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Abstract

We propose a method for the partitioning of large
graphs. Our approach is based on the calculation of a den-
sity function resulting from the application of a metric on
the vertices of a graph. The density function is then filtered
using a convolution, leading to a partition of the graph. The
choice of an appropriate kernel for the convolution makes
it possible to control the number of clusters, and their size.
Our algorithm can be executed automatically, but the pa-
rameters can also be interactively fixed by the user. We ap-
plied the algorithm to the problem of legacy code extrac-
tion from inclusion relation of C++ source files and film
sequence analysis. The metric used here is defined from
Strahler numbers which measure the “ramification” level
of graph vertices.

1 Introduction

Given a graph, it is natural to want to group vertices with
common characteristics, taking into account various crite-
ria. Such vertex groupings allow for the apprehension of a
graph structure. Particularly, it is possible to obtain hierar-
chic views of a graph from fragments. These views not only
simplify graph viewing, but also help better understand the
relations between fragments. Thus, automatic fragmenta-
tion of large graphs is the object of vigorous research en-
deavours in graph theory, and other fields as well.

Fragmentation has multiple applications. In biology for
example, graphs are used to represent proteins from vast
data bases. The vertices correspond to the proteins, and
the edges are weighed as a function of similarity between
proteins. In this context, fragmentation is used to deter-
mine protein families. Enright et al. [8] use a heuristic
method based on Markov chains to determine graph frag-
ments. Kawaji et al. [14] also use a heuristic method in their
work. In this case, the fragmentation algorithm minimises a

function that measures the level of separation between frag-
ments.

Fragmentation is also applied in data bases. Chen et
al. [6] use this approach to group items belonging to data
bases as a function of their similarity. Here also, fragmen-
tation calculation is done through a function that measures
similarity between data base elements. Another fragmenta-
tion technique was introduced by Hermann et al. [13], and
consists in fragmenting the graph based on a vertex metric
(a metric is a function which associates a non-negative real
number to each vertex of a graph). The density of metric
function is then used to group vertices.

Genetic algorithms are among the heuristic methods
used for fragmentation. Maio et al. [16, 19] introduced a ge-
netic optimisation algorithm to minimize an objective func-
tion that measures the quality of the hierarchic fragmenta-
tion of graphs. The function to be optimised is derived from
six criteria used to measure fragmentation quality. These
graphs are used in the robotics industry to represent the
space in which an intelligent mobile system moves. A num-
ber of fragmentation techniques constrained by the minimi-
sation of edges between fragments are presented in [2].

Graph fragmentation is also applied in software engi-
neering to analyse in retrospect the structure of very large
programs. A recent paper by Wiggerts [25] deals with com-
puter system modules and contains algorithms designed for
the extraction of legacy code. In the same vein, Man-
coridis et al. [18, 17] propose a genetic algorithm for the
extraction of software structures from dependence graphs
in C++ source files. Here, the function that needs to be
optimized corresponds to a measure of fragmentation qual-
ity. Their method was implemented into a program called
Bunch. Also, Tzerpos et al. [22, 23] introduced a fragmen-
tation algorithm based on the use of patterns inherent to the
implementation of computer systems.

Most of these methods do not allow for dynamic con-
trol of fragment size, which help the user to better manage
detail level when viewing graphs. This function is very use-



ful when exploring large graphs. It is in fact closely linked
to classic “details on demand” techniques (see Schneider-
man [20]). Further, calculation time for heuristic algorithms
being relatively long (many minutes), these methods do not
allow for interaction with the fragmentation program.

The algorithm we propose palliates these problems. For
a given metric we use convolution to filter the histogram
representing metric distribution. This characteristic allows
us to introduce parameters that control fragment size. The
algorithm presented here can be executed automatically, but
the parameters can also be interactively fixed by the user.
We applied the algorithm to the problem of legacy code ex-
traction from inclusion relation of C++ source files. To this
end, we used the � metric, based on Strahler number calcu-
lations. Strahler numbers were used in hydrogeology [21],
but are also extremely relevant for other types of applica-
tions using tree structures [24]. This metric measures the
“ramification” level of graph vertices. Our choice of metric
relies on previous experimentation [4], in which we noticed
that Strahler numbers helped find file groups belonging to
the same components of a program. Particularly, we noticed
that histograms corresponding to Strahler numbers calcu-
lated for a graph were made up of intervals corresponding
to non-zero values, relatively distant from each other, and
corresponding to significant program components.

An important characteristic resulting from the use of
Strahler numbers in our method is fast calculation time for
fragmentation. The approach thus allows for the implemen-
tation of interactive tools to navigate in the graph represent-
ing a computer system. As opposed to heuristic methods,
with which fragmentation calculations can take several sec-
onds, sometimes minutes, our approach allows for real-time
navigation and viewing.

The rest of the paper is structured in the following man-
ner: Section 2 gives a few fundamental definitions and de-
scribes Strahler metric � for directed acyclic graphs (DAG).
Our fragmentation method is then presented in Section 3, in
which we describe how histogram values are filtered and
fragments calculated from the results. Then, in Section 4
a complexity analysis of our algorithm will be made. Fi-
nally, we have implemented the method in our visualisation
software1 Tulip [5]. An example of the application of our
method in the context of software engineering is given in
Section 5.

2 Definitions

Strahler numbers for binary trees were introduced by
Horton [12] and Strahler [21] for hydrographic studies. In
computer science, they correspond to the minimum num-
ber of registers needed to evaluate a arithmetical expression

1GPL product, download at www.tulip-software.org.

made up of binary operators [9, 11]. These numbers have
also been used by Viennot [24] in the field of image synthe-
sis, to calculate realistic images of trees.

The Strahler numbers were generalised to any rooted tree
by Fedou [10] and corresponds to the calculation of the min-
imum number of registers needed to calculate arithmetical
expressions with operators of any arity. Given a rooted tree�

, the calculation is made for a vertex � , of which the chil-
dren are �������	�
���
��������� and is achieved using the following
recursive formula:

��� �����
��� � if � is a leaf;����� �! "��� �	#$�&%('*) �,+ �.-�#/-��0�1� else.

By convention we define ��� � ��� ���32 � , where 2 is the
root of

�
. Figure 1 illustrate this calculation.
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Figure 1. Strahler number calculation for a
tree.

The generalisation of these numbers to DAGs is direct.
In fact, given a DAG, it suffices to consider a forest obtained
from the DAG, and to associate to the DAG the Strahler
number of that forest. A generalisation of Strahler numbers
to any type of graph could be found in [4]. This general-
isation consists in considering a rooted map as a recursive
expression and determining the number of stacks and reg-
isters needed to evaluate the expression. One of the im-
portant properties of Strahler numbers is that they measure
tree ramifications of trees and graphs. Moreover, it can be
shown [3] that for a DAG with 4 vectices, the number of
distinct values is bounded by 5 687�4 . The calculation of
Strahler numbers can be done in 9 � 4&� . We will use these
characteristics of Strahler numbers for the fragmentation of
graphs.

Now let us introduce a few others definitions used in the
following. Let :;� �=< ��>?� be a graph. Let @ be a set
and ACB�>D)�EF@ a function. The histogram of values (or
density function) of A is the function GHBI@JELK which
counts the number of elements �(MN> such that A � ���O�QP .
Hence, we have G � PR�O�TS A*U � � PV��S . In the case of graphs, it
consists in counting the number of vertices having the same
value.

We will use the following definition of convolution.



Definition 2.1 Let � and G be two functions ��� G B�� E�� ,
we call the convolution of � and G function � 7�G defined by:

� � 7 G	� �32 ���
����
	�
 U �

G �32 )
����� � ���1�
The function � is called the kernel of the convolution.

Definition 2.2 Let �;B K E K ; � M K is called a local
minimum of � if � � � ) � ����� � � � and � � � % � ����� � � � .
3 Fragmentation

When one looks to process a metric in order to fragment
a graph, it often happens that it does not follow a well-
known distribution, even if, in other respects, vertex metrics
express graph properties. For example, for Strahler metrics,
experimenting [4] shows that the metric may make possible
the grouping of vertices having close values, that is to say
similar importance in the graph. On the other hand, Strahler
number distribution in binary trees is complex [11] and thus
of little use for visualisation. Of course, the same applies to
general trees for which this distribution is unknown. How-
ever, by observing the values, one can see that the distri-
bution (the histogram) of these values is made up of inter-
vals grouping elements and nul sub-intervals of more or less
spread. A simplistic approach would consist in fragmenting
the graph in accordance with these nul sub-intervals. How-
ever, this is only relevant if the sub-intervals are of constant
width, which is not verified in the case of Strahler num-
bers (or even generally for that matter). Figure 2 illustrates
this phenomenon (typical distribution of Strahler parame-
ter). The figure shows a nul sub-interval at position � , which
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Figure 2. Nul sub-interval.

generates two parts in the simplistic approach. A more con-
venient method would consist in obtaining only one part in
this case. The splitting of this part into two would then be
postponed to a later step in the process of hierarchical frag-
mentation of data. In the following, we will see how to use
a convolution to deal with this situation.

The clustering algorithm presented here relies on the cal-
culation of a partition of < from the density function � . In

order to calculate this partition of vertices, one may remark
that any partition � ��������� of ��� �!� � �0� leads to a partition
of < . The partition of < is defined by the following equiva-
lence relation: "$# P if and only if A � "�� and A � PR� belong to
the same subset in the partition � . We will apply this idea
in conjunction with the convolution of � with a well chosen
kernel to get a partition of < . Such a partition leads to a
clustering of : in a natural manner.

The algorithm we propose consists of three steps: dis-
cretisation, convolution filtering, and fragmentation.

3.1 Discretisation

Usually, a metric A defined from a graph : �=< ��>?� takes
its value in � , resulting in a density function G B%� E K . In
order to reduce the complexity of the calculations, a discrete
density function � B,K E K must be used. The construction
of this function � requires the discretisation of the original
histogram G .

The calculation of � is achieved by translating A in such
a way that his smallest value is equal to & . From now, we
will suppose that A satisfy this property. Next, we define the
discrete density function � by

� � � � �'�%( � �0� �QS  P M < B)� *$+ A � PR�-, � � % � ��* + S �
where * act as a scaling factor.

We also define . �/.�( � ��� � � �0� � � � �%(V��� . The filtering
will consist in building a partition of interval �?�21 & ��.43 .
3.2 Filtering

To take into account the phenomenon encountered in
Figure 2, we propose filtering density function � using a
convolution. The application of a correctly chosen convolu-
tion to � will mean that intervals will be merged as a func-
tion of their width, and of the density around them. More-
over, the choice of the kernel for the convolution allows to
vary the number of sub-intervals, thus making it possible
obtain a hierarchical fragmentation method. For example, if
we choose a kernel so that there are only three sub-intervals,
we will then be able to apply the method once again, re-
cursively, on the three sub-intervals, by adapting the kernel
each time.

In our study, we use the following function as a kernel:

57698 : � �0�I�
;<<<= <<<>
& �0?@�A, )-B8�6 : � %
B �0? )CBD+��E,'&0�
) 6 : � %FB �0?�&G+��A,HB8�& �0?@�A�IB8�

In what follows, we will postulate that
� � �

and the
kernel will be denoted by

5 :
. The B parameter allows for



varying the number of partition elements of � , and thus of
sub-graphs in the corresponding fragmentation. The filter-
ing �� of the density function � is derived from the convolu-
tion:

�� ���� : ��� 7 5 : �
Figure 3 illustrates histogram filtering. Partition � asso-

ciated to this histogram contains three parts:
� � � � � , and���

. One will notice that the nul sub-interval is “absorbed”
by parts

� � , and
���

following convolution. This is related
to the fact that the weight of these parts is relatively high,
compared to the width of the nul sub-interval.

3.3 Fragmentation

Construction of density function � requires discretisation
of the set of values. For discretisation to be as near as pos-
sible to the initial histogram, we use the following formula
to calculate scale parameter * :

* � � ?�� �  	� A � ��#$� )(A � ��
�� � + 	
� 8 	���������������� 	
�����
 ��� 	��!� �.�
So, * is the minimal difference between any two values ofA . The size of the discretised histogram to be built being
equal to .�( , calculation complexity of the convolution and
memory space required for the storage of ��( imposes that
the maximum value of . ( must be limited. This limit value
is denoted .#"%$'&�(
) . If . ( � .#"%$�&�(
) , value * is increased to
obtain . ( � .#"*$�&�(
) . In our experimentation, the value of.#"%$�&�(
) has been established at 6 �,+ , which gives enough flex-
ibility since, in practice, it is rarely attained.

Some relevant nul sub-interval of � may disappear if one
consider the convoluted function �� . In fact, if the parame-
ter B is sufficiently large, it is even possible to remove ev-
ery nul sub-intervals. To deal with this situation, we also
use local minima of �� to define the partitions. So, in the
calculation of the partition, we thus take into account the
nul sub-intervals, which can obviously be interpreted as a
local minimum, as well as other local minima of �� . Let� � ���
���
����� � � be the sequence of local minima of �� , or-
dered in such a way that � #$, � # � � . An element,

� # ,
of partition ���  � � � � � �
���
��� � � � � + of ��� �!� � �0� is then
defined in the following manner:

� # �  � S�� M �0� � � � �0� � �.- � # U � ,C� , � # � � +
with, �0/ �F) � and � � � � ��.N% �

. This partition of��� �!� � �0� leads to a clustering of : using the method de-
scribe above.

For automatic and progressive partitioning of the graph
into sub-graphs, and thus obtain a hierarchy, we use param-
eter B . In fact, it allows for varying the number of local min-
ima. Figure 4 illustrate the process. Slider named ”Width”
is linked to parameter B . The vertical lines correspond to
local minima. The chosen value of B is that which allows

to obtain a minimum number (greater than zero) of local
minima. It is noted B21 .

Once fragmentation is done, the process can be repeated
for each sub-graph created. A fragmentation tree of the ini-
tial graph is thus obtained, and the maximum size of that
tree is 643 S ���!� � � �0��S ) � .
4 Complexity

This sectiob describes the complexity of the three steps
of the algorithm, which are: discretisation, filtering, and
construction of the hierarchy. We use the value of S ��� �!� � �0�
S
in our calculations. As we will see in Section 5, knowledge
of the properties of metric A allows to obtain information
on S �0� � � � �R��S , and in that way obtain a more precise value
of the upper bound of algorithm complexity.

Proposition 4.1 Calculation complexity of the discretised
histogram is in

9 � S < S
57698 � S < S �*%
.&�1�
Proof 1 To calculate * , the elements of V must be sorted
and the ordered sequence iterated. Calculation of * can
thus be obtained in 9 � S < S,5�6�8 � S < S ��� . To build . , a table of
size . must be initialized to zero and inside affectations S < S
need to be made.

Proposition 4.2 Complexity of calculation of the filtered
histogram �� is in

9 � S �0� � � � �0�
S B %
.&�1�
Proof 2 To calculate the histogram �� , function

57:
must be

calculated for each value of � . In general, a upper bound
for calculation complexity of �� is thus in 9 � .4B�� . However,
to calculate �� it suffices to take into account the non-zero
values of � ( �0� � � � �R� ). Calculation complexity is then in9 � S ���!� � � �R��S B(%D.&� . Algorithm 4.1 summarize calculation
of �� .

Algorithm 4.1 Calculation of ��
for ' MF1 & � � .43 do

�� � '!�I� &
for ' M$��� �!� � �0� do

for :?�Q)-B to B do
�� � : % '!�I�;�� � : % ' ��%H� � '!� 5 : � :V�

Proposition 4.3 Calculation complexity of B<1 is in

9 � S �0� � � � �0�
S . � �1�
Proof 3 Let �>= � B�� the number of local minima of �� : .
Function �>= � B�� having no other characteristic than the
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Figure 3. Filtering using a convolution.

Figure 4. Variation of the fragmentation in function of B .

fact that it is globally decreasing, to find B 1 , all possible
solutions need to be looked over, that is to say from

�
to. . For each operation, function �� : � must be calculated, as

well as its number of local minima. The complexity of an
operation is then in 9 � S ��� �!� � A���S B�#�%C6�.&� . The complexity
of an operation also depends on the value of BI# . The upper
limit of complexity

� :��
, of the search for B 1 , verifies the

following inequality:

� : � +
��
# 
 � � 6 .�% S ��� �!� � �0�
S�'!�

� 6 . � % . � . % � �
6 S �0� � � � �0�
S

+ 6 . � S �0� � � � �0�
S"% . � . % � �
6 S �0� � � � �0�
S

� 9 � S �0� � � � �0�
S . � �1�
Proposition 4.4 Calculation of graph hierarchy is in

9 � S �0� � � � �0�
S � . � �.�
Proof 4 It is trivial considering the fact that the size of the
fragmentation tree is equal to 6 S ��� �!� � �0�
S�) � .
5 Applications

In this section, the results of experimentation using our
fragmentation method are presented.

5.1 Include graphs

We apply our method to include graphs obtained from
C++ source code used to compile a program. Given a set
of source files, this graph is obtained from the #include
preprocessor directive, and is defined as follows :

� Vertices � # correspond to source files;

� If file a, corresponding to vertex � # , contains the in-
struction #include "b", where b is the file corre-
sponding to vertex � 
 , then there is an edge � � � # � � 
 � in
the graph.

The analysis of result relevancy requires in depth knowl-
edge of the source files used, which led us to choose the
source files from our visualisation program, Tulip, to build
our example. We used the Strahler valuation (cf. Section 2)
to fragment the program. Let us note that the initial graph
(Figure 5) has only one connected component. The re-
sults shown here required two-step fragmentation, and they
are the smallest fragments obtained from our application.
They correspond to the second hierarchical fragmentation
step. Further, in order to get more relevant information, we
proceeded to decompose the resulting sub-graphs into con-
nected components.

Figures 6 to 7 show fragment selection resulting from
our method. By making correspondence between the graphs
produced by our program architecture, the clusters have, for



the most part, a sense in terms of program components. Fig-
ure 6 shows the files involved in the management of Tulip
types, as well as the “abstract construction” mechanisms
used for the management of plug-ins related to these same
types. Figure 7 shows that the great majority of the C++
standard library files were grouped.

In figure 8, the quotient graph was constructed from the
six clusters obtained by the mean of our algorithm. The
other clusters shown are

� All the Tulip plug-ins,

� All the files required for the management of each prop-
erty,

� Files from the graphic interface library intermixed with
those of Tulip. One can see that only the files required
for the use of Tulip in interactive mode (with GUI)
make up part of this cluster.

The diagram 8 clearly shows that the resulting clusters yield
an interesting decomposition of the program. A first obser-
vation is that the plug-ins use all parts of the program, but
are independent, and the loading mechanisms of the plug-
ins are tied to both the Tulip library and the C++ standard
library. This experiment also allowed us to detect inconsis-
tencies in our files. For example, in our first experiment,
a link between cluster � 2�� � � 2���� and cluster � "	�3'
�	:��)� ap-
peared in the quotient graph. Verification showed that it was
the result of errors in our files (useless data).

5.2 Multimedia files

Structuring video documents into logical video segments
such as shots, scenes, objects and indexing them by charac-
terizing their motion, color or texture is a key feature of the
MPEG7 [1] standard. Numerous descriptors can be used
and several techniques have already been proposed to de-
scribe video content by means of low-level features. In a
video document, where each shot is characterized by a vec-
tor or scalar descriptor, a distance between shot descriptors
can be computed. Based on distance matrix for shots, a
video document is a weighted complete graph for which the
distance matrix is in fact an incidence matrix. The vertices
of the graph are the shots and the edges between two ver-
tices are weighted by the corresponding entry in the dis-
tance matrix. After selecting a subset of relevant distances
(edges) for grouping shots into scenes, by statistical meth-
ods [7], Strahler numbers on graphs can be used to build
clusters of similar shots according to Strahler values of ver-
tices. Clustering is fulfilled interactively, based on user-
satisfaction of resulting clusters. Clusters are displayed as
a quotient graph, i.e. each cluster is a node in the graph of
clusters. Users can assess the quality of clusters by view-
ing the key-frame that is mapped on each shot-node. Using

this process, we decided to split ”Aquaculture” SFRS 
 into
5 clusters. Figure 9 shows the clusters of ”Aquaculture” in
which one can navigate, using the mouse, seeing the image
abstracting a shot. Figure 14 and 15 illustrate the perfor-
mance of the clustering method: the majority of shots with
similar color-content and even scene layout were grouped
together in one cluster.

6 Conclusion

One of the applications of our method concerns systems
to help in the design and understanding of relations regard-
ing the inclusion of source files in programs. As noted by
Koschke [15], most methods used to solve this kind of prob-
lem yield only approximations. Of course, users of these
types of systems must expect a certain degree of impre-
cision. Our method however yields acceptable results, as
shown in the previous section. It is also important to note
that if the structuring of a computer system is not properly
done, an algorithm cannot be used to correct the problem.

The algorithm presented herein is an exploration tool to
visualise the physical architecture of a computer system.
Visualisation then makes possible the optimisation of the
system, and to detect certain errors, as is the case for our
design. In fact, the initial inclusion graph (from which re-
sults the graph in Figure 8) comprised several inconsistent
edges between groups. Verification showed that it was the
result of errors in our files (useless data).
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Figure 10. Zoom on clusters of "Aquaculture".

Figure 5. Include graph of the Tulip software. Figure 6. Tulip types



Figure 11. Navigating in a cluster of "Aquaculture".

Figure 7. C++ library

Figure 8. Quotient graph .


