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tGiven a 
on�guration of t indistinguishable pebbles on the n ver-ti
es of a graph G, we say that a vertex v 
an be rea
hed if a pebble
an be pla
ed on it in a �nite number of \moves". G is said to be peb-bleable if all its verti
es 
an be thus rea
hed. Now given the n-path Pnhow large (resp. small) must t be so as to be able to pebble the pathalmost surely (resp. almost never)? It was known that the thresholdth(Pn) for pebbling the path satis�es n2
plgn � th(Pn) � n22plgn;where lg = log2 and 
 < 1=p2 is arbitrary. We improve the upperbound for the threshold fun
tion to th(Pn) � n2dplgn, where d > 1 isarbitrary. 1



1 Introdu
tionGiven a 
on�guration of t indistinguishable markers, or pebbles, on the nverti
es of a graph G, we de�ne a move to be an operation by whi
h twopebbles are removed from a vertex { with one of these pebbles being removedfrom the graph 
on�guration, and with the other being pla
ed on an adja
entvertex. We say that a vertex v 
an be rea
hed if a pebble 
an be pla
ed onit in a �nite number of moves. Finally, we say that G is pebbleable if all itsverti
es 
an be thus rea
hed. Note that we restore the graph 
on�gurationto its initial state after su

essive verti
es are rea
hed (or determined to beunrea
hable).Graph pebbling was used by Lagarias and Saks to provide a solution to anumber-theoreti
 question posed by Erd}os and Lemke, for whi
h the originalsolution was provided by Kleitman and Lemke [6℄. The pebbling number �(G)of a graph G is the smallest number of pebbles that need to be pla
ed on itsverti
es so that G is pebbleable no matter what 
on�guration of pebbles isused. If G = Qd, the d-
ube, then it is evident that pla
ing 2d � 1 pebbleson the vertex antipodal to the origin leads to an unpebbleable graph, sothat �(Qd) � 2d. In a landmark paper, Chung [3℄ proved that the pebblingnumber of Qd was indeed equal to 2d. The survey paper of Hurlbert [5℄
ontains a wealth of results { as well as history and ba
kground { on theproblem of graph pebbling.In 1999, in the �rst version of [4℄, Czygrinow et al. introdu
ed the notionof pebbling thresholds. In other words, they asked the following question:Given a graph G how large (resp. small) must the number of pebbles t be soas to be able to pebble G almost surely (resp. almost never)? We assume here(although other models 
an 
ertainly be 
onsidered) that the 
on�guration ofthe t pebbles on the n verti
es follows the so-
alled Bose-Einstein distributionfrom statisti
al physi
s, i.e. that the �n+t�1t � 
on�gurations are all equallylikely to be realized. Also, we remind the reader that a graph property is saidto hold almost surely (resp. almost never) if it is satis�ed with probabilitytending to unity (resp. zero) as the size of the problem grows to in�nity.De�ne the pebbling threshold fun
tion of a graph G = Gn (assuming it exists,whi
h is not guaranteed) to be a level th(Gn) su
h thatt� th(Gn)) P(G is pebbleable)! 0 (n!1);and t� th(Gn)) P(G is pebbleable)! 1 (n!1);2



where, given two non-negative sequen
es f = fn and g = gn, we write f � g(or g � f) if f=g ! 0 as n ! 1. Note that the threshold fun
tion isnot unique if it exists; if fn is a threshold fun
tion, then so is Knfn for anybounded sequen
e Kn. We will expli
itly assume, throughout this paper, thatKn = 1 8n. Czygrinow et al. [4℄ studied the threshold fun
tion th(G) forseveral families of graphs, in
luding 
omplete graphs, paths, 
y
les, stars,wheels, and 
ubes. De�nitive pebbling thresholds were obtained in several
ases { with the notable ex
eptions being the n-path Pn and the d-
ubeQd. Itwas exhibited, for example, that assuming that th(Pn) exists, it must satisfy,in the standard 
omputer s
ien
e notation,th(Pn) = 
(n) & th(Pn) = o(n1+"); (1)i.e., th(Pn) � nand for ea
h " > 0, th(Pn)� n1+":Bekmetjev et al. [2℄ improved (1), when they proved that the pebbling thresh-old for Pn existed and satis�edth(Pn) = O(n22plgn) & th(Pn) = 
(n2
plgn);where lg = log2, and 
 < 1=p2 is arbitrary. The methods used in [2℄ weredeep, and the authors re
overed the threshold existen
e result for paths (andall graph sequen
es for that matter) from a multiset analog of Lov�asz's ver-sion of the Kruskal Katona theorem (see [2℄ for details and referen
es). Dur-ing the Summer of 2000, REU students Salzman and Wierman were able touse elementary te
hniques to improve the upper bound on the threshold toth(Pn) = O(n2
plgn);where 
 > p2 is arbitrary, while Jablonski, a member of the ETSU REUteam from the Summer of 2001, further re�ned the methods of Salzman andWierman to prove that for any d > 1th(Pn) = O(n2dplgn):It is this result that we present in this paper. Denote by Xj the number ofpebbles on vertex j of the n-path. The summability 
onditionnXj=1 Xj2j�1 � 1 (2)3



for the rea
hability of vertex 1, noted in [4℄, is 
riti
al to our derivation. Itarises in other 
ontexts: In [1℄, pp. 236{237, Alon and Spen
er analyze theso-
alled tenure game between a benevolent Department Chair, Paul, andthe meanspirited Carole, the University Provost. In this game, Paul wins i�a 
ondition similar to (2) is satis�ed. Also in [1℄, p. 11, the Kraft inequalityfor pre�x-free 
odes, and the Kraft-M
Millan inequality for uniquely de
i-pherable 
odes, are both seen to be versions of the inequality (2). In fa
t, wefeel that further re�nements of our result might result only if one is able tosu

essfully exploit 
onne
tions of this kind, perhaps even using results andinequalities for weighted sums of ex
hangeable random variables.2 Improved Upper BoundsLet Cn be the n-
y
le. We �rst showTheorem 1 For any d > 1,th(Cn) = O(n2dplgn):Proof It is evident that for ea
h even k,P(Cn is not pebbleable) � nP(vertex 1 is unrea
hable) � nP(Ak);whereAk = �X1 = 0;X2; Xn 2 f0; 1g; : : : ;Xk=2; Xn+2�(k=2) 2 f0; 1; : : : ; 2(k=2)�1 � 1g	 :It follows thatP(Cn is not pebbleable) � n22(1+2+:::+((k=2)�1))�k;where �k is the largest probability of a 
on�guration in Ak. We �rst provethe followingLemma 2 �k = (n�k+tt )(n+t�1t ) .Proof Let J = f1; 2; : : : ; k=2; n; n�1; : : : ; n+2�(k=2)g. For �xed n; t; k, wehave from the fa
t that pebbles are distributed in the Bose-Einstein fashion,P(Xj = xj; j 2 J) = �n+t�k�Pxjt�P xj ��n+t�1t � :4



But �a�xb�x� is a de
reasing fun
tion of x � 0, so thatP(Xj = xj; j 2 J) � �n+t�kt ��n+t�1t � = �k:This proves the lemma.Continuing with the proof of the theorem, we see thatP(Cn is not pebbleable) � n2((k=2)�1)(k=2) �n�k+tt ��n+t�1t �� n2k2=4 �n+t�kt ��n+t�1t �= n2k2=4 n� k + 1n+ t� k + 1 : : : n� 1n+ t� 1� n2k2=4� nn+ t�k�1� n2k2=4 �nt �k�1 : (3)Setting t = nd2Aplgne and k = 2bBplgn=2
 (for A and B to be determined),we see that (3) yieldsP(Cn is not pebbleable) � n2B2lgn4 � 12Aplgn�Bplgn�3= 2lgn(1+(B2=4)�AB+o(1)): (4)We wish to 
hoose A;B su
h that 1 + (B2=4)� AB < 0 so that we will, by(4), have P(Cn is not pebbleable) ! 0. We thus need AB � (B2=4) > 1,or A > (1=B) + (B=4). Sin
e we need to 
hoose the smallest A possi-ble, we 
onsider the fun
tion f(B) = (1=B) + (B=4), whi
h is minimizedwhen B = 2. A

ordingly, we set B = 2 so that any A > 1 will yieldP(Cn is not pebbleable)! 0. This proves the theorem.We next 
onsider the n-path Pn, for whi
h the key 
on
ern is the elim-ination of \edge e�e
ts" { whose absen
e makes the proof of Theorem 1relatively straightforward.Theorem 3 For any d > 1,th(Pn) = O(n2dplgn):5



Proof Let M = 2bplgn
. We then note thatP(Pn is not pebbleable) = P �[nj=1j is not rea
hable�= P(A [B [ C)� P(A) + P(B) + P(C)= 2P(A) + P(B); (5)where A = �[Mj=1j is not rea
hable� ;B = �[n�Mj=M+1j is not rea
hable� ;and C = �[nj=n�M+1j is not rea
hable� :Next observe that by Theorem 1P(B) � P �[n�Mj=M+1j is not rea
hable using pebbles at distan
e �M�� n�MXj=M+1P (j is not rea
hable using pebbles at distan
e �M)� nP (M + 1 is not rea
hable using pebbles at distan
e �M)! 0 �t� n2dplgn; d > 1� (6)We now need to 
onsider the behaviour of P(A). First observe thatP(A) � P �[Mj=1j is not rea
hable using pebbles at distan
e �M�� MXj=1 P (j is not rea
hable using pebbles at distan
e �M)� MXj=1 P (j is not right� rea
hable using pebbles at distan
e �M)= MP (1 is not right� rea
hable using pebbles at distan
e �M)= MP(D); say: (7)Now as in the proof of Theorem 1, for k � MP(D) � P(X1 = 0;X2 2 f0; 1g; : : : ;Xk 2 f0; 1; : : : ; 2k�1 � 1g)6



� 2k2=2maxxj P(Xj = xj; 1 � j � k)� 2k2=2 �n+t�k�1t ��n+t�1t �� 2k2=2 �nt �k ;so that by (7), P(A) � 2plgn2k2=2 �nt �k :With t = nd2dplgne; d > 1 we thus get with, e.g., k = bplgn
,P(A) � 2plgn2k2=2� 12dplgn�k ! 0: (8)The theorem follows on 
ombining (8) with (5) and (6).Open Problem The overriding open problem that emerges from this paperis that of determining the exa
t 
onstant in the threshold for the pebbling ofthe n-path. We 
ontinue to investigate this and related problems that mightextend the validity and appli
ability of our te
hnique.A
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