjun
tions) Given a
onjun
tion Q = A1 ^ : : :^An, where A1; : : : ; An are literals, we de�ne thebinary relation #Q over the literals in Q as follows: Ai #Q Aj i� vars(Ai)\vars(Aj ) 6= ;. By +Q we denote the re
exive and transitive 
losure of#Q. The maximal 
onne
ted sub
onjun
tions of Q, denoted by m
s(Q), arede�ned to be the multiset of 
onjun
tions fQ1; : : : ; Qmg su
h that1. Q =r Q1 ^ : : :^Qm,2. Ai +Q Aj i� Ai and Aj o

ur in the same Qk and3. for every Qk there exists a sequen
e of indi
es j1 < j2 < : : : < jl su
hthat Qk = Aj1 ^ : : :^Ajl .1One 
ould also try to generalise Q1 and then restart the spe
ialisation with thismore general 
onjun
tion. Note however that this is not always possible, e.g. when Q1is already maximally general (take for exampleQ1 = p(X) and Q2 = p(Z)^ p(Z)). Thee

e system whi
h we will use later for the ben
hmarks a
tually has a setting in whi
hit will try to generalise Q1 �rst and only if this is not possible generalise Q2.
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h Qi is also sometimes 
alled a blo
k [232℄. Intuitively, nopre
ision (in the sense of e.g. dete
ting failed bran
hes) is lost by splittinginto maximal 
onne
ted sub
onjun
tions and termination of the spe
iali-sation pro
ess is improved. However, termination is not ensured. For in-stan
e, in Example 12.1.3 we have that m
s(Q2) = p(f(X); Y )^ r(Z;R)^q(Y; Z) = Q2 and the potential non-termination remains. So, we still haveto solve the following problem: how to split up a 
onjun
tion Q2, whi
h em-beds an earlier 
onjun
tion Q1, in a sensible manner. This 
an be a
hievedas follows (taken from [110, 62℄ | we will show that this method a
tuallyensures termination of the spe
ialisation pro
ess later in Subse
tion 12.2.1).De�nition 12.1.6 Let Q be a 
onjun
tion and Q be a set of 
onjun
tions.A best mat
hing 
onjun
tion for Q in Q is a minimally general element ofthe set fmsg(Q ;Q 0) j Q 0 2 Q and msg(Q ;Q 0) exists g.By bm
(Q;Q) we denote one parti
ular best mat
hing 
onjun
tion forQ in Q. It might for example be 
hosen as follows. Consider graphs rep-resenting 
onjun
tions where nodes represent o

urren
es of variables andthere is an edge between two nodes i� they refer to o

urren
es of the samevariable. A best mat
h is then a Q0 with a maximal number of edges in thegraph for msg(Q ;Q 0).De�nition 12.1.7 (splitting) Let Q = A1 ^ : : :^An, Q0 be 
onjun
tionssu
h that Q �� Q0. Let Q be the set of all ordered sub
onjun
tions Q00 ofQ0 
onsisting of n atoms su
h that Q �� Q00. Then splitQ(Q0) is the pair(B;R) where B = bm
(Q;Q) and R is the ordered sub
onjun
tion of Q0su
h that Q0 =r B ^R.So, for Example 12.1.3 the potential non-termination is resolved by �rstsplitting Q2 into Q = p(f(X); Y ) ^ q(Y; Z) and r(Z;R) and subsequentlytaking the msg of Q1 and Q. As a result, only r(Z;R) will be 
onsideredfor further spe
ialisation (be
ause msg(Q1 ;Q) is a variant of Q1).Note that Q�� Q0 in the above de�nition ensures that Q is not emptyand splitQ(Q0) is thus properly de�ned.Preservation of terminationNow, given a left-to-right 
omputation rule, the above operation alters thesequen
e in whi
h goals are exe
uted. Indeed, the p- and q-subgoals willhen
eforth be treated jointly and will probably be renamed to a singleatom. Consequently, there is no way an r-
all 
an be interposed. A similarthing 
an happen just by splitting a 
onjun
tion into maximal 
onne
tedsub
onjun
tions.
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larative point of view, there is of 
ourse no reason whygoals should not be inter
hanged, but under a �xed unfair 
omputation rule,su
h non-
ontiguous splitting 
an worsen program performan
e (similarto non-leftmost, non-determinate unfolding, 
f. Example 3.3.3), and evendestroy termination. Consider for instan
e the following program:flipallint(XT,TT) :- flip(XT,TT),allint(TT).flip(leaf(X),leaf(X)).flip(tree(XT,Info,YT),tree(FYT,Info,FXT)) :-flip(XT,FXT), flip(YT,FYT).allint(leaf(X)) :- int(X).allint(tree(L,Info,R)) :- int(Info), allint(L), allint(R).int(0).int(s(X)) :- int(X).The deforested version, obtained by 
onjun
tive partial dedu
tion using the
ontrol of [110℄, would be:flipallint(leaf(X),leaf(X)) :- int(X).flipallint(tree(XT,Info,YT),tree(FYT,Info,FXT)) :-int(Info), flipallint(XT,FXT), flipallint(YT,FYT).where the transformed version of int is un
hanged. Under a left-to-right
omputation rule, the query?-flipallint(tree(leaf(Z),0,leaf(a)),Res).terminates with the original, but not with the deforested program.In fa
t, the latter point has already been addressed in the 
ontext ofunfold/fold transformations (see e.g. [32, 27, 30, 28℄). To the best of ourknowledge, however, no satisfa
tory solutions, suitable to be in
orporatedin a fully automati
 system, have yet been proposed.12.1.2 Contiguous splittingFor this reason, in the ben
hmarks below, we have in all but two 
aseslimited splitting to be 
ontiguous, that is, we split into 
ontiguous sub
on-jun
tions only. (This 
an be 
ompared with the outruling of goal swit
hingin [27℄.)As a 
onsequen
e, 
ompared to the basi
 method in [110℄ based onDe�nition 12.1.7, on the one hand, some opportunities for fruitful pro-gram transformation are left unexploited, but, on the other hand, Prologprograms are signi�
antly less prone to a
tual deterioration rather thanoptimisation.



274 CHAPTER 12. CONJ. PARTIAL DEDUCTION IN PRACTICEFirst, instead of systemati
ally splitting a 
onjun
tion into maximal
ontiguous sub
onjun
tions (m
s) we ensure 
ontiguous splitting by split-ting into 
ontiguous 
onne
ted sub
onjun
tions (

s), formalised in De�ni-tion 12.1.8 below. In addition, we repla
e the use of \ordered sub
onjun
-tion" in De�nition 12.1.7 by \
ontiguous ordered sub
onjun
tion", resultingin De�nition 12.1.9 further below.De�nition 12.1.8 (
ontiguous 
onne
ted sub
onjun
tions) For a
onjun
tion Q = A1 ^ : : : ^ An, a sequen
e of 
ontiguous 
onne
ted sub-
onjun
tions of Q is a sequen
e hQ1; : : : ; Qmi of 
onjun
tions su
h that:1. Q = Q1 ^ : : :^Qm and2. m
s(Qi) = fQigThe 
onjun
tions hp(X)^p(Y )^q(X;Y ); r(Z; T ); p(Y )i are (maximal) 
on-tiguous 
onne
ted sub
onjun
tions of p(X)^p(Y )^q(X;Y )^r(Z; T )^p(Y ).In the parti
ular implementation, 
ontiguous 
onne
ted sub
onjun
tionsare obtained by s
anning B from left-to-right and splitting when a literaldoes not share variables with the 
urrent blo
k to the left. Other de�ni-tions of 
ontiguous sub
onjun
tions 
ould disallow built-ins and/or nega-tive literals in the sub
onjun
tions or allow un
onne
ted atoms inside thesub
onjun
tions, e.g. like p(S) in p(X) ^ p(S) ^ q(X;Y ).De�nition 12.1.9 (
ontiguous splitting) Let Q = A1 ^ : : :^An, Q0 be
onjun
tions su
h that Q�� Q0. Let Q be the set of all 
ontiguous orderedsub
onjun
tions Q00 of Q0 
onsisting of n atoms su
h that Q��Q00. IfQ 6= ;then 
splitQ(Q0) is the triple (L;B;R) where B = bm
(Q;Q) and L andR are the (possibly empty) 
ontiguous ordered sub
onjun
tions of Q0 su
hthat Q0 = L ^B ^R. If Q = ; then 
splitQ(Q0) is unde�ned.Note that, in 
ontrast to De�nition 12.1.7, Q �� Q0 no longer ensuresthat Q 6= ;. For example, for Q = p^ q, Q0 = p^ r^ q we have Q��Q0 but
splitQ(Q0) is unde�ned (even though splitQ(Q0) = (p^q; r) is de�ned). Inthe implementation to be used for the experiments, we simply split o� the�rst atom of Q0 if 
splitQ(Q0) is unde�ned. This simple-minded approa
hworked reasonably well, but there is de�nitely room for improvement.12.1.3 Stati
 
onjun
tionsA
tually, the global 
ontrol regime used in some of our experiments devi-ates from the one des
ribed by [110℄ in one further aspe
t. Even thoughabstra
tion by splitting ensures that the length of 
onjun
tions (the numberof its atoms) remains �nite, there are realisti
 examples where the length
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ombined with the use of homeomorphi
 embeddings(or lexi
ographi
al orderings for that matter), leads to very large globaltrees, large residual programs and a bad transformation time 
omplexity.Take for example global trees just 
ontaining atomi
 goals with predi-
ates of arity k and having as argument just ground terms s(s(:::s(0):::))representing the natural numbers up to a limit n. Then we 
an 
on-stru
t bran
hes in the global tree having as length l = (n + 1)k. In-deed for n = 1; k = 2 we 
an 
onstru
t a bran
h of length 22 = 4:hp(s(0); s(0)); p(s(0); 0); p(0; s(0)); p(0; 0)i while respe
ting homeomorphi
embedding or lexi
ographi
al ordering.2When going to 
onjun
tive partial dedu
tion the number of argumentpositions k is no longer bounded, meaning that, even when the terms arerestri
ted to some natural depth, the size of the global tree 
an be ar-bitrarily large. Su
h a kind of explosion 
an a
tually o

ur for realisti
examples, notably for meta-interpreters manipulating the ground represen-tation and spe
ialised for partially known queries (see the ben
hmarks, e.g.groundunify.
omplex and liftsolve.db2).One way to ensure that this does not happen is to limit the 
onjun
tionsthat may o

ur at the global level. For this we have introdu
ed the notionof stati
 
onjun
tions. A stati
 
onjun
tion is any 
onjun
tion that 
an beobtained by non-re
ursive unfolding of the goal to be partially evaluated(or a generalisation thereof). The idea is then, by a stati
 analysis, to 
om-pute a set of stati
 
onjun
tions S from the program and the goal. Duringpartial dedu
tion we then only allow 
onjun
tions at the global level thatare abstra
ted by one of the elements of S. This is ensured by possiblyfurther splitting of the disallowed 
onjun
tions. (A related te
hnique isused in [232℄.) In our implementation, we use a simple-minded method ofapproximating the set of stati
 
onjun
tions, based on 
ounting the maxi-mum number of o

urren
es of ea
h predi
ate symbol in a 
onjun
tion inthe program or in the goal to be partially dedu
ed, and disallowing 
on-jun
tions surpassing these numbers. In the example above, the maximumfor flip and allint is 2, while for the other predi
ates it is 1.Another approa
h, investigated in the experiments, is to avoid usinghomeomorphi
 embeddings on 
onjun
tions, but go to a less explosive strat-egy, e.g. requiring a de
rease in the total term size.3 As we will see laterin the ben
hmarks (e.g. Cs
-th-t in Table 12.4), the 
ombination of these2Of 
ourse, by not restri
ting oneself to natural numbers up to a limit n,we 
an 
onstru
t arbitrarily large bran
hes starting from the same p(s(0); s(0)):hp(s(0); s(0)); p(s(s(::::s(0):::)));0); p(s(s(::::0:::)));0); : : :i.3Note that this also implies that De�nition 12.1.7 of splitQ(Q0) has to be adapted, i.e.repla
ing Q�� Q0 by s(Q) � s(Q00) and Q�� Q0 by s(Q) � s(Q00), where s(:) measuresthe term size of 
onjun
tions.



276 CHAPTER 12. CONJ. PARTIAL DEDUCTION IN PRACTICEtwo methods leads to reasonable transformation times and 
ode size whilemaintaining good spe
ialisation.12.2 The system and its methodsWe use the same partial evaluation system e

e [170℄ as in Se
tion 6.4.The system 
ontains a generi
 algorithm to whi
h one may add one's ownmethods for unfolding, partitioning, abstra
tion, et
. In the following wewill give a short des
ription of the di�erent methods that we used in theexperiments.12.2.1 The algorithmThe system implements an extension of Algorithm 6.2.36, extended for
onjun
tive partial dedu
tion and in
orporating some ideas from [110, 62℄.The algorithm uses a global tree 
 with nodes labelled with (
hara
teristi
)
onjun
tions. When a 
onjun
tion Q gets unfolded, then the 
onjun
tionsin the bodies of the resultants of Q (maybe further split by the abstra
tion)are added as 
hild nodes (leaves) of Q in the global tree.Algorithm 12.2.1Input: a program P and a goal  QOutput: a set of 
onjun
tions QInitialisation: i := 0; 
0 := the global tree with a single node, labelled Qrepeat 1. for all leaves L in 
i labelled with 
onjun
tion QL and for all leafgoals  B of U(P; QL) do(a) Q = partition(B)(b) while Q 6= ; dosele
t Qi 2 QQ := Q nQiif Qi is not an instan
e (respe
tively variant) of a node in 
ithenif whistle(
i; L;Qi) then Q := Q [ abstra
t(
i; L;Qi)else add a 
hild L0 to L with label Qi2. i := i+ 1until 
i = 
i�1output the set of nodes in 
i



12.2. THE SYSTEM AND ITS METHODS 277The unfolding rule U performs the lo
al 
ontrol. It takes a program anda 
onjun
tion and produ
es a �nite, but possibly in
omplete SLD(NF)-tree. The fun
tion partition does the initial splitting of the bodies intoeither plain atoms for standard partial dedu
tion or into 
ontiguous 
on-ne
ted sub
onjun
tions (

s) or maximal 
onne
ted sub
onjun
tions (m
s)for 
onjun
tive partial dedu
tion. In addition for the latter, the size of
onjun
tions 
an be limited by using stati
 
onjun
tions (stati
 vs. dyn.).Then for ea
h of the sub
onjun
tions it is 
he
ked if there is a risk of non-termination. This is done by the fun
tion whistle. The whistle will lookat the labels (
onjun
tions) on the bran
h in the global tree to whi
h thenew 
onjun
tion Qi is going to be added as a leaf and if Qi is \larger" thanone of these, it returns true. Finally, if the \whistle blows" for some sub-
onjun
tion Qi, then Qi is abstra
ted by using the fun
tion abstra
t. Forthe 
onjun
tive methods this is a
hieved by 
al
ulating splitQ
 (Qi) (pos-sibly adapted for 
ontiguous ordered sub
onjun
tion, see Subse
tion 12.1.2above), where Q
 is the 
onjun
tion \larger" than Qi (depending on thea
tual whistle, e.g. Q
 �� Qi). This abstra
tion, 
ombined with the ��whistle of De�nition 12.1.1, ensures termination of the inner for loop of Al-gorithm 12.2.1. Indeed, upon every iteration, a 
onjun
tion (Qi) is removedfrom Q, and either repla
ed by �nitely many stri
tly smaller 
onjun
tions(i.e. with fewer atoms) or is repla
ed by a 
onjun
tion whi
h is stri
tly moregeneral. As there are no in�nite 
hains of stri
tly more general expressions(
f. Lemma 5.3.6), termination follows. The detailed proof 
an be found in[62℄.After the algorithm terminates the residual program is obtained fromthe output by unfolding and renaming (
f. Chapters 10 and 11).12.2.2 Con
rete settingsWe have 
on
entrated on four lo
al unfolding rules:1. safe determinate (t-det): do determinate unfolding, (allowing oneleft-most non-determinate step) using homeomorphi
 embedding with
overing an
estors of sele
ted atoms to ensure �niteness.2. safe indexed unfolding (l-idx). The di�eren
e with t-det is that morethan one left-most non-determinate unfolding step is allowed. How-ever, only \indexed" unfolding is then allowed, i.e. it is ensured thatthe uni�
ation work that might get dupli
ated (
f. Example 3.3.4) is
aptured by the Prolog indexing (whi
h may depend on the parti
u-lar 
ompiler). Again, homeomorphi
 embeddings are used to ensure�niteness.3. homeomorphi
 embedding and redu
tion of sear
h spa
e (h-rs): non-left-most unfolding is allowed if the sear
h spa
e is redu
ed by the



278 CHAPTER 12. CONJ. PARTIAL DEDUCTION IN PRACTICEunfolding. In other words, an atom p(�t) 
an be sele
ted if it does notmat
h all the 
lauses de�ning p. Again, homeomorphi
 embeddingsare used to ensure �niteness. Note that, in 
ontrast to 2 and 3, thismethod might worsen the ba
ktra
king behaviour.4. \mixtus-like" unfolding (x): See [245℄ for further details (we usedmax re
 = 2, max depth = 2, maxfinite = 7, maxnondeterm = 10and only allowed non-determinate unfolding when no user predi
ateswere to the left of the sele
ted literal).Let us now turn our attention to the global 
ontrol. The measures thatwe have used in whistles are the following:1. homeomorphi
 embedding (��) on the 
onjun
tions2. termsize (s(:) as de�ned in De�nition 5.3.5) on the 
onjun
tions3. homeomorphi
 embedding on the 
onjun
tions and homeomorphi
embedding on the asso
iated 
hara
teristi
 trees4. termsize on the 
onjun
tions and homeomorphi
 embedding on the
hara
teristi
 treesAbstra
tion is always done by possibly splitting 
onjun
tions furtherand then taking the msg as explained in Subse
tion 12.1.1. One stan-dard partial dedu
tion method (SE-hh-x, 
alled e

e-x in Chapter 6) alsouses the e
ologi
al partial dedu
tion prin
iple of Chapters 5 and 6 to en-sure preservation of 
hara
teristi
 trees upon generalisation. The latterbe
omes more tri
ky in the presen
e of splitting and we have therefore notyet implemented it for the 
onjun
tive methods.The following extensions, already used in Chapter 6, were always en-abled:� simple more spe
i�
 resolution steps in the style of sp [97℄ and� the sele
tion of ground negative literals for the lo
al 
ontrol;� the removal of unne
essary polyvarian
e of Se
tion 6.3,� determinate post-unfolding, as well as the� redundant argument �ltering of Chapter 11 in the post-pro
essingphase.12.3 Ben
hmarks and 
on
lusionThe ben
hmarks were 
ondu
ted in the same manner as in Chapter 6. Theben
hmark programs are available in [170℄; Short des
riptions are given inAppendix C. Note that we have added some spe
i�
 deforestation and tu-pling ben
hmarks over the experiments in Chapter 6. Tables 12.3 { 12.10show the results of the experiments. The relative runtimes (RRT), trans-formation times (TT, in se
onds) and 
ode size (in units of 4.08 bytes) areexa
tly like for the Tables 6.2, 6.3 and 6.4 in Chapter 6. Runtimes (RRT)



12.3. BENCHMARKS AND CONCLUSION 279are given relative to the runtimes of the original programs. In 
omputingaverages and totals, time and size of the original program were taken in
ase of non-termination or an error o

urring during transformation. Justlike in Chapter 6, the total speedups are obtained by the formulanPni=1 spe
iorigiwhere n = 36 is the number of ben
hmarks and spe
i and origi are the ab-solute exe
ution times of the spe
ialised and original programs respe
tively.The weighted total speedups are obtained by using the 
ode size sizei ofthe original program as a weight for 
omputing the average:Pni=1 sizeiPni=1 sizei spe
iorigiSome additional details 
an be found in Se
tion 6.4.2.The results are summarised in Tables 12.1 and 12.2. An overview ofthe speedups and average 
ode sizes of some systems 
an be found in Fig-ure 12.1. As in Chapter 6, we also 
ompared to the existing systems mixtus[245, 244℄, paddy [227, 228, 229℄ and sp [97, 98℄. The same versions as inChapter 6 have been used and for these systems 1 means abnormal ter-mination (
rash or heap over
ow) o

urred, as explained in Se
tion 6.4.2.As already mentioned in Chapter 6, the unfolding used by sp seems tobe based on a re�ned determinate unfolding (look e.g. at the results fordepth:lam), hen
e the \+" in Table 12.1. For the e

e based systemsthe indi
ation > 12h means that the spe
ialisation was interrupted after12 hours (though, theoreti
ally, it should have terminated by itself whengranted suÆ
ient time to do so). bi err means that an error o

urred whilerunning the program due to a 
all of a built-in where the arguments werenot suÆ
iently instantiated.Even more so than in Chapter 6, ben
hmarking Prolog (by BIM) pro-grams on Spar
 ma
hines, turned out to be problemati
 at times. Forinstan
e, for maxlength, deforestation does not seem to pay o�. However,with reordering of 
lauses we go from a relative time of 1.4 (i.e. a slowdown)to a relative time of 0.9 (i.e. a speedup)! On Si
stus Prolog 3, we even geta 20 % speedup for this example (without reordering)! The problem isprobably due to the 
a
hing behaviour of the Spar
 pro
essor.12.3.1 Analysing the resultsOne 
on
lusion of the experiments is that 
onjun
tive partial dedu
tion (us-ing determinate unfolding and 
ontiguous splitting) pays o� while guaran-teeing no (serious) slowdown. In fa
t, the 
ases where there is a slowdown



280 CHAPTER 12. CONJ. PARTIAL DEDUCTION IN PRACTICESystem Partition Whistle Unf Total
ontig s/d 
onj 
htree TT (min)Conjun
tive Partial Dedu
tionCd
-hh-t 

s dyn. �� �� t-det 62.46Cd
-th-t 

s dyn. termsize �� t-det 31.18Cs
-hh-t 

s stati
 �� �� t-det 29.72Cs
-th-t 

s stati
 termsize �� t-det 5.95Cs
-hn-t 

s stati
 �� none t-det 35.49Cs
-tn-t 

s stati
 termsize none t-det 2.67Cs
-th-li 

s stati
 termsize �� l-idx > 12h+12.95Cdm-hh-t m
s dyn. �� �� t-det > 12h+110.49Csm-hh-h m
s stati
 �� �� h-rs > 12h+73.55Standard Partial Dedu
tionS-hh-t - - homeo homeo t-det 3.00S-hh-li - - homeo homeo l-idx 14.95SE-hh-x - - homeo homeo mixtus 2.96Existing Systemsmixtus - - mixtus none mixtus 1+2.71paddy - - mixtus none mixtus 1+0.31sp - - pred = = det+ 3*1+1.99Table 12.1: Overview: systems and transformation timesSystem Total Weighted Fully Not Fully AverageSpeedup Speedup Unfoldable Unfoldable Relative SizeSpeedup Speedup (orig = 1)Conjun
tive Partial Dedu
tionCd
-hh-t 1.93 2.44 5.90 1.66 2.39Cd
-th-t 1.96 2:49 5.90 1.69 2.27Cs
-hh-t 1.89 2.38 5.90 1.62 2.02Cs
-th-t 1.92 2.44 5.90 1.65 1.68Cs
-hn-t 1.89 2.40 5.90 1.62 1.67Cs
-tn-t 1.76 2.18 4.48 1.54 1.53Cs
-th-li 1.89 2.38 7.07 1.61 1.79Cdm-hh-t 2:00 2.39 5.90 1:72 3.17Csm-hh-h 0.77 0.52 6.16 0.63 3.91Standard Partial Dedu
tionS-hh-t 1.56 1.86 2.57 1.42 1.60S-hh-li 1.65 2.09 4.88 1.42 1.61SE-hh-x 1.76 2.24 8:36 1.48 1.46Existing Systemsmixtus 1.65 2.11 8.13 1.38 1.67paddy 1.65 2.00 8.12 1.38 2.49sp 1.34 1.54 2.08 1.23 1:18Table 12.2: Summary of ben
hmarks (higher speedup and lower 
ode sizeis better)
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e-xbCs
-th-tr Cd
-th-trSpeedup21 Size21 -
6

Figure 12.1: Weighted speedups and average 
ode size for some systemsare some of those that were designed to show the e�e
t of deforestation(flip, mat
h-append, maxlength and upto.sum2). Two of these are han-dled well by the methods using non-
ontiguous splitting. On the fully un-foldable ben
hmarks, S-hh-t gave a speedup of 2.57 while Cs
-hh-t a
hieveda speedup of 5.90. A parti
ularly interesting example is 
ontains.kmpben
hmark, where Cs
-hh-t is about 8 times faster than S-hh-t. 
ontainshas long been a diÆ
ult ben
hmark, espe
ially for determinate unfoldingrules. So, the results 
learly illustrate that 
onjun
tive partial dedu
tiondiminishes the need for aggressive unfolding.Noti
e that mixtus and paddy have very aggressive unfolding rules andfare well on the fully unfoldable ben
hmarks. However, on the non-fullyunfoldable ones, even S-hh-t, based on determinate unfolding, is alreadybetter. The best standard partial dedu
tion method, for both runtime and(apart from sp) 
ode size, is SE-hh-x. Still, 
ompared to any of the standardpartial dedu
tion methods, our 
onjun
tive methods (ex
ept for Csm-hh-h,and also Cs
-tn-t, whi
h are not meant to be 
ompetitors anyway) have abetter average speedup.Furthermore, the experiments also show that the pro
ess of performing
onjun
tive partial dedu
tion 
an be made eÆ
ient, espe
ially if one usesdeterminate unfolding 
ombined with a termsize measure on 
onjun
tions(Cs
-th-t and Cs
-tn-t), in whi
h 
ase the average transformation time is
omparable with that of standard partial dedu
tion. Of 
ourse only further



282 CHAPTER 12. CONJ. PARTIAL DEDUCTION IN PRACTICEexperiments may show how the transformation times grow with the size ofprograms. In fa
t, the system itself was not written with eÆ
ien
y as aprimary 
on
ern and there is a lot of room for improvement on this point.Next, the experiments demonstrate that using the termsize measure in-stead of homeomorphi
 embedding on 
onjun
tions 
learly improves theaverage transformation time without loosing too mu
h spe
ialisation. Butthey also show that if one uses the termsize measure, then the use of 
har-a
teristi
 trees be
omes vital (
ompare Cs
-th-t and Cs
-tn-t). However,methods with homeomorphi
 embedding on 
onjun
tions (e.g. Cs
-hn-t), donot seem to bene�t from adding homeomorphi
 embedding on 
hara
ter-isti
 trees as well (e.g. Cs
-hh-t). This, at �rst sight somewhat surprisingphenomenon, 
an be explained by the fa
t that, for the ben
hmarks athand, the homeomorphi
 embedding on 
onjun
tions, in a global tree set-ting, is already a very generous whistle, and, in the absen
e of negationor e.g. the parsing problem (
f. the dis
ussions in Se
tion 6.4.4), a growingof the 
onjun
tion will often result in a growing of the 
hara
teristi
 treeas well, espe
ially when the latter are based on determinate unfolding (seealso the dis
ussion at the end of this se
tion 
on
erning the mat
h-appendben
hmark).Comparing Cs
-hh-t and Cd
-hh-t, one 
an see that using stati
 
on-jun
tions also pays o� in terms of faster transformation time without mu
hloss of spe
ialisation. If one looks more 
losely at the results for bothmethods, then the speedup and the transformation times are more or lessthe same for the two methods ex
ept for the rather few 
ases where stati

onjun
tions were really needed: groundunify.
omplex, liftsolve.db2,regexp.r2, regexp.r3, remove2 and imperative.power. For those 
ases,the loss of speedup due to the use of stati
 
onjun
tions was small or in-signi�
ant while the improvement in transformation time was 
onsiderable.Comparing Cs
-th-li to Cs
-th-t, one sees that indexed unfolding doesnot seem to have a de�nite e�e
t for 
onjun
tive partial dedu
tion. In some
ase the speedup is better and in some 
ases worse. Only for relative.lamis indexed unfolding mu
h better than determinate, but this 
orresponds toa 
ase where the program 
an be 
ompletely unfolded. This is of 
ourse par-tially due to the fa
t that 
onjun
tive partial dedu
tion diminishes the needfor aggressive unfolding. For standard partial dedu
tion however, indexed(as well as \mixtus-like") unfolding leads to a substantial improvementover determinate unfolding. Note that the \mixtus-like" unfolding usedby SE-hh-x does not seem to pay o� for 
onjun
tive partial dedu
tion atall. In a preliminary experiment, the method Cs
-th-x only produ
ed a totalspeedup of 1.69, i.e. only slightly better than mixtus or paddy and worsethan SE-hh-x. Still, for some examples it would be highly bene�
ial to allowmore than \just" determinate unfolding (notably depth.lam, grammar.lam



12.3. BENCHMARKS AND CONCLUSION 283and relative.lam | examples where SE-hh-x performs mu
h better thanall the 
onjun
tive methods based on determinate unfolding). In futurework, we will examine how more eager unfolding rules 
an be more su

ess-fully used for 
onjun
tive partial dedu
tion.For some ben
hmarks, the best speedup is obtained by the non-safemethods Cdm-hh-t or Csm-hh-h based on non-
ontiguous m
s splitting.But in some 
ases, these methods, for reasons explained earlier, indeedlead to a 
onsiderable slowdown (missionaries and remove) and some-times even to errors (imperative.power and upto.sum1). This shows thatmethods based on non-
ontiguous splitting 
an lead to better spe
ialisationdue to tupling and deforestation, but that we need some method to 
on-trol the splitting and unfolding to ensure that no slowdown, or 
hange intermination 
an o

ur.Finally, a brief remark on the mat
h-append ben
hmark. The bad �g-ures of most systems seem to be due to a bad 
hoi
e of the �ltering, furtherwork will be needed the avoid this kind of e�e
t. Also, none of the pre-sented methods was able to deforest this parti
ular example. However, ifwe run for instan
e Cs
-hh-t twi
e on mat
h-append we get the desireddeforestation and a mu
h improved performan
e (relative time of 0.03 !).The same e�e
t 
an be obtained by using the re�nement des
ribed earlier inSe
tion 5.4.1 (and available within the e

e system), whi
h 
onsists in us-ing a deeper 
hara
teristi
 tree for the 
ontrol of polyvarian
e than the treeused for 
onstru
ting the resultants. For instan
e, adding su
h a feature toCs
-hh-t solves the mat
h-append problem and in
reases the total speedupfrom 1.89 to 2.04, but unfortunately at the 
ost of a larger transformationtime (liftsolve.db2 no longer terminates in less than 12 hours).12.3.2 Con
lusionIt looks like 
onjun
tive partial dedu
tion 
an be performed with a

ept-able eÆ
ien
y and pays o� with respe
t to standard partial dedu
tion, butthere are still many unsolved problems. Indeed, the speedups 
ompared tostandard partial dedu
tion are signi�
ant on average, but less dramati
 andless systemati
 than we initially expe
ted. Apparently, this is partly due tothe fa
t that non-
ontiguous 
onjun
tive partial dedu
tion on the one handoften leads to substantial slowdowns and is not really pra
ti
al for mostappli
ations, while 
ontiguous 
onjun
tive partial dedu
tion on the otherhand is in general too weak to deforest or tuple datastru
tures.Therefore it is vital, if one wants to more heavily exploit the advan-tages of 
onjun
tive partial dedu
tion, to add non-
ontiguous splitting (i.e.reordering) in a safe way whi
h guarantees no serious slowdown. A �rststep towards a solution is presented in [30℄, but it remains quite restri
-



284 CHAPTER 12. CONJ. PARTIAL DEDUCTION IN PRACTICEtive and 
onsiders only ground queries. Another, more pragmati
 approa
hmight be based on making use of some mode system to allow reorderingof literals as long as the resulting 
onjun
tion remains well-moded. Thiswould be very similar to the way in whi
h the 
ompiler for Mer
ury [257℄reorders literals to 
reate di�erent modes for the same predi
ate. For thesemanti
s of Mer
ury any well-moded re-ordering of the literals is allowed.Although this approa
h does not ensure the preservation of termination,it is then simply 
onsidered a programming error if one well-moded queryterminates while the other does not. So, 
onjun
tive partial dedu
tion, notunlike program transformation in general, may be mu
h more viable in atruly de
larative setting. Of 
ourse, also in that 
ontext, �nding a goodway to prevent slowdowns remains a pressing open question. A promisingdire
tion might be to in
orporate more detailed eÆ
ien
y and 
ost estima-tion into the global and lo
al 
ontrol of 
onjun
tive partial dedu
tion, e.g.based on [70, 71, 69℄. Other topi
s for further work in
lude implementationimprovements, resear
h into more sophisti
ated lo
al 
ontrol, and meth-ods for improved information passing between the lo
al and global 
ontrollevels.Finally, we per
eive the extensive experimentation in itself and the setof ben
hmark assembled to that end, as a noteworthy 
ontribution of this
hapter. Indeed we feel that, if one wants to move towards more pra
ti
alor even industrial appli
ations of program transformation, extensive andrealisti
 empiri
al experiments are 
alled for. The ben
hmark suite usedin this 
hapter (and in Chapter 6), 
ontaining some diÆ
ult ben
hmarksespe
ially designed to put transformation methods at a stress, might form asuitable basis to gauge progress along the diÆ
ult path towards full pra
ti-
al appli
ability. We invite the interested reader to 
onsult [170℄ for furtherdetails.



12.3. BENCHMARKS AND CONCLUSION 285Cd
-hh-t Cs
-hh-tBen
hmark RRT Size TT RRT Size TTadvisor 0.47 412 0.90 0.47 412 0.86applast 0.36 202 0.92 0.36 202 0.80
ontains.kmp 0.11 1039 5.61 0.11 1039 5.41depth.lam 0.15 1837 4.11 0.15 1837 4.01doubleapp 0.80 362 0.85 0.80 362 0.88ex depth 0:26 508 3.30 0.29 407 1.62
ip 1.33 686 1.41 1.33 686 1.25grammar.lam 0.16 309 1.94 0.16 309 1.84groundunify.
omplex 0:40 6247 118.69 0.47 6277 19.47groundunify.simple 0.25 368 0.78 0.25 368 0.80imperative.power 0:40 36067 906.60 0:40 3132 71.37liftsolve.app 0.05 1179 5.75 0.05 1179 5.98liftsolve.db1 0.01 1280 22.39 0.01 1280 14.23liftsolve.db2 0:16 17472 2599.03 0:21 21071 1594.90liftsolve.lmkng 1.02 1591 3.09 1.02 1591 2.66map.redu
e 0.07 507 0.78 0.07 507 0.85map.rev 0.11 427 0.83 0.11 427 0.82mat
h-append 1.21 406 1.29 1.21 406 1.14mat
h.kmp 0.73 639 1.16 0.73 639 1.15maxlength 1.40 620 1.22 1.40 620 1.14memo-solve 0.81 1095 5.88 0.81 1095 2.53missionaries 0.69 2960 7.93 0.69 2960 7.59model elim.app 0.12 451 2.65 0.12 451 2.66regexp.r1 0.39 557 1.76 0.39 557 1.36regexp.r2 0:41 833 3.57 0.53 692 1.52regexp.r3 0:31 1197 6.85 0.44 873 1.82relative.lam 0.07 1011 5.80 0.07 1011 5.39remove 0.62 1774 5.34 0.62 1774 4.89remove2 0:87 1056 3.42 0.92 831 2.08rev a

 type 1.00 242 1.01 1.00 242 0.91rev a

 type.in�ail 0.63 864 3.21 0.63 864 3.01rotateprune 0.71 1165 3.08 0.71 1165 2.80ssuply.lam 0.06 262 1.31 0.06 262 1.17transpose.lam 0.17 2312 2.87 0.17 2312 2.45upto.sum1 1.20 848 4.00 1.20 848 3.64upto.sum2 1.12 623 1.48 1.12 623 1.46Average 0.52 2484 103.91 0.53 1648 49.35Total 18.66 89408 3740.8 19.10 59311 1776.5Total Speedup 1.93 1.89Table 12.3: e

e Determinate 
onjun
tive partial dedu
tion (A)
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-th-t Cd
-th-tBen
hmark RRT Size TT RRT Size TTadvisor 0.47 412 0.87 0.47 412 0.82applast 0.36 202 0.67 0.36 202 0.86
ontains.kmp 0.11 1039 5.44 0.11 1039 5.22depth.lam 0.15 1837 3.82 0.15 1837 3.53doubleapp 0.80 362 0.84 0.80 362 0.86ex depth 0.29 407 1.60 0.27 508 3.08
ip 1.33 686 1.02 1.33 686 1.41grammar.lam 0.16 309 1.82 0.16 309 1.76groundunify.
omplex 0.47 6277 19.08 0.40 6247 81.35groundunify.simple 0.25 368 0.75 0.25 368 0.73imperative.power 0:40 3293 42.85 0.40 37501 1039.48liftsolve.app 0.05 1179 5.74 0.05 1179 5.43liftsolve.db1 0.01 1280 13.33 0.01 1280 20.39liftsolve.db2 0:17 5929 198.19 0.17 11152 628.47liftsolve.lmkng 1.02 1591 2.63 1.02 1591 2.89map.redu
e 0.07 507 0.80 0.07 507 0.77map.rev 0.11 427 0.80 0.11 427 0.80mat
h-append 1.21 406 1.17 1.21 406 1.18mat
h.kmp 0.73 639 1.15 0.73 639 1.22maxlength 1.40 620 1.17 1.40 620 1.13memo-solve 0.81 1095 4.54 0.81 1095 10.32missionaries 0.69 2960 7.13 0.69 2960 7.86model elim.app 0.12 451 2.58 0.12 451 2.60regexp.r1 0.39 557 1.41 0.39 557 1.76regexp.r2 0.53 692 1.55 0.43 833 3.55regexp.r3 0.44 873 1.87 0.30 1197 6.01relative.lam 0.07 1011 5.32 0.07 1011 5.74remove 0.62 1774 4.92 0.62 1774 5.39remove2 0.92 831 2.13 0.87 1056 3.45rev a

 type 1.00 242 0.96 1.00 242 1.04rev a

 type.in�ail 0.63 864 3.09 0.63 864 3.24rotateprune 0.71 1165 2.81 0.71 1165 3.10ssuply.lam 0.06 262 1.19 0.06 262 1.32transpose.lam 0.17 2312 2.53 0.17 2312 2.51upto.sum1 0:88 734 3.03 0:88 734 3.40upto.sum2 1.12 623 1.48 1.12 623 1.49Average 0.52 1228 9.73 0.51 2345 51.78Total 18.73 44216 350.3 18.35 84408 1864.16Total Speedup 1.92 1.96Table 12.4: e

e Determinate 
onjun
tive partial dedu
tion (B)
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-hn-t Cs
-tn-tBen
hmark RRT Size TT RRT Size TTadvisor 0.47 412 0.88 0.47 412 1.20applast 0.36 202 0.64 0.36 202 0.73
ontains.kmp 0.11 1039 5.19 0.63 862 1.16depth.lam 0.15 1837 3.95 0.15 1837 4.18doubleapp 0.80 362 0.86 0.80 362 1.13ex depth 0.29 407 1.60 0.29 407 1.75
ip 1.33 686 1.07 1.33 686 1.14grammar.lam 0.16 309 1.77 0.16 309 1.98groundunify.
omplex 0.40 4869 15.03 0.47 5095 18.67groundunify.simple 0.25 368 0.76 0.25 368 0.94imperative.power 0.37 2881 49.33 0.37 2881 32.88liftsolve.app 0.05 1179 5.50 0.05 1179 5.65liftsolve.db1 0.01 1280 13.60 0.01 1280 13.56liftsolve.db2 0.17 10146 1974.50 0.33 3173 19.84liftsolve.lmkng 1.09 1416 1.82 1.07 1416 2.09map.redu
e 0.07 507 0.83 0.07 507 1.09map.rev 0.11 427 0.79 0.11 427 1.04mat
h-append 1.21 406 0.91 1.21 406 1.06mat
h.kmp 0.73 639 1.11 0.73 613 1.69maxlength 1.40 620 1.20 1.40 620 1.31memo-solve 0.81 1095 4.28 1.38 1709 6.73missionaries 0.69 2960 7.06 0.71 3083 6.03model elim.app 0.12 451 2.63 0.12 451 2.75regexp.r1 0.39 557 1.38 0.39 557 1.84regexp.r2 0.53 692 1.55 0.53 692 1.66regexp.r3 0.44 873 1.81 0.44 873 2.00relative.lam 0.07 1011 5.34 0.45 1252 6.78remove 0.65 1191 2.42 0.65 1191 2.19remove2 0.92 831 2.04 0.92 831 1.89rev a

 type 1.00 242 0.67 1.00 242 0.84rev a

 type.in�ail 0.63 598 0.87 0.63 598 0.98rotateprune 0.71 1165 2.79 0.71 1165 2.55ssuply.lam 0.06 262 1.15 0.06 262 1.32transpose.lam 0.17 2312 2.46 0.17 2312 2.62upto.sum1 1.20 848 3.77 0.88 734 2.83upto.sum2 1.12 623 1.45 1.12 623 1.39Average 0.53 1270 58.97 0.57 1100 4.37Total 19.04 45703 2123.01 20.40 39617 157.49Total Speedup 1.89 1.76Table 12.5: e

e Determinate 
onjun
tive partial dedu
tion (C)



288 CHAPTER 12. CONJ. PARTIAL DEDUCTION IN PRACTICECdm-hh-t Csm-hh-hBen
hmark RRT Size TT RRT Size TTadvisor 0.47 412 0.80 0.46 647 1.00applast 0.36 202 0.97 0.36 145 0.85
ontains.kmp 0.11 1039 5.16 0.10 814 5.77depth.lam 0.15 1837 3.99 0.15 1848 5.91doubleapp 0.80 362 0.84 0.82 277 0.83ex depth 0.26 508 3.15 0.34 1240 6.18
ip 0:75 441 1.11 0:69 267 0.81grammar.lam 0.16 309 1.74 0.16 309 2.21groundunify.
omplex 0.40 6247 137.68 0.47 8113 77.21groundunify.simple 0.25 368 0.75 0.25 399 1.27imperative.power 0.37 103855 4548.51 bi err 85460 1617.93liftsolve.app 0.05 1179 5.44 0.06 1210 6.26liftsolve.db1 0.01 1280 20.85 0.02 1311 18.10liftsolve.db2 0.17 17206 1813.49 - - > 12hliftsolve.lmkng 1.02 1591 2.85 1.24 1951 8.89map.redu
e 0.07 507 0.85 0.08 348 0.84map.rev 0.11 427 0.88 0.13 285 0.75mat
h-append 1:21 406 1.20 1:36 362 0.98mat
h.kmp 0.73 639 1.18 0.65 543 0.94maxlength 1:40 620 1.18 1:10 314 1.19memo-solve 1.12 1294 22.69 1.50 3777 34.84missionaries - - > 12h 21:17 43268 2537.39model elim.app 0.12 451 2.77 0.12 451 3.20regexp.r1 0.39 557 1.91 0.20 457 1.21regexp.r2 0.41 833 3.65 0.57 1954 6.43regexp.r3 0.31 1197 6.84 1:89 9124 31.07relative.lam 0.07 1011 5.84 0.01 954 7.31remove 0.62 1774 5.51 6:40 4116 7.69remove2 0.87 1056 3.65 0.94 862 2.34rev a

 type 1.00 242 1.08 1.00 242 1.73rev a

 type.in�ail 0.63 864 3.26 0.61 786 1.94rotateprune 0.71 1165 4.01 0:17 691 2.33ssuply.lam 0.06 262 1.36 0.06 262 1.69transpose.lam 0.17 2312 2.77 0.19 2436 4.34upto.sum1 bi err 448 3.43 bi err 479 3.79upto.sum2 0:65 394 1.50 0:58 242 1.11Average 0.50 4380 189.23 1.30 5027 125.90Total 18.01 153295 6622.90 46.84 175944 4406.33Total Speedup 2.00 0.77Table 12.6: e

e Non-
ontiguous 
onjun
tive partial dedu
tion
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-th-li S-hh-liBen
hmark RRT Size TT RRT Size TTadvisor 0.32 809 0.85 0.31 809 0.85applast 0.34 145 0.67 1.48 314 0.75
ontains.kmp 0.10 1227 15.73 0.55 1294 5.97depth.lam 0.15 1848 12.65 0.62 1853 3.76doubleapp 0.82 277 0.98 0.95 216 0.58ex depth 0.27 659 6.31 0.44 1649 4.26
ip 0.95 493 1.26 1.03 313 0.65grammar.lam 0.14 218 2.15 0.14 218 2.43groundunify.
omplex 0.47 19640 117.12 0.47 8356 50.63groundunify.simple 0.25 368 0.76 0.25 368 0.77imperative.power 0.69 3605 155.55 0.58 2254 62.97liftsolve.app 0.05 1179 6.04 0.06 1179 6.40liftsolve.db1 0.02 1326 19.94 0.02 1326 20.82liftsolve.db2 - - > 12h 0.76 3751 242.86liftsolve.lmkng 1.00 1591 4.22 1.07 1730 2.12map.redu
e 0.08 348 0.78 0.08 348 0.82map.rev 0.13 285 0.79 0.13 285 0.88mat
h-append 1.36 362 1.02 1.36 362 0.75mat
h.kmp 0.65 543 1.65 0.65 543 1.77maxlength 1.30 620 1.22 1.10 715 1.16memo-solve 0.95 1015 3.69 1.20 2238 4.96missionaries 0.54 15652 348.68 0.66 13168 430.99model elim.app 0.13 444 3.11 0.13 444 3.18regexp.r1 0.20 457 1.04 0.20 457 1.03regexp.r2 0.41 831 4.98 0.61 737 4.67regexp.r3 0.31 1041 14.70 0.38 961 14.00relative.lam 0.00 261 6.19 0.00 261 5.88remove 0.87 1369 7.31 0.68 659 1.02remove2 0.93 862 3.51 0.75 453 1.30rev a

 type 1.00 242 1.21 1.00 242 0.92rev a

 type.in�ail 0.66 700 2.24 0.80 850 1.25rotateprune 0.80 1470 4.62 1.02 779 1.10ssuply.lam 0.06 262 1.41 0.06 262 1.51transpose.lam 0.18 2312 2.99 0.17 2312 2.99upto.sum1 0.88 734 2.81 1.07 581 1.80upto.sum2 1.00 654 1.48 1.05 485 1.38Average 0.53 1824 21.70 0.61 1466 24.70Total 19.03 63849 759.66 21.86 52772 889.18Total Speedup 1.89 1.65Table 12.7: e

e Partial dedu
tion based on indexed unfolding



290 CHAPTER 12. CONJ. PARTIAL DEDUCTION IN PRACTICES-hh-t SE-hh-xBen
hmark RRT Size TT RRT Size TTadvisor 0.47 412 0.87 0.31 809 0.78applast 1.05 343 0.71 1.48 314 0.70
ontains.kmp 0.85 1290 2.69 0.09 685 4.48depth.lam 0.94 1955 1.47 0.02 2085 1.91doubleapp 0.95 277 0.65 0.95 216 0.53ex depth 0.76 1614 2.54 0.32 350 1.58
ip 1.05 476 0.77 1.03 313 0.53grammar.lam 0.16 309 1.91 0.14 218 1.90groundunify.
omplex 0.40 5753 13.47 0.53 4800 0.75groundunify.simple 0.25 368 0.78 0.25 368 22.03imperative.power 0.42 2435 75.10 0.54 1578 27.42liftsolve.app 0.05 1179 6.05 0.06 1179 6.57liftsolve.db1 0.01 1280 13.27 0.02 1326 7.33liftsolve.db2 0.18 3574 16.86 0.61 4786 34.25liftsolve.lmkng 1.07 1730 1.80 1.02 2385 2.75map.redu
e 0.07 507 0.91 0.08 348 0.86map.rev 0.11 427 0.83 0.11 427 0.89mat
h-append 1.21 406 0.64 1.36 362 0.68mat
h.kmp 0.73 639 1.16 0.70 669 1.23maxlength 1.20 715 1.07 1.10 421 0.95memo-solve 1.17 2318 4.74 1.09 2241 4.31missionaries 0.81 2294 5.11 0.72 2226 9.21model elim.app 0.63 2100 2.82 0.13 532 3.56regexp.r1 0.50 594 1.28 0.29 435 0.98regexp.r2 0.57 629 1.28 0.51 1159 4.87regexp.r3 0.50 828 1.74 0.42 1684 14.92relative.lam 0.82 1074 1.89 0.00 261 4.06remove 0.71 955 1.46 0.68 659 0.90remove2 0.74 508 1.15 0.80 440 1.00rev a

 type 1.00 242 0.70 1.00 242 0.83rev a

 type.in�ail 0.63 864 1.48 0.60 527 0.80rotateprune 0.71 1165 1.77 1.02 779 0.88ssuply.lam 0.06 262 1.15 0.06 262 1.18transpose.lam 0.17 2312 2.49 0.17 2312 1.98upto.sum1 1.06 581 2.18 1.20 664 3.11upto.sum2 1.10 623 1.50 1.05 485 0.94Average 0.64 1196 4.90 0.57 1071 4.77Total 23.12 43038 176.29 20.47 38614 171.65Total Speedup 1.56 1.76Table 12.8: e

e Standard partial dedu
tion methods



12.3. BENCHMARKS AND CONCLUSION 291mixtus paddyBen
hmark RRT Size TT RRT Size TTadvisor 0.31 809 0.85 0.31 809 0.10applast 1.27 309 0.28 1.30 309 0.08
ontains.kmp 0.16 533 2.48 0.11 651 0.55depth.lam 0.04 1881 4.15 0.02 2085 0.32doubleapp 1.00 295 0.30 0.98 191 0.08ex depth 0.40 643 2.40 0.29 1872 0.53
ip 1.03 495 0.37 1.02 290 0.12grammar.lam 0.17 841 2.73 0.43 636 0.22groundunify.
omplex 0.67 5227 11.68 0.60 4420 1.53groundunify.simple 0.25 368 0.45 0.25 368 0.13imperative.power 0.56 2842 5.35 0.58 3161 2.18liftsolve.app 0.06 1179 4.78 0.06 1454 0.80liftsolve.db1 0.01 1280 5.36 0.02 1280 1.20liftsolve.db2 0.31 8149 58.19 0.32 4543 1.60liftsolve.lmkng 1.16 2169 4.89 0.98 1967 0.32map.redu
e 0.68 897 0.17 0.08 498 0.20map.rev 0.11 897 0.16 0.26 2026 0.37mat
h-append 0.47 389 0.27 0.98 422 0.12mat
h.kmp 1.55 467 4.89 0.69 675 0.28maxlength 1.20 594 0.72 0.90 398 0.17memo-solve 0.60 1493 12.72 1.48 3716 1.70missionaries - - 1 - - 1model elim.app 0.13 624 5.73 0.10 931 0.90regexp.r1 0.20 457 0.73 0.29 417 0.13regexp.r2 0.82 1916 2.85 0.67 3605 0.63regexp.r3 0.60 2393 4.49 1.26 10399 1.35relative.lam 0.01 517 7.76 0.00 517 0.42remove 0.81 715 0.49 0.71 437 0.12remove2 1.01 715 0.84 0.84 756 0.12rev a

 type 1.00 497 0.99 0.99 974 0.33rev a

 type.in�ail 0.97 276 0.77 0.94 480 0.28rotateprune 1.02 756 0.49 1.01 571 0.12ssuply.lam 0.06 262 0.93 0.08 262 0.08transpose.lam 0.18 1302 3.89 0.18 1302 0.43upto.sum1 0.96 556 1.80 1.08 734 0.30upto.sum2 1.06 462 0.44 1.06 462 0.13Average 0.61 1234 4.44 0.61 1532 0.51Total 21.83 43205 155.37 21.87 53618 17.95Total Speedup 1.65 1.65Table 12.9: Some existing systems (A)



292 CHAPTER 12. CONJ. PARTIAL DEDUCTION IN PRACTICEspBen
hmark RRT Size TTadvisor 0.40 463 0.29applast 0.84 255 0.15
ontains.kmp 0.75 985 1.13depth.lam 0.53 928 0.99doubleapp 1.02 160 0.11ex depth 0.27 786 1.35
ip 1.02 259 0.13grammar.lam 0.15 280 0.71groundunify.
omplex 0.73 4050 2.46groundunify.simple 0.61 407 0.20imperative.power 1.16 1706 6.97liftsolve.app 0.23 1577 2.46liftsolve.db1 0.82 4022 3.95liftsolve.db2 0.82 3586 3.71liftsolve.lmkng 1.16 1106 0.37map.redu
e 0.09 437 0.23map.rev 0.13 351 0.20mat
h-append 0.99 265 0.18mat
h.kmp 1.08 527 0.49maxlength 0.90 367 0.31memo-solve 1.15 1688 3.65missionaries 0.73 16864 82.59model elim.app - - 1regexp.r1 0.54 466 0.37regexp.r2 1.08 1233 0.67regexp.r3 1.03 1646 1.20relative.lam 0.69 917 0.35remove 0.75 561 0.29remove2 0.82 386 0.25rev a

 type - - 1rev a

 type.in�ail - - 1rotateprune 1.00 725 0.31ssuply.lam 0.06 231 0.52transpose.lam 0.26 1267 0.52upto.sum1 1.05 467 0.48upto.sum2 1.01 431 0.21Average 0.75 1497 3.57Total 26.86 49399 117.80Total Speedup 1.34Table 12.10: Some existing systems (B)
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Chapter 13Logi
 ProgramSpe
ialisation: How to BeMore Spe
i�
13.1 Partial dedu
tion vs. abstra
t interpre-tationThe heart of any te
hnique for logi
 program spe
ialisation, is a programanalysis phase. Given a program P and a goal  Q, one aims to analysethe 
omputation-
ow of P for all instan
es  Q� of  Q. Based on theresults of this analysis, new program 
lauses are synthesised.As we have seen on many o

asions in this thesis, in partial dedu
-tion, su
h an analysis is based on the 
onstru
tion of �nite but possiblyin
omplete SLD(NF)-trees. More spe
i�
ally, following the foundations forstandard partial dedu
tion we have presented in Chapter 3, one 
onstru
ts� a �nite set of atoms A = fA1; : : : ; Ang, and� a �nite (possibly in
omplete) SLD(NF)-tree �i for ea
h P [ f Aig,su
h that:1) ea
h atom in the initial goal Q is an instan
e of some Ai 2 A, and2) for ea
h goal B1; : : : ; Bk labelling a leaf of some SLD(NF)-tree �l,ea
h Bi is an instan
e of some Aj 2 A.The 
onditions 1) and 2) (of A-
overedness, 
f. De�nition 3.2.11) ensurethat together the SLD(NF)-trees �1; : : : ; �n form a 
omplete des
ription ofall possible 
omputations that 
an o

ur for all 
on
rete instan
es  Q� ofthe goal of interest. At the same time, the point is to propagate the available295



296 CHAPTER 13. HOW TO BE MORE SPECIFICinput data in  Q as mu
h as possible through these trees, in order toobtain suÆ
ient a

ura
y. The out
ome of the analysis is pre
isely theset of SLD(NF)-trees f�1; : : : ; �ng: a 
omplete, and as pre
ise as possible,des
ription of the 
omputation-
ow.Finally, a 
ode generation phase produ
es a resultant 
lause for ea
hnon-failing bran
h of ea
h tree, whi
h synthesises the 
omputation in thatbran
h.Algorithm 3.3.11, presented in Chapter 3, des
ribes the basi
 layout ofpra
ti
ally all proposed algorithms for 
omputing A and f�1; : : : ; �ng. Ananalysis following this s
heme fo
usses ex
lusively on a top-down propaga-tion of 
all-information. In the separate SLD-trees �i, this propagation isperformed through repeated unfolding steps. The propagation over di�er-ent trees is a
hieved by the fa
t that for ea
h atom in a leaf of a tree thereexists another tree with (a generalisation of) this atom as its root. Thede
ision to 
reate a set of di�erent SLD-trees | instead of just 
reatingone single tree, whi
h would in
lude both unfolding steps and generalisa-tion steps | is motivated by the fa
t that these individual trees determinehow to generate the new 
lauses.The starting point for this 
hapter is that the des
ribed analysis s
hemesu�ers from some 
lear impre
ision problems. It has some obvious draw-ba
ks 
ompared to top-down abstra
t interpretation s
hemes, su
h as forinstan
e the one in [36℄. These drawba
ks are related to two issues:� the la
k of su

ess-propagation, both upwards and side-ways,� the la
k of inferring global su

ess-information.We dis
uss these issues in more detail. In the remainder of this 
hapterwe will restri
t our attention to de�nite logi
 programs (possibly with somede
larative built-ins like n==, 
f. Se
tion 2.3.3).13.1.1 La
k of su

ess-propagationConsider the following tiny program:Example 13.1.1p(X) q(X); r(X)q(a) r(a) r(b) For a given query  p(X), one possible (although very unoptimal)out
ome of the Algorithm 3.3.11 is the set A = fp(X); q(X); r(X)g and theSLD-trees �1; �2 and �3 presented in Figure 13.1.With this result of the analysis, the transformed program would beidenti
al to the original one. Note that in �2 we have derived that the



13.5. PARTIAL DEDUCTION / ABSTRACT INTERPRETATION 297���	 ���R? ? 2 r(X) 2 p(X) q(X); r(X)  q(X)2�2: �3:�1: X=a X=bX=a ���	 ���R2X=a q(X) q(X)� 02:Figure 13.1: A possible out
ome of Algorithm 3.3.11 for Examples 13.1.1and 13.1.2only answer for  q(X) is X=a. An abstra
t interpretation algorithm su
has the one in [36℄ would propagate this su

ess-information to the leaf of�1, yielding that (under the left-to-right sele
tion rule) the 
all  r(X)be
omes more spe
i�
, namely  r(a). This information would then beused in the analysis of the r=1 predi
ate, allowing to remove the redundantbran
h. Finally, the su

ess-information, X=a, would be propagated up tothe  p(X) 
all, yielding a spe
ialised program:p(a) q(a) r(a) whi
h is 
orre
t for all instan
es of the 
onsidered query  p(X).Note that this parti
ular example 
ould be solved by the te
hniques in[97℄. There, a limited su

ess-propagation, restri
ted to only one resolu-tion step, is introdu
ed and referred to as a more spe
i�
 resolution step.The parti
ular example 
an of 
ourse also be solved by standard partialdedu
tion and a suÆ
iently re�ned unfolding rule. More diÆ
ult and re-alisti
 examples, whi
h 
an be solved by neither [97℄ nor standard partialdedu
tion alone, will be presented later on in the 
hapter.13.1.2 La
k of inferen
e of global su

ess-informationExample 13.1.2 Assume that we add the 
lause q(X)  q(X) to theprogram in Example 13.1.1. A possible out
ome of Algorithm 3.3.11 forthe query  p(X) now is A = fp(X); q(X); r(X)g along with the SLD-trees �1; � 02; �3, depi
ted in Figure 13.1.Again, standard partial dedu
tion produ
es a resulting program whi
h isidenti
al to the input program. In this 
ase, simple bottom-up propagationof su

esses is insuÆ
ient to produ
e a better result. An additional �x-point
omputation is needed to dete
t that X=a is the only answer substitution.Methods as the one in [36℄ integrate su
h �x-point 
omputations in the



298 CHAPTER 13. HOW TO BE MORE SPECIFICtop-down analysis. As a result, the same more spe
ialised program as forExample 13.1.1 
an be obtained.In addition to pointing out further impre
ision problems of the usualanalysis s
heme, in this 
hapter:1. We propose a more re�ned analysis s
heme, building on the notionsof 
onjun
tive partial dedu
tion (
f. Chapters 10, 11 and 12) and morespe
i�
 programs (see [191, 192℄),1 that solves the above mentionedproblems.2. We illustrate the appli
ability of the new s
heme and to des
ribe a
lass of appli
ations in whi
h they are vital for su

essful spe
ialisa-tion.One 
lass of problems is related to the spe
ialisation of meta-programsthat use the ground-representation for representing obje
t programs (
f.Chapter 8). In Se
tion 9.4 of Chapter 9 we already pointed out (in the
ontext of pre-
ompiling integrity 
he
king) that spe
ialising su
h programsatisfa
torily often requires the analysis of an in�nite number of di�erent
omputations (like e.g. in Example 13.1.2), something whi
h partial de-du
tion te
hniques alone 
annot do. In this 
hapter we provide a generalsolution for this problem.The remainder of the 
hapter is organised as follows. In Se
tion 13.2 wepresent the intuitions behind the proposed solution and illustrate the exten-sions on a few simple examples. In Se
tion 13.3 we present more realisti
,pra
ti
al examples and and we justify the need for a more re�ned algo-rithm. This more re�ned Algorithm is then presented in Se
tion 13.4 andused to spe
ialise the ground representation in Se
tion 13.5. We 
on
ludewith some dis
ussions in Se
tion 13.6.13.2 Introdu
ing more spe
i�
 programsThere are di�erent ways in whi
h one 
ould enhan
e the analysis to 
opewith the problems mentioned in the introdu
tion. A solution that seemsmost promising is to just apply the abstra
t interpretation s
heme of [36℄to repla
e Algorithm 3.3.11. Unfortunately, this analysis is based on anAND-OR-tree representation of the 
omputation, instead of an SLD-treerepresentation. As a result, applying the analysis for partial dedu
tion
auses 
onsiderable problems for the 
ode-generation phase. It be
omesvery 
ompli
ated to extra
t the spe
ialised 
lauses from the tree. Thealternative of adapting the analysis of [36℄ in the 
ontext of an SLD-tree1The method of [191, 192℄ is the most straightforward to integrate with partial de-du
tion be
ause both these methods use the same abstra
t domain: a set of 
on
reteatoms (or goals) is represented by all the instan
es of a given atom (or goal).
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auses 
onsiderable 
ompli
ations as well. The analysis veryheavily exploits the AND-OR-tree representation to enfor
e termination.As mentioned above, the solution we propose here is based on the 
om-bination of two existing analysis s
hemes, ea
h of whi
h is underlying toa spe
i�
 spe
ialisation te
hnique: the one of 
onjun
tive partial dedu
tionintrodu
ed in Chapter 10 and the one of more spe
i�
 programs [191, 192℄.Let us �rst present an abstra
t interpretation method based on [191,192℄ whi
h 
al
ulates more spe
i�
 versions of programs.We �rst re
all the two following notations. Pred(P ) denotes the set ofpredi
ates o

urring in a set of logi
 formulas P . By mgu�(A;B) we denotea parti
ular idempotent and relevant most general uni�er of A and someB0,obtained from B by renaming apart wrt A. We also de�ne the predi
ate-wise appli
ation msg� of the msg : msg�(S ) = fmsg(Sp) j p 2 Pred(P)g,where Sp are all the atoms of S having p as predi
ate.In the following we de�ne the well-known non-ground TP operator (
f.De�nition 2.2.7 for the ground TP operator) along with an abstra
tion UPof it.De�nition 13.2.1 (TP ,UP ) For a de�nite logi
 program P and a set ofatoms A we de�ne:TP (A) = fH�1 : : : �n j H  B1; : : : ; Bn 2 P ^ �i = mgu�(Bi�1 : : : �i�1 ;Ai)with Ai 2 Ag.We also de�ne UP (A) = msg�(TP (A)).One of the abstra
t interpretation methods of [191, 192℄ 
an be seen(for maximally general, atomi
 goal tuples, see Se
tion 13.6) as 
al
ulatinglfp(UP ) = UP "1 (;).2 In [191, 192℄ more spe
i�
 versions of 
lauses andprograms are obtained in the following way:De�nition 13.2.2 (more spe
i�
 version) Let C = H  B1; : : : ; Bnbe a de�nite 
lause and A a set of atoms. We de�nemsvA(C) = fC�1 : : : �n j �i = mgu�(Bi�1 : : : �i�1 ;Ai) with Ai 2 Ag:The more spe
i�
 version msv(P ) of a program P is then obtained byrepla
ing every 
lause C 2 P by msvlfp(UP )(C) (note that msvlfp(UP )(C)
ontains at most 1 
lause).In the light of the stated problems, an integration of partial dedu
tionwith the more spe
i�
 program transformation seems a quite natural solu-tion. In [191, 192℄ su
h an integration was already suggested as a promisingfuture dire
tion. Take for instan
e the following program.2This in turn 
an be seen as an abstra
t interpretation method whi
h infers top levelfun
tors for every predi
ate.



300 CHAPTER 13. HOW TO BE MORE SPECIFICExample 13.2.3 (eqlist)eqlist(X;Z)  append (X ; [ ℄;Z )append ([ ℄;L;L) append ([H jX ℄;Y ; [H jZ ℄) append (X ;Y ;Z )Partial dedu
tion for the goal  eqlist(X;Z) results in the following spe-
ialised program P 0:eqlist(X;Z)  app [ ℄(X ;Z )app [ ℄([ ℄; [ ℄) app [ ℄([H jX ℄; [H jZ ℄) app [ ℄(X ;Z )The least �xpoint of UP 0 is obtained as follows:UP 0 "1 (;) = fapp [ ℄([ ℄; [ ℄)gUP 0 "2 (;) = msg�(fapp [ ℄([ ℄; [ ℄); app[ ℄([H ℄; [H ℄); eqlist([ ℄; [ ℄)g) == fapp [ ℄(X ;X ); eqlist([ ℄; [ ℄)gUP 0 "3 (;) = UP 0 "4 (;) = fapp [ ℄(X ;X ); eqlist(X ;X )gThe more spe
i�
 version msv(P 0) of P 0 is thus:eqlist(X;X)  app [ ℄(X ;X )app [ ℄([ ℄; [ ℄) app [ ℄([H jX ℄; [H jX ℄) app [ ℄(X ;X )So, by 
ombining partial dedu
tion with the more spe
i�
 program trans-formation, we are able to dedu
e that  eqlist(X;X) is a more spe
i�
version of  eqlist(X;Z), something whi
h msv(:) alone is in
apable ofdoing.The following example reveals that, in general, this 
ombination is stilltoo weak to deal with side-ways information propagation.Example 13.2.4 (append-last)app last(L;X ) append (L; [a℄;R); last(R;X )append ([ ℄;L;L) append ([H jX ℄;Y ; [H jZ ℄) append (X ;Y ;Z )last([X ℄;X ) last([H jT ℄;X ) last(T ;X )The hope is that the spe
ialisation te
hniques are suÆ
iently strong toinfer that a query  app last(L;X ) produ
es the answer X = a. Partialdedu
tion on its own is in
apable of produ
ing this result. An SLD-tree forthe query  app last(L;X ) takes the form of �1 in Figure 13.2. Althoughthe su

ess-bran
h of the tree produ
es X = a, there are in�nitely manypossibilities for L and, without a bottom-up �xed-point 
omputation, X =a 
annot be derived for the entire 
omputation. At some point the unfolding



13.2. INTRODUCING MORE SPECIFIC PROGRAMS 301needs to terminate, and additional trees for append and last , for instan
e�2 and �3 in Figure 13.2, need to be 
onstru
ted. The resulting program is:app last([ ℄; a) app last([H jL0℄;X ) appa (L0; [a℄;R0); last(R0;X )appa([ ℄; [a℄; [a℄) appa([H jX ℄; [a℄; [H jZ ℄) appa(X ; [a℄;Z )in addition to the original 
lauses for last=2 .
? ??������ HHHHHj append(L0; [a℄;R0); last(R0;X )2 X=a app last(L;X ) append(L; [a℄;R); last(R;X ) last([a℄;X )  append(L0; [a℄;R0); last([H jR0℄;X )L=[HjL0℄; R=[HjR0 ℄L=[ ℄; R=[a℄�1:

���	 ���R���	 ���R append(L; [a℄;R) append(L0; [a℄;R0)2L=[ ℄; R=[a℄ L=[HjL0℄; R=[HjR0℄ last(R;X )2  last(T ;X )R=[HjT ℄R=[X℄�2:�3:Figure 13.2: SLD-trees for Example 13.2.4Unfortunately, in this 
ase, even the 
ombination with the more spe
i�
program transformation is insuÆ
ient to obtain the desired result. We get:



302 CHAPTER 13. HOW TO BE MORE SPECIFICTP " 1 = UP " 1 =f app last([ ℄; a), appa([ ℄; [a℄; [a℄), last([X ℄;X ) gTP (UP " 1) = TP " 2 =f app last([ ℄; a), app last([H ℄; a)appa([ ℄; [a℄; [a℄), appa([H ℄; [a℄; [H ; a℄),last([X ℄;X ),last([H ;X ℄;X ) gafter whi
h most spe
i�
 generalisation yieldsUP " 2 = f app last(L; a), appa(X ; [a℄; [Y jZ ℄), last([X jY ℄;Z ) gAt this stage, all information 
on
erning the last elements of the lists is lostand we rea
h the �x-point in the next iteration:UP " 3 = f app last(L;Z ), appa(X ; [a℄; [Y jZ ℄), last([X jY ℄;Z ) gOne 
ould argue that the failure is not due to the more spe
i�
 programstransformation itself, but to a weakness of the most spe
i�
 generalisationoperator: it's inability to retain information at the end of a data-stru
ture.Note however that even if we use other abstra
tions and their 
orrespondingabstra
t operation proposed in the literature, su
h as type-graphs [134℄,regular types [102℄ or re�ned types for 
ompile-time garbage 
olle
tion of[208℄, the information still gets lost.The heart of the problem is that in all these methods the abstra
t op-erator is applied to atoms of ea
h predi
ate symbol separately. In thisprogram (as well as in many, mu
h more relevant others, as we will dis-
uss later in this 
hapter), we are interested in analysing the 
onjun
tionappend (L; [a℄;R),last(R;X ) with a linking intermediate variable (whosestru
ture is too 
omplex for the parti
ular abstra
t domain). If we 
ould
onsider this 
onjun
tion as a basi
 unit in the analysis, and therefore notperform abstra
tion on the separate atoms, but only on 
onjun
tions of theinvolved atoms, we would retain a pre
ise side-ways information passinganalysis.In Chapter 10 we have developed foundations for 
onjun
tive partial de-du
tion, whi
h extends the standard partial dedu
tion approa
h by 
onsid-ering a set of 
onjun
tions of atoms instead of individual atoms. Althoughthis extension of standard partial dedu
tion was motivated by totally dif-ferent 
on
erns than the ones in the 
urrent 
hapter (the aim was to a
hievea large 
lass of unfold/fold transformations [222℄ within a simple extensionof the partial dedu
tion framework), experiments with 
onjun
tive partialdedu
tion on standard partial dedu
tion examples (
f. Chapter 12) alsoshowed signi�
ant improvements. These somewhat surprising optimisa-tions are a
tually due to a 
onsiderably improved side-ways information-propagation.Let us illustrate how 
onjun
tive partial dedu
tion 
ombined with themore spe
i�
 program transformation does solve Example 13.2.4. Starting



13.3. SOME MOTIVATING EXAMPLES 303from the goal app last(X ) and using an analysis s
heme similar to Algo-rithm 3.3.11, but with the role of atoms repla
ed by 
onjun
tions of atoms,we 
an obtain A = f app last(X ), append (L; [a℄;R) ^ last(R;X ) g and the
orresponding SLD-trees, whi
h are sub-trees of �1 of Figure 13.2. Here,"^" is used to denote 
onjun
tion in those 
ases where "," is ambiguous.The main di�eren
e with the standard partial dedu
tion analysis aboveis that the goal append (L0; [a℄;R0),last(R0;X ) in the leaf of �1 is now 
onsid-ered as an unde
omposed 
onjun
tion. This 
onjun
tion is already an in-stan
e of an element inA, so that no separate analysis for append (L0; [a℄;R0)and last(R0;X ) are required.Based on an atomi
 renaming � (
f. Chapter 10) su
h that�(append (x ; y ; z ) ^ last(z ; u)) = al (x ; y ; z ; u)the resulting transformed program is:app last(L;X ) al(L; [a℄;R;X )al([ ℄; [a℄; [a℄;a) al([H jL0℄; [a℄; [H jR0℄;X ) al(L0; [a℄;R0;X )Applying the non-ground TP -operator and more spe
i�
 generalisation ab-stra
tions produ
es the sets:UP " 1 = f al([ ℄; [a℄; [a℄;a)gUP " 2 = f al(X ; [a℄;Y ; a), app last(X ; a)gwhi
h is a �x-point. Unifying the su

ess-information with the body-atomsin the above program and performing (ordinary) �ltering (
f. Chapter 3)and then redundant argument �ltering (
f. Chapter 11) produ
es the desiredmore spe
i�
 program:app last(L; a) al(L)al([ ℄) al([H jL0℄) al(L0)The abstra
t interpretation framework of [33℄ extends OLDT [270, 145℄by performing tabling operations not on atoms but on 
onjun
tions. Thismakes [33℄ powerful enough, given a proper way to 
onstru
t the set of
onjun
tions (one of the things that 
onjun
tive partial dedu
tion 
an do),to also solve Example 13.2.4. The exa
t relationship between [33℄ and the
ombination of 
onjun
tive partial dedu
tion and more spe
i�
 program
onstru
tion is a subje
t for further study.13.3 Some motivating examplesIn this se
tion we illustrate the relevan
e of the introdu
ed te
hniques bymore realisti
, pra
ti
al examples.



304 CHAPTER 13. HOW TO BE MORE SPECIFIC13.3.1 Storing values in an environmentThe following pie
e of 
ode P stores values of variables in an asso
iationlist and is taken from a interpreter for imperative languages (see the im-perative.power ben
hmark in Appendix C). Note that we use typewriterfont for those programs 
ontaining built-ins.store([℄,Key,Value,[Key/Value℄).store([Key/Value2|T℄,Key,Value,[Key/Value|T℄).store([K2/V2|T℄,Key,Value,[K2/V2|BT℄) :-Key \= K2,store(T,Key,Value,BT).lookup(Key,[Key/Value|T℄,Value).lookup(Key,[K2/V2|T℄,Value) :-Key \= K2,lookup(Key,T,Value).During spe
ialisation it may happen that a known (stati
) value is storedin an unknown environment.3 When we later on retrieve this value fromthe environment it is vital for good spe
ialisation to be able to re
overthis stati
 value. This is a problem quite similar to the append -last prob-lem of Example 13.2.4. So again, 
al
ulating msv(P ) (even if we performa magi
-set transformation on P ) does not give us any new informationfor a query like  store(E,k,2,E1),lookup(E1,k,Val). To be able tosolve this problem one needs again to 
ombine abstra
t interpretation with
onjun
tive partial dedu
tion (the latter will \deforest" [281℄ the inter-mediate environment E1). The spe
ialised program P 0 for the query  store(E,k,2,E1),lookup(E1,k,Val) using the e

e (
f. Chapters 6 and12) system with determinate unfolding is the following (a dupli
ate kn=X1has been removed in the third 
lause; the asso
iated in
omplete SLDNF-tree 
an be found in Figure 13.3):store_lookup__1([℄,[k/2℄,2).store_lookup__1([k/X1|X2℄,[key/2|X2℄,2).store_lookup__1([X1/X2|X3℄,[X1/X2|X4℄,X5) :-k \= X1,store_lookup__1(X3,X4,X5).If we now 
al
ulate msv(P 0), we are able to derive that Val must have thevalue 2:store_lookup__1([℄,[k/2℄,2).store_lookup__1([k/X1|X2℄,[k/2|X2℄,2).store_lookup__1([X1/X2|X3℄,[X1/X2,X4/X5|X6℄,2) :-k \= X1,store_lookup__1(X3,[X4/X5|X6℄,2).



13.3. SOME MOTIVATING EXAMPLES 305?��������9R. . . . .��	 ?.. XXXXXXXXz 	 ..... ��RR. . . . .��	 ?.. ?..�st(E,k,2,E1),lup(k,E1,Val)lup(k,[k/2℄,Val)2 fail lup(k,[k/2℄,Val)Val=2 Val=2kn=k,lup(k,[ ℄,Val) 2 failkn=k,lup(k,[ ℄,Val) kn=K,st(T,k,2,T'),lup(k,T',Val)kn=k,...failkn=K,st(T,k,2,T'),lup(k,[K/VjT1℄,Val)Figure 13.3: Unfolding part of an interpreter for an imperative languageSu
h information is of 
ourse even more relevant when one 
an 
ontinuespe
ialisation with it. For instan
e, in an interpreter for an imperativelanguage there might be multiple stati
 values whi
h are stored and thenexamined again. These values might 
ontrol tests or loops, and for goodspe
ialisation to take pla
e, the above information is 
ru
ial.13.3.2 Proving fun
tionalityThe following is a generalisation of the standard de�nition of fun
tionality(see e.g. [231℄ or [72℄).De�nition 13.3.1 We say that a predi
ate p de�ned in a program P isfun
tional wrt the terms t1; : : : ; th i� for every pair of atomsA = p(t1; : : : ; th; a1; : : : ; ak) and B = p(t1; : : : ; th; b1; : : : ; bk) we have:�  A;B has a 
orre
t answer � i�  A;A = B has�  A;B �nitely fails i�  A;A = B �nitely failsNote that in the above de�nition we allow A;B to be used as atoms aswell as terms (as arguments to the predi
ate = =2). Also note that, forsimpli
ity of the presentation, we restri
t ourselves to 
orre
t answers (seeDe�nition 2.3.3). Therefore it 
an be easily seen that,4 if the goal A0; A0is a more spe
i�
 version of  A;B then p is fun
tional wrt t1; : : : ; th(be
ause msv(:) preserves 
omputed answers and removing synta
ti
allyidenti
al 
alls preserves the 
orre
t answers for de�nite logi
 programs).Fun
tionality is useful for many transformations, and is often vital toget super-linear speedups. For instan
e, it is needed to transform the naive3The environment might be unknown for many reasons, e.g. due to abstra
tion orbe
ause part of the imperative program is unknown.4The reasoning for 
omputed answers is not so obvious.



306 CHAPTER 13. HOW TO BE MORE SPECIFIC(exponential) Fibona

i program into a linear one (see e.g. [231℄). It 
analso be used to produ
e more eÆ
ient 
ode (see e.g. [72℄). Another exam-ple arises naturally from the store-lookup 
ode of the previous se
tion.For instan
e, often spe
ialisation 
an be greatly improved if fun
tionalityof lookup(Key,Env,Val)wrt a given key Key and a given environment Env
an be proven (in other words if we lookup the same variable in the same en-vironment we get the same value). For instan
e, this would allow to repla
e,during spe
ialisation, lookup(Key,Env,V1),lookup(Key,Env,V2),p(V2)by lookup(Key,Env,V1),p(V1).To prove fun
tionality of lookup(Key,Env,Val) we simply add the fol-lowing de�nition:5ll(K,E,V1,V2) :- lookup(K,E,V1),lookup(K,E,V2).By spe
ialising the query ll(Key,Env,V1,V2) using the e

e system withdeterminate unfolding and then 
al
ulating msv(:) for the resulting pro-gram, we are able to derive that V1 must be equal to V2:ll(K,E,V,V) :- lookup_lookup__1(K,E,V,V).lookup_lookup__1(X1,[X1/X2|X3℄,X2,X2).lookup_lookup__1(X1,[X2/X3,X4/X5|X6℄,X7,X7) :-X1 \= X2, lookup_lookup__1(X1,[X4/X5|X6℄,X7,X7).In addition to obtaining a more eÆ
ient program the above implies (be-
ause 
onjun
tive partial dedu
tion preserves the 
omputed answers) thatthe 
onjun
tion lookup(K,E,V),lookup(K,E,V) is a more spe
i�
 versionof lookup(K,E,V1),lookup(K,E,V2), and we have proven fun
tionality oflookup wrt the �rst two arguments Key,Env.In the same vein we 
an for example prove fun
tionality of plus=3 wrtthe �rst two arguments X and Y . Starting out from the initial programpp(X;Y; Z1; Z2) plus(X ;Y ;Z1 ); plus(X ;Y ;Z2 )plus(0 ;Z ;Z ) plus(s(X );Y ; s(Z )) plus(X ;Y ;Z )we obtain after spe
ialising the following program:pp(X;Y; V; V ) plus plus(X ;Y ;V ;V )plus plus(0 ;X1 ;X1 ;X1 ) plus plus(s(X1 );X2 ; s(X3 ); s(X3 )) plus plus(X1 ;X2 ;X3 ;X3 )13.3.3 The need for a more re�ned integrationSo far we have always 
ompletely separated the 
onjun
tive partial dedu
-tion phase and the bottom-up abstra
t interpretation phase. The followingexample shows that this is not always suÆ
ient.5This is not stri
tly ne
essary but it simpli�es spotting fun
tionality.



13.3. SOME MOTIVATING EXAMPLES 307Take a look at the following ex
erpt from a uni�
ation algorithm for theground representation, whi
h takes 
are of extra
ting variable bindings outof (un
omposed) substitutions. The full 
ode 
an be found in Appendix H.2.Noti
e that the algorithm does not not use a

umulating parameters anddelays 
omposition as well as appli
ation of substitutions as long as possible.Also for simpli
ity we have not added an o

urs 
he
k (adding an o

ur
he
k will only in
rease the pre
ision of our analysis).get_binding(V,empty,var(V)).get_binding(V,sub(V,S),S).get_binding(V,sub(W,S),var(V)) :- V \= W.get_binding(V,
omp(L,R),S) :-get_binding(V,L,VL), apply(VL,R,S).apply(var(V),Sub,VS) :- get_binding(V,Sub,VS).apply(stru
t(F,A),Sub,stru
t(F,AA)) :- l_apply(A,Sub,AA).l_apply([℄,Sub,[℄).l_apply([H|T℄,Sub,[AH|AT℄) :-apply(H,Sub,AH),l_apply(T,Sub,AT).At �rst sight this pie
e of 
ode looks very similar to the example of theprevious se
tion and one would think that we 
ould easily prove fun
tion-ality of get binding(VarIdx,Sub,Bind) wrt a parti
ular variable indexVarIdx and a parti
ular substitution Sub. Exa
tly this kind of informa-tion is required for the appli
ations in Se
tion 13.5 (related to the pre-
ompilation of integrity 
he
king for re
ursive databases).Unfortunately this kind of information 
annot be obtained by fully sep-arated out phases, even if we systemati
ally apply the msv(:) on
e a newSLD-tree has been 
onstru
ted. For simpli
ity we assume that the variableindex VarIdx is known to be 1. As in the previous se
tion, we add thede�nition:gg(Sub,V1,V2) :- get_binding(1,Sub,V1),get_binding(1,Sub,V2).If we 
onstru
t one SLD-tree for the 
onjun
tion get binding(1,Sub,V1),get binding(1,Sub,V2) and then apply renaming followed by msv(:), weobtain:gg(Sub,V1,V2) :- get_binding_get_binding__1(Sub,V1,V2).get_binding_get_binding__1(empty,var(1),var(1)).get_binding_get_binding__1(sub(1,X1),X1,X1).get_binding_get_binding__1(sub(X1,X2),var(1),var(1)) :- 1\=X1.



308 CHAPTER 13. HOW TO BE MORE SPECIFICget_binding_get_binding__1(
omp(X1,X2),X3,X4) :-get_binding_get_binding__1(1,X1,X5,X6),apply(X5,X2,X3),apply(X6,X2,X4).Observe that we have not yet established the desired fun
tionality; theproblem lies with the fourth 
lause for get binding get binding 1 (forthe other three 
lauses the se
ond and third arguments are already identi-
al). Unfortunately, by applying 
onjun
tive partial dedu
tion to the bodyapply(X5,X2,X3),apply(X6,X2,X4) of this 
lause we 
annot derive thatX3 must be equal to X4. Indeed, the variables indexes X5 and X6 are dif-ferent and applying the same substitution on di�erent terms 
an of 
ourselead to di�ering results. It would only be possible to prove that X3=X4 ifwe assume that X5=X6. So, we seem to be trapped in a dilemma: to be ableto prove fun
tionality we must assume that it holds.However, the problem simply stems from the fa
t that we apply 
on-jun
tive partial dedu
tion too late, namely only after the �xpoint of UPhas been rea
hed. Indeed, after the �rst appli
ation of UP we obtain A =UP (;) = fget binding get binding 1(S,V,V)g, So A a
tually 
ontainsthe assumption that fun
tionality holds, and we have that msvA(:) of theproblemati
 
lause looks like:get_binding_get_binding__1(
omp(X1,X2),X3,X4) :-get_binding_get_binding__1(1,X1,V,V),apply(V,X2,X3),apply(V,X2,X4).If we now re-apply 
onjun
tive partial dedu
tion to apply(V,X2,X3),apply(V,X2,X4) and then similarly in a next iteration to the 
onjun
-tion l apply(V,X2,X3),l apply(V,X2,X4) we 
an derive fun
tionality ofget binding. In summary, it is vital to provide for a �ner integration of
onjun
tive partial dedu
tion and more spe
i�
 program transformation,whi
h re-applies 
onjun
tive partial dedu
tion before the �xpoint of UP hasbeen rea
hed. The details of this more re�ned integration are elaboratedin the next se
tion.13.4 A more re�ned algorithmWe now present an algorithm whi
h interleaves the least �xpoint 
onstru
-tion of msv(:) with 
onjun
tive partial dedu
tion unfolding steps. For thatwe have to adapt the more spe
i�
 program transformation to work onpossibly in
omplete SLD-trees obtained by 
onjun
tive partial dedu
tioninstead of for 
ompletely 
onstru
ted programs.66This has the advantage that we do not a
tually have to apply a renaming transfor-mation (and we might get more pre
ision be
ause several 
onjun
tions might mat
h).



13.4. A MORE REFINED ALGORITHM 309We �rst introdu
e a spe
ial 
onjun
tion ? whi
h is an instan
e of every
onjun
tion, as well as the only instan
e of itself, and extend the msgsu
h that msg(S [ f?g) = msg(S ) and msg(f?g) = ?. We also use the
onvention that if uni�
ation fails it returns a spe
ial substitution fail.Applying fail to any 
onjun
tion in turn yields ?. Finally, by ℄ we denotethe 
on
atenation of tuples (e.g. hai ℄ hb; 
i = ha; b; 
i).In the following de�nition we asso
iate 
onjun
tions with resultants:De�nition 13.4.1 (resultant tuple) Let Q = fQ1; : : : ; Qsg be a set of
onjun
tions of atoms, and T = f�1; : : : ; �sg a set of �nite, non-trivial SLD-trees for P [ f Q1g; : : : ; P [ f Qsg, with asso
iated sets of resultantsR1; : : : ; Rs, respe
tively.Then the tuple of pairs RS = h(Q1; R1); : : : ; (Qs; Rs)i is 
alled a resultanttuple for P . An interpretation of RS is a tuple hQ01; : : : ; Q0si of 
onjun
tionssu
h that ea
h Q0i is an instan
e of Qi.The following de�nes how interpretations of resultant tuples 
an be usedto 
reate more spe
i�
 resultants:De�nition 13.4.2 (re�nement) Let R = H  Body be a resultantand I = hQ01; : : : ; Q0si be an interpretation of a resultant tuple RS =h(Q1; R1); : : : ; (Qs; Rs)i. Let Q be a sub-
onjun
tion of Body su
h thatQ is an instan
e of Qi and su
h that mgu�(Q ;Q 0i) = �. Then R� is 
alleda re�nement of R under RS and I. R itself, as well as any re�nement ofR�, is also 
alled a re�nement of R under RS and I.Below we denote by ref RS;I (R), a parti
ular re�nement (e.g. the leastone) of R under RS and I.Note that a least re�nement always exists.7 Indeed, on
e we have uni�eda parti
ular sub-
onjun
tion Q of a resultant R with a parti
ular Qi, thusobtaining the re�nement R�, it is of no use to unify Q� (or an instan
e of it)again with Qi (as it will result in no further re�nement of R�). So, as thereare only �nitely many sub-
onjun
tion and only �nitely many 
onjun
tionsQi, the least re�nement must exist.Note that in [191, 192℄, it is not allowed to further re�ne re�nements.As we found out through several examples however, (notably the ones ofSe
tion 13.3.3 and Se
tion 13.5) this approa
h turns out to be too restri
tivein general. In a lot of 
ases, applying a �rst re�nement might instantiateR in su
h a way that a previously inappli
able element of RS 
an now beused for further instantiation.We 
an now extend the UP operator of De�nition 13.2.1 to work oninterpretations of resultant tuples:7In [181℄ it is wrongly 
laimed that this is not the 
ase.



310 CHAPTER 13. HOW TO BE MORE SPECIFICDe�nition 13.4.3 (UP;RS) Let I = hQ01; : : : ; Q0si be an interpretation ofa resultant tuple RS = h(Q1; R1); : : : ; (Qs; Rs)i. Then UP;RS is de�ned byUP;RS(I) = hM1; : : : ;Msi, where Mi = msg(fH j C 2 Ri ^ ref RS;I (C ) =H  Bg).We refer the reader to Example 13.4.6 and Table 13.1 below for illus-trations of the above 
on
epts.We 
an now present a generi
 algorithm whi
h fully integrates the ab-stra
t interpretation msv(:) with 
onjun
tive partial dedu
tion. Re
all that=r denotes identity, up to reordering. We also suppose that we have anabstra
tion operator (see De�nition 12.1.4) abstra
t at our disposal (
f.Se
tion 12.1.1).We also need the following de�nition:De�nition 13.4.4 (
overed) Let RS = h(Q1; R1); : : : ; (Qs; Rs)i be a re-sultant tuple. We say that a 
onjun
tion Q is 
overed by RS i� there existsan abstra
tion fQ01; : : : ; Q0kg of Q su
h that ea
h Q0i is an instan
e of some
onjun
tion Qj.We 
an now present the promised algorithm.Algorithm 13.4.5 (Conjun
tive Msv)Input: a program P , an initial query Q, an unfolding rule Unf for Pmapping 
onjun
tions to resultants.Output: A spe
ialised and more spe
i�
 program P 0 for Q.Initialisation: i := 0; I0 = h?i; RS0 = h(Q;Unf (Q))i;repeatfor every resultant R in RSi su
h that the body B of ref RSi ;Ii (R)is not 
overed:/* perform 
onjun
tive partial dedu
tion: */
al
ulate abstra
t(B) = B1 ^ : : :^Bqlet fC1; : : : ; Ckg be the Bj 's whi
h are not instan
es8of 
onjun
tions in RSi;RSi+1 = RSi℄ h(C1;Unf (C1 )); : : : (Ck ;Unf (Ck ))i;Ii+1 = Ii℄ h? : : :?| {z }k i; i := i + 1;/* perform one bottom-up propagation step: */Ii+1 = UP;RSi (Ii); RSi+1 = RSi; i := i+ 1;until Ii = Ii�1return a renaming of fref RSi ;Ii (C ) j (Q ;R) 2 RSi ^C 2 Rg8Or variants to make the algorithm more pre
ise.



13.4. A MORE REFINED ALGORITHM 311Note that the above algorithm ensures 
overedness. Also note that theabove algorithm performs abstra
tion only when adding new 
onjun
tions,the existing 
onjun
tions are not abstra
ted (it is of 
ourse trivial to adaptthis). This is like in Algorithm 6.2.36 of Chapter 6 but unlike e.g. Algo-rithm 3.3.11.Example 13.4.6 We now illustrate Algorithm 13.4.5 by proving fun
tional-ity of mul(X ;Y ;Z1 ), mul(X ;Y ;Z2 ) for the following program. Note thatthe general pi
ture is very similar to showing fun
tionality of get binding,but leading to a shorter and simpler presentation.mul(0 ;X ; 0 ) mul(s(X );Y ;Z ) mul(X ;Y ;XY ); plus(XY ;Y ;Z )plus(0 ;X ;X ) plus(s(X );Y ; s(Z )) plus(X ;Y ;Z )R1 mul(0 ;Y ;0 );mul(0 ;Y ;0 ):R2 mul(s(X );Y ;Z1 );mul(s(X );Y ;Z2 ) mul(X ;Y ;XY1 );plus(XY1 ;Y ;Z1 ),mul(X ;Y ;XY2 );plus(XY2 ;Y ;Z2 )R02 mul(s(0 );Y ;Z1 );mul(s(0 );Y ;Z2 ) mul(0 ;Y ;0 );plus(0 ;Y ;Z1 );mul(0 ;Y ;0 );plus(0 ;Y ;Z2 )R002 mul(s(0 );Y ;Y );mul(s(0 );Y ;Y ) mul(0 ;Y ;0 );plus(0 ;Y ;Y );mul(0 ;Y ;0 );plus(0 ;Y ;Y )R0002 mul(s(X );Y ;Z1 );mul(s(X );Y ;Z2 ) mul(X ;Y ;Z );plus(Z ;Y ;Z1 );mul(X ;Y ;Z );plus(Z ;Y ;Z2 )R00002 mul(s(X );Y ;V );mul(s(X );Y ;V ) mul(X ;Y ;Z );plus(Z ;Y ;V );mul(X ;Y ;Z );plus(Z ;Y ;V )R3 plus(0 ;Y ;Y );plus(0 ;Y ;Y ):R4 plus(s(X );Y ;Z1 );plus(s(X );Y ;Z2 ) plus(X ;Y ;Z1 );plus(X ;Y ;Z2 )Table 13.1: Resultants and re�nementsThe resultants R1; R2; R3; R4 and their re�nements for this example
an be found in Table 13.1. Using an abstra
tion based on [110℄ and adeterminate unfolding rule (see e.g. [100, 97, 172℄) we obtain the followingbehaviour of Algorithm 13.4.5.1. Initialisation:I0 = h?i, RS0 = h(mul (X ;Y ;Z1 )^mul(X ;Y ;Z2 ); fR1; R2g)i2. ref RS0 ;I0 (R2 ) = ? and therefore all bodies are 
overed3. We perform a bottom-up propagation step:RS1 = RS0, I1 = UP;RS0 (I0) = hmul(0 ;Y ; 0 )^mul(0 ;Y ; 0 )i 6= I0



312 CHAPTER 13. HOW TO BE MORE SPECIFIC4. Now ref RS1 ;I1 (R2 ) = R02 and abstra
t of the body of R02 yields:fmul(0 ;Y ; 0 )^mul(0 ;Y ; 0 ), plus(0 ;Y ;Z1 )^plus(0 ;Y ;Z2 )gand we obtain:I2 = I1℄h?i, RS2 = RS1℄h (plus(0 ;Y ;Z1 )^plus(0 ;Y ;Z2 ), fR3g)i5. We now go on with the bottom-up propagation:RS3 = RS2, I3 = UP;RS2 (I2) =hmul(0 ;Y ; 0 )^mul(0 ;Y ; 0 ), plus(0 ;Y ;Y )^plus(0 ;Y ;Y )i6. The body of ref RS3 ;I3 (R2 ) = R002 is 
overed and we go on with thebottom-up propagation: RS4 = RS3, I4 = UP;RS3 (I3) =hmul(X ;Y ;Z )^mul(X ;Y ;Z ), plus(0 ;Y ;Y )^plus(0 ;Y ;Y )i7. Now ref RS4 ;I4 (R2 ) = R0002 is no longer 
overed.Applying abstra
t to the body of R0002 yields:fmul(X ;Y ;Z )^mul(X ;Y ;Z ), plus(Z ;Y ;Z1 )^plus(Z ;Y ;Z2 )gand I5 = I4 ℄ h?i,RS5 = RS4 ℄ h (plus(Z ;Y ;Z1 )^plus(Z ;Y ;Z2 ), fR3; R4g)i8. We do a bottom-up propagation step:RS6 = RS5, I6 = UP;RS5 (I5) =hmul (X ;Y ;Z )^mul(X ;Y ;Z ), plus(0 ;Y ;Y )^plus(0 ;Y ;Y ),plus(Z ;Y ;V )^plus(Z ;Y ;V )i9. The bodies of ref RS6 ;I6 (R2 ) = R00002 and ref RS6 ;I6 (R4 ) are 
overedand we have rea
hed the �xpoint: I7 = UP;RS6 (I6) = I6.The �nal spe
ialised program is as follows (one unrea
hable 
onjun
-tion has been removed, mul(X ;Y ;Z1 ), mul(X ;Y ;Z2 ) has been renamedto mul mul(X ;Y ;Z1 ;Z2 ) and plus(X ;Y ;Z1 ), plus(X ;Y ;Z2 ) has been re-named to plus plus(X ;Y ;Z1 ;Z2 ); the program 
ould be further improvedby a better renaming) and fun
tionality is obvious:mul mul(0 ;Y ; 0 ; 0 ) mul mul(s(X );Y ;Z ;Z ) mul mul(X ;Y ;XY ;XY ); plus plus(XY ;Y ;Z ;Z )plus plus(0 ;X ;X ;X ) plus plus(s(X );Y ; s(Z ); s(Z ))  plus plus(X ;Y ;Z ;Z )Note that when using the de�nitions of [191, 192℄ the least re�nementof R2 wrt RS6 and I6 is not R0002 (be
ause plus(Z ;Y ;Z 0)^plus(Z ;Y ;Z 0)
annot be applied) but R002 . Hen
e the �xpoint is not rea
hed and in thenext iteration the vital fun
tionality information would be lost!Corre
tness of Algorithm 13.4.5 for preserving the least Herbrand modelor even the 
omputed answers, follows from 
orre
tness of 
onjun
tive par-tial dedu
tion (Theorem 10.3.16) and of the more spe
i�
 program versionsfor suitably 
hosen 
onjun
tions (be
ause [191, 192℄ only allows one unfold-ing step, a lot of intermediate 
onjun
tions have to be introdu
ed) and ex-tended for the more powerful re�nements of De�nition 13.4.2. Termination,
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tion operator (see [110℄), follows from termination of
onjun
tive partial dedu
tion (for the for loop) and termination of msv(:)(for the repeat loop).Note that in 
ontrast to 
onjun
tive partial dedu
tion, msv(:) 
an re-pla
e in�nite failure by �nite failure, and hen
e Algorithm 13.4.5 does notpreserve �nite failure. However, if the spe
ialised program fails in�nitely,then so does the original one (see [191, 192℄).The above algorithm 
an be extended to work for normal logi
 programs.But, be
ause �nite failure is not preserved, neither are the SLDNF 
om-puted answers. One may have to look at SLS [236℄ for a suitable pro
eduralsemanti
s whi
h is preserved.13.5 Spe
ialising the ground representationWeil Etwas f�ur uns dur
hsi
htig geworden ist, meinen wir, esk�onne uns nunmehr keinen Widerstand leisten | und sind dannerstaunt, dass wir hindur
hsehen und do
h ni
ht hindur
h k�on-nen! Es ist diess die selbe Thorheit und das selbe Erstaunen, inwel
hes die Fliege vor jedem Glasfenster ger�ath.Friedri
h Nietzs
he in Morgenr�othe, Nr. 444;3,270In this se
tion we pursue the idea of pre-
ompiling integrity 
he
kingfor dedu
tive databases (as well as abdu
tive or indu
tive logi
 programs)in a prin
ipled and non ad-ho
 way, by writing the integrity 
he
king as ameta-interpreter and then spe
ialising it for given update patterns.In Chapter 9 we developed this idea for hierar
hi
al databases and ob-tained very promising results. However, when going to re
ursive databases,this meta-interpreter must 
ontain a loop 
he
k (or one has to delegate theloop 
he
k to the underlying system, see the dis
ussions in Se
tion 9.4). Aswe pointed out in Chapter 8, this 
an only be done de
laratively within theground representation. But in [177℄ it was shown that, 
ontrary to whatone might expe
t, partial dedu
tion is then unable to perform interestingspe
ialisation and no pre-
ompilation of integrity 
he
ks 
an be obtained.9Similar problems related to spe
ialising the ground representation were alsoreported in [67℄. This la
k of spe
ialisation of the ground representation ispre
isely due to the limitations of partial dedu
tion we have pointed out inthis 
hapter.9So, to paraphrase the above quote by Nietzs
he, it is not be
ause we have formalisedsomething in a purely de
larative manner that it no longer gives any resistan
e.



314 CHAPTER 13. HOW TO BE MORE SPECIFICThe 
ru
ial problem identi�ed in [177℄ boils down to a la
k of infor-mation propagation and spe
ialisation at the obje
t level. As alreadymentioned in Chapter 8, the ground representation has to make use ofan expli
it uni�
ation algorithm (see e.g. Appendix H.1 or Appendix H.2).Now, the in
apability of partial dedu
tion te
hniques to e.g. prove fun
-tionality of parts of su
h an expli
it uni�
ation algorithm translates to aserious la
k of spe
ialisation. Take a meta-interpreter whi
h implementsspe
ialised integrity 
he
king as outlined in Se
tion 8.2. To 
al
ulate theset of positive potential updates pos(U ) = Si�0 posi(U ) for an updateU = hDb+; Db=; Db�i, the meta-interpreter will (among others) sele
tan atom C 2 posi(U ), unify it with an atom B in the body of a 
lauseA  : : : ; B; : : : 2 Db= and then apply the uni�er to the head A to obtainan indu
ed, potential update of posi+1(U ). At partial dedu
tion time, theatoms A;B and C are in general not fully known. If we want to obtaine�e
tive spe
ialisation, it is vital that the information we do possess aboutC (and B) is propagated \through" uni�
ation towards A. If this know-ledge is not 
arried along no substantial 
ompilation will o

ur and it willbe impossible to obtain eÆ
ient spe
ialised update pro
edures.In other words, we are interested in deriving properties of the resultRes of 
al
ulating unify(A,B,S),apply(H,S,Res). In a 
on
rete examplewe might have A = status(X,student,Age), B = status(ID,E,A), H =
ategory(ID,E) and we would like to derive that the resulting term Resmust be an instan
e of 
ategory(ID',student). It turns out that, whenusing an expli
it uni�
ation algorithm, the substitutions have a mu
h more
omplex stru
ture than e.g. the intermediate list of the append -last Exam-ple 13.2.4. Therefore 
urrent abstra
t interpretation systems, as well as
urrent partial dedu
tion methods alone, fail to derive the desired informa-tion.This problem was solved in [177℄ via a new implementation of the groundrepresentation 
ombined with a 
ustom spe
ialisation te
hnique. Fortu-nately Algorithm 13.4.5 
an solve this information propagation problemin a more general and sometimes more pre
ise manner and therefore 
on-tribute to improved spe
ialisation of the ground representation as well asto produ
e highly spe
ialised and eÆ
ient pre-
ompiled integrity 
he
ks.Some experiments, 
ondu
ted with a prototype implementation of Al-gorithm 13.4.5 based on the e

e system (
f. Chapters 6 and 12), are sum-marised in Table 13.2. The uni�
ation algorithm of Appendix H.2 has beenused, whi
h en
odes variables as var(VarIndex) and predi
ates/fun
torsas stru
t(p,Args). Noti
e that all the examples were su

essfully solvedby the prototype.10 The main ingredient of the su

ess lay with proving10Noti
e that for the fourth example it would be in
orre
t to derive Res =
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tionality of get binding.Also note that the information propagations of Table 13.2 
ould neitherbe solved by regular approximations [102℄, nor by the abstra
t interpreta-tion method of [191, 192℄ alone, nor by set-based analysis [118℄ nor evenby 
urrent implementations of the type graphs of [134℄. In summary, Algo-rithm 13.4.5 also provides for a powerful abstra
t interpretation s
heme aswell as a full repla
ement of the 
ustom spe
ialisation te
hnique in [177℄.11unify(A,B,S),apply(H,S,Res)A B H Resstru
t(p,[var(1),X℄) stru
t(p,[stru
t(a,[ ℄),Y℄) var(1) stru
t(a,[ ℄)stru
t(p,[X,var(1)℄) stru
t(p,[Y,stru
t(a,[ ℄)℄) var(1) stru
t(a,[ ℄)stru
t(p,[X,X℄) stru
t(p,[stru
t(a,[ ℄),Y℄) X stru
t(a,[ ℄)stru
t(F,[var(I)℄) X X stru
t(F,[A℄)stru
t(p,[X,var(1),X'℄) stru
t(p,[Y,stru
t(a,[ ℄),Y'℄) var(1) stru
t(a,[ ℄)Table 13.2: Spe
ialising the ground representationWe 
on
lude this se
tion by brie
y mentioning another potential bene-�t of the improved spe
ialisation of the ground representation, namely toperform the �rst spe
ialiser proje
tion as de�ned in [108℄. Indeed, whereasthe �rst Futamura proje
tion spe
ialises a meta-interpreter for a knownmeta-program but unknown obje
t level parameters, the �rst spe
ialiserproje
tion spe
ialises a meta-interpreter for a known meta-program andpartially known obje
t level parameters. Therefore, propagating the par-tial knowledge one possesses at the obje
t level seems to be vital for thisproje
tion and Algorithm 13.4.5 might thus 
ontribute to make the �rstspe
ialiser proje
tion feasible for meta-interpreters written in the groundrepresentation.13.6 Dis
ussionThe approa
h presented in this 
hapter 
an be seen as a pra
ti
al realisationof a 
ombined ba
kwards and forwards analysis as outlined in [57℄, but usingthe sophisti
ated 
ontrol te
hniques of (
onjun
tive) partial dedu
tion toguide the analysis. Of 
ourse, in addition to analysis, our approa
h also
onstru
ts a spe
ialised, more eÆ
ient program.stru
t(F,[var(I)℄). For example, if we have that B = X = stru
t(f,stru
t(a,[ ℄)) thenRes = X = stru
t(f,stru
t(a,[ ℄)).11It is sometimes even able to provide better results be
ause it 
an handle stru
tureswith unknown fun
tors or unknown number of arguments with no loss of pre
ision.



316 CHAPTER 13. HOW TO BE MORE SPECIFICThe method of [191, 192℄ is not dire
tly based on the TP operator, butuses an operator on goal tuples whi
h 
an handle 
onjun
tions and whi
his suÆ
iently pre
ise if deforestation 
an be obtained by 1-step unfoldingwithout abstra
tion. For a lot of pra
ti
al examples this will of 
ourse notbe the 
ase. Also, apart from a simple pragmati
 approa
h, no way to ob-tain these 
onjun
tions is provided (this is exa
tly one of the things whi
h
onjun
tive partial dedu
tion 
an do). We also already mentioned a draw-ba
k in the 
al
ulation of re�nements, whi
h makes [191, 192℄ unsuitableto e.g. derive fun
tionality of get binding or mul .In Algorithm 13.4.5 a 
on
i
t between eÆ
ien
y and pre
ision mightarise. Indeed, as we have seen in Chapter 12, some deforestation 
an onlybe obtained at the 
ost of possible slowdowns. But Algorithm 13.4.5 
anbe easily extended to allow di�erent trees for the same 
onjun
tion (e.g.use determinate unfolding for eÆ
ient 
ode and a more liberal unfoldingfor a pre
ise analysis). A similar point was raised in Se
tion 5.4.1 for thee
ologi
al partial dedu
tion algorithm.When using the uni�
ation algorithm from Appendix H.1, instead of theone in Appendix H.2, Algorithm 13.4.5 
annot yet handle all the examplesof Table 13.2. The reason is that the substitutions in Appendix H.1 area
tually a

umulating parameters whi
h are �rst fully generated before they
an be 
onsumed! Deforestation of a

umulators is still an open resear
hproblem (for fun
tional languages, �rst, not yet automati
, approa
hes 
anbe found in [275℄, see also [163℄ for a dis
ussion of a

umulators in the
ontext of partial evaluation). Let us adapt Example 13.2.4 into the reverse-last example:Example 13.6.1 (reverse-last)rev last(L;X ) reverse(L; [a℄;R); last(R;X )reverse([ ℄;L;L) reverse([H jT ℄;A

;Res) reverse(T ; [H jA

℄;Res)last([X ℄;X ) last([H jT ℄;X ) last(T ;X )In the above program reverse is written using an a

umulating pa-rameter, and in that 
ase neither 
onjun
tive partial dedu
tion nor anyunfold/fold method we know of 
an deforest the intermediate variable R.Unfolding the goal reverse(L; [a℄;R), last(R;X ) is depi
ted in Figure 13.4.Noti
e that no matter how we unfold we 
annot obtain a re
ursive def-inition. Conjun
tive partial dedu
tion would dete
t the growing of thea

umulator and produ
e the abstra
tion reverse(L;A;R), last(R;X ). Un-folding 
an now produ
e a re
ursive de�nition, as 
an be seen in Figure 13.5.However, the partial input a has been abstra
ted away, and we are not ableto dedu
e that X = a.



13.6. DISCUSSION 317������ HHHHHj? .... reverse(L; [a ℄;R); last(R;X ) last([a ℄;X )  reverse(L0; [H ; a ℄;R); last(R;X )fL=[HjL0 ℄g2 fX=agFigure 13.4: Unfolding of Example 13.6.1������ HHHHHj � reverse(L;A;R); last(R;X ) last(A;X )  reverse(L0 ; [H jA℄;R); last(R;X )fL=[HjL0 ℄gFigure 13.5: Unfolding of a generalisation of Example 13.6.1On the other hand, if we use the naive reverse predi
ate without ana

umulator, de�ned by:nrev([ ℄; [ ℄) nrev([H jT ℄;Res) nrev(T ;TR); append(TR; [H ℄;Res)then, after unfolding nrev ([ajL℄;R), last(R;X ) on
e, we obtain the 
on-jun
tion nrev (L;TR), append (TR; [a℄;R), last(R;X ). We are now in thesituation of the append -last Example 13.2.4 and X = a 
an be easily ob-tained via Algorithm 13.4.5.In future work we want to explore solutions to the reverse-last prob-lem, based on adding 
onstraints to Algorithm 13.4.5 (in the similar wayto 
onstrained partial dedu
tion [172℄, brie
y dis
ussed in Se
tion 5.4.2).These 
onstraints might provide an a

urate des
ription of the growth ofthe a

umulator and allow generalisation without loosing the informationthat X = a. Similar re�nments of extended OLDT [33℄ might also yieldsatisfa
tory solutions.



318 CHAPTER 13. HOW TO BE MORE SPECIFICIn 
on
lusion, in this 
hapter we have illustrated limitations of both par-tial dedu
tion and abstra
t interpretation on their own. We have arguedfor a tighter integration of these methods and presented a re�ned algo-rithm, interleaving a least �xpoint 
onstru
tion with 
onjun
tive partialdedu
tion. The pra
ti
al relevan
e of this approa
h has been illustrated byseveral examples and we have shown its usefulness in proving fun
tionality.Finally, a prototype implementation of the algorithm was able to a
hievesophisti
ated spe
ialisation and analysis for meta-interpreters written inthe ground representation, outside the rea
h of 
urrent spe
ialisation orabstra
t interpretation te
hniques.



Chapter 14Con
lusion and OutlookThe overall motivation of this thesis has been to promote (logi
) programspe
ialisation as a viable, automati
 tool for software development andoptimisation. The pursuit of this goal has taken on di�erent forms, re
e
tedin the division of the thesis into several parts.� Part II investigated the problemati
 question of when is it sensible togenerate di�erent spe
ialised versions for a parti
ular predi
ate andwhen is it sensible to perform abstra
tion instead. For this re
ur-ring, diÆ
ult problem, termed the 
ontrol of polyvarian
e problem,we presented the advantages of 
hara
teristi
 trees over a purely syn-ta
ti
 approa
h. We thereafter illustrated and solved the problemswith existing approa
hes in terms of pre
ision and termination. Aframework, 
alled e
ologi
al partial dedu
tion, was developed whose
orre
tness was formally proven. Termination was established as well,albeit at the expense of a depth bound on 
hara
teristi
 trees. Chap-ter 6 attended to the intri
ate problem of getting rid of this ad-ho
depth bound while keeping the termination and pre
ision properties.A 
on
rete algorithm has been developed, whose 
orre
tness and ter-mination have been proven. An implementation was used to 
on-du
t extensive experiments and validate the pra
ti
al usefulness ofthe method.Outlook: The 
ontrol of polyvarian
e problem o

urs in di�erentdisguises in many areas of program analysis, manipulation and op-timisation. Similarly, depth bounds have to be imposed on a lot ofthese te
hniques to ensure termination. This is for instan
e the 
asefor neighbourhoods in super
ompilation. It is therefore our hope thatour te
hniques 
an be adapted for other (de
larative) programming319



320 CHAPTER 14. CONCLUSION AND OUTLOOKparadigms and that they might prove equally useful in the 
ontext ofe.g. abstra
t interpretation systems or optimising 
ompilers.� Self-appli
ation is a very elegant 
on
ept with many appli
ations. Itallows e.g. to automati
ally build 
ompilers and 
ompiler generatorsfrom interpreters. In theory all one needs is a spe
ialiser whi
h isable to optimise itself. Despite its promises however, self-appli
ationhas up to now not been very su

essful for logi
 programming lan-guages. In Part III we over
ame that situation, using the so 
alled\
ogen approa
h": instead of writing a self-appli
able spe
ialiser wesimply wrote the 
ompiler generator dire
tly. In that way one gets thebene�ts of self-appli
ation without having to devise a self-appli
ablespe
ialiser. In the 
ontext of logi
 programming this has, for instan
e,the advantage that the non-ground representation 
an be used. Thisresulted in a very eÆ
ient 
ompiler generator whi
h in turn produ
edvery eÆ
ient 
ompilers whi
h, for some appli
ations at least, performvery good optimisation.Outlook: The methods developed in Part III should be valuablewhenever the speed of spe
ialisation is of primary 
on
ern, for in-stan
e when the program to be spe
ialised is frequently adapted.Also, run-time spe
ialisation has re
ently attra
ted a lot of atten-tion, and our approa
h might prove to be very useful and eÆ
ient inthat 
ontext too.� Part IV des
ribed a \su

ess story" of program spe
ialisation, ofwhi
h there are not yet many in the 
ontext of logi
 programming.The 
entral idea was to optimise integrity 
he
king upon updatesin dedu
tive databases by program spe
ialisation. To that end theintegrity 
he
king pro
edure was written as a meta-program whi
hwas then spe
ialised for 
ertain transa
tion patterns. We were ableto automati
ally obtain very eÆ
ient spe
ialised update pro
edures,exe
uting up to 2 orders of magnitude faster than the unspe
ialised
he
ker as well as substantially faster than other integrity 
he
kingpro
edures proposed in the literature.Outlook: Apart from being an example of the systemati
 use of apartial evaluator as a programming tool, the approa
h in this part ofthe thesis opens other possibilities by itself. Indeed, integrity 
he
k-ing is important for abdu
tive and indu
tive logi
 programs as well.Using the des
ribed te
hniques one might thus automati
ally generatespe
ialised update pro
edures for abdu
ible (or indu
ible) predi
ates,hopefully leading to similar improvements in performan
e.



321� In Part V we su

eeded in augmenting the power of partial dedu
tion.Indeed, partial dedu
tion was heretofore in
apable of performing 
er-tain useful unfold/fold transformations, like tupling or deforestation.We developed the framework of 
onjun
tive partial dedu
tion whi
h,by spe
ialising 
onjun
tions instead of individual atoms, is able toa

ommodate these optimisations. We have presented 
on
rete algo-rithms and showed that a lot of the te
hniques developed for \
lassi-
al" partial dedu
tion 
arry over to the 
ontext of 
onjun
tive partialdedu
tion. An implementation was used to perform extensive exper-iments on a large and 
hallenging set of ben
hmarks. Although some
ontrol problems remain, we were able to demonstrate the pra
ti
alviability and potential of 
onjun
tive partial dedu
tion.So we were able to 
onsolidate partial dedu
tion with unfold/foldprogram transformation, in
orporating the power of the latter whilekeeping the automati
 
ontrol and eÆ
ien
y 
onsiderations of theformer.Outlook: Deforestation and tupling like transformation are usefuleven in the absen
e of partial input. This warrants the integration ofour te
hniques into a 
ompiler, as their systemati
 use might proveto be highly bene�
ial and allow users to more easily de
ompose and
ombine pro
edures and programs without having to worry about theensuing ineÆ
ien
ies of intermediate data stru
tures.� Partial dedu
tion, as well as 
onjun
tive partial dedu
tion, 
on
en-trate on a top-down propagation of information. Almost no infor-mation is propagated upwards. Abstra
t interpretation, on the otherhand, only has (if at all) top-down propagation of information whi
his limited in several important aspe
ts, and usually propagates infor-mation in a bottom-up manner. In Part VI we illustrate that thisunne
essarily limits the power of both these program manipulationmethods and that a 
ombination of these te
hniques might thereforebe extremely useful in pra
ti
e. We instantiate that 
laim by develop-ing a �ne-grained algorithm, whi
h interleaves top-down (
onjun
tive)partial dedu
tion steps with bottom-up abstra
t interpretation steps,and by showing that the algorithm is able to obtain spe
ialisation andanalysis outside the rea
h of either method alone.To put this thesis in a larger perspe
tive, I feel that the time has 
ometo lift program spe
ialisation towards more widespread pra
ti
al use and re-alise its potential as a tool for systemati
 program development. I hope thatthis thesis has 
ontributed in that dire
tion, by providing sound theoreti
alunderpinnings for a wide variety of spe
ialisation tasks, 
omplemented with
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on
rete algorithms and methods whose pra
ti
al signi�
an
e was gaugedby empiri
al evaluations.This endeavour goes hand in hand with making the promises of de
lar-ative programming languages 
ome true in pra
ti
e. Indeed, most programspe
ialisation and analysis methods 
ourish in the 
ontext of de
larativeprogramming languages and they 
an in turn help de
larative programminglanguages to be
ome a platform for the development of reliable, 
orre
t andeÆ
ient programs. The ful�lment of these goals will require pra
ti
al work,e.g. in the form of programming environments whi
h allow the user to takeadvantage of the analysis and spe
ialisation methods, as well as theoreti-
al work, e.g. providing a 
lear methodology for 
onstru
ting 
orre
t andreliable programs.



Appendix ANotations for Some Basi
Mathemati
al Constru
tsIn this appendix we present some notations and de�nitions whi
h we donot expli
itly re
all in the thesis.Following standard 
onventions we use i� to denote \if and only if" andwrt to denote \ with respe
t to". In this se
tion we present notations forelementary mathemati
s that will be used throughout the thesis.A.1 Sets and relationsSets 
an be represented by enumeration, like e.g. fa; b; 
g, or by a des
rip-tion like fi j i 2 IN ^ i > 2g. The latter set 
an also be denoted by thein�nite enumeration f2; 3; : : :g.We denote by #(S) the 
ardinality of a set. The di�eren
e of twosets S1 and S2 will be denoted by S1 n S2. The 
artesian produ
t of twosets A and B will be denoted by A � B. For instan
e, f1; 2g � f3; 4g= f(1; 3); (1; 4); (2;3); (2; 4)g. The powerset over some domain D will bedenoted by 2D.The following 
lass of mappings from sets to sets often arises:De�nition A.1.1 A mapping h : 2A 7! 2B is a homomorphism i� h(;) = ;and h(S [ S0) = h(S) [ h(S0).De�nition A.1.2 Given a fun
tion f : A 7! B the natural extension of fto sets, f� : 2A 7! 2B , is de�ned by f�(S) = ff(s) j s 2 Sg.Similarly, given a fun
tion f : A 7! 2B we also de�ne the fun
tion f[ :2A 7! 2B , by f[(S) = [s2Sf(s). 323



324 APPENDIX A. NOTATIONSIt 
an be easily seen that both f� and f[ are homomorphisms.Given some domain/set D, we denote by Dn the following 
artesianprodu
t: D � : : :�D| {z }n . We will denote elements of Dn by (d1; : : : ; dn) in-stead of the more 
umbersome (d1; (d2; : : : ; dn) : : :).An n-ary tuple over some domain D is an element of Dn while an n-aryrelation is a subset of Dn.M(A) denotes all multisets 
omposed of elements of a set A.A.2 Sequen
esWe allow two notations for sequen
es of elements and their 
on
atenation.One is the standard notation used in formal language theory [1, 128℄:ab
 stands for the sequen
e of the 3 elements a, b and 
. The 
on
atenationof two sequen
es � and � is represented by ��.However, as this notation 
an be in
onvenient and 
onfusing in pla
es,we will usually prefer the notation ha; b; 
i for sequen
es. On some o

asionswe also use � ℄ � for the 
on
atenation of sequen
es.The empty sequen
e will be denoted by either � or hi.A.3 Graphs and treesDe�nition A.3.1 A graph is a 
ouple G = (N;A) 
onsisting of a set ofnodes N and a set of ar
s A 2 N�N . If (a; b) 2 A we denote this by a! band say that a is a prede
essor of b (in G) and b is a su

essor of a (in G).De�nition A.3.2 A tree T is a graph su
h that� there is one node without prede
essor, 
alled the root of T , and� every node ex
ept the root has exa
tly one prede
essor.A node without su

essor will be 
alled a leaf. A su

essor node s ofa node n in a tree is 
alled a 
hild of n while n is 
alled the parent of s.Trees and graphs 
an be labelled, i.e. we have a labelling fun
tion l whi
hmaps nodes and/or ar
s to a domain of labels L. Sometimes the 
hildrenof nodes are also ordered, and we then talk about ordered trees and graphs.



Appendix BCounterexampleIn this appendix we present a 
ounterexample to Lemma 4.11 on page 326of [100℄. Note that the de�nitions and notations di�er from the ones in[97℄ and from the ones adopted in our thesis (for instan
e what is 
alled a
hpath in [100℄ 
orresponds more 
losely to the 
on
ept of a 
hara
teristi
tree than to the notion of a 
hara
teristi
 path).We take the following program P (similar to Example 4.3.3, the a
tualde�nitions of r(X) and s(X) are of no importan
e):(
1) p(X)  q(X)(
2) p(
) (
3) q(X)  r(X)(
4) q(X)  s(X)(
5) r(X)  : : :(
6) s(X)  : : :Now let the atom A be p(b). Then a

ording to De�nition 4.5 of [100℄we have that 
hpath(A) = (h
1i; f
3; 
4g). A

ording to de�nition 4.10 of[100℄ we obtain: 
hpaths(A) = fh
1; 
3i; h
1; 
4ig.The most general resultants (De�nition 4.6 of [100℄) of the paths in
hpaths(A) are fp(Z) r(Z); p(Z) s(Z)g.By De�nition 4.10 of [100℄ we obtain the 
hara
teristi
 
all of A:
h
all(A) = msgfp(Z); p(Z)g = p(Z)In Lemma4.11 of [100℄ it is 
laimed that 
hpath(
h
all(A)) = 
hpath(A)and that 
hpath(msgfA; 
h
all(A)g) = 
hpath(A). As msgfA; 
h
all(A)gis more general thanA this 
orresponds to asserting thatmsgfA; 
h
all(A)gabstra
ts A while preserving the 
hara
teristi
 path stru
ture. However inour example we have that: 325



326 APPENDIX B. COUNTEREXAMPLE
hpath(
h
all(A)) = 
hpath(msgfA; 
h
all(A)g) = 
hpath(p(Z)) =(hi; f
1; 
2g) 6= 
hpath(A) and thus Lemma 4.11 is false.



Appendix CBen
hmark ProgramsThe ben
hmark programs were 
arefully sele
ted and/or designed in su
ha way that they 
over a wide range of di�erent appli
ation areas, in-
luding: pattern mat
hing, databases, expert systems, meta-interpreters(non-ground vanilla, mixed, ground), and more involved parti
ular ones:a model-elimination theorem prover, the missionaries-
annibals problem, ameta-interpreter for a simple imperative language. The ben
hmarks markedwith a star (�) 
an be fully unfolded. The size of the 
ompiled 
ode (underProlog by BIM 4.0.12) is given in parentheses. Full des
riptions 
an befound in [170℄.advisor� (6810 bytes)A very simple expert system whi
h 
an be fully unfolded. A ben
h-mark by Thomas Horv�ath [129℄.applast (1077 bytes)The append � last program of Chapter 13. In order to obtain anoptimal solution deforestation has to be 
ombined with a bottom-upinferen
e of su

ess-information.
ontains.kmp (2570 bytes)A ben
hmark based on the \
ontains" Lam & Kusalik ben
hmark[159℄, but with improved run-time queries. The program is a ratherinvolved, but still ineÆ
ient (be
ause highly non-deterministi
), pat-tern mat
her.depth.lam� (4415 bytes)A simple meta-interpreter whi
h keeps tra
k of the maximum lengthof refutations. It has to be spe
ialised for a simple, fully unfoldableobje
t program. A Lam & Kusalik ben
hmark [159℄.327



328 APPENDIX C. BENCHMARK PROGRAMSdoubleapp (653 bytes)The double append example (see Chapters 10 and 11) in whi
h threelists are appended by reusing the ordinary append program. Testswhether deforestation 
an be done.ex depth (4741 bytes)A variation of depth:lam with a more sophisti
ated obje
t program(whi
h 
annot be fully unfolded).
ip (1057 bytes)A simple deforestation example from Wadler [281℄ in whi
h a tree is
ipped twi
e. The goal is to obtain a program whi
h just 
opies thetree.grammar.lam (9490 bytes)A DCG (De�nite Clause Grammar) parser whi
h has to be spe
ialisedfor a parti
ular grammar. It is one of the Lam & Kusalik ben
hmarks[159℄.groundunify.
omplex (10106 bytes)The task 
onsists in spe
ialising an expli
it uni�
ation algorithmfor the ground representation. The full 
ode 
an be found in Ap-pendix H.1, where it is adapted from [67℄.groundunify.simple� (10106 bytes)The same uni�
ation algorithm as for groundunify.
omplex, but witha simpler spe
ialisation query.imperative.power (9368 bytes)An interpreter for a simple imperative language whi
h stores valuesof variables in an environment (see Se
tion 13.3.1). It has to be spe-
ialised for a power sub-pro
edure, 
al
ulating BaseExp, for a knownexponent Exp and base Base but an unknown environment.liftsolve.app (5194 bytes)A meta-interpreter for the ground representation whi
h \lifts" theprogram to the non-ground representation for resolution. In Chap-ter 8 this is 
alled the mixed representation. A des
ription along withthe 
ode 
an be found in Se
tion 8.4.2. The goal is to spe
ialise thismeta-interpreter for append as the obje
t program.liftsolve.db1� (5194 bytes)The same meta-interpreter as liftsolve.app with a simple, fully un-foldable obje
t program.



329liftsolve.db2 (5194 bytes)Again the same meta-interpreter as liftsolve.app, but this time witha partially spe
i�ed obje
t program.liftsolve.lmkng (5194 bytes)The goal here 
onsists in spe
ialising part of the above \lifting" meta-interpreter. The spe
ialisation task is su
h that it may give rise to an1 number of 
hara
teristi
 trees.map.redu
e (2868 bytes)Spe
ialising the higher-order map/3 (using the built-ins 
all/1 and=../2, see Se
tion 2.3.3) for the higher-order redu
e/4 in turn appliedto add/3.map.rev (2868 bytes)Spe
ialising the higher-order map for the reverse program.mat
h-append (669 bytes)A very naive pattern mat
her, written using 2 appends. Same queriesas mat
h.kmp. A similar mat
her has re
ently been used in [224, 225℄.mat
h.kmp (975 bytes)A semi-naive pattern mat
her; the goal is to obtain a Knuth-Morris-Pratt (KMP) [148℄ pattern mat
her by spe
ialisation for the pattern\aab". The ben
hmark is based on the \mat
h" Lam & Kusalikben
hmark [159℄, but uses improved run-time queries (in order todete
t whether a KMP-like mat
her has been obtained).maxlength (1632 bytes)A program whi
h 
al
ulates the maximumelement and the length of alist by 
alling two separate predi
ates max and length (and therebytraversing the list twi
e). The goal is to obtain a program whi
htraverses this list only on
e (i.e. the ben
hmark tests whether tupling
an be done).memo-solve (5251 bytes)A variation of ex depth with a simple loop prevention me
hanismbased on keeping a 
all sta
k.missionaries (9221 bytes)A program for the missionaries and 
annibals problem.model elim.app (7948 bytes)Spe
ialise the Poole & Goebel [226℄ model elimination prover (alsoused by de Waal & Gallagher [68℄) for the append program as theobje
t level theory.



330 APPENDIX C. BENCHMARK PROGRAMSregexp.r1 (1489 bytes)A naive regular expression mat
her whi
h has to be spe
ialised forthe regular expression (a+b)*aab.regexp.r2 (1489 bytes)Same program as regexp.r1 for ((a+b)(
+d)(e+f)(g+h))*.regexp.r3 (1489 bytes)Same program as regexp.r1 and regexp.r2 for the regular expression((a+b)(a+b)(a+b)(a+b)(a+b)(a+b))*.relative.lam� (3056 bytes)A Lam & Kusalik ben
hmark [159℄ 
onsisting of a fully unfoldablefamily database.remove (1506 bytes)A sophisti
ated deforestation example.remove2 (1644 bytes)An even more sophisti
ated deforestation example. Adapted fromTur
hin [274℄.rev a

 type (828 bytes)The ben
hmark program 
onsists of the \reverse with a

umulatingparameter" program to whi
h type 
he
king on the a

umulator hasbeen added. Without abstra
tion, the ben
hmark will give rise to an1 number of di�erent 
hara
teristi
 trees. See Chapter 6 for details(and the 
ode).rev a

 type.in�ail (828 bytes)The same ben
hmark program as rev a

 type, but this time the spe-
ialisation task will give rise to in�nite determinate failure at partialdedu
tion time.rotateprune (2958 bytes)A more sophisti
ated deforestation example from [231℄. The programrotates and prunes a binary tree by 
alling two distin
t predi
atesrotate(Tree;RTree) and prune(RTree;PRTree). The goal is to defor-est the unne
essary intermediate tree RTree.ssuply.lam� (8335 bytes)A Lam & Kusalik ben
hmark [159℄.transpose.lam� (1599 bytes)A Lam & Kusalik ben
hmark program [159℄ for transposing matri
es.Also in [97℄.



331upto.sum1 (3966 bytes)Cal
ulates the squares for 1 up to n and then sums them up. Thespe
ialisation goal is to get rid (i.e. deforest) of the intermediate listof squares. Adapted from Wadler [281℄.upto.sum2 (3966 bytes)Cal
ulates the square of integers in nodes of a tree and sums theseup. The goal is again to deforest the intermediate list of squares.Adapted from Wadler [281℄.
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Appendix DExtending the CogenIt is straightforward to extend the 
ogen to handle primitives, i.e. built-ins(=/2, not/1, =../2, 
all/1,...) or externally de�ned user predi
ates. The
ode of these predi
ates will not be available and therefore no predi
ates tounfold them 
an be generated. The generating extension 
an either 
ontain
ode that 
ompletely evaluates 
alls to primitives, in whi
h 
ase the 
allwill then be marked redu
ible, or 
ode that produ
es residual 
alls to su
hpredi
ates, in whi
h 
ase the 
all is marked non-redu
ible. So we extendthe transformation of De�nition 7.3.1 with the following two rules:3. Si = Ai and Ri = [℄ if Ai is a redu
ible built-in4. Si = true and Ri = Ai if Ai is a non-redu
ible built-inAs a last example of how to extend the method we will show how tohandle the Prolog version of the 
onditional: Aif ! Athen;Aelse. Forthis we will introdu
e the notation GR where G = A1; :::; Ak to mean thefollowing: GR = S1; :::;Skwhere Si;Ri are de�ned as in De�nition 7.3.1 and R = [R1; :::;Rk℄ (i.e. thisallows us perform the transformations re
ursively on the sub-
omponentsof a 
onditional).If the test of a 
onditional is marked as redu
ible then the generatingextension will simply 
ontain a 
onditional with the test un
hanged andwhere the two \bran
hes" 
ontain 
ode for unfolding the two bran
hes(similar to the body of a fun
tion indexed by \u"), i.e. De�nition 7.3.1 isextended with the following rule: 333



334 APPENDIX D. EXTENDING THE COGEN5. Si = (G1 ! (GR2 ; eq(Ri;R)) ; (GR03 ; eq(Ri;R0))) and Ri is a freshvariable, if Ai = (G1 ! G2 ;G3) is redu
ible.If the test goal of the 
onditional is non-redu
ible then we assume thatthe three subgoals are either a 
all to a non-redu
ible predi
ate, a 
all toa non-redu
ible (dynami
) primitive or another dynami
 
onditional. Thisrestri
tion is not severe, sin
e if a program 
ontains 
onditionals that get
lassi�ed as dynami
 by the BTA and these 
ontain arbitrary subgoals thenthe program may by a simple sour
e language transformation be trans-formed into a program whi
h satis�es the restri
tion. De�nition 7.3.1 isextended with the following rule:6. Si = (A01; A02; A03)[R;R0;R00℄ and Ri = (R ! R0;R00), if Ai = (A01 !A02;A03) is non-redu
ible.where A01, A02 and A03 are goals that satisfy the restri
tion above. Thisrestri
tion ensures that the three goals fA0i j i = 1; 2; 3g 
ompute theirresidual 
ode independently of ea
h other and the residual 
ode for the
onditional is then a 
onditional 
omposed from this 
ode.



Appendix EA Prolog Cogen: Sour
eCodeThis appendix 
ontains the listing of the main part of the Prolog 
ogenpresented in Chapter 7 (and 
alled logen) ./* ----------- *//* C O G E N *//* ----------- *//* the file .ann 
ontains:ann_
lause(Head,Body),delta(Call,Stati
Vars,Dynami
Vars),residual(P) */
ogen :-findall(C,predi
ate(C),Clauses1),findall(C,
lause(C),Clauses2),pp(Clauses1),pp(Clauses2).flush_
ogen :-print_header,flush_pp.predi
ate(
lause(Head,[if([find_pattern(Call,V)℄,[true℄,[insert_pattern(GCall,H),findall(NClause,(RCall,treat_
lause(H,Body,NClause)),335



336 APPENDIX E. A PROLOG COGEN: SOURCE CODENClauses),pp(NClauses),find_pattern(Call,V)℄)℄)) :-generalise(Call,GCall),add_extra_argument("_u",GCall,Body,RCall),add_extra_argument("_m",Call,V,Head).
lause(
lause(ResCall,ResBody)) :-ann_
lause(Call,Body),add_extra_argument("_u",Call,Vars,ResCall),bodys(Body,ResBody,Vars).bodys([℄,[℄,[℄).bodys([G|GS℄,GRes,VRes) :-body(G,G1,V),filter_
ons(G1,GS1,GRes,true),filter_
ons(V,VS,VRes,[℄),bodys(GS,GS1,VS).filter_
ons(H,T,HT,FVal) :-((nonvar(H),H = FVal) -> (HT = T) ; (HT = [H|T℄)).body(unfold(Call),ResCall,V) :-add_extra_argument("_u",Call,V,ResCall).body(memo(Call),true,memo(Call)).body(
all(Call),Call,[℄).body(res
all(Call),true,res
all(Call)).body(if(G1,G2,G3), /* Stati
 if: */if(RG1,[RG2,(V=VS2)℄,[RG3,(V=VS3)℄),V) :-bodys(G1,RG1,VS1),bodys(G2,RG2,VS2),bodys(G3,RG3,VS3).body(resif(G1,G2,G3), /* Dynami
 if: */[RG1,RG2,RG3℄,if(VS1,VS2,VS3)) :-body(G1,RG1,VS1),body(G2,RG2,VS2),body(G3,RG3,VS3).generalise(Call,GCall) :-delta(Call,STerms,_),Call =.. [Pred|_℄,delta(GCall,STerms,_),GCall =.. [Pred|_℄.



337add_extra_argument(T,Call,V,ResCall) :-Call =.. [Pred|Args℄,res_name(T,Pred,ResPred),append(Args,[V℄,NewArgs),ResCall =.. [ResPred|NewArgs℄.res_name(T,Pred,ResPred) :-name(PE_Sep,T),string_
on
atenate(Pred,PE_Sep,ResPred).print_header :-print('/'),print('* -------------------- *'),print('/'),nl,print('/'),print('* GENERATING EXTENSION *'),print('/'),nl,print('/'),print('* -------------------- *'),print('/'),nl,print(':'),print('- re
onsult(memo).'),nl,print(':'),print('- re
onsult(pp).'),nl,(stati
_
onsult(List) -> pp_
onsults(List) ; true),nl.
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Appendix FA Prolog Cogen: SomeExamplesF.1 The parser exampleThe original program is as follows:/* file: parser.pro */nont(X,T,R) :- t(a,T,V),nont(X,V,R1).nont(X,T,R) :- t(X,T,R).t(X,[X|Es℄,Es).The annotated program looks like:/* file: parser.ann */delta(nont(X,T,R),[X℄,[T,R℄).residual(nont(_,_,_)).ann_
lause(nont(X,T,R),[unfold(t(a,T,V)),memo(nont(X,V,R))℄).ann_
lause(nont(X,T,R),[unfold(t(X,T,R))℄).ann_
lause(t(X,[X|Es℄,Es),[℄).This supplies logen with all the ne
essary information about the parserprogram, this is, the 
ode of the program (with annotations) and the result339



340 APPENDIX F. A PROLOG COGEN: SOME EXAMPLESof the binding-time analysis. The predi
ate delta implements the divisionfor the program and the predi
ate residual represents the set L in thefollowing way. If residual(A) su

eeds for a 
all A then the predi
atesymbol p of A is in Pred(P )nL and p is therefore one of the predi
ates forwhi
h a m-predi
ate is going to be generated. The annotations unfold andmemo is used by logen to determine whether or not to unfold a 
all.The generating extension produ
ed by the logen system for the annotationnont(s; d; d) is:/* file: parser.gx *//* -------------------- *//* GENERATING EXTENSION *//* -------------------- */:- re
onsult(memo).:- re
onsult(pp).nont_m(B,C,D,E) :-((find_pattern(nont(B,C,D),E)) -> (true) ; (insert_pattern(nont(B,F,G),H),findall(I, (','(nont_u(B,F,G,J),treat_
lause(H,J,I))),K),pp(K),find_pattern(nont(B,C,D),E))).ta_m(L,M,N,O) :-((find_pattern(ta(L,M,N),O)) -> (true) ; (insert_pattern(ta(L,P,Q),R),findall(S, (','(ta_u(L,P,Q,T),treat_
lause(R,T,S))),U),pp(U),find_pattern(ta(L,M,N),O))).nont_u(B,C,D,[E,memo(nont(B,F,D))℄) :- t_u(a,C,F,E).nont_u(G,H,I,[J℄) :- t_u(G,H,I,J).t_u(K,[K|L℄,L,[℄).Running the generating extension for



F.2. THE SOLVE EXAMPLE 341nont(
,T,R)yields the following residual program:nont__0([a|B℄,C) :-nont__0(B,C).nont__0([
|D℄,D).F.2 The solve exampleThe original program is as follows:/* file: solve.pro */go(Prog,Atom) :- solve(Prog,[Atom℄).solve(Prog,[℄).solve(Prog,[H|T℄) :-non_ground_member(stru
t(
lause,[H|Body℄),Prog),solve(Prog,Body),solve(Prog,T).non_ground_member(NgX,[GrH|GrT℄) :-make_non_ground(GrH,NgX).non_ground_member(NgX,[GrH|GrT℄) :-non_ground_member(NgX,GrT).make_non_ground(G,NG) :- mng(G,NG,[℄,Sub).mng(var(N),X,[℄,[sub(N,X)℄).mng(var(N),X,[sub(N,X)|T℄,[sub(N,X)|T℄).mng(var(N),X,[sub(M,Y)|T℄,[sub(M,Y)|T1℄) :-not(N=M),mng(var(N),X,T,T1).mng(stru
t(F,Args),stru
t(F,IArgs),InSub,OutSub) :-l_mng(Args,IArgs,InSub,OutSub).l_mng([℄,[℄,Sub,Sub).l_mng([H|T℄,[IH|IT℄,InSub,OutSub) :-mng(H,IH,InSub,IntSub),l_mng(T,IT,IntSub,OutSub).The annotated program looks like:/* file: solve.ann */



342 APPENDIX F. A PROLOG COGEN: SOME EXAMPLESdelta(go(P,A),[P℄,[A℄).delta(solve(P,Q),[P℄,[Q℄).residual(go(_,_)).residual(solve(_,_)).ann_
lause(go(Prog,A),[memo(solve(Prog,[A℄))℄).ann_
lause(solve(Prog,[℄),[℄).ann_
lause(solve(Prog,[H|T℄),[unfold(non_ground_member(stru
t(
lause,[H|Body℄),Prog)),memo(solve(Prog,Body)),memo(solve(Prog,T))℄).ann_
lause(non_ground_member(NgX,[GrH|GrT℄),[unfold(make_non_ground(GrH,NgX))℄).ann_
lause(non_ground_member(NgX,[GrH|GrT℄),[unfold(non_ground_member(NgX,GrT))℄).ann_
lause(make_non_ground(G,NG),[unfold(mng(G,NG,[℄,Sub))℄).ann_
lause(mng(var(N),X,[℄,[sub(N,X)℄),[℄).ann_
lause(mng(var(N),X,[sub(N,X)|T℄,[sub(N,X)|T℄),[℄).ann_
lause(mng(var(N),X,[sub(M,Y)|T℄,[sub(M,Y)|T1℄),[
all(not(N=M)),unfold(mng(var(N),X,T,T1))℄).ann_
lause(mng(stru
t(F,Args),stru
t(F,IArgs),InSub,OutSub),[unfold(l_mng(Args,IArgs,InSub,OutSub))℄).ann_
lause(l_mng([℄,[℄,Sub,Sub),[℄).ann_
lause(l_mng([H|T℄,[IH|IT℄,InSub,OutSub),[unfold(mng(H,IH,InSub,IntSub)),unfold(l_mng(T,IT,IntSub,OutSub))℄).The generating extension produ
ed by logen for the annotation go(s; d)is:/* file: solve.gx *//* -------------------- *//* GENERATING EXTENSION *//* -------------------- */:- re
onsult(memo).:- re
onsult(pp).



F.2. THE SOLVE EXAMPLE 343go_m(B,C,D) :-((find_pattern(go(B,C),D)) -> (true) ; (insert_pattern(go(B,E),F),findall(G, (','(go_u(B,E,H),treat_
lause(F,H,G))),I),pp(I),find_pattern(go(B,C),D))).solve_m(J,K,L) :-((find_pattern(solve(J,K),L)) -> (true) ; (insert_pattern(solve(J,M),N),findall(O, (','(solve_u(J,M,P),treat_
lause(N,P,O))),Q),pp(Q),find_pattern(solve(J,K),L))).go_u(B,C,[memo(solve(B,[C℄))℄).solve_u(D,[℄,[℄).solve_u(E,[F|G℄,[H,memo(solve(E,I)),memo(solve(E,G))℄) :-non_ground_member_u(stru
t(
lause,[F|I℄),E,H).non_ground_member_u(J,[K|L℄,[M℄) :-make_non_ground_u(K,J,M).non_ground_member_u(N,[O|P℄,[Q℄) :-non_ground_member_u(N,P,Q).make_non_ground_u(R,S,[T℄) :-mng_u(R,S,[℄,U,T).mng_u(var(V),W,[℄,[sub(V,W)℄,[℄).mng_u(var(X),Y,[sub(X,Y)|Z℄,[sub(X,Y)|Z℄,[℄).mng_u(var(A_1),B_1,[sub(C_1,D_1)|E_1℄,[sub(C_1,D_1)|F_1℄,[G_1℄) :-not((A_1) = (C_1)),mng_u(var(A_1),B_1,E_1,F_1,G_1).mng_u(stru
t(H_1,I_1),stru
t(H_1,J_1),K_1,L_1,[M_1℄) :-l_mng_u(I_1,J_1,K_1,L_1,M_1).l_mng_u([℄,[℄,N_1,N_1,[℄).l_mng_u([O_1|P_1℄,[Q_1|R_1℄,S_1,T_1,[U_1,V_1℄) :-mng_u(O_1,Q_1,S_1,W_1,U_1), l_mng_u(P_1,R_1,W_1,T_1,V_1).



344 APPENDIX F. A PROLOG COGEN: SOME EXAMPLESRunning the generating extension forgo([stru
t(
lause,[stru
t(q,[var(1)℄), stru
t(p,[var(1)℄)℄),stru
t(
lause,[stru
t(p,[stru
t(a,[℄)℄)℄)℄,G)yields the following residual program:solve__1([℄).solve__1([stru
t(q,[B℄)|C℄) :-solve__1([stru
t(p,[B℄)℄),solve__1(C).solve__1([stru
t(p,[stru
t(a,[℄)℄)|D℄) :-solve__1([℄),solve__1(D).go__0(B) :-solve__1([B℄).F.3 The regular expression example/* file: regexp.pro */:- ensure_
onsulted('regexp.
alls').dgenerate(RegExp,[℄) :-nullable(RegExp).dgenerate(RegExp,[C|T℄) :-first(RegExp,C2),dnext(RegExp,C2,NextRegExp),C2=C,dgenerate(NextRegExp,T).The annotated program looks like:stati
_
onsult(['regexp.
alls'℄).delta(dgenerate(RX,S),[RX℄,[S℄).residual(dgenerate(_,_)).ann_
lause(dgenerate(RegExp,[℄),[
all(nullable(RegExp))℄).ann_
lause(dgenerate(RegExp,[C|T℄),[
all(first(RegExp,C2)),
all(dnext(RegExp,C2,NextRegExp)),
all(C2=C),memo(dgenerate(NextRegExp,T))℄).



F.3. THE REGULAR EXPRESSION EXAMPLE 345The stati
 
onsult primitive tells logen that some auxiliary predi
atesare de�ned in the �le regexp.
alls. This will translate to a 
onsult beinginserted into the generating extension. The �le regexp.
alls 
ontains thede�nitions of first, dnext and nullable.For the annotation dgenerate(s; d) logen produ
es the following generat-ing extension:/* file: regexp.gx *//* -------------------- *//* GENERATING EXTENSION *//* -------------------- */:- re
onsult(memo).:- re
onsult(pp).:- 
onsult('regexp.
alls').dgenerate_m(B,C,D) :-((find_pattern(dgenerate(B,C),D)) -> (true) ; (insert_pattern(dgenerate(B,E),F),findall(G, (','(dgenerate_u(B,E,H),treat_
lause(F,H,G))),I),pp(I),find_pattern(dgenerate(B,C),D))).dgenerate_u(B,[℄,[℄) :- nullable(B).dgenerate_u(C,[D|E℄,[memo(dgenerate(F,E))℄) :-first(C,G),dnext(C,G,F),(G) = (D).Running the generating extension fordgenerate(
at(star(or(a,b)),
at(a,
at(a,b))),String)yields the following program 
orresponding to a deterministi
 automatonfor the regular expression (a+ b)�aab:dgenerate__3([℄).dgenerate__3([a|B℄) :-dgenerate__1(B).dgenerate__3([b|C℄) :-dgenerate__0(C).



346 APPENDIX F. A PROLOG COGEN: SOME EXAMPLESdgenerate__2([a|B℄) :-dgenerate__2(B).dgenerate__2([b|C℄) :-dgenerate__3(C).dgenerate__1([a|B℄) :-dgenerate__2(B).dgenerate__1([b|C℄) :-dgenerate__0(C).dgenerate__0([a|B℄) :-dgenerate__1(B).dgenerate__0([b|C℄) :-dgenerate__0(C).



Appendix GMeta-Interpreters andDatabases for IntegrityChe
kingG.1 The i
-solve meta-interpreterThis appendix 
ontains the full Prolog 
ode of a meta-interpreter perform-ing in
remental integrity 
he
king based upon Theorem 8.2.10. It is usedfor the experiments in Chapter 9.In order to make the experiments more realisti
, the fa
ts of the data-base are stored, via the fa
t/2 relation, in the Prolog 
lausal database.Updating the fa
ts | whi
h is of no relevan
e to the integrity 
he
kingphases | o

urs via the assert, retra
t or re
onsult primitives./* --------------------------------------------------- *//* normal_solve(GrXtraFa
ts,GrDelFa
ts,GrRules,NgGoal) *//* --------------------------------------------------- *//* This normal_solve makes no assumptions about the Fa
ts and the Rules.For instan
e the predi
ates defined in Rules 
an also be presentin Fa
ts and vi
e versa */normal_solve(GrXtraFa
ts,GrDelFa
ts,GrRules,[℄).normal_solve(GrXtraFa
ts,GrDelFa
ts,GrRules,[neg(NgG)|NgT℄) :-(normal_solve(GrXtraFa
ts,GrDelFa
ts,GrRules,[pos(NgG)℄)-> fail; (normal_solve(GrXtraFa
ts,GrDelFa
ts,GrRules,NgT))). 347



348 APPENDIX G. META-INTERPRETERS AND DATABASESnormal_solve(GrXtraFa
ts,GrDelFa
ts,GrRules,[pos(NgH)|NgT℄) :-db_fa
t_lookup(NgH),not(non_ground_member(NgH,GrDelFa
ts)),normal_solve(GrXtraFa
ts,GrDelFa
ts,GrRules,NgT).normal_solve(GrXtraFa
ts,GrDelFa
ts,GrRules,[pos(NgH)|NgT℄) :-non_ground_member(NgH,GrXtraFa
ts),normal_solve(GrXtraFa
ts,GrDelFa
ts,GrRules,NgT).normal_solve(GrXtraFa
ts,GrDelFa
ts,GrRules,[pos(NgH)|NgT℄) :-non_ground_member(term(
lause,[pos(NgH)|NgBody℄),GrRules),normal_solve(GrXtraFa
ts,GrDelFa
ts,GrRules,NgBody),normal_solve(GrXtraFa
ts,GrDelFa
ts,GrRules,NgT)./* ----------------------------- *//* INCREMENTAL IC CHECKER *//* ----------------------------- */in
remental_solve(GoalList,DB) :-verify_one_potentially_added(GoalList,DB),in
_resolve(GoalList,DB).in
_resolve([pos(NgH)|NgT℄,DB) :-DB = db(AddedFa
ts,DeletedFa
ts,ValidOldRules,AddedRules,DeletedRules),db_fa
t_lookup(NgH),not(non_ground_member(NgH,DeletedFa
ts)),in
remental_solve(NgT,DB).in
_resolve([pos(NgH)|NgT℄,DB) :-DB = db(AddedFa
ts,DeletedFa
ts,ValidOldRules,AddedRules,DeletedRules),non_ground_member(NgH,AddedFa
ts),/* print(found_added_fa
t(NgH)),nl, */append(AddedRules,ValidOldRules,NewRules),normal_solve(AddedFa
ts,DeletedFa
ts,NewRules,NgT).in
_resolve([pos(NgH)|NgT℄,DB) :-DB = db(AddedFa
ts,DeletedFa
ts,ValidOldRules,AddedRules,DeletedRules),non_ground_member(term(
lause,[pos(NgH)|NgBody℄),ValidOldRules),append(NgBody,NgT,NewGoal),in
remental_solve(NewGoal,DB).in
_resolve([pos(NgH)|NgT℄,DB) :-DB = db(AddedFa
ts,DeletedFa
ts,ValidOldRules,AddedRules,DeletedRules),non_ground_member(term(
lause,[pos(NgH)|NgBody℄),AddedRules),append(AddedRules,ValidOldRules,NewRules),normal_solve(AddedFa
ts,DeletedFa
ts,NewRules,NgBody),normal_solve(AddedFa
ts,DeletedFa
ts,NewRules,NgT).in
_resolve([neg(NgH)|NgT℄,DB) :-DB = db(AddedFa
ts,DeletedFa
ts,ValidOldRules,AddedRules,DeletedRules),append(AddedRules,ValidOldRules,NewRules),(normal_solve(AddedFa
ts,DeletedFa
ts,NewRules,[pos(NgH)℄)-> (fail)



G.1. META-INTERPRETER FOR IC CHECKING 349; (verify_potentially_added(neg(NgH),DB)-> (normal_solve(AddedFa
ts,DeletedFa
ts,NewRules,NgT)); (in
remental_solve(NgT,DB)))).verify_one_potentially_added(GoalList,DB) :-( (one_potentially_added(GoalList,DB) -> fail ; true)-> fail; true).one_potentially_added(GoalList,DB) :-member(Literal,GoalList),potentially_added(Literal,DB)./* --------------------------------------------------- *//* Determining the literals that are potentially added *//* --------------------------------------------------- *//* verify if a literal is potentially added -without making any bindings and su

eeding only on
e */verify_potentially_added(Literal,DB) :-( (potentially_added(Literal,DB) -> fail ; true)-> fail; true).potentially_added(neg(Atom),DB) :-potentially_deleted(pos(Atom),DB).potentially_added(pos(Atom),DB) :-DB = db(AddedFa
ts,DeletedFa
ts,ValidOldRules,AddedRules,DeletedRules),non_ground_member(Atom,AddedFa
ts).potentially_added(pos(Atom),DB) :-DB = db(AddedFa
ts,DeletedFa
ts,ValidOldRules,AddedRules,DeletedRules),non_ground_member(term(
lause,[pos(Atom)|NgBody℄),AddedRules).potentially_added(pos(Atom),DB) :-DB = db(AddedFa
ts,DeletedFa
ts,ValidOldRules,AddedRules,DeletedRules),non_ground_member(term(
lause,[pos(Atom)|NgBody℄),ValidOldRules),member(BodyLiteral,NgBody),potentially_added(BodyLiteral,DB).potentially_deleted(neg(Atom),DB) :-potentially_added(pos(Atom),DB).potentially_deleted(pos(Atom),DB) :-DB = db(AddedFa
ts,DeletedFa
ts,ValidOldRules,AddedRules,DeletedRules),non_ground_member(Atom,DeletedFa
ts).potentially_deleted(pos(Atom),DB) :-DB = db(AddedFa
ts,DeletedFa
ts,



350 APPENDIX G. META-INTERPRETERS AND DATABASESValidOldRules,AddedRules,DeletedRules),non_ground_member(term(
lause,[pos(Atom)|NgBody℄),DeletedRules).potentially_deleted(pos(Atom),DB) :-DB = db(AddedFa
ts,DeletedFa
ts,ValidOldRules,AddedRules,DeletedRules),non_ground_member(term(
lause,[pos(Atom)|NgBody℄),ValidOldRules),member(BodyLiteral,NgBody),potentially_deleted(BodyLiteral,DB)./* -------------------------------------- *//* non_ground_member(NgExpr,GrListOfExpr) *//* -------------------------------------- */non_ground_member(NgX,[GrH|GrT℄) :-make_non_ground(GrH,NgX).non_ground_member(NgX,[GrH|GrT℄) :-non_ground_member(NgX,GrT)./* --------------------------------------------------------- *//* make_non_ground(GroundRepOfExpr,NonGroundRepOfExpr) *//* --------------------------------------------------------- *//* ex. ?-make_non_ground(pos(term(f,[var(1),var(2),var(1)℄)),X). */make_non_ground(G,NG) :-mng(G,NG,[℄,Sub).mng(var(N),X,[℄,[sub(N,X)℄).mng(var(N),X,[sub(M,Y)|T℄,[sub(M,Y)|T1℄) :-((N=M)-> (T1=T, X=Y); (mng(var(N),X,T,T1))).mng(term(F,Args),term(F,IArgs),InSub,OutSub) :-l_mng(Args,IArgs,InSub,OutSub).mng(neg(G),neg(NG),InSub,OutSub) :-mng(G,NG,InSub,OutSub).mng(pos(G),pos(NG),InSub,OutSub) :-mng(G,NG,InSub,OutSub).l_mng([℄,[℄,Sub,Sub).l_mng([H|T℄,[IH|IT℄,InSub,OutSub) :-mng(H,IH,InSub,IntSub),l_mng(T,IT,IntSub,OutSub)./* --------------------------------------------- *//* SIMULATING THE DEDUCTIVE DATABASE FACT LOOKUP *//* --------------------------------------------- */db_fa
t_lookup(term(Pred,Args)) :-fa
t(Pred,Args).fa
t(female,[term(mary,[℄)℄).



G.2. THE IC-LST META-INTERPRETER 351fa
t(male,[term(peter,[℄)℄).fa
t(male,[term(paul,[℄)℄)....G.2 The i
-lst meta-interpreterThis appendix 
ontains the 
ode of an implementation of the method byLloyd, Sonenberg and Topor [186℄ for spe
ialised integrity 
he
king in de-du
tive databases. It is used for the experiments in Chapter 9./* ================================================================== *//* Bottom-Up Propagation of updates a

ording to Lloyd et al's Method *//* ================================================================== */:- dynami
 lts_rules/1.
onstru
t_lts_rules :-retra
t(lts_rules(R)),fail.
onstru
t_lts_rules :-findall(
lause(Head,Body),rule(Head,Body),Rules),assert(lts_rules(Rules)).lts_
he
k(Nr,Update) :-lts_rules(Rules),
he
k_i
(Nr,Update,Rules).
he
k_i
(Nr,Update,Rules) :-bup(Rules,Update,AllPos),!,member(false(Nr),AllPos),member(
lause(false(Nr),Body),Rules),member(Atom,Body),member(Atom,AllPos),normal_solve(Body,Update)./* This is the main Predi
ate *//* Rules is the intensional part of the database *//* Update are the added fa
ts to the extensional database *//* Pos is the set of (most general) atoms potentially *//* affe
ted by the update */bup(Rules,Update,Pos) :-bup(Rules,Update,Update,Pos).bup(Rules,Update,InPos,OutPos) :-bup_step(Rules,Update,[℄,NewPos,InPos,IntPos),((NewPos=[℄)-> (OutPos=IntPos); (bup(Rules,NewPos,IntPos,OutPos))).bup_step([℄,_Pos,NewPos,NewPos,AllPos,AllPos).



352 APPENDIX G. META-INTERPRETERS AND DATABASESbup_step([Clause1|Rest℄,Pos,InNewPos,ResNewPos,InAllPos,ResAllPos) :-Clause1 = 
lause(Head,Body),bup_treat_
lause(Head,Body,Pos,InNewPos,InNewPos1,InAllPos,InAllPos1),bup_step(Rest,Pos,InNewPos1,ResNewPos,InAllPos1,ResAllPos).bup_treat_
lause(Head,[℄,Pos,NewPos,NewPos,AllPos,AllPos).bup_treat_
lause(Head,[BodyAtom|Rest℄,Pos,InNewPos,OutNewPos,InAllPos,OutAllPos) :-bup_treat_body_atom(Head,BodyAtom,Pos,InNewPos,InNewPos1,InAllPos,InAllPos1),bup_treat_
lause(Head,Rest,Pos,InNewPos1,OutNewPos,InAllPos1,OutAllPos).bup_treat_body_atom(Head,BodyAtom,[℄,NewPos,NewPos,AllPos,AllPos).bup_treat_body_atom(Head,BodyAtom,[Pos1|Rest℄,InNewPos,OutNewPos,InAllPos,OutAllPos) :-
opy(Pos1,Pos1C),
opy(g(Head,BodyAtom),g(CHead,CBodyAtom)),(propagate_atom(CHead,CBodyAtom,Pos1C,NewHead)-> (add_atom(NewHead,InAllPos,InAllPos1,Answer),((Answer=dont_add)-> (InNewPos2=InNewPos,InAllPos2=InAllPos1); (add_atom(NewHead,InNewPos,InNewPos1,Answer2),((Answer2=dont_add)-> (InNewPos2=InNewPos1,InAllPos2=InAllPos1); (InNewPos2=[NewHead|InNewPos1℄,InAllPos2=[NewHead|InAllPos1℄))))); (InNewPos2=InNewPos,InAllPos2=InAllPos)),bup_treat_body_atom(Head,BodyAtom,Rest,InNewPos2,OutNewPos,InAllPos2,OutAllPos).propagate_atom(Head,BodyAtom,Pos,NewAtom) :-BodyAtom = Pos, !,NewAtom = Head.propagate_atom(Head,BodyAtom,neg(Pos),NewAtom) :- !,BodyAtom = Pos,NewAtom = neg(Head).propagate_atom(Head,neg(BodyAtom),Pos,NewAtom) :- !,BodyAtom = Pos,NewAtom = neg(Head).add_atom(NewAtom,[℄,[℄,add).add_atom(NewAtom,[Pos1|Rest℄,OutPos,Answer) :-(
overed(NewAtom,Pos1)-> (OutPos = [Pos1|Rest℄,Answer=dont_add)
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overed(Pos1,NewAtom)-> (OutPos=OutRest,add_atom(NewAtom,Rest,OutRest,Answer)); (OutPos=[Pos1|OutRest℄,add_atom(NewAtom,Rest,OutRest,Answer)))).G.3 A more sophisti
ated databaseThe following is the intensional part of a database adapted from [251℄(where it is the most 
ompli
ated database) and transformed into rule for-mat (using Lloyd-Topor transformations [187℄ done by hand) required by[169℄.parent(B,C) <- father(B,C)parent(B,C) <- mother(B,C)mother(B,C) <- father(D,C) & husband(D,B)age(Id,Age) <- 
ivil_status(Id,Age,D,E)sex(Id,C) <- 
ivil_status(Id,Age,C,E)dependent(B,C) <- parent(C,B) & o

upation(C,servi
e)& o

upation(B,student)o

upation(Id,C) <- 
ivil_status(Id,D,E,C)eq(B,B) <-aux_male_female(male) <-aux_male_female(female) <-aux_status(student) <-aux_status(retired) <-aux_status(business) <-aux_status(servi
e) <-aux_limit(Id,Age) <- greater_than(Id,0) & less_than(Id,100000) &greater_than(Age,0) & less_than(Age,125)false(a1) <- 
ivil_status(Id,Age,D,E) &
ivil_status(Id,F,G,H) & ~eq(Age,F)false(a2) <- 
ivil_status(Id,Age,D,E) &
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ivil_status(Id,F,G,H) & ~eq(D,G)false(a3) <- 
ivil_status(Id,Age,D,E) &
ivil_status(Id,F,G,H) & ~eq(E,H)false(2) <- father(B,C) & father(D,C) & ~eq(B,D)false(3) <- husband(B,C) & husband(D,C) & ~eq(B,D)false(4) <- husband(B,C) & husband(B,D) & ~eq(C,D)false(5) <- 
ivil_status(Id,Age,D,E) & aux_male_female(D) &aux_status(E) & ~aux_limit(Id,Age)false(6) <- 
ivil_status(Id,Age,D,student) & ~less_than(Age,25)false(7) <- 
ivil_status(Id,Age,D,retired) & ~greater_than(Age,60)false(8) <- father(B,C) & ~sex(B,male)false(9a) <- husband(B,C) & ~sex(B,male)false(9b) <- husband(B,C) & ~sex(C,female)false(10a) <- husband(B,C) & age(B,D) & ~greater_than(D,19)false(10b) <- husband(B,C) & age(C,D) & ~greater_than(D,19)false(11) <- 
ivil_status(Id,Age,D,E) &less_than(Age,20) & ~eq(E,student)false(12) <- dependent(X,Y) & ~tax(Y,X)



Appendix HExpli
it Uni�
ationAlgorithmsH.1 A uni�
ation algorithm with a

umula-torsBelow, we in
lude an expli
it, ground representation unify slightly adaptedfrom [67℄ (whi
h uses n == instead of not(eq(.)) ).Note that uni�ers are not 
al
ulated in idempotent form, meaning thatnew bindings do not have to be expli
itly 
omposed with the in
omingsubstitution inside the uni�
ation algorithm. Partial dedu
tion would beeven more 
ompli
ated if this was the 
ase.unify(X,Y,S) :-unify(X,Y,[℄,S).unify(var(N),T,S,S1) :-bound(var(N),S,B,V),unify(var(N),T,S,S1,B,V).unify(stru
t(F,Args),var(N),S,S1) :-unify(var(N),stru
t(F,Args),S,S1).unify(stru
t(F,Args1),stru
t(F,Args2),S,S2) :-unifyargs(Args1,Args2,S,S2).unify(var(_),T,S,S1,B,true) :-unify(B,T,S,S1).unify(var(N),T,S,S1,_,false) :-unify1(T,var(N),S,S1). 355



356 APPENDIX H. EXPLICIT UNIFICATION ALGORITHMSunifyargs([℄,[℄,S,S).unifyargs([T|Ts℄,[R|Rs℄,S,S2) :-unify(T,R,S,S1),unifyargs(Ts,Rs,S1,S2).unify1(stru
t(F,Args),var(N),S,[var(N)/stru
t(F,Args)|S℄) :-not(o

ur_args(var(N),Args,S)).unify1(var(N),var(N),S,S).unify1(var(M),var(N),S,S1) :-diff(M,N),bound(var(M),S,B,V),unify1(var(M),var(N),S,S1,B,V).unify1(var(_),var(N),S,S1,B,true) :-unify1(B,var(N),S,S1).unify1(var(M),var(N),S,[var(N)/var(M)|S℄,_,false).bound(var(N),[var(N)/T|_℄,T,true) :-diff(T,var(N)).bound(var(N),[B/_|S℄,T,F) :-diff(B,var(N)),bound(var(N),S,T,F).bound(var(_),[℄,_,false).dereferen
e(var(N),[var(N)/T|_℄,T) :-diff(T,var(N)).dereferen
e(var(N),[B/_|S℄,T) :-diff(B,var(N)),dereferen
e(var(N),S,T).o

ur(var(N),var(M),S) :-dereferen
e(var(M),S,T),o

ur(var(N),T,S).o

ur(var(N),var(N),_).o

ur(var(N),stru
t(_,Args),S) :-o

ur_args(var(N),Args,S).o

ur_args(var(N),[A|_℄,S) :-o

ur(var(N),A,S).o

ur_args(var(N),[_|As℄,S) :-o

ur_args(var(N),As,S).diff(X,Y) :-not(eq(X,Y)).eq(X,X).
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ation algorithm without a

umu-latorsBelow, we present an expli
it uni�
ation algorithm for the ground represen-tation whi
h does not use a

umulating parameters (and does not performthe o

urs 
he
k to avoid using negation).unify(T1,T2,MGU) :- unify(T1,empty,T2,empty,MGU).unify(stru
t(F,A1),S1,stru
t(F,A2),S2,MGU) :-l_unify(A1,S1,A2,S2,MGU).unify(var(V),S1,stru
t(F,A2),S2,MGU) :-get_binding(V,S1,VS),unify2(VS,S1,stru
t(F,A2),S2,MGU).unify(stru
t(F,A1),S1,var(V),S2,MGU) :-get_binding(V,S2,VS),unify2(stru
t(F,A1),S1,VS,S2,MGU).unify(var(V),S1,var(W),S2,MGU) :-get_binding(V,S1,VS),get_binding(W,S2,WS),unify2(VS,S1,WS,S2,MGU).unify2(stru
t(F,A1),S1,stru
t(F,A2),S2,MGU) :-l_unify(A1,S1,A2,S2,MGU).unify2(var(V),S1,stru
t(F,A2),S2,sub(V,stru
t(F,A2))).unify2(stru
t(F,A1),S1,var(V),S2,sub(V,stru
t(F,A1))).unify2(var(V),S1,var(V),S2,empty).unify2(var(V),S1,var(W),S2,sub(V,var(W))) :- V\=W.l_unify([℄,S1,[℄,S2,[℄).l_unify([H|T℄,S1,[H2|T2℄,S2,
omp(HMGU,TMGU)) :-unify(H,S1,H2,S2,HMGU),l_unify(T,
omp(S1,HMGU),T2,
omp(S2,HMGU),TMGU).apply(var(V),Sub,VS) :-get_binding(V,Sub,VS).apply(stru
t(F,A),Sub,stru
t(F,AA)) :-l_apply(A,Sub,AA).l_apply([℄,Sub,[℄).l_apply([H|T℄,Sub,[AH|AT℄) :-apply(H,Sub,AH),l_apply(T,Sub,AT).get_binding(V,empty,var(V)).get_binding(V,sub(V,S),S).



358 APPENDIX H. EXPLICIT UNIFICATION ALGORITHMSget_binding(V,sub(W,S),var(V)) :- V \= W.get_binding(V,
omp(L,R),S) :-get_binding(V,L,VL),apply(VL,R,S).
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396 INDEXein wortEin Wort, ein Satz |: aus Chi�ern steigenerkanntes Leben, j�aher Sinn,die Sonne steht, die Sph�aren s
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h |,und wieder Dunkel, ungeheuer,im leeren Raum um Welt und I
h. Gottfried Benn, 1941.


