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A Euclidean minimal torus with planar ends gives rise to an immersed Willmore torus
in the conformal 3-sphere S =R® U {cc}. The class of Willmore tori obtained this way is
given a spectral theoretic characterization as the class of Willmore tori with reducible
spectral curve. A spectral curve of this type is necessarily the double of the spectral
curve of an elliptic Kadomtsev-Petviashvili (KP) soliton. The simplest possible examples
of minimal tori with planar ends are related to 1-gap Lamé potentials, the simplest non-
trivial algebro geometric Korteweg-de Vries (KdV) potentials. If one allows for transla-
tional periods, Riemann's “staircase” minimal surfaces appear as other examples related

to 1-gap Lamé potentials.

1 Introduction

Complete minimal surfaces with finite total curvature and planar ends in Euclidean
3-space can be compactified by filling in points at the ends if one views them as
immersions into the conformal 3-sphere S®=R3U {co}. This is equivalent to com-

pactifying their preimage under stereographic projection. The main interest in this
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Mobius geometric compactification stems from the fact that the resulting immersions
of compact surfaces are critical points of the Willmore energy. In fact, as proved by
Bryant [8, 9], all Willmore spheres in the conformal 3-sphere can be obtained from this
construction. This is not anymore true for Willmore immersions of genus g=>1. For
example, the Clifford torus has Willmore energy W =272, while compactifications of
Euclidean minimal surfaces with planar ends always have Willmore energy W = 4xn for
nthe number of ends.

In the present paper, we characterize Willmore tori in conformal 3-space S° that
are Euclidean minimal with planar ends for some point co € S® at infinity in terms of
spectral and integrable systems theory. Our integrable systems approach leads to a sim-
ple description of the Euclidean minimal tori previously studied by Costa [11] and Kus-
ner and Schmitt [19] which have W =167 and four ends, the least number of ends possi-
ble for Euclidean minimal tori with planar ends. It equally applies to minimal tori with
planar ends and translational periods such as Riemann's “staircase” minimal surfaces,
see, for example, [16, 20-22]. From the spectral theory point of view all these examples
turn out to be related to the simplest nontrivial algebro geometric KdV potentials, the
1-gap Lamé potentials. This observation also sheds new light on the recent characteri-
zation of Riemann’s minimal surfaces obtained by Meeks, Perez, and Ros [21, 22] which
uses algebro geometric solutions to the KdV equation in an essential way.

The way that spectral and integrable systems theory intervenes in our setting is
through the spectral curve of conformally immersed tori. The spectral curve is an invari-
ant of immersed tori in 3D space first considered in [27]. It is defined as the Riemann

surface normalizing the Floquet spectrum of a 2D Dirac operator

o-(2 (2 2)
-3 0 0 U
attached to an immersion. This definition of spectral curve is the direct analog for Dirac
operators to the definition given in [12] for 2D periodic Schrodinger operators at fixed
energy level.

The spectral curve is asymptotic to the “vacuum” spectrum belonging to the oper-
ator with zero potential U =0 which is the disjoint union of two copies of C with a Z?-
lattice of double points. For a generic immersion, the spectral curve has infinite genus,
because infinitely many of the vacuum double points turn into handles. In the special

case that only finitely many handles appear in the asymptotics, the spectral curve has

finite genus and the immersion can be constructed using finite gap integration. This
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happens for example, if the immersion is the solution to elliptic variational problems
related to the area [17, 24] or Willmore functional [4].

The fact that all previously known examples of spectral curves occurring in
surface theory were irreducible made people expect that irreducibility should hold for
general conformally immersed tori (see, e.g., the “Pretheorem” in [28]). In the present

paper, we show that this is not true and prove (see Theorem 2.3).

Theorem. Every Euclidean minimal torus f: T? — R®U {co} with planar ends has a

reducible spectral curve. O

By general spectral curve theory (cf. Appendix A.4), reducibility of the spectral
curve implies, in particular, that the spectral curve has two irreducible components of
finite genus which are interchanged under an anti-holomorphic involution. Moreover,
each component is a compact Riemann surface with one puncture. As a consequence,
each component of the spectral curve is the spectral curve of an elliptic XP soliton in
the sense of [18] (cf. Appendix 2). This makes contact to the theory of elliptic Calogero-
Moser systems [1, 18].

Combining our result with the fact that a Willmore torus in the conformal 3-
sphere S® that is not Euclidean minimal with planar ends has an irreducible spectral
curve of finite genus (see [4, Theorem 5.1 and Corollary 5.3]), we obtain the following

reformulation of the above theorem:

Theorem. Every immersed Willmore torus f: T? — S® in the conformal 3-sphere S® has
finite spectral genus. The spectral curve of f is reducible if and only if f is Euclidean
minimal with planar ends with respect to the Euclidean geometry of R® = S\ {oo} defined

by some point co € S® at infinity. O

To our knowledge, Dirac operators (1.1) corresponding to Euclidean minimal tori
with planar ends are the first known examples of 2D periodic Dirac operators with
smooth potential and reducible Floquet spectral curve. (Such Dirac potentials are indeed
globally smooth, because Euclidean minimal tori with planar ends extend to globally
smooth immersions into the conformal 3-sphere S® = R® U {c0}.)

In the following, we outline the strategy behind the proof (given in Section 2) that
Euclidean minimal tori with planar ends have reducible spectral curves. A conformally
immersed torus f: T? — S° gives rise to Dirac-type operators with smooth potentials in
two different ways. One is Mobius invariant (Section A.2), the other one depends on the

Euclidean geometry defined by the choice of a point co € S at infinity not lying on the
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image of the immersion (Section A.3). By Theorem A.1, all different Dirac-type operators
obtained this way from a conformally immersed torus give rise to the same spectral
curve, the spectral curve of the immersion f.

A general point oo € S® at infinity that lies on the image of the immersion gives
rise (as in Section A.3) to a Dirac-type operator with a nonsmooth potential. However,
in the special case that the resulting immersion into Euclidean 3-space is minimal (and
then necessarily has planar ends), the corresponding Dirac operator has a trivial poten-
tial, that is, is of the form (1.1) with U =0.

The main result of the paper (Theorem 2.3) is derived from the fact that the spec-
tral curve of a Euclidean minimal torus with planar ends can be computed using this
Dirac operator (1.1) with trivial potential U = 0 if one imposes suitable boundary condi-
tions at the ends. The reducibility of the spectral curve then reflects the decomposition
of the Dirac operator into pure - and d-operators. In particular, the components of the
spectral curve coincide (Corollary 2.6) with spectral curves of d-operators on punctured

elliptic curves as discussed in [7].

2 The Spectral Curve of a Euclidean Minimal Torus with Planar Ends

As sketched at the end of Section 1, the proof of our main result uses different types of
Dirac operators and transitions between them. It is drastically simplified by the alge-
braic formalism of quaternionic holomorphic geometry (a brief review of which is given
in Appendix 1). To apply this, we treat minimal tori with planar ends in Euclidean
3-space as conformal immersions f: T? — HP' with values in the conformal 3-sphere
R3 U {00} ¢ HP!, where R® =ImH is identified with {[x, 1] | x € ImH} c HP! and co =1, 0].
We call an immersion f: M — R® U {oo} of a compact surface M Euclidean mini-
mal with planar ends if it is globally smooth and the immersion f: M\{pi., ..., p,} — R®
is Euclidean minimal, where {p;, ..., p,} denotes the finite set of ends at which f goes
through co. The minimal immersion f: M\{pi, ..., p.} — R® is then complete, has finite
total curvature, and planar ends and, conversely, every such immersion can be compact-
ified to an immersion into the conformal 3-sphere, see [8, pp. 44-49] which moreover

proves the following lemma.

Lemma 2.1. A map f: M— R3U {co} defined on a compact Riemann surface M is
conformal and Euclidean minimal with planar ends {p, ..., p,} if and only if the C3-
valued 1-form df is null, holomorphic, and nowhere vanishing on M\{px, ..., p,} and has

second-order poles without residues at the {p, ..., p,}. (Here of := %(df— i x df), where
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x denotes the induced complex structure on T*M and i stands for the complex structure
of the complexification C* of R3; the fact that df is null with respect to the complex

bilinear extension of the Euclidean metric reflects conformality of the immersion.) [

We describe now how the spinorial Weierstrass representation of minimal sur-
faces in R® appears in the quaternionic framework. Recall that for an immersion
f: M — R® U {00} into the conformal 3-sphere, the corresponding quaternionic line sub-
bundle L C V of the trivial rank 2 bundle V carries a Mobius invariant structure of a
quaternionic spin bundle with compatible d-operator (Appendix A.3). The fact that the
immersion f is Euclidean minimal with planar ends is equivalent to the fact that the
Euclidean quaternionic holomorphic structure induced by co (Appendix A.3) has vanish-
ing Hopf field Q and coincides with the underlying d-operator (the reason being that the
Hopf field of a Euclidean holomorphic line bundle coincides with the mean curvature
half density, see, e.g., [23], and hence vanishes precisely if the immersion is minimal).
Note that, unlike the Mobius invariant underlying d-operator, the quaternionic holomor-
phic section ¢ appearing in the Weierstrass representation is only defined away from
the ends {py, ..., p,} at which the immersion goes through oo.

In the case that M= T?=C/I is a torus, the canonical bundle is holomorphi-
cally trivialized K =ZC by the differential dz of a uniformizing coordinate. The com-
plex spin bundle E underlying L thus has a nowhere vanishing d-holomorphic section ¢
with Z,;-monodromy hg € Hom([I', Z;) satisfying (¢, ¢) = jdz. The quaternionic holomor-
phic section ¢ appearing in the Weierstrass representation (Appendix A.3) then takes
the form ¥ = ¢(s; + isy j), where s;, s, are holomorphic functions with Z,;-monodromy hg

defined away from the ends. Hence
df =, ¥) = (jsi +isp) dz(s) +iszj) = j(s} dz— 55 dz) + 2iRe(s;s; dz) (2.1)

and, with respect to the basis i, j, k of R® =ImH, we obtain the spinorial (If M is not
a torus, but an arbitrary Riemann surface, the argument of this paragraph only holds
locally; if K is not globally trivialized, a global formula can be obtained by absorbing
Vdz and the Z,-monodromy into s;, s; and viewing them as spinor fields instead of
functions—then dz disappears in (2.2) and ¢ further above has to be divided by +/dzsee,

for example, [3, 19] for this globalized version.) Weierstrass representation

2515'2 dz
df=Re| (s? —s?)dz (2.2)

i(s? 4+ s5)dz
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for minimal surfaces, see [30] for the original and [3, 19] for contemporary, coordinate
independent versions. Because df in Lemma 2.1 coincides (up to a factor 1/2) with the

C3-valued 1-form in (2.2), we obtain the following corollary.

Corollary 2.2. A map f: T?\{p1. ..., p,} — R® is minimal with planar ends p,...,py,, if
and only if the meromorphic functions s;, s; in (2.2) have poles of order at most one at
the ends py, ..., pn, vanishing order zero terms in their Laurent expansions at the ends,

and no common zeroes. O

Conversely, if one starts with meromorphic functions s;, s, on T? =C/I" with
identical Z,;-monodromy and zero and pole behavior as in the corollary, then (2.2) defines
the differential of a possibly double periodic minimal torus with planar ends. The van-

ishing of the translational periods in direction of y € I" is then equivalent to

J s1s,dzeiR and J s? dz:J 52dz. (2.3)
Y Y Y
To obtain a closed torus this has to hold for all y € I'; for a torus with one translational

period it has to hold for one generator of I".

Theorem 2.3. The spectral curve of a Euclidean minimal torus f: T? — R® U {00} with

planar ends is reducible. O

Following from general properties of spectral curves, cf. Appendix A.4, the spec-
tral curve of f is thus of the form ¥ = X'UX’ for ¥’ a Riemann surface of finite genus
with one end. More precisely, X’ is the spectral curve belonging to an elliptic KP soliton,
see Appendix 2. Theorem 2.3 holds, more generally, for Euclidean minimal tori with pla-
nar ends and translational monodromy such as Riemann’s “staircase” minimal surfaces,

see Section 4.

Proof. The basic idea behind the proof is similar to that of Theorem A.1. An essen-
tial difference is that here we chose a point co at infinity for which the immersion has
ends, that is, goes through co. As a consequence, the corresponding flat connection V
on V/L with Vi, =0 (cf. Appendix A.3) is only defined away from the ends, because
the section y; vanishes at the ends. Our strategy in order to determine the spectral
curve of V/L is to derive a characterization of sections of KV/L =L that are defined
away from the ends and are of the form V" for /" a holomorphic section of V/L with

monodromy h.
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As above denote by ¢ a nontrivial 3-holomorphic section with Z;-monodromy hg
of the complex line bundle E underlying L. Let /" be a holomorphic section of V/L with
monodromy A. It can be written as ¥ =y, x, with x a quaternion-valued function with
monodromy & defined away from the ends. Using the identification KV/L = L via §, its

derivative is then

VYt =y dx Z (@) + D2,

where @,, ®, are complex holomorphic functions with monodromy h-hy and h- hg
defined away from the ends (that @,, &, are complex holomorphic holds, because V"
is a holomorphic section of KV/L = L, cf. Appendix A.3, whose Hopf field Q vanishes
identically for f Euclidean minimal). From Vv, = =y df = —¢(s; + is2j), we thus obtain

dx =df(s1 +is2)) (@1 + 2)) = (Jsi +1s2) dz(D1 + D2 )), (2.4)

where the last equality holds by (2.1).

We prove now that @, and &, obtained from a holomorphic section ¥" with mon-
odromy of V/L have the same pole behavior as s; and s, that is, their only possible poles
are first-order poles at the ends and their Laurent expansions at the ends have vanish-
ing order zero terms. To prove the first claim, note that near every end the holomor-
phic section ¥, = —, f (Appendix A.2) is nonvanishing so that ¥" =y, x, for a smooth
quaternion-valued function y,. Moreover, because v; = —, f~! is holomorphic and d /!
is nonzero at a planar end of f, there is a smooth quaternionic function g, defined by
dy, =—df!g, (this is, in fact, the quotient construction of Appendix A.2). Taking the
derivative of y = — fx2 yields

dx=-df(x2+ f'g2)=—-dfg with gi:=x2+ f'g. (2.5)
Because g is smooth and, by (2.4), away from the ends
g1 =—(s1+is2)) (@1 + P2 J), (2.6)

the pole behavior of s; and s, implies that @; and @, at most have first-order poles at
the ends.

The fact that dx in (2.4) has no periods around a given end is equivalent to the
fact that the closed forms

js1®,dz+is,Pydzj and is, @, dz— § P, dz
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have vanishing residues at that end (i.e., the integrals ﬁ $ over small loops around the
end are zero). Because the Laurent expansions of s; and s, have no order zero terms at

the end, the order zero terms @;(0) and ®,(0) in the Laurent expansions of @; and &,

(sl(—n iSED) (@0 _
(-1 s(-1)/)\$200)

where s;(—1) and s,(—1) denote the residues of s; and s, at the end. Because at least

have to satisfy

one of s, and s, has a pole at the end, the determinant |s, (—1)|? 4 |sz(—=1)|? of this 2 x 2
matrix is nonzero and both &;, &, have vanishing order zero terms at the end.

Thus, every holomorphic section " of V/L with monodromy h can be obtained,
by integrating (2.4), from meromorphic functions @, and @, with monodromies h - hy and
h - hy and first-order poles with vanishing order zero terms at the ends.

We prove now that conversely every pair of meromorphic functions &; and @,
with the given properties comes from a holomorphic section ¥" of V/L with monodromy
h. By Lemma 2.4, the form dy obtained by plugging @, and &; into (2.4) can be integrated
to a smooth function y with monodromy h which is defined away from the ends of the
immersion. It therefore remains to check that the holomorphic section " =y, x = ¥z x2
thus defined smoothly extends through the ends. By (2.6), the asymptotics of s, s; and
@, @, at the ends implies that the function g; is smooth and dg; vanishes at the ends.
Using (2.5) and the defining equation of g,, the differential of g; becomes dg; = f~'dg,.
Hence dg, = fdg; is bounded at the ends and smooth elsewhere so that by integration g,
is C° at the ends. But now dy; = —d f~!g, implies that x; is C! at the ends. The holomor-
phic section v, x =2 x2 is thus C! at the ends and hence smooth by elliptic regularity.

So far, we have shown that holomorphic sections " of V/L with monodromy h
correspond to pairs of meromorphic functions @, and &, with monodromies h- hy and
h- hy and prescribed pole behaviors. Because for generic points of the spectral curve
the corresponding space of holomorphic sections of V/L with monodromy h is com-
plex 1D (Appendix A.4), generically either @, or @, has to vanish identically. (Otherwise,
they would give rise to a complex 2D space of holomorphic sections with monodromy #,
because one could separately plug ¢; and 0 or 0 and @, into (2.4).)

This shows that the spectral curve has two connected components, namely one
on which the corresponding holomorphic sections " generically have vanishing @,
and one on which @, vanishes generically. Both parts are interchanged under the anti-

holomorphic involution which is induced by the symmetry " y"j. [ |
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The following lemma is needed in the proof of Theorem 2.3.

Lemma 2.4. Let w be a meromorphic 1-form with nontrivial monodromy h € Hom(I", C,)
and vanishing residues on a torus T? = C/I". Then, there exists a unique meromorphic

function f with monodromy h on T? that satisfies d f = w. 0

Proof. Take f an arbitrary meromorphic function with d f = . Because Wz, = wzh, for
y € I', there is a, € C such that f(z+ y) — f(z)h], = a, for all z. Now

fz+wn +v) = f@h,h, +a,h, +a,

and, because f(z+ y1 + y2) = f(z+ y2 + 1) and h is a representation, we obtain a, h, +
a,, = a,,h, + a, and hence
a, (b, — 1) =a,(h, —1). (2.7)

In particular, because h is nontrivial, we have a, =0 for all y € I such that 2, =1. On
the other hand, adding a constant be C to f changes a, to @, + b(1 — h,). For y € I" such
that h, # 1, we define b= %. By (2.7), the definition of b does not depend on the choice
of y and b is the unique solution to a, + b(1 — h,) =0 for all y € I'. In particular, among
the meromorphic functions satisfying d f = , the function f= f + b is the unique one

with multiplicative monodromy h (and no additional “additive monodromy”). u

In the proof of Theorem 2.3, we have derived the following characterization of

multipliers h admitting nontrivial holomorphic sections of VV/L with monodromy h.

Lemma 2.5. Let f: T? - R®U {co} be a Euclidean minimal torus with planar ends at
D1 ...Pn € T? and induced spin structure corresponding to a Z,-multiplier hy. Then, V/L
admits a holomorphic section " with monodromy # if and only if there is a meromor-
phic function ® with monodromy h- hy or k- hy that has at most first-order poles and

vanishing order zero terms at the py,...,p, € T?. 0

Because the spectral curve is defined as the Riemann surface normalizing the set
of Floquet multipliers h that belong to nontrivial holomorphic sections of V/L, it can be

computed by the following corollary.

Corollary 2.6. The set of multipliers h € Hom(/", C,) admitting a nontrivial meromorphic

function @ with monodromy h on T? = C/I" such that

(a) all poles are of first-order and located at the ends py,...,p, € T?, and

(b) the Laurent series at the ends have vanishing order zero terms
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is a 1D complex analytic set. Its normalization is one connected component of the spec-
tral curve of the minimal torus with planar ends and hence a compact Riemann surface

with one puncture. U

In Theorem 2.3 and the following discussion, we derive properties of spectral
curves (like number of ends and components and finiteness of the genus) of Euclidean
minimal tori with planar ends from the general theory of spectral curves of immersed
tori in the conformal 3-sphere (Appendix A.5), a special case of the theory of spectral
curves for periodic 2D Dirac operators (Appendix A.4).

Corollary 2.6 indicates an alternative way to study spectral curves of Euclidean
minimal tori with planar ends. This is further discussed in [7], where we, more gener-
ally, define spectral curves of d-operators on punctured elliptic curves with boundary
conditions as described in Corollary 2.6 and show that they coincide with elliptic KP
spectral curves. It turns out that Krichever’s ansatz [18] yields an algebraic approach to
spectral curves and Floquet functions of 3-operators on punctured elliptic curves with

the given boundary conditions.

3 Example: Minimal Tori with Four Planar Ends at the Half Periods

The smallest number of ends possible for Euclidean minimal tori with planar ends is
four, as shown by Kusner and Schmitt [19]. This is analogous to the case of minimal
spheres with planar ends [8] which, except for the plane, have also at least four ends. The
first examples of Euclidean minimal tori with four planar ends are given by Costa [11]
(who treats rectangular tori) and Kusner and Schmitt [19] and have ends located at the
half periods.

In the following, we show that the spectral curve of a minimal torus with four
planar ends located at the half periods is the double of the spectral curve of a 1-
gap Lamé potential. As we will see, it is natural to view the parameter domain of the
Euclidean minimal torus as a four-fold covering of the spectral curve belonging to the
Lamé potential; the four ends of the minimal surface then cover the one end of the Lamé
spectral curve. The spectral curve point of view yields natural candidates for the spinors

fields s; and s, needed to construct the minimal immersion.

Theorem 3.1. The spectral curve of a Euclidean minimal torus with four planar ends
located at the half periods is the double ¥ = ¥’UX’ of the spectral curve X’ of a 1-gap

Lamé potential. O
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Proof. By Corollary 2.6, one can compute one component X’ of the spectral curve ¥ =
>'UX’ by normalizing the 1D set of multipliers h e Hom(I", C,) for which there exists a
meromorphic function @ with monodromy h, at most first-order poles at the ends, and
vanishing order zero term in the Laurent expansion at each end. The normalization of
the set of possible h's is an irreducible compact Riemann surface with one puncture.
Denote by T? = C/I" with I = Span,, {4w:, 43} a uniformization of the torus. Then
X' =(C/M\{0} with I = %I; = Span,{2w;, 2wz} is in a natural way a component of the
spectral curve: for every o € ¥/, the 1-gap Lamé Baker-Akhiezer function &, of C/I",
when seen as a function on the four-fold covering T2 = C/I" of C/I", has exactly the right
kind of Laurent expansion at the ends (see Appendix A.7). The monodromy of &, on C/I"
in the direction y = 2w; is €2¢®®i=*1) g0 that its monodromy on the four-fold covering T*
in the direction y =4w; is b’ = e*¢@wi~en) Thus, X' is indeed a Riemann surface with
one end that parameterizes a subset of the monodromies which, as in Corollary 2.6, are
possible for meromorphic functions on T? with first-order poles and vanishing order

zero terms at the half periods. |

In the following, we explain how to reconstruct all Euclidean minimal tori with
four planar ends at the half periods of T2 =C/I" and spin structure corresponding to a

given Z,-multiplier hy € Hom(I", Z;). For this, one has to understand how to solve

(a) the algebraic problem of finding a two linearly independent meromorphic
functions s;, s; with monodromy kg as in Corollary 2.2 (i.e., with poles of
order at most one at the half periods, with vanishing order zero terms in the
Laurent expansions at the half periods, and without common zeroes);

(b) and the period problem (2.3).

One can check that the algebraic problem cannot be solved for nontrivial spin
structure hg # 1. (In fact, for given hg # 1 the 4D space of meromorphic functions on 72/I"
with monodromy hg and first-order poles at the half periods is spanned by translates of
Baker functions @, on T?/I", cf. Appendix A.7, for « equal to one of the w;, i=1,...,3
depending on hy; but no linear combination of these translates has vanishing order zero
terms in the Laurent expansion at all four half periods.) In the case of trivial spin struc-
ture ho = 1, there is a 3D space of meromorphic functions on T? = C/I” whose only poles
are first-order poles at the half periods and whose Laurent expansions at the half peri-
ods have vanishing order zero terms. It is spanned by the Baker-Akhiezer functions
D1 =Pypy, P2=Py—y,, and @3 =&,_,, on C/I" (see Appendix A.7) viewed as functions
on the four-fold covering T? = C/f, for I' =Span,{2w;, 2w3} and = Spany{4w;, 4ws}.
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Because the natural R, SU(2)-action on s, s, changes the immersion by a homo-
thety only, the general ansatz for s; and s, of Euclidean minimal tori with four ends at

the half periods and trivial spin structure is

S1=®; + ady + bds, (3.1)

Sy =Py + dd3 (3.2)

(that @, has a nontrivial coefficient can be achieved by renumbering the basis of I" if
necessary).

For the computation of the periods, we use

Pr(X)Py(x) = (%) + ©(X — 201) £ P(X — 202) £ P(x — 2w3), k#L,
(3.3)
Pp(x) =H(X) + H(x — 201) + H(X — 203) + H(X — 2w3) — p (1),

where o and § denote the Weierstrass gp-functions of C/I" and C/I”, respectively, and
where in the first equation always two of the + are minus signs (e.g., for @; ®, we have

—, —, +). As a consequence ®;®; dx with k+#1 has no periods at all and

J DF dx=—4(n + p (W) = —4(1 + exwy). (3.4)
y=4w

Evaluation (2.3) along y =4w; and y = 4w;3 yields

Re(ac(n + exw1) + bd(n; + e3w1)) =0,
(3.5)

Re(ac(ns + e;ws) + bd(ns + esws)) =0,

and

(m + eo1) + a(n + exan) + b2(n + eswr) = (1 + @) + (1 + esw1),
(3.6)

(13 + erw3) + a2(n3 + e203) + b2(n3 + e303) = (3 + €203) + d* (03 + €33).

A dimension count suggests that there is two real parameter space of solutions.

Given a, b, ¢, d such that (3.5) and (3.6) are solved, one still has to check that s;
and s, have no common zeros (so that one obtains an immersion). The minimal torus with
four planar ends is then given by plugging s; and s; into (2.2) and integrating. Because
by (3.3) one only has to integrate p-functions on the parameter torus T?, this yields an

explicit formula of the minimal surface in terms of Weierstrass ¢-functions on T?.
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Example: setting a=b=0, (3.5) is solved automatically and by matrix inversion

(3.6) gives c and d uniquely up to sign, because

+ e + e ® i
det [T TEOT MTEON o onydet [T ) = (5 — e (3.7)
N3 + w3 N3+ e3w3 s @3 2

The fact that the spinors sj, s; generically have no common zeros is checked in [19,
Section 23].

Examples of Euclidean minimal tori with more planar ends are constructed
in [25]. It would be interesting to generalize our construction of tori with four ends
to an explicit construction, based on elliptic soliton theory, of all Euclidean minimal
tori with planar ends.

Apart from our construction of minimal tori with four planar ends, in minimal
surface theory Baker-Akhiezer functions previously appeared in Bobenko’s paper [3]
on helicoids with handles. In both cases, the spinors describing the minimal sur-
face are Baker-Akhiezer functions, so that the Euclidean minimal surfaces in question
are parameterized by (coverings of) their own spectral curves. This relation between
Euclidean minimal surfaces and integrable systems is fundamentally different from the
well-established theory [2, 17, 24] of constant mean curvature tori in R® with H#0
(where the immersion is parameterized by a suitable real torus in the Jacobian of the

spectral curve).

4 Surfaces with Translational Periods and Riemann’s Minimal Surfaces

Euclidean minimal tori with planar ends and translational periods can be treated along
the same lines as closed minimal tori with planar ends. In the following, we investi-
gate the simplest nontrivial examples which are tori with one translational period and
two planar ends on each fundamental domain. (The trivial example here being the plane
which can be viewed as a minimal torus with two translational periods and no ends
on its fundamental domain.) The embedded examples among these surfaces are Rie-
mann’s “staircase” minimal surfaces, see [20]. Similar to Section 3, the spectral curves
of Euclidean minimal tori with translational periods and two planar ends are doubles
of 1-gap Lamé spectral curves.

For a Euclidean minimal torus with planar ends and translational periods, both
the Mdobius invariant quaternionic holomorphic line bundle V/L (Appendix A.2) and the
Euclidean holomorphic line bundles L and KL ! (Appendix A.3) are well defined. The

main difference to the case with trivial translational monodromy is that the flat bundle
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V is no longer trivial. Moreover, the holomorphic section v, is not periodic (instead
and ¥, span a 2D linear system with monodromy; the monodromies are 2 x 2 Jordan
blocks with 1 on the diagonal and translational periods appearing in the upper right
corners). The holomorphic section ¢, of V/L that corresponds to oo is still periodic,
because oo is fixed under translations. Also, the holomorphic section  appearing in the
Weierstrass representation is well defined. In particular, the functions s;, s, are well-
defined meromorphic functions with Z,-monodromy and pole and zero behavior as in
Corollary 2.2. Only the periodicity condition (2.3) is not satisfied anymore.

The spectral curve of a minimal torus with planar ends and translational mon-
odromy can still be defined as the spectral curve of the quaternionic holomorphic line
bundle V/L. In particular, the proof of Theorem 2.3 goes through without change (the
nonperiodic holomorphic section ¥, appears in the proof only in local considerations

about the pole behavior of ®; and @, and the smoothness of " = v, x).

Lemma 4.1. A Euclidean minimal torus with two planar ends and translational periods

has nontrivial spin structure and ends at two of the four half periods of the torus. [

Proof. Let T?=C/I" with I' =Span,{2w;, 2w3} and assume that the ends are located
at 0 and pe T?. To see that the spin structure is not trivial, note that a meromorphic

function with trivial monodromy and first-order poles at 0 and p € T? is of the form
xeT?—a(l(x) —{(x—p) +b

with a, b € C. The condition that the order zero term in the Laurent expansion at both
ends vanishes is a¢(p) + b=0. It is thus impossible to find two linearly independent
functions s; and s, as in Corollary 2.2 with trivial monodromy.

Therefore, the spin structure has to be nontrivial and we can assume that the cor-
responding Z,-multiplier hg satisfies hg(2w;) = 1 and hg(2w3) = —1. The 2D space of mero-
morphic functions with monodromy hy and first-order poles at 0 and p is then spanned
by the Baker functions x+> ®4—,,(x) and x+> &,—,,(x — p) on C/I" (see Appendix A.7). The
condition of Corollary 2.2 that the order zero terms in the Laurent expansion at the ends

vanishes for both sections is @4, (p) = @Py—s,(—p) = 0. But this only holds if p=w, € TH

The proof of the following theorem is analogous to that of Theorem 3.1. The
fundamental domain of the torus with two ends is now a double covering of the Lamé

spectral curve; the two ends cover the one end of the spectral curve.
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Theorem 4.2. The spectral curve of a Euclidean minimal torus with two planar ends

and translational periods is the double ¥ = X'UX’ of a 1-gap Lamé spectral curve ¥’. (]

Proof. As in Theorem 3.1, we use Corollary 2.6 to compute one component of the
spectral curve. Denote by T? =C/I" with I' =Span,{2w;, 2w3} a uniformization of the
torus such that the ends are located at 0 and w; = w; + w3. Then X' = (C/I'")\{0} with
I'" =Spany{w,, 2w3} is one component of the spectral curve, because for every o« € X' the
Baker—Akhiezer function @, on C/I"’ (see Appendix A.7), when seen as a function on the
two-fold covering T2 =C/I" of C/I'’, has first-order poles and Laurent expansions with

vanishing order zero terms at the ends. |

In the rest of the section, we sketch how to recover the classification [20] of
Euclidean minimal tori with two parallel planar ends and one translational period. In
particular, we explain how Riemann's “staircase” minimal surfaces appear in our set-
ting. The general ansatz for spinors s; and s, belonging to minimal tori with two planar
ends that are parallel to the jk-plane and located at the points 0 and w, of T? = C/I" with
I' =Spany{2w;, 2w3} is (because as in the proof of Lemma 4.1 the monodromy of s; and
s, has to be hy with hg(2w2) =1 and hy(2ws) = —1)

S1=®1+ P, and s, =a(®; — D)

with a € C, where &;, @, denote the Baker functions ®u—.,/2 and @y—u, 240, on C/I"’ (see
Appendix A.7) with I'" = Span,{w,, 2w3} seen as functions on the double covering T? =
C/I'. The spinors s, s; have no common zeros. For integrating (2.2) and computing the

periods, we use (by comparing poles and zeros)

D1 (X)P2(%) = (%) — 9 (X — w2),
(4.1)

DX =) +p(x—w) —bj, j=1,2

with b; = 2p (w2/2) and by = 2 (w2/2 4+ w3). Thus, as in Section 3, (2.2) can be explicitly
integrated in terms of ¢-functions. Because &, ®,dx has no periods, the closedness (2.3)

of the minimal immersion described by s; and s, in the direction y € I" reads

aJ (P2(x) — PZ(x))dxeciR and J
Y

(P%(x) + @5 (x)) dx = aZJ (P2(x) + P2(x)) dx.
Y

Y
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The period in the direction y, , = 2(mw; + nwsz), m, n€ Z vanishes if
2a(by — b)) (mw; + nw3) € iR (4.2)

with

a==+arg(8(mn: + nns) — 2(b1 + by)(Mw1 + nws)) (4.3)

for arg(z) = z/|z|. This suggests that for given m, nthere is a 1-parameter family of points
in the moduli space of genus one curves for which the y, ,-period is closed, that is, (4.2)
is satisfied for a prescribed via (4.3) by m, n. A more detailed investigation of this would
recover the classification given in [20, Theorem 3.2].

The embedded examples in the moduli space of all Euclidean minimal tori
with two parallel planar ends are Riemann’s “staircase” minimal surfaces (see [20,
Theorem 3.1]). They are parameterized over rectangular tori and appear in our setting for
w1 € R and w3 € iR. Because this implies b, = by, for Ym.n With mn=0 and the correspond-
ing choice (4.3) of a, Equation (4.2) is then automatically satisfied. The parameterizations
of Riemann’s minimal surfaces thus obtained essentially coincide with the ones given
in [16].

Riemann's minimal surfaces have previously been characterized using algebro
geometric KdV theory in the work of Meeks, Perez, and Ros [21, 22]. It would be interest-
ing to conceptually relate the way KdV theory appears in their work with our approach

based on spectral curve theory.
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Appendix 1. Some Notions of Quaternionic Holomorphic Geometry

This appendix gives a self-contained review of all notions of quaternionic holomorphic
geometry [10, 13, 23] that are relevant for the present paper. In particular, we discuss the
quaternionic holomorphic approach [5, 6] to the spectral curve of conformally immersed
tori [14, 27-29].
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A.1 Quaternionic holomorphic line bundles

A quaternionic holomorphic line bundle over a Riemann surface M is a quaternionic line
bundle L equipped with a complex structure J € I'(EndL), J?> = —Id and a quaternionic

linear (Dirac-type) differential operator D: I'(L) — I'(KL) satisfying the Leibniz rule

D(y2) = (Dy)r + (¥ dA)’

for all ¢ € I'(L) and A: M — H, where " := %(a) + J*w) and KL denotes the bundle of
1-forms with values in L that transform like *w = —Jw for x the induced complex struc-
ture on T*M. The degree of a quaternionic holomorphic line bundle is defined as the
degree of the underlying complex line bundle E :={y € L | Jy = ¥/i}. The complex struc-
ture J decomposes the operator D =3 + Q into J-commuting part d and anti-commuting
part Q. The operator 9 respects the complex line bundle E and defines a complex holo-
morphic structure. The tensor field Q is called the Hopf field of the quaternionic holo-
morphic line bundle.

There are two essentially different ways how quaternionic holomorphic line bun-
dles arise in the theory of conformal immersions of Riemann surfaces into 4-space. One
of them is Mobius invariant and can be best understood within the quaternionic model
of the conformal 4-sphere S* = HP'; the other depends on the choice of a Euclidean sub-
geometry or, more precisely, on the choice of a point at infinity co € $* = HP'.

By trivializing the bundle with a 3-holomorphic section one can bring the oper-
ator D to the form of a Dirac operator (1.1) acting on functions. When dealing with
quaternionic holomorphic line bundles related to immersed surfaces in 3-space, such a
trivialization can always be achieved globally if one uses sections and functions with

Zy-monodromy which takes into account the spin structure of the immersion.

A.2 Mobius invariant representation

In the following, we identify maps f: M — S* =HP! into the conformal 4-sphere with
quaternionic line subbundles L C V of a trivial quaternionic rank 2 bundle V over M
equipped with a trivial connection. (Here, ¥V can be simply thought of as the Cartesian
product of M with a quaternionic rank 2 vector space. The reason for preferring the
language of bundles and connections is that is simplifies the treatment of immersions
with Mébius monodromy, for example, in Section 4 where we discuss minimal tori with
translational periods.) If f is a conformal immersion, the quaternionic line bundle V/L

carries a unique quaternionic holomorphic structure for which all sections obtained by
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projection from constant sections of ¥ are holomorphic (see the rest of the section for
a more explicit coordinate description and e.g., [5] for more details). This holomorphic
structure on V/L is Mobius invariant, because its definition is projectively invariant.
The conformal immersion is now encoded in the 2D linear system of holomor-
phic sections of V/L obtained by projection from constant sections of V. The quotient of
any two linearly independent sections 1, ¥, in this linear system is a coordinate rep-
resentation of the immersion in an affine chart of HP!. To see this, note that the choice
of Y1, ¥, identifies V with the trivial H? vector bundle with trivial connection. The holo-
morphic sections ¥, ¥, of V/L are then the projections under 7: V — V/L of the basis
vectors e; = (}) and e; = (9). Away from the isolated points at which f goes through
00 = (}J)H the line bundle corresponding to the immersion can be written as L = ({) H,
where f: M — H=HP'\{oco} is the representation of the immersion in the affine chart

defined by co. In particular, the immersions has the quotient representation

Yo =—yY1 f.

Note that as long as the immersion does not go through oo, the section v; has no
zeroes and the affine representation fis a globally smooth map f: M — H. An arbitrary
holomorphic section of V/L then takes the from ;g for g: M — H a function satisfy-
ing *dg = N dg, where N: M — S? c Im(H) is the so-called left normal of f defined by
*d f = Ndf. In the case that f takes values in R® = Im(H), the map N is the Gauss map
of the immersion.

Given an immersion into the conformal 3- or 4-sphere, a generic choice of a point
oo at infinity will avoid that the immersion goes through co. However, it might be prefer-
able (for example in Section 2) to chose a point co at infinity for which the immersion
does go through oco. In this case, the affine representation f is smooth away from the
ends at which it goes through oco. At the ends the quaternion-valued function f then
has first-order poles in the sense that f~! vanishes to first-order: it vanishes, because
f has an end, and its vanishing order is 1, because f is the affine representation of an

immersion into the conformal 4-sphere.

A.3 Euclidean Weierstrass representation

Give a conformal immersion f: M — R*=H of a Riemann surface into Euclidean 4-
space, there are unique (up to isomorphism) quaternionic holomorphic line bundles L

and L with holomorphic sections ¥ and « and a unique pairing [13, Section 2.3] between
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L and L, that is, a quaternionic sesquilinear map (, ): L x L — T*M ® H, such that

(a, y)=df.

This is the quaternionic version [23] of the Weierstrass representation of f and the bun-
dle L is isomorphic to KL~!. Although the quaternionic holomorphic structures on the
line bundles L and KL~! are not Mobius invariant, the underlying paired quaternionic
line bundles and their complex holomorphic structures 9 are Mébius invariant.

If f takes values in R® =Im(H), then v/ — « defines an isomorphism between L
and L. The bundle L is then called a quaternionic spin bundle, the quaternionic holo-
morphic structure is compatible with the pairing in the sense that holomorphic sections
square to closed forms, and f has Weierstrass representation d f = (v, ). In particular,
the underlying complex bundle E with 3 is then a complex holomorphic spin bundle (a
square root of the canonical bundle), because if ¢ is a 5-holomorphic section of E, the
pairing (¢, ¢) is j times a holomorphic differential.

We explain now, how the Weierstrass representation fits into the quaternionic
projective picture explained above. First, note that the projective differential é :=nV),
of a conformal immersion f: M — S* =HP! is a bundle isomorphism §: L — KV/L. This
allows one to define a Mobius invariant pairing [13, Section 2.3] between L and the

bundle L+ ¢ V* perpendicular to L by setting

(o, V) = (o, 8Y) = — (8T, Y1),

where §+: L+ — KL~! = KV*/L* denotes the projective derivative of L*.

From now on, assume that we have fixed a point co € HP!. Away from the ends
of the immersion f, that is, the isolated points at which f goes through oo, the point
oo defines holomorphic structures on the bundles L and L*: denote by v, € H(V/L) a
holomorphic section of V/L obtained by projecting a nontrivial, constant section of the
quaternionic line bundle co C V. Away from the ends (which coincide with the vanishing
locus of ), there is a unique flat connection V on V/L satisfying Vi/; = 0. This connec-
tion defines holomorphic structures V” on L+ = (V/L)"! and d¥ on KV/L = L.

We show now that these holomorphic structures are the holomorphic structures
occurring in the Weierstrass representation of the corresponding immersion into the
Euclidean space H =HP'\{oo}: let f: M — Hc HP' so that the corresponding quater-
nionic line subbundle is L =yH with ¢ = (/) and co=(})H. The section ¥ is holo-

1
morphic since 8¢ =y, d fe I'(KV/L) and holomorphic sections of KV/L are precisely
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the sections of the form yn with xn= N7 and dn=0. The section « € I'(L*) defined by

(a, Y1) =1 is also holomorphic and («, ) = df which is the Weierstrass representation

of f.

A.4 The spectral curve of a quaternionic holomorphic line bundle

A conformal invariant attached to an immersion of a torus into 3-space is its spectral
curve [5, 6, 14, 27-29]. In Appendix A.5, we define the spectral curve of an immersed
torus based on the notion of spectral curve for quaternionic holomorphic line bundles
of degree 0 on the torus which we discuss here. This spectral curve can be equivalently
viewed as the spectral curve of a periodic 2D Dirac operator (1.1), cf. Appendix A.1.
Following [6], we define the spectral curve X of a quaternionic holomorphic line
bundle L of degree 0 over a torus T? = C/I" as the Riemann surface normalizing the com-
plex analytic set of possible Floquet multipliers (or monodromies) of nontrivial holomor-

phic sections of L, that is, the set of
heHom(I',C,) =C, x C,

for which there exists a nontrivial solution to Dy =0 defined on the universal covering
C of T? = C/ T? that transforms according to

V(x+y)=vXh,

for all xe T? and y € I'. To justify the definition of the spectral curve ¥ one has to ver-
ify that the possible multipliers form a 1D complex analytic set. In [6], this is proved
by asymptotic analysis of a holomorphic family of elliptic operators. In addition, it is
shown that ¥ has one or two ends (depending on whether its genus is infinite or finite)
and one or two connected components each containing at least one end. Moreover, for a
generic Floquet multiplier h that admits a nontrivial holomorphic section, the space of

holomorphic sections with monodromy % is complex 1D.

A.5 The spectral curve of a conformally immersed torus

For an immersed torus in 4-space whose normal bundle is topologically trivial, the spec-
tral curve can be defined using either the Mébius invariant or the Euclidean quaternionic
holomorphic line bundles attached to the immersion. The following theorem shows that

both possibilities lead to the same Riemann surface which is therefore Mébius invariant.
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(It should be noted that when the spectral curve is defined using the Euclidean concept
of Weierstrass representation as in its original definition [27] for tori in R3, its Mdbius
invariance is far from obvious. It was first conjectured by the second author [26] and
first proved, independently, by Grinevich and Schmidt [14] and by Pinkall [unpublished].
A nonnormalized, more refined, version of the spectral curve is considered in [15] where
it is shown that Mobius transformations of tori may result in creation and annihilation
of multiple points on the corresponding spectral curve. The proof here is a variant of

Pinkall’s unpublished proof.)

Theorem A.1. For a conformal immersion f: T? — R* = H c HP' with topologically triv-
ial normal bundle, the spectral curve of the Mdbius invariant quaternionic holomorphic
line bundle V/L coincides with the spectral curve of the Euclidean quaternionic holo-

morphic structure on L. U

Proof. Because of the asymptotics of spectral curves, that is, the fact that they have
at most two components each of which contains an end [6], it is sufficient to check that
the set of possible monodromies of holomorphic sections of V/L is contained in the
set of possible monodromies of holomorphic sections of L = KV/L equipped with the
Euclidean holomorphic structure d¥, where V is the flat connection on V/L defined by
the point co. But this immediately follows from the fact that, if ¢" is a holomorphic
section with monodromy h of V/L, by flatness of V its derivative V" is a holomorphic

section of KV/L which obviously has the same monodromy as " |

Note that in Theorem A.1 we assume that f does not go through the point co €
HP' defining the Euclidean geometry, that is, the corresponding immersion into R* = H
is assumed to have no ends. In contrast to this, in the proof of Theorem 2.3 we choose

oo for which f has ends.

Appendix 2. Conformally Immersed Tori with Reducible Spectral Curve and Elliptic
KP Solitons

The spectral curve X of a conformally immersed torus (Appendix A.5) or, more generally,
a quaternionic holomorphic line bundle on a torus (Appendix A.4) is equipped with a

pair of holomorphic maps

hj:E—>(C* j=1,2

9T0Z ‘ST Jequieldas Uo A1sIoAIUN SIS eILRA|ASULRd e /610°Sfeulnoploxo uiwi//:dny woly papeojumoq


http://imrn.oxfordjournals.org/

22 C. Bohle and I. A. Taimanov

that describe the monodromies of holomorphic sections in the direction of a basis y,
y2 of the lattice I defining the underlying torus T? =C/I". If ¥ has finite genus, the

logarithmic derivatives

nj=dlog(hy), j=1,2

are meromorphic 1-forms on the compactification £ = X U {0, oo} of X with second-order
poles and no residues at the ends o, oo (see, e.g., [6, Lemma 5.1]). Moreover, all periods
of nj, j=1,2 take values in 27iZ. The existence of a pair of meromorphic forms with
the given asymptotics and periodicity is a “closing condition” for the underlying Dirac
potential. In integrable surface theory, a closing condition of this type probably first
appeared in [17] (see Theorem 8.1 there).

The same kind of closing condition characterizes compact Riemann surfaces

with one puncture that arise as spectral curves of elliptic KXP solitons:

Proposition A.2. A compact Riemann surface with one puncture is the spectral curve
of an elliptic KP soliton if and only if it admits two linearly independent meromorphic
1-forms 7, n, with single second-order poles and no residues at the puncture such that

all periods are in 27iZ. O

Proof. We only sketch the proof, without going into details of the underlying finite
gap integration theory: a compact Riemann surface with one puncture gives rise, via
the Krichever construction, to a function in x, y, t which is a meromorphic solution
to the KP equation. This solution can be obtained from the Baker-Akhiezer function
which is characterized as the section of a family of holomorphic line bundle on the
Riemann surface. Its dynamics in x, y, t is given by linear flows in the Jacobian, realized
by cocycles which linearly depend on x, y, t and describe the change of holomorphic line
bundle. An elliptic KP soliton as described in [18] is precisely a finite gap KP solution that
is double periodic in the x-variable. As in the case with two punctures (see, e.g., [17, p.
665]), the existence of a pair of 1-forms 7, n, with the given asymptotics and periodicity
means that there is a pair of x-values whose cocycles are coboundaries, that is, that the

dynamics in the x-direction is periodic. |

If the spectral curve of an immersed torus is reducible, the closedness condi-
tion on the full two-punctured spectral curve implies the closedness condition on each
component. In particular, by the preceding proposition, each component is an elliptic

KP spectral curve.
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Corollary A.3. If the spectral curve of a conformally immersed torus is reducible, its

components are spectral curves of elliptic KP solitons. O

It would be interesting to understand whether in the special case of immersed
tori in the conformal 3-sphere, reducible spectral curves are always (such as in the
examples discussed in Sections 3 and 4) spectral curves of elliptic KdV solitons, that
is, elliptic XP spectral curves for which the KP solitons do not depend on the y-variable

and hence solve the KdV equation.

Appendix 3. Elliptic Functions and Lamé Potentials

We collect some facts about elliptic functions and Baker-Akhiezer functions for Hill's

equation with 1-gap Lamé potential.

A.6 Weierstrass's elliptic functions

For the uniformization of a conformal 2-torus we write T? = C/{2w;, 2ws}. The Weier-
strass gp-function is the unique elliptic function on T? with a single pole of order 2
and the asymptotics o (x) =  + O(x?); its other three branch points are the half lattice

vectors w;, w3 and wy; = w; + w3 and

©)?=4(p(x) —e)(p ) — e)(p (%) — e3)

for e;=p(wj), j=1,2,3. The Weierstrass ¢-function is the unique function satisfying
{'=—gp with ¢(x) = }( + O(x®). Because g is even, ¢ is odd and its translational periods
{ (x4 2wj) =¢(x) + 2n; are given by nj={(wj), j=1,2,3. In our notation, the Legendre
relation reads .

i

w3 — N3w1 = —.
mws — n3wq 2

The Weierstrass o-function is the unique solution to ¢’ = o with the asymptotics o (x) =

x+ O(x°). Because ¢ is odd, o is odd. Its monodromy is given by
0(x+2wj) =—0(x)e*¥)  j=1,23.

The entire function o satisfies

o(x)=x H (1 —

X > X 1 ( X )2
exp + =
(M. 7)£0 Wm,n Wm,n 2 \omn
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with wy, = 2me; + 2nws.

A.7 Baker function for Hill's equation with Lamé potential

The Baker-Akhiezer function of Hill's equation
?"(%) — 20 (0) ?(x) = E @ (x)

with Lamé potential —2p¢ and spectral parameter E = p («) is given by

Pu0 =] EZ[);();)) et
for 0 A« € C/{2w;, 2w3}, see [18] or [31, Chapter XXIII, 23.7 ] (according to which this
formula goes back to Hermite 1877 and Halphen 1888). In particular, the spectral curve
of Hill's operator with potential —2¢ (x) is the elliptic curve on which the potential is
defined with the point 0 removed; the Weierstrass gp-function describes the 2:1-map o +—
E = p(a) from the spectral curve to the spectral parameter plane and the hyperelliptic
involution is o — —a.

The asymptotics of @, is
11 1,
Po(X) =~ — oo (X + —p (@)X +---
x 2 6
and its monodromy is given by
D, (x + 260]') — @, (x) ez(((a)wj—anj)’ j=1,2,3.

As expected from the general spectral theory of Hill's equation, the Baker-Akhiezer
functions @, corresponding to the branch points « =w;, j=1, 2,3 of p have Z; = {+1}-

monodromy (following in our case directly from the Legendre relation).
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