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Abstract

We present a framework that all ows to easil y deri ve transf ormati ons f or vari ous
ki nds of Voronoi and Power di agrams i ncl udi ng k-th order and wei ghted versi ons.
Al l proof s are essenti al l y geometri c and requi re no anal yti c cal cul ati ons. Some new
al gori thms can be presented i n speci al cases.

R�esum�e

Nous pr�esentons une structure permettant de retrouver f aci l ement de nom-
breuse transf ormati ons sur l es di agrammes de Voronoi et de pui ssance, y compri s
pour l es di agrammes d'ordre sup�eri eur et �a poi ds. Les preuves sont essenti el l ement
de nature g�eom�etri que et permettent d' �evi ter tout cal cul anal yti que. Dans certai ns
cas on peut d�edui re de nouveaux al gori thmes.



1 Introduction

The Voronoi di agrami s one of the f undamental probl ems that computat i onal geometry
deal s wi th [PS85, Ede87]. The Voronoi di agrami s used to answer to proxi mi ty quer i es :
what is the nearest object fromthe query point ? Fromthe or i gi nal probl emwhere
the objects are poi nts i n the pl ane equi pped wi th the Eucl i dean di stance, the probl em
has been general i zed i n vari ous di rect i ons : both obj ects and di stance can be modi �ed
to de�ne other ki nds of di agrams ; thi s probl emcan al so be general i zed i n hi gher
di mensi ons. I n f act , the Voronoi di agram i s not a uni que probl em, the vari ety of
the poss i bl e general i zat i ons has i nduced a mul t i pl i ci ty of al gor i thms deal i ng wi th the
di �erent cases . F. Aurenhammer wrote a very compl ete survey concerni ng general i zed
Voronoi di agrams [ Aur91] .

Avery powerf ul tool i n geometry (as i nmany domai ns) i s the use of transf ormati ons.
I f Probl emA can be transf ormed i nto Probl emB, al l the knowl edge of Probl emB can
be i mmedi at l y used f or Probl emA. Thi s techni que has been extensi vel y used f or
Voronoi di agrams. One of the �rst resul t i s due to K. Brown [ Bro79] who transf ormed
Voronoi di agrams i nto convex hul l s . Thi s resul t has been f ol l owed by many di �erent
transf ormati ons to handl e the di vers i ty of the Voronoi di agrams probl ems.

Many geometr i c transf orms map the Voronoi di agrami n di mensi on d i n an upper
envel ope of surf aces i n di mensi on d + 1. We do not cl ai mto gi ve new resul ts on thi s
topi c, but we i ntroduce a tool al l owi ng to have a gl obal vi ewand, above al l , a better
understandi ng of a very l arge number of dual i ty resul ts .

For exampl e, F. Aurenhammer [ Aur87] i ntroduces the same dual i ty as ours , between
spheres and poi nts , f or power di agrams, but he gi ves no geometr i c i nterpretat i on to
thi s , and hi s j ust i �cat i ons are onl y by anal yt i c computat i ons. We can gi ve newproof s ,
avoi di ng al l anal yt i c cal cul at i ons, wi th onl y geometr i c reasoni ng.

We use here a geometr i c i nterpretat i on of spheres as poi nts i n the space of spheres,
whi ch i s a very powerf ul tool , and wi l l probabl y �nd many appl i cat i ons i n the f uture,
s i nce i t al l ows to deal wi th some very general probl ems i n a si mpl e way (see f or exampl e
Sect i on 4. 3 f or the case of wei ghted order k power di agrams, or Sect i on 4. 6 f or Voronoi
di agrams of general mani f ol ds) . We can al so deduce al gor i thmi c appl i cat i on i n some
cases .

The paper i s organi zed as f ol l ows. Sect i on 2 provi des some cl ass i cal mathemati cal
not i ons concerni ng spheres , penci l of spheres , pol ar i ty. . . Mathemati ci ans wi l l probabl y
�nd thi s sect i on el ementary, and other i nterested readers can �nd more detai l s about
the mathemati c stu� i n many cl ass i cal books. Sect i on 3 deal s wi th the space of spheres
and i ts basi c propert i es . Then Sect i on 4 expl ai ns howi t can be used f or di �erent ki nds
Voronoi di agrams, and howseveral general i zat i ons l i ke hi gher order di agrams, wei ghted
di agrams, di agrams of segments. . . can be combi ned together easi l y. Fi nal l y, Sect i on 5
ends wi th some al gor i thmi cal appl i cat i ons, i n part i cul ar the al gor i thmi n [ BCDT91]
whi ch computes the Voronoi di agrami n di mensi on d f or poi nts constrai ned to bel ong
to f ewhyperpl anes, i s general i zed to power and mul t i pl i cat i vel y wei ghted di agrams.

The ai mof thi s paper i s to gi ve a si mpl e i nterpretat i on and uni f y most of the resul ts
of transf ormi ng Voronoi di agrams i nto upper envel opes of var i ous ki nd of surf aces . As i t
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i s proved by the resul ts i n [ BCDT91] a better understandi ng of the geometr i c meani ng
of these transf ormati ons can provi de newal gor i thms.

2 Mathematical prerequisi tes

We onl y recal l here some de�ni t i ons and propert i es , wi thout any proof . See f or exampl e
[ Cox61] f or more detai l s concerni ng thi s sect i on.

Let IEd be the d di mensi onal eucl i dean space andh:; :i the scal ar product i n IEd.

2.1 Circles andspheres

We assume al l the equat i ons of the spheres to be gi ven i n an orthonormal basi s , and to
be normal i zed.

T

A

r

O

M

N

S

Fi gure 1: Power of a poi nt wi th respect to a sphere

I f S i s a sphere wi th center O and radi us r, and A i s a poi nt , the power of A wi th
respect to S , power(A; S ) , i s de�ned equi val ent l y as (see Fi gure 1) :

power(A; S ) =

���!
AM;

�!
AN

�
where (AMN) i s any l i ne i ntersect i ng S at M and N

=

��!
AT;

�!
AT

�
i f A i s exter i or to S and (AT ) i s a l i ne tangent to S at T

=

��!
AO;

�!
AO

�
� r2

The l ast de�ni t i on shows that power(A; M) > 0 i f and onl y i f A i s exter i or to S .
I f S has normal i zed equat i on

S (M) =
dX
i=1

x2i +
dX
i=1

aixi +a 0 =0

we have : power(A; S ) =S (A) . Thi s i mpl i es the f ol l owi ng rel at i on whi ch wi l l be used
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i n the sequel :

kX
i=1

power(A; Si)

w(Si)
=

 
kX
i=1

1

w(Si)

!
power

0
@A; 1Pk

i=1
1

w(Si)

kX
i=1

Si

w(Si)

1
A

where we denote as
Pk

i=1 �iSi the sphere havi ng as equat i on the correspondi ng l i near
combi nat i on of the equat i ons of spheres fSi; i = 1; . . . ; k g, and as w(Si) a wei ght
associ ated to each sphere Si.

Let us gi ve another usef ul property : power(A; S ) i s the square radi us of the sphere
centered on A and orthogonal to S .

The l ocus of a poi nt that has the same power wi th respect to 2 spheres S1 and S2

i s an hyperpl ane cal l ed the chordale of the spheres and denoted as �(S1; S2) ( i n the
pl ane, i t i s a l i ne cal l ed the radical axis) . The equat i on of �(S1; S2) i s obtai ned by
substract i ng the two equat i ons of S1 and S2.

Apenci l of spheres i s a l i near f ami l y of spheres , i . e. the equat i ons of the spheres
of the penci l are l i near l y dependant of a parameter . Al l pai rs of spheres i n the penci l
have the same chordal e. Apenci l of spheres has three equi val ent de�ni t i ons : i t i s a
l i near f ami l y of spheres generated by two gi ven spheres , or the set of spheres that are
orthogonal to d gi ven spheres ; i f S1 and S2 are two gi ven spheres , the penci l de�ned
by S1 and S2 i s al so the set of spheres that have the same chordal e wi th S1 than S2.
The di �erent ki nds of penci l s wi l l be detai l ed l ater .

2.2 Polarity

Four poi nts M; N; A; B l yi ng on a common l i ne are sai d to f orman harmonic division

i f
MA

MB
=
NA

NB

and we wri te i n thi s case

(M; N; A; B) =
MA

MB
� NB
NA

=�1

We can remark that i f (M; N; A; B) =�1, the sphere of di ameter AB i s orthogonal
to any sphere pass i ng through M and N (and symmetr i cal l y, the sphere of di ameter
MN i s orthogonal to any sphere pass i ng through A and B) (see Fi gure 2) .

M andN are sai d to be conjugatewi th respect to a quadri c Q i f (M; N; A; B) =�1
where f A; Bg =(MN) \Q (see Fi gure 3) . I f M i s exter i or to Q, and i f we choose f or
the l i ne (MN) a tangent f romM to Q, then A =B =N i s the tangent poi nt . The
l ocus of the conj ugate of Mwi th respect to Q i s a hyperpl ane P passi ng through these
tangent poi nts .

I n the proj ect i ve space associ ated to IEd, the proj ect i ve quadri c associ ated to Q

i s the kernel of a quadrat i c f orm q. I n f act , the conj ugat i on wi th respect to Q i s
nothi ng el se that the orthogonal i ty de�ned i n the proj ect i ve space by q ; thus the pol ar
hyperpl ane of M i s the set of obj ects orthogonal to M f or the quadrat i c f ormq .
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Fi gure 2: Harmoni c di vi s i on

M

N

A

B Q

P

Fi gure 3: Conj ugate poi nts and pol ar hyperpl ane
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I f the equat i on of Q i s :

X
1�i�j�d

ai jxixj +
dX
i=1

a0ixi +a 00 =0

the equat i on of the pol ar hyperpl ane P of M wi th respect to Q can be obtai ned by
pol arizing i nM the equat i on of Q :

dX
i=1

ai imixi +
X

1�i <j�d

ai j

2
(mixj +m jxi) +

dX
i=1

a0i

2
(xi +m i) +a 00 =0

where M=(m 1; . . . ; md) .

3 Space of spheres

We denote by P the eucl i dean d di mensi onal space.h: ; :i i s the scal ar product i n P , and
j: : j i s the eucl i dean di stance between poi nts . Apoi nt or a vector (x1; . . . ; xi; . . . ; xd) of
P wi l l be represented as x .

Let us recal l the de�ni t i on of the space of spheres � used i n [ BCDT91] . Let

(S ) hx ; xi � 2 hx ; �i+� =0 (1)

be the equat i on of a sphere S i n P . Here � i s a poi nt of P , namel y the center of S .
Thi s sphere i s represented by the poi nt S =(�; � ) i n the (d +1) di mensi onal space
�. Not i ce that the vert i cal proj ect i on of a poi nt S =(�; � ) i n � i s the center of the
sphere, and the radi us rS of S i s gi ven by :

power(O; S ) =� =h�; �i � r2S (2)

We present i n thi s sect i on the �rst propert i es of �. I n the sequel , we wi l l preci se the
di mensi on of a geometr i c obj ect by the f ol l owi ng convent i on : a p-obj ect i s a mani f ol d
of di mensi on p , f or exampl e the hyperpl anes of P wi l l be cal l ed (d � 1)- hyperpl anes,
whi l e hyperpl anes of � wi l l be cal l ed d - hyperpl anes. There i s onl y one except i on to
thi s convent i on : i f no preci s i on, the word sphere wi l l represent the (d � 1)- spheres i n
P , s i nce they are the usual spheres we deal wi th.

3.1 The paraboloid�

Equati on (2) shows that the point-spheres i n � (spheres of radi us 0) ver i f y :

(�) h�; �i � � =0 (3)

The set of poi nt- spheres i s i n � the uni t d - parabol oi d of revol ut i on wi th vert i cal axi s
(that i s , paral l el to the � - axi s) denoted as �.

Apoi nt (�; � ) on �represents a sphere of P wi th center �and radi us 0. Theref ore
poi nts of P are associ ated wi th the correspondi ng poi nt- spheres on �i n �. I f space P
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Fi gure 4: The space of spheres
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i s i dent i �ed to the d - hyperpl ane � =0 then the poi nt- sphere i s obtai ned by rai s i ng the
poi nt on �. The exter i or of �i s the set of real spheres , whereas i ts i nter i or i s the set
of imaginary spheres (wi th negat i ve square radi us) (see Fi gure 4) .

The square radi us of a sphere S =(�; � ) i s the di �erence of the � - coordi nate of the
vert i cal proj ect i on of S on �wi th � .

3.2 Hyperplanes in�

Two spheres of P are orthogonal i f and onl y i f the two correspondi ng poi nts of � are
conj ugate wi th respect to �. Thus the set of spheres of P orthogonal to a gi ven sphere
S0 =(� 0; �0) of P f orms i n � exact l y the pol ar d - hyperpl ane �S0 of poi nt S0 wi th
respect to �. I ts equat i on i s obtai ned by pol ar i zi ng the equat i on of �i n S0 :

(�S0) � =2 h�0; �i � �0 (4)

I t i s the pol ar d - hyperpl ane of the sphere wi th respect to �.
The i ntersect i on of �S0 and�i s preci sel y the set of poi nt- spheres that are orthogonal

to sphere S0, that i s the set of poi nts l yi ng on S0 i nP . Thi s shows that �S0\�proj ects
i n P onto S0 (see Fi gure 5) .

As a part i cul ar case, the set of spheres pass i ng through a poi nt M 2 P i s al so the
set of spheres orthogonal to the poi nt- sphere M. But , as M bel ongs to �, the pol ar
d - hyperpl ane �M i s nothi ng el se than the tangent d - hyperpl ane to �at M. Each sphere
i n the l ower hal f space l i mi ted by �M ( i . e. the hal f space whi ch does not contai n �),
contai ns M i n i ts i nter i or . For a sphere i n the upper hal f space, M i s outs i de (see
Fi gure 5) .

3.3 Lines in�

Apenci l of spheres , that i s the set of l i near combi nat i ons of two spheres of P , t ransf orms
i n � i nto the l i ne through the two correspondi ng poi nts .

FromEquati on (2) , a concentr i c penci l i s a vert i cal l i ne (see Fi gure 4) . More
general l y, a penci l of spheres wi th l i mi t poi nts i s a l i ne hi tt i ng � i n the two l i mi t
poi nt- spheres (see Fi gure 6) .

Apenci l of spheres wi th base poi nts has d base poi nts f ormi ng a (d �1)- s i mpl ex. Al l
the spheres i n the penci l i ntersect al ong the (d � 2)- sphere ci rcumscr i bi ng the (d � 1)-
s i mpl ex. Such a penci l i s a l i ne whi ch does not hi t �, thi s l i ne i s the i ntersect i on of the
d pol ar d - hyperpl anes of the base poi nts (see Fi gure 7) .

Apenci l wi th tangent poi nt � i s a l i ne tangent to �at the proj ect i on of � on �
(see Fi gure 8) .

More general l y, i f S1 and S2 are two spheres , the i ntersect i on of thei r pol ar d -
hyperpl anes �S1 and �S2 i s the set of al l spheres orthogonal to both S1 and S2. Al l
these spheres are necessar i l y centered on the chordal e �(S1; S2) . Thus �S1\�S2 proj ects
on �(S 1; S2) (see Fi gure 9) .

The poi nts at i n�ni ty of the proj ect i ve cl osure of � correspond to the (d � 1)-
hyperpl anes of P , namel y the poi nt at i n�ni ty i n the di rect i on of (�; � ) i s the (d � 1)-
hyperpl ane of equat i on �2h�; xi+� =0, and the poi nt at i n�ni ty of a l i ne i n � i s the
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Fi gure 5: The pol ar hyperpl ane of a sphere
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Fi gure 6: Apenci l of spheres wi th l i mi t poi nts
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Fi gure 7: Apenci l of spheres wi th base poi nts
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Fi gure 8: Apenci l of spheres wi th tangent poi nt
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chordal e of the correspondi ng penci l . Thus the penci l s whose chordal e i s a gi ven (d �1)-
hyperpl ane i n P f ormi n � the set of l i nes paral l el to a gi ven di rect i on (orthogonal to
the chordal e) . I n part i cul ar , a penci l of spheres havi ng i n P the (d � 1)- hyperpl ane of
equat i on xd =0 as i ts chordal e corresponds i n � to a l i ne paral l el to the �d- axi s .

3.4 Themap� k

We denote by � k the transf ormati on i n � that maps a sphere S =(�; � ) wi th sqare
radi us r2 i n � to a sphere �k(S ) havi ng the same center and square radi us k r2, f or
k 2 IR.

Si nce the two centers are equal , S and �k(S ) are vert i cal l y al i gned i n �. Let us cal l
�k the l ast coordi nate of �k(S ) . Fromthe begi nni ng of Sect i on 3, we know that the
� - coordi nate of a sphere i s the power of the or i gi n wi th respect to the sphere. So :

� = h�; �i � r2

and �k = h�; �i � k r2

thus �k = (1� k ) h�; �i+k �
By usi ng the precedi ng equat i on, together wi th Equat i on (4) , we can i mmedi atel y

see that the pol ar d - hyperpl ane �S0 f or a sphere S0 =(� 0; �0) i n �, maps through �k
to the d - parabol oi d �k(�S0) of equat i on

(�k(�S0)) � =(1� k )h�; �i+k (2h�0; �i � �0) (5)

The axi s of thi s d - parabol oi d i s vert i cal (see Fi gure 10) . Si nce the restr i ct i on of �k to
�i s evi dent l y the i dent i ty, we have :

�k(�S0) \ �=� S0 \ �

Thi s i ntersect i on i s , i f S0 i s a real sphere (wi th posi t i ve square radi us) , the vert i cal
proj ect i on of S0 onto �(see Sect i on 3. 2) .

As a part i cul ar case, i f S0 i s a poi nt- sphere, �S0 i s the d - hyperpl ane tangent to �
at poi nt (�0; h�0; �0i) , and �k(�S0) i s al so tangent to �at the same poi nt .

4 Dual i ty results

I n the f ol l owi ng sect i ons, we appl y our f ramework to di �erent ki nds of Voronoi di a-
grams. The resul t i ng transf ormati on i s of ten al ready wel l known, however , us i ng our
f ramework, the transf ormati on i s strai ghtf orward and does not requi re any cal cul us.
Furthermore, our f ramework al l ows an easy combi nat i on of al l poss i bl e general i zat i ons
of Voronoi di agrams, such as wei ghted order k power di agrams. I t may al so l ead to
newe�ci ent al gor i thms (see Sect i on 5) .

The terms such as di stance, or nearest nei ghbor, ref er i n each sect i on to the speci �c
di stance � de�ned i n that part i cul ar sect i on.

In the sequel , S al ways denotes a set of spheres . An el ement of S i s denoted by S
or Si. I n some cases , S i s restr i cted to a speci al cl ass of spheres , e. g. poi nt- spheres i n
Sect i on 4. 1.
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4.1 Voronoi diagrams of point sites

The di stance we consi der here i s the eucl i dean di stance i n P :

� (P ; Q) =j P Qj
As not i ced i n Sect i on 3. 2, the set of spheres whi ch do not contai n a gi ven poi nt maps
i n � i nto the upper hal f space, l i mi ted by the pol ar d - hyperpl ane of the correspondi ng
poi nt . Thus, i f S i s a set of s i tes i n space P , then the set of empty spheres ( i . e. the set
of spheres whi ch do not surround any si te of S ) of space P i s i n � the i ntersect i on of
the correspondi ng hal f spaces . I ts boundary i s a convex pol ytope US, whose f acets are
tangent to �.

For a gi ven poi nt M 2 P and a si te S 2 S , the i ntersect i on of the vert i cal l i ne
through M wi th �S gi ves the maxi mumempty sphere centered at M and touchi ng S
(see Fi gure 11) . Si nce the radi us of the spheres on the vert i cal l i ne i ncreases wi th f al l i ng
� , we have :

P 1 The intersectionof US with a vertical l ine �=M in� gives the sphere

wi th center M and whose radius is the distance to the nearest neighbor of

M in S .

I n other words the proj ect i on of US on P i s the Voronoi di agramof S . Thi s can be
vi ewed as a new presentat i on of the wel l known correspondence between i ntersect i on
of hal f spaces tangent to the d - parabol oi d and Voronoi di agram[ ES86] .

Thi s �rst correspondence i n the space of spheres has been used i n [ BCDT91] to
compute the 3DDel aunay tr i angul at i on of a set of s i tes l yi ng i n k di �erent pl anes, wi th
an output sensi t i ve compl exi ty (see Sect i on 5. 2. 1) .

The space of spheres al l ows more general statements : the i ntersect i on of US wi th a
l i ne represent i ng any penci l of spheres , i s made up of the extremal empty spheres of thi s
penci l . There are zero, one, or two such extremal spheres (unl ess i t i s a penci l contai ned
i n the pol ar pl ane of a s i te) . These spheres are empty spheres pass i ng through a si te
of S . Because there i s general l y exact l y one sphere of a penci l pass i ng through a gi ven
si te, the determi nat i on of the extremal empty spheres of a gi ven penci l wi th respect to
S can be vi ewed equi val ent l y, as the determi nat i on of the poi nts of S on these spheres .

4.2 Power diagrams

The power di agrami s de�ned f or a set S of spheres of P . For a sphere S and a poi nt
M i n P , we de�ne the di stance � (M; S ) f romM to S as the power of M wi th respect
to S . Thi s di stance i s al so cal l ed Laguerre di stance [ Aur91] .

� (M; S ) =power(M; S )

In thi s de�ni t i on, the spheres of S can be any spheres , even poi nt- spheres or i magi nary
spheres . I n the case the spheres reduce to poi nts , � i s the squared usual eucl i dean
di stance, and we obtai n the usual Voronoi di agramf or poi nt s i tes as a part i cul ar case
of power di agram.
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Fi gure 11: Empty sphere centered onM and touchi ng S
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I n space P , the power of M wi th respect to S i s the square di stance f romM to
the i ntersect i on poi nt wi th S of a (d � 1)- hyperpl ane tangent to S and passi ng through
M. I t can al so be seen as the square radi us of the sphere whi ch i s both centered onM
and i s orthogonal to S . I n �, thi s sphere i s the i ntersect i on of the vert i cal l i ne pass i ng
through M and the pol ar d - hyperpl ane �S. I f we nowconsi der al l spheres i n S , the
upper envel ope of al l thei r pol ar d - hyperpl anes, or equi val ent l y, the i ntersect i on of the
upper hal f spaces l i mi ted by these d - hyperpl anes, f orma convex pol ytope US , and the
cl osest sphere to M f or di stance � i s gi ven by the i ntersect i on of US wi th the vert i cal
l i ne through M.

P 2 The intersectionof U S with a vertical l ine �=M in� gives the sphere

wi th centerM and whose square radius is the distance fromM to i ts nearest

neighbor in S .

Thi s shows that the power di agramof the set of spheres S can be obtai ned by
proj ect i ng onto P the upper envel ope of the pol ar d - hyperpl anes of the spheres .

The same resul t has been proved i n [ Aur87] i n a di �erent way, wi thout any geometr i c
i nterpretat i on.

In the power di agram, a (d �1)- f ace separat i ng the regi ons of two spheres i s contai ned
i n the proj ect i on of the i ntersect i on of the two correspondi ng pol ar d - hyperpl anes.
Thi s al so f ol l ows f romthe statement i n Sect i on 3. 3 that the i ntersect i on of two pol ar
d - hyperpl anes proj ects to the chordal e of the correspondi ng spheres .

4.3 Weightedpower diagrams

The si tes of S can here be any ki nd of spheres . Each si te S i s ass i gned a wei ght w(S ) .
The wei ghted di stance of a poi nt to a si te i s nowde�ned as the power di vi ded by the
wei ght of the si te.

� (M; S ) =
power(M; S )

w(S )

Let S denote a si te i n S ans l et w(S ) be i ts wei ght . Consi der a sphere SM =
(M; � ) , centered onM on the parabol oi d �1

w(S )
(�S) . SM =� 1

w (S )
(S0M) f or some sphere

S 0M 2 �S whose square radi us i s equal to power(M; S ) . So the square radi us of SM i s
power(S; M)

w(M) =� (M; S ) .

Let us nowde�ne U S as the upper envel ope of the set of d - parabol oi ds f �1
w (S )

(�S) ;

S 2 S g . I ntersect i ng a vert i cal l i ne throughMwi thUS gi ves the si te S whi chmi ni mi zes
� (M; S ) .

P 3 The intersectionof U S with a vertical l ine �=M in� gives the sphere

wi th centerM and whose square radius is the distance fromM to i ts nearest

neighbor in S .

The wei ghted power di agramof S i s thus the proj ect i on on P of the upper envel ope
of the set of d - parabol oi ds f �1

w (P )
(�P ) ; P 2 S g .
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The �rst al gor i thmf or computi ng wei ghted Voronoi di agrams f or poi nt s i tes i n the
pl ane i s due to F. Aurenhammer and H. Edel sbrunner [ AE84] , and uses a dual i ty that
i s somewhat di �erent f romours. I n [ Aur87] , there i s al so a dual i ty wi th the upper
envel ope of a set of d - parabol oi ds f or the computat i on of wei ghted Voronoi di agrams,
but the d - parabol oi ds are not the same as ours .

Let us �nal y remark the f ol l owi ng : the wei ghted di stance dist(M; S ) between a
poi nt M and a poi nt s i te S 2 S i s usual l y de�ned to be the eucl i dean di stance di vi ded
by the wei ght weight(S ) of the s i te. Theref ore we have :

dist2(M; S ) =
j MS j2

wei ght 2(S )
=

power(M; S )

wei ght 2(S )
=� (M; S )

The wei ghted Voronoi di agramf or poi nt s i tes can theref ore be obtai ned f romthe power
di agramof poi nt- spheres wi th squared wei ghts .

4.4 A�neVoronoi diagrams

By a�ne Voronoi di agram, we denote abstract Voronoi di agrams whose bi sectors are
hyperpl anes. F. Aurenhammer has shown that every a�ne Voronoi di agrami s a power
di agram. More preci sel y, he proved the f ol l owi ng theorem:

Theor em [ Aurenhammer] If f Hi j; 1 � i < j � ng i s a set of hyperpl anes in an

eucl idean space, veri fying the condi tion 8i < j < k ; Hi j\ Hi k=H i j\ Hj k =H i k\ Hj k,

then the Voronoi diagramin which the bisectors are the hyperpl anes f H i j; 1 � i < j �
n g i s the power diagramof a set of spheres.

Proof. See [ Aur87] . F. Aurenhammer gi ves the construct i on of a set of spheres . Thi s
set i s not uni que. One of these spheres can be chosen arbi trar i l y, the other spheres are
computed so that each chordal e of two spheres i s an hyperpl ane Hi j. 2

I n [ Aur87] , thi s resul t i s appl i ed to deduce a dual i ty between wei ghted Voronoi
di agrams f or poi nt s i tes i n di mensi on d and power di agrams i n di mensi on d +1. In
that way, wei ghted di agrams reduce to non-wei ghted di agrams. We gi ve an exampl e i n
Sect i on 5. 2. 3, showi ng that thi s transf ormati on can neverthel ess i ncrease the compl exi ty
of the probl em.

Here, we can show a dual i ty between the wei ghted di agram i n P and a power
di agrami n �. For P and Q two spheres i n P , we de�ne the d - bi sector of P and Q

as the d - hyperpl ane HPQ of � contai ni ng the i ntersect i on of the two d - parabol oi ds
� 1
w (P )

(�P ) and � 1
w (Q)

(�Q) . Note that thi s i ntersect i on cannot be empty and f orms a

d - el l i psoi d or a d - parabol oi d. We must determi ne the d - spheres �P and �Q i n � (they
are d - spheres i n the space of spheres) associ ated respect i vel y wi th P and Q such that
thei r d - chordal e �(�P ; �Q) i s HPQ .

FromEquati on 5, the normal i zed equat i on of �1
w (P )

(�P ) i s

(� 1
w (P )

(�P )) h�; �i � 2

1� w(P )
h�P ; �i+ w(P )

1 � w(P )
� +

1

1� w(P )
�P =0
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where (�P ; �P ) are the coordi nates of P i n �. The equat i on of HPQ can be obtai ned
by substract i ng (�1

w (P )
(�P )) f rom(� 1

w (Q )
(�Q)) .

I f we add a term�2 i n the equat i on of (�1
w (P )

(�P )) , we obtai n the equat i on of a

d - sphere �P i n � ; the d - chordal e of two such d - spheres �P and �Q, whose equat i on i s
obtai ned by substract i on, i s HPQ .

The coordi nates of the center of d - sphere �P are :

(�; � ) =

�
1

1� w(P )
�P ;

w(P )

2(w(P ) � 1)

�
(6)

Let us remark that the l ast coordi nate of the center does not depend on P , but onl y
on i ts wei ght . Thi s remark wi l l be used i n the al gor i thmof Sect i on 5. 2. 3.

When the power di agramof the d - spheres f �P ; P 2 S g i s computed, the wei ghted
di agramof S i s obtai ned by proj ect i on. More preci sel y, the regi on of a s i te P i n P i s
the vert i cal proj ect i on of the i ntersect i on of �1

w (P )
(�P ) wi th the cel l of �P i n the power

di agrami n �(see [ Aur87] ) .
Atr i angul at i on can be vi ewed as an a�ne di agram, thus, f romthe above theorem,

i t i s a power di agram. I t can easi l y be seen that i t i s the power di agramof the spheres
ci rcumscr i bi ng the si mpl i ces .

4.5 Order k power diagrams

The si tes of S can be any spheres , and the di stance i s :

� (M; S ) =power(M; S )

In the order k power di agram, the regi ons are associ ated to subsets of S wi th cardi nal i ty
k . Let T be such a subset . The power regi on of T i s the l ocus of a poi nt whose k nearest
nei ghbors are the el ements of T .

F. Aurenhammer and H. Imai [ AI88, Aur90] use a dual i ty f or the computat i on of
these di agrams. Our i nterpretat i on al l ows to gi ve an easy proof . The f ol l owi ng rel at i on,
f or k el ements S1; . . . ; Sk 2 S has been gi ven i n Sect i on 2 :

1

k

kX
i=1

power(M; Si) =power

 
M;

1

k

kX
i=1

Si

!

Let Sk denote the set of the centers of mass i n � of al l poss i bl e k - tupl es of spheres of
S . I t f ol l ows that the spheres S1; . . . ; Si; . . . ; Sk are the k nearest nei ghbors of M i f and
onl y i f the power of M wi th respect to thei r center of mass i s smal l er than the power
of M wi th respect to the other el ements of Sk.

Thi s means exact l y that the order k power di agramof a set S of spheres i s the usual
power di agramof Sk.

Usi ng (P 2) , we deduce :

P 5 The intersection of U Sk with a vertical l ine � =M in � gives the

sphere wi th center M and whose square radius is the average of the powers

of M with respect to the k nearest neighbors of M in S .
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Wei ght ed order k power di agr am

The powerf ul tool s provi ded by the space of spheres al l owto easi l y combi ne wei ghted
di agrams wi th order k power di agrams, whi ch coul d not be done i n a strai ghtf orward
manner wi th the methods previ ousl y used i n the l i terature. We onl y have to use the
rel at i on

kX
i=1

power(M; Si)

w(Si)
=

 
kX
i=1

1

w(Si)

!
power

0
@M; 1Pk

i=1
1

w(S i)

kX
i=1

Si

w(Si)

1
A

and we can see that i t i mpl i es that the wei ghted order k Voronoi di agramof a set of
s i tes i s the proj ect i on of the upper envel ope of the d - parabol oi ds obtai ned, f or each
k - tupl e f S1; . . . ; Si; . . . ; Skg , by appl yi ng � 

1Pk

i =1
1

w (Si)

! to the pol ar d - hyperpl ane �C of

the centroi d CS1; .. . ; Si; . . . ; Sk =
1Pk

i =1
1

w (Si)

Pk
i=1

Si
w(S i)

of the poi nts S1; . . . ; Si; . . . ; Sk i n �

wi th respect i ve coe�ci ents 1
w(Si)

.

Let Sk be the set of these centroi ds CS1; . . . ; Si; . . . ; Sk , wi th wei ght
Pk

i=1
1

w(S i)
, f or al l

k - tupl es f S1; . . . ; Si; . . . ; Skg of s i tes of S .
The wei ghted order k power di agramof S i s the (order 1) wei ghted power di agram

of Sk.

4.6 Voronoi diagrams of general manifolds

We can nowstudy some very general probl ems. The el ements of S are nowmani f ol ds
of any di mensi ons i mmersed i n P . The di stance i s the usual di stance f roma poi nt M
to a mani f ol d Z ( j MP j i s the eucl i dean di stance betweenM and P ) :

� (M; Z ) =mi n
P2Z

j MP j

I n other words, � (M; Z ) i s the radi us of the mi ni mumsphere centered at M and
\tangent" to Z . By tangent we mean that Z i ntersect the sphere but not i ts i nter i or .

Thi s sphere can be obtai ned as the i ntersect i on i n � of the vert i cal l i ne �=M

wi th the set �Z of al l spheres tangent to Z .
�Z i s a mani f ol d i n �, i t i s the upper envel ope of the pol ar pl anes of the poi nt-

spheres of Z . I f Z i s an anal yt i c mani f ol d i n P , then �Z i s an anal yt i c mani f ol d i n �.
We consi der the upper envel ope US of the mani f ol ds �Z f or al l Z 2 S .

P 6 The intersectionof U S with a vertical l ine �=M in� gives the sphere

wi th center M and whose radius is the distance to the nearest neighbor of

M in S .

Hyperpl anes

I f the s i tes of S are (d � 1)- hyperpl anes of P , the vert i cal d - hyperpl ane of � contai ni ng
a si te H i s the set of spheres centered on H, whi ch i s the set of al l spheres that are
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orthogonal to H, that i s �H (as i n Sect i on 3. 3, H i s consi dered as a sphere wi th i n�ni te
radi us, or equi val ent l y as a poi nt at i n�ni ty of �) . The proj ect i on of H onto �i s the
(d � 1)- parabol oi d �H \ �.

�H i s the parabol i c d - cyl i nder of generatr i x �H \ �and di rectr i x of di rect i on H

(see Fi gure 12) .

�2

�2

�1

�1

�
�

�

P

H

�H

H

spheres i n �H

�H \ �

Fi gure 12: The mani f ol d �H f or a (d � 1)- hyperpl ane

The map � k transf orms �H i nto a d surf ece of degree 2 (a hyperbol i c parabol oi d
when d =2).
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Por t i ons of hyperpl anes

I f we onl y consi der a port i on of (d � 1)- hyperpl ane H, the mani f ol d � associ ated wi th
i t i s st i l l a d - cyl i nder wi th the same di rectr i x, but i ts generatr i x i s onl y a port i on of the
(d � 1)- parabol oi d �H \ �, extended by i ts two tangent d - hyperpl anes (see Fi gure 13) .

�2

�2

�1

�1

�
�

�

P

H

�H

H

spheres i n �H

Fi gure 13: The mani f ol d �H f or a port i on of a (d � 1)- hyperpl ane

Spher es

I f the mani f ol d S i s a sphere, a sphere i s tangent to S at poi nt P 2 S i f and onl y i f i t
bel ongs to the penci l wi th tangent poi nt de�ned by S and the poi nt- sphere P .
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�S i s the set of l i nes tangent to �and passi ng through S i n �, whi ch i s al so the
upper envel ope of the pol ar pl anes of the poi nt- spheres l yi ng on S i n P . I t i s a d - cone
(see Fi gure 14) .

�2

�2

�1

�1

�
�

�

P

S

�S

S

spheres i n �S

Fi gure 14: The mani f ol d �S f or a sphere

The map � k transf orms �S i nto a mani f ol d of degree 4.

Por t i ons of s pher es

I f S i s a port i on of a sphere, �S i s a port i on of a d - cone extended by i ts two tangent
d - hyperpl anes (see Fi gure 15) .
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Fi gure 15: The mani f ol d �S f or a port i on of a sphere
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4.7 Hyperbolic Voronoi diagrams

Thi s sect i on presents an appl i cat i on of the space of spheres i n the context of (non
eucl i di an) hyperbol i c geometry (a good i ntroduct i on can be f ound i n [ Bea83] ) . The most
cl ass i cal conf ormal model of the 2 di mensi onal non eucl i di an space (of Lobachevsky)
i s the Poi ncar�e upper hal f pl ane IP = f x +i y 2 Cj y > 0g wi th the l ocal metr i c

d s2 = dx2+dy2

y
.

The geodesi cs , i . e. the hyperbol i c l i nes , are the hal f - ci rcl es i n IP centered on the
real axis (the x - axi s) (except i onnal l y the strai ght hal f - l i nes paral l el to the y - axi s) (See
Fi gure 16) .

The (so cal l ed \hyperbol i c") di stance between two poi nts z; z0 2 IP i s , up to a
constant f actor , the l ogar i thmof the (real ) cross- rat i o (z ; z0; a ; a0) = z�a

z�a 0 � z0�a 0

z0�a where
a , a0 are the traces on the real axi s of the geodesi c through z z0.

The bi sect i ng l i ne � of z and z0 i s the upper hal f of the ci rcl e � centered on the real
axi s and bel ongi ng to the penci l wi th l i mi t poi nts z and z0.

z

z0

a0 a

�=bi sect i ng l i ne of z and z0

l i ne zz0
z00

ci rcl es centered on z00

x

Fi gure 16: Hyperbol i c l i nes and ci rcl es .

The hyperbol i c ci rcl es centered on a gi ven poi nt z are the eucl i dean ci rcl es f ormi ng
the penci l of ci rcl es havi ng z as a l i mi t poi nt z and the real axi s as radi cal axi s .

Thus one can de�ne i n the usual way the hyperbol i c Voronoi di agramof a �ni te set
S of s i tes i n IP . The cel l of z 2 S i s the set of poi nts nearer ( i n the hyperbol i c sense) to
z than to any other poi nts i n S ; thi s i s a (hyperbol i cal l y) convex subset of IP , l i mi ted
by arcs of bi sect i ng l i nes , and the vert i ces are the centers ( i n the hyperbol i c sense) of
ci rcl es ( i n both hyperbol i c and eucl i dean sense) pass i ng through three s i tes of S , and
wi th empty i nter i ors , that i s to say the ci rcl es ci rcumscr i bi ng an ordi nary Del aunay
tr i angl e of S and ent i rel y drawn i nsi de IP . An exampl e of such a di agramon �ve poi nts
i s gi ven i n Fi gure 17.

As i n (P 1) , the nearest nei ghbor of z i s gi ven by i ntersect i ng US wi th the l i ne of �
represent i ng the ci rcl es centered on z ( i n the hyperbol i c sense) . Al l such l i nes , f or al l
z 2 IP , have the same di rect i on �, si nce they are associ ated to penci l s wi th the same
radi cal axi s . Thus, i f we proj ect US i n the di rect i on of �onto the parabol oi d �, and
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Fi gure 17: AVoronoi di agrami n the hyperbol i c Poi ncar�e hal f pl ane

then orthogonal l y onto IP , we obtai n the hyperbol i c Voronoi di agramof S : i n f act , an
edge of US proj ects onto �i n the �- di rect i on on the set of poi nt- spheres equi di stant
( i n the hyperbol i c sense) f romtwo si tes of S . Thi s gi ves a correspondence between the
eucl i dean and the hyperbol i c Voronoi di agrams.

Fi nal l y, not i ce that thi s can be general i zed to hi gher di mensi ons, though we present
i t i n the pl ane f or the sake of s i mpl i ci ty.

5 Complexity and algorithms

Thi s paper proves that any Voronoi di agrami n d di mensi on can be transf ormed i n an
upper envel ope of appropri ate surf aces i n di mensi on d +1. So al l resul ts concerni ng
compl exi t i es or al gor i thms f or upper envel opes can be appl i ed to Voronoi di agrams.
Unf ortunatel y, there are onl y f ewknown resul ts . The al gor i thmof [ SS90] can be appl i ed
to part i cul ar cases .

The Space of Spheres al so al l ows us to der i ve al gor i thms whi ch are not based on the
di rect use of upper envel opes. We present such al gor i thms i n the f ol l owi ng sect i ons.

5.1 Order k diagrams

The al gor i thmgi ven i n [ Aur90] f or order k power di agrams general i zes to wei ghted
di agrams. I t al l ows to avoi d the computat i ons of the centroi ds of al l k - tupl es of S ,
except f or the rel evant ones. I f the order k � 1 di agramhas al ready been computed,
a (d � 1)- f ace of thi s di agramseparates the regi on of S1; . . . ; Sk�1 and the regi on of
S1; . . . ; Sk�2 ; Sk. Each such (d � 1)- f ace produces a rel evant k - tupl e i n the order k

di agram, namel y f S1; . . . ; Skg .
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5.2 Output sensitive algorithms for constraineddata

5. 2. 1 Voronoi di agr ams f or a cons t r ai ned s et of poi nt s

We onl y recal l here the al gor i thmgi ven i n [ BCDT91] . The poi nt s i tes bel ong to a 3
di mensi onal space, and they are assumed to l i e i n k di �erent pl anes Pi; i =1; . . . ; k ,
f or some k i n IN. Let Si denote the set of s i tes l yi ng on Pi. The general i dea i s to
start f romone i ni t i al tetrahedron, and to construct the whol e 3 di mensi onal Del aunay
tr i angul at i on i ncremental l y, by addi ng the nei ghbors of the al ready computed tetrahe-
dra. The order i n whi ch the tetrahedra are added i s gi ven by the mechani smof shel l i ng
[ Sei 86, BM71] .

The search f or a nei ghbor (ABCX) of a tetrahedron (ABCD) through the f ace
(ABC ) reduces to a query probl emi n each of the k spaces of ci rcl es �i associ ated to
the pl anes Pi. The spheres ci rcumscr i bi ng (ABCD) and (ABCX) are the two extremal
empty spheres of the penci l of spheres wi th base poi nts A; B; C . The i ntersect i on of
thi s penci l of spheres wi th each pl ane Pi i s a penci l of ci rcl es , that i s a l i ne i n �i.
The extremal empty ci rcl es of such a penci l are gi ven by the i ntersect i ons between thi s
l i ne and the convex USi (see Sect i on 4. 1) . I t onl y remai ns to sel ect the searched ci rcl e
f romthe 2k f ound ci rcl es . The convex pol ytopes USi ; 1 � i � k are computed i n a
preprocess i ng step.

We can showthe f ol l owi ng theorem:

Theor em [ BCDT91] The three dimensional Del aunay triangul ation of n points

l ying in k pl anes can be computed inO( tk l ogn ) time and O(n ) extra space, where t i s

the size of the output.

I f k =2, i t i s poss i bl e to i dent i f y �1 and � 2 so that the al gor i thmonl y consi sts i n
super i mposi ng i n some sense the two convex USi ; i =1; 2, whi ch yi el ds :

Theor em [ BCDT91] The three dimensional Del aunay triangul ation of n points

l ying in 2 pl anes can be computed inO( t +n l ogn ) time and O(n ) space.

These resul ts have been general i zed to hi gher di mensi ons, usi ng some resul ts by J.
Matou�sek [ Mat91] .

Theor emConstructing the d dimensional Del aunay triangul ation of n points con-

strained to bel ong to k p -subspaces can be done in time and space

T =O
�
k n
+" t0 
+" +k t0 0( l og n )O(1)

�
where " i s any posi tive constant,

t i s the size of the output, t0 =mi n( t ; nb
p+1
2 c) and t 0 0=t � t0

and 
 =
1

1 + 1
b p +1

2 c

�

 =

2

3
for p =3; 4; 
 =

3

4
for p =5; 6 . . .

�
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5. 2. 2 Power di agr ams of a cons t r ai ned s et of s pher es

The previ ous resul ts can be general i zed to the computat i on of the (d +1) di mensi onal
power di agramof a set S of d - spheres whose centers l i e on k d - hyperpl anes P1; . . . ; Pk.

Let v be a vertex of the power di agramof S . v i s the center of a d - sphere V

that i s orthogonal to d - spheres S1; . . . ; Sd+1 ; Sd+2 (the power of v wi th respect to each
Si i s the square radi us of V ) . The nei ghbor x of v i nci dent to the edge of the power
di agramconsi st i ng of poi nts equi di stant f romS1; . . . ; Sd+1 i s the center of a d - sphere X
orthogonal to d - spheres S1; . . . ; Sd+1 ; T , f or some searched d - sphere T . The support i ng
l i ne of the edge (v x ) corresponds to the penci l P of d - spheres orthogonal to S1; . . . ; Sd+1 .

Let Pi be the hyperpl ane contai ni ng the center of T . The i ntersect i on of P wi th Pi

i s a penci l of (d � 1)- spheres Pi i n Pi, that i s a l i ne i n �i. As T and X are orthogonal ,
the (d � 1)- spheres T \ Pi and X \ P i are orthogonal i n Pi. I n other words, X \ Pi
i s the (d � 1)- sphere gi ven by the i ntersect i on i n �i of the penci l of (d � 1)- spheres
Pi (a l i ne i n �i) wi th USi , where USi corresponds to the power di agrami n Pi of the
(d � 1)- spheres S \ Pi, f or al l d - spheres S 2 Si.

The three theorems of Sect i on 5. 2. 1 can be general i zed here.

Theor emConstructing the d dimensional power diagramof n spheres whose centers

are constrained to bel ong to k p -subspaces can be done in time and space

T =O
�
k n
+" t0 
+" +k t0 0( l og n )O(1)

�

where " , 
 , t0 and t 0 0 are de�ned as in Section 5.2.1.

If d =3 and p =2, the time compl exi ty is O( t k l og n ) and the space required is

O(n ) . Furthermore, i f k =2, the time compl exi ty reduces to O( t +n l ogn ) .

5. 2. 3 Wei ght ed power di agr ams wi t h a �xed number of wei ght s

We have proved i n Sect i on 4. 4 that there i s a dual i ty between the wei ghted power
di agramof a set S of (d � 1)- spheres i n di mensi on d and a power di agramof a set
f �P ; P 2 S g of d - spheres i n di mensi on d +1, and that the l ast coordi nate of �P onl y
depends on the wei ght w(P ) (see Equat i on (6)) .

The resul ts gi ven i n the precedi ng sect i on can be appl i ed to the set of spheres
f �P ; P 2 S g , i f the number of wei ghts of the (d � 1)- spheres of S i s k .

Thi s l eads to an al gor i thmwhose compl exi ty i s output sensi t i ve i n the si ze of the
power di agramobtai ned i n �. Unf ortunatel y, thi s al gor i thmi s not output sensi t i ve i n
the si ze of the wei ghted di agrami n P , as can be seen i n the f ol l owi ng exampl e (Fi gure
18) :

P i s the eucl i dean pl ane. � i s the di stance as de�ned i n Sect i on 4. 3. S consi sts
i n two ki nds of ci rcl es . S =f Pi; 1 � i � n g [ f Qj; 1 � j � n g . The centers of the
ci rcl es Pi =(� Pi ; h�Pi ; �Pii) l i e on the uni t ci rcl e � of P and thei r radi i are zero. Thus
h�Pi ; �Pii =1. Thei r wei ght i s - 4. FromSect i on 4. 4, the equat i on of a sphere �Pi i s

(�Pi) 0 = h�; �i+� 2 � 2

5
h�; �Pii �

4

5
� +

1

5
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Fi gure 18: Li near wei ghted di agrammapped onto a quadrat i c power di agram
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0 =

�
�� 1

5
�Pi ; ��1

5
�Pi

�
+

�
� � 2

5

�2

The spheres �Pi are poi nts i n the three di mensi onal space �. They l i e on an hori zontal
ci rcl e centered on the � - axi s .

The ci rcl es Qj = (0; �Qj) are centered on the or i gi n of P . �Qj and w(Qj) are
computed so that �Qj i s a poi nt i n �. FromSect i on 4. 4, the square radi us of �Qj i s�

w(Qj)
2(w(Qj)�1)

�2 � �Qj
1�w(Q j)

. So we take w(Qj) =
2

�Qj
+
r
4 + 4

�Qj
. We choose �Q1 =� 1

3

and �Qj 2
h
� 1

3 ; 0
i

The spheres �Qj are poi nts i n �. They l i e on the � - axi s .
The power di agramof the set f �Pi ; 1 � i � n g [ f �Qj ; 1 � j � n g i s known to be

quadrat i c [ PS85] .
Let us nowcompute the wei ghted di agramof S . We showthat the regi ons of the

si tes Qj; 1 � j � n are empty i n thi s di agram.
Fi rst note that Q1 i s the outermost of the ci rcl es Qj ; 1 � j � n . I f M i s a poi nt

of P exter i or to ci rcl e Q1, we have 8 i ; j ; � (M; Pi) � 0 < � (M; Qj) , because the wei ghts
of the Pi's are negat i ve and the wei ghts of the Qj' s are posi t i ve. On the other hand,

8M; 8 j ; � (M; Qj) � �Qj
w(Qj)

(s i nce the square radi us of Qj i s ��Qj) whi ch i s mi ni mal f or
j =1, thus � (M; Qj) � � 1

30 . I f M l i es i n the i nter i or of Q1, i t s eucl i dean di stance to

the nearest Pi i s greater than 1 �p��Q1, so 8 i ; � (M; Pi) �
�
1�p�� Q1

�2
�4 < � 1

30 . So,
each poi nt of P , i s nearer to Pi than Qj, f or al l i ; j .

Thus the wei ghted di agramof S i s the usual f urthest nei ghbor Voronoi di agramof
the si tes Pi; 1 � i � n , s i nce the wei ghts w(Pi) are negat i ve. I ts s i ze i s l i near .

We remark that our exampl e i s constructed wi th ci rcl es wi th posi t i ve and negat i ve
wei ghts . I t remai ns an open quest i on whether an exampl e f or poi nt s i tes can be f ound.

Thi s exampl e shows that the transf ormati on gi ven i n [ Aur87] , that transf orms a
wei ghted power di agrami n di mensi on d i nto a power di agrami n di mensi on d +1, may
i ncrease the compl exi ty of the probl em.

6 Conclusion

We have i ntroduced a geometr i c f ramework whi ch al l ows an uni �cat i on of many dual i ty
resul ts f or general i zed Voronoi di agrams. In thi s f ramework, al l resul ts can be proven
by onl y usi ng purel y geometr i c i nterpretat i ons, wi thout any anal yt i c cal cul at i ons. We
can appl y i t to di �erent ki nds of Voronoi di agrams, and combi ne easi l y the resul ts to
hol d wei ghted order k di agrams f or the hyperbol i c metr i c f or exampl e.

The i dea of the space of ci rcl es or spheres can be used to sol ve other probl ems
concerni ng ci rcl es and spheres : f or exampl e, the determi nat i on of the r i ng wi thmi ni mal
surf ace, de�ned by two coci rcul ar ci rcl es , contai ni ng a gi ven set of poi nts , transf orms
i n the space of spheres i nto a l i near programmi ng probl em. Another space of ci rcl es i s
used i n [ AS91] to sol ve the i ntersect i ons count i ng probl emi n a set of ci rcl es .
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