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Abstract

We present a framework that all ows to easil y derive transfornations for various
kinds of Voronoi and Pover di agrams including k-th order and vei ghted versions.
All proofs are essentially geonetric andrequire no anal ytic cal cul ations. Sone new
al gorithms can be presented in special cases.

Résume

Nous présentons une structure pernettant de retrouver facilement de nom
breuse transformations sur les diagrammes de Voronoi et de puissance, y conpris
pour les diagranmes d’ordre supérieur et apoids. Les preuves sont essentiellenant
de nature géomtrique et permattent d’ éviter tout cal cul anal ytique. Dans certains
cas on peut déduire de nouveaux al gorithnes.



1 Introduction

The Voronoi di agramis one of the fundanental problens that conputati onal geonetry
deal s with [PS85, Ede87]. The Voronoi di agramis used to answer to proxi mty queries :
what is the nearest object fromthe query point 7 Fromthe original problemwhere
the objects are points in the pl ane equi pped wi th the Fuclidean di stance, the problem
has been generalized in various directions : both objects and di stance can be nodi fied
to define other kinds of diagrans ; this problemcan also be generalized in hi gher
dinensions. In fact, the VWronoi diagramis not a uni que problem the variety of
the possible generalizations has induced a mil tiplicity of algorithns dealing with the
di fferent cases. F. Aurenhammer wrote a very conpl ete survey concerni ng general i zed
Voronoi di agrans [ Aur91].

Avery powerful tool ingeonetry (as innany donains)is the use of transfornations.
If ProblemA can be transfornedinto ProblemB, all the know edge of ProblemB can
be immedi atly used for Problem A. 'This technique has been extensively used for
Voronoi di agrans. One of the first result is due to K. Brown [Bro79] who transforned
Voronoi di agrans into convex hulls. This result has been foll owed by nany di flerent
transfornati ons to handl e the di versity of the Voronoi di agrans probl ens.

Many geonetric transforns nap the Voronoi di agramin di nension d in an upper
envel ope of surfaces in dinension d + 1. We do not claimto gi ve newresults on this
topic, but we introduce a tool allowing to have a global viewand, above all, a better
understandi ng of a very large nunber of duality results.

For exanpl e, F. Aurenhamer [ Aur87] introduces the sane dual ity as ours, between
spheres and points, for power di agrans, but he gi ves no geonetric interpretation to
this, and his justifications are only by anal ytic conputations. W can gi ve newproofs,
avoi ding all anal ytic cal cul ations, with only geonetric reasoning.

W use here a geonetric interpretati on of spheres as points in the space of spheres,
whichis a very powerful tool, and will probably find many applications in the future,
since it allows to deal withsone very general problens inasinple way (see for exanpl e
Section 4.3 for the case of weighted order k pover di agrans, or Section 4.6 for Voronoi
di agrans of general manifolds). W can also deduce al gorithmc applicationin sone
cases.

The paper is organized as follows. Section 2 provides sone cl assical nathenati cal
notions concerni ng spheres, pencil of spheres, polarity.. . Mithenaticians will probably
find this section el enentary, and other interested readers can find nore details about
the nathenatic stuffin many cl assical books. Section 3 deals with the space of spheres
andits basic properties. Then Section 4 expl ai ns howit can be used for diflerent ki nds
Voronoi di agrans, and howseveral generalizations like higher order di agrams, wei ghted
diagrans, diagrans of segnents. .. can be conbi ned together easily. Finally, Section 5
ends with sone al gorithmcal applications, in particular the al gorithmin [ BCDT91]
whi ch conputes the Voronoi di agramin di nension d for points constrained to bel ong
to fewhyperpl anes, is generalized to power and mul tiplicativel y weighted di agrans.

The ai mof this paper is togive asinpleinterpretati onand unify nost of the results
of transform ng Wronoi di agrans i nto upper envel opes of various ki nd of surfaces. A it



is proved by the resul ts in [ BCDI91] a better understandi ng of the geonetric neani ng
of these transformations can provi de newal gorithns.

2 Mathematical prerequisites

Wonl yrecall here sone defini tions and properties, w thout any proof. See for exanpl e
[ Gox61] for nore details concerning this section.
Let IE! be the d dinensional euclidean space afd.) the scal ar product in fF

2.1 Circles adsphees

W assune all the equations of the spheres to be gi venin an orthonornal basis, and to

be nornal i zed.
l ’
A

‘

N

Figure 1: Power of a point with respect to a sphere

If Sis asphere with center O and radius r, and Ais a point, the pouer of A with
respect to S, pover(A, 5), is defined equi val ently as (see Figure 1) :

—_— ——
pover( A, S) :<AM,AN>
where (AMN) is any line intersecting S at Mand N
— —
- <AT,AT>
if Aisexterior toS and (AT ) is aline tangent to S at T’

—_— —
= <A0,A0> —r?

The 1 ast defini ti on shows that power(A, M) >0if andonlyif Ais exterior to 5.
If S has normalized equation

d d
S (M) :ZJU?‘FZ@NW +a =0
=1 7=l

we have : power(A4, S) =5S(A). This inplies the followi ng relation whichwill be used



inthe sequel :

pover( A, S)_ k 1 ) over | 4 1 k S;
> e = () ( T o 2 ()

where we denote as Zle A;S; the sphere having as equation the corresponding linear
conbi nation of the equations of spheres {5 ¢ =1, ..., k}, and as;wfSweight
associated to each sphere; S

Let us gi ve another useful property: power(A, S)is the square radius of the sphere
centered on A and orthogonal to S.

The 1ocus of a point that has the sane pover with respect to 2 sphereg @hd 55
is an hyperplane called the chordale of the spheres and denoted as A(S9) (in the
plane, it is a line called the radical aris). 'The equation of, 9% is obtained by
substracting the tvwo equations ofy 4nd S5.

A pencil of spheres is alinear famly of spheres, i.e. the equations of the spheres
of the pencil are linearly dependant of a parameter. Al pairs of spheres in the pencil
have the sane chordale. Apencil of spheres has three equivalent definitions : it is a
linear famly of spheres generated by two gi ven spheres, or the set of spheres that are
orthogonal to d given spheres ; jfafid S5 are tvwo gi ven spheres, the pencil defined
by S1 and S2 is also the set of spheres that have the sane chordal e witltln Ss.

The di flerent kinds of pencils will be detailed]later.

22 Pdaity

Four points M, N, A, B lyingon acomon line are said to forman harnenic division

if

MA  NA
MB ~ NB
and we write in this case
MA NB

(M, N, A, B)=— - =—1
MB

NA

W can renmark that if (M, N, A, B) =—1, the sphere of di aneter AB is orthogonal
to any sphere passing through M and N (and symetrically, the sphere of dianeter
MN 1is orthogonal to any sphere passing through A and B) (see H gure 2).

Mand N are said to be conjugate wi th respect toaquadric Q@ if (M, N, A, B) =-1
where { A, B} =(MN)NQ (see Hgure 3). If Mis exterior to @, andif we choose for
the line (MN) a tangent fromM to @, then A =B =N is the tangent point. The
locus of the conjugate of Mwithrespect to @Q is a hyperpl ane P passing through these
tangent points.

In the projective space associated t&,Ifhe projective quadric associated to Q
is the kernel of a quadratic formg. In fact, the conjugation with respect to @) is
not hi ng el se that the orthogonality definedin the projective space by ¢ ; thus the pol ar
hyperpl ane of Mis the set of objects orthogonal to M for the quadratic formg .



Figure 2: Harnonic division

Figure 3: (bnjugate poi nts and pol ar hyperpl ane



If the equationof Qis :

d
> aiwiz; 4 Y agiri +a oo =0
1<igd i

the equation of the polar hyperplane P of M with respect to ¢ can be obtained by
polarizingin M the equation of @ :

d d

. .
dowmiwit Y Hmiwg dm ) £ %(9@ +m ;) a0 =0
i=l 1<6<;<d i=l

where M=(m 1, ... g)m

3  Space of spheres

W denote by P the euclidean d di nensional space(. ,)is the scalar product in P, and
|. .| is the euclidean distance between points. Apoint or a vactor (g . .4)of
P will be represented as z.

Let us recall the defini tion of the space of spheres 0 used in [ BADIO1]. Iet

(5) Az, p=2(z, $+x=0 (1)

be the equation of a sphere S inP. Here ®is a point of P, nanely the center of 5.
This sphere is represented by the point S =(® x) in the (d 4+1) dinensional space

0. Notice that the vertical projection of a point S =(® x) in 0 is the center of the
sphere, and the radiusgof S is given by :

pover(O, §) =x & Q_T?S‘ (2)

W present inthis sectionthe first properties of 0. Inthe sequel, we will precise the
di nension of a geonetric object by the foll owing convention : a p-object is a nanifold
of dinension p, for exanple the hyperplanes of P will be called (d — 1)-hyperpl anes,
while hyperpl anes of 0 will be called d-hyperplanes. There is only one exception to
this convention: if no precision, the word sphere will represent the (d — 1)-spheres in
P, since they are the usual spheres we deal with.

3.1 Te prdbdadll
Fquation (2) shows that the point-spheresin 0 (spheres of radius 0) verify:

(10) (@, & —y =0 (3)

The set of point-spheresis in 0 the unit d-paraboloid of revol ution with vertical axis
(that is, parallel to the y-axis) denoted as II

Apoint (® x) onllrepresents a sphere of P with center ®and radius 0. Therefore
points of P are associated vwith the correspondi ng point-spheres on Illin 0. If space P
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Figure 4: The space of spheres



is identified to the d-hyperpl ane y =0 then the point-sphereis obtained by raising the
point on Il 'The exterior of Ilis the set of real spheres, whereas its interior is the set
of inaginary spheres (with negative square radius) (see Fgure 4).

The square radius of a sphere S =(® x) is the difference of the x-coordinate of the
vertical projectionof S onllwith x.

32 Hypapass ino

Two spheres of P are orthogonal if and only if the two correspondi ng points of G are
conjugate wi th respect to IL Thus the set of spheres of P orthogonal to a gi ven sphere
So =(®o, §) of P forms in O exactly the polar d-hyperpl age af point § with
respect to Il Its equationis obtained by pol arizing the equation of flin S

(71—50) X =2 <(I)07 Q_XO (4)

It is the polar d-hyperpl ane of the sphere with respect to Il

The intersectionofgr and Ili s precisel y the set of point-spheres that are orthogonal
to sphere %, that is the set of points lyingen®wP. This shows that g NIlprojects
inP onto 9 (see Hgure 5).

As a particul ar case, the set of spheres passing through a point M€ P is also the
set of spheres orthogonal to the point-sphere M. Bat, as M bel ongs to I the pol ar
d - hyperpl ane g7 i s nothi ng el se than t he tangent d - hyperpl ane to Ilat M. Fachsphere
inthe lower half space linmited bym(i.e. the half space which does not contain II),
contains Minits interior. For a sphere in the upper half space, Mis outside (see
Fgure 5).

33 Limsino

Apencil of spheres, that is the set of 1inear conbi nations of twospheres of P, transforns
in0 into the 1ine through the tvo correspondi ng points.

From Equation (2), a concentric pencil is a vertical line (see Fgure 4). Mre
generally, a pencil of spheres with limt points is a line hitting Ilin the two limt
poi nt-spheres (see Fgure 6).

Apencil of spheres with base points has d base points formnga(d —1)-sinplex. Al
the spheres in the pencil intersect along the (d — 2)-sphere circunscribing the (d —1)-
sinplex. Sucha pencil is aline which does not hit IL this lineis the intersectionof the
d polar d-hyperplanes of the base points (see Figure 7).

Apencil with tangent point ®is a line tangent to Ilat the projection of ®on II
(see Fgure 8).

Mre generally, ifSand S, are two spheres, the intersection of their polar d-
hyperpl anes 7, and 75, is the set of all spheres orthogonal to bojlaid So. Al
these spheres are necessarily centeredonthe chordal e X$). Thus mg, N7, projects
on XS 1, §) (see Hgure 9).

The points at infinity of the projective closure of 0 correspond to the (d — 1)-
hyperpl anes of P, nanely the point at infinityin the directionof (® x)is the (d —1)-
hyperpl ane of equation —2® 2) +y =0, and the point at infinityof alineinc is the
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chordal e of the corresponding pencil. Thus the pencils whose chordaleis agiven(d —1)-
hyperpl ane in P formin 0 the set of lines parallel to a givendirection (orthogonal to
the chordale). In particular, a pencil of spheres havingin P the (d — 1)-hyperpl ane of
equation zy =0 as its chordale corresponds in 0 to aline parallel to fhexils.

34 Temayp k

W denote by p p the transformation in ¢ that naps a sphere S =(® y) with sqare
radius # in 0 to a sphere p(S) having the sane center and square radius % rfor
k € IR.

Since the two centers are equal, S and(/h ) are verticallyalignedino. Let us call
Xk the last coordinate ofy(pS). Fromthe beginning of Section 3, we knowthat the
x-coordinate of a sphere is the pover of the origin with respect to the sphere. So:

X = <(I)7 (I)>_T2
and xp = (& & -k~
thus  xp = (1—k)(® & +kx

By using the preceding equation, together with Fquation (4), we can i medi ately
see that the polar d-hyperplang,mfor a sphere § =(®¢, ¥) in 0, maps through p
to the d-parabol oi d;prs,) of equation

(or(7s,)) X =(1—Fkf& & +k(2(®o, ¢ - xo) (5)

The axis of this d-paraboloidis vertical (see Figure 10). Since the restrigtioon of p
Ilis evidently the i dentity, we have :

pr(ms,) N 1l=1 g, N 1I

This intersectionis, pfi$ a real sphere (with positive square radius), the vertical
projection of gSonto II(see Section 3.2).

As a particular case, if i% a point-sphere,gis the d-hyperplane tangent to II
at point (@,(Po, B)), and p(7s,) is also tangent to Ilat the sane point.

4 Duality results

In the following sections, we apply our franevork to different kinds of Voronoi dia-
grang. The resulting transformation is often al ready well known, however, using our
franework, the transformation is straightforward and does not require any cal cul us.
Furthernore, our franevork all ows an easy conbi nation of all possible generalizations
of Voronoi diagrans, such as weighted order k& powver diagrans. It may also lead to
newefficient al gorithns (see Section 5).

The terns such as di stance, or nearest neighbor, refer ineachsection to the specific
distance ¢ defined in that particul ar section.

In the sequel, S al ways denotes a set of spheres. Anelenent of & is denoted by S
or 5. Insone cases, S is restricted to a special class of spheres, e.g. point-spheres in
Section 4. 1.

13



Figure 10: The nap p
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41 Vaau dgrand pirt sites
The di stance we consider here is the euclidean distance in P :

o (P, Q) =[] PQ|

As noticedin Section 3.2, the set of spheres which do not contain a gi ven poi nt naps
in 0 into the upper hal f space, limted by the pol ar d - hyperpl ane of the correspondi ng
point. Thus, if S is aset of sites inspace P, thenthe set of enpty spheres (i.e. the set
of spheres which do not surround any site of S) of space P is in 0 the intersection of
the correspondi ng hal f spaces. Its boundary is a convex pol yt ope dhose facets are
tangent to Il

For a given point M € P and asite S € §, the intersection of the vertical line
through M with 7¢ gives the naxi mmmenpty sphere centered at M and touching S
(see Figure 11). Since the radius of the spheres onthe vertical lineincreases withfalling
Y, we have :

P 1 The intersectionof Us with avertica line ®=M in0 gives the sphere
wth center M and vhose radius is the distance to the nearest neighbor of
MinS.

In other vwords the projection ofgldn P is the Voronoi di agramof &. This can be
viewed as a new presentation of the well known correspondence between intersection
of half spaces tangent to the d - parabol oi d and Voronoi di agram][ ES86] .

This first correspondence in the space of spheres has been used in [ BADIY1] to
conpute the 3DIkl aunay triangul ation of a set of sites lyingink diflerent planes, with
an out put sensitive conplexity (see Section 5.2.1).

The space of spheres allows nore general statenents : the intersectiog of tth a
line representing any pencil of spheres, is nade up of the extrenal enpty spheres of this
pencil. There are zero, one, or twosuchextrenal spheres (unless it is apencil contained
inthe polar plane of a site). These spheres are enpty spheres passing through a site
of §. Because thereis generally exactly one sphere of a pencil passing through a gi ven
site, the determnation of the extrenal enpty spheres of a gi ven pencil with respect to
S can be viewed equi val ently, as the determ nation of the points of & on these spheres.

42 Rwer dagam

The pover diagramis defined for a set & of spheres of P. Ior a sphere S and a point
Min P, we define the distance é (M, S) fromMto S as the power of M with respect
to 5. This distance is also called Laguerre distance [ Aur91].

6 (M, S) =pover(M, S)

In this defini tion, the spheres of & can be any spheres, even point-spheres or i nagi nary
spheres. In the case the spheres reduce to points, ¢ is the squared usual euclidean
distance, and we obtain the usual Voronoi di agramfor point sites as a particul ar case
of power di agram

15
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In space P, the pover of M with respect to S is the square distance fromM to
the intersectionpoint with S of a(d —1)-hyperpl ane tangent to S and passing t hrough
M. It can also be seen as the square radi us of the sphere whichis both centered on M
and is orthogonal to 5. In 0, this sphereis the intersection of the vertical line passing
through M and the pol ar d-hyperpl ane g If we nowconsider all spheres in S, the
upper envel ope of all their polar d-hyperpl anes, or equivalently, the intersection of the
upper hal f spaces limted by these d -hyperpl anes, forma convex pol yt gpealdd t he
closest sphere to Mfor distance 6 is given by the intersecti gmbfhlfhe verti cal
line through M.

P 2 Theintersectionof U s with avertica line ®=M in0 gives the sphere
with center M and vhose square radius is the di stance fromM to its nearest
nei ghbor in S .

This shows that the power diagramof the set of spheres & can be obtained by
projecting onto P the upper envel ope of the pol ar d - hyperpl anes of the spheres.

The sane resul t has been provedin [ Aur87] in a di flerent way, wi thout any geonetric
interpretation.

Inthe pover di agram a (d —1)-face separating the regions of tvospheresis contained
in the projection of the intersection of the two correspondi ng pol ar d-hyperplanes.
This also follows fromthe statenent in Section 3.3 that the intersection of two polar
d - hyperpl anes projects to the chordal e of the correspondi ng spheres.

43 Wagdted poar dagam

The sites of S can here be any ki nd of spheres. Fachsite S is assigned a weight w(S5).
The weighted distance of a point to a site is nowdefined as the pover divided by the

wei ght of the site.
pover( M, S)
6 (M, §)=————T—

Let S denote a site in & ans let w(S) be its weight. Consider a sphere S
(M, x), centeredon Mon the parabol oi d_(]&)(ﬂ's). Sy =p +§Sj\4) for sone sphere

w( S w (S

5% € ms whose square radius is equal to power(AM, 5). So the square radi usypofi 9
POWI(S M _5 (M, 5).

u(M
Let us nowdefine U s as the upper envel ope of the set of d - parabol ol d%@g),

S € 8}. Intersectingavertical linethrough M wiglvEs the site S whichmninzes
o (M, S).

P 3 Theintersectionof U s with avertical line ®=M in0 gives the sphere
with center M and vhose square radius is the di stance fromM to its nearest
nei ghbor in S .

The veighted pover di agramof & is thus the projectionon P of the upper envel ope
of the set of d-parabol oi ds ) ), P €S}.
w (P

17



The first al gorithmfor conputing weighted Voronoi di agrans for point sites in the
plane is due to F. Aurenhammer and H Fdel sbrunner [ AF34], and uses a duality that
is sonewhat different fromours. In [Aur87], there is also a duality with the upper
envel ope of a set of d-paraboloids for the conputation of weighted Voronoi di agrans,
but the d - parabol oi ds are not the sane as ours.

Let us finaly remark the following : the weighted distance dist(M, S) betvween a
point Manda point site S € § is usually defined to be the euclidean distance divided
by the weight weight(S) of the site. Therefore we have :

_ I MSY pover(M, S)
_weightz(S)_ veight 2(S') =6 (M, 5)

dist(M, S)

The weighted Voronoi di agramfor point sites can therefore be obtained fromthe pover
di agramof point-spheres with squared wei ghts.

44 Affire Vaua dagan

By affine Voronoi di agram we denote abstract Voronoi di agrans whose bisectors are
hyperpl anes. F. Aurenhammer has shown that every aflne Voronoi di agramis a power
diagram Mre precisely, he proved the follovi ng theorem:

Theorem [ Awenhamer] If { i, 1 < ¢ < j < n} isaset of hyperplanes in an
eucl 1 dean space, verifying the conditionVi < j <k, HN H;=H ;0 H;, =H ;N Hjy,
then the Voronoi diagramin uhich the bisectors are the hyperplanes { H iy 1<t < g <
n} is the pouer diagramof a set of spheres.

Proof. See [ Aur87]. F. Aurenhammer gives the construction of a set of spheres. This
set is not uni que. Ohe of these spheres can be chosenarbitrarily, the other spheres are
conputed so that each chordal e of two spheres is an hyperpl ane; i |

In [Aur87], this result is applied to deduce a duality between weighted Voronoi
diagrans for point sites in dinension d and power diagrans in dinension d +1. In
that way, weighted di agranms reduce to non- veighted di agrans. W give an exanple in
Section 5. 2.3, showingthat this transfornati on can neverthel essincrease the conpl exity
of the problem

Here, ve can show a duality between the weighted diagramin P and a power
diagramin 0. For P and @) tvo spheres in P, we define the d-bisector of P and ¢
as the d-hyperplane By of 0 containing the intersection of the two d-parabol oids
pw%P)(ﬂ'P) and pw%_Q)(ﬂ'Q). Note that this intersection cannot be enpty and forns a

d-ellipsoidor ad-paraboloid Wmst determne the d-sphegrandrog in 0 (they
are d-spheres in the space of spheres) associated respectively with P and @ such that

their d-chordale Na @) is Ihg.
FromFEquation 5, the normalized equation of J%L)(ﬂp) is
w (P

2 w(P) 1 _
(pw%PgﬂP)) (& ¢ - 1 —w(P)<(I)P7 b+ 1 —w(P)X + 1- w(P)XP =0

18



where (®p, p) are the coordinates of P in . The equation ofgftan be obtained
by substracting (p1_(7p)) from(p%)(ﬂQ)).
w(Q

1
w(P)
If we add a termx? in the equation of (_%_gﬂp)), we obtain the equation of a
w (P
d-sphere gin 0 ; the d-chordale of two such d-spheresamd 0, whose equationis
obtai ned by substraction, ispdl.
The coordi nates of the center of d-sphepeare :

1 w(P)
(% X):<1—w(P)(I)P’2(w(P)—1> (6)

Let us remark that the last coordinate of the center does not depend on P, but only
onits veight. This remark will be used in the al gorithmof Section 5.2. 3.

Wien the pover di agramof the d-spheres {p, P € S} is conputed, the weighted
diagramof & is obtained by projection. Mre precisely, the region of asite P inP is
the vertical projection of the intersectio%f) pp) with the cell ofpoin the pover
diagramin O(see [Aur87] ).

Atriangul ation can be viewed as an affhe di agram thus, fromthe above theorem
itis apower diagram It can easily be seenthat it is the power di agramof the spheres
circunscribi ng the sinplices.

45 Qdr k poer dagam
The sites of S can be any spheres, and the distanceis :
6 (M, 5) =pover(M, S)

Inthe order & pover di agram the regions are associ atedtosubsets of & withcardinality
k. Let T be suchasubset. The pover regionof T is thelocus of apoint whose k nearest
nei ghbors are the elenents of T'.

F. Aurenhammer and H Inai [ AI8S8, Aur90] use a duality for the conputation of
these di agrans. Qur interpretationallows togive aneasy proof. The foll owi ngrel ati on,
for k elenents{§ ... &S has been givenin Section 2 :

k k
1 1
T ;:1 pover( M, §) =pover (]\/[, T ;:1 Si)

Let S, denote the set of the centers of nass in 0 of all possible k-tuples of spheres of
S. It follows that the spheras 5. .4 5. .5 a¥e the k nearest nei ghbors of Mif and
only if the pover of M with respect to their center of mass is snmaller than the power
of Mwithrespect tothe other el enents of,.S

Thi s neans exactly that the order k£ power di agramof a set § of spheres is the usual
pover di agramof Sy.

Using (P 2), we deduce :

P 5 The intersection of U s, wth a vertical line ® =M in G gives the
sphere with center M and vhose square radius is the average of the pouers
of M with respect to the k nearest neighbors of M inS .
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Wei ght ed order &k power diagram

The poverful tools provided by the space of spheres allowto easily conbine weighted
diagrans with order £ power di agrans, which coul d not be done in a straightforward
manner with the nethods previously usedin the literature. W only have to use the
rel ation

k k k
pover( M, S;) ( 1 ) 1 S;
—_— = powver | M,
L s\ & s T o 2 ()
and ve can see that it inplies that the weighted order & Voronoi di agramof a set of

sites is the projection of the upper envelope of the d-paraboloids obtained, for each

k-tuple {45.. .55 S. .p} 9 by applying( ) to the pol ar d - hyper pl anesmof

1
X ity
the centroid &, . .5 .. ,5= mej % of the points 8 ... 5..,190
with respective coeffci entas(lTi).

Let S be the set of these centroids,C g, ,5 wWth V&eighth:l ﬁ, for all
k-tuples {{S...;, S. .p}5f sites of S.

The weighted order k pover diagramof S is the (order 1) weighted pover di agram

of §,.

46 Vau dagand ged mifdd

W can nowstudy sone very general problens. The el enents of & are nownanifol ds
of any di nensions i mersedin 7. The distance is the usual distance froma point M
toamanifold Z (| MP| is the euclidean distance between Mand P) :

o (M, Z) =il MP|

In other words, ¢ (M, Z) is the radius of the nini numsphere centered at M and
“tangent” to Z. By tangent we nean that Z intersect the sphere but not its interior.

Thi s sphere can be obtained as the intersectionin 0 of the vertical line ® =M
with the set Iy of all spheres tangent to Z.

I'yis amnifoldin o, it is the upper envel ope of the polar planes of the point-
spheres of Z. If Z is an anal ytic manifoldin P, théws Bn anal ytic nanifoldin o.
W consi der the upper envel ope {§ of the nanifolds | for all Z € S.

P 6 Theintersectionof U s wthavertica line ®=M in0 gives the sphere
wth center M and vhose radius is the distance to the nearest neighbor of
MinS.

Hyperpl anes

If the sites of S are (d —1)-hyperpl anes of P, the vertical d-hyperplane of 0 contai ning
asite His the set of spheres centered on H, whichis the set of all spheres that are
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orthogonal to H, that isgr(as inSection 3.3, His considered as asphere withinfinite
radi us, or equivalently as a point at infinity of ). The projection of H onto Ilis the
(d — 1)-parabol oi dgrn 1L

Iy is the parabolic d-cylinder of generatpi® H and directrix of direction H
(see Figure 12).

g
02
P
P

spheres in I

®

Fgure 12: The nanifold Iy for a (d — 1)- hyperpl ane

The map p  transforns Iy into a d surfece of degree 2 (a hyperbolic parabol oid
when d =2).
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Portions of hyperpl anes

If we only consider a portionof (d —1)-hyperplane H, the nanifold I associated with
itisstill ad-cylinder with the sane directrix, but its generatrixis only a portionof the
(d —1)-parabol oi dgmn 1L, extended by its two tangent d - hyperpl anes (see Hgure 13).

g
>0,
P .
spheres in I
®
Fgure 13: The manifold Iy for a portion of a (d — 1)- hyperpl ane
Spheres

If the nanifold S is a sphere, a sphere is tangent to S at point P € S if andonlyif it
bel ongs to the pencil with tangent point defined by S and the point-sphere P.
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I'sis the set of lines tangent to Iland passing through S in 0, whichis also the
upper envel ope of the polar pl anes of the point-spheres lyingon S inP. It is a d-cone
(see Figure 14).

A4

spheres in I3

Y

2

Figure 14: The nanifol d I3 for a sphere

The nap p x transforns Is into a nanifol d of degree 4.

Portions of spheres

If S is a portion of a sphereg il a portion of a d-cone extended by its two tangent
d - hyperpl anes (see Figure 15).
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spheres in Ig

@,

Figure 15: The nanifold I3 for a portion of a sphere
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47 Hpahdic Maa daram

This section presents an application of the space of spheres in the context of (non
euclidi an) hyperbolic geonetry (agoodintroductioncanbe foundin[Bea83]). The nost
classical conformal nodel of the 2 dinensional non euclidian space (of Lobachevsky)
is the Poincaré upper half plane IP ={z +iy € ] y > 0} with the local netric
d@ = ditdy®

The gé/odesics, i.e. the hyperbolic lines, are the half-circles in IP centered on the
real avis (the x-axis) (exceptionnally the straight hal f-1ines parallel to the y-axis) (See
F gure 16).

The (so called “hyperbolic”) distance between two points’z€ z2[P is, up to a
constant factor, the logarithmof the (real ) cross-ratiod #)a= =% - ! ghere

!zl

a, tare the traces on the real axis of the geodesic through z 2
The bisectingline o of z aildis the upper half of the circle ¥ centered on the real
axi s and bel ongi ng to the pencil withlimt points z 4nd z

circles centered od’z

Y=bisecting line of z and =

=y

Figure 16: Hyperbolic lines and circles.

The hyperbolic circles centered on a gi ven point z are the euclidean circles formng
the pencil of circles having 2 as alimt point z and the real axis as radical axis.

Thus one can define i n the usual way the hyperbolic Voronoi di agramof a finite set
S of sitesinIP. The cell of z € S is the set of points nearer (inthe hyperbolic sense) to
z than to any other points inS ; thisis a (hyperbolically) convex subset of P, limted
by arcs of bisectinglines, and the vertices are the centers (in the hyperbolic sense) of
circles (in both hyperbolic and euclidean sense) passing through three sites of &, and
with enpty interiors, that is to say the circles circumscribing an ordi nary Ikl aunay
triangle of & and entirely drawninside IP. Anexanple of such a di agramon five poi nts
is givenin Hgure 17.

Asin (P 1), the nearest nei ghbor of z is givenbyintersecsiwiglthe line of &
representing the circles centered on z (in the hyperbolic sense). Al suchlines, for all
z € IP, have the sane direction A since they are associated to pencils with the sane
radical axis. Thus, if we projecd il the direction of Aonto the paraboloid Il and
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Figure 17: AVoronoi di agramin the hyperbolic Poincaré hal f pl ane

then orthogonal l y onto TP, we obtain the hyperbolic Voronoi di agramof & : infact, an
edge of Us projects onto Ilin the Adirection on the set of point-spheres equidistant
(in the hyperbolic sense) fromtwo sites of S. This gi ves a correspondence between the
eucl i dean and the hyperbolic Voronoi di agrans.

Finally, notice that this can be generalized to hi gher di nensions, though we present
it in the plane for the sake of sinplicity.

5 Comlexity and al gorithm

Thi s paper proves that any Voronoi di agramin d dinension can be transforned in an
upper envel ope of appropriate surfaces in dinension d +1. So all results concerning
conpl exi ties or algorithns for upper envel opes can be applied to Voronoi di agrans.
Unfortunatel y, there are onl y fewknown resul ts. The al gorithmof [ SS90] can be applied
to particul ar cases.

The Space of Spheres also allows us to derive al gorithnsg which are not based on t he
direct use of upper envel opes. W present such al gorithns in the follow ng sections.

51 Q@dr k£ dagam

The al gorithmgiven in [Aur90] for order k pover diagrans generalizes to weighted
diagrans. It allows to avoid the conputations of the centroids of all k-tuples of S,
except for the relevant ones. If the order & — 1 diagramhas al ready been conputed,

a (d —1)-face of this diagramseparates the regiomof. 5. ;45 and the region of

S1, - . .25 . Fach such (d — 1)-face produces a relevant k-tuple in the order k

di agram nanely { §, ...x}5
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52 @pt sasitive dgnthmfa astraed dta
5.2.1 Voronoi diagrans for a constrained set of points

W only recall here the algorithmgiven in [ BCDI91]. The point sites belong to a 3
di nensional space, and they are assuned to lie in k& diflerent plangseP=1, ..., k.
for some k in IN. let;&enote the set of sites 1ying on Plhe general ideais to
start fromone initial tetrahedron, and to construct the whol e 3 di nensional Dkl aunay
triangul ationincrenentally, by addi ng the neighbors of the already conputed tetrahe-
dra. The order in which the tetrahedra are addedis gi ven by the nechani smof shelling
[ Sei 86, BM1] .

The search for a neighbor (ABCX) of a tetrahedron (ABC D) through the face
(ABC') reduces to a query problemin each of the k spaces of circless®ciated to
the pl anes B. The spheres circunscribing (ABCD) and (ABC X) are the tvo extrenal
enpty spheres of the pencil of spheres with base points A, B, . 'The intersection of
this pencil of spheres with each plang i3 a pencil of circles, that is aling.in O
The extrenal enpty circles of such a pencil are gi ven by the intersections between this
line and the convex [§, (see Section4.1). It only remuins to select the searched circle
fromthe 2k found circles. The convex polytopeg, /1 < i < k are conputed in a
preprocessing step.

W can showthe foll ovi ng t heorem:

Theorem [ BDIO1] The three dinensional Delaunay triangulation of n points
lying ink planes can be computed in O(tk logn) tine and O(n) extra space, vheret is
the size of the output.

If £ =2, it is possible toidentyfand T, so that the al gorithmonly consists in
superinposing in sone sense the two convex f,, ¢ =1, 2, whichyields :

Theorem [ BDIO1] The three dinensional 1l aunay triangul ation of n points
lying in 2 planes can be conputed inO(t 4+n logn) tine and O(n ) space.

These resul ts have been generalized to higher di nensions, using sone resul ts by J.
Mtousek [ Mit91] .

Theorem Constructing the d dinensional 1¥l aunay triangul ation of n points con
strained to belong to k p -subspaces can be done in tine and space

T =0 (k W 1kt (1og n(j(l))

where € is any positive constant,
t is the size of the output, t=mn(t , i N andt'" =t —¢

1 2 3

and v = —— == forp =3, 4: = forp =5, 6..).
y 1+LQJ (7 3fp ,774fp , )
2
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5.2.2 Power diagrans of a constrai ned set of spheres

The previous resul ts can be generalized to the conputation of the (d +1) di nensional
pover di agramof a set S of d-spheres whose centers lie on k d-hyperpl anes. P ;. P

Let v be a vertex of the pover diagramof §&. v is the center of a d-sphere V
that is orthogonal to d-spheres S .. 4135 942 (the pover of v withrespect toeach
S; is the square radius of V). 'The neighbor @ of v incident to the edge of the power
di agramconsi sting of points equidistant frems. . ;3515 the center of a d-sphere X
orthogonal to d-spheres,S. . . 4nS5 T, for some searched d -sphere T'. 'The supporting
line of the edge (v 2 ) corresponds tothe pencil P of d-spheres orthogenal to 55

Let P; be the hyperpl ane containi ng the center of T'. The intersectionof P withP
is apencil of (d —1)-spheresi PP;, that is alinein.os T and X are orthogonal ,
the (d — 1)-spheres T' iy Bnd X N P; are orthogonal in P In other words, X N P
is the (d — 1)-sphere given by the intersection;iaf @&he pencil of (d — 1)-spheres
P; (alinein¢@ with Us,, where Us, corresponds to the power diagramin Pof the
(d —1)-spheres S n;Pfor all d-spheres §.,€ S

The three theorems of Section 5.2.1 can be generalized here.

Theoremnstructing the d dinensional pouer di agramof n spheres uhose cent ers
are constrained to belong to k p -subspaces can be done in tine and space

T =0 (k W 1kt (1og n(j(l))

wheree , v, t andt'’ are defined as in Section 5. 2. 1.
If d =3 andp =2, the tine complexity is O(t k logn) and the space required is
O(n). Furthernore, if k =2, the tine complexity reduces to O(t +nlogn).

5.2.3 Wighted power diagrans with a fixed nunber of weights

W have proved in Section 4.4 that there is a duality between the weighted pover
diagramof a set & of (d — 1)-spheres in dinension d and a power di agramof a set
{ap, P € 8§} of d-spheres in dinension d +1, and that the last coordi ngtendfy o
depends on the weight w(P) (see Fquation (6)).

The results given in the preceding section can be applied to the set of spheres
{o, P€ S}, if the nunber of weights of the (d —1)-spheres of S is k.

This leads to an al gori thmwhose complexity is output sensitive in the size of the
pover di agramobtainedin 0. Unfortunately, this algorithmis not output sensitivein
the size of the weighted di agramin P, as can be seenin the follow ngexanple (I gure
18) :

P is the euclidean plane. & is the distance as defined in Section 4.3. S consists
intwo kinds of circles. & ={ R <i <n} U{Q <j <n}. The centers of the
circles P=(® p,,(®p,, ¥,)) lieonthe unit circle @ of P and their radii are zero. Thus
(Pp,, ®)=1. Their weight is -4. FromSection 4.4, the equation of a sphepeis

2 4 1
(UPi) 0 = <(I)7 ®+X2_g<q)v ‘E’J—gX‘l'g
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Figure 18: ILinear weighted di agrammapped onto a quadratic power di agram
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1 1 2\ 2
0 = (&— ~®p., OD—-Dp _z

The spheres op, are points in the three dinensional space 0. Theylie on an horizontal
circle centered on the y-axis.

The circles @ = (0, x,) are centered on the origin of P.g,xand w(Q;) are
conputed so that o, is a point in 0. FomSection 4.4, the square radius @f i®

2
(2(&(@;25)—1)) — 1-5(% 5 Sowe take w( @) = % + ., /44 %. W choose xg, =—
and x g, € [—%, ﬁ)
The spheres og, are points in 0. They lie on the x-axis.

The pover diagramof the set { ¢, 1 <7 <n} Uglol <j <n} is known to be
quadratic [ PS85].

Let us nowconpute the weighted di agramof &. W showthat the regions of the
sites @, 1 <j <n areenptyinthis diagram

First note that @is the outernost of the circles, @@ < j <n. If Mis a point
of P exterior tocircle Ge have Vi, j, 6§ GMSBP <6 (M, €, because the weights
of the F’s are negative and the weights of the;{} are positive. Oh the other hand,

VM, Vi, 6(M Z@%ﬂj) (since the square radius of; @s —y,,) whichis nininal for

Jj =1, thus 6 (M, ;@ > —31—0. If Mlies in the interior pf 1}s euclidean distance to

2
the nearest Pis greater than 1 x/=xqg,, so Vi, ¢ (4 fo_i V_?Ql) < —31—0. So,
each point of P, is nearer tptan @;, for all ¢, 7.

Thus the veighted di agramof & is the usual furthest nei ghbor VWronoi di agramof
the sites £ 1 <4 <mn, since the weights p@re negative. Its sizeis linear.

W renark that our exanple is constructed with circles with positive and negati ve
weights. It remains an open question whether an exanple for point sites can be found.

This exanple shows that the transfornation given in [ Aur87], that transforns a
wei ghted pover di agramin dinension d into a pover di agramin di nensiond +1, nay
increase the conplexity of the problem

1
3

6 Onclwsion

W have i ntroduced a geonetric franevork whi ch al 1 ows an uni ficati on of nany duality
resul ts for generalized Voronoi diagrans. In this franevork, all results can be proven
by onl y using purel y geonetric interpretations, wi thout any anal ytic cal cul ations. W
can apply it to diflerent kinds of Voronoi diagrans, and conbine easily the results to
hol d wei ghted order £ di agrans for the hyperbolic netric for exanple.

The idea of the space of circles or spheres can be used to sol ve other problens
concerni ng circl es and spheres : for exanpl e, the determ nation of the ring wi thm ninal
surface, defined by two cocircul ar circles, containing a given set of points, transforns
in the space of spheres into alinear programing problem Another space of circles is
used in [ AS91] to solve the intersections counting problemin a set of circles.
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