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2 EN COURS DE REDACTION...

I. PROBLEM STATEMENT

The reconstruction of some physical properties of an object from the measurement of diffracted
waves is a common inverse scattering problem. We set the equations of this problem for the
case of electromagnetic waves, in a configuration where the measurement can be performed
around the object. However, one can find the same type of equations for acoustic waves and for
other configurations, for example in Eddy current nondestructive evaluation [1] and in seismic
geophysical exploration [2].

We consider an inhomogeneous object, embedded in a known homogeneous medium, illumi-
nated with a pure Transverse Magnetic (TM) plane wave, and we assume that the polarization
effects can be neglected. Moreover, to deal with a two-dimensional problem, we assume the
object to be homogeneous along one dimension. The waves satisfy the following scalar integral

equation [3], deduced from Maxwell’s equations:

b(r) = po(r) + /D K2G(r, v )z (e p(r')dr,

where ¢ and ¢y are respectively the total and the incident field and r denotes a position in R?.
The object is characterized by the complex relative contrast function z(r), called the "object"
hereafter, defined by x(r) = k%(r)/k3 — 1, where k?(r) is the spatially dependant wave number for
the inhomogeneous medium and kg is the wave number of the background homogeneous medium.
The wave number k(r) is related to the dielectric permittivity e(r) and the conductivity o(r)
of the object by: k%(r) = w?uq (e(r) + jo(r)/w), where ug is the magnetic permeability of
vacuum and the assumed time dependance is e?“t. The Green function G for the homogeneous
background medium is G(r,r') = %H(()]) (ko|r — 7'|) where H[(]]) is the first Hankel function of
zero order (other functions have to be used for non homogeneous background medium, e.g., for

stratified media. . .).

We consider an imaging system with the geometrical configuration depicted in Fig. (77).
The measurement sensors are located at points r; € Dy,i = 1...n,, where n, is the number
of sensors, distributed on a circle around the object. The investigated inhomogeneous object
is illuminated by a plane wave emitted from one sensor while the other sensors measure the
scattered field y. The source position is then relocated to another sensor and the operation is

repeated. The scattered field y at a measurement point r; € Dy, corresponding to an incident
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field ¢g, is given by the coupled equations:

ur) = [ KO e gt )ar, v e Dy (1)
o) = dolr)+ [ BGr )2l v e D, @

The first equation reflects the propagation of the wave from the source to the measurement area
D,;, while the second one corresponds to the propagation in the object area D,,.

The direct problem consists of calculating the measurements y(r;),r; € Dy, corresponding
to a given inhomogeneous object z(r),r € D,, for the chosen incident field and geometrical
configuration. The relation between the object x and the measurements y is nonlinear and
implicit but this forward problem is well posed. It cannot generally be solved analytically (except
for very particular cases), but several numerical methods can be used (e.g. [4]).

We choose to work within an algebraic framework, discretizing the equations (1-2) with a
moment method [5]. Consider ¢ € C" and x € C™ two column vectors corresponding to
the projection of ¢ and z onto a family of functions (¢;(r))ic(1...n,}:T € Do, known as "basis"

functions:

2(r) = Y m(r), o(r) = 3 b (r).
l

I

The discretized version of (1-2) are given by their projection respectively onto families of "test"

functions (o} ())ie(1..s,-7 € Du and (1)) ie(1..m). 7 € Do

i = o) E2p ()G (r,r") p(r)dr'dr,
wo= S [ [, B

¢ = (Po)k+ D md k2 (r")G (v, ') p () dr' doe.
k 0)k Xl:zz/DoDool k k

Therefore, the equations can be written formally:

= GuXa¢, (3)

¢ = ¢+ GoXo, (4)

where X is a diagonal matrix (n, X ny) with the components of the vector « as diagonal elements
and y € C™, ¢, € C" are vectors representing respectively the measured data and the incident
field on the object.

If the functions ¢y, p;’ and p}' are taken to be constant on small square patches, there exist

analytical expressions which approximates the elements of Go and Gy [2].
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4 EN COURS DE REDACTION...

From the algebraic equations (3-4) we obtained a symbolic explicit relation between the un-

knowns and the data. This can be done by rewriting (4):
o= GoX) ' ¢,

where the matrix (I — GpX) is assumed to be invertible. Reporting the total field ¢ on the

object in (3) gives us an explicit relation for the data y = A(x) with:
Alz) = GuX (I - GoX) ' ¢,. (5)

Note that the previous relations have been established for only one source location. However, they
remain valid in the case of ng sources, up to little changes in the notations (see App. A). In the
same way, changes in the notations allows to consider, when necessary, real values variables (see
App. B).

The inverse problem, which we are concerned with consist in determining the object & from
a given finite set of noisy data y. This problem is intrinsically ill-posed. Moreover, note that
we can have n, > ny X ng (number of unknown > number of data) so that the system of
algebraic equations is highly under-determined. Anyway, even if n, < ny X ng, the system is

ill-conditioned. Thus it has to be regularized to give a satisfactory solution.
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II. A BAYESIAN APPROACH

The Bayesian estimation provides a common framework to deal with inverse problems [6]. It
gives a coherent setting to regularize an ill-posed problem by introducing a priori information on
the solution to fill in the lack of information provided by the data. Such an approach has been
used mainly for linear problems. It will help us to define a regularized solution to the nonlinear
inverse problem of diffraction tomography, and to compare the different existing methods as
algorithms to compute this solution.

To estimate a set of parameters z from experimental data y, it uses Bayes’ rule to combine —

in the a posteriori law  information provided by the data and a priori information:

ply|z)p(x)
ply)

plzly) =
p(y | z) accounts for both the relation between the unknown z and the data y and the unavoidable
uncertainties on the data (errors on the model, discretization errors as well as measurement noise).
The a priori state of knowledge, that is before any measurement is carried on, is modeled through
the probability law p(x). p(y) is a normalization term which does not depend on the parameter z.
The posterior law gather all the information available on z and one can give an estimated
value to z considering a punctual estimator such as the mean value (posterior mean, PM), or
the maximum value (maximum a posteriori, MAP) of this probability law. The MAP estimate
is often chosen, as it transforms the estimation problem in an optimization one, and will be
considered in the following.
This general framework can be applied on many ways to the nonlinear problem of diffraction
tomography, according to the choice of each model. We model the errors on the measurement
with an additive, zero mean, white Gaussian circular noise, which seems to be reasonable in

lack of additionnal information. The choice of the prior law is a crucial point in the Bayesian

framework and is not the aim of this work. For convenience, we take the prior law of the form:

p(x) ccexp{—pU(z)},

with an energy function i/, and the choice of the energy function will be discussed in § II-C.
From these asumptions, we propose two formulations depending on the choice of the parameters

to estimate. In the first formulation, only the contrast function x is considered to be estimated

from the data, while in the second both x and the field in the object ¢ are considered to be

estimated.
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A. First formulation: Estimation of x.

This formulation is straightforward using the explict relation (5) relating the object & and the

data y. The solution is defined as the MAP estimate of x:

Tyap = arg m%xp(m ‘ y)7

which corresponds to the minimizer of the criterion:
Fuw (@) = [y — A(@)[> + A U(=). (6)

B. Second formulation: Joint estimation of € and ¢.

The solution is defined as the joint MAP estimate of  and ¢:

(CC, ¢)I\IAP = arg max p(wa ¢ ‘ y)
(,9)

)

Using Bayes’ rule, this joint posterior law can be written:

p(ylz, d)p(¢|x)p(x)
p(y) '

plz, ¢ ly) =

Using (3), with the considered error model, the first term of the numerator can be written:

ply|z.9) xcoxp{-ly - GuXg|’}.

The second term corresponds to the probability law of ¢ for a known x. As ¢ is the total
field in the object, it is uniquely determined, for a given x, by (4). So, if 6 denotes the Dirac

distribution:
p(@|z) =0(d — ¢y — GoX9). (7)
Finally, using these expression, the joint posterior probability law can be written:
pa,¢|y) cexp{ |y - GuX¢|> - AU(2)}6(d ¢y~ GoX¢).
So the joint MAP estimate of  and ¢ is the minimizer of the criterion:

e (@, @) = lly — GuX¢|” + A U(), (8)

subject to the constraint:

¢ — ¢y —GoXogp=0. (9)
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C. Modeling of prior information

The choice of the energy function ¢ is essential since it represents prior knowledge on the object
to reconstruct. Different considerations, such as energetic or entropic ones [7], [8], can play a
part in the modeling of prior information in the regularization theory. However, in this work,
we consider the more pragmatic Gibbs-Markov random fields representation, which is frequently
used in image processing. It is a flexible way to account for the locally correlated nature of
an image by setting probabilistic relationship between neighbor pixels. It leads to an energy

function U of the form:

Ux) =y Ve(e),
eeC
where C is the set of cliques associated to the chosen neighborhood system, and V, is a potential

function on the clique c¢. The first order neighbors of a site and the associated cliques are
illustrated on Fig. ??. The neighborhood and the potential functions should reflect the prior
information on the object.

Many markovian models, or equivalently many potential functions have been used in image
processing. Moreover some proposed regularization methods can be understood as Markovian
models. For example the classical zeroth order Tikhonov regularization corresponds to a Gaussian
prior model (U(x) = ||z||?) [6]. One major challenge, is to model an image with smooth areas
and discontinuity between the areas. It leads to convex energy functions (e.g. [9]) or, by modeling
implicit or explicit line processes, to nonconvex energy function (e.g. [10], [11], [12]). The choice
of such a function is not the goal of this paper and is in itself a wide research area.

Following the work of Bouman and Sauer [9], we chose the Generalized Gauss-Markov model,

with the potential function:
Ve(z) = |zj — x|, zj.zi€¢, 1 <p <2

For p near or equal 2, it severely penalizes large differences between the values of the neighbors
and is useful to reconstruct smoothly varying images. On the other hand, for p near to 1, it
penalizes less such differences and could be used to reconstruct objects with sharp transitions.
The cliques are taken of first order on horizontal and vertical adjacent pixels. However, all the
following development can be made for any other convex energy function U.

The Generalized Gauss-Markov model has been introduced for real value variables and has to

be adapted in our case to the complex nature of the variables. In our problem, the real and the
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imaginary parts of the object have distinct physical interpretations (respectively the permittivity
and the conductivity). For simplicity, we will consider these two parts to be independent and

identically distributed. The corresponding energy function can be written:
Uc(e) = Ur(Riz}) + Ur(Z{z}),

where UR is the energy function of the Generalized Gauss-Markov model for real value variables.

It should be more realistic to introduce correlation between the real and imaginary parts or
more precisely on the discontinuity in these variables, as a discontinuity corresponds to a change
in the medium, thus to a simultaneous change of the permittivity and the conductivity of the
contrast function. However, such a choice, is not the subject of this paper.... and

the following is valid for any convex energy function .

D. A calculation challenge

We defined the solution, in the first formulation, as the maximum a posteriori estimate of
the contrast function @, or equivalently as the minimizer of the criterion Jy,p- In the second
formulation, the solution is defined as the joint MAP estimate of the contrast function & and
the field in the object ¢, or equivalently as the joint minimizer of Jp, with respect to & and
¢, satisfying the constraint (9). These two distinct formulations are equivalent in the sense they
define the same solution (in «). However, one may think to use different techniques to solve
them.

Due to the non-linearity of A, the data term of Jy.p is not quadratic with respect to & and
it is easy to show that it is not convex. Similarly, the data term of [J).p is globally noncon-
vex, however, thanks to the bilinearity of Eq. (3), it is convex with respect to each variable x
and ¢. Due to non-convexity, these criteria may have local minima, even with convex energy
functions . We illustrated this by plotting on Fig. ?? the criterion Jy,p in two dimensions.
This is not, of course, a proof of existence of local minima but it suggest that minimizing such
a criterion may be a cumbersome task. Moreover, on some simulation examples, minimizing
the criterion Jy,» with a gradient descent technique, such local minima has been reached (lo-
cal minimization of Jy,p under constraint (9) also leads to such a minima). From simulation
experiments, the emergence of such local minima is closely linked to the difficulty of the configu-
ration, for example when the contrast is high, when the number of data is very limited or when

the data are very noisy. to illustrate this, ... trace de l’erreur de reconstruction
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en fonction de la valeur du contraste, Figure these p43 Thus, in this configurations,
the minimization of Jy,p and Jyuap should be performed with a global optimization algorithm.
However, the problem seems to be less difficult in more favorable configurations.

A large number of methods have been proposed to solve the nonlinear diffraction tomography

problem. We propose a classification of most of these methods in terms of algorithm to compute
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III. SUCCESSIVE LINEARIZATIONS

A natural idea, when dealing with non linear problems, is to try to account for a linear ap-
proximation of its equations. Various linear approximations have been proposed for this inverse
scattering problem, among which the well known Born and Rytov approximations. Many meth-
ods have been proposed to solve the resulting linear inverse problem, and the limitations of these
approximations has been studied has well.

The next idea, is to successively linearize the equations, to transform a nonlinear problem in a
sequence of linear ones. For nonlinear inverse problems [13], it leads to consider at each iteration
n, a linear approximation of the direct model "near" the current solution x,,, : y ~ A,x, and to
solve the corresponding linear inverse problem. Once again, various methods have been proposed
for the inverse scattering problem, from various considerations on the field equations.

Before studying some of these successive linearizations methods, such as the Born Iterative
Method, the Distorted Born Iterative Method, and the Newton Kantorovitch method, we will
first recall the classical linear approximations. Then we will study the solutions given by these
methods in the considered Bayesian framework. Resulting of this study, we propose a coherent

successive linearizations algorithm to compute the MAP estimate of the contrast function x.

A. Born and first order approximations

The Born approximation considers the diffraction to be weak in the object, substituting ¢ by

¢o in Eq. (1), resulting to a linear model:

ur) = [ K6 )a(r)do(r)dr', 1, € Du.

In the considered algebraic framework, this relation corresponds to the first order Taylor series

expansion! of A(z) near z = 0 (see Append. C):
y = Agz + O(z?),

with Ag = G ®g, where @ is the diagonal matrix corresponding to ¢,.

As the Born approximation is a first order approximation on the modulus of ¢, the Rytov
approximation corresponds to a first order approximation on the complex phase of ¢.

The distorted wave Born and distorted wave Rytov approximations are Born or Rytov like
approximations which consider the object z as a small perturbation dz to a known (and possibly

'One should use the real valued notation of App. B to properly use the notion of Taylor series expansion.
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strongly scattering) background object 1. For example, the distorted wave Born approximation
corresponds to the Born approximation in which the Green function G; accounts for the known
inhomogeneous background medium, and the incident field ¢q is substituted by the total field ¢,

corresponding to z;:
yr) = [ K3Girir)oar)n (v, v € Dy
" O

The inverse scattering problem has been considered under the Born or other first order ap-
proximations for a long time and many solutions have been proposed. These methods will not
be described hereafter has the inverse problem is linear under such an assumption, and linear in-
verse problems, while still of interest, have been extensively studied in the literature. Note that,
accounting for the Born approximation, the considered Bayesian framework leads to minimize

the criterion :

Jo(@) = lly — Aoz ||* + N (),

which corresponds to a convex (if the energy function U is convex) approximation of the crite-
rion Jysp near & = 0. This criterion is unimodal and its minimization can be performed easily,
for example with a first order descent technique.

However, it has been shown [14] that these first order approximation fails for large size scatter-
ers or large contrast (with less restrictive conditions for the Rytov than the Born approximation),
which is unacceptable for many practical applications. Thus, one has to go beyond these approx-

imations.

B. The Born Iterative Method
B.1 Presentation of the BIM

In [15], inspired by the work of Johnson and Tracy in 1-D [16], Wang and Chew proposed to
solve successively and independently each of the coupled equations (3-4). The so called Born

Iterative Method (BIM), consists in solving iteratively each of these equations:

1. Equation (3), using a Born type approximation, allows to compute z,; for a know field
on the object ¢, (¢ can be initialized with the incidental field ¢g).

2. Equation (4) allows to update the total field ¢, 11 corresponding to the new object z,41.
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Note that the first step corresponds to solve a linear inverse problem, which can be written in

the considered algebraic framework:
y =AMz, with AL™ = Gu®,,

where @, is the diagonal matrix corresponding to the field on the object for the given x,:
¢, = (I = GoXy) ' ¢y

A Tikhonov regularization is used in [15]| to regularized each of these problems.

The convergence of the BIM is not guaranteed. However, it has given good practical results,

even in cases when the Born approximation is not valid [15], and it has inspired numerous works

(e.g |17], [18], [19], [20]).

B.2 Analysis of the BIM in the Bayesian framework

In the Bayesian framework, the MAP estimate of x leads to compute the minimizer of crite-
rion Jyp- It is interesting to analyze the BIM in terms of ability to compute this solution.

As the tikhonov regularization define the solution of a linear inverse problem y = Ax as the
minimizer of J(z) = ||y — Az||? +\||z||?, the algorithm corresponding to the BIM can be written
on the following way:

TABLE 1

THE BORN ITERATIVE METHOD

Set n = 0. Initialize x.
1. Compute the field ¢, corresponding to the object @, (e.g., with ¢, =
(I —GoX,) ' ¢y), and the matrix AP™ = Gy ®,,.
2. Compute x4 = arg n}én TP (x) with TP (z) = |ly — APz |? + \U(z).

Iterate for n on steps 1. and 2. until convergence.

The original BIM corresponding to the particular case U(x) = ||z||* and zy = 0.

So, the analysis of BIM in terms of minimization of Jp is straightforward. At each itera-
tion, the criterion Jy,p is approximated locally by the convex (if the energy function U(x) is
convex) criterion J,™, with 7)™ (@) = Juar(2,) (indeed A(x,) = A}™x). Such a scheme

is illustrated in 1-D on Fig. ITI-B.2.
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Fig. 1. 1-D illustration of the minimization of Jyap using the Born Iterative Method (BIM).

Theoretically, there is no guarantee that this algorithm converges toward a stationary point.

Moreover, when it converges towards & :
Zoo = argmin { [y — GuX (I - GoXw) 'y + Ml(20)) }

the gradient of J,,p at this point does not necessarily vanishes so that x., does not corresponds
to a minimum, even local, of the criterion J,» Thus the BIM is not a satisfactory algorithm to

compute Typ.

C. The Distorted Born Iterative Method

The distorted Born iterative method [17] is based on a scheme similar to the BIM, using the
Distorted wave Born approximation. At each iteration, an inhomogeneity dz has to be computed,
from a known inhomogeneous background medium with contrast x,, with corresponding Green
function G, and incident field ¢,. Then, the Green function G, and the field on the object
¢n+1 have to be updated for the current inhomogeneous medium z, 11 = x, +dx. (The equations
will not be detailed hereafter.) Once again, the first step corresponds to solve a linear inverse

problem and a Tikhonov regularization is used in [17| to compute Jz.
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The convergence of the DBIM is not guaranteed, furthermore, it has been shown in [17] to
diverge in some situations when the BIM was converging. However, the DBIM is still of interest

in recent works (e.g., [21]).

D. The Newton-Kantorovitch Method
D.1 Presentation of the NKM

The Born Iterative and Distorted Born iterative methods are specific to the modeling of the
direct problem with the coupled equations (3-4). On the other hand, the Newton-Kantorovitch
Method [22] (NKM) is a successive linearizations method suitable for every nonlinear inverse
problems. To solve nonlinear equations y = A(z), an iterative scheme is introduced, initialized
to xg, whose iteration consists of computing the variation dx added to z,, so that y = A(x,, +dx).
As dz is assumed to be small, A(z, + dx) is linearized, for each iteration, leading to the linear
problem: y — A(z,) = A0z, where A, is the Fréchet’ derivative of A. Of course, the convergence
of such a scheme is not guaranteed.

The NKM has been applied to the concerned problem in [23], using a Tikhonov regularization
to compute dz. The considered linear approximation of A can be written in the algebraic

framework:
Az, + 6x) = AXM (2, + 2),  with® AN = Gu(I — X,Go) ' @,

which corresponds to the first order Taylor series expansion of A (see Append. C). This approx-
imation has been proven to be equivalent to the DBIM one [24], so that the NKM and the DBIM
are equivalent for this problem and only the NKM will be considered hereafter (as it is more
general). Compared to the BIM, it can be shown that NKM performs a "better" approximation
of A than BIM as AP™ corresponds to a zeroth order approximation of (I — Goz) ' in the

calculation of the first order Taylor series expansion of A (see Append. C).

D.2 Analysis of the DBIM and NKM in the Bayesian framework

Once again, it is interesting to analyze the NKM (or equivalently the DBIM) as algorithms to
compute the MAP estimate of x. solution.

The algorithms can be written: where the DBIM of [17] and NKM of |23] corresponds to the

*The Fréchet derivative is a generalization of gradient to the infinite dimension space.
30r equivalently AN™ = G\ [I + Xn(I— GOXn)flGO] ®,,, which can be verified calculating their product.
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TABLE II

THE DISTORTED BORN ITERATIVE METHOD AND THE NEWTON-KANTOROVITCH METHOD

Set n = 0. Initialize xy.
1. Compute the field ¢, corresponding to the object =, (e.g., with ¢, =
(I - GoX,) ' ¢y), and the matrix AYN = G\ (I — X,,Go) ' ®,.
2. Compute @, 11 = ¢, + dx with dz = arg I?;:n = J, "M (0x), and
jh\n(l\[(ém) — ”y _ .A(a}n) _ A;\;KM5$H2 + )\U(5$)

Iterate for n on steps 1. and 2. until convergence.

particular case U(x) = ||z||? and z¢ = 0.

The analysis of such an algorithm in terms of minimization of Jy,p is not straightforward
because the penalization terms U operate on the variation dx and not on . Everything happen
as if each linear inverse problem was regularized independently, without accounting for the fact
that they derive from a nonlinear one.

However, this viewpoint allows us to understand the paradox of the DBIM divergence. Indeed,
it was noticed in [17| that the DBIM can diverge in configurations where the BIM was still
converging. This seems to be contradictory with the fact that the DBIM considers a better
approximation of A than the BIM. However, one may now understand that this unlikely behavior
is due to the regularization term in the BIM which only stabilize each linear inverse problem and
does not regularize the nonlinear one as a whole. It has been proposed in [23]| to account for an
adaptative scheme of the regularization parameter A in the NKM, to overcome such a behavior,

and recently, a Modified DBIM as been proposed [21], with the same goal.

E. A Successive linearizations algorithm to minimize Jyap

From the previous analyze of BIM, DBIM and NKM in terms of minimization of the criterion
Juap, it appears that none of this methods is satisfactory both in terms of linear approximation
and regularization of the nonlinear inverse problem. So it is natural to propose a successive
linearizations algorithm (SLA) specifically designed to minimize Jy,p, that is to compute the
MAP estimate of the object. At a given step, the first order Taylor series expansion of the

operator A, is taken into account to linearily approximate the direct model in the MAP criterion:
A@) = A(@n) + AT @ — @0) + O (2 2,)?) with AJ =AY, (10)
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This leads to the following algorithm:
TABLE III

THE PROPOSED SUCCESSIVE LINEARIZATION ALGORITHM TO MINIMISE Jyap

Set n = 0. Initialize x.
1. Compute the field ¢,, and the matrix A} corresponding to the linear approximation
of A in the neighborhood of the current solution a,.
2. Compute 41 = arg min TN (x) with
TN (@) = ly — Al@n) — AP M@ — @) |2 + AU (2).

Iterate for n on steps 1. and 2. until convergence.

At each iteration, the criterion Jy,p is approximated locally by a convex (if U () is convex)
criterion J5"* having the same value for x,, and  due to the first order Taylor series expansion
the same slope at this point (see Append. D). Such a scheme is illustrated in 1-D on Fig. III-E.

As the for BIM, the DBIM and the NKM, there is no guarantee for this algorithm to converge
towards a stationary point and the possible convergence depends on the initialization. However,
when the SLA converges towards a solution &, it corresponds to a stationnary point of Jy.p,
because J has a null gradient at &, and could hopefully be a minimum, at least local of Jy.p.

One can imagine improving such an algorithm using a second order Taylor series expansion
of Jusr at each iteration, instead of a first order approximation of A. However, as Jy.p is not
convex, such an approximation may not be convex, and may even be concave in some directions,

which will produce the divergence of the resulting algorithm.

F. Simulation results for successive linearizations methods

(Peut etre parler des resultats de simulations : critere non convexe, pas remarquel]
de convergence vers des points selles, soit convergence vers le min dans des configurations]]
favorables pour lesquelles il n’y a pas de min loc, soit divergence ou convergencel]
vers une solution ininteressante pour des configurations difficiles). parler duf]

cout de calcul, et de la possibilite de reduire ce cout (fft)...
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SLA
‘7 L7I\IA P

Fig. 2. 1-D illustration of the minimization of Jyap using proposed the Successive Linearizations Algo-

rithm (SLA).
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IV. JOINT CONTRAST AND FIELD COMPUTATION

Several proposed methods [25], [26], [27] tries to solve this inverse scattering problem com-
puting simultaneously the contrast & and the field in the object ¢, from the measured field y.
The solution is defined as the minimizer of criteria which account for errors on both coupled
equations (3-4).

We first briefly present these methods, insisting on their differences. Then we propose a
Bayesian interpretation of these methods from the joint formulation of § II-B, (which leads to
solve a constrained optimization problem). We establish links between these methods and the
computation of the MAP estimate of the contrast function. These links allow us to indicate
a coherent way to introduce regularization in these methods, and to analyze their solutions.
Finaly, we propose to use a Lagrange multiplier algorithm to solve the constrained optimization

problem.

A. Ezisting methods

These methods define the solution as the contrast & and the field in the object ¢, which jointly

minimize a criterion of generic form:
F(z.¢) = ly — GuX¢|’ + o ll¢ — ¢ - GoX|" + \U(w, §). (11)

Such a definition is very easy to understand intuitively: it corresponds to jointly minimizing the
errors on (3) and (4) and, as the problem is ill-posed, a regularizing penalization term on the
unknowns is added.

The proposed methods differ on several points:

e Different values has been proposed for parameter «. In [25|, this parameter is fixed to
normalize the errors on both equations for ¢ = 0: a = |y||?/|¢,l|?, while it is fixed to 1
in [26].

e Differences appear on the regularizing term.

— First, no regularization was introduced |25], [26].

— Then, it has been proposed to regularize both on  and ¢, with an energy function
Uz, ¢) [27], [28].

— Finally, a single regularization term on & was accounted for [29], [30].

e The methods also differ in the techniques used to compute the solution. Usual gradient type
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local minimization techniques have been used [26], [28] as well as local techniques specially
designed for such a criterion [25] and global minimization techniques such as Simulated

Annealing [29].

Note that such a method never requires solution of the direct problem — which was one of their
main objectives  so it is of relative low computation cost. On the other hand, the number of
unknown is multiplied by ng + 1, as the object x and the field in the object for each incident

wave have to be determinate.

B. Bayesian viewpoint

Recall from § II-B that joint estimation of  and ¢ leads to minimize Jy,p of Eq. (8) subject
to constraint (9). In this framework, criterion (11) can be understood as the Lagrangian — with
a fixed Lagrange parameter o  of this constrained optimization problem (for a scalar constraint:
| — ¢y — GoX¢||* = 0); or has a penalization of Jyp with the error on the constraint. In
both cases, the choice of parameter « is important: on one hand, the value of a should be
high enough to enforce the constraint; on the other hand, the criterion may become numerically
insensitive to the data if « is too high. Note that « has been fixed intuitively in the different
methods.

Moreover, this viewpoint gives indications for regularizing such a criterion with an energy
function U(x). Using Bayes rule for the considered model of errors on measurements, we can see
from Eq. (II-B) that there is no need to introduce prior model on ¢.

Another Bayesian interpretation of this criterion has been given in [29]. It has been proposed
to account for additive Gaussian models for errors on Eq. (4), so that the joint MAP estimate

of  and ¢ minimizes a criterion of form (11). That for, the authors "assumed that":

p(@|@) cexp{|p— ¢~ GoXo|*}.

However, it can be shown [31]| that to account for such a relation, the error on Eq. (4) should
be zero mean circular Gaussian — conditionally to the knowledge of & — with covariance matrix*:
Co =03 [(I - GoX)I(I - GoX)] .

This seems to be a very strong and unjustified hypothesis as it considers a particular correlation
between the errors and the unknowns.

4Up to an abuse in notation for complex valued variables.
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Whatever their interpretation may be, none of these methods try to compute the MAP estimate
has defined in § TI-B, but to jointly minimze criterion (11). However, it is easy to show that
if (z, ¢) is a local minimum of (6) and that constraint (9) is satisfied, then & corresponds to a
stationnary point of the unconstrained criterion Jy.p, and is a serious candidate to be the MAP
estimate. But nothing special is performed to satisfy te constraint, that is why we propose to

use a Lagrange multiplier algorithm to solve this constrained optimization problem.

C. Lagrange multiplier algorithm

This algorithm is an application of the method of multipliers |32] — which is based on the
augmented Lagrangian — and consists of a synthesis of Lagrangian and penalyzing methods
(see [32] for a general presentation of the algorithm and for some indications on the values of the

different parameters.)

This leads to the following algorithm ° [31]:

TABLE IV

THE PROPOSED LAGRANGE MULTIPLIER ALGORITHM TO MINIMISE Jjvap UNDER CONSTRAINT.

Initialize n = 0, uy = 0, ap.
1. Compute (xp,¢,) minimizing the augmented Lagrangian: L, ((z, @), p,) = |y —
GuX@|” + p;, (¢ — ¢y — GoX ) + anlld — ¢y — Go X ¢|* + N (z);
2. Update parameters: ap41 = Boy, (6 fixed) and p,, 1 = p, + an(¢p — ¢y — Go X ).

Iterate for n on steps 1. and 2. until convergence.

We used a gradient descent technique to perform the minimization of the augmented La-
grangian, so the reached minimum at each step is only a local minimum, (the user’s prefered
local minimization algorithm could be used). Such an algorithm, when converges, guarantees to
reach a local minimum of (8) which verifies the constraint (9), but unfortunately, the conver-
gence is not guaranteed. However, the first step of this algorithm corresponds to the minimization
of (11), and the use of additional iterations has been shown on simulations to decrease the error

on the constraint and to improve the solution.

"For simplicity of presentation, we present the algorithm in the case of the real valued variables notation of

App. B.
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D. Simulation results for joint Contrast and field computation methods

Amelioration de 1’algo des multiplicateurs de Lagrange: Valeur du critere, erreur]

sur la contriantes, erreur sur 1l’objet: figure et tableau. Parler du cout de calcul.l}
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V. DIRECT MINIMIZATION OF Jyup

Various authors proposed to minimize the least square criterion, possibly taking into account
a regularization term (e.g. [33], [34], [35]); which correspond to directly minimize the MAP
criterion (6). The computation of this criterion is very expensive as it requires solution of the

direct problem. Thus, two cases should be distinguished:

e In easy configurations, when Jysp even nonconvex seems to have a unique minimum,
a local optimization technique could be used [34], [35]. However, we have shown that in
this case the solution can be computed using a less computationally expensive successive
linearizations algorithm (SLA § III-E) or a Lagrange multipliers algorithm (LMA § IV-C);
so one should avoid minimizing directly the MAP criterion.

e In difficult configurations, when local minima exist, the previously studied methods of § III
and § IV fail. In this case, a global optimization technique could be used to minimize Jy,p.
Simulated Annealing has been used in [33], but such a technique is practically inextricable
because of the high computation cost of the criterion and the large support of the operator A.
Instead, we proposed two less expensive deterministic algorithms to try to reach the global
minimum:

— The first algorithm [36], is based on a Graduated Non Convexity (GNC) relaxation scheme.

— The second one [37] is an Iterated Conditional Mode (ICM) algorithm which performs the

minimization by iteratively updating each pixel of the object.

These algorithms will not be detailed hereafter, but their major principles will be explained.

A. GNC-based algorithm

The GNC principle is quite simple [12]. To compute the global minimum of a criterion
J, it consists of building a sequence of criteria {7 "“},, simply converging toward it (i.e.,
limy, 500 ToV(2) = J(x),Ve), such that the first of these criteria J;™° is convex. Then, a
local optimization of each criteria 7, is performed in the neighborhood of the solution x,,_;
corresponding to the minimum of the previous criterion J<"y. To compare with the successive
local approximations algorithm of § IIT (see Fig. (III-B.2) and (III-E)) such an algorithm can be
qualified of successive global approximations, as illustrated on Fig. V-A. There is no convergence
guarantee of a GNC algorithm towards the global minimum, but at least a guarantee to reach a

local minimum which do not depend on the initialization. However, such an algorithm has given
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Fig. 3. 1-D illustration of the minimization of a criterion J using a Graduated Non Convexity (GNC)

relaxation scheme.

very interesting results in denoising and segmentation [12| and for various linear inverse problem
(e.g-, [38]).

Unfortunately, no indication is given to build the relaxation sequence {7 "},,. In our case — in
opposition to the previous applications for which the non-convexity is provided by a nonconvex
penalyzing term of the criterion — the regularizing term is convex and the non-convexity of the
criterion is due to the non-linearity of the direct problem. So we proposed [36] to operate on this

non-linearity to introduce the following sequence of criteria:
T (@) = lly — A7 ()| + (=),

with

AN () = GuX (I — 1,Go X)Ly,

where {r,} is a sequence of real relaxation parameters such that ro = 0, and lim,_,» 7, =1 (in
practice, a finite number of iterations nmay is fixed and 7y, = 1.) This leads to the following

algorithm:
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TABLE V

THE PROPOSED GNC BASED ALGORITHM TO MINIMISE Jyap

Initialisation n =0, r9g =0,z _1.
Compute ,,, local minimum of J¢(z) = ||y — An(2)||?> + M4 (z) in the neigborhood
of &, 1, with A,(z) = GuX (I — r1,GoX) ¢,

Iteration for n = 1,2... nmax.

Note that for ry = 0, operator A{"® correspond to the (linear) Born approximation of the
direct problem (see § III-A) and the criterion J5™°, is convex.

Parler du cout de calcul, illustration du schema de relaxation sur le critere,jj

resultats satisfaisants, meme quand minimum global

B. ICM algorithm

The second one is an Iterated Conditional Mode (ICM) algorithm which performs the mini-
mization by iteratively updating each pixel of the object. Such an algorithm can be efficiently
implemented [37] using special properties of the criterion (6).

None of these algorithms are guaranteed to converge towards the global minimum but both
have given satisfactory results in configurations where a gradient type algorithm gets stuck in a

local minimum.
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APPENDIX
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A. DIRECT PROBLEM MODEL IN THE MULTI-SOURCES CASE.

To take into account all the measurements at the same time, we can consider the matrices y =
[y v?....y"], 0= [¢". 0% ...,0™] and ¢y = [Py, B, -- .. Py ] , where yi, ¢ and @) are respectively
the measurements, the total and the incident field on the scatterer, corresponding to the i*M illumination,
and ns is the number of sources. Therefore, y is an ny X ns matrix and ¢, ¢, are no x ng. It is interesting
to notice that for the chosen configuration, and with the taken notations, the relations verified by the
matrices y, ¢ and ¢, are strictly the same as those verified in the unique source case, that is Eq. (3 4).
Thus, we do not have to differentiate between the cases of a unique or multi-sources for the considered
direct model.

However, to solve the inverse problem, the notations used in this paper have to be extended in the

multi-sources case:

« We use the usual L, norm on the vectors y: [ly[|> = >, |y;|?. In the multi-source case, the norm we

apply on matrix y has to be understood as: [Jy||> = Y., ||ly’||> where y’ is the it" column of y.

 In the multisource case ¢ and ¢, are no xng matrices. Thus we can not define corresponding diagonal
matrices ® and ®y. However, we can keep this notation for sake of simplicity, reminding that the
product ®x (resp. ®ox) can be calculated with X ¢, (resp. X ¢,).

B. REAL VALUED VARIABLE NOTATIONS

Some quantites manipulated in this paper are only defined for real valued functions of real value
variables. A simple extension of the notations allows to carry on with Eq. (3—4) in this real values case.

That for, consider vectors:

I R N N O P T

S{z} S{y} S{o} S{o}

and matrices:

| Rxy (x| & | ®{Go) -3{Go) | G o | ®iGu) -S{Gu} |
| s{x}  w{xy |’ | 3{Go}  ®{Go} | | s{Gu}  R{Gu} |

C. FIRST ORDER TAYLOR SERIES EXPANSION OF THE OPERATOR A

We have to calculate the first order Taylor series expansion® of the operator A at x ~ x,,:
A(x) = A(z,) + VA(z,) (T — 20) + O (T — 2,)?) -
That is to calculate the matrix A)"* = V.A(x,) such that for small §z:

Az, + 6x) = A(z,) + A} 0z + O ((62)°) |

5The real valued notation is considered in the following.
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from the relation:

A(x, +6x) = Gp(X +6X) [I — Go (X, +0X)] ' ¢, (12)

An elegant manner to get further in this development and to calculate the first order approximation of

the matrix [I — Go(X, + 6X)] " is to use the matrix inversion lemma:
(P+QRS)'=P ' -P 'QR '+SP'Q)'SP',
where the indicated inverses exist. We take P = (I — GpX,), Q = —Gg, R=1 and S = §X; then
(I -GoX,) - GodX] ' =(I-GoX,)
+(I - GoX,) 'Go [T-6X(I - GoX,) 'Gol  6X(I-GoX,) ',
which can simply be approximated to first order with:
(I -GoX,)—GodX)] ' =T -GoX,) ' [I+GodX(I -GoX,) '] +0(0z)). (13)
A first order approximation of A(x,, + dx) can then be written as:

Alz, +0z) = Gu(X,+6X)I-GoX,) ' [I+GoéXI-GoX,) '] ¢+ O ((6z)%)
= Alx,) +GudX(I - GoX,) "¢,

+GuXn(I — GoXn) 'GodX (I — GoXn) L + O ((62)?)

Note that if instead of (13), only the matrix (I — GpX,) ! is taken into account (zeroth order
approximation), the approximation of A(x, + dx) turns to the approximation taken into account in the
BIM.

If ¢, = (I — GoX,) ‘¢, denotes the field on the object for the given x,, and @, its associated

diagonal matrix , A>"* can be written
AN =Gy [T+ X,I-GpX,) 'Go| ®,.

Note that at ¢ = 0, A;"* = G\ ®o, thus A(x) ~ G\ Pox, for small  which is equivalent to the Born

approximation (strictly speaking: taking ¢ = ¢y instead of Eq. (2), see § (ITI-A))).

D. GRADIENT OF THE MAP AND OF THE SUCCESSIVE LINEARIZATIONS CRITERIA

The criterion to minimize at each step in the successive linearizations method is:
T @) = [ly — Alzn) — A (@ — 20) 1P + N ().
Its gradient can be expressed:
VI M x) = —2(A0Y) (y — Almy) — ANz — x)) + AVU(2).
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Thus, at * = x,:

VT, Man) = —2(A40") (y — Alxn)) + AVU(z,).

At x = x,, the gradient of the MAP criterion JM AP is:
Ve (@n) = =2(VA@n)) (y — Al@n)) + AVU(Tn).
By construction of A" (see Eq. (10): A)"* = VA(x,), then we have
Ve (@n) = VI (@),

and the two criteria have the same value and the same slope for x = x,,.
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