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c-SMOOTHNESS CRITERIA FOR LATTICE MEASURES
CARMEN VLAD

RESUME. Soit X un ensemble quelconque et £ un treillis de parties de X tel que
), X e L. Dans cetravail, nous éendons des caractérisations de o—continuité pour
des mesures L—réguligres 1 € Mg (L) au cas généra p € M (L), en considérant
différentes mesures extérieures associées a ;4 ains que la mesure induite 4 sur un
espace de Wallman. B

ABSTRACT. Let X be an abstract set and £ a lattice of subsets of X such that
#, X € L. Inthis paper we extend o—smoothness characterizations of £—regular
measures p € Mp(L) tothe general case of u € M (L), by considering different
outer measures associated with i and the induced measure ¢ on a Wallman space.

1. Introduction. Let X be an arbitrary non-empty set and £ a lattice of subsets
of X such that §, X € £. A(£) is the agebra generated by £ and M (£) denotes
those non-negative, finite, finitely additive measures on A(£). M, (£) denotes those
measures . € M (£) which are s—smooth on £, M7 (£) denotes i € M (£) which
are o—smooth on A(£) hence countably additive. Mpr(£) denotes those 1 € M (L)
which are £—regular and M7, (£) = Mgr(£) N M, (£). Clearly, if © € M7 (L) then
pwe Mo(L).

Associated with a ¢ € M (L), there is a finitely subadditive outer measure ./
(see below for definitions) whose properties, especially pertaining to measurability,
have been investigated. For ameasure i« € M, (£), the elements of M (£) which are
o—smooth on £, we associate an outer measure p”. If p isaso £—regular then
coincideswiththeusua induced outer measurey*. Themoregenera caseisinvestigated
here.

In[2,3], conditionswere given for ap € Mr(£) to belongto M7,(£) intermsof an
induced measure 1 on an associated Wallman space (see below for definitions). In this
paper we wish to extend this result by starting more generally witha . € M(£), and
giving conditionsin termsof an induced measure ;. on aWallman spacefor 1 € M, (£)
and conditionsfor ;. € M7 (£). Thiswill involveconsidering other measures associated
with x4 and p than the customary Caratheodory outer measure. We give the necessary
background material in the next section.

We note that the notation and the terminology is consistent with that of [1,2,3,10]
and that further relates matters on i/ and p”” and properties can be foundin [4,6,7,8,9].
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2. Background and notations. We begin with some standard background material for
the reader’s convenience. Let X be an arbitrary non-empty abstract set and £ alattice
of subsetsof X . Itisassumed that ), X € £. A(L) denotes the algebra generated by £
and o (£) the c—agebragenerated by £.

Definition 1. The lattice is called normal if for any Ly, L, € £with Ly N Ly, = §
thereexist L3, La € £with Ly C L%, L, C L)y and L5 N L), = () (where prime denotes
complement); disjunctiveif for z € X and L1 € £ such that + ¢ L1, there exists an
Ly, € £withz € Lyand Ly N L, = §; compact if for any collection {L,,} of sets of
£ withnL, = 0, there exists afinite subcollection with empty intersection; countably
compact if for any countable collection {L,, } of setsof £ withNL, = 0, there exists
afinite collection with empty intersection; countably paracompact if for any sequence
{A, € £}, A, | 0, there exists sequences {L,, € £}, suchthat A, C L! and L! | 0;
delta lattice (-lattice) if £ isunder countable intersertions.

Given two lattices £1, £2 of subsets of X such that £1 C £5, £1 separates £, if
A,B e £oand AN B = 0 implythereexist C, D € L, suchthat A ¢ C, B C D and
cnbD=19.

We give now some measure terminology. M (£) denotes the set of finite valued,
non-negative finitely additive measureson A(£).

Definition 2. A measure i € M (L) iscaled:

o-smooth on £ if for al sequences{L,,} of setsof £ with L,, | 0, (L) — O.
o-smooth on A(L) if for al sequences {A, } of sets of A(L) with 4,, | 0,
p(A,) — 0, i.e countably additive.

L-regular if forany A € A(L), u(A) =sup{u(L) | L C A, L € £}.

We denote by Mpr(£) the set of £-regular measures of M (£); M, (£) the set of
o-smooth measures on £ of M (£); M (£) the set of o-smooth measureson A(£) of
M (£); M7 (L) the set of £-regular measures of M7 (£).

Inaddition, I(£), Ir(£), I,(£), I°(£) and I (L) arethe subsets of the correspon-
ding M’swhich consist of the non-trivial zero-one valued measures.

Definition 3. A measure € M (£) is strongly o-smooth on £ or pp € M (o, £)
if, and only if, for any sequence {L,, € £} L, | L where L € £, then u(L) =
inf,, p(Ly,) = lim, u(L,). Correspondingly, for & € I(£) we have (o, £), the set of
strongly o-smooth zero-one valued measures on £.

3. Finitely subadditive outer measures and Wallman spaces. In this section we
define finitely subadditive outer measures and (cover) regular measures in contrast to
an ordinary outer measure which is countably subadditive.

Associated with i € M (£) and o € M, (£) arethe outer measures 1/ and " which
have beeninvestigatedin [7]. Wefirst review some of the basic properties of these outer
measures and then develop new results.

Definition 4. A non-negative measure . defined on P(X'), the class of all subsets of
X, isafinitely subadditive outer measureif:

a) p nondecreasing ;
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n

b) p (UL, E) < ZM(Ei),fOY any Eq, B, ..., E, C X ;
=1
) u(@) =0.

Definition 5. Let v be afinitely subadditive outer measure. We say that aset I isa
measurable with respect to v if forany A € X : v(A) = v(ANE)+v(ANE').
Let S, be the set of v-measurable sets, with v a finitely subadditive outer measure.
v is called (cover) regular if for any S C X, thereexists K € S, suchthat S C F
and v(S) = v(F). Itiseasy to prove (see [5]) that if v is afinitely subadditive outer
measure outer (cover) regular measure and v( X)) isfinite, then £ € S, if, and only if,
v(X)=v(F)+v(E).

Definition 6. Let € M (£) and define
p(E) =ity (L), Ec| )L, Lieg, ECX.
=1 =1

The definition is equivaent to:
f(E)y=infu(l),ECL'Leg.

Clearly, 1/ isafinitely subadditive outer measure outer measure and £/ € S, if, and
only if,
W(AY > (AN E)+u/ (A nE)fordl A € £.
(See[7]).
Definition 7. Let 1 € M, (£) and define

p'(Ey=inf) u(Lh),Ec| L Lie &, ECX.
=1 =1

Clearly, 1" is acountably subadditive outer measure and 2 C S, if, and only if,
W (A > " (AN E)y+u" (AN E)foral A € £ (see[7]) .

Clearly, for u € I(£) (or I,(£)) ¢/ and 1" are regular outer measures. Furthermore, if
p € 1, (L) then:
@ p<p’ <p'(f)iepn(l) <p(L)<p/(L)fordl L €L

(b) p" < p' = pu();
© Ifpelf(L)thenp=p" = /(L) andp” = p' = p(L).

These results extend readily to the general case of 1 € M, (£).
Theorem 1. Let € M, (£). Then:

(@ #'(X) = p(X);
(b) 1< W'(2).
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Proof. (a) Clearly p/'(X) < u(X); now suppose p//(X) < u(X). Then, there exist
Li € S,suchthat X C U, Liand Y22, (1) < pu(X). Hencepu(X) > 2% (1) =
iMoo Yo g p(L) > lim,eo p (U L) with U2, L) € £ and U, L; 1
U, Ll = X.Sincep € M, (L), lim, oo p (UL, L}) = p(X), contradiction.

(0) 1'(L) > p"(X) = w"(I') = u(X) — " (1Y) > p(X) = ' (1') = p(L) since
po=p(g).
Definition 8. Let i € M(£) and define p; (&) = sup{u(L), L C E,L € £, F C X}.
The following statements can be found in [7].

@ (X)) =pi(L)+p/ (L), L el;

(b) p(X) = pi(L)) +p/ (L), L € £;

(© E e Sy if,andonlyif, u;(E) = p/(E),E C X ;

(d) If £isnormal then u; isfinitely additiveon £’ .

Definition 9. Let n € M, (£) and definefor E C X : p; (E) = p(X) — p"(E') .
Theorem 2. Let pn € M, (£) Then:

@ pi <y <p" <y
(b) If, in addition " isa (cover) regular outer measure, then £/ € S, if, and only

i () = 1" (E).

Proof. (a) Clearly, therelation " < i’ awaysholds. Now consider p(X) — w;(F) =
w(X) —sup{u(L),L C E,L € £} = inf{u(X) - p(L),F C L'|L € £} =
inf{u(L"), ' C L',L € £} = p/(F"). Hence u;(E) = p(X) — p/(F’) and since
i (E) = p(X) — u"(E") itfollows that u; < ;. Finally, pi; (E) = p(X) — " (E')
since 1" is an outer mesure.

(b) Since 1" isaregular outer measure, I € S,» if, and only if, /' (X) = p"(£) +
§'(E'). Suppose E € S, Since i € M, (£), u(X) = p"(X) = p"(E) + u"(E"),
hence u; (L) = p” (). Conversely, assume ;(E£) = p(£). We have p(X) =
i (B) + " (E') = p"(E) + " (E'), hence i (X)) = " (E) + u(E").

Definition 10. Let &/ C X and p € M (£) and define

pH(E) =inf Y " u(Ay), B C | Ai A € A(L) .
=1 =1

Definition 11. Let ¥ C X and i € Mg (£) and define

pt(E) = infu(A),E C A, A € A(L) .

The following theorem is generally well-known (see [4]) and we state it without
proof.

Theorem 3. Let n € M, (£). Then p/ = p/"(£) if
(& £ iscountably compact; or

(b) £isé and normal; or
() £isnormal and countably paracompact.



C.Vlad 101

Theorem 4. Let £1 C £, and supposethat £; separates £, andthat §(£1) C £,. Let
i€ My (L)1 = (L), then ' = " (£5).

Proof. " < 4/, hence in particular " < p/(£2). Supppose there exists L, € £;
such that 1”"(Ly) < p'(L). Then there exists 4,, € £ such that L, C (J72, AL
and Y7, pu(Al) < p/(L2). Since £1 separates £y, there exist B, C' € £ such that
Ly C B C O C U2y A Then w/(Ly) < p/(B) = "(B) < p" (U7, A) <
Yoo pn (AL < o u(AL) < p!(Lp). Thisis a contradiction. Therefore p/ =
W(L2).

Related matters can be found in [6].

Next, we briefly summarize some facts (seg{7]) about the Wallman space I (£) and
then proceed to consider somerel ati ons between the measures and theinduced measures
on the Wallman spaces, and a so rel ations between their associated outer measures. For
x € X, denote by 1, the measure concentrated at =:

1, =z €A

for A € A(L). Then p, € Ir(£) if, and only if, £ isdisunctive. If £ is separating and
digunctive and if X is given the topology ¢£ of closed setsand if /r(£) is given the
Wallman topol ogy, then the map @ — 11, isahomeomorphismof X into /r(£). Thus
we may identify X with itsimage. The Wallman topology is obtained by taking al

W(L) = {p € In(2) | p(L) = 1}, L € £

asabase for the closed setsand /(L) is called the general Wallman space associated
with X and £. The lattice 20(£) = {W (L) | L € £} isa base for the closed sets
t0(L). If A e A(L), then W(A) = {p € Ir(£) | u(A) = 1} and the following
statements are true:

(@ W(AUB)=W(A) UW(B);

(b) WANB)=W(A)NW(B);

(© W(A) =w(A);

(d) BC Aif,andonlyif, W (B) C W(A) ;

(€ A((L)) = WA(L)) -

Theorem 5. Let u € M(£) and consider the induced measure 1 € M (20(£)) where
p(W(A)) = u(A). We have:
@ p e M (W(L));
(b) If o € M(o,L), the set of strongly o-smooth measures on £, then u €
M (o,20(L)), the set of strongly o-smooth measures on 20(£) ; B
(© Ifpue M(L),thenp € M7 (2W(L)).

Proof. Weonly prove (b), the proofsof (a) and (c) areclear. Consider W (L,,) | W(L),
withL,,, L € £.ButthenW (L,)NX | W(L)nX or L, | L. Thenlimu(W (L)) =
limu(L,) = p(L) = u(W(L))sincep € M(o,L). Hence u € M(o,20(L)).
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Theorem 6. Let u € M(L). Then p’ = p” ont0(£L).

Proof. 20(£) compactimplies20(£) countably compact and by Theorem 1(a) it follows
p = p"(W(L)). But W(L) separates (2(L) and then by Theorems 2 and 3(a) we
obtain that ' = p" (120(£)).
Theorem 7.
(@ Let £ C X and p € M(£). Thenthefollowing aretrue:
@l) p'(E)=p'(E);
@2) p'(E)=p"(E);
@3) p(E) =p (E);
(b) LetL € Landu € M(L).Theny" (L) = p"(L) < p"(W(L)) = p' (W (L)) =
(L)
(c) Let L € £. Then L € S, if, and only if, W(L) € S

Proof. (a) p/(F) = inf{u(L'),F C L',L € £} = inf{u(W(L)"),E C W(L),L ¢
£} =p/'(F),sincely C L'impliestZ C W(L)’,andconversely if 2’ C W (L)', L € £,
then intersecting on both sideswith X, we get £ ¢ L'. Similar proofsfor 1 and j*.

(b) " (W (L)) = Inf{S52 (W (L)), W(L) € U2y W(Li)} >

inf (352, ju(L4), L € U2y L1} = (L), since u (W (L:)') = p(1}) and W(L)
Uz, < W(L) impliesW(L)NX C U2, W(L)NnX,s0L C | J;2, Li.(¢) L € Sy
if, and only if, u'(L) = p(L) if, and only if, u'(W (L)) = p(W (L)) if, and only if,
W (L) € S,/ (see[7] for moredetailson S).

Theorem 8.

@ If E € Syrand u” regular, then 2N X € Sy,
(b) If e Sy, then 2N X € S

Proof. (@) & € S,» implies (X)) = p"(ENX)+p"(F'NX).But ENX C X
and therefore 1/ (F N X) = p/(E 0 X). Similarily u(E' N X) = p"(E' N X) and
1" (X) = p"(X). Hence " (X) = p"(EN X) +p"(E'0n X) i.ee EN X € S, since
i isregular.

(b) The proof is clear

4. Smoothness char acterizations.

We wish to extend the work done in [2,3]. In particular, we want to extend the
following theorem proved in [2]:

Theorem 9. Let X be an arbitrary non-empty set and £ a lattice of subsets of X
such that ), X € £ and where £ is separating and disjunctive. If © € Mg (£), then
p € M (L) if,and onlyif, u*(X) = p(Ir(£)).

Here we want to consider the case where i € M (£) only, and give conditions
ana ogous to the above for . to belong to M, (£) or M7 (£).
Theorem 10.
(@) Let u € M,(L). Then u"(X) = u(Ir(£)) and consequently pu”(I%(L)) =
L(IR(£))-
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(b) If € M(L)and p”(X) = p(Ir(L)) orifjust " (I(£)) = p(Ir(L£)) and if
©" isaregular outer measure, then € M, (£).

Proof. (a) By Theorem 5(a), for 2 C X Wehaveu’(E) ' (F)andp" () = p"(F).

Thus, since p € M, (L) : p(X) = p"(X) = p"(X) < p'(X) = p(X). Hence
(X)) = M(X) p(W(X)) = p(Ir(£)). But X C I%(£) C Ir(£) and then
pIr(L)) = p"(X) < p(Ig(£)) = p(Ir(L)) since u” € M, (20(£)). It follows that
WI5(2) = p(Ir(2)).
(b) Let L, € £, L, | 0. Then W(L,) | and (\°°_, W(L,) C Ir(£) — X. Hence
X CcU,Z1W(Ly)".Now, since u € M, (2(L)):

o0

p(IR(L) = 1" (IR(9) 2 " (| W(La)) 2 p"(X) = pIr(L)) .
n=1

Using the regularity of 1" we get:

p(X) = p(W(X)) = pr(£)) = p"(UZy W(La)') = limp"(W(L,)") <
limu/(W(L,)") = limu(W(L,)") = limu(L,). So, u(X) < limu(L).But L/, + X
and clearly limu(L!) < u(X). It follows u(X) = limu(L,) and sincelim u(L,,) =
0,1 € M, (£). Incasep” (I5(£)) = u(Ir(L)), teke L, € £, L, | D and get W (L,) |
and () _, W(L,) C Ir(£) — I%(L), hence I (L) C U, —, W (L,)'.

Theorem 11.
@ If p € M7(£), then pu*(X) = p(Ir(£)) and consequently p*(I7(£)) =
L(IR(£))-

(b) If p € M(L)andif u*(X) = p(Ir(£)) or if just p*(IZ(£)) = p(Ir(£)) and

if u* isregular, then € M7 (£L).

Proof. (&) If u € M7(£) then p*(X) = p(X) and then u(Ir(£)) = p(W(X)) =
1(X) = p*(X) = p*(X).Consider now X C I%(£) C Ir(£). Wehave: u(Ig(L)) =
pr(X) < pr(Iz(L) < p(lr(£)) since p e M7 (2W(L)). Hence p™(Iz(L)) =

#(IR(L)).

(b) Let A, € A(£), A, L 0.thenW(4,) Land(,_; W(A,) C Ir(£) — X, hence
X C Uy WAL I p=(X) = p(IR(L), then u(X) = p(W(X)) = p(In(g)) =
(X)) < p* (U2, W(A,)"). By using the regularity of * asin the proof of Theorem
2 weobtainthat 4 € M7 (£). Similar proof for the case of " (1%(£)) = p(Ir(L)).
Corollary 1. Let u € I(£). Then:

(@ p € L,(2) if,and onlyif, u"(X) = u(In(£));

(b) p € 1°(2) if, and only if, 1*(X) = p(Ir(L)).
In terms of measurability we have the following criterion:

Theorem 12.
(@) Letpe M(L).1f X € Sy, then X € Sy andif " isaregular outer measure
then o € M, (£).
(b) Letp € Mp(£).1f X € Sye,then X € Sy« and u € M (L).
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Proof. (a) SinceX € Sy, /(I
p(IR(2) = p(W (X)) = p(X I
X) = 0.But u" < p', hence p”/ ()—X):Othen]R(S) X € S,» and dso

X € Sy Findly, p(Ir(£)) = p"(X) +p"(Ir(£) — X) = p"(X). Since " isregular,

by Theorem 2 it followsthat i € M, (£).

(b) Since 20 (L) compact, 1 € Mr(20(L)) N M, (W(L)) = MZ(W(L)). Hence p*
isregular (see[5]). Now X € Sye, impliespu®(Ir(£)) = p*(X) +pu*(Ir(£) — X ). But
p* (Ir()) = p(Ir(£)) = p(X) and p*(X) = u( X), hence u* (1) — X ) = 0. But
E* < p*, hence p* (Ir(£) — X) = 0, whichimpliesIr(£) — X € Sy« and X € Sy».
Now, since p € M{(20(L)): p(Ir(£)) = p(IR(L) = p*(X) +p*(Ir(£) - X),
hence p*(X) = p(Ir(£)). Smceu |sregular by Theorem 3 we obtaln that 1 €
M7 (£). Hence u € M{(L).

Résumeé substantiel en francais.

I ntroduction.

Soit X un ensemble non vide arbitraire et £ un treillis de parties de X tel que
0, X € £. Désignons par A(L) I'algebre engendrée par M (£) I’ espace des mesures
non négatives finies, finiment additives sur A(£), par M, (£) I'espace des mesures
p € M(£) qui sont o-continuessur A (£), donc dénombrablement additives. Désignons
de plus par Mg (L) I'espace des ;i € M (£) qui sont £-régulieres et par M7 (L) =
Mp(£) N M, (£). Clairement, n € MZ(£) entraine p € M7 (£).

Pour toutemesure i« € M (£), il existe une mesure extérieure finiment sous-additive
associée, 1/, dont les propriétés ont &té etudiées, spécialement celles qui sont reliées a
la mesurabilite. A toute mesure ;z € M, (£), on associe une mesure extérieure 1. Si
w est aussi £-réguliére, alors i’ coincide avec la mesure extérieure habituelle *. Des
conditions assurant qu'une p € Mg (£) appartienne a M7,(£) ont &té données dans
[2,3] en faisant appel aune mesure induite .« sur un espace de Wallman associé. Dans
le présent travail, nous étendons ce résultat & une mesure 1 € M (£) en donnant des
conditionsen termesd’ unemesureinduite . sur unespace deWallmanpour i € M, (£)
ans quedesconditionssur M?(£).

Rappels et notations.
Cette section contient les rappels classiques nécessaires a la bonne compréhension
du texte.

Mesures extérieures finiment additives et espaces de Wallman.
Définition 1. Une mesure non négative p est une mesure extérieure subadditive outer
measure si

(@ p est non décroissante;
(b) p(Ur E) <" pu(E;) pourtous Eq, Eo, ... E, C X.
© u(®) =0.
Définition 2. Soit v une mesure extérieure subadditive outer measure. On dit qu'un

ensemble E' est v-mesurable si, pour toute partie A C X, onav(A) = v(ANE) +
v(ANE'). Désignonspar S, |’ espace des ensembles v-mesurables; v est diteréguliere
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(au sens des recouvrements) si, pour tout S C X, il existeun £ € S, tel que S C F €t
v(S)=v(L).
Définition 3. Etant donné 1 € M(£), on définit 4/ (F) = inf Y7, u(L)), E C
ur Ll Lie S ECX
Définition 4. Etant donné u € M, (£), on définit p”(E) = inf >, u(L), E C
ur Ll Lie L, ECX

Pour € I(£) (ou I,(L)), ' et p' sont clairement des mesures extérieures
réguliéres. Deplus, si i € I,(£) dors

@ p < p'’ <p(L),cest-adire (L) < p/(L) < p/(L) pourtout L € £;

(b) p" < p' = (),

(© Sipelj(L), dorsp=p" =p'(L) etp” =p' = p(L).
Théoreme 1. Soitpu € M, (£). Alors

@ p"(X) = p(X);

(b) 1 < W'(2).
Définition 5. Etant donné 1 € M (<), on définit u;(F) = sup{u(L),L C E,L €
£ FCX}
Définition 6. Etant donnéy € M, (L) et E C X, ondéfinit u; (E) = u(X) — " (E').
Théoreme 2. Soitw € M, (£). Alors

@ pi <py < p’ <

(b) S, deplus, 1" est une mesure extérieure réguliere (au sens des recouvrements),

alorsF € S, ss ,u]‘(E) = ,u”(E).

Définition 7. Etant donné F C X et i € M (L), on définit

pr(E) =int> p(A), EC | A Ai € A(L) .
i=1 i=1

Définition 8. Etant donné ' C X et i € Mp(£), on définit
p*(E) =infu(A),E C A,AeAL).

Théoréme 3. Soitu € M, (£). Alorsu’ = p"(£) s
(@ £ est denombrablement compact; ou
(b) £ normal et est un 4-treillis; ou
(c) £ est normal et denombrablement paracompact.

Théoréme 4. Soit £1 C £, et supposons que £1 sépare £, et que §(L1) C £o. Soit
pE My(£1). Sy = p"(Lq),alorsp’ = p1"(£2).

Latopologiede Wallman est obtenueenprenant W (L) = {p € Ir(£) | (L) = 1},
L € £, comme base pour les ensembles fermés et /(L) est appelé |’ espace général
de Wallman associéa X et £. Letreillis20(£) = {W(L) | L € £} est une base des
fermést20(L).
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Théroeéme 5. Soit 4 € M(L) et considérons la mesure induite ¢ € M (20(£)) ou
p(W(A)) = u(A). Ona
(8) o€ M, (20(2))
(b) Sy € M(o, £),I"ensembledesmesureso-continuessur £, alorsp € M((o, 20(£)),
I’ ensembl e des mesures o-continues sur 20(£).
() SpueM7(L),alorsu € M7(2(L)).
Théoreme 6. Soitp € M(L). Alorsp’ = pu sur t20(L).
Théoreme 7.
(@ Soit ¥ C X ety e M(L). Alorsona:
(@1) u'(E) = '(E)
(a2) w'(E) = p"(E)
(a3) u*(E) = p*(E)
(b) SoitL € Cetp € M(L). Alorsp”(L) = p"(L)
wi(L).
(c) SoitL € L. AlorsL € Sy ssi W(L) € Sy

IN
=
=
=
I
t\
=
=
I

Théoreme 8.

(@ S E €S, ety reguliere,alorsEN X € Sr.
(b) SEcSmaosENX €S,

4, Caractérisations dela o-continuité.

Théoreme 9. Soit X un ensemble non vide arbitraire et £ un treillis de partiesde X
separant et digonctif. S € Mg(£), alorsu € M7 (L) ssi p*(X) = p(Ir(L)).
Théoréme 10.
(@ Soitp € M,(L). Alorspu”(X) = p*(Ir(£)) et, par consequent, " (15(£)) =
H(IR(2)). |
(b) Spe ML) et p"(X) = pu(Ir(£)) ous seulement ' (1%(£)) = p(Ir(L))
etsi p” est unemesureréguliere, alorsp € M, (£).

Théoréme 11.
(@ Soitpu € M7(L). Alors ™ (X) = u(Ir(£)) €, par conséquent, p*(1%(£)) =
L(IR(£))-
(b) SpeM(L)ets p*(X) = pu(Ir(£)) ousi seulement p*(1%(£)) = u(Ir (L))
etsi pu* estréguliere alorsp € M7 (£).

Corollaire.
(@ Soitp e I(L).Alorsp € 1,(£) ssip(X) =
(b) Soitp € I(L). Alorsu € 17(£)
Théoreme 12.
(@ Soitp e M(£).S X € Sy,alorsX € Sy etsi p” est une mesure extérieure

réguliere, alorsp € M, (£).
(b) Soity € Mp(£).9 X € Sye. Alors X € Sy and i € Mj(L).
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