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Abstract. Let A be a set of k elements of an Abelian group G in which the
order of the smallest nonzero subgroup is at least 2k − 3. Then the number of
different elements of G that can be written in the form a + a′, where a, a′ ∈ A,
a 6= a′, is at least 2k − 3, as it has been shown in [12]. Here we give yet another
proof of this result.

1. Introduction

Let G 6= 0 denote any Abelian group. Define p(G) as the smallest positive integer
p for which there exists a nonzero element g of G with pg = 0. If no such integer
exists, we write p(G) = ∞. Thus, p(G) = ∞ if and only if G is torsion free,
otherwise it is a prime number that equals the order of the smallest nontrivial
subgroup of G. In particular, if G is finite, then p(G) is the smallest prime divisor
of |G|.

For nonempty subsets A,B ⊆ G with |A| = k and |B| = `, define

A + B = {a + b | a ∈ A, b ∈ B}
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and

A+̇B = {a + b | a ∈ A, b ∈ B, a 6= b}.

If G is torsion free, that is, G is an ordered Abelian group, then the elements
of A and B can be enumerated as a1 < a2 < . . . < ak and b1 < b2 < . . . < b`

such that

a1 + b1 < a2 + b1 < . . . < ak + b1 < ak + b2 < . . . < ak + b`.

Thus we can conclude that |A + B| ≥ k + ` − 1 and |A+̇B| ≥ k + ` − 3. In
particular, |A + A| ≥ 2k − 1 and |A+̇A| ≥ 2k − 3.

According to the Cauchy–Davenport theorem [3], if p is a prime number and
p ≥ k + ` − 1, then |A + B| ≥ k + ` − 1 holds for any A,B ⊆ Z/pZ with
|A| = k, |B| = `. This result has been generalized in several ways. In particular,
the following improvement can be obtained easily from Kneser’s theorem [13, 16]
or can be proved directly with a combinatorial argument, see [11].

Theorem 1. If A and B are nonempty subsets of an Abelian group G such that
p(G) ≥ |A|+ |B| − 1, then |A + B| ≥ |A|+ |B| − 1.

The case of restricted addition is apparently more difficult. In 1994 Dias da
Silva and Hamidoune [4] proved the following analogue of the Cauchy–Davenport
theorem, thus settling a problem of Erdős and Heilbronn (see [8]).

Theorem 2. If A is a k-element subset of the p-element group Z/pZ, p a prime,
then

|A+̇A| ≥ min{p, 2k − 3}.

Later Alon, Nathanson and Ruzsa [1, 2] applying the so-called ‘polynomial
method’ gave a simpler proof that also yields

|A+̇B| ≥ min{p, |A|+ |B| − 2}

if |A| 6= |B|. Some lower estimates on the cardinality of A+̇B in arbitrary Abelian
groups were obtained recently by Lev [14, 15], and also by Hamidoune, Lladó and
Serra [10] in the case A = B. Moreover, some more refined results in elementary
Abelian groups have been proved by Eliahou and Kervaire, see [5, 6, 7].

In [12] we obtained the following extension of the Dias da Silva–Hamidoune
theorem.
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Theorem 3. If A is a k-element subset of an Abelian group G, then

|A+̇A| ≥ min{p(G), 2k − 3}.

The aim of the present note is to give a short alternative proof of this result.

2. The Key Idea of the Proof

The case p(G) = 2 being fairly obvious, we will assume that p(G) ≥ 3 in order
to avoid some minor technicalities. In this case Theorem 3 is clearly equivalent
to the following.

Theorem 4. If A is a k-element subset of an Abelian group G with p(G) ≥ 2k−3,
then

|A+̇A| ≥ 2k − 3.

Indeed, if 2k − 3 > p(G), then one can apply Theorem 4 for any subset A′

of A with p(G) = 2|A′| − 3 to obtain the result; one only has to note that
A′+̇A′ ⊆ A+̇A.

Since A is contained in a finitely generated subgroup H of G, and obviously
p(H) ≥ p(G), it is enough to prove Theorem 4 in the case when G is finitely
generated. In this case we can write

G = G1 ⊕G2 ⊕ . . .⊕Gm,

where each group Gi is isomorphic either to the infinite cyclic group Z or to a
cyclic group Z/pαZ with some prime number p ≥ p(G) and positive integer α.
We have seen that the theorem is true if G ∼= Z, and Theorem 2 claims the same
if G ∼= Z/pZ for some prime number p. In view of all this, to prove Theorem 4 it
is enough to verify the following two statements.

Statement 5. If Theorem 4 is valid for the Abelian groups G1 and G2, then it
also holds for their direct sum G1 ⊕G2.

Statement 6. Let p ≥ 3 be a prime number and let α be a positive integer. If
Theorem 4 is valid for the group Z/pαZ, then it also holds for the group Z/pα+1Z.
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The key observation is that we can verify both statements using the same
argument, based on the following notion. Let G1 and G2 be two Abelian groups
for which we have already verified Theorem 4 for all possible values of k, and
let ϕ : G1 × G1 → G2 be any map. On the set of all ordered pairs (g1, g2)
(g1 ∈ G1, g2 ∈ G2), define an additive structure Gϕ by introducing an operation
+ϕ as follows:

(g1, g2) +ϕ (h1, h2) =: (g1 + h1, g2 + h2 + ϕ(g1, h1)).

Note that if the map ϕ is symmetrical, then the operation +ϕ is commutative.
Now Statements 5 and 6 can be easily derived from the following lemma.

Lemma 7. Let A be a k-element subset of Gϕ such that

2k − 3 ≤ min{p(G1), p(G2)}.

Then the set

A+̇A =: {a +ϕ b | a, b ∈ A, a 6= b}

has at least 2k − 3 different elements.

Indeed, letting ϕ ≡ 0 we get back the notion of direct sum: Gϕ
∼= G1 ⊕ G2.

Since p(G1 ⊕ G2) = min{p(G1), p(G2)}, Statement 5 follows immediately. On
the other hand, if we choose G1 = Z/pZ, G2 = Z/pαZ, and we define

ϕ(x + pZ, y + pZ) =
{

0 if x + y < p
1 otherwise

for x, y ∈ {0, 1, . . . , p− 1}, then Gϕ
∼= Z/pα+1Z. Since

p(Z/pα+1Z) = p(Z/pαZ) = p(Z/pZ) = p,

Lemma 7, coupled with Theorem 2 implies Statement 6 as well.
It only remains to prove Lemma 7.

3. Preliminary Lemmas

For a set X ⊆ Gϕ write

X1 = {g1 ∈ G1 | there exists g2 ∈ G2 with (g1, g2) ∈ X}.

We define X2 in a similar way. For A,B ⊆ Gϕ we also introduce

A + B =: {a +ϕ b | a ∈ A, b ∈ B}.

An immediate consequence of these definitions is the following statement.
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Proposition 8. For arbitrary X, Y ⊆ Gϕ we have (X \ Y )1 ⊇ X1 \ Y 1 and
X1+̇X1 ⊆ (X+̇X)1 ⊆ X1 + X1.

The careful reader may observe that the second part of the statement does
not remain valid in general if, instead of the projection to the first coordinate,
one considers the projection to the second one.

We have to prove that |A+̇A| ≥ 2k − 3 for the k-element set A ⊆ Gϕ. Note
that

2|Ai| − 3 ≤ 2k − 3 ≤ p(Gi)

for i = 1, 2. Write A = A0 ∪ C, where C = C1 ∪ . . . ∪ Ct,

A0 = {(ai, bi) |1 ≤ i ≤ s}, Ci = {(ci, dij) |1 ≤ j ≤ ki}

for 1 ≤ i ≤ t such that 2 ≤ k1 ≤ k2 ≤ . . . ≤ kt, and a1, . . . , as, c1, . . . , ct

are pairwise different elements of G1. In particular, k = s + k1 + . . . + kt and
|A1| = s + t. The following easy lemma will be used frequently throughout the
proof.

Lemma 9. For 1 ≤ α, β ≤ t, α 6= β we have

|Cα+̇Cα| ≥ 2kα − 3

and

|Cα+̇Cβ | ≥ kα + kβ − 1.

Proof. Adding ϕ(cα, cα) to each element of C2
α+̇C2

α, we obtain the set (Cα+̇Cα)2.
Consequently, |Cα+̇Cα| = |(Cα+̇Cα)2| = |C2

α+̇C2
α|. Since

2|C2
α| − 3 = 2kα − 3 ≤ 2k − 3 ≤ p(G2),

the first estimate follows directly from our hypothesis on G2. Similarly, (Cα+̇Cβ)2

is obtained translating the set C2
α + C2

β by ϕ(cα, cβ). In this case we have

|C2
α|+ |C2

β | − 1 = kα + kβ − 1 ≤ 2k − 5 < p(G2),

and thus Theorem 1, applied to G2, immediately implies

|Cα+̇Cβ | = |(Cα+̇Cβ)2| = |C2
α + C2

β | ≥ kα + kβ − 1.

�
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4. Proof of Lemma 7

Assume first that s = 0, in which case A = C = C1 ∪ . . . ∪ Ct, k = k1 + . . . + kt.
The numbers ci + ct (1 ≤ i ≤ t) are t distinct elements of C1 + C1. It follows
from Theorem 1 that |C1 + C1| ≥ 2t− 1, and thus there is a set I of t− 1 pairs
(γ, δ) such that the numbers

ci + ct (1 ≤ i ≤ t), cγ + cδ ((γ, δ) ∈ I)

are all different. Lemma 9 implies |Cγ+̇Cδ| ≥ 1 for these pairs (γ, δ). It follows
that the sets

Ci+̇Ct (1 ≤ i ≤ t), Cγ+̇Cδ ((γ, δ) ∈ I)

are pairwise disjoint subsets of A+̇A. Based on Lemma 9 and the inequalities
ki ≤ kt for 1 ≤ i ≤ t, we then indeed obtain

|A+̇A| ≥
∑

(γ,δ)∈I

|Cγ+̇Cδ|+
t−1∑
i=1

|Ci+̇Ct|+ |Ct+̇Ct|

≥ (t− 1) +
t−1∑
i=1

(ki + kt − 1) + (2kt − 3)

≥ t− 1 + 2
t∑

i=1

ki − (t− 1)− 3 = 2k − 3.

In the sequel we may assume that s ≥ 1. If t = 0, that is, |A1
0| = s = k, then

we have

|A+̇A| ≥ |A1
0+̇A1

0| ≥ 2k − 3

according to our assumption on the group G1. Next, if t = 1 then we have
3 ≤ s + 2 ≤ (k + 2) − 2. Note that in this case (A \ C)+̇C = A0+̇C and C+̇C

are disjoint, since (g1, g2) ∈ C+̇C implies g1 = c1 + c1, while g1 = ai + c1 for
some 1 ≤ i ≤ s if (g1, g2) ∈ A0+̇C. Moreover, the elements (ai + c1, bi + d1j) are
pairwise different for 1 ≤ i ≤ s, 1 ≤ j ≤ k1, thus we obtain the estimate

|A+̇A| ≥ |A+̇C| = |A0+̇C|+ |C+̇C|

≥ sk1 + (2k1 − 3) = s(k − s) + 2(k − s)− 3

= ((k + 2)− (s + 2))(s + 2)− 3 ≥ 2k − 3,

as it was to be proved.
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Finally, turning to the general case s ≥ 1, t ≥ 2, we can argue as follows. First
we claim that there is an index 1 ≤ j ≤ t− 1 such that

a1 + cj 6∈ {c1 + ct, c2 + ct, . . . , ct−1 + ct}.

Indeed, were

{a1 + cj | 1 ≤ j ≤ t− 1} = {ci + ct | 1 ≤ i ≤ t− 1},

we would get D + {d} = D with D = {c1, c2, . . . , ct−1} and d = a1− ct 6= 0. This
would in turn imply that the pairwise different numbers

c1, c1 + d, c1 + 2d, . . . , c1 + (p(G1)− 1)d

all belong to D, which is absurd, since

|D| = t− 1 < 2t− 2 ≤ k − 3 < 2k − 3 ≤ p(G1).

This way we specified t + 1 pairwise different elements,

a1 + cj , a1 + ct, c1 + ct, c2 + ct, . . . , ct−1 + ct

of the set A1+̇A1 whose cardinality is at least 2(s+t)−3, based on our assumption
on G1. From Proposition 8 it follows that A+̇A contains at least

2(s + t)− 3− (t + 1) = 2s + t− 4

elements (g1, g2) such that

g1 6∈ {a1 + cj , a1 + ct, c1 + ct, . . . , ct−1 + ct}.

Denote the set of these elements by E. Introducing Fα = {(a1, b1)}+̇Cα for
α = j, t we find that E,Fj , Ft and Ci+̇Ct (1 ≤ i ≤ t − 1) are pairwise disjoint
subsets of A+̇A. Obviously |Fj | = kj ≥ k1 and |Ft| = kt, hence Lemma 9 implies
that

|A+̇A| ≥ |E|+ |Fj |+ |Ft|+
t−1∑
i=1

|Ci+̇Ct|

≥ (2s + t− 4) + k1 + kt +
t−1∑
i=1

(ki + kt − 1)

≥ 2s + t− 4 + 2
t∑

i=1

ki − (t− 1) = 2k − 3.

This completes the proof of Lemma 7. �
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