
THE FACTOR OF A SUBDIRECTLY IRREDUCIBLEALGEBRA THROUGH ITS MONOLITHJAROSLAV JE�ZEK AND TOM�A�S KEPKAAbstract. A nontrivial algebra with at least one at least binary op-eration is isomorphic to the factor of a subdirectly irreducible algebrathrough its monolith if and only if the intersection of all its ideals isnonempty. 0. IntroductionSubdirectly irreducible algebras play a very important role in many as-pects of universal algebra. It is well known that every algebra of a signaturecontaining at least one at least binary operation symbol can be embed-ded into a subdirectly irreducible one. It stands as a contrast to this factthat (for an arbitrary signature) there exist algebras that are not homo-morphic images of any subdirectly irreducible algebra. The investigation ofhomomorphic images of subdirectly irreducible algebras was started in thepapers [1], [2] and [3]. The purpose of the present paper is to characterizesuch homomorphic images and, in particular, to �nd a necessary and su�-cient condition for an algebra to be isomorphic to the factor of a subdirectlyirreducible algebra through its monolith. However, we will succeed onlyin the case of a signature containing at least one at least binary operationsymbol. In Section 2 we prove that an algebra A of such a rich signatureis ! a homomorphic image of a subdirectly irreducible algebra if and only ifthe intersection of all ideals of A is nonempty. In Section 3 we modify theconstruction to obtain the subdirectly irreducible algebra �nite, given thatA is �nite. Finally, in Section 4, we formulate some remarks related to theremaining case of a signature containing only unary symbols.For the necessary background of universal algebra, the reader is referredto [4]. 1. PreliminariesBy a subdirectly irreducible algebra we mean an algebra A such thatthere exists the least congruence among its nonidentical congruences; this1991 Mathematics Subject Classi�cation. 08B26.Key words and phrases. Subdirectly irreducible algebra.While working on this paper, the authors were supported by the Grant Agency of theCzech Republic, grant 201/99/0263 and by the institutional granr MSM113200007.1



2 JAROSLAV JE�ZEK AND TOM�A�S KEPKAcongruence is then called the monolith of A. Of course, A is then necessarilynontrivial, i.e., of cardinality at least 2.By an ideal of an algebra A we will mean a nonempty subset I such thatF (a1; : : : ; ak) 2 I whenever F is a k-ary fundamental operation of A anda1; : : : ; ak 2 A are elements with ai 2 I for at least one index i. Clearly, ifI is an ideal of A, then the relation idA [(I � I) is a congruence of A.1.1. Proposition. Let A be an algebra of a signature �. The intersectionof any nonempty family of ideals of A is either empty or an ideal of A. If� is rich (i.e., contains at least one at least binary operation symbol) thenthe intersection of any �nite nonempty family of ideals of A is nonempty.In particular, if � is rich and A is �nite, then the intersection of all idealsof A is nonempty.Proof. It is easy.1.2. Proposition. Let A be a subdirectly irreducible algebra of a rich sig-nature. Then the intersection of all ideals of A is nonempty.Proof. It is easy.1.3. Proposition. Let f be a homomorphism of an algebra A onto an al-gebra B. Denote by I the intersection of all ideals of A and by J the inter-section of all ideals of B. Then f(I) � J . Moreover, if I is nonempty, thenf(I) = J .Proof. It is easy.1.4. Proposition. Let A be an algebra of a rich signature. If A is a ho-momorphic image of a subdirectly irreducible algebra, then the intersectionof all ideals of A is nonempty.Proof. It follows from 1.2 and 1.3.1.5. Example. Denote by N the additive semigroup of nonnegative inte-gers. Since the intersection of all ideals of N is empty, it follows that N isnot a homomorphic image of any subdirectly irreducible algebra.2. The general caseThe aim of this section is to prove the following result.2.1. Theorem. The following three conditions are equivalent for a non-trivial algebra A of a signature containing at least one operation symbol ofarity � 2:(1) A is a homomorphic image of a subdirectly irreducible algebra.(2) A is isomorphic to the factor of a subdirectly irreducible algebra throughits monolith.(3) The intersection of all ideals of A is nonempty.



MONOLITH 3Clearly, (2) implies (1). According to 1.4, (1) implies (3). In order toprove that (3) implies (2), let A be an algebra such that the intersection Iof all ideals of A is nonempty. (This means that I is the least ideal of A.)Let us �x one operation symbol G of arity nG � 2 in the signature of A,and consider x � y an abbreviation for G(x; y; y; : : : ; y).For every n = 0; 1; 2; : : : we are going to de�ne, by induction on n, an al-gebra A(n) extending A and a homomorphism '(n) of A(n) onto A extendingthe identity on A. Put A(0) = A and '(0) = idA. Now assume that A(n�1)and '(n�1) have been de�ned. Then A(n) is the union of A(n�1) with the setof the following new elements:(1) d(n)x;y;i;" for any x; y 2 A(n�1), i 2 I and " 2 f1; 2; 3; 4; 5g with x 6= y;(2) e(n)x;y;u;v;i;j for any x; y; u; v 2 A(n�1) and i; j 2 I such that x 6= y,'(n�1)(x) = '(n�1)(y) = i and '(n�1)(u) = '(n�1)(v) = i � j;(3) f (n)F;x1;:::;xk;y;" for any operation symbol F of arity k in the given signa-ture and elements x1; : : : ; xk 2 A, y 2 A(n�1), " 2 f1; : : : ; kg such thatx" 2 I and '(n�1)(y) = F (x1; : : : ; xk).We de�ne '(n) on the new elements by(1) '(n)(d(n)x;y;i;") = 8><>:i for " 2 f1; 2g;'(n�1)(x) � i for " 2 f3; 4g;'(n�1)(y) � i for " = 5;(2) '(n)(e(n)x;y;u;v;i;j) = j;(3) '(n)(f (n)F;x1;:::;xk;y;") = x".Finally, the operations on A(n) are de�ned as follows:(1) x�d(n)x;y;i;1 = d(n)x;y;i;3, x�d(n)x;y;i;2 = d(n)x;y;i;4, y�d(n)x;y;i;1 = y�d(n)x;y;i;2 = d(n)x;y;i;5;(2) x � e(n)x;y;u;v;i;j = u, y � e(n)x;y;u;v;i;j = v;(3) F (x1; : : : ; x"�1; f (n)F;x1;:::;xk;y;"; x"+1; : : : ; xk) = y;(4) F (x1; : : : ; xk) = F ('(n)(x1); : : : ; '(n)(xk)) whenever the left side is notyet de�ned.It should be clear from these de�nitions that the union B of the chain ofalgebras A = A(0) � A(1) � : : : is an algebra and the union ' of thechain of homomorphisms '(0) � '(1) � : : : is a homomorphism of B onto Aextending the identity on A. So, A is isomorphic to the factor B= ker('). Weare going to show that B is subdirectly irreducible, with monolith ker(').We have ker(') 6= idB): for any i 2 I, there are in�nitely many elementsx 2 B with '(x) = i, e.g., the elements d for various indexes. (On the otherhand, for a 2 A � I we have '(x) = a if and only if x = a.) Let � be anonidentical congruence of B. In order to prove that ker(') is the monolithof A, it remains to show that ker(') � �.2.2. Lemma. There is a pair (x; y) 2 � with x 6= y and '(x) = '(y) 2 I.



4 JAROSLAV JE�ZEK AND TOM�A�S KEPKAProof. There are two elements p; q 2 B with (p; q) 2 � and p 6= q. Takei 2 I arbitrarily and let n be such that p; q 2 A(n�1). Then (p � d(n)p;q;i;1; q �d(n)p;q;i;1) 2 � and (p � d(n)p;q;i;2; q � d(n)p;q;i;2) 2 �, i.e., (d(n)p;q;i;3; d(n)p;q;i;5) 2 � and(d(n)p;q;i;4; d(n)p;q;i;5) 2 �, so that (x; y) 2 � for x = d(n)p;q;i;3 and y = d(n)p;q;i;4. Wehave x 6= y and '(x) = '(y) = '(p) � i 2 I.2.3. Lemma. Let x and y be as in 2.2. Put i = '(x) = '(y) and let j 2 I.Then (u; v) 2 � for all u; v 2 B with '(u) = '(v) = i � j.Proof. We have (u; v) = (x�e(n)x;y;u;v;i;j; y�e(n)x;y;u;v;i;j) for a su�ciently large n.2.4. Lemma. Let i 2 I be such that (x; y) 2 � for all x; y 2 B with'(x) = '(y) = i. Let j 2 I be such that there exist an operation symbolF (in the given signature) of some arity k and an index " 2 f1; : : : ; kgwith j = F (x1; : : : ; x"�1; i; x"+1; : : : ; xk) for some x1; : : : ; xk 2 A. Then(u; v) 2 � for all u; v 2 B with '(u) = '(v) = j.Proof. Put x" = i and take n su�ciently large. We have(f (n)F;x1;:::;xk;u;"; f (n)F;x1;:::;xk;v;") 2 '�1(fig) � �and hence (F (x1; : : : ; x"�1; f (n)F;x1;:::;xk;u;"; x"+1; : : : ; xk;F (x1; : : : ; x"�1; f (n)F;x1;:::;xk;v;"; x"+1; : : : ; xk) 2 �;i.e., (u; v) 2 �.Now denote by J the set of the elements i 2 I such that (u; v) 2 � for allu; v 2 B with '(u) = '(v) = i. By 2.2 and 2.3, J is nonempty. By 2.4, Jis an ideal of B. Hence I � J and, consequently, ker(') � �. The proof ofTheorem 2.1 is thus �nished.3. The finite caseThe aim of this section is to prove the following result.3.1. Theorem. Let A be a �nite, nontrivial algebra of a signature contain-ing at least one operation symbol of arity � 2. Then A is isomorphic to thefactor of a �nite, subdirectly irreducible algebra through its monolith.Let A = fa0; : : : ; aN�1g, so that N � 2. Denote by I the intersection ofall ideals of A. Since A is �nite, I is nonempty. As before, let us �x oneoperation symbol G of arity nG � 2 in the signature of A, and consider x�yan abbreviation for G(x; y; y; : : : ; y). Put S = f0; 1; : : : ; N � 1g; for s 2 Sput s0 = s+ 1 mod N . Put B = A [ (I � S) and de�ne a mapping ' of Bonto A by '(a) = a for a 2 A and '(i; s) = i for (i; s) 2 I � S. De�ne theoperations on B as follows:(1) A is a subalgebra of B;



MONOLITH 5(2) ar � (i; s) = (i � i for ar = i and s = 0;(ar � i; r + s) otherwise (r + s taken mod N);(3) (i; s) � (j; t) = ((i � i; s) for (j; t) = (i; s0);(i � j; s0) otherwise;(4) if F (x1; : : : ; k) is not yet de�ned and x" 2 I � S for precisely one ",put (i; s) = x", j = F (x1; : : : ; x"�1; i; x"+1; : : : ; xk) and de�neF (x1; : : : ; xk) = (j; s);(5) put F (x1; : : : ; xk) = F ('(x1); : : : ; '(xk)) if the left side is not yet de-�ned.Clearly, ' is a homomorphism of B onto A.Let � be a nonidentical congruence of B.3.2. Lemma. There exist two elements x; y 2 B with x � y, x 6= y and'(x); '(y) 2 I.Proof. There exist two distinct elements u; v with u � v. If both '(u) 2 Iand '(v) 2 I, we can put x = u and y = v.Consider �rst the case when u 2 A and v 2 A. Take i 2 I arbitrarily, andtake s 2 S�f0g. We have u�(i; s) � v�(i; s), i.e., (u� i; p+s) � (v� i; q+s)where u = ap and v = aq; put x = (u � i; p+ s) and y = (v � i; q + s).It remains to consider the case u 2 A and v = (i; s) 2 I � S. We haveu � i � (i; s) � i, i.e., u � i � (i � i; s); put x = u � i and y = (i � i; s).3.3. Lemma. There exist two elements z; w 2 B with z � w, z 6= w and'(z) = '(w) 2 I.Proof. Let x and y be as in 3.2. We can assume that '(x) 6= '(y); otherwise,we could take z = x and w = y.Consider �rst the case x = i 2 I and y = j 2 I. We have i � i � j � i andi � (i; 0) = i � i � j � (i; 0) = (j � i; r) where j = ar, so that j � i � (j � i; r);put z = j � i and w = (j � i; r).Now consider the case x = i 2 I and y = (j; s) 2 I �S (where i 6= j). Wehave i � i � (j; s) � i = (j � i; s) and i � (i; 0) = i � i � (j; s) � (i; 0) = (j � i; s0),so that (j � i; s) � (j � i; s0); put z = (j � i; s) and w = (j � i; s0).It remains to consider the case x = (i; s) and y = (j; t) (where i 6= j).We have (i; s) � (i; s) � (j; t) � (i; s) and (i; s) � (i; s0) � (j; t) � (i; s0), i.e.,(i � i; s0) � (j � i; t0) and (i � i; s) � (j � i; t0), so that (i � i; s) � (i � i; s0); putz = (i � i; s) and w = (i � i; s0).3.4. Lemma. Let (i; s) � (i; t) where s 6= t. Then (i � i; s) � (i � i; s0) �(i � i; t) � (i � i; t0).Proof. We have (i; s) � i � (i; t) � i, i.e., (i � i; s) � (i � i; t). If N = 2, thismeans that also (i�i; s0) � (i�i; t0). If N > 2, then for u 2 I�fs0; t0g we have(i; s)�(i; u) � (i; t)�(i; u), i.e., (i�i; s0) � (i�i; t0). Hence (i�i; s0) � (i�i; t0) inall cases. We also have (i; s)�(i; s0) � (i; t)�(i; s0), i.e., (i�i; s) � (i�i; t0).3.5. Lemma. Let i � (i; s). Then (i � i; s) � (i � i; s0).



6 JAROSLAV JE�ZEK AND TOM�A�S KEPKAProof. We have (i; s) � i � (i; s) � (i; s), i.e., (i � i; s) � (i � i; s0).3.6. Lemma. For every i 2 I there exist s; t 2 S with s 6= t and (i; s) �(i; t).Proof. Denote by J the set of all i 2 I for which this is true. It is su�cientto prove that J is an ideal of A. By 3.3 and 3.5, J is nonempty. Let Fbe a symbol of arity k and x1; : : : ; xk 2 A be elements such that x" = i forsome " and some i 2 J . Put j = F (x1; : : : ; xk), so that j 2 I. We need toprove j 2 J .There are two elements s; t 2 S with s 6= t and (i; s) � (i; t), and it issu�cient to proveF (x1; : : : ; x"�1; (i; s); x"+1; : : : ; xk) 6= F (x1; : : : ; x"�1; (i; t); x"+1; : : : ; xk):This is certainly true if both these elements are de�ned by (4). If not, thenonly (2) can apply, F = G, G is of arity 2 and what we need to prove is thatar � (i; s) 6= ar � (i; t). If ar = i and either s = 0 or t = 0, then one of thetwo elements belongs to I while the other one belongs to I �S. In all othercases we have ar � (i; s) = (ar � i; r + s) 6= (ar � i; r + t) = ar � (i; t).De�ne a mapping P of I into I by P (i) = i� i. An element i 2 I is said tobe cyclic if Pm(i) = i for at least one (and hence many) positive integer m.Clearly, I contains at least one cyclic element.3.7. Lemma. Let i be a cyclic element of I. Then (i; s) � (i; t) for alls; t 2 S.Proof. By 3.6 there exist two di�erent elements s0; t0 2 S with (i; s0) �(i; t0). By 3.4 we have (P 1(i); s0) � (P 1(i); s00), (P 2(i); s0) � (P 2(i); s00) �(P 2(i); s000), etc., so that for all su�ciently large positive integers m we get(Pm(i); s) � (Pm(i); t) for all s; t 2 S. Since i is cyclic, there exist su�-ciently large numbers m with Pm(i) = i.3.8. Lemma. Let i be a cyclic element of I. Then i � (i; s) for all s 2 S.Proof. By 3.7, (i; s) � (i; t) for all s; t 2 S. In particular, (i; 0) � (i; t) fort 6= 0. Hence i � (i; 0) � i � (i; t), i.e., i � i � (i � i; u) for some u 2 S. By 3.7we have (i � i; u) � (i � i; s) for all s 2 S, and thus i � i � (i � i; s) for all s.But i � i is an arbitrary cyclic element of I.3.9. Lemma. Let i 2 I. Then i � (i; s) for all s 2 S.Proof. Denote by J the set of all i 2 I for which this is true. It is su�cientto prove that J is an ideal of A. By 3.8, J is nonempty. Let i 2 J ; let F bea k-ary symbol and x1; : : : ; xk 2 A be elements such that x" = i for some ".Put j = F (x1; : : : ; xk), so that j 2 I. We need to prove j 2 J . We havei � (i; s) for all s 2 S and hencej � F (x1; : : : ; x"�1; (i; s); x"+1; : : : ; xk)for all s 2 S. If this last expression is de�ned by (4), we get j � (j; s) forall s 2 S, and we are through. Otherwise, F = G is of arity 2 and we get



MONOLITH 7j � ar � (i; s) for all s 2 S, where ar is an element such that j = ar � i. Ifar 6= i, this means j � (j; r + s) for all s 2 S and hence j � (j; t) for allt 2 S. The case ar = i remains; then j = i � i. We get j � (j; r + s) forall s 6= 0. Since (i; r) � (i; r0), by 3.4 we have (i � i; r) � (i � i; r0). Hencealso j � (j; r + s) for s = 0, and we get j � (j; r + s) for all s 2 S. Thenj � (j; t) for all t 2 S and j 2 J .By 3.9 we get ker(') � � for any nonidentical congruence � of B, sothat ker(') is the monolith of B and B is subdirectly irreducible. Since Ais isomorphic to B= ker('), the proof of Theorem 3.1 is thus �nished.4. Algebras with unary operations onlyLet us now consider a signature containing no operation symbols of arity�2. Since nullary operations play no role in the investigation of congruences,we can assume without loss of generality that the signature consists of unaryoperation symbols only. If the signature is empty, then there exists, upto isomorphism, just one subdirectly irreducible algebra, the two-elementone. If the signature contains precisely one unary symbol, then we can alsodescribe all the subdirectly irreducible algebras:4.1. Proposition. An algebra of the signature consisting of a single unaryoperation symbol F is subdirectly irreducible if and only if it is isomorphicto one of the algebras in the following list:(1) U1 = f0; 1; 2; : : : g with F (i) = max(0; i� 1);(2) Un = f0; 1; : : : ; ng for n � 1, with F (i) = max(0; i � 1);(3) Vp;k = f0; 1; : : : ; pk � 1g for p a prime number and k � 1, with F (i) =i+ 1 mod pk;(4) W0 = f0; 1g with F (0) = 0, F (1) = 1;(5) Wp;k = f0; 1; : : : ; pkg for p a prime number and k � 1, with F (i) = i+1for i < pk and F (pk) = pk.An algebra of the given signature is a homomorphic image of a subdirectlyirreducible algebra if and only if it is isomorphic to the factor of a subdirectlyirreducible algebra through its monolith if and only if it is either trivial orsubdirectly irreducible itself.Proof. It is easy.4.2. Example. De�ne an algebra A = f0; 1; : : : ; 5g with a single unaryoperation F by F (i) = i + 1 mod 6. The intersection of the ideals of A isnonempty (it equals A). On the other hand, A is not a homomorphic imageof any subdirectly irreducible algebra.In the case of a signature containing at least two unary (and no other)operation symbols, the situation is more complicated.4.3. Example. For every n � 1, de�ne an algebra Zn = fa; b; c1; : : : ; cngwith unary operations F;G; : : : in this way: for every P = F;G; : : : put



8 JAROSLAV JE�ZEK AND TOM�A�S KEPKAP (a) = P (b) = c1, P (ci) = ci+1 if i < n, and P (cn) = cn. The intersectionof all ideals of Zn is nonempty: it is the one-element set fcng. While Z1is isomorphic to the factor of a four-element subdirectly irreducible algebrathrough its monolith, we are going to show that for n � 2, the algebra Zncannot be embedded into the factor of any subdirectly irreducible algebrathrough its monolith (even if we allow the subdirectly irreducible algebra tobe in�nite).Suppose that there exists a subdirectly irreducible algebra S with mono-lith � such that Zn can be embedded into S=�. Denote by A;B;C1; : : : ; Cnthe blocks of � corresponding to the elements a; b; c1; : : : ; cn, respectively.Then � = ((Cn�1 [ Cn) � (Cn�1 [ Cn)) [ idS is a nonidentical congruenceof S, from which we get jAj = jBj = jC1j = � � � = jCn�2j = 1. Further,if jCnj � 2, then (Cn � Cn) [ idS is a nonidentical congruence of S andwe get jC1j = 1. But then � = ((A [ B) � (A [ B)) [ idS is a noniden-tical congruence of S and � \ � = idS , a contradiction. Thus jCnj = 1,jC1j � 2 and n = 2. If C2 = fwg and u; v are two di�erent elements of C1,then 
 = (fu;wg � fu;wg) [ idS and � = (fv; wg � fv; wg) [ idS are twononidentical congruences of S and 
 \ � = idS, a contradiction.4.4. Problem. For a signature containing at least two unary operationsymbols (and no other ones), characterize those algebras that are isomorphicto the factor of a subdirectly irreducible algebra through its monolith.References[1] T. Kepka, On a class of subdirectly irreducible groupoids. Acta Univ. Carolinae Math.Phys. 22/1 (1981), 17{24.[2] T. Kepka, A note on subdirectly irreducible groupoids. Acta Univ. Carolinae Math.Phys. 22/1 (1981), 25{28.[3] T. Kepka, On a class of groupoids. Acta Univ. Carolinae Math. Phys. 22/1 (1981),29{49.[4] R. McKenzie, G. McNulty and W. Taylor, Algebras, Lattices, Varieties, Volume I.Wadsworth & Brooks/Cole, Monterey, CA, 1987.MFF UK, Sokolovsk�a 83, 18600 Praha 8E-mail address: jezek@karlin.mff.cuni.cz kepka@karlin.mff.cuni.cz


