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2 Simple objects in the class of chains with an automorphism group were clas-si�ed in [6], [12] and [13], those in the class of semilattices with a two-generatedcommutative automorphism group in [7] and, �nally, simple objects in the class ofcommutative semigroups with a two-generated commutative automorphism groupwere described in [8] (see also [9]). In the present note, using partially di�erentapproach, we obtain a similar description for arbitrarily many commuting auto-morphisms and, moreover, we get some basic information on the non-commutingcase. This information is more opulent in case when the given automorphism groupG does not contain free subsemigroup of rank 2 (i.e., G satis�es hereditarily theOre conditions).1. Semimodules { introductionLet G be a group. By a (unitary left G�) semimodule we shall mean a commu-tative semigroup S (= S(+)) together with a scalar multiplication G�S ! S suchthat a(x+ y) = ax+ ay, (ab)x = a(bx) and 1x = x for all a; b 2 G and x; y 2 S.A semimodule S will be called- ip{semimodule (idempotent) if x+ x = x for every x 2 S;- up{semimodule (unipotent) if x+ x = y + y for all x; y 2 S;- zp{semimodule (zeropotent) if x+ x+ y = x+ x for all x; y 2 S;- zs{semimodule if S is zeropotent and S + S = S;- za{semimodule if x+ y = x+ z for all x; y; z 2 S;- qza{semimodule if x+ y = x+ z for all x; y; z 2 S such that y 6= x 6= z;- cn{semimodule (cancellative) if x+y 6= x+z for all x; y; z 2 S such that y 6= z;- module if S is an (abelian) group.An element w 2 S will be called neutral if w + x = x for every x 2 S and, if itexists, it will usually be denoted by the symbol 0. If 0 2 S, then S� denotes theset of invertible elements of S (it is a submodule) and S� = Sn f0g. If 0 =2 S, thenS� = S.An element w 2 S will be called absorbing if w + x = w for every x 2 S and, ifit exists, it will be denoted by the symbol o. If o 2 S, then S� = Snfog. If o =2 S,then S� = S. An idempotent semimodule with an absorbing element will also becalled an ipa{semimodule.By an ideal of a semimodule S we mean a non{empty subset I of S such thatGI � I and S + I � I . A semimodule S will be said- ideal{simple if it is non{trivial and I = S, whenever I is an ideal of S andcard(I) � 2;- faithful if for every a 2 G; a 6= 1, there exists x 2 S with ax 6= x;- congruence{simple (or only simple) if it is non{trivial and idS ; S � S are theonly congruences of S.Let S be a semimodule. The basic quasiordering �S is de�ned on S by x �S yif and only if x = y + z for some z 2 S[ f0g. Clearly, �S is compatible withrespect to the operations of S, and hence �S = ker(�S) is a congruence of S. Now,�S = S � S if and only if S is a module and �S = id in each of the following �vecases:(1) S is idempotent;(2) S is zeropotent;



3(3) S is cancellative and 0 =2 S;(4) S is cancellative, 0 2 S and S� = 0;(5) S is simple but not a module.2. Simple semimodules { introduction and examples2.1 Theorem. Let S be a simple semimodule. Then just one of the following fourcases takes place:(1) S is a two{element za{semimodule;(2) S is a zs{semimodule;(3) S is an ip{semimodule;(4) S is a cn{semimodule.Proof. First, assume that S is neither unipotent nor idempotent. The endomor-phism x! 2x of S is injective and % = S�S, where % is the congruence of S de�nedby (x; y) 2 % if and only if 2ix �S y and 2iy �S x for some i � 0. Consequently, ifx+ y = x+ z for some x; y; z 2 S, then there are i � 0 and w 2 S [ f0g such that2iy = x+w; we have y+2iy = y+ x+w = z+ x+w = z+2iy and 2y = y+ z fori = 0. However, if i � 1, then 2(y + 2i�1y) = 2(z + 2i�1y), y + 2i�1y = z + 2i�1yand 2y = z + y by induction. Quite similarly, y + z = 2z, and hence y = z.Now, assume that S is unipotent but not zeropotent. Then x! 3x is an injectiveendomorphism of S and, if x+y = x+z, then 3y = y+o = y+x+x = z+x+x = 3zand y = z.Finally, assume that S is zeropotent and put T = S + S and r = (T � T ) [ idS .If r = S � S, then S is a zs{semimodule. On the other hand, if r = idS , thens = (S� � S�) [ idS is a congruence of S, s = idS and S is a two{element za{semimodule. N2.2 Proposition. Let S be a simple semimodule possessing a neutral element.Then just one of the following two cases takes place:(1) S is a two{element ip{semimodule;(2) S is a module.Proof. It follows immediately from 2.1 that S is either idempotent or cancellative.In the former case, r = (S��S�)[idS is a congruence of S, r = idS and card(S) = 2.On the other hand, if S is cancellative, then the relation s de�ned on S by (x; y) 2 sif and only if x+ S� = y + S� is a congruence of S, s = S � S and S� = S. N2.3 Proposition. Let S be a �nite simple semimodule. Then just one of thefollowing three cases takes place:(1) S is a two{element za{semimodule;(2) S is an idempotent qza{semimodule;(3) S is a module.Proof. Applying 2.1 and using the easy observations that every non{trivialzs{semimodule is in�nite and that every �nite cn{semimodule is a module, wecan assume that S is idempotent. Then, being �nite and simple, S possesses anabsorbing element and every element of S� is an atom. Thus S is a qza{semimodule.N



4 2.4 Proposition. Let G be a periodic group and S a simple semimodule. Thenjust one of the following three cases takes place:(1) S is a two{element za{semimodule;(2) S is an idempotent qza{semimodule;(3) S is a module.Proof. Assume that S is neither a module nor a za{semimodule. Then �S = idSand, if x; y 2 S are such that x+ y 6= o, then x �S a(x+ y) for some a 2 G (sinceS is ideal{simple). Now, x + y �S a(x + y) �S a2(x + y) � : : : and, since an = 1for some n � 1, we have x+ y = a(x+ y) and x = x+ y. Quite similarly, y = x+ y,so that x = y and the rest is clear from 2.3. N2.5 Proposition. Let S be a simple qza{semimodule. Then just one of thefollowing three cases takes place:(1) S is a two{element za{semimodule;(2) S is a two{element module;(3) S is an ipa{semimodule.Proof. An easy consequence of 2.1. N2.6 Example. For every subgroup H of G, let SH = fxH ;x 2 Gg [ fog, xH �xH = xH , xH�yH = o if x�1y =2 H and a�xH = axH . Then SH = SH(�; �) is asimple idempotent qza{semimodule and it is faithful if and only if CoreG(H) = 1.Clearly, SH1 e=SH2 if and only if the subgroups H1; H2 are conjugate and everysimple idempotent qza{semimodule is isomorphic to SH for a subgroup H .2.7 Example. Let S denote the set of ordered pairs of integers equipped with asemilattice operation �, where (n;m) � (k; l) = (min(n; k);min(m; l)). Now, themappings � : (n;m) ! (m;n) and � : (n;m) ! (n;m + 1) are automorphisms ofS(�) and G will be the automorphism group generated by � and � (see 3.3). ThenS is a simple idempotent G{semimodule without absorbing element (notice alsothat S(�) is not a chain).2.8 Example. Let T denote the set of countable in�nite subsets of @1 and letS = T [ f@1g. Now, de�ne an operation � on S by x � y = @1 if x \ y 6= ? andx�y = x[y otherwise. Then S(�) is a zeropotent commutative semigroup withoutirreducible elements, and hence S is also a G{zs{semimodule, G = Aut(S(�)). Itis easy to see that S is a simple semimodule.2.9 Example. (i) Let S be the additive semigroup and G the multiplicativegroup of positive rationals. Then S is a simple cancellative G{semimodule, but nota module. (Notice that G is a free abelian group of rank @0.) More generally, if Fis a sub�eld of the �eld R of real numbers and if S = F+(+) and G = F+(�), thenS is a simple cancellative G-semimodule.(ii) Let F = Q(p2) � R, T = fa21 + � � � + a2n ; n � 1; ai 2 F+g, S = T (+) andG = T (�). Then S is a simple cancellative G-semimodule and S 6= F+.2.10 Proposition. Suppose that at least one of the following three conditions issatis�ed:(1) G is periodic;(2) G is �nite;(3) G is a �nitely generated abelian group.



5Then every simple cn{semimodule S is a module. Moreover, if (2) or (3) is true,then S is �nite.Proof. If G is periodic, then S is a module by 2.4. If, moreover, G is �nite and0 6= x 2 S, then the abelian group S(+) is generated by the �nite set Gx, andhence S is �nite, since S(+) possesses no non{trivial characteristic subgroups.Now, assume that G is a �nitely generated abelian group and letM be a modulesuch that S is a subsemimodule of M and M = fx � y;x; y 2 Sg. Then M is asimple module and, using the well known fact that a �eld �nitely generated as aring is �nite, we conclude that M is �nite; then S =M . N3. Hereditarily uniform groupsWe shall say that a semigroup S is left/right uniform if any two left/right ideals ofS possess a non-empty intersection. Such semigroups are called left/right reversivein [4] and they are also known as those satisfying the Ore condition(s) (the AxiomMV "Existence of common multiplum" of O. Ore - see [15]). Further, we shallsay that a semigroup S is hls/hrs{uniform if every subsemigroup of S is left/rightuniform.3.1 Lemma. (i) A semigroup S is hls{uniform if and only if A\B 6= ?, wheneverA;B are subsemigroups of S such that AB � B and BA � A.(ii) A right cancellative semigroup S is hls{uniform if and only if no subsemigroupof S is a free semigroup of rank 2.(iii) A cancellative semigroup is hls{uniform if and only if it is hrs{uniform.(iv) A group is hls{uniform if and only if it is hrs{uniform.(v) A group G is hs{uniform if and only if G=Z(G) is so.(vi) If H is a normal subgroup of G such that G=H is periodic, then G is hs{uniform if and only if H is so.3.2 Corollary (i) Every periodic group is hs{uniform.(ii) (B. H. Neumann - c.f. [16]) Every locally nilpotent group is hs{uniform.3.3 Example. Let G be a group possessing two generators a; b such that a2 = 1and abab = baba. Then G is metabelian and hs{uniform (3.1(vi)).3.4 Example. Let R = Z[x; x�1; y; y�1], Z being the ring of integers, and let R�denote the multiplicative group of invertible elements. Put G = R�R� and de�nea multiplication on G by (f; a)(g; b) = (f + ag; ab) for all f; g 2 R and a; b 2 R�.Then G is a metabelian group that is not hs{uniform.3.5 Remark. (i) Let S be a right cancellative semigroup that is not hls{uniformand let A;B be disjoint subsemigroups of S such that AB � B and BA � A. Now,take a 2 A; b 2 B and put C = A[B and Ck = Cabk; k � 1. Then Ck are pair{wisedisjoint left ideals of C and CiCj � Cj for all i; j � 1. The relation r = S(Ck�Ck)is a congruence of the semigroup D = SCk and D=r is an in�nite semigroup ofright zeros.(ii) We shall say that a subset P of a semigroup S is power{separable if an 6= bmfor a; b 2 P; a 6= b and all n � 1;m � 1. Further, we denote by �(S) the smallestcardinal number such that �(S) � card(P ) for every power{separable subset P ofS.



6 Now, by (i), if S is a right cancellative semigroup possessing no in�nite power{separable subset, then S is hls{uniform.3.6 Example. Let G be a group possessing two generators a; b such that a2 = b2.Then G is metabelian, �(G) � 3 and G is hs{uniform (3.5(ii)).3.7 Theorem. Let G be an hs{uniform group and S a simple semimodule pos-sessing an absorbing element. Then just one of the following two cases takes place:(1) S is a two{element za{semimodule;(2) S is an idempotent qza{semimodule.Proof. In view of 2.1, we can assume that S is either a zs{semimodule or anip{semimodule.First, let S be a zs{semimodule and let x; y; z 2 S be such that x = y + z 6= o.Put A = fa 2 G; y �S axg and B = fb 2 G; z �S bxg. Since S is ideal{simple,we have A 6= ? 6= B and, moreover, one checks easily that AA [ AB � A andBB [ BA � B. Consequently, since G is hs{uniform, we have A \ B 6= ? and, ifa 2 A \ B, then o 6= x = y + z �S ax+ ax = o, a contradiction.Now, let S be idempotent but not a qza{semimodule; then we can �nd x; z 2 S�such that x �S z and x 6= z. Further, since S is simple, we can �nd also anelement y0 2 S such that y0 + x = o 6= y0 + z = y. Put A = fa 2 G; z �S axgand B = fb 2 G; z �S byg. Again, A 6= ? 6= B, AA [ BA � A;BB [ AB � B,a 2 A \ B 6= ? and, �nally, z = z + z �S ax+ ay = a(x+ y) = o, a contradiction.N 3.8 Remark. The following conditions are equivalent for a group G:(i) G is hs-uniform.(ii) Every simple ipa-semimodule is a qza-semimodule.(iii) There exist no simple zs-semimodule.Indeed, (i) implies both (ii) and (iii) by 3.7 and the fact that (i) follows from (ii)will be shown in the next section (see 4.2 and 8.2, 8.3). As concernes the lastimplication ((iii) implies (i)), we may proceed in the following way (sketched only):Let R be a subsemigroup of G and let A denote the set of non-empty subsets Aof G such that AR � A. De�ne an addition on A by A+B = A[B if A\B = ; andA+B = G otherwise. Then A(+) is a commutative zp-semigroup (where G playsthe role of an absorbing element) and � is a congruence of A(+), where (A;B) 2 �if and only if fC ; A \ C = ;g = fC ; B \ C = ;g. Furthermore, (aG;G) 2 �and (a(A + B); aA + aB) 2 � for all a 2 G and A;B 2 A; if (A;B) 2 �, then also(aA; aB) 2 �. Now, B = A=� becomes a G-zp-semimodule (via a(A=�) = (aA)=�for all A 2 A and a 2 G) and � = B � B whenever � is a congruence of B suchthat (R=�;G=�) 2 �. In particular, if (R;G) 2 �, then � = A � A and R is rightuniform. On the other hand, if R is not right uniform, then (R;G) =2 � and thereexists a congruence � of B maximal with respect to (R=�;G=�) =2 � . Now, thefactor-semimodule B=� is a simple zs-semimodule.3.9 Remark. It seems to be a well known open problem whether, given a cancella-tive hs-uniform semigroup, the corresponding group of fractions is also hs-uniform.4. The semimodule J (G;R) of fractional left idealsLet R be a subsemigroup of a group G such that 1 2 R and R 6= G. We denoteby I� (= I(R)�) the set of left ideals of R and by I (= I(R)) the set I� [ f?g.



7Further, we denote by J � (= J (G;R)�) the set of fractional left ideals of R in G(i.e., the set of subsets Ix; I 2 I�; x 2 G) and by J (= J (G;R)) the set J � [ f?g.It is easy to see that J is closed under arbitrary intersections and, in particular,J is a non-trivial semilattice with respect to the operation of intersection and ?is an absorbing element of J . Now, we make J an ipa{semimodule by settinga�A = Aa�1 for all a 2 G and A 2 J (to avoid confusion, the scalar multiplicationis denoted by �). In the sequel, we shall need the following relation � de�ned onJ : (A;B) 2 � if and only if fC 2 I;A\C = ?g = fC 2 I;B \C = ?g; clearly, �is a congruence of the semimodule J .4.1 Proposition. (i) The semimodule J is ideal{simple.(ii) If R is not a group, then M(R) = RnR� 2 I�, (M(R); R) 2 � 6= idJ and Jis not simple.(iii) J is a qza{semimodule if and only if R is a group.(iv) J is faithful if and only if CoreG(R�) = 1.Proof. (i) Let A 6= f?g be an ideal of J and let ? 6= A 2 A and a 2 A. ThenRa 2 A and, for every x 2 G;Rx = Ra � a�1x = x�1a �Ra 2 A.(ii), (iii) and (iv). These observations are easy. NLet P (= P(G;R)) denote the subsemimodule of J generated by ? and R andput (K(G;R) =) K = J =� and (G(G;R) =) G = P=�.4.2 Proposition. (i) The semimodule K is simple.(ii) K is a qza{semimodule if and only if R is left uniform.(iii) K is faithful if and only if CoreG(W ) = 1, where W = fw 2 G;wR�1R =R�1Rg (W is a subgroup of G).(iv) If L is a subsemimodule of K such that G � L, then L is a simple semimodule.Proof. (i) First, K is ideal{simple by 4.1(i). Now, let r be a congruence of Ksuch that (x; y) 2 r; x 6= y; we can assume that x �S y. Then there is z 2 K withx+ z = o 6= y + z; y + z 2 I = fw 2 K; (o; w) 2 rg; I = K and r = K �K.(ii) Let R be left uniform and let A;B 2 J be such that (A;B) =2 �; we aregoing to show that A \B = ?. To that purpose, we can assume that A = Ix;B =Jy; I; J 2 I�; x; y 2 G, and that A \ C = ? 6= B \ C for some C 2 J . Now,Ixy�1 \ Cy�1 = ? 6= J \ Cy�1 = L and, if K = Ixy�1 \ J = ?, then A \B = ?.If K 6= ?, then ? 6= K \ L � Ixy�1 \ Cy�1 = ?, a contradiction.Conversely, if K is a qza{semimodule and if I; J 2 I�, then (I; I [ J) 2 �, andhence I \ J 6= ?.(iii) Easy.(iv) It is su�cient to show that L is ideal{simple (see the part (i) of this proof).If A is an ideal of L, A 6= fog, then A [ (A + K) is an ideal of K, and henceA [ (A+K) = K. The rest is clear. NLet S be a subsemilattice of the semilattice J (\). For A 2 J , put (A : S) =fx 2 G;P � Ax for some P 2 Sg and de�ne a congruence �S of J by (A;B) 2 �Sif and only if (A : S) = (B : S). The following lemma is obvious:4.3 Lemma. (i) If T is a subset of J such that S � T and T � T � �S , then Sis downwards{co�nal in T .(ii) If (R : S) is a subsemigroup of G, then (R\Rx;R) 2 �S for every x 2 (R : S).



85. The semimodule N (G;R)Let R be a subsemigroup of a group G such that 1 2 R and R is not a subgroupof G. We put N(R) = fx 2 G;Rx = yR for some y 2 Gg and M(R) = RnR�.Further, let H(R) = N(R)=R� (the factor{group) and let 'R : N(R) ! H(R)denote the natural projection. We can de�ne a compatible quasiordering � onN(R) by (a; b) 2 � if and only if Ra � Rb and � induces a compatible ordering �Rof the group H(R).For a 2 N(R), let Sa denote the subsemilattice of J (\) generated by the ele-ments Rai; i � 0.5.1 Lemma. (i) ai 2 (R : Sa) for every i � 0.(ii) (R : Sa) is a subsemigroup of G.Proof. (i) Obvious.(ii) If y 2 (R : Sa), then R \ Ra \ � � � \ Ran � Ry;Ra = bR;Ra \ Ra2 \� � � \ Ran+1 = bR \ bRa \ � � � \ bRan � bRy = Ray and it follows by inductionthat aiy 2 (R : Sa) for every i � 0. Now, if R \ Ra \ � � � \ Ram � Rx, thenRy \ Ray \ � � � \ Ramy � Rxy and xy 2 (R : Sa). NLet (N (G;R) =) N = fIx; I 2 I�(R); x 2 N(R)g [ f?g. Then N is an ideal ofJ (\) and a � A = Aa�1 2 N for all a 2 N(R) and A 2 N ; thus N is an N(R){semimodule. Further, if A;B 2 N , then AB 2 N , and so N is also a semigroupunder the multiplication, ? is an absorbing element and R is a left neutral elementof N . Moreover,N � = Nnf?g is a subsemigroup of N and the ordering of inclusionis a compatible ordering of the semigroup N .Now, de�ne a mapping �R : H(R)! N � by �R(a=R�) = Ra for every a 2 N(R).Then �R is an injective homomorphism of the group H(R) into the (multiplica-tive)semigroup N �, �R(1) = R and �R preserves the orderings.In the remaining part of this section, we shall assume that R � N(R). Thefollowing lemma is obvious:5.2 Lemma. (i) Ra = aR for every a 2 N(R).(ii) M(R)a = aM(R) for every a 2 N(R).(iii) If I is a proper left ideal of R, a 2 I and x 2 N(R), then either IxRx�1 6=IxR or IxRa 6= IxR.(iv) If x 2 N(R) is such that RxRx�1 = RxR, then x 2 R�.(v) R is a (two{sided) neutral element of the multiplicative semigroup N .5.3 Proposition. The following conditions are equivalent:(i) H(R) is an abelian group.(ii) N(R)0 � R�.(iii) The semigroup N � is commutative.Proof. (ii) implies (iii). Let I; J 2 I� and a; b 2 N(R). Then Iaba�1b�1 =I; Ia = Sb2I Rba = aSRb = aI; IJ = Sx2I;y2JRxRy = SRyRx = JI and, �nally,IaJb = JbIa. NFrom now on, we shall assume that N is a chain. Then N � is a subsemimodule ofthe N(R){semimodule N . For A 2 N �, de�ne a relation �A on N � by (B;C) 2 �Aif and only if AB = AC.5.4 Lemma. (i) �A is a congruence of the N(R){semimodule N �.(ii) �A is right compatible with respect to the multiplication of N �.



9(iii) If B;C;D 2 N � are such that (B;C) 2 �A and B � D � C, then (B;D) 2�A and (C;D) 2 �A.(iv) �R = id.(v) There are a; b 2 N(R) such that (Ra;Rb) =2 �A.Proof. Use the fact that N is a chain (and also 5.2). NFinally, assume that �AdfRa; a 2 Rg = id for every A 2 N �.5.5 Lemma. Let A 2 N � be such that �A 6= id. Then:(i) A = Iw, where w 2 N(R) and I is an ideal of R such that I � M(R) andIM(R) = I .(ii) If B;C 2 N � are such that B � C and B 6= C, then (B;C) 2 �A if and onlyif B =M(R)v and C = Rv for some v 2 N(R).(iii) M(R)M(R) =M(R) and M(R) is not a principal ideal of R.(iv) M(R)K = K = KM(R) for every non{principal ideal K of R.(v) �A is a congruence of the (multiplicative) semigroup N �.Proof. (i) and (ii). Let J;K 2 I� and u; v 2 N(R) be such that Ju � Kv; Ju 6=Kv and AJu = AKv; put L = Juv�1. Then AL = AK;L � K and L 6= K; inparticular, L 2 I� and Ju = Lv.Suppose, for a moment, that K is not a principal ideal and take x 2 KnL. ThenL � Rx 6= K;Rx 6= Ry; y 2 KnRx and L � Rx � Ry � K. But ARx = ARyimplies Rx = Ry, a contradiction.We have proved that K = Rz is a principal ideal of R. Now, L1 = Lz�1 �R;L1 6= R; Ju = L1zv;Kv = Rzv and, proceeding similarly as above, we show thatR = Rt for every t 2 RnL1. It follows that RnL1 � R� and M(R) � L1. SinceL1 6= R, we have L1 =M(R) and Ju =M(R)zv;Kv = Rzv.Finally, IwM(R)zv = AJu = AKv = IwRzv. But then IM(R)wzv = Iwzvand IM(R) = I .(iii) We have AM(R)2 = IwM(R)2 = IM(R)2w = Iw = IM(R)w =IwM(R) = AM(R). If M(R) 6= M(R)2, then M(R) = Rv is a principal idealby (ii), and hence M(R)2 = Rv2 and (Rv2; Rv) 2 �A. But then Rv2 = Rv andM(R) = Rv = R, a contradiction.(iv) By (ii), (M(R); R) 2 �A, and so (M(R)K;K) 2 �A. If M(R)K 6= K, thenK is a principal ideal by (ii), a contradiction.(v) In view of 5.4(ii), we have to show that �A is left compatible. Let B;C;D 2N � be such that B � C;B 6= C and (B;C) 2 �A. By (ii), B = M(R)w and C =Rw;w 2 N(R). Further, D = Kz;K 2 I�; z 2 N(R) and, ifK is not principal, thenDB = Kzw = DC. If K = Rv is principal, then DB = M(R)vzw;DC = Rvzwand (DB;DC) 2 �A by (ii). N5.6 Proposition. There exists a congruence � of the (multiplicative) semigroupN � such that the following is true:(i) If �A = id for every A 2 N �, then � = id and N � is a left cancellativesemigroup.(ii) If A1; A2 2 N � are such that �A1 6= id 6= �A2 , then �A1 = � = �A2 .(iii) The factor{semigroup N �=� is left cancellative.(iv) � is a congruence of the N(R){semimodule N �.Proof. The existence of � is clear from the preceding lemma and it is also easyto see that � is left cancellative. N



10 Now, put (M(G;R) =) M = N �=� and denote by �R : N � ! M the naturalprojection. Then M is a left cancellative semigroup with a neutral element and,simultaneously, M is a chain compatible with the multiplication; in fact, M is anN(R){semimodule. For A;B 2 N � we have A=� � B=� if and only if A � B andfor a 2 N(R); a � (A=�) = Aa�1=� = A=� � Ra�1=�. Furthermore, �R�R(a=R�) =Ra=�; a 2 N(R). The image H = �R�R(H(R)) is a subgroup of M and H is bothdownwards{ and upwards{co�nal in the chain M.6. Simple subsemimodules of J (G;R)Let R be a subsemigroup of a group G such that 1 2 R and R is not a subgroupand let R be a (G�) subsemimodule of J = J (G;R) such that R is simple, R 2 Rand R possesses no absorbing element.6.1 Lemma. (i) If a 2 N(R)nR�1, then Sa � R and Sa is downwards{co�nal inR.(ii) N(R) � R [ R�1.(iii) The set fRa; a 2 N(R)g is a chain.Proof. (i) Put � = �SadR, so that � is a congruence of the semimodule R. If� = R�R, then the result follows from 4.3(i), and hence assume � = id. By 5.1,(R : Sa) is a subsemigroup of G and ai 2 (R : Sa) for every i � 0. By 4.3(ii),(R \ Ra;R) 2 � , and therefore R = R \ Ra and a 2 R�1, a contradiciton.(ii) Let a 2 N(R)n(R [ R�1). Then, by (i), both Sa and Sa�1 are downwards{co�nal in R. In particular, T = R\Ra\ � � � \Ran � Ra�1 for some n � 0 and wehave Ta = Ra \ Ra2 \ � � � \ Ran+1 � R; Ta � R \ Ta = R \ Ra \ � � � \ Ran+1 =T \Ran+1 � T . Consequently, T � Ta�i � Ra�i by induction. Now, we concludethat T is a smallest element of R, a contradiction.(iii) This follows easily from (ii). N6.2 Lemma. (i) The quasiordering � of N(R) is linear.(ii) If N(R) 6= R�, then N(R)nR 6= ? 6= N(R)nR�1.(iii) If a 2 N(R)nR�1, then the set fai; i � 0g is downwards{co�nal in N(R)(�).(iv) If a 2 N(R)nR, then the set fai; i � 0g is upwards{co�nal in N(R)(�).Proof. (i) follows immediately from 6.1(iii) and (ii) is obvious.(iii) By 6.1(i), if b 2 N(R), then R \ Ra \ � � � \ Ran � Rb for some n � 0 andthe rest is clear.(iv) If b 2 N(R), then Ra�n � Rb�1 = xR and Rb = x�1R � Ran. N6.3 Corollary. (i) H(R) (�R) is a linearly ordered group.(ii) If a 2 N(R)nR�1 and w = 'R(a) 2 H(R), then the set fwi; i � 0g isdownwards{co�nal in H(R).(iii) If a 2 N(R)nR and w = 'R(a) 2 H(R), then the set fwi; i � 0g is upwards{co�nal in H(R).6.4 Proposition. (i) If N(R) 6= R�, then H(R) (�R) is an archimedean linearlyordered group.(ii) If N(R) = R�, then H(R) = 1.Proof. (i) The set 'R(N(R)nR) is just the set of positive elements of H(R) andthe rest is clear from 6.3. N



11Now, using the well known H�older (-Baer-Cartan-Loonstra-Conrad) Theorem [5]([1], [2], [10], [3]), we get the following consequence:6.5 Corollary. H(R) is an abelian group and N(R)0 � R�.6.6 Proposition. Assume that R � N(R). Then:(i) N(R) = R [ R�1 =< R >G.(ii) N is a chain.(iii) The (multiplicative) semigroup N � is commutative.Proof. (i) Combine 6.1(ii) and 6.5.(ii) Use 6.1(iii).(iii) See 5.3. NIn the remaining part of this section, assume that N(R) = G. Then N =J ;N � = J �; G0 � R�;J is a chain and J � is a commutative monoid under themultiplication.6.7 Lemma. (i) � is a congruence of the G{semimodule (chain) J �.(ii) � is a cancellative congruence of the monoid J �.(iii) �dR = id.Proof. (i) and (ii) see 5.4 and 5.6.(iii) See 5.4(v). NNow, consider again the linearly ordered cancellative commutative monoidM = J �=� (see the preceeding section). Then M is also a G{semimodule,Ker(�R) = � and �dR = id. In particular, �RdR is an injective homomorphism ofthe semimodule R into the semimodule M and L = �R(R) is both upwards{ anddownwards{co�nal in M.6.8 Proposition. The linearly ordered commutative monoid M is archimedean.Proof. The operation of M will be denoted again multiplicatively. Let �; � 2M; 1 < �;� = Ix=�; I 2 I�(R); x 2 G;R � Ix and R 6= Ix. Then x =2 R andbx =2 R for some b 2 I ; we have R � Rbx � Ix;R 6= Rbx and a = bx =2 GnR. Now,by 6.3(iii), H = �R�R(H(R)) is upwards{co�nal inM and the set f(Ra=�)i; i � 0gis also upwards{co�nal in M. But Ra=� = 
, where 1 < 
 � � and 
i � �i. Inparticular, � � �n for some n � 0. N6.9 Let G be an (abelian) group of fractions of the cancellative commutativemonoid M. The linear order on M is uniquely extended to a linear order � of Gand, again, G is archimedean and L is both upwards{ and downwards{co�nal in G.Furthermore,M is a G{semimodule (x� (A=�) = A=� �Rx�1=� = Ax�1=�) and weextend the G{semimodule structure to the whole G by setting x � (��1�) = ��1� �Rx�1=� = ��1(x��); �; � 2M; x 2 G. In this way, L becomes a subsemimodule ofG. Now, by the H�older Theorem, there exists an injective group homomorphism 	 ofthe group G into the additive group R(+) of real numbers and this homomorphismis preserving the linear orders. The G{scalar multiplication on G is transferredin the following way: 	(x � �) = 	(�) � 	(Rx=�) for all � 2 G and x 2 G.The mapping  : G ! R(+),  (x) = �	(Rx=�) is a group homomorphism and	(x � �) =  (x) + 	(�).



127. Simple subchains of RLet A be a non{zero subgroup of the additive group R(+) of real numbers and letS be a non{empty subset of R such that A+S � S. Now, S = S(�; �) = Ch(A;S)is an A{semimodule, where x � y = min(x; y) and a � x = a+ x for all a 2 A andx; y 2 S.7.1 Proposition. (i) If A is not cyclic, then S is a simple semimodule.(ii) If A is cyclic, then S is simple if and only if S = A + r for some (and thenfor every) r 2 S.Proof. We can assume that 0 2 S. Then it is easy to see that S is simple if andonly if the following condition is satis�ed:For all x; y 2 S; x < y, there exist a; b 2 A such that x � a < b � y.Now, if A is not cyclic, then A is dense in R, and hence S is simple. On the otherhand, if A is cyclic and the above condition is satis�ed, then, apparently, S = A.N 7.2 Remark. (i) Let A =< a > be cyclic and let S be simple. Then S isisomorphic to the following A{semimodule Z(�; �) de�ned on Z: x� y = min(x; y)and na � x = n+ x for all n; x; y 2 Z.(ii) Let A be a non{cyclic �nitely generated subgroup of R(+). Then A is afree abelian group of �nite rank n � 2; let fa1; : : : ; ang be a free basis of A. Thenat most one of the numbers a1; : : : ; an is rational, the mapping x ! a�11 x is anautomorphism of R(+) and the set f1; b2; : : : ; bng; bi = a�11 ai, is a free basis ofB = a�11 A; the numbers b2; : : : ; bn are all irrational and the set f1; b2; : : : ; bng islinearly independent over the �eld Q of rationals.7.3 Remark. Let A be a non{zero subgroup of R(+) and S1; S2 two non{emptysubsets of R such that A+ S1 � S1 and A+ S2 � S2.(i) If A is cyclic and both Ch(A;S1) and Ch(A;S2) are simple, then these A{semimodules are isomorphic.(ii) If A is not cyclic, then both Ch(A;S1) and Ch(A;S2) are simple and theseA{semimodules are isomorphic if and only if S2 = S1 + r for some r 2 R.7.4 Let G be a group and let  : G! R(+) be a non{zero homomorphism. If Sis a non{empty subset of R such that  (G)+S � S, then we get the correspondingG{semimodule S = S(�; �) = Ch( ; S); x�y = min(x; y) and a�x =  (a)+x for alla 2 G and x; y 2 S. Notice, that if 0 2 S1 and 0 2 S2, then Ch( 1; S1)e=Ch( 2; S2)if and only if Ker( 1) = Ker( 2) and there is r 2 R; r > 0 such that S2 = rS1 and 2(a) = r 1(a) for every a 2 G.8. Simple idempotent semimodulesLet G be a group and S a simple idempotent G{semimodule. If w 2 S�, thenRw = fa 2 G;w �S awg is a subsemigroup of G and 1 2 Rw and, for every x 2 S,we have �w(x) = fa 2 G;w �S axg 2 J (G;Rw). Further, it is easy to check thatthe following is true:8.1 Proposition. The mapping �w : S ! J (G;Rw) is an injective semimodulehomomorphism of S into J . Moreover:(i) �(o) = ? (if o 2 S).



13(ii) �(S�) � J �.(iii) �(ax) = �(x)a�1 for all a 2 G; x 2 S.(iv) �(a�1w) = Rwa for every a 2 G.(v) The set �(S�) is both upwards{ and downwards{co�nal in J �.8.2 Theorem. Let G be a group. Then the subsemimodules L of K(G;R) suchthat G(G;R) � L (R running through all proper subsemigroups of G with 1 2 R)are up to isomorphism the only simple ipa{semimodules.Proof. Combine 8.1 and 4.2(iv). N8.3 Remark. It follows readily from 8.2 (or from 3.7 and 4.2) that G is hs{uniformif and only if every simple ipa{semimodule is a qza{semimodule.8.4 Theorem. Let G be an abelian group and S a simple idempotent semimodulewithout absorbing element. Then S is a chain and there exist a non{zero homo-morphism  : G ! R(+) and a subset T of R such that 0 2 T;  (G) + T � T andS is isomorphic to the semimodule Ch( ; T ) (see the preceding section).Proof. Combine 8.1, 6.9 and 7.4. NThe description of simple idempotent semimodules over abelian groups (see 8.2and 8.4) was independently achieved by M. Mar�oti (see [11]).8.5 Example. Put G = Z(+)�Z(+).(i) For every pair (r; s) of relatively prime integers de�ne a semimodule Z(r;s)(= Z(r;s)(�; �)) on the set Z of integers by x � y = min(x; y) and (n;m) � x =nr +ms+ x. Now, Z(r;s) are pair{wise non{isomorphic simple semimodules.(ii) For u 2 f1;�1g, every irrational q 2 R and every subset T of R such that0 2 T; 1 + T = T and q + T = T , de�ne a semimodule W(u;q;T ) (= W(u;q;T )(�; �))on the set T by x � y = min(x; y) and (n;m) � x = nu+mq + x. Again, W(u;q;T )are pair{wise non{isomorphic simple semimodules.(iii) Every simple ip{semimodule possessing no absorbing element is isomorphicto one of the semimodules Z(r;s), W(u;q;T ).8.6 Remark. (cf.[14]) If G is an hs{uniform group, then card(S) �max(@0; 2a); a = card(G), for every simple semimodule S. If G is an abelian group,then card(S) � max(2@0 ; a).9. Simple cancellative semimodules over abelian groups9.1 Remark. (i) Let G be a group and M a non-trivial G{module. Then M issimple as a semimodule if and only ifM is simple as a module and this is equivalentto the fact that 0 and M are the only submodules of M . If it is so, then M is alsoa simple R{module, R = ZG, and RM �= R=I for a maximal left ideal I of R.(ii) Let S be a simple cn{semimodule, not a module. By 2.2, S possesses noneutral element and consequently x+ y 6= x for all x; y 2 S.9.2 Let G be an abelian group and M a simple G{module. By 9.1(i), everynon{zero endomorphism of M is an automorphism, and hence the endomorphismring F of M is a division ring. Moreover, the mapping ' : G ! F , de�ned by('(a))(x) = ax, a 2 G, x 2 M , is a homomorphism of the group G into themultiplicative group (of non{zero elements) of the division ring F .Choose w 2M , w 6= 0, and put  (f) = f(w) for every f 2 F . Then  is an iso-morphism of the group F (+) onto the groupM(+),  (1F ) = w and  ('(a)) = aw,



14a 2 G. Moreover, F is a G{module (via ') and  : GF ! GM is an isomorphismof the G{modules.Let E = f'(a1)+ � � �+'(an);n � 1; ai 2 Gg. Then E is a subsemiring of F andF = ff � g; f; g 2 Eg. Now, it is clear that F is a �eld. Notice that if 0 2 E, then0 2 N for every subsemimodule N of M .9.3 Theorem. (i) Let ' be a homomorphism of an abelian group G into themultiplicative group of non{zero elements of a �eld F such that F = ff � g; f; g 2Eg, where E = f'(a1) + � � � + '(an);n � 1; ai 2 Gg. Then F becomes a simpleG{module (ax = '(a)x; a 2 G; x 2 F ).(ii) Every simple G{module is of the form described in (i).Proof. See 9.2. N9.4 Let G be an abelian group and S a cn{semimodule possessing no neutralelement. Clearly, S is a subsemimodule of a moduleM such thatM = fu�v;u; v 2Sg. Now, assume that M is a simple module (e.g., if S is simple). Then, by 9.2,we get a homomorphism ' : G ! F = End(GM) and a module isomorphism : GF ! GM ,  (f) = f(w), w 2 M , w 6= 0. Moreover, F = ff � g; f; g 2 Eg,where E = f'(a1) + � � �+ '(an);n � 1; ai 2 Gg.Put T =  �1(S). Then T is a subsemimodule of GF , GT �= GS, 0 =2 T andF = fr � s; r; s 2 Tg.If w 2 S, then H = '(G) � T .9.5 Theorem. Let G be an abelian group and S a non-trivial cn{semimodulepossessing no neutral element. LetM be a module such that S is a subsemimoduleof M and M = fx� y;x; y 2 Sg. Then S is a simple semimodule if and only if thefollowing three conditions are satis�ed:(1) M is a simple module (see 9.3);(2) Gx+ S = S for every x 2 S;(3) For all x; y 2 S there exist z 2 S and a positive integer n such thatx+ z = ny.Proof. (i) Let S be a simple semimodule. Then M is simple (see 9.1(i) and 9.4)and Gx + S = S, since the relation ((Gx + S) � (Gx + S))[ idS is a congruenceof S. Further, let w 2 S and, for any x 2 S, let Px denote the set of a 2 G suchthat ax + u = nw for some u 2 S and n � 1. Then " is a congruence of S, where(x; y) 2 " if and only if Px = Py , and we have (w; 2w) 2 ". But 2w 6= w by 9.1(ii),hence " = S � S, Px = Pw and 1G 2 Px. The rest is clear.(ii) Now, assume that the three conditions (1), (2) and (3) are satis�ed. Withregard to 9.4, we can also assume that G is a subgroup of the multiplicative group(of non-zero elements) of a �eld F and that S is a subsemimodule of GF such thatG � S. Moreover, F = fr � s; r; s 2 Eg, E = fa1 + � � � + an;n � 1; ai 2 Gg. Therest of the proof is divided into three parts:(a) Let � be a congruence of GS such that � 6= idS and the factor{semimodule S=�is cancellative. We claim that � = S � S.Put N = fx � y; (x; y) 2 �g. Then N is a non{zero submodule of GF and,since GF is a simple module, we have N = F . Now, if u; v 2 S are arbitrary, thenu � v = x � y for some (x; y) 2 � and consequently x + v = y + u and (u; v) 2 � ,since S=� is cancellative.(b) Let � be a congruence of S such that (w; 2w) 2 � for some w 2 S. We claimthat � = S � S.
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