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ABSTRACTWe present a method to approximate a simple, regular C2surfa
e W in IR3 by a (tangent 
ontinuous) skin surfa
eS. The input of our algorithm is a set of approximate W -maximal balls, where the boundary of the union of theseballs is homeomorphi
 to W . By generating hyperboloidand spheri
al pat
hes over the interse
tion 
urves of theballs the algorithm determines a one-parameter family ofskin-surfa
es, where a parameter 
ontrols the size of thepat
hes. The skin surfa
e S is homeomorphi
 to W , andthe approximate W -maximal balls in the input set are alsoS-maximal. The Hausdor� distan
e between the regions en-
losed by the input surfa
e W and the approximating skinsurfa
e S depends linearly on a parameter related to thesampling density of the approximate W -maximal balls.
Categories and Subject DescriptorsG.1.2 [Numeri
al analysis℄: Approximation|Approxima-tion of surfa
es and 
ontours; I.3.5 [Computer graphi
s℄:Computational Geometry and Obje
t Modeling|Curve, sur-fa
e, solid, and obje
t representations; I.3.5 [Computergraphi
s℄: Computational Geometry and Obje
t Model-ing|Geometri
 algorithms, languages, and systems
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1. INTRODUCTIONWe 
onsider the problem of approximating a simple, regularsmooth (C2) 
losed surfa
e in IR3 by a skin surfa
e S. Skinsurfa
es, introdu
ed by Edelsbrunner in [7℄, are mainly usedfor modeling large mole
ules in biologi
al 
omputing in par-ti
ular, the Van der Waals surfa
e of a mole
ule. Ea
h atomin the mole
ule is represented by a sphere and atoms that lie
lose to ea
h other are 
onne
ted by pat
hes. These pat
hesmake the transition between the atoms tangent 
ontinuous.A skin surfa
e is parametrized by a set of weighted points(balls) and a shrink fa
tor. If the shrink fa
tor equals one,the surfa
e is just the boundary of the union of the maximalballs. If the shrink fa
tor de
reases, the skin surfa
e be
omestangent 
ontinuous, due to the appearan
e of hyperboloidand spheri
al pat
hes 
onne
ting the balls. An example in2D of a 
urve, re
onstru
ted using this approa
h, is drawnin Figure 1
. In Figure 2 some skin surfa
es are drawn fordi�erent values of this shrink fa
tor. Other ni
e properties ofthese skin surfa
es are fast visualization, tangent 
ontinuityand ease of 
onstru
tion and morphing.The set of weighted points de�ning the skin surfa
e S ap-proximating W is a �nite sample of the medial axis trans-form of W , i.e., a �nite set of W -maximal balls. Re
all thatan empty ball of W is a ball en
losed by W . A W -maximalball is an empty ball of W not 
ontained in any other emptyball of W . The medial axis transform of W is the set ofW -maximal balls. The medial axis M of W is the 
losureof the set of 
enters of the maximal balls of W , and 
an beseen as the skeleton of the surfa
e. In fa
t, the medial axis isa deformation retra
t of the region bounded by the surfa
e.A suÆ
iently dense �nite subset of the medial axis trans-form, or, rather, the boundary of the union of the 
orre-sponding maximal balls, forms a good approximation of thesurfa
e. Figure 1b illustrates this observation for a 
urve inthe plane. Obviously, this approximation is not tangent 
on-tinuous. Our algorithm re
onstru
ts a tangent 
ontinuoussurfa
e from a sample of (approximate) maximal balls byadding smooth pat
hes over the points of interse
tion. By
ontrolling the size of these pat
hes, we guarantee that theapproximation is homeomorphi
 to the union of the maxi-mal balls. Furthermore, as we in
rease the sampling densityof the set of (approximate) maximal balls, the maximal dis-tan
e between the regions en
losed by W and the approxi-mating skin surfa
e tends to zero.



(a) (b) (
)Figure 1: The approximation of a 
urve in the plane. (a) The medial axis and some maximal 
ir
les. (b) A�nite set of maximal 
ir
les is the input of our algorithm. (
) The output is a skin 
urve approximating theinput 
urve in Figure 1a.In Se
tion 2 we review the theory of skin surfa
es as pre-sented in [7℄, and des
ribe the method to subdivide thesesurfa
es into pat
hes of degree two (pat
hes of hyperboloidsand balls). With the language of skin surfa
es in pla
e, wegive a more pre
ise spe
i�
ation of the algorithm in Se
-tion 3, and state the main result on its 
omplexity: the skinsurfa
e 
an be 
omputed in O(N2 logN) time and O(N2)spa
e, where N is the number of approximate maximal ballsin the input set. A key ingredient of the algorithm is the
onstru
tion of the weighted Voronoi Diagram of a set ofballs with radii growing with the same multipli
ative fa
-tor. In Se
tion 4 we present an algorithm that maintainsthis diagram as the radii are growing. In Se
tion 5 we showhow the algorithm satis�es the 
onstraint that the balls inthe input set are also S-maximal. Finally, Se
tion 6 derivesa bound on the Hausdor� distan
e between the regions en-
losed by the input surfa
e W and the skin surfa
e S interms of a parameter related to the sampling density of theset of (approximate) maximal balls.
Related work.Amenta et al. [1℄ show that the medial axis transform 
ane�e
tively be approximated by a suÆ
iently dense samplefrom the set of maximal balls. If the sample is suÆ
ientlydense, the boundary of the union of the balls is homeomor-phi
 to the original surfa
e. Then they use an approximationof the medial axis transform to 
ompute the power 
rust,whi
h approximates the original surfa
e by pie
ewise linearpat
hes.Another method for visualising mole
ules uses Connolly sur-fa
es; See, e.g., [3℄. For further reading about skin surfa
eswe refer to [7℄, and to [5, 6℄ for ba
kground on morphingskin surfa
es. In [4℄ a method is des
ribed to triangulate askin surfa
e with shrink fa
tor 1=2 and to maintain this tri-angulation under a spe
i�
 growth model. In this model theradius of ea
h input ball is 
hanged by adding a 
onstant toits square. Our growth model multiplies the squared radiuswith a 
onstant and the shrink fa
tor is not restri
ted to 1=2,therefore this triangulation 
an not be used to triangulateour approximating surfa
es.Boissonnat and Cazals [2℄ also re
onstru
t a tangent 
ontin-uous surfa
e from a suÆ
iently dense �nite sample of pointson a surfa
e. Their method uses a di�erent approa
h usingnatural neighbor interpolation.

2. SKIN SURFACESThe de�nitions in this se
tion form a summary of [7℄. Forfurther reading on skin surfa
es we refer to this arti
le.A skin surfa
e is de�ned in terms of a �nite set of balls(weighted points) and a shrink fa
tor s, with 0 < s � 1.For s = 1, the skin surfa
e is the boundary of the unionof balls. For smaller s, the radii of the balls in the inputset are shrunken, and hyperboloid and spheri
al pat
hes aregenerated between adja
ent balls, making the skin surfa
etangent 
ontinuous.All de�nitions are given for skin surfa
es in 3D, but 
aneasily be transformed into the de�nition of skin 
urves in2D. All images show skin 
urves in the plane.
The space of weighted points.A 3D weighted point p̂ is a pair p̂ = (p;p) of lo
ation p 2 IR3and weight p 2 IR. Balls 
orrespond to weighted points, withlo
ation at the 
enter of the ball and weight equal to thesquare of the radius. This de�nition is slightly di�erent from[7℄, in the sense that there a weighted point is asso
iatedwith the sphere bounding the ball. On the set of weightedpoints we de�ne a `distan
e' fun
tion:�(p̂; q̂) = k p� q k2 � p� q; (1)for p̂ = (p; p) and q̂ = (q;q). Two points with zero distan
eare by de�nition orthogonal. We will 
all a point with zeroweight an unweighted point. The distan
e from a weightedpoint p̂ to an unweighted point x, follows from Equation (1),by taking q = x and q = 0. All unweighted points with non-positive distan
e to p̂ form the ball with 
enter p and radiuspp. We will make no distin
tion between the weighted pointand this ball. An orthosphere of a set of weighted points Pis, by de�nition, a sphere orthogonal to ea
h of the weightedpoints in P.The spa
e of weighted points inherits a ve
tor spa
e stru
-ture from IR4 via the bije
tive map � : IR3 � IR ! IR4,de�ned by�(p̂) = (�1; �2; �3; jpj2 � p); with p = (�1; �2; �3):The notion of shrinking and growing of weighted points 
anbe de�ned in terms of this ve
tor spa
e stru
ture. Givena shrink fa
tor s 2 IR, we asso
iate with a weighted pointp̂ the shrunken weighted point p̂s de�ned as follows. Let



Figure 2: The approximating skin surfa
e of a set of balls forming a hand. The pat
hes between the maximalballs be
ome larger as the shrink fa
tor is de
reased. The shrink fa
tors (from left to right) are 0:95, 0:8, 0:5and 0:2.
Figure 3: The skin 
urve of two weighted points (thetwo larger 
ir
les). The smaller 
ir
les form a subsetof the shrunken 
onvex hull of the input points. Theboundary of the shrunken 
onvex hull forms the skin
urve.p̂0 = (p; 0). Then p̂s = s � p̂+ (1� s) � p̂0Using simple 
al
ulus it follows that:p̂s = ��1(s ��(p̂) + (1� s) ��(p̂0))= (p; s � p)If P is a set of weighted points, we denote by Ps the set ob-tained by shrinking every point of P by a fa
tor s. The bodyof a skin surfa
e bdysP and skin surfa
e sknsP, asso
iatedwith a set P of weighted points, is de�ned bybdysP = [ 
onv(P)s (2)sknsP = � bdysP: (3)Here 
onv(P) � IR3 � IR is the 
onvex hull { with respe
tto the ve
tor spa
e stru
ture inherited under � { of a setof weighted points P, whereas � denotes the boundary { inthree spa
e { of the balls. For a skin 
urve in 2D asso
iatedwith two weighted points: see Figure 3.Two sets are homeomorphi
 (or: have the same topology)if there exists a 
ontinuous map with a 
ontinuous inversebetween the sets, see [8, Ch. 28℄. One important featureof a skin surfa
es is that varying the shrink fa
tor does not
hange the topology of skin surfa
es. For s = 1, the bodyof the skin surfa
e is the union of the balls in the input set,therefore the body of a skin surfa
e is homeomorphi
 to theunion of the balls in the input set.

Quadratic patches of a skin surface.One of the main features of skin surfa
es is that they 
anbe e�e
tively subdivided into pat
hes of degree two, morepre
isely, into parts of spheres and hyperboloids. In thisse
tion we will show how this is done. For the proof thatthese pat
hes form the 
orresponding skin surfa
e, we referto [7℄.The mixed 
omplex, whi
h subdivides the skin surfa
e intopat
hes of degree two, is an intermediate stru
ture betweenthe weighted Delaunay triangulation (or: regular triangula-tion) and its dual, viz. the weighted Voronoi diagram (or:the power diagram).
The weighted Voronoi diagram.The weighted Voronoi 
ell , Voronoi 
ell for short, of a weightedpoint p̂ 2 P 
onsists of all points that are 
loser to p̂ thanto any other point in P. Formally:Vp̂ = fx 2 IR3j�(p̂; x) � �(q̂; x), for all q̂ 2 Pg:A weighted Voronoi 
ell is a 
onvex polyhedral region, possi-bly unbounded, or empty. Furthermore, a weighted Voronoi
ell Vp̂ does not ne
essarily 
ontain p.For a subset X � P we have:�X = \̂p2X Vp̂whi
h we will 
all a weighted Voronoi `-
ell (` = dim�X =4�jX j), if it is not empty and X is in general position. Thenit also follows that jX j � 4. A set is in general positionif no 5 weighted points are equidistant to some point andno k + 2 points lie on a 
ommon k-
at for k = 0; 1; 2. Inthe non-degenerate 
ase, every 0-
ell is a point, whi
h isthe interse
tion of four adja
ent 
ells. A 1-
ell is a linesegment, possibly unbounded. And a fa
et (2-
ell) is theboundary of two 3-
ells. The 2-
ell is a subset of the setof unweighted points equidistant to the two weighted pointsasso
iated with the 3-
ells. A 3-
ell is a nonempty Voronoi-
ell of some p̂ 2 P.The weighted Voronoi diagram is the subdivision of the 3-spa
e generated by the non-empty Voronoi 
ells:VorP = f�X jX � P ^ �X 6= ;g:



The weighted Delaunay triangulation.The weighted Delaunay triangulation, or regular triangula-tion, is dual to the weighted Voronoi diagram, and is de�nedin terms of weighted Delaunay 
ells. A weighted Delaunay3�`-
ell exists for every weighted Voronoi `-
ell �X 2 Vor Pand is the 
onvex hull of the 
enters of the points in X ,ÆX = 
onv(fpjp̂ 2 Xg). The weighted Delaunay triangula-tion is the set of all these 
ells:DelP = fÆX j�X 2 Vor Pg:Note that ÆX and �X for �X 6= ; 
an be disjoint, but theiraÆne hulls always interse
t in one point. We will 
all thispoint the fo
us f of X . Sin
e the fo
us lies on the aÆne hullof the weighted Voronoi 
ell, it follows that �(p̂; f) = �(q̂; f)for all p̂; q̂ 2 X .
The mixed complex.The mixed 
omplex , asso
iated with a s
alar s, with 0 � s �1, is obtained by taking aÆne 
ombinations of 
ells of theweighted Delaunay triangulation and the weighted Voronoidiagram. More pre
isely, for every X � P with �X 6= ; amixed 
ell is de�ned by�sX = s � �X + (1� s) � ÆX :For s = 0, the mixed 
ell is the Delaunay 
ell. When sin
reases, it deforms aÆnely into the Voronoi 
ell for s = 1.We will 
all a mixed 
ell 
orresponding to a Delaunay `-
ella mixed `-
ell. Sin
e both a weighted Voronoi `-
ell anda weighted Delaunay 3 � `-
ell are 
onvex polyhedrons, itfollows that a mixed `-
ell is also a 
onvex polyhedron.For jX j = 1, the 
orresponding mixed 
ell (a mixed 0-
ell)
onsists of all points on the 
orresponding Voronoi 3-
ell,shrunken towards the Delaunay vertex with a fa
tor s. Amixed 1-
ell is a prism with the shrunken Voronoi fa
et as itsbase. Similarly, a mixed 2-
ell is a prism with the shrunkenDelaunay triangle as its base. A mixed 3-
ell 
orrespondsto a Delaunay tetrahedron shrunken towards the Voronoivertex.The mixed 
omplex, asso
iated with a shrink fa
tor s, 
on-sists of the set of all mixed 
ells:MixsP = f�sX j�X 2 Vor Pg:The mixed 
omplex is a partition of 3-spa
e into 
onvexpolyhedral 
ells.
Skin surfacesThe body of a skin surfa
e is by de�nition the union of theshrunken 
onvex hull of its weighted points P, see Equa-tion (2). We 
an extend this de�nition in the following way:bdysP = [f
onv(X )sjX � PgIn [7℄ Edelsbrunner shows that only the subsets X for whi
h�X 6= ; 
an tou
h the boundary of the skin surfa
e. Allother sets X with �X = ;, are 
ontained inside these sub-sets. As a result it follows that ea
h part of the skin surfa
eis generated by the shrunken 
onvex hull of at most 4 points.Furthermore, he shows that a subset X with �X 6= ; gener-ates exa
tly the part of the skin surfa
e that lies inside themixed 
ell �sX .

Figure 4: The skin 
urve of four weighted points(the dotted 
ir
les). Ea
h mixed 
ell 
ontains partsof an hyperbola or a 
ir
leA two dimensional example is given in Figure 4. The pointsdenote the 
enters of the weighted points. All re
tangles(mixed 
ells 
orresponding to the Delaunay edges) 
ontainhyperboli
 pat
hes. These hyperboli
 pat
hes bound theunion of the shrunken 
onvex hull of the two weighted points
orresponding to the verti
es. All other 
ells 
ontain 
ir
ularar
s. Depending on whether the mixed 
ell 
orresponds to aDelaunay vertex or a Delaunay fa
e, the interior of the skin
urve lies in- or outside the 
ir
le. For mixed 0-
ells, the skin
urve lies inside the 
orresponding weighted point shrunkenwith an fa
tor s. On the other hand, for a mixed 2-
ell,the skin 
urve lies outside the weighted point shrunken witha fa
tor 1 � s, that is orthogonal to every weighted point
orresponding to a vertex of the Delaunay triangle. Thisis the shrunken 
onvex hull of the three weighted points
orresponding to the verti
es.In 3D, the mixed 
omplex divides the skin surfa
e into partsof degree two in a similar way. Assume that the aÆne hullthrough a weighted Delaunay k-
ell ÆX is aligned along the�rst k axes and its dual weighted Voronoi 3�k-
ell is alignedalong the other axes. Then the fo
us lies at the origin andÆX \ sknsP = ÆX \ S, where S is the impli
it surfa
e givenby: � 11� s kXi=1 x2i + 1s 3Xj=k+1x2j �R2 = 0:Here R2 is the distan
e between the fo
us and a weightedpoint in the Delaunay 
ell.For k = 0 and k = 3, the mixed 
ell 
lips a sphere, with thisdi�eren
e that, for k = 0, the sphere is 
onvex (it 
ontainsthe body), whereas for k = 3, it is 
on
ave. For k = 0,the mixed 
ell 
orresponds to a weighted Delaunay vertex.These mixed 
ells 
lip a shrunken weighted point from theinput set. For k = 1 and k = 2 the mixed 
ell 
lips ahyperboloid 
onne
ting the spheri
al 
aps.
3. APPROXIMATION ALGORITHMIn this se
tion we present the 
onditions imposed on thesurfa
e 
omputed by the approximation algorithm.



The Hausdor� distan
e between two subsets X and Y of aEu
lidean spa
e is denoted by d(X;Y ). For a formal de�ni-tion of the Hausdor� distan
e see [8℄.Definition 1. Let W be a C2-surfa
e embedded in threespa
e. For r > 0 a �nite set P of balls with union M isr-admissible if(i) the boundary �M of M is homeomorphi
 to W ;(ii) every ball in P is M-maximal;(iii) for ea
h B 2 P there is a W -maximal ball B0 su
h thatd(B;B0) � r.(iv) for ea
h W -maximal ball p̂ there is a p̂0 2 P su
h thatd(p̂; p̂0) < rFor a given C2-surfa
eW the approximation algorithm takesan r-admissible set P of balls, and 
omputes a C1 skin sur-fa
e S asso
iated with P satisfying the following 
onditions:C1(S): W and S are homeomorphi
;C2(S): Every ball in P is S-maximal;C3(S): The Hausdor� distan
e d(BW ; BS) between the bod-ies of W and S does not ex
eed 
 r, for some positive
onstant 
.We realise that the 
onditions for an r-admissible set arerather strong, but not all restri
tions are needed for the
onditions to hold. In fa
t, we only need requirement (i) forC1(S), and (ii) for C2(S). For 
ondition C3(S), both (iii)and (iv) are needed. Although this last 
ondition is hardto validate, it is reasonable, sin
e it guarantees that everyball in the Medial Axis Transform is 
lose to a ball in ther-admissible set.Remark 2. The 
onstru
tion of the admissible set P ofW -maximal balls is diÆ
ult, and to the best of our know-ledge there is no general method yet. However, we 
onje
-ture that the power 
rust algorithm [1℄ 
an be adapted to
onstru
t a set of r-admissible balls from a suitable sampleof the surfa
e W . The latter algorithm 
onstru
ts a poly-hedral surfa
e with the same topology as the surfa
e W ,provided the sample is suÆ
iently dense. More pre
isely,re
all that the lo
al feature size (LFS) at a point x 2 W isthe distan
e of x to the medial axis of W . A set of sam-ple points is a %-sample if for every point x 2 W there is asample point at distan
e at most % � LFS(x) from x. For a%-sample with % � 0:1, the power 
rust algorithm yields aset of approximate maximal balls for whi
h the union of theboundary is homeomorphi
 to W .Definition 3. For a set of balls P the surfa
e Ss(P),0 < s � 1, is the skin surfa
e with shrink fa
tor s asso
iatedwith the set of balls P1=s de�ned byP1=s = fp̂1=sjp̂ 2 Pg:If P is an r-admissible set of balls then 
onditions C1(S1)and C2(S1) are satis�ed. Indeed, P1 = P, so S1 is the

boundary of the union of these balls. Therefore, 
ondi-tions C1(S1) and C2(S1) are trivially satis�ed. In Se
tion 6,we show that for the region BW en
losed by W we haved(BW ;[P) � r, and it follows that C3(Ss) is also satis�edfor s = 1.Obviously, S1 is not smooth. However, for values of s slightlysmaller than 1 
onditions C1(Ss) and C2(Ss) are still sat-is�ed, and Ss is a C1-surfa
e. Indeed, for s near 1, thesurfa
e Ss is homeomorphi
 to S1, and hen
e to W . Sin
e(p̂1=s)s = p̂, it follows that P is a 
olle
tion of Ss-maximalballs, for s slightly smaller than 1.One or more of these 
onditions may be violated for smallervalues of s. See Figure 5 for a sequen
e of skin 
urves 
orre-sponding to de
reasing values of s. Figure 5a shows the skin
urve for s = 1. As we de
rease the shrink fa
tor, the skin
urve be
omes tangent 
ontinuous, due to the appearan
eof hyperboli
 pat
hes 
onne
ting the 
ir
les, see Figure 5b.As these pat
hes grow further, they eventually 
ause a 
hangein the topology of the skin 
urve, see Figure 5d, i.e., a viola-tion of 
ondition C1(Ss). Finally, as we de
rease the shrinkfa
tor even further, the balls are no longer maximal, as de-pi
ted in Figure 5e. In Se
tion 5 we derive, how far theshrink fa
tor 
an be de
reased without o

urren
e of thisphenomenon.Therefore, our goal is to determine the interval of s-valuesfor whi
h 
onditions C1(Ss){C3(Ss) are satis�ed. One of themain results of this paper isTheorem 1. The valuesi(P) = inffs j 0 � s < 1 and 
ondition Ci(Ss) is satis�edg
an be 
omputed in O(N2 logN) time and O(N2) spa
e,where N is the number of balls in P.The algorithm presented in Se
tion 4 
omputes s1(P ) bymaintaining the weighted Voronoi diagram of a set of ballswith growing radius; This algorithm is of some independentinterest. In Se
tion 5 this method is slightly adapted to
ompute an interval of s-values for whi
h 
ondition C2(Ss)holds. Finally, in Se
tion 6, we determine the error withrespe
t to the Hausdor� distan
e between the input surfa
eand the 
omputed skin surfa
e. This error analysis gives usa value for s3(P).
4. MAINTAINING THE TOPOLOGY OF

THE UNION OF GROWING BALLSIn this se
tion we dis
uss an algorithm to 
ompute the small-est � su
h that the boundary of the union of the balls P� isnot homeomorphi
 to �SP. Sin
e the skin surfa
e Ss(P)is homeomorphi
 to the boundary of the union of the setof balls P1=s, 
f Se
tion 2, this is equivalent to 
omputingthe value s1(P), de�ned in Se
tion 3. Figure 6 illustratesthis equivalen
e in 2D, where the 
hange of topology of theskin 
urve 
oin
ides with the 
hange of topology of the ballsde�ning the skin 
urve.Let Q be a set of balls in IR3, and, for t 2 IR, let �([Qt)denote the boundary of the union [Qt.



(a) (b) (
) (d) (e)Figure 5: The set of maximal 
ir
les and the approximating skin 
urve for di�erent shrink fa
tors (de
reasingfrom left to right).
t < � t = � t > �x

xFigure 6: Change of topology at (x; � ) of a unionof two (top row) and three (bottom row) weigthedpoints.Definition 4. �([Qt) 
hanges topology at (x; � ) 2 IR3�IR if for every neighborhood U of x in IR3 there is an " > 0su
h that, for � � " < t1 < � < t2 < � + ", the setsU \ �([Qt1) and U \ �([Qt2) are not homeomorphi
.A ball q̂ 2 Q is involved in the 
hange of topology at (x; � )if x is a point of the ball q̂� .Obviously, if �([Qt) 
hanges topology at (x; � ), then x 2�([Q� ). O

asionally, we just say that �([Qt) 
hangestopology for t = � if the lo
ation x is irrelevant.Lemma 2. Suppose all weighted points of Q are involvedin a 
hange of topology of �([Qt) at (x; � ). Then\Qt = (;; for t < �;fxg; for t = �;and \Qt 6= ;, for t � � .Proof. Suppose the interiors of the balls in Q� interse
tin a point y. Then y belongs to all balls in Qt0 , for somet0 < � . Sin
e the weights of all weighted points in Qt arein
reasing with t, whereas the 
enters are independent of t,it follows that, for t > t0, [Qt is starshaped with respe
tto y. In parti
ular, for t > t0, the set �([Qt) is non-empty,and does not 
hange topology. This 
ontradi
tion showsthat the interiors of the balls in Q� are disjoint, and hen
e\Q� 
onsists of a single point, whi
h, by de�nition, is equalto x. For t < � the ball q̂t is 
ontained in the interior of q̂� ,so \Qt = ;. Sin
e x is 
ontained in the interior of all ballsq̂t for t > � , it �nally follows that \Qt 6= ;, for t � � .

Lemma 3. Suppose �([Pt) 
hanges topology at (x; � ) 2IR3 � IR. Then the subset Q of P of weighted points in-volved in this 
hange of topology de�nes a 
ell in the weightedVoronoi diagram of P� . This 
ell 
ontains the point x.Proof. It follows from Lemma 2 that x belongs to theboundary of the weighted points in Q, so �(q̂� ; x) = 0, forq̂ 2 Q. By de�nition, �(p̂� ; x) > 0, for p̂ 2 P n Q, so xbelongs to the 
ell �Q� of the weighted Voronoi Diagram ofP� .Consider a set Q of balls, with boundaries interse
ting at x.Generi
ally, the tangent planes at x interse
t transversally,i.e., the interse
tion is an aÆne spa
e of 
odimension jQj.The balls Qt form a one-parameter family, so at isolatedvalues of t we expe
t interse
tions with non-transversal tan-gent planes, i.e., the 
odimension of this interse
tion is lessthan jQj. We impose the following generi
 
ondition on thefamily P.Generi
 
hange of topology. Suppose �([Pt) 
hangestopology at (x; � ), and the subset Q of P 
onsists of theballs involved in this 
hange of topology. Then the tangentplanes at x of the balls in Q interse
t in an aÆne spa
e of
odimension jQj � 1.In the plane, at most three weighted points are involved in ageneri
 
hange of topology, see Figure 6. When two weightedpoints are involved, the 
hange in topology 
orresponds tothe 
reation of a bridge between two parts of the boundary.A 
hange of topology in whi
h three weighted points areinvolved 
orresponds to the �lling of a void.Let Q be the set of balls involved in a generi
 
hange oftopology in three-spa
e, then jQj � 4. These 
hanges oftopology 
orrespond to the 
reation of a bridge, when jQj =2, the �lling of a tunnel, when jQj = 3, or the �lling of avoid, when jQj = 4.
Lifting the weighted Voronoi Diagram.In view of Lemma 3 
hanges of topology of �(Pt) are relatedto the 
ells of the weighted Voronoi Diagram. To in
orporatet-dependen
e, we lift the weighted Voronoi Diagram to IR3�IR. To this end 
onsider, for p̂; q̂ 2 P, the half spa
e H �̂p;q̂ �IR3 � IR de�ned byH �̂p;q̂ = f(x; t) 2 IR3 � IR j �p̂t(x) � �q̂t(x)g= f(x; t) 2 IR3 � IR jhx; q � pi+ 12 t(q� p) � 12k q k2 � 12k p k2g:



The boundary of this half spa
e is 
alled the extended bi-se
tor of the weighted points p̂ and q̂. With a weightedpoint p̂ 2 P we asso
iate the extended Voronoi 
ell V �(p̂) inIR3 � IR de�ned by V �(p̂) = \q̂ : q̂ 6=p̂H �̂p;q̂:For p̂ = (p;p) 2 P, the point (p; 0) belongs to V �(p̂), so noextended Voronoi 
ell is empty. The extended Voronoi 
ellsdetermine a subdivision of IR3 � IR into 
onvex polyhedra.This subdivision is 
alled the extended Voronoi Diagram ofP, and is denoted by VD�(P). The weighted Voronoi 
ellof p̂� with respe
t to P� is the interse
tion of the extendedVoronoi 
ell V �(p̂) and the hyperplane t = � .General position. We assume that the weighted points inP are in general position in the sense that(i) no k + 2 weighted points lie on a 
ommon k-
at, for0 � k < 3 (this is equivalent to the 
enters of the weightedpoints being in general position);(ii) no 6-tuple of weighted points has a 
ommon ortosphere;(iii) a 5-tuple of weighted points has a 
ommon ortospherefor a �nite set of values of t.If P is in general position, then, for 0 � k � 4, a k-fa
e ofthe extended Voronoi Diagram is de�ned by 5� k weightedpoints, in other words, it is in
ident to 5 � k extendedVoronoi 
ells (a 
ell is a 4-fa
e of the extended Voronoi Di-agram). Sin
e a vertex is de�ned by 5 weighted points, it isin
ident upon �54� = 5 edges. If the number of edges in
identupon a vertex (x; � ) of the extended Voronoi Diagram, and
ontained in the half spa
e below the hyperplane t = � , isk + 1, 0 � k � 3, then this vertex is of type k. Sin
e the ra-dius of the balls in Pt is in
reasing with t starting at t = 0,we do not en
ounter verti
es of type 0.Lemma 4. The extended Voronoi Diagram of a set of Nweighted points in IR3 has O(N2) fa
es.Proof. Obviously, the number of 4-fa
es is O(N), sin
ethere is a one-one 
orresponden
e between the set of 4-fa
esand the set of weighted points. Similarly, the number of3-fa
es is O(N2), sin
e ea
h 3-fa
e 
orresponds to a pair ofweighted points, and distin
t 3-fa
es 
orrespond to distin
tpairs.Verti
es of type 0 (type 3) are t-minimal (t-maximal) pointsof a 4-fa
e, so there are O(N) verti
es of type 0 and of type3. Verti
es of type 1 (type 2) are t-minimal (t-maximal)points of a 3-fa
e, so there are O(N2) verti
es of type 1 andof type 2.Sin
e generi
ally there is a 
onstant number of 1-fa
es and2-fa
es in
ident upon a vertex, the total number of fa
es ofthe extended Voronoi Diagram is O(N2).To see that the quadrati
 
omplexity is worst 
ase opti-mal, we 
onstru
t a set of weighted points in 2D for whi
hthe stru
ture of the weighted Voronoi diagram 
hanges aquadrati
 number of times as we grow the weighted points.

More spe
i�
ally, O(N) 
ells get an empty Voronoi 
ell (
or-responding to verti
es of type 3 in the extended 3D Voronoidiagram), and O(N2) edge 
ips (these are verti
es of type 1or 2) o

ur.To 
onstru
t this set, align the �rst N=2 points along theverti
al axis with a 
onstant weight p. Align the otherweighted points along the horizontal axis su
h that p0, withp0 < p. Further ensure that the Voronoi 
ells of two of theseweighted points tou
h the Voronoi 
ells of all weighted pointsaligned along the verti
al axis. As a result the Voronoi 
ellsof all other weighted points tou
h only the two Voronoi 
ellsof the outer weighted points that are aligned verti
ally. Thisset of weighted points is depi
ted in Figure 7(a), and itsVoronoi diagram in Figure 7(b).Sin
e the weights of the verti
ally aligned weighted pointsare equal, a 
ommon Voronoi edge between two of thesepoints does not 
hange as we grow the weighted points. Thesame holds for an edge generated by two weighted pointson the horizonal axis. Be
ause of the di�eren
e in weightof points on the horizontal and verti
al axis, the Voronoi
ells of the weighted points on the verti
al axis en
roa
hupon the the Voronoi 
ells of the weighted points on thehorizontal axis. As a result for ea
h weighted point on thehorizontal axis, we have O(N) edge 
ips before the Voronoi
ell be
omes empty. The two outmost weighted points forman ex
eption, sin
e their Voronoi 
ells do not be
ome empty.This pro
ess is depi
ted in Figure 7(b) to (d).Proposition 5. The extended Voronoi Diagram of a setof N weighted points in IR3 
an be 
onstru
ted in O(N2 logN)time.Proof. We maintain the weighted Voronoi Diagram ofPt using a sweep-hyperplane algorithm, starting at t = 0.The weighted Voronoi Diagram for t = 0 
an be 
omputedin O(N2) time, using the algorithm from [9℄. The 
ombi-natorial stru
ture of VD(Pt) 
hanges at the t-
oordinatesof the verti
es of the extended Voronoi Diagram. There areseveral types of events, depending on the type of the vertex:the type of the event is the type of the vertex. At an eventof type k, 0 < k � 3, a k-fa
e f (and its in
ident j-fa
es,0 � j < k) is destroyed, and a 3� k-fa
e f 0 is 
reated.Sin
e the weighted points are in general position, fa
e f isa k-simplex just before its destru
tion. Therefore, the al-gorithm maintains a priority queue storing the destru
tiontimes of all k-simpli
es in the 
urrent weighted Voronoi Dia-gram. A Voronoi vertex 
orresponds to a line segment in theextended Voronoi diagram. By de�nition of the extendedVoronoi diagram, a Voronoi vertex parametrized in terms oft, moves along a line in IR3 at 
onstant speed. At an event,at least two Voronoi verti
es 
oin
ide. It follows that 
om-puting the destru
tion time of a Voronoi 
ell is equivalentto 
omputing the time at whi
h two of its verti
es 
oin
ide.Pro
essing an event of type k now boils down to the follow-ing update operations:(i) Update the weighted Voronoi Diagram, i.e., remove thedestroyed k-simplex and insert the 
reated 3 � k-simplex,thereby updating all in
iden
e relations;



(a) (b) (
) (d)Figure 7: A set of weighted points for whi
h the Voronoi diagram 
hanges topology a quadrati
 number oftimes. Figure (a) shows the set of weighted points and (b) its Voronoi diagram. Figure (
) and (d) show theVoronoi diagram for in
reasing t.
p̂Figure 8: Three weighted points in an r-admissibleset P. The radius of the maximal 
ir
le p̂ in themiddle is shrunken with a fa
tor r. The result isthat p̂ only tou
hes TP in one small 
ir
ular ar
.(ii) Update the priority queue by adjusting the destru
tiontimes of all j-simpli
es, j > 0, in
ident with the newly 
re-ated simplex.The destru
tion time of a k-simplex is equal to the destru
-tion time of its edges. Therefore, it is suÆ
ient to 
omputethe destru
tion time of ea
h new or updated edge. Sin
eonly a 
onstant number of fa
es is involved in a single event,step (i) takes O(1) time, and of step (ii) takes O(logN) time.Sin
e multiple fa
es are in
ident upon the destroyed and
reated simpli
es, time stamps in the priority queue 
orre-spond to multiple simpli
es. However, in view of Lemma 4the total number of time stamps is O(N2). Therefore thetime 
omplexity of the algorithm is O(N2 logN).Corollary 6. Let P be a set of N weighted points inIR3. Then �0, de�ned by�0 = minf� j �(P�) 
hanges topology for t = �g;
an be 
omputed in O(N2 logN) time.Proof. Consider a fa
e of the extended Voronoi Dia-gram, de�ned by a subset Q of P. There is a unique valuet for whi
h \Qt 
onsists of a single point, x say: solve (x; t)from the equation �(q̂t; x) = 0, for some, and hen
e all,q̂ 2 Q. In this way we asso
iate a unique time stamp �Qwith ea
h fa
e of the extended Voronoi Diagram. The value�0 is the minimal time stamp greater than 1. Sin
e there areO(N2) fa
es, it 
an be 
omputed from the extended VoronoiDiagram in O(N2) additional time.

5. PRESERVING MAXIMALITY OF THE
BALLSThe medial axis transform forms a good shape des
riptorfor surfa
es. From a surfa
e W we obtained an r-admissibleset P of approximate maximal balls of W . In this se
tion,we 
onsider this set to be a shape des
riptor for W . WeapproximateW with a surfa
e that is a good approximationin the sense that ea
h maximal ball in P is also maximal inthe approximating surfa
e.Before we 
onstru
t su
h a surfa
e, �rst we give a formalde�nition of a T -maximal ball w.r.t. some surfa
e T .Definition 7. A ball is T -maximal if it is en
losed in thesurfa
e T and it is not 
ontained in any other ball en
losedin T .Consider an r-admissible set P. The surfa
e M = SP is
omposed of spheri
al pat
hes. Ea
h spheri
al pat
h 
 ispart of the boundary of some maximal ball in P.Requirement (ii) of an r-admissible set ensures that ea
hweighted point generates at least one spheri
al pat
h onSP. In Figure 8, we show that for any r > 0, we 
an
onstru
t an r-admissible set that 
ontains a weighted pointp̂ su
h that p̂ generates only one 
ir
ular ar
 and this ar
 isarbitrary small. This example 
an be extended in any di-mension. Therefore to guarantee that ea
h weighted pointin P is also maximal in the approximating skin surfa
e, wehave to guarantee that for every spheri
al pat
h 
, the ap-proximating skin surfa
e 
ontains a subset of 
. As longas this subset exists, it ensures that its generating weightedpoint is maximal.Con
eptually, we start with the skin surfa
e for s = 1. Forthis approximation, we know that 
\S1 = 
. As we de
reases, pat
hes between spheres arise and 
\Ss be
omes a propersubset of 
. While doing so, the interse
tion of 
 and theskin surfa
e 
an be
ome dis
onne
ted. When this happens,we 
onsider ea
h of these 
omponents seperately. We stopde
reasing s just before some 
 tou
hes Ss only in one point.To determine when a pat
h 
 only tou
hes the skin surfa
eSs in a point, we use the mixed 
omplex. Re
all that themixed 
omplex de
omposes the skin surfa
e into quadrati
pat
hes. In parti
ular, a mixed 0-
ell 
lips its 
orrespondingmaximal ball. A mixed 0-
ell 
orresponds to a weighted



point p̂ 2 P. Its shape is the Voronoi 3-
ell 
orrespondingto p̂ shrunken with a fa
tor s towards the weighted Delaunay0-
ell Æfp̂g.Lemma 5. Let 
 be a spheri
al pat
h on SP generated bya weighted point p̂ 2 P. Then there is a weighted Delaunay3-
ell ÆX adja
ent to Æfp̂g for whi
h the segment between pand �X interse
ts 
. Further, the skin surfa
e Ss 
ontains aspheri
al pat
h of 
 i�s � jp� �X j > pProof. First, we analyse the shape of a mixed 0-
ellmore 
arefully. A Voronoi 3-
ell is a 
onvex polyhedronwith its Voronoi 0-
ells at its verti
es. Sin
e a mixed 0-
ell is a Voronoi 3-
ell shrunken towards the 
enter of its
orresponding weighted point, a mixed 0-
ell is a 
onvexpolyhedron with its verti
es on the line from the weightedDelaunay 0-
ell to ea
h Voronoi 0-
ell.To be more pre
ise, for every weighted Delaunay 3-
ell ÆXadja
ent to Æfp̂g, the mixed 0-
ell has a vertex at the point:s � �X + (1� s) � Æfpg:The interse
tion of the spheri
al 
ap 
 with Ss is non-emptyif some part of 
 lies inside the mixed 0-
ell. Sin
e a mixed0-
ell is a 
onvex polyhedron, this is the 
ase if a vertex ofthe polyhedron lies outside p̂. Therefore the interse
tion of
 with the skin surfa
e is non-empty if the inequality in thelemma holds. Note that in this equation �X also dependson the shrink fa
tor.The algorithm to obtain the lowest shrink fa
tor is similarto the algorithm used to 
ompute the minimal shrink fa
torfor whi
h the skin surfa
e is homeomorphi
 to the originalsurfa
e W . Instead of testing when a set of weighted pointsin a weighted Delaunay 
ell 
auses a topologi
al 
hange, wetest for ea
h weighted Delaunay vertex when a spheri
alpat
h degenerates into a point. Just before this happens,we have obtained the lowest shrink fa
tor for whi
h we 
anguarantee that the maximal balls in P are also maximal inthe skin surfa
e.
6. ERROR ESTIMATESIn this se
tion we 
onstru
t a minimal shrink fa
tor s3 su
hthat, given an r-admissible sample of a surfa
eW , the Haus-dor� distan
e between the body BW bounding W and thebody BS(s) of the approximating skin surfa
e Ss is at most2r for s3 � s � 1. We do this in the following way: �rst,we show that under the 
onditions in De�nition 1 (in par-ti
ular 
ondition (iv)), the distan
e between BW and [P isat most r. Then we 
onstru
t a skin surfa
e Ss for whi
hwe guarantee that the distan
e from ea
h pat
h to SP isat most r. It follows from these results that the distan
ebetween BW and the body of the approximated skin surfa
eis at most 2r.Lemma 6. Let W be a 
losed surfa
e bounding a bodyBW . For an r-admissible sample P of W , we have that:d(BW ;[P) � r;

Proof. Let x 2 BW , and p̂ be an W -maximal ball 
on-taining x. Using restri
tion (iv), we know that there is aball p̂0 in P with d(p̂; p̂0) � r. It immediately follows thatd(x; p̂0) � r and therefore d(x;SP) � r.Using 
ondition (iii) and a similar reasoning, it follows thata point x 2 SP lies at most at a distan
e r from BW .It follows from this lemma that S1 satis�es C3(S). In the restof this se
tion we determine the minimal shrink fa
tor s3 forwhi
h we 
an show that the maximal distan
e between thebody BS(s) of Ss and SP is at most r. Sin
e SP � BS(s),it follows that d(x;BS(s)) = 0 for all x 2 SP. To show the
onverse, that d(x;SP) � r for all x 2 BS(s), we use thede
omposition of Ss by the mixed 
omplex.The mixed 
omplex de
omposes a skin surfa
e into quadrati
pat
hes. Ea
h mixed 
ell �sX 
ontains the quadrati
 pat
hthat is the interse
tion of �sX with S 
onv(X )s. A set X
an only generate a part of the skin surfa
e if it generates anon-empty weighted Voronoi Cell.Instead of taking the 
onvex hull of a set of weighted pointsX , 
onsider the aÆne hull of X . Let f̂ be the weighted pointin the aÆne hull with minimal weight. The weight of f̂ ispositive if and only if its 
enter is 
ontained in SX . Simple
al
ulations show that f is the fo
us of X .We devide the sets X that 
an generate parts of the skinsurfa
e in two 
lasses. First, we 
onsider the sets for whi
hf̂ has positive weight. For these sets we bound the distan
efrom the part of the skin surfa
e generated by X 1=s to SXby r. We 
an not do this if the weight of f̂ is negative.Therefore we make sure that these 
ells do not 
ontributeto any part of the skin surfa
e.
Bounding the distance of a patch to

SPLet X � P form a non-empty weighted Voronoi 
ell, andlet f̂ 2 aff(X ) be the weighted point with its 
enter at thefo
us of X . Assume that f̂ has positive weight. It followsthat ea
h point in the aÆne hull, and therefore also in the
onvex hull, of X has positive weight.Now let X = fp j p̂ 2 Xg and let m 2 aff(X) be the pointequidistant to ea
h x 2 X.Lemma 7. If the weight of f̂ is positive, then for ea
hshrink fa
tor sX � s � 1 withsX = 1� r2jm� xj2 ; (4)for some x 2 X, we have thatd([X ; Ss(X )) � r:Proof. We de�ne the fun
tion ps(p) as the weight of theweighted point in 
onv(X 1=s)s 
entered at p.The set �(
onv(X )) forms a hyperplane in IR4. Sin
e theweight is de�ned as the distan
e along the last 
oordinate



�(p̂1) �(p̂2)
�(p̂1=s1 ) �(p̂1=s2 )�(
onv(X ))�(
onv(X 1=s)s) �(
onv(X 1=s))HH�� AAFigure 9: The ve
tor spa
e obtained under the lift-ing operator � on 1-dimensional weighted points. Itshows how the 
onvex hull of the set X = fp̂1; p̂2gdeforms as we de
rease the shrink fa
tor.axis to the unit paraboloid, p1(p) is a paraboloid with lead-ing 
oeÆ
ient 1. For the analogue of the ve
tor spa
e ob-tained under � of weighted points with an 1-dimensional
enter, see Figure 9. The top parabola denotes the set ofweighted points with zero weight.From a similar reasoning it follows that �(
onv(X 1=s)) alsoa hyperplane forms in IR4. By the de�nition of shrinking,ps(p) is a paraboloid with leading 
oeÆ
ient s.Knowing the leading 
oeÆ
ient of ps(p), the paraboloid is�xed upto translation. Therefore 
onsider a weighted pointp̂0 2 X . It is �rst shrunken with a fa
tor 1=s and then with afa
tor s, therefore ps(p0) = p0, as is also depi
ted in Figure 9.Using these points the parabola is uniquely de�ned, and itfollows thatps(p) = p1(p)� (1� s)(jx�mj2 � jp�mj2);for some x 2 X, sin
e jx;mj = jx0;mj for x; x0 2 X. Indeed,ps(p) is a paraboloid with leading 
oeÆ
ient s, sin
e p1(p)has leading 
oeÆ
ient 1. Further, the weight of the pointsin X is independent of the shrink fa
tor.Using the fa
t that for s = 1, p̂(1) 2 
onv(X ) is 
ontainedin SX and that ea
h weighted point 
orresponds to a ballwith real radius, we bound the pat
h in terms of the distan
ebetween p̂(s) 2 
onv(X 1=s)s and p̂(1).d(p̂(s);[P) � d(p̂(s); p̂(1))= pp(s)�pp(1)� q(1� s)(jx�mj2 � jp�mj2)The equation in the lemma follows if we take p = m toobtain the maximal di�eren
e in weight, and then solved(p̂(s);SP) = r for s. Note that this bound 
an be toopessimisti
 sin
e m 
an lie outside the 
onvex hull of X,and therefore jp�mj2 > 0 for all p 2 
onv(X)

Avoiding caps in a skin surfaceIn the 
ase that we have a set X 2 P for whi
h the weight off̂ is negative, the previous lemma does not hold. To see this,
onsider a weighted points p̂ in the 
onvex hull of X withnegative weight. The 
enter of his point lies outside SX .As we de
rease the shrink fa
tor the weight may be
ome

real, but we 
an not bound the distan
e from this maximalball to SX in a similar way.In order to avoid this situation to happen we assure thatthe mixed 
ell 
orresponding to X does not 
ontain any partof the skin surfa
e. For a mixed 0-
ell 
orresponding to aweighted point p̂, the fo
us is lo
ated at the 
enter of p̂ andhas therefore always a positive weight.Consider a mixed 1-
ell 
orresponding to a set X . The pat
hgenerated by this 
ell is a two sheeted hyperboloid. Its sym-metry axis is the line through the 
enters of the two weightedpoints in X . For s = 1, we know that the mixed 1-
ell doesnot 
ontain any part of the skin surfa
e, sin
e no pat
hes aregenerated. As we de
rease the shrink fa
tor, the �rst pointwhere the skin surfa
e interse
ts the mixed 1-
ell is on thesymmetry axis.A similar analysis of the mixed 2-
ells and 3-
ells, showsthat the �rst point where the skin surfa
e will interse
t themixed 
ell lies on the segment between the fo
us f of the
orresponding set of weighted points X and the 
enter of aweighted point in X . Moreover, the skin surfa
e interse
tsthe mixed 
ell if s � jp� f j � p; (5)for some p̂ 2 X . This 
an be shown in a similar way as donein the proof of Lemma 5 and is left as an exer
ise to thereader.Summarising, in Lemma 6 we showed that the distan
ebetween an arbitrary surfa
e W and the union of an r-admissible sample P smaller is than r. In the rest of these
tion we obtained two equations.The �rst equation, Equation (4), holds if f̂ has positiveweight and gives us a minimal shrink fa
tor for whi
h we
an prove that the distan
e from the body of Ss(X ) to SXis at most r. The se
ond equation, Equation (5), gives usthe minimal shrink fa
tor for whi
h X does not generate anypart of Ss(P), if the weight of f̂ is negative.Combining these two results, we obtain a value s3 for whi
hthe Hausdor� distan
e between the body bounded by Wand the body of the skin surfa
e Ss, with s3 � s � 1, is atmost 2r.
7. CONCLUSION AND FUTURE WORKWe presented an algorithm to e�e
tively 
ompute a C1-approximation S of a surfa
e W represented by a set ofapproximate W -maximal balls. The approximation S is askin surfa
e, whi
h is homeomorphi
 to the boundary of theunion of the approximate W -maximal balls. Furthermore,the Hausdor� distan
e between the regions en
losed by Wand S 
onverges to zero as we in
rease the density of thesample of maximal balls.A disadvantage of our method is that the surfa
e is usuallybumpy, i.e., the error of the tangent ve
tor (the C1-error)is not bounded, sin
e we will always have 
on
ave pat
hesinbetween two balls. Another drawba
k of our algorithmis that it determines the shrink fa
tor globally: if a highshrink fa
tor is needed at one part of the skin surfa
e, thisin
uen
es the approximation of the whole surfa
e.



For s 
lose to 1, the skin surfa
e and the boundary of theunion of the input balls is almost the same. This would im-ply that our approa
h does not improve on the union of theballs. We assume that the shrink fa
tor will be signi�
antsmaller than 1. In fa
t, we 
onje
ture:Conje
ture 8. For a C2-surfa
e W there is a sW < 1su
h that the shrink fa
tor sS 
orresponding to a sampleof the Medial Axis Transform of W 
onverges to sW if thesampling density goes to 1.We think that the value sW depends upon the maximal ratiobetween the radius of the maximal ball tou
hing a pointx 2 W and the lo
al feature size in x. The larger thisratio, the higher sW . We are 
urrently trying to prove this
onje
ture.We are 
urrently investigating adaptations of the methodspresented in this paper, yielding C1-surfa
es that are lessbumpy. We further plan to improve our algorithm su
h thatit 
hooses the shrink fa
tor adaptively, i.e., based on lo
al
onstraints. Another topi
 of future resear
h is the 
onstru
-tion of an r-admissible set of (approximate) W -maximalballs.
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