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Abstract 
 

   The alkylation process is an important reaction used in refineries to upgrade light olefins and isobutene into a much 
more highly valued gasoline component. The primary alkylation reaction involves the reaction of isobutene with a 
light olefin such as butylenes, in the presence of strong acid catalyst to form the high octane. A problem of long 
standing is to determine the optimal operating conditions for the alkylation process. In order to achieve this, 
Differential Evolution has been employed. An improved scheme of Genetic Algorithms, Differential Evolution is 
exceptionally simple, fast and robust. It is primarily a search algorithm that is able to locate near optimal solutions to 
difficult problems. An analysis of the results obtained on varying the parameters of the problem is also presented. 
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1. Introduction 
 
   The alkylation process is an important unit that is used 
in refineries to upgrade light olefins and isobutane into 
much more highly valued gasoline component. The light 
olefins are produced mainly from catalytic crackers and 
also from cokers and vis breakers. 
   The primary alkylation reaction involves the reaction 
of isobutane with a light olefin, such as butylene, in the 
presence of strong acid catalyst to form the high octane, 
trimethyl pentane isomer. The alkylate obtained is one 
of the best gasoline blending components produced in 
the refinery because of its high octane, typically 
96RON, and low vapour pressure which allows lower 
cost butane to be put into gasoline. The high 
profitability of upgrading light olefins and isobutane in 
the refinery from LPG value to gasoline value explains 
why it is a very popular process alternative that is used 
at most locations that have catalytic crackers. 
   Alkylation technology has been used for a long time 
in the refining industry. A tank reactor system was first 
installed in Exxon�s Baytown refinery in the late 
1930�s. 
   A problem of long standing is to determine the 
optimal operating conditions for the simplified 
alkylation process shown in Fig. 1 Sauer et al. (1964)  
solved this problem using a form of successive  
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linear programming. The problem was also attempted 
by Himmelblau et al. (1993) by successive quadratic 
programming. They utilized the computer code NPSOL 
to solve the problem. In the formulation provided by 
them, the objective function was defined in terms of the 
alkylate product, or output value minus feed and recycle 
costs, operating costs were not reflected in the function. 
The notation used is shown in Table-1 along with the 
upper and lower bounds on each variable. The bounds 
represent economic, physical and performance 
constraints. 
 
Figure 1.: A simple alkylation reaction 
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Table-1: Variables and Bounds. 
 

Symbol Variable Lower 
Bound 

Upper 
Bound 

x1 
Olefin 

feed(barrels/Day) 0 2000 

x2 
Isobutane 

recycle(barrels/day) 0 16000 

x3 
Acid Addition Rate 
(X1000 pounds/day) 0 120 

x4 
Alkylate yield 
(barrels/ day) 0 5000 

x5 
Isobutane makeup 

(barrels/day) 0 2000 

x6 Acid strength (wt. %) 85 93 

x7 Motor octane no. 90 95 

x8 
External Isobutane-

olefin Ratio 3 12 

x9 Acid dilution factor 1.2 4 

x10 F-4 performance no. 145 162 
 
   The total profit per day to be maximized is given by 
the following function 
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where C1 = Alkylate product value($0.063 per octane 
     barrel) 
           C2 = Olefin feed cost ($5.04 per barrel). 
           C3 = isobutane recycle costs ($0.035 per barrel). 
           C4 = acid addition costs ($10 per 1000 pounds). 
           C5 = isobutane make up cost ($3.36 per barrel). 
 
Himmelblau et al, carried out regression analysis to 
form the process model. The alkylate yield, x4, was a 
function of the olefin feed, x1, and the external 
isobutane- to- olefin ratio, x8. The relationship 
determined by holding the reactor temperature between 
80ο F and 90ο F and the reactor acid strength by weight 
percent at 85 to 93 was: 
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   The isobutane makeup, x5, was determined by a 
volumetric reactor balance. The alkylate yield, x4, 
equals the olefin feed, x1, plus the isobutane make up, 
x5, less shrinkage. The volumetric shrinkage can be 
expressed as 0.22 volume percent of alkylate yield so 
that 
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   The acid strength by weight percent, x6, could be 
derived from an equation that expressed the acid 
addition rate, x3, as a function of the alkylate yield, x4, 
and the acid dilution factor, x9, and the acid strength by 
weight percent, x6. (the addition acid was assumed to 
have a strength of 98%). 
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   The motor octane number, x7, was a function of the 
external isobutane- to- olefin ratio, x8, and the acid 
strength by weight percent, x6, (for the same reactor 
temperatures and acid strengths as for the alkylate yield, 
x4 ). 
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   The external isobutane- to- olefin ratio, x8, was equal 
to the sum of the isobutane recycle, x2, and the 
isobutane make up, x5, divided by the olefin feed, x1. 
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  The acid dilution factor could be expressed as a linear 
function of the motor octane number, x9, and the F 4 
performance number, x10. 
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   The last dependent variable is x10, which was 
expressed as a linear function of the motor octane, x7. 
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   Equations (c), (d) and (f) were used as equality 
constraints. The other relations were modified to form 
two inequality constraints each so as to take into 
account the uncertainty that existed in their formulation. 
The dl (lower) and du (upper), listed in Table-2, allow 
for deviations from expected values of the associated 
variables. 
 



 
Table-2: Deviation Parameters 
 

Deviation Parameter Value 
d4l 0.99 
d4u 100/99 
d7l 0.99 
d7u 100/99 
d9l 0.9 
d9u 10/9 
d10l 0.99 
d10u 100/99 

 
 
   Thus there were eight inequality constraints in 
addition to the three equality constraints and the upper 
and lower bounds on all of the variables, the details of 
which are shown in Eqs. (i) � (n) below: 
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   The optimal values obtained by the code NPSOL 
(Himmelblau et al., 1993) are listed in Table-3 along 
with the maximized objective function value (f(x*)). 
 
 
 

 
Table-3:Optimal Values 
 

Variable Optimal Value 
x1 1698.1 
x2 15819 
x3 54.107 
x4 3131.2 
x5 2000 
x6 90.115 
x7 95 
x8 10.49 
x9 1.56 
x10 153.54 

 
 
2. Differential Evolution 
 
   Since their inception three decades ago, Genetic 
Algorithms (GA) have evolved like the species they try 
to mimic (Goldberg, 1989). Just as competition drives 
species to adapt a particular environmental niche, so 
too, has the pressure to find efficient solutions across 
the spectrum of real world problems forced Genetic 
Algorithms to diversify and specialize (Androulakis & 
Venkatasubramanian, 1991; Stair & Fraga, 1995; Upreti 
& Deb, 1996; Babu & Vivek, 1999; Babu & Mohiddin, 
1999). 
   Differential Evolution is a search procedure similar to 
GA applied on real world variables that is significantly 
fast at numerical optimization and is also more likely to 
find a function�s true global optimum (Price and Storn, 
1997). Among DE�s advantages are its simple structure, 
ease of use, speed and robustness. DE has been used to 
design several complex digital filters and to design 
fuzzy logic controllers, for estimation of parameters and 
for design and control applications (Storn, 1995; 
Masters & Land, 1997; Wang et al. 1998; Chiou and 
Wang, 1999; Joshi & Sauderson, 1999; Babu & Sastry, 
1999; Babu & Munawar, 2000a & 2000b; Babu & 
Rishindra Pal Singh, 2000). 
   The inherent advantages of DE over GA emerge from 
that it uses floating point numbers instead of bit strings 
for coding and uses addition for mutation. The former 
does not limit the resolution with which an optimum can 
be located with precision as is the case with bit strings 
that can code integers. Wolf and Moros (1997) used 
floating point code but that incorporates additional 
complexity. To see the advantages of addition for 
mutation instead of bit flipping consider the binary 15 
(01111). To change it to binary 16 (10000) would 
involve flipping of all the bits, though adjacent 
transitions in mutation should be the frequent. DE uses 
the population itself to select how much to add, thus 



automatically scaling the magnitude and preventing 
uphill moves. 
   The overall structure of DE proposed by Price and 
Storn resembles that of other population based searches. 
A population of NP vectors is first initialized between 
some realistic upper and lower bounds, if available, 
otherwise random initialization is resorted to. In each 
generation, NP competitions are held to determine the 
composition of the next generation. In particular, the ith 
competition puts the ith vector, known as the target 
vector against its adversary, the trial vector. The trial 
vector�s parents are interestingly the target vector itself 
and a randomly chosen population vector  to which a 
weighted random difference vector has been added. 
Mating is non- uniform and is controlled by a crossover 
constant(CR). 
   The other parent can be represented as: 
 
Xc

� = Xc + F(Xa . Xb) 
 
where Xc , Xa , Xb are randomly chosen vectors. 
 
   Which parent contributes which parameters are 
decided by a series of binomial experiments. A random 
number in [0,1] is generated, if it is greater than CR, 
that trait is inherited from the target vector otherwise it 
comes from the random vector Xc

� . To ensure that the 
trial vector differs from the target by at least one 
parameter, the final vector parameter comes form Xc

� 

even when CR=0. 
   DE�s selection criteria resemble tournament selection 
in that the target and the trial vector are pitted in a 
winner take all competition. The one with the lower cost 
advances to the next generation. 
 
3. Results and Discussion 
 
   The pseudo code for implementing DE is given 
below: 
• Initialize variables of maximum population, F,CR 

and maximum number of generations. 
• Define structure of an individual solution with a 

single dimensional array of 10 variables (x1 to x10) 
and with fitness of solution. 

Till the population size is less than 100, iterate. 
• Initialize the individual members of the population 

with randomly chosen values between the upper 
and lower limits. Compute the values of the 
dependent variables (x2, x5, x6) using the 
independent members. 

Till the maximum generations are not reached or the 
solution does not converge, iterate. 
• For I=0, I<population size(NP), find three random 

array positions different from the running index 
and mutate. 

• Cross the individual obtained after mutation with 
the parent. 

• If the fitness of parent is more than the offspring 
then the parent goes to the next generation and vice 
versa. 

Terminate the two loops. 
 
   For the implementation of DE with a constrained 
problem, solutions were penalized on the fitness if any 
of the constraints were violated. The magnitude of the 
penalty was adjusted so as to significantly affect the 
fitness. 
   The solution was attempted with different 
combinations of values F,CR, population sizes from 5 
to 100 and for a maximum of 1000 generations. The 
solutions obtained were evaluated on two criteria- 
quality of the solution (by measuring the standard 
deviation(SD) of the solution from that obtained of 
NPSOL. SD was defined as: 
 

∑
= −

−
=

10

1

2

1
)(

i

iai

n
xx

SD  

 
where, 
xi = ith parameter obtained by DE 
xia = ith parameter obtained by NPSOL 
n = 10 ) and the ease of convergence (by measuring the 
number of generations it converges in. Convergence 
was deemed to have been obtained if the objective 
function value changed by less than 0.1% over 100 
generations) 
   The trends in the results based on the ease of 
convergence are: 
• For high values of CR depending on F, solutions 

with low population sizes do not converge. The 
values of CR beyond which significant non- 
convergence is observed for low population sizes 
are CR=0.5 for F=0.4, CR=0.3 for F=0.5, CR=0.5 
for F=0.6, CR=0.6 for F=0.7. Beyond F=0.7, non- 
convergence is observed for all population sizes 
and hence are not preferable. 

• For low values of CR again depending on F, 
solutions with high population sizes do not 
converge. Again for high values of F (>0.6) the 
non- convergence with low CR is not restricted to 
high population sizes and substantial non- 
convergence is observed for all population sizes. 

• Thus, values of F<0.6 are optimal for this problem. 
As is seen from Figs. 1-5, value of F=0.4 and 
F=0.5 converge for widest range of CR values( 
terminating lines show that no convergence was 
obtained beyond that value of CR) for all 
population sizes. 



   Another way of finding ease of convergence is to find 
the number of generations it took for the solution to 
converge. The following trends were visible: 
• On increasing population size, the number of 

iterations increase slightly for all combinations of 
CR and F. In fact, for a given combination of CR, 
number of generations are mostly within ± 200 of 
each other for all population sizes. 

• For a given F, the number of iterations required for 
convergence increase slightly with decreasing CR. 
This is true for all F�s except high F�s(≥ 0.7) where 
convergence is too infrequent to speak of any 
trend. 

• For a given CR, with increasing F, number of 
generations required generally increases. 

   For maximum speed, we should thus have a low F 
and a high CR(F=0.4, CR≥0.7) with low population 
size. 
   To use the other criterion i.e., quality of solution, a 
rather different picture is painted. The SD of the 
solution increases for all F�s as CR increases beyond 
0.6. That is, it is not much greater than the SD for lower 
values of CR. For values of F ≥ 0.7, there is no trend 
because of rare convergence. As the population size 
increases the solutions usually have a lower SD and are 
more accurate. 
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4. Conclusion 
 
   The analysis depicts that there are trade off�s 
associated with the parameters. Large population sizes 
give a more exact solution but take more time. High 
values of CR are also conducive to convergence but are 
again slower. Low F values are favorable on both 
counts. 
   The best solution possible for the given problem 
appears to be with a value of F=0.4, moderately high 
CR=0.6 and a population size of 20, that converges in 
only 300 iterations and has an SD less than 0.07.  
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Figures. 8(a)-8(g): Objective Function
values for member nos. for various
generations 
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