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CHARACTER TABLES OF PARABOLIC SUBGROUPS OF
STEINBERG’S TRIALITY GROUPS

FRANK HIMSTEDT

ABSTRACT. We compute the conjugacy classes of elements and the character
tables of the parabolic subgroups of Steinberg’s triality groups 3D4(q), where
q is a power of an odd prime. Our main tools are Clifford theory applied to
the Levi decomposition of the parabolic subgroups and the decomposition of
restrictions of the unipotent characters of 3D4(q). For many of the calculations
we use the CHEVIE—package.

1. INTRODUCTION

Let 2D4(q) be Steinberg’s simple triality group defined over a finite field with
g = p™ elements, where p is a prime number and n is a positive integer. In [17]
N. Spaltenstein computed the values of the eight unipotent irreducible characters
of 3D4(q), and in [4] D.I. Deriziotis and G.O. Michler determined the remaining
irreducible characters of 3Dy(q).

In this paper we construct the irreducible characters of the proper parabolic
subgroups of 3Dy (q) in the case p > 2. Some of our methods are similar to those
used by H. Enomoto and H. Yamada in [6]. We start by computing the characters
of a Borel subgroup B of *Dy4(q). The conjugacy classes of B together with their
fusions in 3 Dy4(q) have already been determined by M. Geck in [8]. We construct all
irreducible characters of B by inducing linear characters from suitable subgroups
of B.

Then, we make up the character tables of two maximal parabolic subgroups
P and @ containing B. First, we compute the conjugacy classes of the elements
of P and @ using the fusions of the conjugacy classes of B in 3Dy(q). Next, we
construct the irreducible characters of P and @ using the following two methods.

First, we compute the orbits of P and @ on the irreducible characters of their
unipotent radicals and determine the corresponding inertia subgroups. It turns out
that both for P and for @) the number of these orbits does not depend on ¢. By
inducing suitable characters of the inertia subgroups we obtain irreducible charac-
ters of P and Q. Secondly, we restrict the unipotent characters of 2Dy(q) to these
two maximal parabolic subgroups and split off irreducible constituents.

Since up to conjugacy B, P, Q and 2Dy4(q) are the only parabolic subgroups of
3D4(q), this paper completes the task of determining the character tables of the
parabolic subgroups of 3D4(q) in the case p > 2.

The applications we have in mind of the character tables of B, P and @ are to the
study of the modular representation theory of the triality groups. In [9], M. Geck
has determined the decomposition numbers of > D4(q) in non—defining characteristic
up to a few numbers in the principal block. Using methods like T. Okuyama and
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2 FRANK HIMSTEDT

K. Waki in [15], the character tables in this paper might be helpful in proving new
results about these numbers. A first step in this direction is given in [11].

We have implemented the character tables of B, P and @ in the format of the
Maple[3] part of the CHEVIE [10] package and have written Maple—programs based
on CHEVIE for restricting and inducing class functions. The use of CHEVIE allows
us to compute easily scalar products of class functions and provides good tests
for the obtained character tables. For calculations with elements of 3Dy(q) we
use computer programs written by C. Kohler and the author in the language of
the CHEVIE package of GAP[7]. These programs are based on the commutator
relations and the relations describing the action of a maximally split torus and the
Weyl group of Dy4(q) on the root subgroups given in Tables 2.2-2.4 in [9].

The conjugacy classes and character tables of the parabolic subgroups of 3Dy(q)
are summarized in tabular form in an appendix at the end of this paper.
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2. NOTATION AND GROUP THEORETICAL PROPERTIES OF 3Dy(q)

We choose the notation similar to that in M. Geck [9]. Let ® be a root system of
type D4 in some Euclidean space V, with basis A = {rq,r9,73,74} of simple roots
such that r1, r3 and r4 are orthogonal to each other, and let L be a simple complex
Lie algebra of type D4s. We fix a total ordering on ®: Given r = Z?:l n;ri,
s = Z?:l m;r;, (r,s € @), we define r < s if the first non—vanishing difference
m; — n; is positive. Those roots r = 2?21 n;r; € ® withn; >0for¢=1,...,4
are the positive roots. We choose a Chevalley basis {h,|r € A} U {e,|r € ®} of L
in the same way as in [9]. In particular, we choose the sign of the integers N, in
[er, es] = Nyser4s for all extraspecial pairs of roots (r,s) € ® x ® in the same way
as in [9], Table 2.1 (see also [1], Section 4.2).

Let g be a power of an odd prime p, [F, the field with ¢ elements, F its alge-
braic closure and G = (x,(¢t)|r € ®,¢t € F) the Chevalley group over the field F
constructed from the Lie algebra L. Then G is a simple adjoint algebraic group,
defined over IF,. Let p be the isometry of ® which is given by r; — 73, 13 = 74,
r4 — 71, T2 — 79 and linear extension. G has a graph automorphism (which is also
denoted by p) sending z..(t) to z,(,)(t), and a field automorphism F;; sending x(t)
to z,(t9) for all » € ® and t € F. Setting F := po F, = F,0p we get GI' =3D,(q).

Fix an F-stable maximal torus T of G as in [9], normalizing all root subgroups
X, = {x(t)[t € F} of G. Each element h € T can be written as a product
h = h(ty, ta, t3,ts) = [[1—, hri (t:) with ¢; € F — {0} (see [1], Section 7.1). Then F
acts on T by F (h(t1,t2,t3,t4)) = h(td, ta2,t?,t1) and T consists precisely of the
elements h(ty, t2) i= h(ty, ta, t4,¢7 ) with ¢ 1 =471 = 1.

For r € @ let ! := L(r + p(r) + p*(r)) and call r, s € ® equivalent, if r! = s'.
Each equivalence class consists either of one root fixed by p or of three roots
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cyclically permuted by p. Define o := %(rl + 73+ 1r4) and B := ro. The set
®! := {rljr € ®} is a root system of type Ga (in the Euclidean subspace of V'
spanned by « and ) with basis {«, 8} (« is the short root). For r € &, ¢t € T let

) xp(t) ,ifp(r)y=r,t1=t,
Tyl = 2 . 3

T (O)x iy (t)xp2(y(t7) , if p(r) # 1, 19 =1t
Then

{za (O]t € F 17" =t} | if p(r) # 7,
is the root subgroup of G corresponding to r' € ®!. For r € ®, let n, be the
element in N := Ng(T), given by [1], Lemma 6.4.4. Then N is generated by T and
the elements n,. for r € A. We have a canonical homomorphism with kernel T from
N onto W, the Weyl group of the root system ®, mapping n, to the reflection w, of
V' at the hyperplane orthogonal to r. This allows us to identify W with N/T. As
N and T are F—stable, this homomorphism induces an action of F' on W. Define

n Ny ;i p(r) =,
rl 2= .
NeNp(ryMp2(ry i p(r) # 1,

X 4 = {{xrl(t”t el t?= t} , if p(’r) =,

for r € ®. Then N¥ is generated by T and the elements n,1 for r € ®, and there is
a canonical homomorphism with kernel T from N¥ to W1, the Weyl group of the
root system ®'. The action of W on T can be computed using [1], Theorem 7.2.2.

Table 2.1 Action of W on T. Fort; € F, t; # 0 we have:

np bt o, ts, ta)nst = h(t] o, to, t3,t4) |
neh(ty, ta, s, ta)nt = h(ty, tity tata, ts, ) |
negh(ty, to, ts, ).t = h(ty,ta, tats ' t)
ne bty to, s, ta)nst = h(ty,ta, ts, tat) ')

We will use frequently the commutator relations and the relations describing the
action of T¥ and W on the root subgroups of 3Dy (q) given in [9], Tables 2.2-2.4.

Define 6 € {1,-1} € Z by ¢ = § mod 4. For any field K, we denote its
multiplicative group by K *. Following [14], we establish the following notation to
parametrize conjugacy classes and characters: Let @,y be the additive group of all
rational numbers with a denominator not divisible by p. We fix an ismorphism
of groups 1 : Qp/Z — F* as in [2], Proposition 3.1.3, and the embedding ¢ :
Qp/Z — C*, L ™"/s_ (We describe the elements of Q,/Z via representatives
Zin Qp (r,s € Z, p [s)). Let ¢,, denote the n—th cyclotomic polynomial in ¢, in

S

particular: ¢1 = g¢—1, 2 = ¢+1, ¢3 = ¢ +q+1, ¢ = ¢ —q+1, p12 = ¢* —¢* + 1.
Table 2.2 Notation for generic roots of unity:

pEQy/Z p1(p) € F* @a(p) € C*
qn];]_ CTL C"
- >
1 ~
[CRESA OS] T I
1 ~
[CR=SICESY) Hen Hen
# (ﬁn ©®n
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For any finite group H let (-, ) be the usual scalar product on the space of class
functions of H and let Irr(H) be the set of (complex) irreducible characters of H.
We denote the trivial character of H by 15 or 1. If x is a character of a subgroup H;
of H we write x¥ for the induced character, and if x is a character of H we write
X, for the restriction of x to the subgroup H; of H.

3. THE CONJUGACY CLASSES OF 2Dy(q)

The conjugacy classes of GI" = 3D,(q) have been determined by D.I. Deriziotis
and G.O. Michler in [4] (see also M. Geck [8]). To fix notation and because we will
use these conjugacy classes when restricting characters from 3Dy (q) to parabolic
subgroups, we give a short description of these classes.

We call semisimple elements sq, so € GF equivalent if and only if their centraliz-
ers Cg(s1) and Cg(s2) are GF—conjugate. Let s1, 52 be elements which are equiva-
lent to each other. After conjugation in G we can suppose Cg(s1) = Cg(s2) =: C.
Then, s; and s, are contained in all maximal tori of C'. Hence, we may always as-
sume that two equivalent semisimple elements are contained in the same F-stable
maximal torus of G.

For each F-stable maximal torus T there is g € G such that TY9 = T and
n:= g 'F(g) € N = Ng(T). The action of F on T corresponds to the action of
the map (Fn™!) : G — G,z — "F(z) on T (i.e. F({)9 = "F(i9) for all { € T)
and this action is already determined by w := nT € W = N(T)/T, so that we
can write (Fw™!) : T — T, t +— “F(t). The GI'—classes of F-stable maximal
tori of G are parametrized by the F—conjugacy classes of W (cf. [2], Proposi-
tion 3.3.3). Thus, we can describe the G¥'-classes of maximal tori of G by the
sets Tj := TF; ) of fixed points of (ij_l) on T, where w; runs over a set of
representatives for the F'—conjugacy classes of W. We choose the representatives
wj, 7 =0,1,...,6 as in [4], Table 1.1, except for w;, which we replace by w1 := wr,
for later use. (We may do this, because w™tw,,F(w) = wiyo by CHEVIE with
W 1= Wy, Wry Wyy Wy Wr, Wy, Wy, Wry and w42 as in [4].) The sets T; = TE) are
given by [4], Table 1.1, after replacing T3 by

T, = T(le—l) _ {h(tq2+q,tq2+q+17tq3+q2,tq+l) | t(q"’,l)(lﬂrl) — 1} o Z(q3_1)(q+1)

due to our choice of the representative wy. To fix a parametrization of the semisim-
ple conjugacy classes, a set of representatives is given in Table A.1 in the Appendix
(see [4], Table 2.1 or [8], Tafel 3.6.3). Representatives for the unipotent classes
of G are contained in [9], Table 3.1, and a classification of the mixed conjugacy
classes of GI' is given in [4], Table 2.4. Representatives for the mixed classes
can be obtained by computing the nontrivial unipotent conjugacy classes of the
centralizers Cgr(s) where s runs through a set of representatives for the non-
trivial semisimple conjugacy classes of G, We may assume s € T = 9T where
nj = g-'F(g) € Na(T) is a preimage of one of the wj, j = 0,...,6. Because of
(Ca(s)F)9 = Cg(s')(anl) with ¢ := s9 € T the finite groups Cg(s’)(F"?) and
Ca(s)!" are G—conjugate. Hence, it suffices to determine the unipotent conjugacy
Fnit)

classes of Cg(s')( . Using the classification in [4], Table 2.4, representatives

for the unipotent conjugacy classes of Cg (s')F™s 1), where s’ runs through the rep-
resentatives in Table A.1, are computed in [11], Abschnitt 3.1. This gives the list
of representatives for all conjugacy classes of D4(q) in Table A.2 in the Appendix.
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4. THE CHARACTER TABLE OF A BOREL SUBGROUP B

Let B be the F—stable Borel subgroup TU of G where U is the product of all
root subgroups of G to positive roots, and let B := B¥ be the corresponding Borel
subgroup of G¥. The conjugacy classes of B and their fusions in G¥" have been
determined by M. Geck in [8], Tafeln 3.8.1 and 3.8.2, using the relations in [9],
Tables 2.2-2.4. In this section, we compute the irreducible characters of B. We
construct these characters by inducing linear characters from subgroups of B. All
scalar products of characters in this section have been computed using CHEVIE.

For convenience and to fix notation we give a short description of the conjugacy
classes of B. The group B is the semidirect product of T' = T¥ and the unipotent
normal subgroup U = U = X, X5X0+5X20+5X30+3X30+28- The elements of
T form a set of representatives for the semisimple conjugacy classes of B and we
parametrize these classes according to Table A.3 in the Appendix. A list of all
q*+2¢%+q? +5¢+9 conjugacy classes of B is given in Table A.4 (cf. [8], Tafeln 3.8.1
and 3.8.2). The fusions of these classes in G are given by Tables A.4 and A.8.

The parameter sets Iy, I in Table A.4 are defined as subsets of the set S :=
{(i,b) | i €{0,1},b e F*} — {(0,2),(0,-2)} as follows: We call (i,b),(i',b') € S
equivalent if and only if ¢ = ¢/ and b = +I’. Let I be a set of representatives
for the equivalence classes of this equivalence relation. Then, I; is defined as the
set of all pairs (i,b) € I such that x5(1)z20+5((")30+5(b) is GF'—conjugate with
23(1)z2q+5(—1). The set I is defined as Iy := 1 — I;.

The parameter set I3 in Table A.4 is defined as follows: We call two elements
a,a" €' :={a' €F | (a')" =d,(a')? # a'} equivalent if and only if there exist
t,y € F with t9=1 = 1, y? = y such that a” = t(a’ +y). Then, I3 is defined as a set
of representatives for the equivalence classes of this equivalence relation on I’.

Now, we start to construct the irreducible characters of B. Let F;s be the
unique subfield of F with exactly ¢> elements. For abbreviation, set 7 := C~3 and
7= (= 7991 such that 7 and 7 are generators of Fos, Fy respectively. Let
Tr:Fp — Fg, ur— u?” +u + ¢ be the trace function of the field extension Fys/Fy.
Fix nontrivial linear characters ¢’, ¢” : Fis — C* of the additive group of Fs, such
that ¢’ restricts nontrivially on F, and such that {r € F|Tr(r) = 0} C ker(¢").
Let ¢ be the restriction of ¢’ to F,. Then (see Problem (2.1) in [13]):

(1) Y oty=Y )= ¢"(t) = 0 and

teF, teF 3 teF 3
(2) Y= dW)= ") = -L
teFy te]F:3 te]F:3

For A€ Fyps, v € Fy CFys and
fo= XU XTH L XCH Ly e F[X],
g = XL _(MX 4 AT X4 AXT) —p e F[X].
we set L(v) := [{x € Fgs|f(x) = 0}| and M(\,v) := [{x € Fgs|g(x) = 0}|. Then
¢®*+q ifv#0is asquare in Fy,

(3) L(v) =< ¢?>—q if v#0is not a square in F,
q> ifr=0
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1 if\=v=0,

@+l ifap(Drsars(Nesars () € o,
@ +q+1 if 2g(1)z2045(NT3ass (V) € ¢fs,
@ —q+1 if zg()asats(N)a3ars(v) € 4y,

—~

where ¢f; denotes the conjugacy class ¢1; of G := G* given in Table A.2 (for a

proof of (3) and (4) see [8], p. 97). Let Up := X3Xo+8X20+8X30+8X30+25 and
Ug = XoXat+8X20+8X30+8X3a+23. Each element in B can be written uniquely
as
h(t1,t2)za(di)zs(d2)Tat5(ds)T2a+6(da)T30+5(d5)T30+25(ds)

with t1,ta,dy,....dg € F, t9 ' =t4"' =1,d" =d; fori =1,3,4 and d? = d; for
i1 =2,5,6. The irreducible characters of B can be constructed as follows:

For k=0,...,¢3—2,1=0,...,q— 2, let gx;(k,1) be the linear character of B
defined by

(7, 1) 20 (d1) 25 (d2)Tay 5 (ds)T20+5(da) T30+5(ds) Taarap(ds) — C5ECT.

For k=0,...,q — 2, define a linear character of Cp(X,)U by

(', 720 (d1)25(d2)Tat5(ds)220+5(da)T30+5(ds ) 230425 (ds) — (*¢' ().
Inducing this character to B, we obtain gy, (k). Similarly gx5(k), k =0,...,¢%—2,
is defined to be the induced character of the following linear character of Cr(X3)U:

(%, 7)o (d1)ws(do) Tt 5(ds) a0t 5(da) T30t (ds) 30120 (ds) — (5 d(dy).
Let px, be the character of B induced from the following linear character of U:

To(d1)zp(do) Tt 5(ds)Taasp(da)x3ass(ds)T3ar28(ds) — @' (d1 + da2).
Let px5(k), k = 0,...,¢ — 2, be the character of B induced from the following
linear character of Cr(Xa13)Uqg:

(', 7)o (d1) a5 (do) T2+ 5(d3) T30+ (da)T30125(ds) = (¥ (da).
Let px7(k), kK = 0,...,q — 2, be the character of B induced from the following
linear character of Cr(Xoa+5)Up:

h(1, ")z (dr )Tt 5 (d2)T2015(d3) 3015 (da) T30425(ds) — (79 (ds).
Let pxy5(k), K = 0,...,¢% — 2, be the character of B induced from the following
linear character of Cr(X3048)Up:

(7', 7)as(d1)Tats(d2) o016 (ds) T30+ 5(da)T30425(ds) — G (da).
Let pxy3(k), k = 0,...,¢> + ¢, be the character of B induced from the following
linear character of (Cr(X3) N Cr(Xsa+8))Up:

WD Dag(di)wats(d2) 020t 5(d) 2304 (da) T30 428(ds) — OF ¢(dy + da).
Let pxy7(k), k = 0,...,¢% — 2, be the character of B induced from the following
linear character of Cr(X30+28)XaX2a+8X30+8X30+28:

(7', 1) aa(d1)x2a-+5(do)x30+5(d3) 30125 (da) = (5D (da).
It is not difficult to compute the values of the above characters using (1), (2), (3)

and (4). We demonstrate how to determine the values of px5(k), k=0, ...,¢*+q,
on the conjugacy classes c13, c1,5, 1,6, C1,8, €1,9, C1,10, C1,12, C1,13, C1,14, C1,16



CHARACTER TABLES OF PARAB. SUBGROUPS OF STEINBERG’S TRIALITY GROUPS 7

of B: The set {hi s 1= h(ril,wj,)a:a(s)u’,j’ =1,...,q—1,s €Fp} is aset of
representatives for the right cosets of (Cr(Xg) N Cr(Xsa+8))Up in B and for all
ds € Fys, ds € Fy the element "3 (25(1) 22044 (d1)T30+5(ds)) is equal to

Ly i —q 2
wp(m* " )ars(- - )T2048(- - )T3arp(m 7 (ds+Tr(sd]) — s ) w30408(. ).

Hence by the definition of induced characters (see [13], p. 62), the value of px;5(k)
on a conjugacy class of B with representative xg(1)z2a+3(ds)z30+3(ds) is

qg—1
Z Z (b(ﬂ_Qj/fi' —|—7Ti/7j/(d5 _ TI'(SdZ) +Sq2+q+1))'

SEF 5 /,5'=1

By (2) we have

> o 4w (dy — Te(sd]) + 57 T = (Z ¢<wi’>> o) | =1

i",j'=1

for ds — Tr(sd?) + 59"+ £ 0 and

qg—1 q—1
> o ot (ds = Te(sd]) + 57 ) = Y7 o ) = —(g - 1)

i",j'=1 i",j'=1

for ds — Tr(sdl) + s T9+1 = 0. Hence the value of gy,3(k) on a conjugacy class
of B with representative 5(1)x2q+5(ds)230+5(ds) is ¢ — ¢M (ds,ds). Using (4)
this gives the values of px;5(k) on the conjugacy classes ¢13, ¢1,6, €1,8, €1,9, C1,12,
1,13, ¢1,16 of B. Analogously, by (3), the value of px;3(k) on a conjugacy class
of B with representative xo14(1)230+5(ds) (ds € Fy) is ¢(¢ — 1)(L(ds) — ¢?). This
gives the values of px;3(k) on the classes ¢ 5, 1,10, 1,14

Because of (pXx;(k), BX;(k))5 = (BX4, BX4)B =1 for j =2,3,5,7,12,13,17 and
k as in Table A.5 the above characters are irreducible.

We proceed to construct further irreducible characters of B. Let X, be the
subgroup X, := {4(s)|Tr(s) = 0} of order ¢ of the root subgroup X,. The linear
characters

vp : Ta(d1)rs(d2)Ta+5(d3)T20+6(da)T30+6(d5)T30+25(ds) — B(zaldi))d” (ds)
with 3 € Irr(X,) are the extensions of the linear character
¢ 1 25(d2)Ta+6(d3)T20+5(da)T30+6(ds)T30425(ds) — ¢ (d3)

of Up to XoUp. Hence, (6.17) in [13] implies ¢X=Ur = 3", ¢ g, By the
relations in Table 2.3 in [9], the centralizer Or(Xa1p) = {h(t,t)[t € F} acts on
{¢p| B € Irr(X,)} by conjugation with exactly g42 orbits: the orbit of 5 and g+ 1
orbits of size ¢ — 1. Let {¢og = 1,1, ... ,¢q+1} be a set of representatives for these
orbits. Let H := Cp(Xy45)XoUp. Then (p = (pXaUr)H — yl 4 (q—1) 01
and therefore B = o + (¢ — 1) 00T 8. Let pxg(k) == 8 for k=1,...,¢+1.
Using (1), (2) it is not difficult to compute the values of ch Then we can compute
(0B, Bxs(k))g =1for k=0,...,q — 2. Hence ¥¥ = Ek 2 Bx5(k). Thus, we can

compute the values of 32171 5xg(k) via S ss(k) = 77 (97 = 120 56 (k))

We can verify (Zk 1BX6( ), Zfi BXxe(k)B = q+ 1. Hence, the pxg(k)’s are
q + 1 distinct irreducible characters of B.
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Next, we construct the characters pxg, BX9, BX10> BX11- Tlhe linear charac-
ters ¢g mﬁ(d1)$a+5(d2)$2a+5(d3)$3a+5(d4)$3a+25(d5) = d)/(ﬂ'kdl + dg) of Up
(k= 0,1) are invariant under the action of the involution h(1,—1) on Irr(Up) and
therefore extend to (h(1,—1))Up. Hence, by (6.17) in [13], (¢o + ¢1)Z = pF + ¢P
is the sum of 4 characters of degree $¢°(¢®> — 1)(¢ — 1). Let ¢ := ¢g + ¢1. Us-
ing (1) and (2) it is straightforward to compute the values of ¢ and we can
verify (o, 0P)p = 4. Hence (because pP is a sum of four characters) ¢? is
the sum of four different irreducible characters of degree 1¢3(¢®> —1)(¢ — 1). The
q* + 3¢ — 1 distinct irreducible characters gx;, ..., Xy of B have the normal
subgroup Xsq43X30+28 < B in their kernel, and hence, we can identify these char-
acters with irreducible characters of B := B /X30+8X3a+23. Using the relations in
[9], Tables 2.2 and 2.3, one can compute the conjugacy classes of B and the orders
of the corresponding centralizers and one gets, that B has precisely ¢* + 3¢ + 3
conjugacy classes. Thus, the four constituents of ? = ¢ + p¥ are the missing
four irreducible characters of B (with the above identification).

By construction, the two constituents of ¢ both have the same values on the
unipotent classes and the same is true for the two constituents of . Because we
also know the values of o + p¥, there is just one unknown parameter in each col-
umn of the character table of B corresponding to the unipotent classes. This param-
eter can be determined by the column orthogonality relations of the character table
of B. This gives us the values of the four constituents pxs, BX9, BX10> BX11 Of ¢°
on all unipotent conjugacy classes of B. By construction, these constituents vanish
on all non—unipotent conjugacy classes of B except for the classes c4 ;. It is straight-
forward to compute the values of these constituents on the class c4 0. The values on
€41, .,ca,4 are determined by the conditions (gX,,, 1) = (BX,: BX7(0))B =0,
(BXn» BXn)B =1, (BXn, |P1]B)B € Z where n = 8,9,10,11 and [p1]p is the restric-
tion of the unipotent character [p1] of D4(q) to B (see [17], Table 2). This gives
us the remaining values of pxs, BXg, BX10s BX11 i Table A.6.

Next, we construct the characters px4(k), Bx15(k). For k,I = 0,1, let vi; be
the linear character of (h(—1,—1))Up mapping

h(=1,=1)"25(d1)Tat5(d2) a0+ 5(ds) T304 5(da)T3ar25(ds) — (—1)"¢' (da + 7" dy).

Let pxi4(k) (k = 0,1) be the character of B induced from ¢go and let px5(k)
(k = 0,1) be the character of B induced from ;. It is straightforward to com-
pute the values of x := Zi:o BX14(k) and ¢ := Zi:o BX15(k). Then, we can

verify (x,x)s = (¥,¥)p = 2 and (x,¥)B = (X;BXa)B = (¥;BXs)B = 0 for
n = 8,9,10,11. Thus, pxy14(k), BX15(k) are four distinct irreducible characters

of B.
Next, we construct the characters px,4(k). For k = 1,...,¢ — 1, let ¢ be the
linear character of Up mapping xg(d1)za+s(d2)T20+8(d3)T30+8(d1)x30+25(ds) to:

¢ (thdy +do +dy)  if1<Ek<(¢g—1)/2,

¢ (7Fdy + do +wdy) if (q+1)/2<k<qg-—1,
and let pxi4(k) := ¢P for k = 1,...,¢q — 1. For & € F,, we define the map
pz :Up — C by

1
r : 2(d1) Tt 5(d2)T2015(ds) T30+ 5(d0)T30128(ds) = D ¢ (xdy + dy + 7" dy).

m=0
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Hence, each ¢, is the sum of two linear characters of Up. Let ¢ := ngqu Dg.-

Using (1), (2) and (3) it is straightforward to compute the values of ©®. As ¢,

is conjugate to p_, under the action of h(—1,—1) on Irr(Up), we get pZ = o8_.
—1

Hence, we can compute the values of ¢ := Y7_ px;4(k) from

©” = Bx14(0) + Bx14(1) + BX15(0) + BX15(1) + 2.

We can verify (¢,v¢)p = ¢— 1. Hence pxi4(k), k=1,...,9— 1, are ¢ — 1 different
irreducible characters of B.

So far, we have constructed ¢* + 2¢% + ¢? 4+ 5¢ + 5 irreducible characters of B.
Hence, there are still four irreducible characters of B missing. The linear characters

ok Ta(d1)To0+4 5(d2) T304 5(d3) T30 125 (ds) — ¢ (7" dy + da)

of H := X0 Xo04+8X30+8X3a+28 (k = 0,1) are invariant under the action of the
involution h(—1,1) on Irr(H) and therefore extend to (h(—1,1))H. Hence, by (6.17)
in [13], (po+¢1)® = oF +¢P is the sum of 4 characters of degree 2¢*(¢* —1)(¢—1).
Let ¢ := g+ 1. Using (1), (2) and (3) it is straightforward to compute the values
of B and we can verify (¢, pP)p = 4. Hence ¢® is the sum of four different
irreducible characters of degree $¢*(¢> — 1)(¢ — 1) and these have to be the four
missing irreducible characters. Their values can be computed analogously to those
of BXs, BX9, BX10> BX11 using the orthogonality relations for the character table
of B. So we have proved:

Theorem 4.1. The character table of the Borel subgroup B is given by Tables A.5
and A.6 in the Appendix. |

We would like to point out that we are not able to describe all values of the charac-
ters Bxg(k), BX14(k), BX15(k), BX16(k) generically because an inspection of small
values of ¢ (¢ = 13) shows, that the values of these characters on the unipotent
conjugacy classes c¢1.12(2,b), ¢1.16(4,b) or ¢1,17(a’) of B depend on i, b or o’ and we
do not have a generic description of these classes. For fixed ¢ (not too large), there
is no difficulty in computing the values of these characters on all conjugacy classes
only using the above definition of these characters.

5. THE CHARACTER TABLE OF A MAXIMAL PARABOLIC SUBGROUP P

Let P = (B,n,,,ny;,ny,) be the F—stable maximal parabolic subgroup of G
corresponding to the subset {ri,r3,74} C A and P := P¥ be the corresponding
maximal parabolic subgroup of G = 3D4(q). Then, P is generated by B and n,
and |P| = ¢'?(¢® —1)(¢ — 1). In this section, we compute the conjugacy classes and
the character table of P.

P is the semidirect product of the Levi complement Lp = (TF , X, X_o) and the
unipotent radical Up := XgXo+8X20+8X30+8X3a+23- To compute the conjugacy
classes of P we proceed in two steps: In the first step, we determine the conjugacy
classes of Lp, and in the second step we investigate the “splitting” of these classes
when interpreting Lp as the factor group P/Up.

The Levi complement Lp = (T, X4, ,X4,,, X1,,) of P is F-stable and the
group Lp = (Lp)¥ is a finite group of Lie type of order |Lp| = ¢3(¢°—1)(¢—1). The
Weyl group WL, = (W, , Wr,, wy,) of Lp is elementary abelian of order 8 and has
exactly two F'—conjugacy classes with representatives wy = 1 and wy = wy, Wy, Wy,
(= —wy, in the notation of [4]). Thus, Lp has exactly two Lp—conjugacy classes
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of F—stable maximal tori, and we can choose representatives To = T and Ts such
that the corresponding maximal tori T* and T of Lp are given by Ty = T = TF
and Ty, = T(Fwz " as in [4], Table 1.1. Each semisimple element of Lp is either
central in Lp or regular semisimple and a set of representatives for the conjugacy
classes of semisimple elements of Lp is given in Table 5.1.

Table 5.1 Parametrization of the semisimple conjugacy classes of Lp:

Representative Parameters Number of
Classes
ha(d) := h({G, &7, 8L D) i=0,...,q—2 q—1
i=0,...,¢°—2
Y s o
ha(i, 5) 3:h(C§7 {7C§”7C§2L) j=0,...,q—2 (q 22)(q 1)

i# (¢®+q+1)lorj#2l,
1=0,..., q—2

- 3 ; I, .2, ) 3 ,_
ha (i) == h(ih, ng" TV RE g ) | i =0, 0t =P +a -2 g1
i# (@41, 1=0,...,9—2

The maximal torus 7' = T¥ acts transitively on X, — {1} by conjugation. Thus,
L p has exactly one nontrivial unipotent conjugacy class and z,(1) is a representa-
tive. Using the Bruhat decomposition (see [2], Theorem 2.5.14) and the relations
in [9], Tables 2.2-2.4, we get |CL, (7o (1))] = ¢*(q — 1).

Table 5.2 The conjugacy classes of Lp:

Notation Representantive |CL,|
c10(2) ha (¢) *(¢® = 1)(g—1)
c11(2) ha(i)za(1) ¢*(g—1)

c2,0(1, j) ha(i, ) (@ -1)(g-1)
¢3,0(4) hs (i) (@ +1)(@—-1)

By [5], 0.12 and 3.16 and the proof of [2], Proposition 3.3.3 (applied to the
connected F—stable algebraic group P) each semisimple element of P is conjugate
in P to a semisimple element of L p. Thus, a set of representatives for the semisimple
conjugacy classes of Lp is also one for the semisimple conjugacy classes of P. We
parametrize the semisimple conjugacy classes of P according to Table A.7.

The unipotent conjugacy classes of P can be computed using the relations in [9],
Tables 2.2-2.4, and using the fusions of the conjugacy classes of B in ®Dy4(q), which
have been determined by M. Geck in [8], Tafel 3.8.1. Representatives for the mixed
classes can be obtained by computing the nontrivial unipotent conjugacy classes
of the centralizers Cp(s) where s runs through a set of representatives for the
nontrivial semisimple conjugacy classes of P. The parabolic subgroup P has exactly
q* + ¢ + ¢* + 3¢ + 7 conjugacy classes. Representatives are given in Table A.8.

Now, we start to construct the irreducible characters of P. Our main tool is Clif-
ford theory applied to the Levi decomposition P = Lp x Up. By the Bruhat decom-
position, each element = € Lp can be written uniquely as x = x4 (s)h(t1, t2, 1, t’f)
orz = xa(r)h(tl,tg,tﬁ,tf)naxa(s) with 7,5 € Fys, t1,t2 € F and tf*l = L‘g*1 =1.
In order to use Clifford theory, we collect some information about Up. Each element
of Up can be written uniquely as z3(d1)2a+s(d2)T2qa+38(d3)xsa+s(da)xsar28(ds)
with do,d3 € Fz C F and dy,ds,d5 € F, C F. Hence, |Up| = ¢° and, by [9],
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Table 2.2, the center, the derived subgroup and the Frattini subgroup of Up are
all equal to X3,423. The irreducible characters of Up can be computed similarly
to those of extraspecial p—groups (cf. [12], p. 562f). Up has exactly ¢® + ¢ — 1
irreducible chararacters: ¢% linear characters xg,.¢, 65,6, defined by

2p(d1)Tarp(d2)T20+5(d3) 230+ (da) 230125 (ds) — ¢1(d1)P2(d2)ds3(d3)pa(da)
with (¢1, @2, @3, ¢4) € Irr(Fy) x Irr(Fys) x Irr(Fys) x Irr(Fy) and ¢ — 1 irreducible
characters xg, (¢1 € Irr(F,) nontrivial) of degree ¢* induced from linear characters
of the maximal abelian normal subgroup Xgq43X30+8X3a+23 of Up. The values
of x4, on the central elements are x4, (T30+25(d)) = ¢*¢1(d) and x,, vanishes on
all other elements.

The group P acts on Irr(Up) by conjugation. For ¢ € Irr(Up) let Ip(¢) =
{zr € P|™) = ¢} be its inertia subgroup. We usually identify the inertia fac-
tor group Ip(¢)) := Ip(1))/Up with the corresponding subgroup of Lp. Choose
Yo, Y1,92,93,105 € Irr(Up) as follows: o = x1,1,1,1, ¥1 = X¢,1,1,1, Y2 =
X1,¢/,1,15 ¥3 := X¢,1,1,¢ and U5 1= Xg¢.

Proposition 5.3. There is a linear character 14 € Irr(Up), such that (a),(b),(c)
are true:
(a) {to,...,%a,5} ist a set of representatives for the orbits P on Irr(Up),
(b) the inertia factor groups I; = Ip(1;), j = 0,1,...,5, have the orders:

ol =*(¢® —1)(q—1), |Ll=¢(P-1), |Ll=4¢(-1),
|Is| = 2(¢* + q + 1), [Iil =2(¢" —q+1), |I5|=¢*(¢"—1).
(c) the inertia factor groups are given by:
0. I = Lp,
1. I = {h(2, 0701 420 20" )g ()|t € F,49°~1 = 1,5 € Fys},
2. Iy = {h(t,t, 19,17 )xo(s) |t € F, #9471 = 1,5 € Fys, Tr(s) = 0},
3. Iy = (h(1, 1,1, 1)na , h(t,1,t9,¢7) |t € F 14"+l = 1),
4. Iy = (ng) x {h(t,1,t79, 171 |t € F,tqz’q“ = 1}, where nyg is an in-

volution with Cf, (ng) = (n4) and {h(t,1,t79, tq_1)|f €T, —a+! = 1}
is a cyclic normal subgroup of order ¢*> — q+ 1 of I,
5. Is = (Xq, na, h(t, 1,49, t7) [t € F,¢7°~1 = 1).

Proof: The g—1 characters x4, € Irr(Up) (¢1 € Irr(F,)) differ only on the elements
T3a426(d), d € Fy. By [9], Table 2.3, these elements are permuted transitively
by Lp. Thus, the ¢ — 1 characters xg, (¢1 € Irr(Fy)) form one orbit under the
action of Lp. Hence, |I5| = |Lp|/(g—1) = ¢*>(¢° —1). By [9], Tables 2.2-2.4, we get
(Xa,na, h(t,1,t9,t7°) |t € F,t7°~1 = 1) C I5. By comparing orders (using Bruhat
decomposition), equality holds.

It is not difficult to prove the assertions about Iy, I, I» and I3. We demonstrate
the computations for I5; the calculations for Iy, I; and I are similar. Eachu € Up
can be written uniquely as u = zg(d1)Za+3(d2)T20+8(ds)T30+8(d1)T30+25(ds) with
dy,dy,ds € Fqand da,ds € Fys. By the Bruhat decomposition, each element z € Lp
can be written uniquely as = h(t1,t2)zq(s) or € = zq(r)h(t1, t2)naza(s) with
r,s €Fyp, t1 € IFqX?,, to € F*. Let us first assume x = h(ty,t2)z4(s) € I3. Then, in
particular, ¥3(z = ux) = 13(u) for all u € Up which is equivalent with

Sdrtd T2 gt 7T ey — Te(sT dat; ¢ T )+
Tr(8q2+qd2t1_q2_q_lt2) + 8q2+q+1d1t1_q2_q_1t2) = Qb(dl + d4)
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for all dy,ds,ds € Fy and da,d3 € Fys. Hence,
(5) dy (19 FIH2 g e e ) 1) 4 Ty(s9 Ry 4 )
~Te(sdst ;T ) + da(t7C 9 M — 1) € ker(6)

for all (di,da,ds,ds) € Fqg x Fgs x Fys x Fy. Plugging in dy = d3 = dy = 0 and the
surjectivity of Tr imply s = 0. Then, (5) becomes

dy (L2 1) £ dy (17T T ey — 1) € ker(o)

for all di,ds € Fy. Plugging in d; = 0, ds = 0 resp. implies t%2+q+1 =ty = 1.
On the other hand, by the relations in [9], Tables 2.2 and 2.3 it is straightforward
to verify that = = h(t,1) € I5 for all t € F with t9° t971 = 1. The elements z =
2o (r)h(t1, t2)nata(s) € I3 can be treated analogously. This proves the assertions
about I3 in (b) and (c).

Finally, we prove the assertions about I;. By Table A.8, exactly 6 conjugacy
classes of P are contained in Up, i.e. the action of Lp (by conjugation) on the
conjugacy classes of Up has exactly 6 orbits. By Brauer‘s Permutation Lemma
(Satz V.13.51n [12]), the action of Lp on Irr(Up) also has exactly 6 orbits. Thus, the
action of Lp on the set of linear characters of Up has exactly 5 orbits. As Iy, ..., I3
have different orders, vy,...,%s are in different orbits under the action of Lp.
Summation over the size of these orbits shows, that the size of the missing orbit
is ¢3(¢®> — 1)(¢*> — 1)/2 and hence, that the inertia factor group of a representative
of this orbit has order 2(¢?> — ¢ + 1). By Table 5.1, Lp has a cyclic subgroup
{h(t, 1,679t 1) |t € F,t7 =9+ = 1} of order ¢ — ¢+ 1. Let h be a generator
of this subgroup. By the orders of the centralizers in Table A.8, there is a non—
central conjugacy class of Up which is invariant under (h). By Brauer’s Permutation
Lemma, there is a nontrivial linear character ¥4 of Up which is fixed by h. Hence,
L] = 2(¢> — q+ 1) and {h(t,1,t79,t71) |t € F,t9°~9"1 = 1} is a cyclic normal
subgroup of I of index 2. Let ny € I be an involution. Then:

Iy = (na) x {h(t,1,t79, 497 1) [t € F, ¢4 —9+1 = 1},

Once we have proved Cf,(n4) = (n4), Proposition 5.3 will be established in full.
Assume the contrary. Then, there would be an element of Cr,(n4) — {1}, whose
order divides g% — g+ 1. By the orders of the representatives and the centralizers in
Tables 5.1 and 5.2 (and because ¢ — ¢+ 1 and (¢® — 1)(q — 1) are relatively prime)
it follows that n4 would be central in Lp. Thus, I; would be cyclic and there would
be an element s of order 2(¢> — g+ 1), which fixes a nontrivial linear character of Up.
Again by the Permutation Lemma, there would be a non—central conjugacy class C
of Up, which is fixed by the cyclic group S := (s) of order 2(¢> — ¢+ 1). By (13.8)
in [13], the element s would centralize an element of C, in particular a non—central
element of Up. Because s has order 2(¢> — ¢ + 1), the semisimple element s would
be contained in one of the conjugacy classes c11,0 of P. But the rows corresponding
to c11,0, c11,1 in Table A.8 show, that all elements of Up, which are centralized by
such semisimple elements, are central in Up, a contradiction. |

Using Proposition 5.3, we construct the irreducible characters of P. We proceed
in two steps: In the first step, we construct all irreducible characters x of P with
Z(Up) = Xsa+23 C ker(x), i.e. in fact we compute the irreducible characters of
P := P/Z(Up). Our main tool in this step is the following Lemma:
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Lemma 5.4. Let Hy be an abelian normal subgroup of a finite group H and let
K be a complement of Hy in H. Let 11,...,1¥,, be representatives for the orbits
of H on Irr(Hy). For each i € {1,...,m}, let I; be the intersection of K with the
inertia subgroup of v; in H. For each ¢ € Irr(I;), the map v x 1; : [[H; — C,
au — P(x)Y;(u) is a character of I;Hy extending v;. Furthermore, for each i €
{1,...,m}, the induced character (¢ x ;)¢ is irreducible and for each x € Irr(Q)
there is a unique i € {1,...,m} and a unique ¢ € Irr(I;) such that x = (¢ x ¥;)¢.

Proof: This is probably well known. That v x 1); is a character follows from the
fact that H; is abelian. The other assertions follow from [13], (6.11) and (6.17). W

We apply the Lemma to the abelian normal subgroup Up/Z(Up) = Up/X30+23
of P/Z(Up) and its complement LpZ(Up)/Z(Up), which we identify with Lp. In
the second step, we compute those irreducible characters of P covering v5 (¢5 as
in Proposition 5.3). For this, we use the restriction of the unipotent characters
of 3Dy4(q), which have been computed by Spaltenstein ([17], Table 2).

The first step: The character table of Lp is given in Tables 5.5 and 5.6. The char-
acters 1, x3(k,1), Lpx,(k) are (up to sign) generalized Deligne-Lusztig characters
and their values can be computed by the character formula in [2], Theorem 7.2.8.
The characters 1, x; (k) are the linear characters of L p and their values can be com-
puted directly. The characters 1, X, (k) are the products of the Steinberg character
of Lp with the linear characters (for detailed computations, see [11], Abschnitt 4.3).

Table 5.5 Parametrization of the irreducible characters of Lp:

Character | Parameters Number of Characters
prl(k) k=0,..., q—2 qg—1
LpXy(k) k=0,...,q9—2 q—1
LpXg(K, 1) k=0,..., ¢ —-2;1=0,..., g—2 | (¢®—2)(g—1)/2
k+#0
Lpx, (k) k=0,..., ' —¢’+q-2 (g —1)/2
E# (@ +1)m,m=0,..., q—2
Table 5.6 The character table of Lp:
c1,0(4) c1,1(4) c2,0(4,5) cs,0(4)
LpXy (k) Sl G Ik i
LPXQ(k) qdcfzk 0 {k - ik
ppXa(kal) | (¢ + DGR gt 0
. . . 3;
Lexa(k) | (-1 ¢ 0 —niF — g "

Since P = Lp x Up, we can extend 1, x,(k), L, X2(k), Lpx35(k,1), LpX4(k) to P
(k,l asin Table 5.5) and obtain the irreducible characters px; (k), pxa(k), pxs(k,1),
pX4(k) of P. These are the irreducible characters of P covering ¥y = 1y,.

By Proposition 5.3, I; is the semidirect product of the abelian normal subgroup
Hy = X, and K := {h(t2,t9°+a+1 120 42¢°) |t ¢ F 49~} = 1}. By Lemma 5.4,
I has exactly ¢® irreducible characters: ¢® — 1 linear characters and one irreducible
character of degree ¢ — 1. Again, by Lemma 5.4, P has exactly ¢* irreducible
characters covering ¢ € Irr(Up), namely the ¢* — 1 characters (1) x 1;)¥, where ¢



14 FRANK HIMSTEDT

runs through the linear characters of I1, and (¢ x 11)", where 1 is the non-linear
irreducible character of I;. Hence, the irreducible characters of P covering v are
pxs(k) == Bxs((¢® + ¢ — k) for k=0,...,¢% — 2 and pxg := pxa’. (We use
the factor ¢> + ¢ — 1 in the definition of py; only to get a simpler parametrization
of these characters. Note, that ¢ + ¢ — 1 and ¢ — 1 are relatively prime.)

Analogously, P has exactly 2q irreducible characters covering s: the characters
px7(k) == Bxs(k)F, k=0,...,¢—2,and pxg(k) :=5xE, k=1,...,q+1 (to see
that the ¢ — 1 distinct characters px, (k) are irreducible and cover 12 one computes
¢35 and verifies (px7(k), px7(k))p = (px7(k),¥5)p =1for k=0,...,q—2).

By Proposition 5.3, I3 is the semidirect product of K := (h(1,—1,1,1)n,) and
Hy = {h(t,1,t9,49) |t € Fus,t7 e+l =1}, By Lemma 5.4, I3 has (¢ + q)/2 + 2
irreducible characters: 2 linear characters and (¢? + q)/2 irreducible characters of
degree 2. Let ¢y, be the nontrivial linear character of I3. Again, by Lemma 5.4,
P has exactly (¢°+q)/2+2 irreducible characters covering 13: namely the characters
PXo == (17, x ¥3)” and pxyq := (e, X ¥3)" and (¢ x 13)"", where ¢ runs through
a set S of representatives of the orbits of K on Irr(H;) not containing 1y, .

By the definition of py;5(0), we have px15(0)F = pxg+ pX19- By construction,
PXg; PX1o coincide on all conjugacy classes of P, except for the classes ¢z, ..., c3 4,
where the values of pxg, px1 only differ in the sign. Hence, pxq(z) = pxi0(z) =
2 (x13(0)F (2)) for all z € P with & ¢ c3;. Let @ € c3; for j =0,...,4. By the

definition of induced characters, pxq(zo) = \'gf((ﬁ‘;))‘\ = 1(¢®* = 1)(g — 1). We get
3

the character values pxg(21),...,pXg(x4) from the conditions (pxg, Px1(0))p =
(PX9: PX5(0))p = (PX9, PX7(0))p = 0 and (pxy, [p2]p)p € Z, where [p]p is the
restriction of the unipotent character [ps] € Irr(3Dy(q)) to P (see [17], Table 2).

For k=1,...,¢> + ¢, we define px,;(k) := sx13(k)". Then,

{pxuk)[k=1,....¢* +q} = {(¢ x ¥3)" |y € S}.

PXgs PX10, PX11(k) are the irreducible characters of P covering 13 € Irr(Up).

I, is the semidirect product of Hy := {h(t,1,t=4,t171)|t € F, 0" —atl — 1}
and K := (n4). By Lemma 5.4, we get: P has exactly (¢> — ¢)/2 + 2 irreducible
characters covering ¥4: namely px ;o := (17, X 14)" and pxy3 := (g7, x 14)" and
the (¢ — q)/2 irreducible characters (¢ x 14)F, where 1 runs through a set S of
representatives of the orbits of K on Irr(H;) not containing 1g,. Let H := H1Up.
For k=0,...,¢°> — q, the map 9y, : H — C*, h(k, 1,55 %, cﬁéqil)l)u — @iy (u) is
an irreducible character of H, and we define px,(k) := 9%. By construction, we
have {px14(k) |k = 1,...,¢%> — ¢} = {(¥ x ¥4)T | € S}. The values of pxi,(k)
can be determined as follows: pxi4(k) has degree ¢*(¢> — 1)(¢?> — 1). Because of
Xsat28 C ker(pxi4(k)), the character py;4(k) has the value ¢3(¢® — 1)(¢® — 1)
on the conjugacy classes ¢i19 and c¢;1 of P. We denote the values of pxi4(k)
on the classes ci1,2, 1,3, c1,5, c1,7 by 2, 23, 5, 7 resp. By the construction
of pxy4(k), the z; do not depend on k. By the definition of induced characters,
pX14(k) has the values (g2 — 1)(¢¥ 4+ 5 ™) on the classes c10,0(i) and ci0.1(i).
Again by the definition of induced characters, px,(k) has the values z10(0% +
@gik) on the classes ci0,2(4) with a suitable x19 € C independent from 4 and k.
Furthermore, px,,(k) vanishes on all other conjugacy classes. We get the z;’s and
hence the remaining values of pxq,(k) from the conditions (px14(k), px1(0)) =

(Px14(k), PX2(0)) = (Px14(k), PX5(0)) = (PX14(K), PX7(0)) = (PX14(K), PXo) = O.
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Then, we get the values of px;5 and px;3 from the condition pxq5+pXx13 = PX14(0)
analogously to the values of pxg and px;o. The characters pxis, PX13, PX14(K)
are the irreducible characters of P covering 4.

To construct the characters of P covering ¢5 € Irr(Up), we use the unipotent
characters 1, [e1], [p1], [p2], 2 Da[—1], 2D4[1], [e2], St of 2 Dy4(q) given in [17], Table 2.
For any character x of 3D4(q), we denote its restriction to P by xp.

Let px15 := [e1]p = PX1(0) = pX5(0) and pxy (k) = BX17(/€)Pa k=0,....4°=2.
Then, let pxi6 := PX21(0) = PXy5 and PX22(If) = pxa(k) - PX15. kb = 0,....¢%
Next, let pxi7 :=2Dy[l]p — PX10 — PX15 — Z PXo1(k), where 3" means the sum
over all different characters pxo, (k) with ¢2 +q+ 1|k, k # 0, (¢> — 1)/2. Then, we
set pX1s = PX21((¢® —1)/2) — px;7. Finally, we set

"

PX19 -= 3D4[_1]P — PX13 — Z PX22(k).
and
1
PX20 = [p2]lp — 1P — PX2(0) — PX5(0) — Px7(0) = PX12 — PX16 — Z PX22(k)
where 32" is the sum over all different pxq (k) with ¢> — ¢+ 1|k, k # 0, (¢* +1)/2.

Theorem 5.7. The character table of the parabolic subgroup P is given by Ta-
bles A.9 and A.10 in the Appendiz.

Proof: Computing scalar products with CHEVIE, we see that px;(k), ..., pxaa(k)
are ¢* + ¢ + ¢% + 3¢ + 7 irreducible and pairwise different characters. |

Corollary 5.8. For j =0,...,5 there exists 0; € Irr(I;) with (0;)v, = ¢;.

Proof: For j = 0,...,4 this follows from Lemma 5.4. For 15 it follows from the
degree of of px;s. |

6. THE CHARACTER TABLE OF A MAXIMAL PARABOLIC SUBGROUP ()

Let Q = (B,n,,) be the F-stable maximal parabolic subgroup of G corre-
sponding to the subset {rs} C A and Q := Q be the corresponding maximal
parabolic subgroup of G = 3D,(g). Then, @ is generated by B and ng and
Q| = ¢*2(¢® — 1)(¢> — 1). In this section, we determine the conjugacy classes and
the character table of Q.

Q is the semidirect product of the Levi complement Lo = (TF, X3, X_3) and
the unipotent radical Ug := XqXayt3X2a+3X30+8X3a+23- The conjugacy classes
of @ can be computed by the same methods as those that we have used for the
conjugacy classes of P. The Levi complement Lg = (T, X4,,) of Q is F-stable
and Lo = (Lg)¥ is a finite group of Lie type of order |Lg| = q(¢® — 1)(¢* — 1).
The Weyl group Wi, = (wy,) of Lg has order 2 and wy = 1 and w; = w,, are
representatives for the F'—conjugacy classes of Wr,. Thus, Lg has exactly two
Lg—conjugacy classes of F'-stable maximal tori, and we can choose representatives
To = T and T; such that the corresponding maximal tori T¥ and TY of Lg are
given by Ty = TF and T}, = TFwi") asin Section 3. The conjugacy classes of ) can
be determined analogously to those of P by first determining the conjugacy classes
of Lg and then investigating the splitting of these classes in (). The parabolic
subgroup @ has exactly ¢* + 2¢® + ¢® + 3¢ + 7 conjugacy classes. Representatives
are given in Tables A.11 and A.12.
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We use Clifford theory applied to the Levi decomposition Q = Lg x Ug to
construct the irreducible characters of (). The structure of Ug is more complicated
than the structure of Up because Ug has nilpotency class 3. It appears to be difficult
to determine the character table and even the conjugacy classes of Ug generically.
But we can compute those x € Irr(Ug) with Z(Ug) = X30+8X3a+28 C ker(x) and
determine the number and degrees of the remaining irreducible characters of Ug,.

We start with some group theoretical properties of Ug: Each u € Ug can
be written uniquely as u = z4(d1)Ta+8(d2)T20+8(d3)T30+8(da)T3a+28(ds) with
di,dy,d3 € Fis C F and dy,ds € F; C F. Hence, |Ug| = g'!. The relations in
[9], Table 2.2 show, that the center, derived subgroup and the Frattini subgroup
of Ug := Ug/Z(Ug) are equal to Xon+s := Xoa+sZ(Ug)/Z(Ug). The irreducible
characters of UQ can be computed analogously to those of Up. We get: Ug has
exactly ¢° +¢* — 1 irreducible characters x with Z(Ug) C ker(x), namely: ¢° linear
characters x4,,4, defined by

To(d1)Tayp(d2)T20+5(d3)T30+5(da)T30+25(ds) — ¢1(d1)pa(dz)

with (¢1, ¢2) € Irr(F s ) xIrr(F ) and ¢3—1 irreducible characters x4, (¢1 € Irr(F3)
nontrivial) of degree ¢ mapping x2n+5(d1)Z30+5(d2)T3a-+25(ds) to ¢®>¢1(d1) and
vanishing on all other elements of Ugy. We get the number and degrees of the
remaining irreducible characters of Ug as follows: Using the commutator relations
in [9], Table 2.2, it is straightforward to verify that the derived subgroup of Ug is
equal to Xoa+8X30+8X3a+28 and that Ug/Xsqa124 has exactly ¢%4+¢*—1 conjugacy
classes. Since Xo+8X20+8X30+8X30+28/X3a+28 is a normal abelian subgroup
of index ¢* of Ug/X3a+24, Ito’s Theorem [13], (6.15) and [13], (2.7) imply that
U/ X3a+25 has ¢° linear characters and ¢* — 1 irreducible characters of degree ¢>.
By [9], Tables 2.3 and 2.4, Lq acts transitively on Irr(Z(Uq)) — {1z(v,)}. Hence,
each irreducible character of Ug is conjugate (in @) to some x € Irr(Ug) with
X3a+28 C ker(y). Thus, Ug has exactly ¢°+¢° — 1 irreducible characters: ¢° linear
characters and ¢° — 1 irreducible characters of degree ¢3.

We choose ¢ € Trr(Fgs), ¢ € Irr(F,), 7 € F as in Section 4 and we de-
fine o, 1,93 € Irr(Ug) by: o = x1,1, ¥1 = X¢1 and 93 = x4 . Further-
more, we define linear characters a, @5, w5 of Xo48X2a+8X30+8X3a+23 by map-
ping Za+4(d1)r2a+4(d2)T30+5(d3)T3a+25(ds) to ¢(ds), ¢'(dr + d3), ¢'(d1 + wds)
respectively. Let v, := gog-]Q for j = 4,5,6. For vp € Irr(Ug), let Ig(y) =
{z € Q|®Y = 1} be the inertia subgroup of ¢ in @ and we usually identify the
inertia factor group Ig(v) := Ig(vj)/Ug with the corresponding subgroup of L.
Proposition 6.1. There is a linear character 1o € Irr(Ug), such that (a),(b),(c)
are true:

(a) {%o,...,%s} ist a set of representatives for the orbits of Q on Irr(Ug),
(b) the inertia factor groups I; = Io(1;), 7 = 0,1,...,6, have the orders:
1ol =q(¢® = 1)(¢* = 1), |Ll=qlg—1), |Ll=1, |I=qq-1),

|I4| = a(¢® — 1), I5| = 2q, Is| = 2q.
(c) the inertia factor groups are given by:
0. I = Lg,

L. I = {h(t,t})ap(s) |t e F, 197 = 1,8 € Fy},
2. I = {1},

3. Iy = (Xg,ng, h(1,t) |t € F, 97!
4. I = {n(t,tT T ) a4(s) |t € F, 19

1),
—1

w

=1,seF,},
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5. I; = (h(—1,-1))Xp,

6. I = I5.
Proof: By construction, vy, ...,%s € Irr(Ug) and Z(Ug) C ker(¢y), . .., ker(¢3).
Hence, we can interpret vy, ...,%s as irreducible characters of UQ. Let Q :=

Q/Z(Ug) and Lg == Lo Z(Ug)/Z(Ug) (which we usually identify with Lg). Using
the decomposition @ = Lg x Ug, the assertions about 4y, ...,13 can be proved
analogously to Proposition 5.3.

The assertions about 14, 15, 1s can be proved as follows: As 4(230+5(d1)) =
V5(230+p(d1)) = ¢*d(d1) and Ys(230+4(d1)) = ¢*¢(m - di) for all di € Fy, it
follows Z(Ug) € ker(ts),ker(v5), ker(¢s). Since 4(1) = ¥5(1) = v6(1) = ¢3,
our classification of the irreducible characters of Ug implies 14, 5,96 € Irr(Ug)
and 14, ¥5, g are not conjugate to 1y, ...,1s. By Table A.12, exactly 7 unipotent
conjugacy classes of () are contained in Ug. Hence, Brauer’s Permutation Lemma
implies, that the action of Lg on Irr(Ug) has exactly 7 orbits. Assume, that s
and 1 are conjugate to each other under the action of Lg. Then ¢ = ¢&. Using
(3) and the class fusions in of B in @ (see Table A.4), it is easy to compute the
values of 2 + 2. Let [p1]q be the restriction of the unipotent character [p] of
3D4(q) to Q (see [17], Table 2). By CHEVIE, we get (v& +¢&, [p1]q)g = ¢ which
is odd. Hence, 95 and 1) are not Lg—conjugate. Similarly, ¢4 is not Lg—conjugate
to 15 and not to 1. This proves (a).

Using the relations in [9], Tables 2.2 and 2.3, it is straightforward to verify
{h(t, 17T ) z4(s) [t € F, 191 = 1,5 € F,} C I and (h(—1,—1))Xs C I5, Is.
Hence, |I4] > q(¢® — 1) and |I5|, |Is| > 2¢. By summation over the size of the orbits
of Lg on Irr(Ug) we get equality. This completes the proof of (b) and (c). [ |

The character table of Lg can be computed by the same methods as that of Lp.
Since Q = Lgx Ug we can extend the characters of L to Q. The characters gx, (k)
in Tables A.13 and A.14 are the extensions of the linear characters of Lg to Q). The
characters gx,(k) are the extensions of the products of the linear characters with
the Steinberg character of Lg. The characters gx;(k,1), gx,(k) are (up to sign)
extensions of irreducible generalized Deligne-Lusztig characters of Lgy. We have
obtained all irreducible characters of () covering ¢y = 1y,.

By Proposition 6.1, I; is the semidirect product of the abelian normal subgroup
Hy = Xgand K := {h(t,t?) |t € F,t9"! = 1}. By Lemma 5.4, I; has exactly
q irreducible characters: ¢ — 1 linear characters and one irreducible character of
degree g — 1. Again, by Lemma 5.4, () has exactly ¢ irreducible characters covering
Y1 € Irr(Ug), namely gx; (k) := Bx2(k)f for k=0,...,q — 2 and QXg = BX49.

Because of I = {1}, there is exactly one irreducible character QX, of Q, cov-
ering 2. Since gy, is induced by a linear character of Ug, it vanishes on all
non-unipotent conjugacy classes of () and on the unipotent classes c; 2, 1.5, 1,6,
1,7, €1,9, C1,10, C1,12, €1,14 of @, which are not contained in Ug. Because of
Xoa15X3a+8X3a425 C ker(gx,), the value of gx, on the classes c1,0, c1,1, 1,3
is q(¢®> — 1)(¢*> — 1). Hence, the only values of Q@X,, which we do not know so
far, are the values on the classes ci 4, 1,8, ¢1,11, €1,13. Due to its kernel, QX has
the same value, let us call it =, on the classes ¢1.4, c¢1,8 and ci,11. Let y be the
value of gx, on the conjugacy class c1,13. Then, we get 2 and y by the conditions
(@x1(0), ox7)q = (@x5(0), @X;)q = 0. Hence, we have computed all values of ¢x,
and have determined all irreducible characters of @ covering 5.
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Fork =0,...,q—2, wedefine gx,, (k) := px7(k)¥. Then, Z(Ug) C ker(qx,,(k))
and by computing scalar products, we see that gx,,(k) is irreducible for all
k # 0,(¢ —1)/2. Hence, this gives us (¢ — 3)/2 different irreducible characters
of @ covering 3. Next, we prove that 13 extends to I3. We define the linear
character ¢ : 23(d1)xa+p(d2)x20+8(d3)xsa+s(da)T3a+28(ds) — ¢'(ds) of the sub-
group N = XgXo18Xo0+8X30+8X3a+23. After computing the character values,
we see that U is an extension of 13 to U (notice that ¢V vanishes on all elements of
U—N). Corollary (8.16) and (11.31) in [13] imply that 15 extends to Is. Hence, by
(6.11) and (6.17) in [13], there is a natural bijection between Irr(I3) and the set of
irreducible characters of @) covering 13. The character table of I5 is the same as the
character table of SLs2(¢q) and can be computed as in [16], p. 127f. This gives us a
classification of the irreducible characters of @) covering v¥3: one irreducible charac-
ter o xg of degree ¢(¢® — 1), one irreducible character g, of degree ¢*(¢* — 1), two
irreducible characters gx,, and gx,; of degree £¢3(¢® — 1)(¢ + 1), two irreducible
characters x,, and gx,4 of degree 1¢°(¢® — 1)(¢ — 1) and %32 irreducible char-
acters gx,,(k) of degree ¢*(¢* — 1)(¢ + 1) and q%l irreducible characters g x,(k)
of degree ¢*(¢> — 1)(¢ — 1). We have already computed the characters gx,,(k).
We have (QX14(O)aQX14(O)) (QX14( 5 ) QX14(q 1))@ = 2. Using (6.11) and
(6.17) in [13], the character table of I3, the orthogonality relations for the character
table of @ and the conditions gx,,(0) = @x;0+ @X;; and gx,, (45 Ly = QXs T QX
one can compute Xg, QXg> QX190 @X1; €xplicitly. Then, we get the characters
QX15(k) by oxi5(k) = @x,(k) - @xg for & = 0,...,q, which are irreducible for
k #0,(qg+ 1)/2. Thus, we have constructed all irreducible characters x of @ with
X3a+5X3a+28 C ker(x) except for the two characters gx,, and gx;,. We interpret
the irreducible characters x of @ with X3013X3q+28 C ker(x) as the irreducible
characters of Q := Q/X30+8X30+23. The values of QXqo and @x,, follow from
(6.11) and (6.17) in [13], the character table of I3, the row and column orthogonality
relations for the character table of @ and the condition QXq5( '2" ) = QX12 T QXq3-
Hence, we have computed all irreducible characters of @) covering 3.

Let gx,6(k) == Bx12(k)?, k = 0,...,¢*> — 2, and let ox,,(k) = Bxi3(k)%,
kE=0,...,¢° + q. Computing scalar products, we see that QX16(k) and gx,,(k)
are irreducible and pairwise different. These are the irreducible characters of @
covering 4.

Let ox,5(k) == px14(k)? and ox,o(k) = pxi5(k)? for k = 0,1, and let
0Xoo(k) == BX16(k)¥ for k =1,...,q—1. Using CHEVIE, we compute scalar prod-

ucts (Yo @Xas(8): Xheo @Xis (K)o = 2, (Ch_o oXio(k), zi 0QX10(k))q = 2,

(leczo QXlg(k)v 2119:0 QXlg(k))Q =0 and (ZZ: QXQO( ) Ek 1 QXQO( ))Q =q-1
Hence, gx,5(k), @X19(k), @Xo(k) are irreducible and pairwise different.

Theorem 6.2. The character table of the parabolic subgroup Q is given by Ta-
bles A.13 and A.14 in the Appendix.

Proof: Computing scalar products with CHEVIE, we see that gx, (k), ..., @Xq0(k)
are ¢* + 2¢° + ¢ + 3¢ + 7 irreducible and pairwise different characters. [ |

Corollary 6.3. For j =0,...,6 there exists 0; € Irr(I;) with (6;)u, = ;.

Proof: For j = 0,...,2 this follows from Lemma 5.4. For j = 3,...,6 it follows
from the degrees of gxg, QX16(k), @X15(k) and gx;q(k). |
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APPENDIX

Table A.1 (cf. Deriziotis and Michler [4], Table 2.1) Parametrization of the
semisimple conjugacy classes of 2Dy(q), q odd. (c is the multiplicative inverse of
q®+ q — 1 modulo (¢> —1)(¢+1).)

Representative Parameters Number of
Classes
hy :=h(1,1,1,1) 1
hg = h(—1,1,—1, —1) 1
h3 (i) := h(C, 3, CE, ¢ i=0,...,q—2 a3
i#0, 9457
| i _qi -q%i . 2 a®+q
ha(3) := h(P3,1, 83", ¢4 ) i=0,...,9"+¢q 5
i#£0
i=0,...,¢° -2
; ;i Fqi zq2i : 2 a®—q?—q-3
hs(i) = h(C4,1,E8°, 1) i# (gDl 1=0,. ¢ bt oaog-s
i 1
i=0,...,¢°—2;,j=0,...,q—2

4 3
T5(a* —4q

- — e 2.
he (i, 5) := h(C§,¢], ¢4, ¢8°) +2¢% — 2q + 15)

he(i) := h(1, €5, 1, 1) i=0,...,q a1
1
i #0, 4
R (g2 i (g2 1)ci R
hg (i) := h(#éq3+q)gr7wuéq Farber, i=0,...,¢" +¢®> —q-2
_ ci 1)ci 4 _2g+41
A Ao plathen i# @D, 1=0,...,¢3 -2 L2041
i#£(@® -1, 1=0,...,q
. i ~—qi ~(qg—1)i . 2_
ho (i) := (3§, 1, g5 10, LI~ %) i=0,...,4°—¢q L
i#£0
i=0,...,¢°
) . i 202 ) 3.4 3_ 2401
hio(i) == h(£5, 1,657, €470 i#0, L5t o ta-l
i;é(q+1)l,l:0,...,q27q
i=0,...,¢" —¢®+q—2
) i (B4 —qti -2 ) : 4 24341
h11 (i) = k(g a8T TV gt ag Y i (g1l 1=0,...,¢° e
i # (¢ + 1), 1=0,...,q—2
hi2(i,3) = i=0,...,4°+q 4,532
i _aidd V) (j—i . 2q° — —2
h(@h, 4,99, @Iy =0, 2+ g e
j #0,—2qi
2i # j, (1 — q%)j
h13 (i, j) = i=0,...,4°—¢q y s
i o1y ' 0B 2.,
h(E, &0 T, @5V | =0, 42— g T
Jj #0,2qi
2i # 4, (1 — q*)j
A ~.~31‘~.~2‘ j 4_ 2
hi14(i) = h(‘Pizx‘P(lg + )1»99(11;19"?21) i=0,...,¢" —¢* T
i#£0
i=0,...,¢°
j=0,...,q
) i,j #0
his(i, j) == h(€5, &, €59, €1°%) i#£ (g2 —q+Dlorj#l, 1=0,...,q a* —24°
i# (@ —qg+Dlorj#2l, 1=0,...,q9 | +2¢° —4q+3)
i#j+(g+Dl, 1=0,...,¢° —¢
i#£2 4+ (q+ 1), 1=0,...,4° — ¢
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Table A.2 (cf. Deriziotis and Michler [4], Table 2.4, Geck [9], Table 3.1)
The conjugacy classes of >Dy(q), q odd. (In this table ¢ € F, is a non-square, a € F
with a?’ = a, a® # a, furthermore s € F is a primitive 2(q> — 1)-th root of unity
and v € F a root of the polynomial X9 — X + st1.)

Notation | Representative |C5p, (gl
€1,0 1 *(@° -1)*(¢" — ¢ +1)
c1,1 Z3a+23(1) q?(q®—1)
c1,2 za(1) a°(¢* - 1)
c1,3 2p(1)@2045(—1) 2¢°(*+q+1)
cla 25(1)@20+45(—C) 2¢°(¢° —q+1)
ey | za(Dratsla) q°
€16 za(Dzs(1) q'
€2,0 ha 7'(®-1)(¢*-1)
c2,1 hoxsat25(1) q*(¢® = 1)
C2,2 haza(1) q4(q2 -1)
2.3 hoxp(1)Ta0+6(—1) 2q*
2,4 hazg(1)z20+5(—C) 2q"
cso(i) | ha(d) (¢° —1)(g—1)
c31(i) | ha(za(l) *(g—1)
cao(i) | ha() (> =1)*(g+1)
ca1(i) | ha(d)xza+t2s(1) P(®-1)
ca2(i) | ha(Drs(1)z30+6(1) (@ +q+1)
cs,0(i) | hs(4) q(¢®> = 1)(¢* = 1)
cs1(1) | hs()xsat2s(l) q(q® = 1)
c6,0(4,4) | he(i,5) (¢ —1)(g—1)
cro(i) | hr(i) *(¢° = (g +1)
cra(i) | hr(d)z2a+s(1) (q+1)
cso(i) | hs(d) (@ —1)(q+1)
co,0(i) | ho(4) (@ +1)%(¢—1)
co,1(1) | ho(d)xsa+t2s(1) (¢ +1)
co2(1) | ho(i)zs(s)w3ars(—s)Tsar28(r) | ¢* (> —q+1)
c10,0(%) hio(t) a@®+1)(¢"—1)
c10,1(4) | h1o(9)T30+25(1) a(¢® +1)
c11,0(2) hi1 () (q3 +D(@-1)
c12,0(4,7) | h12(3,5) (*+q+1)°
c13,0(%,7) | his(2,7) (¢* —q+1)?
c14,0(7) hi1a(7) - +1
ci5,0(i,5) | has(i, 5) (¢ +1)(g+1)
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Table A.3 (cf. Geck [8], Tafel 3.8.2) Parametrization of the semisimple conju-

gacy classes of B.

i# (@ Fqt+Dlorj#L
i# (> +q+ Dlorj#2l,
i# i+ (- 1L,
i # 25+ (g — DI,

1=0,...
l1=o0,...

l=0,...,9—2
1=0,...,9—2

47 +q

.a* +q

Representative Parameters Number of
Classes
hi = h(1,1,1,1) 1
ho := h(—1,1,—1, —1) 1
hs := h(—1,—1,—1, —1) 1
ha :=h(1,-1,1,1) 1
N p (i ~qi ~q%i _ 2 2
h5(1) = h(‘piiwl-,‘pg » P3 ) 1=0, ,q4° +4q q“ +q
i#£0
he(i) == h(&3, ¢34, G, D) i=0,...,q—2 q—3
. —1
i#0, 5=
h7 (i) == ({3, <1, 670 ¢ i=0,...,q—2 q—3
—1
i #0, 45
hg(i) := h(1,{},1,1) i=0,...,q—2 q—3
—1
i#0, 5=
i=0,...,¢°—2
~e -~ ~. . ~. 2. .
ho(i) = (G, CL GG, T | iA (gL 1=0,,¢" +q+1 - —q-3
i 7L
i=0,...,¢° =2
i 2 zai 2q2i .
hio(i) := h(C§, 1, C8°, CT) i# (-1, 1=0,...,¢° +q+1 @®—¢*—q-3
X 3_1
i # g
2707...711372
. L2 .
hi1(i) := h(C4,1,¢8,C8) i#(q- 1l 1=0, va?+g+1 ®-¢—q-3
i 7L
i=0,...,¢° —2
j=0,...,q—-2
i#0
. e e~ 2 . P
hi2(i,5) := h(¢3,¢7,¢5%,¢5 ") j#0 q* — 4¢® +2¢°

—2¢+ 15
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Table A.4 (cf. Geck [8], Tafeln 3.8.1,3.8.2) The conjugacy classes of B. (¢ € Fy

is a non-square. The parameters (i,b) in the representatives for the conjugacy

classes of type c1 12, 1,16 Tun through the sets I, I respectively with |I;| = % and

|Io| = % respectively. The parameter a’ in the representatives for the conjugacy
classes of type c117 runs through the set Is with |I3| = g+ 1. The sets I, Iz, I3
are defined in Section 4).

Notation | Representative |CB] Fusion in P | Fusion in Q
€10 1 q*(¢® —1)(qg—1) €1,0 €1,0
c11 T3a+28(1) 7"*(¢° - 1) 11 11
c1,2 T3a+5(1) q''(¢* - 1) C12 L
c1,3 x5(1) *(¢® - 1) c1,2 c1,2
C1,4 T2a+5(1) q"(¢—1) c1,3 c1,3
c1,5 Ta+s(1) *(qg—1) c1,3 C1,4
c1,6 25(1)x2a+p()23a+8(2) | ¢° c1,3 1,5
1,7 za(1) q (qg—1) c1,4 c1,4
C1,8 23(1)z3045(1) (@ +q+1) C1,5 c1,6
C1,9 zp(1)T20+5(—1) 2(]8 C1,5 c1,7
€1,10 Tatps(1)23a+s(1) 2¢° 15 18
c1,11 Ta(1)T3a428(—1) 2q" 1,6 c1,8

c1,12(3,b) | 25(1)Z2045(C")T3018(b) | ¢° ci5 c1,9(i, b)
1,13 2g(1)z20+5(—C) 2¢° ci7 €1,10
cria | Zats(DT3a+5(C) 2¢° 17 111
c1,15 Za(1)z3a+28(—C) 2q" c1,8 1,11

c1,16(4, b) (Da2a+5(C)z3018(b) | ¢° c1,7 c1,12(4, b)

cra7(a’) | za(l)zats(a’) q° c19(a’) 1,13
C1,18 UCa( )UC ( ) q4 C1,10 C1,14
€2,0 ha q'(¢° = 1)(qg—1) €2,0 2,0
2.1 hoZza+25(1) q*(¢® = 1) 2.1 2.1
C2,2 hgxa(l) q4(q — 1) C2,2 C2,2
C2,3 hgxa(l)I3a+Qﬁ(—1) 2q4 C2,3 C2,3
C2,4 haza(1)x3at28(—C) 2¢* C2,4 C2,4
€3,0 h3 q'(¢° —1)(qg—1) €3,0 2,0
€3,1 h3zoyp(1) q4(q —1) C3,1 C2,2
3,2 h3xza+s(1) q'(¢®—1) 3,2 c2,1
3,3 h3zatp(1)z30+5(1) 2q* 3,3 2,3
C3,4 hszat+s(1)x3a+s(C) 2¢* C3,4 C2,4
€a,0 ha q'(¢° —1)(qg—1) €3,0 €3,0
a1 haz (1) q*(¢® = 1) €3,2 31
Ca,2 hazaays(1) q'(qg—1) €3,1 €32
C4,3 h4$ﬁ(1)$2a+ﬁ(—1) 2q4 C3,3 C3,3
C4,4 h4l’g(l)l‘2a+,@(—g) 2q4 C3,4 C3,4

cs0(i) | hs(i) ¢’(¢° —1)(qg—1) ¢6,0(1) c6,0(1)
cs1(i) | hs(i)zs(1) (¢ —1) cs,1(1) c6,1(1)
cs,2(1) | hs(D)z3a+s(1) *(q>—1) cg,2(1) ce,2(1)
c5,3(1) | hs(i)z3a+20(1) 7’(q>—1) c6,3(1) ce,2(1)
cs,a(i) | hs(i)zs()z3a+s(1) (@®+q+1) cg,4(1) cs,3(1)
co0(i) | he() (¢ —1)(qg—1) ca,0(1) ca,0(4)
c6,1(i) | he(i)wa(l) ¢’(q—1) ca,1(1) ca1(4)
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Table A.4 (continued) Conjugacy classes of B.

Notation | Representative | |Cp| Fusion in P Fusion in @
cro(i) | hr(d) (¢ —1)(g—1) cs,0(1) ca,0(1)
cra(i) | hr(d)zats(l) (g—1) ¢s5,1(4) ca,1(1)
cso0(i) | hs(d) (¢ —1)(qg—1) cs,0(1) ¢s,0(1)
cs1(i) | hs(i)z2ars(l) | ¢*(g—1) ¢s5,1(4) cs,1(1)
co,0(i) | ho(d) q(¢®> =1)(g—1) | ero0((¢®+q—1)i) er,0(1)
co,1(i) | ho(i)zs(1) q(¢® — 1) e ((¢® +q—1)i) c7,1(7)
c10,0(4) | h1o() q(¢®> = 1)(g—1) er,0(i) cs,0(1)
c10,1(i) | ho(i)zsars(1) | qlg® —1) cr,1(4) cs,1(1)
ci1,0(d) | ha1(3) q(¢®> = 1)(g—1) cs,0(i) cs,0(1)
e (i) | hii()asat2s(1) | q(¢® — 1) cs,1(4) cs,1(1)

c12,0(4,7) | hiz2(, 5) (> —1)(g—1) c9,0(%,5) c9,0(%,5)

Table A.5 Parametrization of the irreducible characters of B.

Character | Parameters Number of Characters
exi(k0) | k=0,...,*=21=0,...,g—2 | (¢ —1)(g— 1)
BX2 (k) k=0,...,q—2 qg—1
BXx3(k) k=0,...,¢° -2 ¢ -1
BX4 1
BX5 (k) k=0,...,q—2 qg—1
BXs(k) k=1,...,q+1 g+1
BXx7(k) k=0,...,q—2 qg—1
BXs 1
BX9 1
BX10 1
BX11 1
BX12(k) | k=0,...,¢* =2 ¢ -1
sXi3(k) | k=0,....¢° +¢q ¢ +q+1
BX14(K) k=0,1 2
Bxi5(k) | k=0,1 2
BX16(K) k=1,...,q—1 g—1
BX17(k) |k=0,...,¢> =2 ¢ -1
BX18 1
BX19 1
BX20 1
BX21 1




Table A.6 The character table of B. (In this table, zeros are replaced by dots. The parameter 6 € {1,—1} depends on the residue

class of ¢ modulo 4 and is defined in Section 2. See Table 2.2 for notation for the irrational character values.)

1.0 ern c1 13 14 s 16 e
5x1 (k, D) 1 1 1 1 1 1 1 1

BX2(k) -1 -1 ¢ —1 -1 q*—1 -1 -1 -1

BX3(k) q—1 q—1 q—1 -1 q—1 qg—1 -1 qg—1
BXa (@ -1@-1) (@ -1@@-1) (¢ =g —1) -(¢® -1 (@ -D@-1) (@@ -D@-1) —(-1) —@-1)

Bx5(k) a(¢® — 1) a(¢® - 1) a(g® — 1) a(¢® - 1) —q a(¢® — 1)

S e [aa+ D@~ Da— 1 ala+ D@ = D@—1) ala+ D& ~a— 1) aa+ 1@ - -1 —(¢ —a) ~(@* )

Bx7(F) @@ -1) (> —1) *(¢® - 1) -4 ¢
BXs 1@ -1D(g-1) 1¢*(@® -1 —1) 1% -1e-1) 3PP -1 -34°(g—1) —3d°(a+1)

BXo 3% -1 -1) 3d%(® - 1)(g—1) 3% - D(@-1)  34°(® -1 -3d%(g—1) -3d%(g+1)
BX10 3% -1 -1) 3% - 1)(g—1) %@ -1 -1) —34°(®-1) -3d%(g—1) —3q°(qg—1)
BX11 1 -1 -1 1% - 1)(g—1) 1@ -1 -1) —34°®-1) -3a*(g—1) -3d*(g—1)

BX12(F) a*(g—1) a*(g—1) —q° —(d® —q) q

BX13(k) a’*(g—1)? a*(g—1)? -a*(g—1) alg—1)(g+1) —q

éﬂsxmk) @@-1)( - 1) *(a—1(® -1 -4*(¢® - 1) a(¢® — 1) —a(¢® +1)
kéOBXIS(k) a*(a—1(d® - 1) @’(a—1)(¢" - 1) -a*(d® - 1) alg® — 1) —a(¢® +1)
Zg);axls(k) g —1)%(* - 1) la—1)%* - 1) -*@@-1@-1) —a®-1) a(® +1)

Bx17(k) a*(g—1) —q* .
BX1s 1 (¢® —1D(g—1) —3q*(¢® - 1) -34*(a—1)
BX19 1 (¢® - (g —-1) —3q*(¢® - 1) -34*(a—1)
BX20 1 (® —1(g—-1) —3q*(¢® - 1) 1*@—-1)
BXa1 1 (¢® - (g —-1) —3q*(¢® - 1) 1*@—-1)

)
=

LATLSINIH MNVHA



Table A.6 (continued)

The character table of B.

c1,8 c1,9 C1,10 c1,11 c1,12(%,b) c1,13 C1,14 c1,15 c1,16(%, b)
X, (k1) 1 1 1 1 1 1 1 1 1

BX2(k) q® -1 -1 -1 -1 -1 q® -1 -1 -1 -1

BX3(k) -1 -1 qg—1 qg—1 -1 -1 qg—1 qg—1 -1
BX4 —(¢® - 1) —(¢® -1) (@®—=1)(qg-1) —(g—1) —(¢®-1) (-1 (-D@-1) —(¢g—1) —(¢® -1)

BXs5(k) —q a(@® - 1) —q a(¢® - 1)

atl 3 3 3 3
k;BXG(k) —(@° —a) —(¢° —q) —(¢° —a) —(¢° —q)

BX7(k) q°s (-1)'¢® —¢*5 (-1)'¢®
BXs 1 (- 1) -3¢+ 1)’ -3¢ - 3(-1'¢"  $(a5 - 1) -34° - 3(-1)'¢®
BXo 1 (- 1) —L(g@+1)¢? -1 - 1= L(e5 -1 -1 - 1(-1)ig?
BX10 -1 (® - 1) —1(q5 —1)¢® L -3(-1'¢ 1(q6 +1)¢? 1 - 3(-1i¢?
BX11 -3 -1 -3(¢5 - 1)’ 12— 3(-1'¢* @+ 1) 1® - 1(-1i¢®

BX12(k) alg+1) alg+1) 'S q(g+1) —q(q—1) -q° —q(qg—1)

BX13(k) —q(q+1) —q(g+1) *(g—1) —q(g+1) q(qg—1) —¢*(g—1) q(g—1)

1
> exuak)| —q(@+q+1) q@®—¢*>—qg-1) —q° —q(@® +q+1) qla—1)(*+1) 'S —q(g®> —q+1)
k=0
1
> exis(k)| —q(®+q+1) q@®—¢*—qg-1) —q° —q(® +q+1) ala—-1)(*+1) q —q(g®> —q+1)
k=0
! 2 3 2 2 2 2 2 2
; Bx16(k)| a(¢®+q+1) —q(¢°—q¢”°—g—1) —q°(g—1) 9l +q+1) —ql¢—1(¢"+1) q¢°(¢g—1) (¢ —q+1)
=0

BX17(k) 'S -q°
BX1s 1P (q—-1) 1d(q+1)

BX10 1@ -1) 1P (q+1)
BX20 —3d*(q+1) —1q%(g—1)
BXa21 1@ +1) -3q%(g—1)

G2 SdNOYD ALITVIYL SOYHINIHLS A0 SdNOYDINS 'dVHVd A0 SHTIVL HHLOVYVHD



Table A.6 (continued) The character table of B.

ci17(a’) 118 €20 c2,1

C2,2

C2,3 C2,4 C3,0 C3,1

C3,2

3,3

(-1)*
(¢® — D(-1)*

(-1)*
(¢® — D(-1)*

B, (k. 1) 1 1
BX2 (k) -1 -1
qg—1 —1

—-(¢—-1) 1

BX5(K) —q
q+1

> Bxg(k) q
k=1

BXx7(k)

BX3(k)

BX4

BX8
BXo9
BX10
BX11
BX12(k)

BX13(k)
i BX14(k)
k=0

i BX15 (k)

—(-n*
-3 -1
1@ -1
-3 -1

1 -1)

(=1)*(g—1)
1@-1)(" -1)
-3 -1
$@-1( -1)

-1 -1

(-1)*
—(=n*

(—n)- (—n)H

(-1*
~(-*

(-1)*
—(=1*

(-D)*(® - 1) —(=1)*

(-D*g—-1) (=D*(q-1)

(-1 -1  —(g—1)

—(¢-1(* -1 q—1

(—p)

(@ = 1)(-1)*

(—1)++!

—(=1*

—(=n*

9C
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Table A.6 (continued) The character table of B.

C3,4 C4,0 Cq,1 C4,2 C4,3 Cq,4

C5,(](’L')

C5,1(’L')

C5'2(’L')

C5,3(’L—)

Bxi (k1) [(=D)FH (-1 (-1 (-1 (-1 (-1

BX2(k)
—(=D*  (DF¥e-1) —(=D*

BXx3(k) (-D*@@-1)

BX4

BX5(k)
q+1

>° BXs(k)
k=1
BX7(k)

BXs

(=Dt —(=*
-3 +1) (-1
3@ +1) —3(¢* -1
1P -1 -3+
-3 -1 3@+

—(-1*
-1
-3@-1
La-1)

—3(g—1)

(¢ = 1)(-1)*

P -1

(¢° = D)(=D*
—5(® =)@ —-1)
1@ -1@-1) -3 -1
-3 -1a-1) i@ -1
1@ -D@-1) -3 -1

—(=1)*

BX9
BX10
BX11

BX12(k)

BX13(k)

M-

BX14(k) 1

S
I
o

M=

BX15(k) -1

Q2
Il
=0

BX16(k)
0

-
I

BX17(k)
BX1s
BX19

BX20

BX21

—(=D* oy

ik
P3

2
9—*%%
R CEY)

(g — DpiF

(q—1)%pdF

q(q — 1ei"

ik
P3

,QZTJrqik
.

(q—1)piF

—(g— 1)l

ik
P3

_d?+a,,

ik
P3

p) "quJrq““
P3 (@—1) ¢3 (g—1)

—piF
—(q— 1)pi*

(q — 1)piF

(q—1)%p

ik
—qp3

L2 SdNOYD ALIIVIYML SOYUHANIALS A0 SdNOYDINS 'dVHVd 40 SHTIVL HHLOVYVHD



Table A.6 (continued) The character table of B.

cs,4(%) ce,0(%) ce,1(%) c7,0(%) c7,1(%) cs,0(%) cs,1(%) cg,0(%) co,1(i)  cr0,0(i) c10,1(¢) ec1r,0(i) cr1,1(4) ci2,0(4,5)

BXl (k l) szgk <71,k+21l <71,k+21l <71,k+1l <71,k+1l <71,l <71,l Cglkcil Cglk <71,l C%k C71,l C%kc{l C%k C%k C};k C{l
BXa (k) : (¢ - ¢k : :
2
_a%+q,p . .
Bxs(k) |—ws 2 . . . . . . GPa-1) =g
BX4
BX5 (k) . . . (® —1)¢k —¢iF
q+1
Z BXe6 (k)
k=1
BX7(k) : : : : : (@ -1)¢* —¢*
BXs
BXo9

BX10

BX11
BX12(k) _</’§k . . . . . . . . C:ik(q -1 —C:ik
BX13(k) ‘/’ék

M=

BX14(k)

>

0

M-

> BX15(k)

> BX16(k)
k=0

Qo
=o

BX17(k) . . . ) . ) . . . . . Cik(g—1) —¢iF
BXis
BX19
BX20

BX21

8¢
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Table A.7 Parametrization of the semisimple conjugacy classes of P.

Representative Parameters Number of Classes

hi:=h(1,1,1,1) 1

he = h(—1,1,—1,—1) 1

hz :=h(—1,—1,—1,—1) 1

ha(i) == h((, E34, G ¢ i=0,...,q—2i#0,(g—1)/2 q—3

hs(d) :=h(1,{},1,1) i=0,...,q—2i#0,(g—1)/2 -3

- 2

he (i) = h(35,1, 53", &4 1) i=0...,°+qi#0 ——

ha(i) = h(Cy, Ci, E8,E00) i=0,...,¢° =2 i#(¢° = 1)/2 @ —¢-q-3
i# (@=L 1=0,...,¢> +q+1

i Tqi q2i K .

hg(i) = h({5,1,¢8,¢8) i=0,...,¢° =2 i#(¢° —1)/2 (> —a®> —q—3)/2
i#£(@—1L, 1=0,...,¢ +q+1
i=0,...,¢° =2
j=0,...,9—2

ho(i, §) = h(C, &, &3, &%) ij#0 229?297 ~29415
i# (@ +q+Dlorj#l,
i# (¢ +q+ 1)l orj #2l

1=0,...,9—2
i£j+ (@1, 1=0,...,¢° +q
P#2+(q—1l, 1=0,...,¢°+¢q

2
hao(i) = h(e, 1,85 ™, 2" ) =0 d G i #D el
ha1(i) = h(€l, 1,65 7, &) i=0,...,q% i #£0, 5L ozl
i#(g+ 1), 1=0,. ~~7q —q
i=0,...,q* —¢®*+qg—2
) . i 5 4_ 5 3
hia(i) = h(h, ST TV a8 | i (- DL 1= 0, ¢ A+l
i# (@ +1), 1=0,. ~~,q72

Table A.8 The conjugacy classes of P. (¢ € Fy is a non-square. The parameter o’
in the representatives for the conjugacy classes of type c1,9 runs through the set I3
with |I3| = g+ 1. The parameter set I3 is defined in Section 4).

Notation | Representative |Cp] Fusion in 3Dy(q)
c10 1 ¢*(¢° = 1)(g—1) c1,0
11 T3a+24(1) q(¢® 1) €11
1,2 23045(1) "' (¢ - 1) 1,1
1,3 T2a+5(1) q°(¢—1) c1,2
1,4 za(l) g (g—1) c1,2
15 z5(1)z30+8(1) 2¢°(¢* + q+1) c1,3
C1,6 :l’a(l):l’g,aJrQﬁ(—l) 2q7 C1,3
e, Tats(Dz3ass(C) | 2¢%(¢> —q+1) ci,a
c1,8 Ta(1)Z3a+26(—C) 2q" C1,4

cr9(a’) | za()zats(a’) q° c1,5
C1,10 To(1)zs(1) ‘14 C1,6
2,0 ha ¢'(¢° —1)(g—1) €2,0
c2,1 ha3a12s(1) q*(q® - 1) C2,1
c2,2 haza(1) q'(g—1) C2,2
C2,3 hzl‘a(l):l’g,aJrQﬁ(—l) 2q4 C2,3
2, hota(1)asat23(—C) | 2¢* C2,4
€3,0 hs q'(¢> = 1)(g - 1) C2,0
31 hsZa+s(1) q*(g—1) C2,2
€3,2 hszsats(1) q'(¢* = 1) C2,1
3,3 hata+s(1)z30a+s(1) | 2¢* 2,3
3,4 hatatp(1)sars(C) | 2¢* C2,4
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Table A.8 (continued)

FRANK HIMSTEDT

Notation | Representative |Cp| Fusion in 3Dy(q)
cao(i) | ha(i) ¢°(¢° = 1(g—1) c3,0(#)
ca1(i) | ha(i)za(l) (g—1) c3,1(4)
cs0(i) | hs(i) (@ -1)(g-1) c3,0(d)
c5,1(1) | hs()w2a+5(1) *(g—1) c3,1(1)
ce0(i) | he(i) (@ —1D(g—1) ca,0(d)
co,1(1) | he(d)zp(1) ’(q® - 1) ca1(1)
c6,2(1) | he()xsat+s(1) *(q> 1) ca,1(1)
c6,3(1) | he(d)xsa+r2s(1) @ —1) ca1(1)
co,a(i) | he(i)wp(1)z30+6(1) ¢12({12 +q+1) ca,2(1)
cro(i) | hr(d) q(¢®> —1)(g—1) ¢s,0(1)
cr1(d) | hr()2satps(1) a(q” — 1) ¢s,1 ()
cs,0(1) ha (i) f](Qi5 - 1(g—1) ¢s,0(1)
cs,1(1) | hs(d)xzat2s(1) q(¢® — 1) cs,1(1)

co,0(i,7) | ho(d, ) (¢ =1D(g—1) ¢6,0 (%, §)
c10,0(%) hio(7) Q?(Q? +1)(g—-1) c9,0(%)
c10,1(%) | h1o()z3a+25(1) (@ +1) co,1(1)
c102(6) | ho(i)zs(s)wsats(—s)wsa128(r) | ¢*(¢* —q+1) co,2(1)
c1,0(8) | haa(d) q(¢®>+1)(g—1) c10,0(4)
c11,1(4) | h11(D)z30+25(1) Q(QS +1) c10,1(4)
ci2,0(4) | h12(d) (¢ +1(q-1) c11,0(8)

Table A.9 Parametrization of the irreducible characters of P.

Character | Parameters Number of Characters

px; (k) k=0,...,q—2 qg—1

pXs (k) k=0,...,q—2 qg—1

pxs(k, 1) k=0,...,¢°—21=0,...,¢q—2k#0 | (¢®—2)(¢g—1)/2

px4(k) k=0,...,q" —¢®+q—2 1@ —1)
E# (@ +1)m,m=0,...,q—2

pXs(k) k=0,...,¢° =2 ¢ -1

PXe 1

pxz(k) k=0,...,9—2 q-1

pxs (k) k=1,..., qg+1 qg+1

PXo 1

PX10 1

px11(k) k=0,...,4°+ ¢ k#0 (@ +q)/2

PX12 1

PX13 1

px14(k) k=0,..., @ —q k#0 3 —a)

PX1s5 1

PXi6 1

PX17 1

PX18 1

PX19 1

PX20 1

PX21 (k) k=0,....¢° =2, k#0,(¢° —1)/2 (¢° =3)/2

PX22(k) k=0,...,¢% k#0,(¢® +1)/2 (¢®—1)/2




Table A.10 The character table of P. (In this table, zeros are replaced by dots. The parameter § € {1,—1} depends on the residue
class of ¢ modulo 4 and is defined in Section 2. See Table 2.2 for notation for the irrational character values.)

C1,0 C1,1 C1,2 C1,3 C1,4 C1,5 C1,6
pPx1 (k) 1 1 1 1 1 1 1
px2(k) 7° a° a° 7° . 7°
pxa(k, 1) @ +1 @ +1 @ +1 @ +1 1 @ +1 1
pxa(k) g —1 q®—1 g —1 ¢*—1 -1 ¢ -1 -1
PXs5(k) (a—1(@*+1) (a—1)(¢*>+1) —(¢® —q+1) g—1 g—1 t+q—1 q—1

PX6 (@®-1(@-1) (®—1)(g—1) —(® —1(@®—qg+1) (a—1D%* (" +q+1) —(g-1) (@ -1)(+q-1) —(¢g-1

pxr(k) a(@® —1(@® +1) q(¢®> = 1)(¢> + 1) a(¢® - 1) q(¢® —¢* - 1) alg—1(g+1) —q@®+q+1) ql@g—1)(g+1)

Zfl pxs(B)|a(g— (g +1)(¢® = 1) qlg = 1)(g+1)(¢® —=1) a(g—D(g+1)(¢®* - 1) q(g+1)(g—1)(¢®* —¢* = 1) —g(g—1)(g+1) —g(g+1)(¢® — 1) —q(g— 1)(g+1)

PXo 1@ -1D*+1) i@ —-1*(P+1) 1°(¢® —29+1) -14°(g—1) : q°
PX10 12— +1) 3P -1)%P+1) 1%(¢® —2¢+1) -1%q-1) : ¢
pxi(k) | @®(@a— 13 +1) a— 1% +1) (® —2¢+1) —¢*(q—1) : 2¢°
PX12 1@ -1 -1 3@ -1 -1) -1d*-d*) —3(a* = )
PX13 1@ -1 -1 FP@ -1 -1 -3 - 1) -3d*(g—1)
pxiak) | @*(@—-1)(®-1) (-1 -1) —¢*(¢® — 1) —¢*(q—1)
PX15 q*(qg—1) —-q* . : : : '
PXie q7(q7 1) *q7
PX17 1a*(a— 1@+ 1) -3 +4" -3(d* —4¢*) 1+
PX1s 1a*(a— 1P+ 1) -3 +4" 1* —4¢*) -3(® -4
PX19 1 (g —1(¢* - 1) -3 —q" -3(¢" - ¢ 1 -d%)
PX20 1t (a—1(¢* - 1) -3 —q" TG -3+ %)
PXa1(k) g*(a—1)(¢® +1) —q*(¢® +1) . : : : q°

PX2a(k) | a*(a—1)(¢®—1) —q*(¢® - 1) . . . . g
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Table A.10 (continued) The character table of P.

c1,7

C1,8

Cl’g(a,)

€1,10

C€2,0

C2,1

C2,2

C2,3

C2,4

px1 (k)
PXa(k)

pxs(k,1)

pxa(k)

X5 (k)
PXe6

px7(k)

q+1
2= pxs(k)
k=1

PXg
PX10
pPx11(k)
PX12
PX13
PX14(k)
PX15
PXi6
PX17
PXis
PX19
PX20
PX21(k)

PX22(k)

1

3
q

@ +1
@ -1
—(®*—q+1)
—(¢® —1)(¢® —q+1)
—q(¢® —q+1)

—a(g—1)(® +1)

qg—1
—(¢—-1)
q(g —1)(g+1)

—q(g—1)(g+1)

qg—1

—(¢—1)

—4q

q

1
q3
(¢® + D)(-1)*
(¢® = D)(-1)*

a—1
a*(g—1)
a-1)(¢*+1)
a-1)(¢* +1)
¢ =1)(g—1)s
¢ =1)(g—1)s
(a—-D(=D**+1)
(¢° = 1)(g — (="

1
q3

(@® + D(-1)*

(¢ = 1)(-1)*

-1
—q
EEREF ISV
—3(q®> +1)8
3(¢® - 1)8
3(¢® - 1)8
—(@®+ 1)(-D)*
—(¢® - 1)(-D)F

(=¥
—(=1)*

(¢ —1)8
(¢ —1)8
(¢ —1)6
(-1)*q-1)
—(-D*@-1)

[NV o S ST IS

30— 34"
—(=D*
(D"

(=¥
—(=1)*

|
¥

+

S =
I
N N= I
s} s}

N

[N E

N

Q

—38+ 34°
—(=1*
(-1)*

[49
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Table A.10 (continued) The character table of P.

3.0 s 3.2 33 3.4 ca,0(4) ca1(3) c5.0(7) c11(3)

px; (k) (-D* (—D* (—D* (=D* (=D* ¢ oo G a*
PX2 (k) (=¥ (=1 (=1 (-D* (=1 ¢ : ¢ ¢
L I I D e D e D e L e AR G DU G s G U G Ve O D L A DT S L S L S U L X S
Pxa(k) : (¢* = 1)¢i* -t
PXxs(k) (-D*(g—-1) (-D*(@@—-1) —(-1* —(-1* —(-1*

PXg
rXx7(k) (¢® = 1)(-1)* —(-1* (¢® — 1)(-1)* —(-1* —(-1)* . . (¢® — )¢tk —¢ir

PXo T@-1(*-1)  —3@-1) -3 -1 1@+ -3 -1

pXx10  |—3(@a—1)(*-1) i@-1 1@ -1 -3+ 1@ -1
px11(k)

PX12 $@—-1)(° - 1) -3(@—1) -3 -1 -3 -1 3@ +1)

px13  |—3l@—1(® -1 3@-1) 3@ -1) 3@ -1 -3+
PX1a(k)

PXi1s

PXie

PX17

PX18

PX19

PX20
PX21(k)
PX22(k)
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Table A.10 (continued) The character table of P.

e

Ce‘,,g(i) Ca,l(i) C(,'g(i) 66'3(2-) 66,4(1') C7'0('L-) C7,1(’L')
px, (k) 1 1 1 1 1 ik ik
PXa (k) 1 1 1 1 1 i ik
i —i i —i i —i i —i i —i ik i ik ~i ik mi ik i
pxs(k,1) oLk + g F 0L + 5 0iF + 5 P 0iF + 5 P Qi 4ozt ket g glataik it ik it clatt)aik pil
Px4(k) .
pxs(k) | (@—= D@5 +05%)  qed — o —o™ qes™ — i — ol (a1 + o5 —pl — ek (g —1)¢iP ik
PXe
PX7(k)
a+1
Z PXs(k)
k=1
PXo (q—1)% —(g—1) —(¢g—1) (q—1)? 1
PX10 (q—1)% —(g—1) —(¢g—1) (q—1)? 1

pxi1 (k) [(@— D@8 + 057 —(a— D8 + 035 —(a— D8 + 05 (a— D25 +037) o + 3™

PX12
PX13
PX14(k)
PX1s @ —q . . —q
PX16 q(qg — 1) . . —-q
PX17 @ —q . . —q
PX18 @ —q . . —q
PX19
PX20
Pxa1(k)  |ala = D)5 +95) : : —a(e5" +3™")

PXaz (k)
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Table A.10 (continued) The character table of P.

cs,0(%) cg,1(1) c9,0(,7) c10,0(%) c10,1(%) c10,2(1%) c11,0(%) c11,1(%) c12,0(%)
px1 (k) 1 1 o 1 1 1 1 1 ¢
pXa (k) 1 1 ¢k -1 -1 -1 -1 -1 —(ik
pxs(k, 1) gk + Cg—ik gk + Cg—ik g}@ {‘l + C;ik<§k+l)j .
Pxa(k) —pe — o5 * R T e - A e S L AL
PXs5 (k)
PXe
PX7(k)
q+1
kZ:JI pxs(k)
PXog
PX10
PXi1 (k)
PX12 -1 -1 -1
PX13 -1 -1 -1
PX14(k) (@ = D@8 + 05 "™) (@ = V(08 + 05 ") —piF—pg "
PX1s g—1 -1 —(¢* —q) q g—1 -1
PX16 q—1 -1 q(q —1) —q —(g—1) 1
PX17 Q(*l)i - (*Ui *(*1)1
PX1s8 Q(*l)i - (*Ui *(*1)1
PX1o @ —q —q —(=D'q+ (-1’ (-1’
PX20 @ —q —q —(=D'q+ (-1’ (-1’
Pxa1 (k) (@ = DG+ ¢ =g ¢
PXa22(k) (@ — (e + 5™ —ales +05™) —(g— 1) +&57%) i 457"
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36 FRANK HIMSTEDT

Table A.11 Parametrization of the semisimple conjugacy classes of Q. (c is the
multiplicative inverse of ¢*> + q — 1 modulo (¢ —1)(q +1).)

Representative Parameters Number of Classes
hy := h(1,1,1,1) 1
hy = h(—1,1,—1,—1) 1
hs = h(1,—1,1,1) 1
ha(i) := h(&E, ¢, CH i=0,...,q—2;i#0, L q—3
hs(i) :==h(1,¢},1,1) i=0,...,q—2;i#0,%2 2
he(i) = h(@h, 1, 33, ¢4 ) i=0,...,4°+q;i#0 @ +q
i=0,. q372
2, .
he(i) := h(5, ¢1 G50, G317 i#(qfl)l,l:0,~~.,q2+q+1 - —q-3
ip 2
i=0,...,¢° =2
hs () = h(Cy, i, &8, 8870 i#(%fl)l,l:0,~~.,q2+q+1 - —q-3
R
i=0,...,¢°=2j=0,...,q—2
4 3 2 =
ho (4, ),h(cg, 3,3 ) i,j#0 M
i# (@ +q+1)l
orj#l, 1=0,...,9—2
i# (@ +q+ 1)l
orj#2l, 1l=0,...,q—2
i# 5+ (g 1), l:0,~~,q +q
i#£2+ (@1, 1=0,...,4°+q
hio(d) == h(1,&7*,1,1) i=0,...,q;i#0 %42 !
N (@@ tae . o
hugi)-—h(ug o i=0,...,¢"+¢*—q—2 X
ﬁgq +q+1))ci’ﬁgq +q )c'i.’ﬂé<1+1)cw) i # (g + 1)L, l:O,...,q?’—Q a 7§q+1
i#£ (-1, 1=0,...,q

Table A.12 The conjugacy classes of Q. (¢ € Fy is a non-square, a € F with
ad’ = a, a? # a. The parameters (i,b) for the classes of type c19, c1,12 run through
the sets Iy, Iy respectively, with |I| = %, || = q%l, ¢f. Section 4).

Notation | Representative |Col Fusion in ®D4(q)
c10 1 U ) c1,0
c1,1 Z3a+25(1) 2(¢* - 1) c1,1
C1,2 zg(1) QS(QB -1) C1,1
C1,3 Taa+s(1) qlo(q2 —1) C1,2
c14 Tatp(1) *(g—1) c1,2
C1,5 25(1)T20+5(1)T30+25(2) q8 C1,2
cL6 z5(1)z3a+5(1) (@ +q+1) 13
17 z5(1)22a+5(—1) 2¢° 1,3
1,8 Tats(1)T30+6(1) 2¢° 1,3

c1,9(i,0) | za(1)m2048(¢")w3018(b) | ¢° 1,3
€1,10 z5(1)T20+6(—C) 2¢° C1,4
1,11 Ta+8(1)T30+6(C) 2¢° 1,4

c112(i,b) | 2p(1)@2045(¢")T3018(b) | ¢° 1,4
€1,13 Ta(1)zats(a) q° 15
c1,14 To(D)zs(1) q* L6
2.0 ha (¢ = 1)(g—1) €2,0
2,1 hox3a+25(1) q'(¢* = 1) 2,1
€2,2 haxa(1) q*(g—1) C2,2
c2,3 hexa(1)x3at28(—1) 2¢* c2,3
2,4 ha%a(1)Z3a425(—C) 2¢" c2,4
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Table A.12 (continued) Conjugacy classes of Q.

Notation | Representative |Col Fusion in ®D4(q)
C3,0 h3 q4(q3 - 1)(‘12 -1) €2,0
€31 hszp(1) q'(¢> 1) C2,1
3,2 h3zoa+s(1) q‘(¢®—1) 2,2
€3,3 hsxp(1)z2ats(—1) | 2¢* 2,3
3,4 hszs(1)w2ass(—¢) | 2¢" 2,4
cao(i) | ha(d) ¢°(¢* = 1)(g—1) cs,0(7)
ca1(i) | ha(d)za(l) Q?(Q;— 1) c3,1(1)
cs0(i) | hs(d) (¢® —1)(qg—1) c3,0(1)
c5,1(1) | hs())T2a+5(1) *lg—1) c3,1(1)
ce0(i) | he(i) (@ = 1)(¢* - 1) ca0(i)
co,1(1) | he(i)zp(1) (q® - 1) ca,1(1)
co,2(1) | he(i)Tsa+26(1) *(q> = 1) ca,1(1)
cs,3(1) | he()zs()z30+5(1) qg(q2-+ q+1) ca,2(1)
cro(i) | he(d) a(¢®> = 1)(¢* = 1) | eso((d® +9q—1)i)
cra(i) | hr(d)zp(l) q(¢® - 1) 5.1 ((¢° +q— 1))
cgo(i) | hs(i) a(g®> = 1)(g - 1) cs,0(i)
cs,1(1) | hs(d)wzats(l) Q(fld -1 cs5,1(1)
Cg,o(i,j) h9(i7j) (q3 - 1)(q — 1) wao(ivj)
c10,0(3) | h1o(9) (@® - 1)(g+1) er,0(1)
c10,1(7) hio(t)z20+8(1) ¢*(g+1) cr,1(4)
ci1,0(8) | hai(d) (¢ =1)(g+1) cs,0(4)

Table A.13 Parametrization of the irreducible characters of Q.

Character | Parameters Number of Characters

Qx; (k) E=0,...,¢°—2 ¢ -1

QXq (k) E=0,...,¢°—2 ¢ -1
k=0,...,¢° -2

axz(k,1) 1=0,...,q—21#0 1(¢® - 1)(g-2)

Qx4 (k) k=0,...,q" +¢® —q—2 1q(¢® - 1)
kE#(g+1)m, m=0,...,¢° -2

QX5 (k) k=0,...,q—2 qg—1

QXg 1

QX7 1

QXs 1

QXg 1

QX190 1

QX11 1

QX112 1

QX3 1

QX14(F) k=0,...,q—2k#0,(g—1)/2 | (¢—3)/2

QX15 (k) k=0,...,q; k#0,(g+1)/2 (g—1)/2

QX16(k) k=0,...,¢° -2 ¢ -1

QX;7(k) k=0,...,4° +q @ +q+1

QX1 (k) k=0,1 2

QX1 (k) E=0,1 2

QXao (k) k=1,...,q—1 qg—1




Table A.14 The character table of Q. (In this table, zeros are replaced by dots.

The parameter ¢ € {1,

class of ¢ modulo 4 and is defined in Section 2. See Table 2.2 for notation for the irrational character values.)

—1} depends

on the residue

1.0 c1n 1.2 13 c1.4 c1s 16
ax, (k) 1 1 1 1 1 1 1
QXy (k) q q q q
ex;(k, 1) a+1 g+1 1 g+1 q+1 1 1
ax, (k) q—1 a—1 —1 q—1 a—1 -1 -1
axs (k) (a+1)(¢* - 1) (a—(g+1)(®+a+1) q® -1 (a+1)(¢® - 1) ®—q—1 -1 -1
aXg (¢ — 1> - 1) (@ —1)(® - 1) —(¢®—1) (@ -1 -1) @-D@-a-1) —(-1) -(¢® -1
aXq a(@®—1)(¢® - 1) a®> —1)(¢® — 1) alg® = 1)(¢® — 1) —a(g® — 1) .
QXs -4 -4 -4 ¢
QX a*(¢® - 1) q*(¢® — 1) : -q* .
QX10 3@+ 1)(¢° - 1) 3¢°(¢+1)(¢° - 1) 34°(¢® - 1) -3d®(@+1) 1@ -d%) 1P -1
QX1 3@+ 1)(¢° - 1) 3¢°(¢+1)(¢° - 1) 34°(¢° - 1) -4d®(@+1) 1P +d®) -3l -1
QX12 3¢*(a -1 - 1) 3a°(a—1)(¢° - 1) 3°(¢° - 1) -3d®(g—1) (@ +d*) 3@ -1)
QXis 1@ -1 - 1) 1@ - 1)(® - 1) 1% (¢’ - 1) -3d®(g—1) -3 -d) -3 -1
QX4 (k) @@+1)(®-1) (a=1(g+1)(¢" +q+1) -a®(g+1) @
Q@xy5(K) a—-1*® +q+1) @@-1%* +q+1) -a*(¢—1) —q°
@x6(F) ®(g—1)(g+1) —q° —a(¢® — 1) q alg+1)
@xy7(F) *a—1)%(q+1) -a*(g—1) alg—1)(g+1) —q —q(g+1)
é axys(F)| @®*(a—1)(a+1)(¢® - 1) -4*(¢® - 1) a(¢® — 1) —a(@®+1)  —a(@®+q+1)
éﬂcleg(k) (e =g+ 1(¢*> - 1) -¢*(¢® - 1) a(¢® — 1) —a(@®+1)  —a(@®+q+1)
Z: QXo0(k)| a—1)(¢® —1)(¢* - 1) —*(a—1)(* - 1) —a(¢® — 1) a(g® +1) a(®+q+1)

[*
oo
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Table A.14 (continued) The character table of Q.
c1,7 c1,8 c1,9(4, b) c1,10 c1,11 c1,12(4, b) c1,13 c1,14
ax, (k) 1 1 1 1 1 1 1 1
QX (k) q q q
Qx5(k, 1) 1 qg+1 1 1 qg+1 1 qg+1 1
Qx4 (k) —1 qg—1 —1 —1 qg—1 —1 qg—1 —1
Qx5 (k) q® -1 ¢ —q-1 -1 -1 ¢ —q—1 -1 —(¢+1) -1
QX —(¢® - 1) (a—1)(®—q—-1) —(¢® -1) —(¢® - 1) (a—1)(¢®—qg—1) —(¢® -1) (-1 1
QXr —a(¢® = 1) : —a(¢® — 1) : q
@Xs 6 (—1)ig? ey (—1)ig?
QXg
@X10 —54* + 34°9 —3* +3(-1'¢" -3¢ - 34% —5d* + 5(-1)'¢°
QX1 34° + 54% 1P+ (-1 1¢* — 34° 1P+ (-1
Q@X1a —3a* - 14% -3¢ - (-1 —3d°+ 1% —3a* = 3(-1)'¢
X1 Lg2 — Lg% 1g2 — 1(—1)ig? 1g2 + 1% 1g2 = 1(—1)ig?
axy4(k) q*s (-1)'¢® —¢°5 (-1)'q®
aXy5 (k) —q%s —(-1)'¢® q°s —(-1)'q®
@Xy6(F) alg+1) q q(g+1) —q(g—1) —q° —q(g—1)
axy7(k) —a(g+1) a*(g—1) —a(g+1) a(g—1) —a*(g—1) alg—1)
kionls(k) a@® —¢® —a—1) -4 —q(® +q+1) alg—1)(* +1) 'S —q(¢® —q+1)
Iéo@xlg(k) a® - —q—1) -q° —q(® +q+1) q(g—1)(¢> +1) s —q(®* —q+1)
qg—1
Z, @X20() —a(@® — > —q—1) —a*(g—1) a(@®+q+1) —a(g—1)(® +1) a*(g—1) a(@® —q+1)

6€ SANOYD ALITVIYL SOYHINIHLS A0 SdNOYDINS 'dVHVd A0 SHTIVL HHLOVYVHD



Table A.14 (continued) The character table of Q.

2.0 ot o .3 Ccos 3.0 s 3.2
ax, (k) (=¥ (—1)* (¥ (—1)¥ (—1)* 1 1 1
QXs (k) (¥ (—1)* (¥ (—1)¥ (—1)* q . q
e A I I C D A G DL C D L G DL C D R e DR C D L C D L C D o A (g+1)(-1)' (-1)! (a+D(-1)'
QX4(k) . . . . . (g—D)(-D)* —(—n* (g —1)(=D*
QX5 (k) (¢ = 1)(-1)* (¢® = 1)(-)* —(-n* —(-n* —(-1*
QX :
QX7 .
QXs (¢° - 1)8 (¢° - 1)8 -6
Q@Xo (¢° = 1)q6 —qd
QX1o 1@+ 1) -1 1@ -1 —3(g+1)
QX1 1@+ -1) 1@ -1 —5(g+1)
X1z -3@-1)(* -1 1@ -1 3@—1)
QXis -3@-1)(" -1 1@ -1 3(@—-1)
oX14(k) (@ =D(=D*g+1) (@ -D(DF —(=D*@g+1)
QXy5(k) . . . 8(¢° —1)(g— D(-1* —8(¢® — )(—1)* —(g — 1)s(—1)*
QX16(K) (g—1)(-D* —(-n* (g —1)(=D* —(-n* —(-n*
Q@X17(k)
éﬁ ax1s(k)| (¢ —1)(g—1) -(¢® -1 —(g—1) 1 1
kZ; aX1e(k)| —(a® = 1)(a—1) -1 q-1 -1 -1
Z:ngg(k)

(074
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Table A.14 (continued) The character table of Q.

c3,3 c3,4 ca,0(%)

Cq,1 (’L)

cs5,0(1) cs5,1(%)

Ce‘,’(] (’L)

Ce‘,,l(i)

66'2(1')

66'3(2-)

QXx, (k)
QXQ(k)
axs(k, 1)
Qx4 (k)
QX5 (k)
QXe

QX7
QXsg
QXg
QX110
QX11
QX112
QX13
Q@X14(K)
Q@X15(k)
Q@X16(k)
Q@X17(K)

5 oxas (k)
k=0

M-

Q@X19(k)

Q
Il
=0

. QXg0(k)

?.
Il

ik

1 1 i
ik

1

(-1
—(=1)¥

(-1’
—(=1* .
(¢® —1)¢P

1@ -1 -4+
(@®+1)

3@+ 1)

1@ -1 -4+

—(=n* —(-1*

s(—1)* s(—1)*

1
—3(q
_1

ik
1
ik
1

il+ik 2il+ik il+ik 2il+ik
Ci +1i + 411 +1i Ci —+1i + 411 +1i

ik
-1

1 1
1 1

i e—il i il
UG 14

(-1)'q® — (-1)°
(¢ = 1)(=1)*

(@ = 1)(C* + ™) —¢ik — ¢

Lpik
3
ik
993
(q+ 1)@k

(a—1)p;**

(a—DeiF(g+1)
(@— 1% (q+1)

ik
¥3

ik
®3

—ik
—03

(q—1)pi
—(g — k"

Lpik
3
ik
93
(g + 1)l

(- D)3 ™

ik
—¥3

—(g — D)k

ik
¥3

ik
¥3

—ik
—03

ik
—P3
ik
P3
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Table A.14 (continued) The character table of Q.

C7,U(Z')

cr,1(3, )

CS,U(i)

Csyl(i)

co,0(%, )

c10,0(%) c10,1(%)

c11,0(4)

x4 (k)
QXxy(k)

Qxs(k, 1)
Qx4 (k)
Qx5 (k)

QXe
QX7
QXsg
QXg
QX10
QX11
QX12
QX13
Q@x14(k)

QX1s5 k)

21k
3
chlk
(q+1)¢3*¢t!

24q-1)i
(q—l)Céq +q—1)ik

2ik
3

2ik ~il
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