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Abstract – In this paper two new concepts are intro-
duced: the similarity and the (∗,δ)-equality of fuzzy
choice functions. We investigate the manner the simi-
larity and (∗,δ)-equality behave with respect to some
fundamental concepts of fuzzy revealed preference
theory.
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1 INTRODUCTION

Similarity relations were introduced by Zadeh [19] as
fuzzy generalizations of equivalence relations. The
notion of similarity relation was extended by Trillas
and Valverde [15] for an arbitrary t-norm. In the lit-
erature on the similarity relations different notions are
used for the same notion: likeness relation, indistin-
guishability relation, fuzzy equality, etc. (see [11], p.
254).

To model vague preferences by fuzzy binary relations
is a topic a vast literature has been devoted to (see
[6], [12]). Even if the preference is ambiguous, the
choice can be exact or vague. When the choice is
exact it will be mathematically described by a crisp
choice function. At the same time there are cases
when the choices should be modelled by fuzzy choice
functions.

Some authors have proposed various notions of fuzzy
choice functions ([12], [2], [17], etc.) In [7], [8]
we have developed a revealed preference theory for
a large class of fuzzy choice functions. The results
in [7], [8] represent a fuzzy generalization of classic
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theory on revealed preference ([13], [1], [14], etc.)

With regard to the fuzzy preference relation the no-
tion of similarity defined in [19], [15] is successfully
applied (see [6], [10], [3]). The reasonings based on
fuzzy choice functions require an appropriate notion
of similarity. The aim of this paper is to give a sug-
gestive answer to this question.

We define the degree of similarity E(C1,C2) of two
fuzzy choice functions on a fuzzy choice space
〈X ,B〉. The assignment (C1,C2) �→ E(C1,C2) induces
a similarity relation on the set of fuzzy choice func-
tions on 〈X ,B〉. For 0 ≤ δ ≤ 1 we introduce the (∗,δ)-
equality of two fuzzy choice functions C1, C2: we
say that C1 and C2 are (∗,δ)-equal (C1 = (∗,δ)C2) if
E(C1,C2) ≥ δ (where ∗ is a continuous t-norm).

A significant part of fuzzy revealed preference theory
is centred on connecting the fuzzy choice functions
and fuzzy revealed preferences associated to them.
Some of these connections are based on the functions
φ1,φ2,ψ1,ψ2,ψ3.

The main results of this paper show how the func-
tions φi and ψ j connect the similarity of fuzzy choice
functions and the similarity of fuzzy preference rela-
tions. In particular, these functions translate the (∗,δ)-
equality of fuzzy choice functions into the (∗,δ)-
equality of fuzzy preference relations ([4], [9], [18]).

2 PRELIMINARIES

In this section we present some basic facts on contin-
uous t-norms and residua. The background for these
results can be found in [3], [6], [10], [11].

A mapping ∗ : [0,1]× [0,1]→ [0,1] is a t-norm iff it is
symmetric, associative, non-decreasing in each argu-
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ment and a∗1 = a for all a ∈ [0,1].

A t-norm is said to be continuous if it is continuous as
a function on the unit interval. With any continuous
t-norm ∗ we associate its residuum : a → b =

�{c ∈
[0,1]|a∗ c ≤ b}. The negation operation ¬ associated
with ∗ is defined by ¬a = a → 0. The biresiduum
associated with the continuous t-norm ∗ is defined by
ρ(a,b) = a ↔ b = (a → b)∧ (b → a).

Let X be a non-empty set. A fuzzy subset of X is a
function A : X → [0,1]. Let F (X) be the family of
fuzzy subsets of X . A fuzzy subset A of X is non-zero
if A(x) �= 0 for some x ∈ X ; A is normal if A(x) = 1
for some x ∈ X .

For A,B ∈ F (X) let us denote

I(A,B) =
�

x∈X

(A(x) → B(x)); E(A,B) =
�

x∈X

(A(x) ↔
B(x)).

It is clear that A ⊆ B iff I(A,B) = 1 and A = B iff
E(A,B) = 1. For any x ∈ X we have:

I(A,B) is called the subsethood degree of A and B and
E(A,B) the degree of equality of A and B. Intuitively
I(A,B) expresses the truth value of the statement ”A
is included in B” and E(A,B) the truth value of the
statement ”A and B contain the same elements” (see
[3], p. 82).

Let ∗ be a continuous t-norm. A fuzzy preference re-
lation R on X is a function R : X2 → [0,1]. R is said
to be reflexive if R(x,x) = 1 for any x ∈ X ; symmet-
ric if R(x,y) = R(y,x) for any x,y ∈ X ; ∗-transitive if
R(x,y)∗R(y,z) ≤ R(x,z) for any x,y,z ∈ X .

The notion of similarity relation was introduced by
Zadeh [19] as a generalization of the concept of (crisp)
equivalence relation. A fuzzy relation R on X is said
to be a similarity relation if it is reflexive, symmetric
and ∗-transitive. By [3], p. 91, Lemma 3.30, the func-
tion E(., .) : F (X)×F (X) → [0,1] defined by the as-
signment (A,B) �→ E(A,B) is a similarity relation on
F (X).

Let 0 ≤ δ ≤ 1. Following [9] we say that two fuzzy
subsets A,B of X are (∗,δ)-equal (A = (∗,δ)B) if
E(A,B) ≥ δ. The (∗,δ)-equality is a generalization
of the Cai δ-equality [4] (see also [16], [18])

3 FUZZY CHOICE FUNCTIONS

In this section we recall the definition of the fuzzy
choice functions introduced in [7]. We present some
fuzzy preference relations associated with a fuzzy
choice function and we recall some results from [7].

A fuzzy choice space is a pair 〈X ,B〉 where X is a
non-empty set of alternatives and B is a non-empty
family of non-zero fuzzy subsets of X . A fuzzy choice
function (=fuzzy consumer) on 〈X ,B〉 is a function
C : B → F (X) such that for any S ∈ B , C(S) is a non-
zero fuzzy subset of X and C(S) ⊆ S.

In terms of fuzzy consumers, X is the set of bundles
and B is the family of fuzzy budgets . If x is a bundle
and S a fuzzy budget then the real number C(S)(x) can
be interpreted as the degree to which the bundle x is
chosen subject to the fuzzy budget S. The fuzzy subset
S ∈B offers an availability degree S(x) for each x∈X .

By identifying a crisp set with its characteristic func-
tion, our definition of a fuzzy choice function gener-
alizes Banerjee’s [2]. In [2] the domain of a choice
function is made of all non-empty finite subsets and
the range is made of fuzzy subsets of X . In our ap-
proach, both the domain and the range of a choice
function contain fuzzy subsets of X .

The results in [7], [8] are proved under the follow-
ing hypotheses: H1 Every S ∈ B and C(S) are normal
fuzzy subsets of X ; H2 For any n ≥ 1 and x1, . . . ,xn

the characteristic function [x1, . . . ,xn] of {x1, . . . ,xn}
is in B .

Let 〈X ,B〉 be a fuzzy choice space and Q a fuzzy pref-
erence relation on X . For any S ∈ B let us define the
fuzzy subsets M(S,Q) and G(S,Q) of X .

M(S,Q)(x) = S(x)∗
�

y∈X

[(S(y)∗Q(y,x)) → Q(x,y)]

G(S,Q)(x) = S(x)∗
�

y∈X

[S(y) → Q(x,y)].

In the crisp case, M(S,Q) represents the set of Q-
maximal elements of S and G(S,Q) represents the set
of Q-greatest elements of S (see [14]). In general
the functions M(.,Q) : B → F (X) and G(.,Q) : B →
F (X) are not fuzzy choice functions.

Consider now a fuzzy choice function C on 〈X ,B〉. To
C one assigns the fuzzy revealed preferences RC, R̄C

and P̃C on X defined by
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RC(x,y) =
�

S∈B
(C(S)(x)∗S(y));

R̄C(x,y) = C([x,y])(x);

P̃C(x,y) =
�

S∈B
(C(S)(x)∗S(y)∗¬C(S)(x))

for any x,y ∈ X (see [7], [8]). RC, R̄C and P̃C are fuzzy
versions of some preference relations studied in clas-
sical revealed preference theory ([1], [13], [14]).

A fuzzy choice function C is said to be G-normal
if C = G(.,RC) [7]. The fuzzy choice function Ĉ =
G(.,RC) is called the image of C (see [7], [8]).

4 SIMILARITY OF FUZZY CHOICE
FUNCTIONS

In this section we shall introduce two new notions: the
degree of similarity and the (∗,δ)-equality of fuzzy
choice functions. We shall prove two theorems that
establish some correspondences between the similar-
ity of fuzzy choice functions and the similarity of
fuzzy preference relations. In particular, we ana-
lyze how these correspondences translate the (∗,δ)-
equality of fuzzy choice functions into the (∗,δ)-
equality of fuzzy preference relations.

We fix a continuous t-norm ∗.

Definition 4.1 Let C1, C2 be two fuzzy choice func-
tions on 〈X ,B〉. We define the degree of similarity
E(C1,C2) of C1 and C2 by

E(C1,C2) =
�

x∈X

�

S∈B
ρ(C1(S)(x),C2(S)(x)).

For δ ∈ [0,1] we say that C1 and C2 are (∗,δ)-equal
(C1 = (∗,δ)C2 in symbols) if E(C1,C2) ≥ δ.

Proposition 4.2 For any fuzzy choice functions C1,
C2, C3 on 〈X ,B〉 the following hold

(1) C1 = C2 iff E(C1,C2) = 1;

(2) E(C1,C2) = E(C2,C1);

(3) E(C1,C2)∗E(C2,C3) ≤ E(C1,C3).

Denote by FCF(X ,B) the set of fuzzy choice func-
tions on 〈X ,B〉 and by FP(X) the set of fuzzy prefer-
ence relations on X . According to Proposition 4.2 the
assignment (C1,C2) �→ E(C1,C2) defines a similarity
relation on FCF(X ,B).

Now let us consider the functions

φi : FR(X) → FCF(X ,B), i=1,2

ψi : FCF(X ,B) → FP(X), i=1,2,3

defined by

φ1(Q) = M(.,Q), φ2(Q) = G(.,Q) for any Q ∈ FP(X)

ψ1(C) = RC, ψ2(C) = R̄C, ψ3(C) = P̃C, for any C ∈
FCF(X ,B).

The functions φi,ψ j play an important role in fuzzy
revealed preference theory. They lead to a translation
of properties from fuzzy preference relations to fuzzy
choice functions and viceversa. The following results
establish how the functions φi,ψ j preserve the simi-
larity and (∗,δ)-equality of fuzzy choice functions.

Theorem 4.3 If Q1,Q2 ∈ FP(X) then

(1) E(φ1(Q1),φ1(Q2)) ≥ E(Q1,Q2)∗E(Q1,Q2);

(2) E(φ2(Q1),φ2(Q2)) ≥ E(Q1,Q2).

Corollary 4.4 If Q1 = (∗,δ)Q2 then φ1(Q1) = (∗,δ∗
δ)φ1(Q2) and φ2(Q1) = (∗,δ)φ2(Q2).

Corollary 4.5 If ∗ is the Gödel t-norm then Q1 =
(∗,δ)Q2 implies φ1(Q1) = (∗,δ)φ1(Q2).

Theorem 4.6 If C1,C2 ∈ FCF(X ,B) then

(1) E(ψ1(C1),ψ1(C2)) ≥ E(C1,C2);

(2) E(ψ2(C1),ψ2(C2)) ≥ E(C1,C2);

(3) E(ψ3(C1),ψ3(C2)) ≥ E(C1,C2)∗E(C1,C2).

Corollary 4.7 If C1 = (∗,δ)C2 then ψ1(C1) =
(∗,δ)ψ1(C2), ψ2(C1) = (∗,δ)ψ2(C2) and ψ3(C1) =
(∗,δ∗δ)ψ3(C2).

Corollary 4.8 If ∗ is the Gödel t-norm then C1 =
(∗,δ)C2 implies ψ3(C1) = (∗,δ)ψ3(C2).

We recall the following consistency condition for a
fuzzy choice function C [8]:

Condition Fα. For any S,T ∈ B and x ∈ X we have

I(S,T )∧S(x)∧C(T )(x) ≤C(S)(x).

Theorem 4.9 Let C be a fuzzy choice function on
〈X ,B〉. For any S,T ∈ B and x ∈ X the following in-
equality holds

E(C,Ĉ) ≤ (I(S,T )∧S(x)∧C(T )(x)) →C(S)(x).

Corollary 4.10 [8] If C is a G-normal fuzzy choice
function then Fα is verified.
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Theorem 4.11 For any fuzzy choice function C on
〈X ,B〉 we have E(C,Ĉ) ≤ E(RC, R̄C).

Corollary 4.12 [7] If C is G-normal then RC = R̄C.
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