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Abstract: We here address the classical bearings-only tracking enol§BOT) for a single object, which belongs
to the general class of non linear filtering problems. Rdgealgorithms based on sequential Monte Carlo methods
(particle filtering) have been proposed. However, initi@lg particle filtering is often the main difficulty, espelbya

if the state is only partially observed (BOT). To remedy fhistproblem, the problem is immersed in a modified
polar coordinate (MP) framework. This approach leads usottsider an original formulation of the BOT problem
within the MP system. In particular, it is shown that thislplem is relevant to a more general class of problems: non-
linear filtering with unknown state covariance. Inside thasticular framework, particle filters can be quite convitig
initialized by using only observed bearings (optimizatwablem). The whole algorithm performs quite satisfadyori
avoiding the need of a strong prior about target locationaidcity. Simulation results illustrate the benefits ofthi
approach. The Posterior Cramér-Rao Bound (PCRB) provadiesver bound on the mean square error. Original
PCRB approximations for the “partial” state target (theavable components) are derived. It is well-known that the
"usual” PCRB is (very) over-optimistic. Relaxing the asyiifc unbiasness hypothesis, a new bound is derived, both

for partial or complete state vectors, which presents a ggudement with estimated MSE from simulated data.

Key-words: bearings-only tracking, initialization, sequential Mer€arlo methods, posterior Cramér-Rao bound,

performance analysis.
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Initialisation du filtre particulaire et borne de Cram ér-Raoa posteriori
appliqué au probleme de pistage par mesure d’angle en coordoges

polaires modifiees

Résune : Le probléme de pistage d’'une cible unique par mesure déasglile (BOT) est un probleme classique
appartenant a la classe des problémes de filtrage naairisé Ce type de probleme a été résolu recemmentdel’a
d’'une méthode séquentielle de type Monte Carlo (filtrageigulaire). Toutefois, I'initialisation de cette algihmme
reste tres délicate notamment lorsque une partie seunledeel’'état est observable. L'utilisation des coordoemé
polaires modifiées se révéle alors cruciale. En effatecpproche permet de déduire une nouvelle formulatiam po
le BOT. En particulier, on montre alors que ce probleme amo# a une classe plus générale: les problemes de
filtrage non linéaires avec covariance d’'état inconnuan®ce cadre, I'algorithme de filtrage particulaire pane-é
correctement initialisé en utilisant les mesures d’asgleservées (probleme d’optimisation). Cette méthaigmale

est illustrée par des résultats de simulations qui sE@avéres satisfaisants. L'avantage principal de cettaidee est
gu’elle ne nécessite pas un a priori fort concernant lalisation et la vitesse de la cible. La borne de Cramér-Rao
a posteriori (PCRB) est une borne inférieure pour I'errguadratique moyenne. Il est bien connue que la PCRB
"usuelle” est treés optimiste. Une nouvelle borne poutdtéartiel (les composantes observables) ou I'état cempl
est obtenue en relachant I'hypothése de biais asympmtiQette nouvelle borne fournit des résultats plus résdis

relativement a I'erreur quadratique calculée a padiddnnées simulées.

Mots clés : pistage par mesure d’angle seule, initialisation, methddente Carlo sequentielles, borne de Cramér-

Rao a posteriori, analyse de performances.



Notations

MP(C): Modified Polar (Coordinates),

BOT: Bearings Only Tracking,

n,: size of the target state in MP coordinate system,

n,-: Size of the partial target state in MP coordinate systeriedd@MP,
= inequalityA = B means thatl — B is a positive semidefinite matrix,
®: Kronecker product,

|| X|lo:, || X]lg = X"Q ' X whereX is column vector,

A: Laplacian operator,

V: gradient operator,

N convergence in distribution,

det(X): denotes the determinant of matrk,

XT: denotes the transpose of matix

1 Introduction

The aim of BOT is to determine the trajectory of a target usingy bearing measurements from a single observer.
Let us assume that the target motion may be described by @sigiff model (see [1] for an exhaustive review on
dynamic models). The problem is classically composed ofst@chastic equations. The first one represents the tem-
poral evolution of the target state (position and velocityyl is called state equation. The second one links the fgearin
measurement to the state of the target at time t (measuresgeation). Non-linearity of the measurement equation is

a main difficulty. Particle filtering ([2], [3], [4] and [5])d how the method of reference.

Particle filtering algorithms are generally composed oééhstages at each step of time. First, a particle set repre-
senting different possible states of the target is propabasing the state equation. Second, the weights of the et
are updated according Bayes's formula using the measutergaation. The state distribution is a finite weighted sum
of Dirac laws centered around the particles. The third stageresampling step in order to avoid degeneracy of the
particle set. It may be mentioned in passing that many ways haen developed to improve particle filtering algo-

rithms: the use of kernel filter has been studied in [6] as a&lhe resampling frequency.

However, initializing the particle filter has not been thogbly investigated yet, reference [7] excepted. In practic
it can not be denied that wrong initialization may have digsas consequences on estimation quality. Intuitivelig, th
problem is the result of range unobservability. Howeves fhct is not clearly expressed using cartesian coordinate
system. Otherwise, other coordinate systems like the MPdimate system have been proposed by Aidala and Ham-

mel in [8]. Many theoretical considerations testify theg éundamentally relevant in the BOT context, especially the
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fact that the range is uncoupled with other components ofthie vector. In thé-D context, an hybrid coordinate

system has been developed by Grossman in [9].

In section 2, we study the formulation of BOT problem in the Ridrdinate system. This section has its own
interest because it allows to understand the effect of rdogestimating the other components of the state vector.
In particular, it appears that range can be assimilated tata sovariance term in the state equation. Moreover, we
show that BOT belongs to a class of problems hard to solve lyatnen-linear filtering problems with unknown
system is proposed in section 3. Compared with [7], thereiseed to have kinematic informations on the target
(i.e. maximum and minimum velocity). Simulation resulte aresented for a typical tracking scenario, involving a

manoeuvring observer and a constant velocity target.

Section 4 and 5 are devoted to the performance analysis of ddRdimate system using the recursive PCRB
developed by Tichavsky et al. [10]. This formulation of tRERB is now widely used by the tracking community.
However, a major and well recognized concern is that thisndda (very) over-optimistic in the BOT context (see
[11]). Explanations are provided (asymptotic unbiasnessiaption) and a new PCRB is derived. Moreover, as long
as the target does not maneuver, only a part of the MP codedéiyatem is observable. In Section 5, we propose then

a general framework for deriving a bound related to the ‘ipirtarget state.

2 From cartesian to MP system for BOT

Historically, BOT is presented in cartesian system. Letefing

X1 (1) Vg (1)

MR ECE TN "
X;(t) re(t)
Xy (t) ry(t)

the state of the target at timeomposed of relative velocity and position of the targehieut — y plane. It is assumed

that the target follows a nearly constant-velocity modéle Tiscretized state equatfais then:

Xip1 =AXy + HU + Wy, 2

1For a general review of dynamic models for target trackingy [4é.
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where:

WtNN(OaQ)a
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A= ®]d2

o 1

3)

H= 2 Ids

Ot

2

& Xk
Q=n*| » 5 |®ld.

2 3

d; is the elementary time period ab@ is the known difference between observer velocity at imé andt. Otherwise,
we noteZ; the bearing measurement received at tim& he target state is related to this measurement through the

following equation:

74 = tan~! (Eg) e ()

whereV; ~ N(0,02). The system (2)-(4) has two components : a linear state iequét) and a non-linear mea-
surement equation (4). Particle filter techniques (se@43lare, thus, quite relevant. However, as shown in [12] a
problem of observability is hidden in the cartesian forntiola. As a matter of fact, no information on range exists, as
long as the observer is not maneuvering. So the idea comsissing a coordinate system for which the unobservable
component (range) is not coupled with the observable comptisn This is the motivation of Aidala and Hammel [8]

for defining MP system. We denote:

Vi (t) B(t)
r(t)
v, — Ya(t) _ | 7 )
Ys(t) B(t)
Ya(t) 4

r(t)
the target state at time t in MP coordinate system wii#t¢ andr(t) are the relative bearing and the target range,
respectively,@(t) andr(t) are the time derivative gf(¢) andr(t). The stochastic system (2)-(4) becomes:
Yipr = £ [Afp, (V) + HU + W] (6a)
Zy = H(f,(Ye)) + Vi, (6b)

wheref."? and f;,,, are cartesian-to-MP and MP-to-cartesian state mappingifuns reminded in appendix A. Now

we are going to pay more attention to the stochastic syst¢os{eg Aidala and Hammel's formulation of the problem.
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Expliciting f,"* and fy, ,, €q.(6) can be rewritten:

(

S1 (17)54(17)752 (f)S3 (17)
ni(t+1) S 0F50)
Vi+1) | =| 2EFFEEGE | (7a)
Ya(t +1) Y3(t) + tan~! (ﬁzéii)
Yu(t
Vit +1) = ——20___ (7b)
S5 (t) + S (1)
\ Zi=Yy(t) + Vi, (70)
where:
S1(t) Yi(t)
Sa(t) Ya(t) 1
= + Ya(t) ® Py, 1)Uz | + Ya(t)Wy 8)
S3(t) 0:Y1(t) Oy
Sa(t) 14+ 6:Y2(t)
and
cos(Y3(t)) —sin(Y3(t))
Py, = : )
sin(Y3(t))  cos(Ys(t))
Deliberately, we have split the state vector in observablebservable components in (7). We note
Yi(t) B(t)
= n |=| 2. (10)
Y3(t) B(t)

the observable components of state vector called “Reduamiifidd Polar” coordinate system (acronym RMP). Then

if the observer does not maneuvér, (s a zero vector), we can write (7) according to the last narnat

thl] = F(Y;TaWt) 9 (11a)
Yi(t+1) = G(Y,, W), (11b)
Zy =Y3(t) + V4, (11c)

whereW; = Y;(t)W;. Then what conclusions can be drawn from this formulatiore?sae that if target evolution is
deterministic, range disappears from state equation (Majeover, this quantity does not appear in the measurement
equation (11c).

Similarly to the deterministic case, range remains unalzd®e in the stochastic case (hon-maneuvering target).
Moreover, it is noticeable that in this case range only apgpaa a covariance term. Then the problem boils down to
this one: historically, BOT was presented as a non-line@riilg problem via cartesian coordinate system. However,

in this approach the problem of non observability of rand&dsien. Within the MP formulation, the problem appears
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to be more complex, at a first glance. It is a non-linear fittgrproblem with unknown state covariancé (t) is
the unknown parameter in state covariance) and we will sgedispite itapparentcomplexity it is the workhorse
for performing a reliable initialization. More preciselfere is no need to have a precise knowledge of the range for

estimating the observable components.

3 Particle filtering algorithm in MP coordinate system

According to the previous section as long as the observestismaneuvering only RMP are observable. The fourth
component can be fixed without perturbing the estimationhefthree first components of the state and must be
estimated only when it turns to be observable i.e. when tlsemwier is maneuvering. Consequently, the number of
components we have to initialize decreases frbto 3; and, more fundamentally, these components are precisely
the observable ones. Of course, the particle filtering dtlgor can be initialized using a grid approach if "physical”
bounds are available for this components. This approachées proposed by Teuliere in [7]. However, these bounds
are not necessary in our initialization context. A first stemsists in initializing the observable components. It is

presented below.

3.1 Initializing observable components

An instrumental remark is that the Maximum Likelihood Esiten (MLE) for the observable components can be
infered from an approximation of the stochastic system eaNtPC system. More precisely, assuming that the target

motion is deterministic, the stochastic system (7) becomes

) 8: Y1 (t
Yi(t+1) (5tY1(t))2+(1(+)5th(t))2
. 140+ Yo (t
Ya(t+1) [ = 1= (Jtyl(t))2+(1+(5)th(t))"‘ ' (22
Yi(t+ 1) V3(t) + tan™! (1?&%3&)
Ya(t
Yi(t+1) = t 0 2’ (20
VYT ()2 + (14 0:Y5(t))2
\ 2= Yalt) + Vi ()

This system modelling results in a non-linear regressiablam, i.e. :

(t — k)0 Y1 (k)
14 (t— k)6 Yo

Zi = Y3(k) + tan ™" ( k)> + Vi, Vt>0. (13)

Let us denoté’[, the MLE of the observable components of the state at fimsing the2k + 1 first bearing mea-
surements. It is computed by means of a Gauss-Newton dlgosince eq.(13) is non-linear. This is the approach of

Nardone and Graham [13] to solve the BOT problem.
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First, let us remark that an advantage of the MPC formalisthas the iterative optimization algorithm (Gauss-

Newton) can be easily initialized itself by using the foliog linearization of eq.(13):
Zy = Y3(k) +Yi(k)(t — k)0 — Y1 (k)Ya(k)(t — k)?6; + Vi, VE> 0. (15)

Again, eq.(15) results in a non-linear regression probléfawever, it can be (approximately) solved in a linear

way by means of a "modified” linear estimate (denof@fd defined by:

72
Yy = - with 4 =XxTx)'x7z (16)
%
where:
1 —ké k?6}
Z=(Zoy..., Zop)" and X =| : : 17)
1 kS k207

This estimatoﬂkaT is used for initializing the Gauss-Newton algorithm.

Moreover, using classical convergence results, we canelafoconfidence area notéﬁél(ffkr) for the MLE. Then
the observable components of the particles can be ingidlizy sampling uniformly irCA(Y,{). Let us now precise
the confidence area’s formula. If we always assume that #pectory of the target is not stochastic then the MLE is

asymptotically optimaf which means that:
V2k+ 1Yy —Y7) S N0, J(Y) ™Y, (18)
whereJ(Y,") is the Fisher information matrix defined by:
JOV) = = B{AV In(pyy (Zook))} - (19)

In (19),pykr(ZO;2k) is the density function o¥.,; conditionally toY,. In this case, the Fisher information matrix
J(Y,]) can be exactly computed (see Appendix B). From the aboveergence result (18), the following result is
infered:

2

(2k + 1) HY,{ —yy Dy oxz, (20)

J(Y)~t
whereX? is a chi-square distribution with 3 degrees of freedom. Aliyithis is a non trivial result and we refer to

Appendix C for details. Then, we are able to define the confidemea fort;”, such that:

. . 2 X2(1 -
cawn ={v || -wil, < B (21)
2Notice the analogy between eq.(15) and the foIIdWing Taahproxirr(laﬁgm of3(t):
B ~ B(k) + Bk)(t — k)dr + %ﬁ(k)(t —k)267 , vt >0. (14)

3See [14] for more details about the convergence resultsabf sstimator.
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whereX? () is the(1 — a)-quantile of the chi-squared distribution with 3 degreefreédom.
Practically, a is classicaly fixed to 5 percent. It is worth stressing tﬁ’ai(?,g“) is an hyperellipsoid. Then the
initialization of the observable components of the statthefparticles can be done using the algorithm proposed by
Dezert and Musso in [15].

It remains finally to fixYs (k) the fourth component of each of the particles altough it ishservable. Let us
remark thatY; (k) is the inverse of the range at tinkeso an intuitive idea consists in giving to each particle agean

value uniformly sampled between a minimum and a maximuntiveléarget range notef,,;,, andR,,, .-

3.2 Determining the batch initialization time?

It remains now to determine the batch duration (the paramieteith our notations), sufficient for ensuring a good
initialization of the particle filtering algorithm. Intuitely, the volume ofCA(Y,g“) decreases with the time If we
associate to each of the particles a neighborhood suchhthatite state of the target is lying in (at least) one of these
neighborhoods, then the problem of the choicé @éverts to determining the batch duration which ensuresiha
particles are sufficient to fill the confidence area.

For a given patrticléi), this neighborhood represents the capacity of the pafilte to tend toward the true state.

In Cartesian coordinates, the state equation (2) results in

Bx() = {x:

. 2
| X - AX,E’LHQ <x2(1- a)} . (22)

Letus denoté)(B(X,i“)) the volume of the neighborhood of the parti¢l¢. Obviously we can not compare the set
of volumes associated with each of the parti{:lé(B(X,il)), cey V(B(X,EN))} and the volume of the confidence area
notedV(C A(Y;")). Then the idea consists on the first hand in determining (ﬂﬁcﬁm,(j))) the neighborhood in RMPC
notedB(Y,f(i)) for each particleand on the other hand to define the confidence are#farsing bothCA(ffk’“) and
the prior information relative td; (k). Practically, this means that the particle filter can baafized as soon as the

following condition holds:

V(CA(Yy)) (23)

HMZ

To that aim, let us derive, first, a formula ﬂb’r(B(Yki )). A first order approximation of (2), lead us to consider

the following approximation for each particle:
U AL, ) + VB, W]y Wi (24)

This allows us to infer the neighborhood associated withrtigbe (4):

2
<Xi(1-a),p . 25
‘VYf,‘:lp(Y)Qng:ﬁp(Y)YYk(i)l < A ( )} (25)

An elementary calculation of the Jacobian of the MPC to Gatecoordinates yields:

B(Y,f“):{yk HYrAf“’ (V%)
(i e
det (Vv £ Q 94 Loy Ly, ) = (170 1)
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e k=3
e While V(CA(VR)) > SN v(BY))
1. Estimateff,j using a Gauss-Newton iterative algorithm.
2. ComputeV(C A(Y})) using eq.(28).
3. ComputeV(B(v,")) using eq.(26) foi = 1,... , N .
4. k=k+1.
e Initialization of the particles

1. Initialization of the observable components :

Vi (k) | ~UCATY)) fori=1,...,N. (29)

2. Initialization of the unobservable component :

(i) 1 ,
Y, (k) = fori=1,... ,N. (30)
4 u([RmMz; Rmar])

Figure 1: Initialization of particle filtering algorithm iNMPC.

then the volume of this hyperellipsoid is given by the follog/formula:

(rX3(1— ) (v (k = 1))°
I'(3) ’

v(B(Y")) = (26)

wherel'(.) is the classical function. Thus/,(B(Y(“

[k/2])) the volume of the neighborhood associated with a particle

depends only of the range.
Now, we are paying more attention W(C'A(Y})). Remark thaﬁA/k’“ does not depend on the fourth component.
Moreover, it has already been assumed that the range is bethgeenR,,,;, and R,,,,, SO that we can make the

following approximation:

1 1

Rmin Rmaz

V(CA(Yy)) = ( YW(CA(YY)) , (27)

and the confidence areaGf4(Y,") (21) is an hyperellipsoid defined by:

. TX2(1 — a))3/2
V(CAT) = (o - Ly A0 )

. (28)
Boin R F(5/2) det(J( ]:))

The algorithm for particle filter algorithm initializion isummarized in figure 1.
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3.3 Simulation results

Let us now illustrate the performance of initialization imed. The following scenario is considered. The initial stat

of the observer and the target are:

6 ms! —10ms™!
3ms! Oms!
Xt = L X§ = : (31)
0Om 10000 m
10000 m 0Om
The relative target state at initial time is then given Xy = X;*"?*" — X¢**. The observer follows a leg-by-leg

trajectory. Its velocity vector is constant on each leg:

095 (t) 10 ms™! 095 (t) —10ms™!
2100 < ¢ < 3900 | = . 3900<t<end| ° = . (32)
vgbe (t) 2ms! vgbe (t) 2ms!

The elementary time periodj is 6 s. The standard deviation of the process noise is fix@dtoms ! so that target
trajectory strongly departs from a straight line. The seddleviation of the measurement noise is 0.05 rad (about 3
deg.). An example of trajectory is presented in figure 2, ehibearing measurement batch is presented in figure 3.
A classical particle filtering algorithm is used with an atte@resampling. The only difference between concerns the
resampling stage. As long as the observer does not perfomeunar, the obervable components of the state of the
particle is not correlated with the unobservable compariBEm resampling threshold is fixed to 0.5 and the number of
particles is 10000. As concerns the initialization metttbdpnly assumption we make is that target range varies from
R,in = 1000 mto R,,.,. = 40000 m. In Fig. 4 simulation results are presented. At the begigoif the scenario, the
algorithm gives estimes only for the observable componehtke state i.e.{Y;(t), Y2(¢),Y3(t)} as solution of the
non-linear regression problem (13). Of course, we do nokfzavestimate for, (). At time 420, the "initialization
condition” (23) turns true which means that we are able tialized the particle filtering algorithm at time 210. From
this time, the tracking algorithm estimates the full statehe target. The first (three) components of target state
are correctly estimated form the beginning thanks to thialination method. Otherwise, we can see in (d) that the
confidence area related to the unobservable compdnétitis very high. At time 2100, the observer is maneuvering
so this last component turns to be observable. The effetti@fitaneuver is a brutal decrease of the confidence area
which is also illustratedt the scenario leves illustrated by Figure 5No prior about target parameters has been used

and the whole algorithm performs quite satisfactorily.

4 PCRB for BOT in the MPC setting

We turn now toward performance analysis of observable corapts of the estimated state vector using the PCRB
formulation as given in (see [10]). However, it is recoguizieat in the BOT context this bound is over-optimistic.

We show that this result is due to the asymptotic unbiasnessnaption which is not a sensible assumption in our
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14000

12000

10000

8000

6000

Ry coordinate in meters

4000

2000

05 1
Rx coordinate in meters. Y10t

Figure 2:trajectories of the observer (dashed line) and the targelid¢dine).

Simulated bearing measurements in radians

o 1000 2000 3000 4000 5000 6000
Time in seconds.

Figure 3:Simulated bearing measurements.

15l L. A U P - T Lo

1000 2000 3000 4000 BOOO SO0O00 1000 2000 3000 4000 BDOOO 8OO0
Time in seconds (a) Time in seconds (b)
CPM =2 x10™ CPM 4

: : . 1 . o o : . . i
1000 2000 2000 4000 5000 BOO00D 1000 2000 2000 4000 BOOOD BOOOD
Time in seconds (C) Time in seconds (d)

Figure 4:Estimates for one particular run (dashed linesy, @nfidence bounds area in grey. The solid line stands for
the true values. (a)Y1(¢), (b): Y2(#), (c): Ya(t), (d): Ya(2).
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Figure 5:20 confidence ellipse obstained for one particular run at tit260, 3600 and 6000s. The dashed line and

the solid line stand for the observer and observer trajeetr

case. Actually, an “asymptotic unbiasness assumptionbkas implicitly made; which is generally not valid in our

case. The remedy will be to incorporate the “bias” terms i@ mersion of the PCRB.

4.1 PCRSB for state estimation

Let Yy.; and Zy.; be the trajectory and the set bearing measurements up ta tivheh are random vectors of size
ny(t+1) and(t + 1), respectively. Ley(Zy.¢) be an estimator df.;. We focus here on the Error Covariance Matrix,

denoted:
ECM = E {(9(Zo:t) — Yo:t) (9(Z0:t) — You)" } (33)
and the diagonal terms of the ECM matrix:

ECMi; = E{(9:;(Zos) — Yi(j))?} .
Vjed{0,...,t}, Vie{l,... ,ny}, (34)

whereg; ;(Zy.+) is the estimator ot;(j) (the coordinaté of the target state at timg. ECM, ; is the mean square

error related to the estimation &f(;). First, let us recall the Fisher Information Matrix (FIM)@bias definitions.
Definition 1 (FIM) Let.J(¢) be the Fisher Information Matrix at time t:

J(t) = E{-AY 1 np(Zos Yoo) } (35)
wherep(Z;, ;) is the probability distribution ofZ;, Y;).
Definition 2 (bias) Bias is defined as:

B(Yo.t) =E{(9(Zo:t) — Yout) [You } - (36)
B, ;(Yy.¢) is the bias related to the estimationf(;) such that:

B; i (Yo:r) = E{9i;(Zot) — Yi(j)| Yo} - (37)

The estimator of the trajectory Z,.;) is unbiased ifB(Y;.;) is almost surely equal to zero.
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This choice of the bias definition is justified in the Appen@ixThe following theorem ensures that the FIM gives a

lower bound for the mean square error under a specific assomgalled “asymptotic unbiasness assumption”.

Assumption 1 (Asymptotic unbiasness)The asymptotic unbiasness assumption is defined as:
hm B(YO:t)p(YO:t) = hm B(YOI‘)p(YE]t) )
Yi(j)— Vi Yi(5)—=Y;
Vie{0,... t},Vie{l,... ,n,}, (38)
where); is the (connected) domain bf(j) for all j in {0,... ,t}, while{Y; , Y;" } are its bounds.
Proposition 1 (PCRB) Under assumption 1,

ECM = Jt) " . (39)

Now, let us give a proof of proposition 1. Two elementary Leasnare needed and recalled below for the sake of

completness.

Lemmal
J(t) = E{Vy,, Inp(Zot, You) Vv, , Inp(Zot, Your) } - (40)

Lemma 2 Let S be a symmetric matrix defined such that:

s=| * ¢ (41)
\or B )

¢ A non negative real symmetric matrix,

with

¢ B positive real symmetric matrix,
e C real matrix.
Then
S = 0impliesd - CB~'CT = 0.

Proof of proposition 1 We build theS matrix such that:

s=| * ¢ (42)
\er B )7

A = ECM,
B=Jt),
C=E {(Q(Zo:t) - Yo:t)VQM lnp(ZO:t:YO:t)} .

where:

(43)
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From this definition( is non negative definite. Using lemmas 1 and 2, one remarksvihaust have to prove that
is equal to identity.
C = E {(g(ZO:t) - Yo:t)VsT/O:, In p(Zo., Yo:t)}

/(g(ZO:t) - Yo:t)vnyo:tp(ZO:mYo:t)d(YO:m Zo:t) - (44)

Cisany(t + 1) x n,(t + 1) matrix. Integrating by parts, an element of C can be rewritte

CH{i, i1 4i",7'}Y) = Lpijy—qor iy +

/ {(gi,j(Zo:t) ~Yi(i))p(Zot, Your) Y

+ N
A, Zoa) (45)

il

whereYO:’t{"”j} is a whole target trajectory, the terfj(j) excepted. Now, if limit and integral operators can be

interverted, we have:

C{i, g} A" 3"}) = Ui jy=qirjy +

, Vi i)
/ [/(gi,j(ZO:t) = Yi(1))p(Zo:t, Yot )dZo.4 yde‘” . (46)

il

Using bias notation previously introduced, we obtain fiyrall

C{i, g}, {i",3"}) = WNgji—qijyy +

v (i
[ [Bustointvon] ) v @7

il

Thus, under assumption 1, C is the identity matrix.
O

However, objections can be expressed regarding theorenhile Vécognizing that the asymptotic bias assumption
is very convenientin that PCRB is simple to compute and iedépnt of the choice of the estimaydZ,.;), one must
however admit that this assumption is not always sensiblentf unbiasness is a desirable property, such assumption

may strongly departs from reality.

Otherwise, we may assume thaf.;) converges to zero at the endpointsgf;) for all i in {1,...,n,} andj
in {0,...,t}. This assumption may be hardly fulfilled. In our specific @xtt let us remark thay;” = Z and
Y3 = —3%, so that using (90) in Appendix D, we can see that:
lim  p(Yi|Y:) # lim  p(Yi1|Ys) (48)
Ya(t) =V Y3(t) =Yy
lim  p(Yia|Yy) # lim  p(Yia|V) (49)
Y3 (t+1) =V Y3 (t+1)— Vg

Then, theC'(¢) matrix cannot be considered equal to the identity matrixusTho remedy drawbacks, we propose a

more general theorem:
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Proposition 2 (PCRB)
E{(9(Zot) = Yo:) (9(Zox) = You) "} = C(0) I ()" C(0)" (50)
where:
Ct) = E{(9(Zot) = Yot) Vg, M p(Zout, Your) } - (51)

Now remark that it is not necessary to compuité' (¢). We only have to estimate the two mat€iXt) and.J(¢) and to

solve a linear system to approximate the PCRB. To estifng the key idea is to use the following relation:
Inp(Zo.t,Yor) = Inp(Z:|Yy) + Inp(Yy|Yio1) + lnp(Zoi—1, You—1) , (52)

which is true under two assumptions. First, the measuremgiithet depends only from the target state at time
Second{Y; };en+ is @ Markovian process. These two assumptions are easilycdddrom the formulation of the
BOT problem (11). We deduce from (52) thatt) and.J(t + 1) can be rewritten:

70) = ( i 5 ) , (53)
ST
where:
R, = E{VYOH1np(20:t,y(]:t)v$0:tfl1np(zo:t,yo:t)},
S, = E{Vyt 1np(z(]:t,yo:t)v$0:t711np(zo:t,yo:t)}, (54)
T, = E{Vy,Inp(Zos,Yo:t)Vy, Inp(Zo:t,Yor)}
and
R, S, 0
Je+1)=| ¢ m+Dl D2 |, (55)
0o px D=
where:
(DI = B{Vy, Inp(Ye [Y)) VY, Inp(Visa[V2)}}
D' = E{Vy,,, Inp(Yi:1|Y)Vy, Inp(YVia[V2)}
DP? = E{Vy,Inp(Yiu1|Y)Vy,, Inp(Yea|Ye)}, (56)
D* = E{Vy,, lnp(Y;&+1‘Yt)v¥;,+1 Inp(Yi11Y:)}
{ +  E{Vy np(Zi1 Vi) Vy,, Inp(Ziga|Yig)} -

ThenJ(t + 1) can be estimated using(¢) and approximations ab}!, D?!, D;? and D??. Let us remark that we
are able to approximat®}!, D', D}? and D?? using Monte Carlo methods because we have analytic fornfiotas

p(Z|Yy) andp(Y;41|Y:) which are given in Appendix C. Otherwis€(¢) can be rewritten using (52) again, i.e. :
t t
Ot) =E {(g(Zo;t) ~ You)VE { S Inp(Ze|Yy) + Zlnp(Yk|Yk1)}} . (57)
k=1

k=0

In the same way(’'(¢) can be approximated using Monte Carlo methods.
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4.2 Simulation Results

Based on the previous section, we illustrate the accurattyedfvo bounds through the scenario previously introduced
in section 3. The estimated mean square error (computeditiarget trajectories, while for each trajectory 10 set
of measurements are simulated) is compared with the lowand®(the "classical PCRB” and the "modified PCRB”
with C estimated) on figure 6. As expected, for all the commmef the target state the mean square error is upper

than the two bounds.

We can see that the two lower bounds have a different evolytésticularly when the observer is maneuvering.
This confirms that the asymptotic unbiasness assumptiarbi®ds,in this context Clearly, the classical PCRB is over
optimistic, while the modified PCRB appears to be tight aridloée. However, we can express a last objection about
this two lower bounds. Notice that the compon®ift) is unobservable as long as the observer does not maneuver,
thus it is likely thatJ(¢) be an ill-conditioned matrix. Then the problem is to derive@GRB, for theobservable-only

components of the target state. This will be the aim of the segtion.

MSE

,,,,,,,,,,,,,,,,,,,,

MSE
°

2200 ( C) 7200 ( d)

Figure 6: Comparison between classical PCRB (dashed line), PCRB@viktimated (solid line) and mean square
error (cross line) for (a); (), (b) Ya(t), () Y3(t), (d) Ya(2).

5 PCRB for RMP coordinates system

We focus here on the computation of the PCRB for the partigktsstate, i.e. the observable components of the target

state in MP coordinates system named RMP.
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5.1 PCRB and Conditional FIM
Letg"(Zy.¢) be an estimator ofj,. Let us define the Error Covariance Matrix for RMP:

ECM" =E{(9"(Zo:t) — Y5) (9" (Zo) = V)" } (58)
and the diagonal terms of ECM:

ECM;]‘ = ]E{(gf,j(Zo:t)*lﬁ(j)V},
Vie{l,...,ngy},Vji€eA{0,... t}. (59)

The term ECM ; is the mean square error related to the estimatiok; 0f). We have shown in section 2 that BOT
problem belongs to the class of non linear filtering probleithwnknown state covariance. Considering system (11),
we remark that{Y;"};cn+ is not a Markovian process. So, derivation of the PCRB théraye to be thoroughly
changed. Let us first define the Conditional Error Covaridvia&ix for the RMP:

CECM' = Ey, (o) {(9" (Zo:t) = Yo (9" (Zo:t) = Y5.) " } (60)

whereY,(0) is the initial unobservable component of the target statethé same way, we can define the Fisher

Information Matrix givenY; (0):

Definition 3 (Conditional FIM) Let.Jy, (o) (t) be the FIM giver¥, (0) at time t:
_ Yo r
JY4(0) (t) - ]EY4(0) {7AY07;t 1an4(0)(Z0:t7 YO:t)} ) (61)
wherepy, ) (Z:,Y;") is the probability distribution of Z;, Y;") givenY,(0).
Definition 4 (Conditional bias) Bias givenY,(0) is defined as:
By, 0)(Yoit) = Eyi(0) {9" (Zo:t) — Y| Yo} - (62)

Assumption 2 (Conditional Asymptotic unbiasness)The conditional asymptotic unbiasness assumption is d@kfine

as:
lim By, ) (Yo )p(Yo,) =  lim  By,(0)(Yot)p(Yoy) (63)
Yi(45)— Vi Yi (4)—Y;
Vie{0,....t},Vie{l,... ,n,}, (64)
where)); is the domain ot;(j) for all j in {0,... ,¢}. Moreover), andy;r are the endpoints q¥;.

Proposition 3 (PCRB) Under assumption 2,

CECM" = Jy (1) - (65)
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The proof of proposition 3 is identical to the proof of projims 1. We deduce from this theorem that:

ECM™ = [ 134y (043 (0) V() (66)

Then, if we are able to computg,, ) (*) at each step of time, a lower bound is given by:

1 T4 (0) B
ECM" = " nzl Jyr (o , (67)
whereY;"(0) is a sample fromp(Y;(0)) forall nin {1,... ,ny,(o)}. Again, the following result holds :
Proposition 4 (PCRB)
CECM" = Cy,(0) () Iy, (0) (1) Craio) (1), (68)
where:
Cri0®) = Evio{(9"(Zoa) = ) Vi, npvi0) (Zow: Vi) } - (69)
In this case, we have:
ECM" = [ Cyio(®)3,}0) (00T, o) OPY1 )3 (0) (70)

If we are able to computéy, ) (t) andCy, (o) (t) at each step of time, then a lower bound is given by:

Ty, (0)
ECM" " Z Cya(0) (1) Iy 0)(8) ' CY, 0 (2) (71)
a( n=1
whereY"(0) is sampled fronp(Y;(0)) for each value of: within {1,... ,ny,)}. Consequently, we can construct

the PCRB with or without the asymptotic unbiasness assumjftive can estimate the conditional FIM a€ig, o) ().

Without any assumption we have:

Jy4 0 (t) _I_Dll D12
Tvao)(t+1) = O (72)
D2 D2
where:
(D' = By {Vvn mpvo (6 Vi) Vi, 1wy (Vi) }
Dt21 = Ey4(0) {th7+ lnpy4( )( t+1‘Y0Tt) VT lan4( ( t+1|y70t)}
D1512 = Ey, 0 {th’;l Inpy, 0)( t+1‘Y0t) V 1an4(0)( t+1|Y0:t)}= (73)
D?* = Ey, (o0 {VY;"+ Inpy, 0) (Y41 1Y5) VT; 1an4(0)(}/;:-1|1/E]7;t)} ;
+Eyy0) { Vs, Mp(Zena V) VT, Inp(Ze |V |
and
t
Cruo® = By |(9" Zow) = Vi) Vi { S mp(zi) }
k=0
t
+ B |6 oe) ~ YV { Do o) 07 1¥) } (74)
k=1
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At this point, an analytic formulation fdn py, (o) (Y/", , |Yy;) is required for performing Monte Carlo evaluation of
the above quantities. To that aim, an approximated forraraif the BOT problem (11) is intrumental. We propose

the two following approximations:

Approximation 1 Y, (t) given target state at time— 1 has a deterministic evolution i.e. :

Yi(t) = G(Yim1) (75)
where:
GO = G 1))?J£t(:)5ty2(t BB (76)
More specifically, this is the approximation of (11b) by (12b
Approximation 2 {Y4(t)};en+ IS constanti.e.:
Yi(t) & Y4(0) . (77)

We have seen in section 2 tHéf(¢) appears as a covariance term in the system (11), so that wessame that these
approximations make sense.
The crucial point is to be able to reconstr§ti (k) }o<x<: in a deterministic way givelr, (0) andY{,. With the

first approximation, we obtain:

Pya(o) (Y 1Y) & p(Yt:-l‘Yt)1{Y4(k):(';(y(k71)),v1ge{17,,,7,:}} ) (78)

and with the second one:

Pya(0) (Y 1Y) = p(YViea Y Uiy, (k)=va(0) vhe{1.... 1)} - (79)

In the second case, we can notice that (¢)};cn+ becomes a Markovian process. Furthermore, an analytic for-
mula forp(Y},|Y;) is given in appendix D such that we have now an analytic foat for py, (o) (Y/11]Y0.)-

Consequently, we can estimate the conditional FIM @qglo) (#).

5.2 Simulation results

We illustrate the PCRB for the partial target state usingdtenario previously introduced before the observer has
done any maneuvefly, ) (t) and.Jy, o) (t) are computed via Monte Carlo methods and sampling at eaglottiEne

of 10 target trajectories, while for each trajectory 10 deheasurements are simulated,, ) is taken equal té and

the initial probability distribution for the fourth initlcomponent is’; (0) ~ m

We compare the PCRB with an estimated C matrix (see set}iamith the PCRB for RMP with approximations 1 and

2 (see section) in figures 7 and 8 respectively. In the two cases, we can stéttb lower bound are close. Thisis a

bit surprising and means that we can directly use the PCRBpoted for the full target state.
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Figure 7: Comparison between PCRB with C estimated (dashed line) &RBPwith C estimated and assumption 1
(solid line) for (a)Y; (¢), (b) Y2(t), (c) Ya(t).

6 Conclusion

We have proposed an original initialization method for tteatigle filtering algorithm in the context of the BOT
problem. No prior about target parameters is used in thisioteand the whole algorithm performs quite satisfactory.
Moreover, we have shown that the asymptotic unbiasnessnggEun does not make sense in the BOT context and
renders the "classical’ PCRB over optimistic. Relaxing@ssumption, a “realistic” lower bound for the estimatién o
target state in MP coordinates system has been derived sdguently extended to the estimation of the observable

part of the state vector. Future developments include tieystf the speed of convergence toward the bound.
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Figure 8:Comparison between PCRB with C estimated (dashed line) &RrRBPwith C estimated and assumption 2
(solid line) for (a)Y; (¢), (b) Y2(t), (c) Ya(t).

APPENDIX

Appendix A : MP coordinate system.

This brief review of MP coordinate system is based on [8]. edrtesian state mapping function is given by

X(t) = fa,(Y(®)
Yg (t) sin(Y3 (t)) + Yl (t) COS(Y3 (t))
1 Y5 (t) cos(Ys(t)) — Yi(t) sin(Ys(t))
= 80
Ya(t) sin(Y3(1)) ©0
cos(Y3(t))
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Cartesian to MP state mapping function is given by

Y(t) = [frP(X@)

—_ S Y
s
;

IV RN €]

|
o+
&
B
Vammny
[
2 I~ —~}=

/ . (81)
)

IS
—~|

o~
—

X2(t)+X2(t)

NV

Appendix B: Fisher information matrix J(Y}') in the deterministic case.

The object of this section is to give a more precise stateroktite Fischer Information Matrix for the observable
component of the state at timie when the target follows deterministic trajectory using the&k first bearing mea-

surements. Let us remind the definition (19) of the Fisherimfation matrix in this case:
JOV) =~ B{AV In(py; (Zoaw))} - (82)

Assuming independent observation, we haye(Zo.ox) = Hfﬁo py; (Z;) and using (13), we obtain:

I 1 L G=BWE )
vy (Zo:2k) = tl;[g Jno exp “352 <Zt — Y3(k) — tan (m)) : (83)

Substituting (83) in (19) yields:

T t=2k L
JY)) = 5 X5 Gk Gk)' .
t (t=k)(1+(t—k) Yo (k)) (t=k)*Y1(k))

G(k) _( (I+(E—k)Yo (k)2 +((E—k)Y1 (k)2 (I+(—k)Ya(R)>+((I—k)Y1(F))? 1 ) ’

Consequently, the Fisher information matrix in this caselmacomputed exactly.

Appendix B: Convergence of(2k + 1) Y} — Yk’“||21(YT)71.
: k

Sinceff,{ is the MLE, it converges in probabilityo Y[IK/2]' Then by the Delta Method’,(?[) converges in probability
to J(Y,"). Moreover, let us remind th&Rk + 1)||)7,j - Y,g’||t2,(yk,n),1 converges in law (see result (20)). Consequently

using Slutsky’s lemma, we have the following result:

el r D
2k + DIV =Y 50 — A5 (85)

Appendix C : About the bias

Our bias definition may appear surprising at first. A more redtdefinition could béE{g(Z.;) — Yo.:}. This is this

point that we are now going to enlighten through a decomjousitf the mean square error related to the estimation of

4See [14] for more details about the convergence resultsabf estimator.
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Y:i(j). When estimating a deterministic parameter, the mean saresr can be classically decomposed in estimation

variance and bias. However, in stochastic case, we only thavi®llowing relation:
ECMi; = B{(gi(Z0a) — Bigii(Zo)You )} +
E{ (B{gi;(Zo)You} — Yi(i))*} - (86)
The mean square error is then equal to the covariance egtimetor if and only if
E{ (B{gi,;(Zo:)lYou} — ¥i(5))’} =0. (87)
Assumption (87) is equivalent to:
E {9 ;(Zo:t) — Yi(4)|Yo:t } = 0, for almostYy.; . (88)

which is the retained definition of an unbiased estimator.

Appendix D: Analytic formulas for p(Y;;1|Y;) and p(Z;|Y;)

We express herg(Y;41|Y:). Remind that (2) implies that:

1 .
P(Xi1]Xe) = exp <5||Xt+1 — AX; - HU|3 > ; (89)

1
(27)2\/det(Q)

using the change of variable theorem, we obtain:

1
P = G e+ 1)
exp <_%||f£1p(1/;:+1) — Afp(Y1) — HUt”z? > Tyxy(Yeg1, Y1), o

whereY =[], V;. In our case, the size of the target statgis 4 and

= R,
G = R B
Yo (91)
y4 = ]07 +OO[
Otherwise, it is trivial that:
7|V 1 _Ziva)? 92
p(Z4]Yt) = \/2_—7rove v . (92)
Appendix E: Analytic formula for p(Y},[Y?)
First, keep in mind the classical result:
PV V) = /] PO YY), (93)
0,400
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using (90), we then obtain:

Pl = (2#)26\7/;15(@) /]0,+oo[ Y45(t1+ l)eim+%dn(t +1), (94)
where:
a IF Vi) le
b= fIV4)Q (Afn,(Y) — HUY | (95)
¢ = [Afn,(Y" - HUillg ,
and

. (
FYT®) = 1 (96)
sin(Y3(t))
cos(Y3(t))
We deduce by changing the variable
(V7| V;) = &/ e G AR (97)
Plalte (2am)2\/det(Q) J)0,+ 00 -
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