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tionThe word hotshots 
an be written as (hots)2. We thus 
all hotshots a square1. On thealphabet f0; 1g the longest words not 
ontaining squares are 010 and 101. On the otherhand, at the beginning of the last 
entury, Thue [9℄ proved that over f0; 1; 2g there is anin�nite squarefree word, i.e. an in�nite sequen
e not 
ontaining any squares.Variations on the problem of �nding squarefree words have in
luded �nding in�nitesquarefree tilings [2℄, or �nding in�nite squarefree walks on graphs and digraphs [3, 4℄.The problem of �nding an in�nite squarefree tiling 
an be viewed as that of �nding a
oloring of the latti
e graph of the tiling on whi
h 
ertain walks give squarefree 
oloursequen
es. For example one may ask for 
olourings of the in�nite 
he
kerboard with�nitely many 
olours, su
h that rook or bishop moves always tra
e squarefree words [5℄.A re
ent paper of Alon et al. [1℄ looks for 
olourings of �nite graphs su
h that all
y
le-free walks give squarefree sequen
es of 
olours. Let Cn be the 
y
le on n verti
es.They o�er the following 
onje
ture.�This work was supported by an NSERC operating grant.1Thanks to J. Shallit for this interesting natural square.the ele
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Conje
ture 1.1 For n � 18, there is a 
olouring of Cn with 3 
olours su
h that every
y
le-free walk gives a square-free word.The 
onje
ture is several years old, and appears to be due to R. Jamie Simpson.One 
he
ks by 
omputer that the result of the 
onje
ture holds for 1 � n � 179, withex
eptions at n = 5; 7; 9; 10; 14 and 17. We establish the 
onje
ture by proving theexisten
e of 
ir
ular squarefree words for n � 180.2 PreliminariesA word w is squarefree if it is impossible to write w = xyyz with y a non-empty word.Word v is a 
onjugate of word w if there are words x and y su
h that w = xy and v = yx.We say that w is a 
ir
ular squarefree word if all of its 
onjugates are squarefree.Example 2.1 The set of 
onjugates of word 123 is f123; 231; 312g. Ea
h of these issquarefree, so 123 is a 
ir
ular squarefree word. On the other hand, 1231213 is squarefree,but its 
onjugate 3123121 starts with the square 312312. Thus 1231213 is not a 
ir
ularsquarefree word.Our main result is the following:Main Theorem For ea
h n � 18 there is a word over f0; 1; 2g of length n whi
h is
ir
ular square free.If u and v are words, we write u � v (equivalently, v � u) if u is a subword of v, thatis, if v = xuy for words x and y. We write u �p v (equivalently, v �p u) if u is a pre�x ofv, that is, if v = uy for some word y. Again, we write u �s v (equivalently, v �s u) if uis a suÆx of v, that is, if v = xu for some word x.Remark 2.2 If uavbw � xx then a � x or b � x.Our 
onstru
tions deal with binary words, i.e. strings over f0; 1g. Ifw is a binary word we denote by w the binary 
omplement of w, obtained from w byrepla
ing 0's with 1's and vi
e versa. For example, 01101001 = 10010110.If w is a word, we denote by jwj its length, that is, the number of letters in w. Thusj01101001j = 8. If a is a letter, we denote by jwja the number of o

urren
es of a in w.Thus j01101001j0 = 4.3 A few properties of the Thue-Morse wordThe Thue-Morse [8, 9℄ sequen
e t is de�ned to be t = h!(0) = limn!1 hn(0), whereh : f0; 1g� ! f0; 1g� is the substitution generated by h(0) = 01, h(1) = 10. Thust = 01101001100101101001011001101001 � � �the ele
troni
 journal of 
ombinatori
s 9 (2002), #N10 2



Every subword of t is a subword of hn(0) for some n. Therefore, every subword of tappears in t in�nitely often. Let us writet = t0t1t2t3t4 � � �where the ti 2 f0; 1g. It follows from the de�nition that tm 6= tm+1 if m is even.A ternary square-free sequen
e s results from 
ounting 1's between subsequent 0's int: s = 210121020120210 � � �Sequen
e s has the property that 010 and 212 are not among its subwords. Also, word sinherits from t the property that any subword of s appears in s in�nitely often.Remark 3.1 Suppose that u is a subword of t su
h that u begins and ends with 0.Counting 1's between subsequent 0's in u gives a subword v of s. We �nd that jvj = juj0�1.Lemma 3.2 Let n be an integer, n � 2. Word t 
ontains a subword of the form aavbbwhere a; b 2 f0; 1g and jaavj = n.Proof: If n is even, the subword tntn+1 : : : t2nt2n+1 will do, sin
e tn 6= tn+1, t2n 6= t2n+1.If n is odd, the subword t3t4 : : : tn+3tn+4 will do. �Sin
e the set of subwords of t is 
losed under binary 
omplementation, we have thefollowing 
orollary:Corollary 3.3 Let n be an integer, n � 2. Either t 
ontains a subword of the form 10v10with j10vj = n, or a subword of the form 10v01 with j10vj = n:4 Proof of Main TheoremRemark 4.1 Suppose word 10v210 is a subword of t, and 
onsider the word s2 obtainedby 
ounting 1's in h3(10v210) = 1001011001101001h3(v2)1001011001101001. Thus s2 hasthe form 0120210u20120210, and 
ontains a subword of s of the form 0210u20120 of length4jv2j+ 9.Similarly, suppose word 10v101 is a subword of t. Consider the word s1 obtained by
ounting 1's in h3(10v101) = 1001011001101001h3(v1)0110100110010110. Thus s1 hasthe form 0120210u12102012, and 
ontains a subword of s the form 0210u12102 of length4jv1j+ 9.Combining this remark with Corollary 3.3, we have the following Theorem:Theorem 4.2 For every n � 1 (mod 4), n � 9, either s has a subword of the formu = 0210w2102, juj = n or a subword of the form u = 0210w0120, juj = n.Claim 4.3 If u = 0210w2102 is a subword of s, then s will 
ontain the subword 012u012.In fa
t, the only subword of s of the form vuw with jvj = jwj = 3 is 012u012. In parti
ular,the word 12u01 is square-free.the ele
troni
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Sket
h of Proof: Evidently, 0u 
ommen
es with the square 00, so that 0u doesn't appearin s. On the other hand, if the word 1u appears in s, then either 21u or 01u is a subwordof s; the �rst of these starts with the repetition 210210, while the se
ond 
ontains 010,whi
h is not a subword of s. Sin
e neither 0u nor 1u 
an appear in s, 2u must appear ins. An easy (but lengthy) 
ontinuation of this argument establishes the 
laim.�Similarly, one veri�es the following:Claim 4.4 If u = 0210w0120 is a subword of s, then s will have 
ontain the subword012u210. In fa
t, the only subword of s of the form vuw with jvj = jwj = 3 is 012u210.In parti
ular, the word 12u21 is square-free.Remark 4.5 Let �0, �1, �2, �3 be the words�0 = 010212010201202101201020120212010212�1 = 0102120102012021012010212�2 = 010212010201202120121012010212�3 = 0102120121012010212:One 
he
ks that for ea
h i, 2102�i0210 is squarefree. Ea
h �i 
ontains 010212 exa
tlytwi
e, but none of the �i 
ontains 2102 or 2120210. The shortest suÆx of one of the �ito 
ontain the word 0210 is suÆx 021012010212 of �1, of length 12. Whenever word 0210o

urs in one of the �i it is in the 
ontext 021012010. The longest of the �i is �0, of length36. Here j�0j = 36 � 0 (mod 4), j�1j = 25 � 1 (mod 4), j�2j = 30 � 2 (mod 4),j�3j = 19 � 3 (mod 4).Theorem 4.6 Let u be a subword of s of the form u = 0210w2102, juj � 4j�0j. Then forea
h i, u�i is a 
ir
ular squarefree word.Proof: Suppose not. We form 4 
ases based on whi
h 
onjugate of uv 
ontains a square:1. xx = v2uv1, v2 �s �i, v1 �p �i, jv1v2j � j�ij.2. xx = u2�iu1, u2 �s u, u1 �p u, ju1u2j � juj.3. xx = u2v1, u2 �s u, v1 �p �i, jv1v2j � jvj:4. xx = v2u1, v2 �s �i, u1 �p u.the ele
troni
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Case 1: We have xx = v2uv1. Sin
e 012u012 is a subword of s, word 12u01 is squarefree.We must therefore have one of jv1j,jv2j � 3: Also, jxj � juj=2 � 2j�ij � 2jvij, i = 1; 2: We
an thus write x = v2u1 = u2v1; where u = u1u2, juij � jxj=2 � jvjj, i = 1; 2; j = 1; 2: Ifjv1j � 3 then v2u1 = u2v1 implies that 010 �p v1 � u1 � s. This is impossible, as 010 isnot a subword of s. If jv2j � 3 then 212 is a subword of s. Thus jv1j,jv2j � 2, whi
h is a
ontradi
tion.Case 2: We have xx = u2�iu1. However, �i, and hen
e xx, 
ontains subword 010212exa
tly twi
e. By Remark 2.2, 010212 will be a subword of x.By Remark 4.5 2102�i0210 is square-free, so that one of ju1j; ju2j � 5. If ju2j � 5,then 2102010212 appears in the �rst x of xx. Sin
e the se
ond 010212 in xx is a suÆx of�i, the se
ond o

urren
e of 2102010212 in xx will be a subword of �i, so that �i 
ontains2102, 
ontradi
ting Remark refnu 0 to 3. We get a similar 
ontradi
tion if ju1j � 5, when2120210 � �i.Case 3: We have xx = u2v1. We may assume that jv1j � 3; otherwise xx would be asubword of the square-free word u01 � 12u01. Similarly, ju2j � 5, sin
e 0120�i is non-repetiitive. Finally, ju2j < jv1j. Otherwise, 010 � v1 � x � u2 � s, whi
h is impossible.Now, however, 2102 � u2 � x � v1 � �i, whi
h is impossible by Remark 4.5.Case 4: We have xx = v2u1. Here 5 � ju1j < jv2j. Sin
e ju1j � 5, 0210 � u1 � x � v2.Write x = v3 = v4u1 = v40210u2. By Remark 4.5, 12 � j0210v6j = jxj. If jv4j � 3,then v3 
ontains 2120210, 
ontradi
ting Remark 4.5. On the other hand, if jv4j � 2, thenju1j = jxj � jv4j � 10. It follows that some word 0210z, jzj � 6 is a subword of u1,andhen
e of v3. The pre�x of length 9 of 0210z appears in �i, and must thus be 021012010.This means that 010 � 0210z � u1, whi
h is impossible. �Remark 4.7 Let �0, �1, �2, �3 be the words�0 = 212010201202101201021012021201210212�1 = 2120102012021012102010212�2 = 212010201202101201021201210212�3 = 2120102012102010212:One 
he
ks that for ea
h i, 0120�i0210 is squarefree. Ea
h �i 
ontains 212 either twoor three times. None of the �i 
ontains 2120210 as a subword. The only appearan
e of0120212 in one of the �i is in the 
ontext 01021 0120212 012 in �0.Ea
h �i has a pre�x 212010, but 
ontains no other 212010. Words �1 and �3 
ontain010212 only as a suÆx. The shortest pre�x of one of the �i to 
ontain 212 twi
e is �3, oflength 19. No suÆx of �i of length 14 or less 
ontains 0210 as a subword. Every suÆx of�i of length 11 or more 
ontains a word of form 010a212 or 212a212 for some a.Finally, for ea
h i, j�ij = j�ij.the ele
troni
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Theorem 4.8 Let u be a subword of s of the form u = 0210w0120, juj � 4j�0j. Then forea
h i, u�i is a 
ir
ular squarefree word.Proof: Suppose not. Again we form 4 
ases:Case 1: If xx = v2uv1 then 212 is a subword of s.Case 2: We have xx = u2�iu1.Here, x must 
ontain 212 exa
tly on
e, while one of ju1j; ju2j � 5. If ju1j � 5, then2120210 appears in the se
ond x of xx. The �rst o

urren
e of 2120210 in xx will be asubword of �i, 
ontradi
ting Remark 4.7.If ju2j � 5, then 0120212 is a subword of x, and hen
e of �i. The se
ond o

urren
eof 212 in �0 lies in the se
ond x of xx. However, the third 212 of �0 will also lie in thisse
ond x of xx, 
ontradi
ting the fa
t that x 
ontains 212 exa
tly on
e.Case 3: We have xx = u2v1. We may assume that 5 � ju2j < jv1j.We have 212010 �p v1. Write x = u2v3 = v4. We must have jv3j > 3; otherwiseu2 � 010, whi
h is impossible. This means that 212 � v3, and v1 
ontains 212 twi
e.Thus jv1j � 19.On the other hand, jv3j � 5, or else 212010 appears twi
e in �i. This means thatjv4j � 19� 5 = 14. This implies ju2j = jv4j � jv3j � 14� 5 = 9.Sin
e ju2j � 9, word v4 
ontains a subword z0120212 where jzj = 5:By Remark 4.7, z is 
ompletely determined here; z = 01021. Now, however, 010 �z � u2, whi
h is impossible.Case 4: We have xx = v2u1. Again jv2j > ju1j � 5.We have 0210 �p u1 � v2. From Remark 4.7 jv2j > 14. Sin
e jv2j � 11, word v2
ontains a subword 010a212 or 212a212. It follows from Remark 2.2 that x must 
ontain010 or 212. In parti
ular, x is not a subword of s.Write x = v4 = v3u1. We must have jv3j � 2. Otherwise �i � v4 = v3u1 �s 2120210,
ontradi
ting Remark 4.7. Sin
e jv3j � 2, x = v3u1 � s. This is a 
ontradi
tion. �Theorem 4.9 For any length n � 180 there is a 
ir
ular square-free word of length nover f0; 1; 2gProof: Let n � 180 be given. Let r be the least residue of n�1 (mod 4). Letm = n�j�rj.Then m � n� r � n� (n� 1) � 1 (mod 4). Also, m � n�j�0j � 180� 36 = 144 = 4j�0j.By Theorem 4.2, we 
an �nd a subword u of s su
h that juj = m, and of the formu = 0210w2102 or the form u = 0210w0120. If u = 0210w2102, let W = u�r. Ifu = 0210w0120, let W = u�r. By the pre
eding two theorems, W will be a 
ir
ularsquare-free word, and jW j = juj+ j�rj = m+ j�rj = n� j�rj+ j�rj = n:�Combining this theorem with a 
omputer sear
h for n < 180 gives the Main Theo-rem.Referen
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