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(ABSTRACT)

Microwave processing of ceramics has seen a growth in research and development
efforts throughout the past decade. One area of interest is the exploration of improved
heating control through experiments and numerical modeling. Controlled heating may be
used to counteract non-uniform heating and avoid destructive phenomena such as cracking
and thermal runaway. Thermal runaway is a potential problem in materials with
temperature dependent dielectric properties. As the material absorbs electromagnetic
energy, the temperature increases as does its ability to absorb more energy. Controlled
processing of the material may be achieved by manipulating the applied field. The purpose
of this research is to model the interaction of the EM-field with a thin ceramic fiber to
investigate possible mechanisms that may affect the heating process. The fiber undergoes
microwave heating in a single-mode resonant applicator. Maxwell's equations for the
fields within the cavity are solved using mode-matching techniques taking into account the
field interaction of the fiber and an arbitrarily shaped coupling aperture. Effects of varying
the aperture shape on the field distribution are explored. The coupled nature of the
electromagnetic solution with the material's temperature-dependent properties, including
an analysis of non-uniform heating, is also discussed.
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1. Introduction

1.1 Background

Microwave processing of materials offers a number of advantages over
conventional heating methods. Microwave energy can penetrate the material, achieving
rapid internal heating which may also improve the structural properties of the product.
Along with the possibility of more controlled heating, this results in an efficient process
that has the potential to reduce the requirements on time and energy. Applications include
sintering, drying, and joining. Although still in a developmental stage, there has been an
increase in research and development efforts throughout the last decade. Much of the
research is directed at overcoming the challenges of microwave processing through
modeling and experiments with the long term goal of developing microwave processing
for industrial applications [1].

One particular problem with microwave heating of interest to this research is
thermal runaway. Many materials processed by microwaves, including the ceramic fibers
or rods discussed in this paper, are characterized by dielectric properties that increase
strongly with temperature. The temperature of a material depends on the electric field
strength along the material and the material's dielectric loss. As the material absorbs
energy, its temperature increases with a corresponding relatively large increase in the
dielectric loss. The higher loss allows the material to absorb more energy resulting in a
higher temperature. If the power absorbed is left unchecked, thermal runaway may occur
as the material quickly heats until it breaks down.

The research presented in this thesis is related to the research by past graduate
students Wilfried Duchez [2] and Craig Goodson [3] completed in 1996 and 1997,
respectively. Working under Dr. James R. Thomas, Jr. at Virginia Tech, they investigated
the microwave heating of ceramic fibers and rods based on experiments performed at the
Los Alamos National Laboratory (LANL). Duchez developed a one-dimensional finite
difference model to explore the conditions necessary to achieve stable, high temperature
heating of zirconia and alumina fibers. His model also accounted for continuous
processing by allowing the fiber to move through the cavity at a set velocity. He



demonstrated that a desired temperature distribution along a fiber could be obtained by
specifying the profile of the electric field strength along the fiber. The desired temperature
distribution was such that the fiber reached stable temperatures high enough for sintering
without going into thermal runaway.

The research performed by Goodson extended the thermal model to two
dimensions allowing for temperature variations along the radius of the fiber. The two-
dimensional model was required to accurately model thicker fibers and rods. He found
that by varying the electric field strength to hold the power absorbed by the fiber constant,
thermal runaway problems could be avoided. This is a more accurate representation of the
experiment since the power source provides a constant power, not necessarily a constant
field strength at the fiber. Goodson also obtained temperature distribution profiles along
the fiber which showed the formation of a hot spot near the midpoint of the fiber. He also
showed the migration of the hot spot during continuous processing which was consistent
with experimental results observed at LANL.

1.2 Literature Review

The potential benefits of microwave processing, as well as the problems
encountered, have stimulated many researchers to investigate numerical modeling
techniques to gain a better understanding of how microwaves interact with materials. To
accurately model microwave heating, both electromagnetic and heat transfer equations
must be solved. A flowchart [4] depicting the procedure for a typical microwave heating
analysis is shown in Fid .1. In addition, the two separate analyses are coupled through
the temperature-dependent dielectric properties of the load. The dielectric loss, or the
measure of the material's ability to absorb energy, increases rapidly with temperature in
certain materials. This effect is attributed to the fact that interstitial atoms become free at
high temperatures and absorption is greater in the free state than in the bound state [5].
An overview of various approaches to analyzing microwave heating of ceramics is
presented in this section.
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Fig. 1.1 Flowchart for Microwave Heating Analysis

The finite-difference time-domain (FDTD) method is the most common method
used to solve the differential equations governing the heat transfer problem. This method
has also been employed extensively by Iskander et al. [4,6,7] in solving the coupled
electromagnetic field and heat transfer equations. Iskander has investigated the use of
both single and multi-mode cavities for microwave sintering through FDTD simulations.
For larger samples, multi-mode cavities appear to generate a more uniform temperature
distribution [6]. A single-mode FDTD simulation was also developed which accounts for
the effects of the sample size and electrical parameters on the resonant frequency of the
cavity and the corresponding heating patterns [7]. The simulation results show
guantitatively the resonant frequency shifts of a given cavity for variations in the dielectric
constant of the material and the size of the coupling iris. The detuning effects could be
significant since tuning may be limited to a finite range in industrial applications.



Another method used to analyze the electromagnetic field interaction with a
ceramic sample is the finite element method (FEM). Dibben et al. [8] used edge elements
to discretize the system in three dimensions. They demonstrated that this method
compared well to results obtained using a finite-difference method. To couple the EM
solution to the heat transfer equations, they suggested an iterative procedure. The heat
transfer equations are solved in the time-domain using the EM field results computed for
the temperature in the previous step. The new temperature obtained from the heat
transfer solution would then be used to find a new set of permittivity parameters and
hence solve for the new EM field. The process is repeated until the temperature
converges.

A similar iterative procedure is described by Clemens et al. [9]. They iteratively
coupled separate FDTD solutions to the electromagnetic and heat transfer equations.
Since the time for the thermal response is much longer than that of the electromagnetic
response, the EM solution may be used to update the heat transfer solution when
necessary. This is determined from a set criterion based on the temperature-dependent
dielectric properties of the material.

One problem observed in the microwave heating of ceramic fibers is the formation
of hot spots in the sample. These hot spots, from which thermal runaway may occur, have
been reported to develop after relatively small increases in power [10]. Kriegsmann [11]
developed a mathematical heat transfer model to investigate the formation of hot spots.
By including the cavity detuning effects resulting from the change in the dielectric loss of
the sample as the temperature increased, he showed that localized regions of high
temperature formed as a result of thermal perturbations. In addition, he found that the
peak temperature and size of the hot spot were dependent on the thickness of the fiber.
The peak temperature decreased and the hot spot became more diffuse as the radius of the
fiber increased.

Another approach presented by Hile et al. [12] is a hybrid electromagnetic
solution. They applied scattering matrix theory using asymptotic field formulations to
describe interactions of the coupling iris, ceramic material, and short. This analysis
assumes that the material is far enough away from the iris and short that evanescent modes
excited by the iris and the material do not interact with the each other or the short. A



numerical method is then used to solve for the fields in the waveguide containing the
ceramic, not including the iris. After the reflection coefficient for the fiber and short are
obtained, the iris is incorporated through the scattering matrix equations. Although the
FDTD method was chosen in this analysis to solve for the fields, the specific numerical
method is not limited to FDTD.

Physical implementation of controlled microwave heating was demonstrated by
Vogt et al. [13] by controlling power and frequency of a traveling wave tube amplifier. A
feedback control system adjusted the frequency to maintain resonance and monitored
power output to hold the amount of power absorbed constant. This approach is
somewhat limited to experimental heating. Implementation on a large scale, such as an
industrial process, could be difficult since many industrial microwave applicators do not
allow for variable frequencies [3].

In summary, one of the major topics of research is the analysis of hot spot
formation and the resulting effects on the heating process. Several approaches have been
taken to simulate microwave heating of ceramics including FDTD, FEM, and hybrid
methods. The FDTD method has the capability of solving the coupled heat transfer and
EM equations dynamically in the time-domain. An alternative to this approach is to
update the heat transfer solution with the EM solution as necessary to achieve a dynamic
model. This is possible because of the large disparity in the time scale of the thermal and
EM transients. In this case, the EM analysis is not limited to the FDTD method. Rather,
the choice is open to other solutions such as the finite element method or an asymptotic
method. The analysis of hot spots in microwave heating simulations is important since the
dielectric properties have a strong dependence on temperature. An uncontrolled hot spot
can quickly enter thermal runaway in which the material is destroyed. This research
accounts for hot spot formations by including temperature-dependent properties in the EM
solution. The relative permittivity of the fiber is modeled as a function of position to allow
for a temperature distribution along the fiber.



1.3 Thesis Overview

The objective of this research is to develop a simulation of the electromagnetic
fields inside a cavity during the microwave heating of a ceramic fiber. The model is based
on the experiments performed at LANL used in the research by Duchez [2] and Goodson
[3]. We will explore any potential variations in the profile of the electric field strength
along the fiber caused by shaping the coupling aperture. This solution will also provide a
method for resolving the coupled nature of the thermal and electromagnetic solutions.
The temperature-dependent dielectric properties of the fiber are incorporated into the field
solution. This allows us to explore thermal coupling effects such as the variations in the
field strength and absorbed power as the temperature of the fiber changes. In addition, a
non-constant temperature distribution along the fiber may be simulated by modeling the
fiber as an inhomogeneous material based on its temperature-dependent dielectric
properties.

The electromagnetic field solution to the problem at hand is developed in several
parts. First, the basic equations and solution techniques are presented to familiarize the
reader with the notation and methods used throughout the analysis. We then construct the
field solution to the aperture and fiber interfaces individually as sub-components of the
complete problem. These solutions are then combined to obtain a set of matrix equations
which are implemented in a computer program to generate results to the full problem.



2. Presentation of the Problem

2.0 Chapter Overview

The microwave heating problem under consideration in this thesis is based on
experiments performed at the Los Alamos National Laboratory (LANL) [14]. The
purpose of this chapter is to develop the fundamental concepts necessary to solve for the
electromagnetic fields in the microwave heating simulation. An overview of the
experimental setup is presented which outlines the physical parameters to be modeled. In
addition, the basic equations required to formulate the solution are introduced. Finally,
the impact of material properties on the field solution as well as the thermal coupling is
discussed.

2.1 Past and Current Experiments

Recent experiments at LANL [14] investigated the single-mode microwave heating
of thin ceramic fibers and rods. The experiment involved inserting a ceramic fiber
vertically through two holes in the top and bottom of a water cooled copper WR284
waveguide. A coupling aperture and an adjustable short were placed in the waveguide
creating a cavity between them with the fiber located at an approximate resonant peak.
The aperture coupled energy into the cavity from a broad band traveling wave tube
amplifier operating at 2.93 GHz. Continuous processing of the fiber was investigated by
using a stepping motor to feed the fiber through the cavity at a constant velocity.
Experimental data included temperature of the sample, input and reflected power, and
remote video of the heating process.

The experiments investigated the heating of mullite rods ranging in diameter from
1mm to 5mm. The temperature and power data were taken at one second intervals. The
input power and frequency were adjusted to obtain stable temperatures during both
continuous and stationary processing. As the fiber absorbed energy, a hot spot formed
near its midpoint. The hot spot quickly entered thermal runaway when the absorption of
power was uncontrolled. A heat transfer analysis of the heating process showed that the



hot spot forms predominately as a result of axial heat conduction toward the ends of the
fiber [3].

2.2 The Electromagnetic Cavity Problem

The research presented here provides a method of solution for obtaining the
electromagnetic fields within the cavity including the field interaction effects of the
coupling aperture, the short, and the fiber. The solution is implemented in a computer
program to obtain numerical results.

The solution of the electric field distribution along the fiber requires resolving the
interaction of the incident field with the aperture, fiber, and cavity properties. Figure 2.1
shows the model of the experimental setup at Los Alamos used for this analysis. The
mathematical model consists of a modal expansidgRiof)  Tadcr) modes satisfying
the boundary conditions of the waveguide and cavity walls. Boundary conditions are also
applied at the aperture and fiber interfaces to determine the complete solution. The fiber
is ultimately modeled as an inhomogeneous dielectric rod.

=

\

n ot fiber entrance points
id°
X<—— W”"egu L -

Fig. 2.1 Diagram of Problem Statement




The waveguide walls, aperture, and shorting plane are assumed to be perfect
electric conductors when applying boundary conditions. A perturbational technique is
used to include loss in the longitudinal walls of the waveguide and cavity as a complex
propagation constant of propagating modes. The fiber is assumed to be a cylindrical
dielectric rod with a sufficiently small cross-section that the tangential electric fields are
continuous throughout the fiber to a good approximation. To include scattering from the
fiber, the rod is treated as a line source with current proportional to the equivalent volume
current density and the cross-sectional area of the fiber. This equivalent line source is
used to relate the fields at the fiber interface. The fields are determined at the aperture
interface using a mode-matching approach to formulate a Green's function. The electric
field in the aperture is expressed as an independent set of truncated aperture modes found
from a series Green's function formulation. These aperture modes are matched to the
cavity and incident modes in the vicinity of the aperture.

2.3 Field Solution Formulation Using Mode-Matching Techniques

The problem under consideration involves solving for the field interaction at the
aperture, fiber, and shorting plane. Before solving the complete problem, we will first find
a form of solution for the fields and develop the basic equations and methods, including
mode-matching concepts and the method of moments, for obtaining solutions to the
individual problems.

2.3.1 Basic Equations

The source-free Maxwell curl relations in simple media, expressed in vector
differential form in terms of the electric and magnetic fields as

VxE= — jouH
. (2.3.1)
V x H = jwekE,
govern the electromagnetic behavior throughout the region of interest [15]. Auxiliary
potential functions are commonly used to uncouple the equations into two separate
polarization modes. The transverse-electric made ( Mor -mode fields are derived

from the electric vector potentiir . The transverse-magnetic Mbdie) ( £ or -mode



fields are derived from the magnetic vector potenﬁal . The Tand -mode
polarizations imply fields defined as transverse to a specific direction. In this analysis, the
guide is orientated such that propagation is in the -direction and the transverse

coordinates consist of the y - plane. Therefdré; Bnd -modes are defined as
transverse to ther -direction, with a correspondiAg Ky field component,
respectively.

The time-harmonic electric and magnetic field vectors for a single mode are found
directly from the potential functions as

- h

E'=-VxF

1 . (2.32a)

H = —I[KF+VV.F]
Jwi

e 1= -

E = —[kA+VV-A]
Juwe (2.3.D)
I_t’[E:Vx;i,

where the superscripts and  denote fields derived froffiFa Tavid -mode,

respectively, and® andl are both -directed. It should be noted that the above
equations have not included the permittivity and permeability factors commonly used in
the vector potential curl equations. In our application, we shall assume the material
properties are piecewise constant. The equations given above are defined according to
Harrington’s development [16]. The vector potential functions must also satisfy the
homogeneous vector Helmholtz equations

(V2+ k) EF =0

- (2.3.3)
(V2+Kk*)A=0.

The rectangular geometry of the problem lends itself to a solution in Cartesian
coordinates where Maxwell's equations can be expressed as a set of six coupled scalar
partial differential equations. It is possible to either solve these equations directly or first
solve for the potential functions. Since the desired fields are transverse to a single
direction, the vector potential functions need only to have a single component in the same

10



direction to uniquely specify the solution. This simplifies the problem to that of solving a
scalar Helmholtz equation.

aperture fiber——>
i1 short
RN /
: . I 1] .
Regiom RegiorB RegionC
z=0 z=d, z=d

Fig. 2.2 Solution Regions

Since the solution region is longitudinally uniform, it useful to describe the vector
potential functions as a product of two scalar functions. One scalar function depends only
on transverse position and the other depends only on axial position. Using this approach
leads to a straightforward solution to the fields in terms of the specific transverse and axial
behavior of the potential functions. For the analysis, the model is divided into three
solution regions, as depicted in Fig. 2.2, depending on the longitudinal behavior
appropriate to each. This behavior is determined by the nature of the transverse
boundaries that terminate each region. In short, the portiaﬁﬁ of Aand defined by the
transverse scalar functions is the same in each region, while the axial scalar functions
definingF andA are unique to each region. In general, the vector potential functions are
defined for each mode as

-

F = 2¢/z (ﬁ) ¢h (kéz)
=297 (p) ¢* (k-2),

(2.3.4)

]

wherep is the transverse coordinate variable, is the axial coordinate variable, and is
the mode propagation constant. We will assume that the -dependent scalar function is a
harmonic function ok.z such that

2
e _ k29, k. real. (2.3.5)
dz2

11



Upon substituting (2.3.4) into (2.3.3), we find that the transverse scalar potential functions
Y andy® satisfy the two-dimensional scalar Helmholtz equation

(Vi+ k2w =0, (2.3.6)

where
k2 = k* — K2, (2.3.7)

andV? is the transverse portion of tké operator. The solution to (2.3.6) is an infinite

set of eigenfunctions subject to boundary conditions on the resultant electric field at the
longitudinal waveguide walls. The resulting modes in a waveguide are derived from

eigenfunction solutions. Each mode has a corresponding discrete valie for ~ from which
the mode propagation constant is found using (2.3.7) [17].

The mode fields written in terms of the scalar potential functions are

2

B.= 2 (7)o (2)

Jjwe

B 2.3.8)
_ M i h(=2\ 4h
H. = 22 (7)6" (2
E’ — Ldgbﬁ (Z)V ¢g (—») + ¢h( ),\ XV ¢h (—’)
t = Goe  dz tY P z)z t P
(2.3.8)

h
i — L 270)
Jwu  dz

Vit (3) — 6 (=)2 x Ve (7).

where the subscripts and denote the longitudinal and transverse field components,
respectively, andv, is the transverse portion of%¥he  operator. The total fields are a
superposition of all such mode fields in the waveguide. The transverse components have
been shown separately in (2.3.8) because they are the main focus throughout this paper.
The transverse fields provide sufficient information to apply the boundary conditions
necessary to solve the problem. The longitudinal field components are not required in the
problem at hand.

Each of the three solution regions defined for this analysis can be classified as one

of two types: waveguide or cavity. Figure 2.3 shows the types of regions and the axial
field behavior associated with each. A typical waveguide region contains fields described

12



as modes traveling in either the forward or backward direction down the waveguide. The
fields in a cavity region are described as standing waves created by the transverse shorting
plane placed in the waveguide. W fiwst develop a solution form for the fields @ach

region, expressed as a superposition of modes, with each mode having an unknown
amplitude. Once these solution forms are obtained, we can compute the unknown mode
amplitudes in terms of the incident field by applying boundary conditions at the interfaces
between the regions.

aperture fiber ——— >
elkzz Il ekaz |||l sin[k,(z-d)]

i
<M, erika <l e+ikzz cos[k,(z-d)]

Region A Region B ¥ Region C
waveguide behavior waveguide behavior cavity behavior
z=0 z=d z=d
0

short

Fig. 2.3 Axial Behavior of Transverse Fields

2.3.2 Waveguide Boundary Conditions and Resultant Modes

Boundary conditions are applied in two steps to determine the unique solution to
the problem. First, we obtain specific forms for the vector potential functions such that
the resultant electric and magnetic fields satisfy the correct boundary conditions. The
second step is to apply boundary conditions at the transverse interfaces of each region as
we solve for the unknown mode amplitude coefficients.

Given two regions with material properties u; o4 andy o, oo, defined on
each side of a surface boundafy , the boundary conditions for the tangential fields

derived from Maxwell's equations are given by
n X (EQ—El) = —Ms

o (2.3.9)
ﬁX(HZ_Hl):J&’!

13



wheren is the unit vector normal to the surface and directed into Region 2 [16]. The
source terms are related to the physical description of the boundary and may be viewed as
either impressed or induced currentsMf  Jor s zero, then (2.3.9) implies continuity
of the tangential electric or magnetic field, respectively. This is the case at the boundary
of any two materials, including perfect electric conductors (PEC). However, if one region
is a PEC, (2.3.9) simplifies to

I
@

, ata PEC. (2.3.10)

S D
X X
Ty e

The PEC boundary condition determines the forms of the vector potential
functions for a waveguide. The eigenfunctions, dependent on transverse coordinates only,
satisfy boundary conditions at the longitudinal boundaries of the waveguide. On the
longitudinal PEC waveguide walls, tHéE  eigenfunctions satisfy the Neumann boundary
condition

o0 (7)
on

= 0. (2.3.1h)

Likewise,TM modes satisfy the Dirichlet boundary condition
v (p) =0 (2.3.1Db)
on the waveguide walls. When these are met, the resulting electric fields tangential to the

longitudinal walls satisfy the PEC condition [17]. The separation of variables solution to
the scalar Helmholtz equation that satisfies (2.3.11) for Fig. 2.1 is

h _ _h mmx w
= ol .cog - Jcosg(——)

mn mn b

(2.3.12)

U = alysin(To)sin( 7).

Here,a” —and¢,, are mode normalization constants to be subsequently defined.

The z-dependent functions describing thé dand modes in a waveguide
region satisfy the waveguide radiation condition

e Ik=mlz=20) forward traveling wave

h _ e _ —
Pu(2) = Pul2) = Guam(2) = { etikamlz=20) packward traveling wav (2.3.13)

D

where

14



kz,mn = \/k2 - (?)2 - (%)2 (2314)

and z, denotes the point of origin for the wave. In a cavity region, we require the
transverse components of the electric field to equal zero at the shorting plane. For a short
located at: = d , the -dependent functions for’ihe ‘Bnd modes are

f:l,mn (Z) = Sin[kzwm (Z - d)]

(2.3.15)
c;mn (Z) = Cos[kz,mn (Z - d)] )

respectively.

At this point we introduce a new notation to designate waveguide mode numbers.
We will commonly use the subscript to represent a singlg: () combination in
expressions that consist of symbolic functions. We will revert back tarihg ( subscript
designation as needed to clarify the evaluation of specific functions.

Having derived the specific forms for the potential functions, we may now define
additional waveguide parameters to be used throughout the analysis. If we substitute
either thél'E of'M eigenfunction into (2.3.6), we find the cutoff wavenumber is

K2, = (?)2 + (?)2 (2.3.16)

Expressing the time dependence of the time-harmonic fields“as , the propagation
constant is defined as

k2 >0
keyw =K — k2, = {ﬂ_]ﬂ k? <. (2.3.17)

For a given wavenumbér , the mode propagation constant is only real for a finite number
of modes. The mode is non-propagating, or evanescent, kvhen is imaginary. The
propagation constant of propagating modes may also be modified through a perturbational
technigue to include loss in the longitudinal walls. Egy real, we obtain

k., =B — ja, (2.3.18)

where the loss factor is
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2
142 <L> ] (2.3.19)

andR is the surface resistance of the waveguide walls [16]. The surface resistance [18]
within a skin depth of the surface for good conductors is given by

1 ‘
R= o= Tk 0014, for copper gt = 2.93 GHz, (2.3.20)
SO-C O-C

whered, is the skin depth in meters and  is the conductivity per unit lesigth ( ) of the
material.

Another parameter is the characteristic wave impedance that exists for each
waveguide mode. The wave impedance f@ifa ~ -mode is defined as

h T,V
7= 25 (2.3.21)

yv

whereE! , andd], are tiEE -mode fields found from (2B.8 . The wave impedance
is in thez direction if we use thg, (z) for a forward traveling wave. Upon substituting
this ¢, (z) andy” into (2.318 , we obtain

Zh = Z’—” (2.3.22)

Similarly, the wave impedance in the direction far &/ -mode is
zZ¢ oy _ Ko 2.3.23
vOHe, we’ (2.3.23)

yv

The wave impedance for evanescent modes becomes imaginary and is inductive in nature
for TE modes and capacitive fétM/  modes [17].

The total transverse fields can now be expressed in terms of the potential functions
specific to a given region. Substituting the -dependent functions into (2.3.8b) and
evaluating the: -derivatives, we obtain the transverse fields for a waveguide region in the
form
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B = Y x vl B 250

N (2.3.24)

VB,
A

B =3 [—zxvarEYs
where the coefficient&!"™ an@!™  are the unknown mode amplitudes. Likewise, in a
cavity region we have
Ei =Y [ X VWLE] + jZiV il Ey] 6l
’ ) (2.3.24)
Hy =) [ =2 x VB, - j_r VB!

v

The notation is simplified by defining normal mode vectors forkiie Tahd
modes as

&, =2 x Vil =al, 7 x Vtcos(%)cos(w)

mn b
T (2.3.2%)
é;,V = Zﬁvﬂ?bli = afnnZ’ﬁmvtSin(T)Sin(Ty)
—h 1 3 1 Sh
h’t,l/ = Z_ﬁvﬂ?bl}/ = - Z_LLZ X e;,l/
1 (2.3.2%)
By, = —2X Vi = — S EXE,

v

and requiring them to be orthonormal over the waveguide cross-section as

—h  —=h _
/S €, € ds = Oury

(2.3.26)
/ &, e, ds =6,
5 G
where S,, is the cross-section of the waveguide @nd is the Kronecker delta function
defined as
_J1 ,v=y
b0y = {o ot (2.3.27)

Substituting for th&" vectors in (2.3.26) gives
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) 2
Sh oh hoal (T prx nry Gied™Y
€ mn * Erpods :/ / fa% — | ngcogy——) co Si
/S”v t, t,pq o Jo ( ) |:(b> q q ) S ) (1 ) b )

2
+ (E) mpSIn( )sm( sw cos—q(— }dydx
a b
b
- ( mn) (1 + 6fﬂ0)(1 + 6”0) c, rnnlsmpéntj' (2328)
This shows tha@t - 1S orthonormal when
al = 2 (2.3.29)
" \/ab mO 1 + 6n0)k(;mn . o
Similarly, €; ,,,,, is orthonormal when
2
ol 26 = ———. (2.3.29)

mn=mn /
abk(i;’”bll

Furthermoreé’fm and, ,,, are orthogonal with respect to each other, as

/S o+ € pds = 0. (2.3.30)

The normal mode vectors may now be written as

Pl = o [P e0L(7) SCEEE) — () oot )
mr T nm nmw . mmx ni (2.3.31)
_é;mn - ang/rm|: a 4—) SII’( y) + yYSln( : )COS(Ty):| .

The h normal mode vectors may be derived frométhe normal mode vectors given above
using (2.3.26 ). A summary of the modal field solution forms is given in Table 2.1.

Table 2.1 Transverse Field Solution Forms

Modal Field Solution Forms Type of Regiorl

Ei) _ Z[éh E h(£ ):F tVE‘(i)]e$jk:,y(Z—Zo)

waveguide regior
o (+ —h ) —e e —
B = 3 [#h, B + Ty et

v

By=> [, Bl + je; Ee]sinfk., (= — d))]

v

ﬁ[FZ[ jht,,E,’j+ht,, E¢]codk., (2 —d)]

v

cavity region
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Theoretically, the complete solution specifies every unknown amplitude coefficient
in terms of the incident field. This is not possible since an infinite number of modes exist
in the waveguide. Finite computational power and time result in a final solution that must
inevitably be an approximation in some sense. The number of modes used will be
truncated at a sufficiently high order such that the solution converges in a reasonable
manner.

Before applying the modal field equations to solve the complete problem, we will
first develop the fundamental methods and concepts. We will then apply these to solve for
the fields in the individual aperture and fiber problems. Finally, we will combine the
aperture and fiber solutions to obtain the complete solution.

2.3.3 Mode-matching Concepts

The fields developed thus far are a superposition of an infinite set of independent
modes, with each mode having an unknown amplitude coefficient. Practically, we can
only solve for a finite number of modes. Therefore, when we apply mode-matching to
compute the coefficients, we must truncate the number of modes to given order. Given
two regions in space capable of supporting modal field structures, we wish to determine
each unknown amplitude in terms of one or more given mode coefficients such that the
fields satisfy the boundary conditions at the interface between the two regions. To
completely satisfy a boundary condition on a particular field component, we must enforce
the same boundary condition on each mode describing the field. With mode-matching, we
generally apply boundary condition equations at the surface interface to relate the mode
coefficients of one region to another as a complete set. We will illustrate the concepts of
mode-matching in the following example involving reflection and scatterifigrbf modes.

Consider two regions each supporting a modal type field solution. As shown in
Fig. 2.4, RegionsA and are cylindrical waveguide sections with a constant cross-
sectionS,, in the transverse coordinates. The interface susface , separating the two
regions atz: = 0 , consists of two parfs; ad . The suface is a sub-portion of
and is defined as a PEC. Regidn contains the incident mode and the modes reflected
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Region B

Region A

Fig. 2.4 Geometry for Aperture Mode-Matching

from the surface discontinuity. The modes in Redibn  are scattered from the surface.

Applying only theT' EZ -mode transverse field equations given in Tab. 2.1, the transverse
fields in Regionsd an@ are described as
—h

~A . .
E, = E ((SWOG—JIC:,I/OZ_|_Af/le+41kz,yz)ey

Y , in RegionA (2.3.32 )

S A . . —h
—Jkz o h +jk=.
H, = _§ (Suuye F0® — AletFrs)h,

v

B — Y Brete i
' (2.3182 )

in RegioB
- B oh
H = - E B,},Lh;,,e_'7k5~“z

)

having unity amplieiyde, are orthogonal

whereé,,, represents the incident maede v,
is the remaining part and is defined as free-

mode vectors. The surfage = S — 5,

space.
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The fields given in (2.3.32) must satisfy the boundary conditions

Condition 1: 2 x (E” — E") =0 , off (2.383
Condition 2: 2xE = —2xE" =0 o, (2.3193
Condition 3:  zx (B —H") =0 , Off, (2.333 )

@ —HY=7,  ons, (2.3.3)

2x B = i, , onS, (2.3.34 )
to express the fields in terms of surface currents. The magnetic surface silirrent is a
fictitious source used for modeling the fields 8n . The three basic approaches used to

relate the coefficients in each region are the magnetic current method, electric current
method, and direct mode-matching method. In all three cases, we apply Condition 1 as

> (8o + ALYEL( ZBM (2.3.35)

v

This results in the relationship

Al =pBh_§,, (2.3.36)

between the mode coefficients of each region allowing uslibanate one set of
coefficients.

In the magnetic current method, we use (2.8).2dong with Condition 2 to obtain

2 x Z (Al +8,)20, | = {é” on gi (2.3.37)
Since the normal mode vectdfy is orthonormal, we can apply a Fourier analysis over
the waveguide cross-section to determine the Redion  mode coefficients in terms of the
unknown magnetic current. We complete this approach by enforcing Condition 3, the
continuity of the tangential magnetic field & , to obtain an equation in terms of the
unknown mode coefficients of Regioh  and Regi®dn . Using Conditions 1 and 3, we
may eliminate the RegioA  coefficients and express the Réjjion  coefficients in terms of
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the unknown magnetic current to obtain an equation in terms of only the magnetic surface
current. In general, the resulting equation has the form
Ld = f, (2.3.38)

where ® represents the unknown magnetic currenSonf , results from the incident
mode, andl is a linear operator representing the mathematical operations that result from
computing the relationships between the mode coefficients and the magnetic current. This
eqguation may be easily solved using the method of moments described in the next section.
Once the magnetic current is found, we may solve directly for the modal coefficients.

The electric current method is essentially the dual of the magnetic current method.
In this case, we use Condition 3 along with (2.8)3#® express the magnetic field in
terms of an unknown electric surface current, which exists only, on and is z&r0 on
Again we may eliminate the Regiad  coefficients using Condition 1 and obtain the
RegionB mode coefficients directly in terms of the electric current. We then enforce the
zero tangential electric field boundary condition.$n using Condition 2. The resulting
equation is similar to (2.3.38) except would represent the unknown electric current on
S1. Again, once the electric current is known, we solve directly for the modal coefficients.

In the direct mode-matching method, we apply Condition 2 to match the modes to
zero onS; and Condition 3 to match the modes of the two regiofs on . If the number
of waveguide modes has been truncated to okfler , then we have two equatiovis with
unknowns, where the unknowns are the actual mode coefficients to be determined. We
may compute the mode coefficients by choosing two sets of weighting functions over each
surface,S; andS; respectively. A difficulty with this approach is the proper mix of
equations for regions; anfh, . The details of how these sets are chosen will not be
presented here since this method is not a part of the solution at hand.

2.3.4 Method of Moments Solution
One common method used to solve for the unknown current source term, whether

electric or magnetic, is the method of moments. In this method we seek an approximate
solution to the operator equation
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Lo =f (2.3.38)

with ® having the approximate form
P
O~ a,u, (2.3.39)
p=1

where {u,} is a set of independent basis functions. We choose a set of independent
weighting functions{w,,} and take the inner product of (2.3.38) with egch to obtain
the system of linear equations

P
>y <wp,Luy> = <wa, f>,  m=12..P, (2.3.40)

p=1

where the inner produkt of two functions defined over is

<f,g> :/fgds. (2.3.41)
S
The unknowr,, coefficients are computed by solving the matrix equation
[A][X]=[B], (2.3.42)
where the matrix elements aw,,, = < w,,, Lu, > and the corresponding vector

elements aréB,, = < w,,, f> and, =aq, . This method wil be applied in detail as
we develop the solution at the aperture interface [19].

2.3.5 Aperture Interface

The coupling aperture, or iris, is a metal plate located in the transverse plane with
an opening allowing fields to penetrate to the other side. The iris creates a non-uniform
structure within the transverse plane causing higher order modes to couple into the
waveguide. Depending on the dimensions of the waveguide and frequency of the modes,
these will either be propagating or evanescent waves. The evanescent eceses d
exponentially with distance away from the aperture and store energy in the vicinity of the
aperture. The energy storage can be capacitive or inductive depending on the orientation
and shape of the aperture discontinuity. Although the problem modeled herelisgs a
dominant mode waveguide, this analysis is not limited to any specific parameter values.

Iwe have used the real inner product form here, since the basic mode functions are reakin and .
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This solution also allows for an arbitrarily shaped aperture, however, as we implement the
solution in Chapter 3 the shape of the aperture is restricted to a rectangle of arbitrary
dimensions. This simplifies the analysis while still retaining a wide range of possible
configurations.

Figure 2.5 shows the general iris problem under consideration. The aperture
interface located at =0 separates the waveguide into the two reggionsB and . Region
A is the source region extending from the irisztee —oc . This region contains an
incident field propagating toward the interface and the fields reflected from the aperture
propagating in the backward direction toward the source. The fields in R@gion  consist
of scattered fields, all of which propagate in the forward direction since there are no
discontinuities to cause reflections. We will use the subsggipt  to designate the mode
number of the incident field. For @FE;; -mode incident field, represents the
(m = 1,n = 0) mode.

<~ a ™
b
aperture i
B .40
of
Iwglof@d fie
"
A
A .18
o &
K@? gted F1
X< ool
/;t aﬂd
7 Iﬂaide

Fig. 2.5 Aperture Interface
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Applying (2.3.24) to this problem we use

-

_ =h z
Eipe = €€

-

to give
Z{ Ah + ik z+6VV0 S )é»;ly_‘_Aeé»;V +]kz.1/2:|
(2.3.4%)
Z{ (Abetibess 6 Woe—,jkz,yoz)flzy+Aiﬁ:’ye+jsz}
=B h=h e —jksyz
Et :Z{(Bvetl/ Betu) ]L‘I/:|
Y (2.3.43)

- B —h —e .
;= = 37| (B, — BiF,, )e ]

v

as the transverse field equations for each region. The solution is complete when the
unknown mode coefficients are found in terms of the incident field. We will consider the
magnetic current mode-matching method to compute an approximate solution to a
truncated set of mode coefficients. Similarly to the method derived previously, we equate
the magnetic surface current in the aperture to the modal field solution by enforcing the
continuity of the tangential magnetic field in the aperture.

We can match the fields over the entire cross-section of the waveguide through the
continuity of the tangential electric-field boundary condition, which is valid at any surface.
At the aperture interface we apply

E—E, z=0 (2.3.44)

to relate the fields in the adjacent regions. Substituting the modal solutions in (2.3.44)
gives

So[Al+ 6, + AE, | = D0 Blel, - BiE . (2.3.45)

v v

Since the normal mode vectors are orthogonal/ltke  Tavid mode coefficients are
separable and can be equated term by term giving

Al = Bl = b,
AL = — B

(2.3.46)

25



The magnetic surface current is defined as

. { M,, in aperture (2.3.47)
0, on iris

If this equality is enforced, the boundary condition for the tangential electric field will be
satisfied on the iris. At the interface

~ N i M., in aperture
Ah vy h, AE E, ) :| = 87 .. 2 4
z X Zy: |:( v + 6 O)Gt,rrm + rrmet mn O, on iris. ( 3 8)

The orthonormality of the normal mode vectors allows us to determine the Région
mode coefficients by using a Fourier analysis giving

/ M' z X etu — buy,

/M' zxetv

whereS, is the aperture surface. Since the magnetic current is zero on thelinststhe
of integration are confined only to the aperture region. This indirectly satisfies the
boundary condition for the tangential electric field on the iris.

(2.3.49)

The remaining boundary condition is to enforce the continuity of the tangential
magnetic field in the aperture, or

Z X (fIB - fIA) — 0, in aperture. (2.3.50)

Substituting the modal solution of the magnetic field into (2.3.50) and using (2.3.46) to
eliminate the Regiod coefficients gives

2% 2 KBLL - 5yo> iy, — B;BZV} — 0, inaperture. (2.3.51)

Expressing thé mode normal vectors in tern% of mode normal vectors simplifies this to

Z{k BlE!, — kk e tu} = Ko €l in aperture. (2.3.52)

Furthermore, the RegioB  coefficients can be expressed in terms of the magnetic current
integrated over the aperture. Using (2.3.46) and (2.3.49) we write this as
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h_ —>h
B! /M (zxe)d

(2.3.53)
/ M, z X etu
which may be substituted into (2.3.52) to obtain
h / h h kQ /
- / ML (7) % x Z[ 2l (7)) 7))+k—5§‘,y(7))ew(7))}ds’. (2.3.54)

This expression represents a series type dyadic Green's function formulation for the
aperture magnetic current in the waveguide having the form

T = / M. (7)) -G, p)ds. (2.3.55)
Sa

The integral equation above is a vector form of the Fredholm equation of the first kind
[19]. Once the magnetic current is obtained, the problem is complete since the mode
coefficients are computed directly from the magnetic current.

We can apply the method of moments solution developed in Section 2.3.4 to the
dyadic Green's function for the aperture in a similar manner. Here, is the linear operator
given by

L()= /Sa( )-G(#,p)ds. (2.3.56)

We can approximate the magnetic current with a truncated set of independent basis
functions as

P
Z ap,up, (3)T + ap,uy, (7) 7] (2.3.57)
P

SincelL is a linear operator,

P
= [ap, L(up,)@ + ay, L (up,)7]. (2.3.58)

p

Substituting for the magnetic current in (2.3.55) gives

»
Z )+ ap Ey, ()], (2.3.59)
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where

i (2.3.6@)
Fo ) = L) = [ 0, (0) (G (773 + G (7 0
and
ﬁ‘p‘r = prfra:\ + FpJTU’\
B (2.3.60)
F Dy — F, Pl/r/‘f + prz:l]
If we choose an independent weighting function set given by
w,(p) = w,,(P)T +ws,(p)y, s=1,2,...,P (2.3.61)

and take the inner product of each componemt,of  with (2.3.59), we obtain

P
< wsT7 Z (apprfrat + apprg/fr) > =< wsm? f17 >
p
(2.3.62)
P
< Wsy s Z(anFPw + aPprw) > =< Ws, fi‘/ >
p

which is a set oR2P equations with?  unknowns. Casting (2.3.62) into a partitioned
matrix form gives

yr yr

[ < ws,, F1,, > - <ws, Fp,, > <ws, F1,> - <ws,Fp,> ay

<wp,, F1,, > <wp,, Fp,, > <wp,Fy,> - <wp,Fp, > ap,

yx yr

< wsyv Flm/ > < wsgﬂ FPTy > < wsy’ FlW

> < wsy’ FPz/y > a1

Yy

Fi >"'<wpy,Fp > ap,

vy vy

<wa,F1 >"'<wpy,FP > < wp

xy Ty y?

< Ws,, fo >

< wPT.7 fJ: >
- : (2.3.63)
< wsy’ f!/ >

< wP,u’ f!/ >

which is a matrix equation of the forml[ N[ 3§ H ] containirlg® equations afd
unknowns. The unknowm, coefficients can now be computedas[ 4 ' [B] [ ]. The
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unknown mode amplituded” amt}  are found directly from the approximate magnetic

current. It should be noted that the independence of the basis and weighting functions in
this section is with respect to the aperture. The implementation of specific basis and
weighting functions is presented in Chapter 3.

2.3.6 Fiber Interface

In this section we will develop a method to compute the reflected fields in terms of
the fields incident on a thin ceramic fiber in an open-ended waveguide. The fiber is
modeled as a cylindrical dielectric rod having a sufficiently small cross-section that we can
approximate the tangential electric fields as continuous at the interface. The rod is treated
as a line source with a current proportional to the equivalent volume current density and
the cross-sectional area. This equivalent line source is used to apply the boundary
conditions on the tangential magnetic fields at the fiber interface.

Figure 2.6 shows the problem under consideration. The geometry is again divided
into two solution regions. Regidd  contains the forward propagating incident modes and
the backward propagating reflected modes and re@ion  contains the forward traveling
scattered modes. The effects of the shorting plane in the cavity problem are treated in a
later section when the full solution is discussed.

Fig. 2.6 Fiber Interface
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The modal form of solution for the fields in the two regions are given as

B > {(Bf(”e‘jk”z + B O) b le—to) g (2.3.64)
B (Bz(+)€_jkf"/z . Bz(—)€+jkz‘z/(1—110) )_é;y:|
f{tB - Z |:(B£(+)€_jkm/z B BL;(—)e.t,-jkz‘,/(z—dn))flzy (2.3.60)

v

B (B;(+) e_jsz + B,i(_)€+jkz‘l/(z_d0))7l:v”:|

4tc _ Z [(Cﬁ'_é;',u B CSEZV> e—jk:,,/(z—do)] (2.3.64)

v

Hy = = [(Clhy, — Cohy, et (2.3.64!)
where the(+ ) and —) superscripts denote coefficients of the forward and backward
traveling modes, respectively. The axis of the fiber is located=ata, z = ¢, , and
extends vertically frony =0 tg =10 . Properties that define the fiber for this analysis are
its diameter and relative permittivity, . The relative permittivity may be complex and
possibly a function off . We must now develop the approximations required to apply the
appropriate boundary conditions at the fiber interface.

To determine the scattered fields, we replace the volume occupied by the fiber
with the volume equivalent electric current density

Jog = jw(e, —1)eoE = YE, (2.3.65)

which is non-zero only within the fiber [15]. The admittance paramgter  has been
defined for convenience of notation as

Y = jw(e,. — 1)60. (2.3.66)

Since the fiber is orientated in thpe -direction, we will assume that the current only exists
in this direction and therefore only consider the -component of the electric field. In this
analysis, we approximate the -component of the electric field tangential to the fiber as
constant and continuous throughout the interior of the fiber. This is valid as long as the
cross-section of the fiber is small with respect to wavelength. Obstacles that exhibit this
type of behavior are called Rayleigh scatterers. As the thickness of the fiber increases, the
phase change in the field becomes more significant and the tangential fields would vary
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throughout the fiber. When the fiber is a lossy material, the amplitude of the field would
also decay according to the complex propagation constant. Therefore, if the cross-section
of the fiber is much smaller than its effective skin depth, the amplitude decay is
insignificant. In addition, we are assuming that any higher order modes supported by the
fiber in its interior are negligible. This approximation allows us to evaluateythe -
component of the electric field as constant in the and directions within the fiber.
Furthermore, we may express the total current flowing iythe direction as

I, ~ / T Jegds = A;Y By, (2.3.67)
St
where S is the cross-section of the fibék, is ghe -component of the electric field

evaluated at the fiber axis, add is the cross-sectional area of the fiber. If this current is
restricted to exist only at = a, , then we may define a surface current

:js — @AfYEOU(S(:C — CLO). (2368)

We may now apply the boundary condition

2x (B - H") =17, (2.3.69)
at the fiber interface. This equation provides the basis for developing a mode-matching
solution similar to the electric current method introduced in Section 2.3.3.

As in the aperture solution, we can eliminate one set of unknowns by applying the
boundary condition on the continuity of the tangential electric field-atd, to relate the
RegionC coefficients to the Regid®  coefficients. Once agaifl’'fiie 7T &hd mode
coefficients are separable and may be equated term by term giving

ch = (BL’('*‘)e—jk;,ydo +BZ'(_))
(2.3.70)
ce = (BS(H@—%:,MO _ Bﬁ(_)).
Substituting in the modal solutions for the tangential magnetic fields at the fiber interface
and using (2.3.70), (2.3.69) becomes

3 ~ =C =B 1 h(—)=h 1 e(—)-e
Jo=2x (B —H)= _QZV:[Z—L,BV( )e;,ﬁZiBy( %, (2.3.72)

If we define the coefficients
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' = — %Bi’(‘)
5 (2.3.72)
H¢ = e 5(_)
v Z’5 v
and substitute fod, , we can write (2.3.71) as
> [Hleh, + HiE,) = 9@ YEG) Asb (2 — ao). (2.3.73)
Applying a Fourier analysis, the mode coefficients are found to be
h
B,’,'(_) = — é/ [ h EéZYAfﬁ(x—ao)]ds
2 Js,
(2.3.74)

= ——/ e, EBYAf6 x—ao)]d

where the subscript denotes the -component of the vector. Expanding the electric field
termE@ in the above integrals gives

Zh

B = YA (@ —ao)e, > { by, (B et 4 B
2 s, > (2.3.75)
_ eau’ﬁ/’(Bf;('*‘)e—jk;,»‘,do _ Bf;(—))H ds
B = Z2 Y58 ( = ao)es, > { ey (B emitoto 1 BIO))
S 2 (2.3.7%)
_ eau’ﬁ/’(Bf;('*‘)e—jk;,»‘,do _ Bf;(—))H ds
where~y assumes the same range of values as . If the number of modes is truncated at

v =N, then (2.3.75) is a set @V  equations wiitt unknowns. This allows us to find
the mode coefficients for the backward traveling waves in terms of the coefficients for the
forward traveling waves, which is the desired result.

A convenient method of solving for the desired relationships is to cast (2.3.75) into
a matrix equation partitioned into sub-matrices as

HSH _ [[Mf”] [11,"]

_ (p;7] (7))
Usingr as the row index and as the column index, the elements of the sub-matrices are

(7] [

[ Bl

" [5C]

(2.3.76)
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J\/Il(,-:/_i — ZLLZ'V/ZZ e—,ik‘mdo Ml(z_r), — Zl}/lthf;l + (5,,7

M) = - Zhghee e M) = Zile
M) = ZiThe i M) = 2T (2.3.77)
M) = - Zezsce o M) = ZTE + 6,

hh Af b h
T = ?/Sweg,,,egy;ﬁ/Y(y)é(:c — ao) ds,

wherer =1,2, ... ,N andy=1, ... ,N . The Kronecker delta function has been used
to combine like terms on the left and right-hand sides of (2.3.75). The matrix equation
(2.3.76) is of the fornj0] = [MP)][BH)] + [M)][B)] which we can solve for the
desired relationship as

[BO] = [M][B™]
(2.3.78)

[M] = — [MO] ]

once the elements of the sub-matrices are known. To compute these elements, we must
evaluate the integrals in (2.3.77).

From (2.3.31), thgy -components of thd’ anti/ normal mode vectors are
proportional to each other as

Oé an an
e _ e mn h _ h
ey,m’n - erm ey mn ey,mn' (2379)

h 1
ol bm bm

This leaves us with only one form of integral to evaluate in (2.3.77). The elements of the
sub-matrices are then simply scaled by the constant appropriate to the given mode. Let

A
= /5 €huelyaY (1)0(x = ao)ds (2.3.80)
be the base integral form to evaluate. Substituting in for the normal mode vectors gives

A
Tonst = 2f ol ol (— in(Z222) / / Y6 (x — ap) sin(— )co ”Zy) co(smTy)dydx . (2.3.81)

whererv andy have been replacedoynf and 6 ¢ ), respectively.  The delta distribution
leads to a trivial integration im  giving us only
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/O by(y)cos(%) co$ 7y (2.3.82)

to evaluate.

The admittance ternY(y) introduces the temperature-dependent nature of the
field solution. Since the relative permittivity used to model the fiber is temperature-
dependent, any temperature variationyin  causes the fiber to become an inhomogeneous
material. We will investigate how to model the inhomogeneous fiber and evaluate (2.3.82)
in Chapter 3. Once we evaluate this integral, we can fill the matrices of (2.3.78) and solve
for the amplitudes of the reflected modes in terms of the modes incident on the fiber. We
will use this relationship to modify the general aperture solution developed in Section
2.3.5 to account for the backward traveling modes scattered by the fiber.

2.4 Thermal Solution Considerations

The thermal model that describes the heating of the fiber as it is exposed to
microwave energy is important to the development of the electric field solution. The
source term of the heat conduction equation

q(T) = weoe, (T, y)|Ey(y)|? (2.4.1)

describes the coupling of the electromagnetic behavior to the thermal solution [3]. One
possibility is to solve the two problems simultaneously using a numerical technique such as
the finite-difference time-domain (FDTD) method. However, this proves to be
computationally inefficient since the time-scale of the electromagnetic problem is much
smaller than that of the thermal problem. Alternatively, we can solve for the electric field
at a given temperature and update the thermal solution accordingly. Since the thermal
solution varies much slower in time than the electromagnetic solution, it is possible to
approximate the temperature distribution as constant over the time period required for the
electric field to adjust itself. When the temperature profile changes enough to affect the
electromagnetic solution based on a set criterion, the electric field is computed and again
updates the thermal solution [9]. An FDTD solution to the heat transfer problem, such as
that developed by Goodson [3], provides a temperature distribution at discrete points in
space. The relative permittivity of the fiber varies in position as a function of the
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temperature distribution along the fiber resulting in an inhomogeneous material. Taking
temperature samples along the axis of the fiber provide a method of modeling the fiber as
a set of discrete homogeneous segments. This approach is discussed in detail in Section
3.2.

2.4.1 Material Properties

The specific data used in this analysis to model the fiber are the dielectric
properties for mullite, a type of metal-oxide ceramic. The dielectric loss for mullite is
obtained from an interpolation subroutine developed by Goodson based on measured data
[3]. This subroutine computes the values of the dielectric loss for a given temperature.
The temperature-dependent dielectric constant data for mullite is found from a plot of
measured data points [3]. Figures®2.7 and 2.7 show the measured dielectric constant
and dielectric loss, respectively, versus temperature for mullite. The solid line shown in
the plot of the dielectric constant is a second order polynomial curve fit. As shown in the
plots, a relatively small increase in temperature may result in a relatively large increase in
the relative permittivity at higher temperatures.
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Fig. 2.7a Dielectric Constant of Mullite vs. Temperature
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3. Application of Solution

3.0 Chapter Overview

The solution forms developed in Chapter 2 are all expressed as symbolic equations.
In this chapter, we will apply these solutions to a real problem and attempt to verify our
results. One method of verification is to compute the aperture and fiber impedances and
compare to published results. An example of such results can be found in [20] which
contains equivalent transmission line circuit parameters of obstacles in a rectangular
waveguide such as inductive and capacitive irises, circular apertures, and dielectric
cylinders. The solution to the complete problem is also developed by modifying the
aperture and fiber solutions to account for backward traveling modes which arise from the
fiber and shorting plane. The effects of incorporating an inhomogeneous fiber material is
also included.

3.1 Aperture Solution

In Section 2.3.5, we developed a series type dyadic Green's function for an
aperture in an open-ended waveguide. Using the method of moments, we solved for an
approximation to the magnetic current which in turn was used to compute the unknown
mode amplitude coefficients. This approach provides a basis for a conceptual
understanding of how the problem is solved, but is difficult to implement in the full
problem where the fiber causes backward traveling modes to arise. In this section, a more
straightforward approach is presented by developing the solution of Section 2.3.5 entirely
in a matrix form. This approach allows us to solve complicated systems of equations with
simple matrix manipulation.

The matrix equations that follow all consist of partitioned matrices. For example,
mode coefficients in the notation
B!
K
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represents aN x 1 matrix, wheNé  denote the total number of waveguide modes used.
The multiplication

[up][ap]
represents 41 x P|[P x 1] matrix multiplication and is equivalent to the summation

Y Uy,
P

Substituting in the approximate magnetic current given by (2.3.56) we can write
(2.3.49) as

P
AI}/L + 6’/’/0 = Z/S ( - apruparez,l/ + ap‘vupyea}é‘,l/)ds
p=1+>a
(3.1.1)

P
A = ;/S ( — ap,Up, €y, + apyupyei’,/)ds.
Using (2.3.46) to relate the Regidn and Redibn  coefficients, we can express this as

P
h _ E h h
BV - /S ( - apruparey,u + apyup,t/el‘,y)ds
p:l a

(3.1.2)

P
e __ E e e
BV - / (apruparey,u - aPJ/uP,t/e;l‘,V)dS'
p:l Sn

Sincer =1,2,... N, (3.1.2) really represer®d  equations each haying unknowns.

It is also worthwhile to point out that the subscripts forfiig modes are over the same
range as th&E  modes despite the fact Thet,,, modes do not exist. In this case, the
amplitudes are simply taken to be zero. We can cast this into a partitioned matrix form as
(2] [ Jamclte Smctat | [ 619
BEV fS,, uprez,vds - fS,, up;/ei‘,vds Ap,
We see from (3.1.2) that once the expansion function amplitt@dﬁs, , are determined

and the integrals are evaluated, the mode coefficients are found by a simple matrix
multiplication.

In Section 2.3.5, the continuity of the tangential magnetic field in the aperture led
to
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Ko _
Z[kz,yBL'égV — B | = ki, in aperture. (2.3.52)

v

Taking the inner product of the weighting functions with this equation and casting it in
matrix form with ther ang components partitioned into separate rows gives us

k., [qwsel ds — B wg, €5 ,ds h k.o [« ws el ds
vls. e k}}”fs" o {Bz] = s s, 2|, in aperture, (3.1.4)
k‘wfsn wsyeg’,yds — k—ufs wsyez,yds By k‘z,vofsnwsye%yods
where the subscript=1,2,..., P . It is worth noting that ﬂﬂ coefficients can not

be solved directly by inversion in (3.1.4) because the waveguide modes are not defined
over the same region as the aperture modes. Hence, the matrix that pre-multi;@lﬁﬁs the
coefficients in (3.1.4) is not square. Upon substituting (3.1.3) into (3.1.4) we obtain

(AN =[ A, (315)
where
[A] = k‘z,VfS,, wsmele‘,uds - %fsf, wsﬂ‘eivyds - fsn upTe?Z?VdS fS,, uP‘Ueﬁ’VdS
N kz,VfS,, ws,ue;{/l,yds - %fs,, ws,z/ezwds fSn upTerZ’VdS o fS“ Upyei,de 7
_ | Op
[X] |:ap,7/ :| ’
kz‘u f wsrea}é‘ 14 dS
[F] = [k‘ ' Ofsnw 6/1, OdS]'
Z0J S, *syty,m

The RegionB mode amplitude coefficients are then found by substituting the solution for
[X] into (3.1.3).

3.1.1 Basis and Weighting Functions

An important aspect of solving the aperture problem is the choice of the basis and
weighting function sets. Choosing incorrectly may lead to poor convergence or an
erroneous solution. The linear operatbr, , in the inner product generally influences how
the function sets are chosen. Function sets may be required to have a certain order of
smoothness, depending on the formZof , such that the inner product terms remain well
defined. One may also consider a function set that simplifies the evaluation of the inner
product terms. One possibility is a set of independestepivise functions where each
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function is defined over a unique sub-interval of the solution space. Anotherilppssib
to choose a set of harmonic functions. In this case, the functions are defined over the
entire solution space and are independent in an orthogonal sense.

In the aperture problen1, is the integral of the Green's function. The Green's
function is formed in part from equating the tangential electric fields to the unknown
magnetic current in the aperture and to zero on the iris. Since the tangential electric field
is a modal form (harmonic basis), it would be appropriate to also represent the magnetic
current basis as a set of harmonic functions. Although harmonic functions are orthogonal,
they also satisfy the most important condition of linear independence. In addition, a
simpler analysis and better convergence may be obtained if the basis functions satisfy the
correct boundary conditions at the aperture boundary, that is

M, =0, T =cC,T=C
. . 3.1.6
Msy:()a Yy="11,Y="0 ( )
A harmonic basis set that satisfies these conditions is
. _pr(2 — o) qr(y — )
o () = sin( Py cog
(3.1.7)

sy () = cog T =)y W )y

wherec; <z < ¢, andv; <y <wvy . The subscript has been replaced bypthe ( , )
designation. This essentially approximates the magnetic current as a half-range Fourier
series defined over the aperture. We will choose the weighting functions as

we s (B) = COS(SW(J/‘C— 01)) Sir(tw(yv— v1))

(3.1.8)

sw(x — cl)

wy0(7) = sin( " )cos{m(yv_ wy.

The number of aperture unknowns used in the -dimension for both the basis and
weighting functions is truncated at ordér . Ing¢he -dimension, the number of unknowns
is truncated at orde&p

After substituting the basis and weighting functions into (3.1.5), we find that the
matrix elements consist of only two integral forms. These are
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/ " / oo sir( 172 o™ ™) sif"T )y

/ " / ‘sin(ZT) cog ) sif ™) o6 dy,

(3.1.9)

which can be evaluated analytically. A computer program, written in FORTRAN, fills the
elements in the matrix equation given by (3.1.5). The matrix inversion and corresponding
multiplication are performed by implementing LU decomposition and back substitution
routines [21].

3.1.2 Verification

The purpose of this section is to determine the validity of the aperture solution and
investigate its limitations. The computer program, written in FORTRAN, can compute
the reflection coefficient for a variety of parameters outlined in Table 3.1. The
convergence of the solution is dependent how the aperture and waveguide modes are
truncated. As stated previously, afdd are the orders of truncation for the aperture
modes in ther ang -dimensions, respectively. The waveguide modes are truncated at
ordersM andV inthe angd -dimensions, respectively. That is,1,2,..., M and
n=0,1,...,N — 1. For an inductive iris, where the width of the aperture varies im the
direction, the parameterd/  aré must be chosen correctly. Since the waveguide
remains uniform in the; direction, only a single unknown is requiredVior (and
Similarly, the parameter agl are important for a capacitive iris. For a capacitive iris,
the width of the aperture varies in the direction and the waveguide remains uniform in
the z direction. The order of truncation for the waveguide modes determines how well
the Green's function converges. How well the aperture magnetic current is approximated
is determined by the number of aperture modes.

Table 3.1 Parameters for Aperture Program

a = waveguide dimension in

b = waveguide dimension in

¢ = aperture dimension in

v = aperture dimension in

f = nominal frequency

P and@ = number of aperture modes:in and , respectively
M andN = number of waveguide modescin  gnd |, respectiyely.

41



%l g

Reactance of Symmetrical Inductive Window in Rectangular Guide

1.20

1.00

0.80

Tabulated
0.60

--3-- Computed

0.40

0.20

0.00

0.00 0.05 0.10 0.15 0.20 0.25

/a

030 035 040 045 0.50

Fig. 3.1a Comparison of Computed and Tabulated Aperture Reactance

0.60

Susceptance of Symmetrical Inductive Window in Rectangular Guide

Tabulated

- X- - Computed

0.40

0.20

0.00
0.50

055 0.60 0.65 0.70 0.75

S/a

080 0.85 090 0.95 1.00

Fig. 3.1b  Comparison of Computed and Tabulated Aperture Susceptance

42




To verify the Green's function approach to the aperture interface developed in
Chapter 2, numerical results for the reactance and susceptance of a symmetrical inductive
iris obtained from the computer program are compared to tabulated results [20]. Figure
3.1a compares the computed and tabulated values of the normalized reactance for various
wavelengths and aperture widths in the rafge < < 0.5 . Figure 3.1 shows the
computed and tabulated values for the normalized susceptance over the remaining
aperture widths. The plots for the tabulated results were generated by programming the

formulas given in [20]. It should be noted that the formula used for¢ < 0.5 is valid
for £ <1 and the formula used fdr5 < € <1 is vald fé¢ <1 . The results

compare well for a relatively few number of aperture unknowns.

The order of truncation is important to the convergence of the solution. The
number of waveguide modes, denoted\ly , determines how well the Green's function is
approximated. The number of aperture unknowhs, , determines the convergence of the
magnetic surface current. Furthermore, the r%io required for convergence of the
solution depends on the width of the aperture. Figure 3.2 is a plot of the normalized
aperture reactance versus the ratio of unknowns for a fixed aperture width. The solution
converges very well if the unknowns are truncated approximately on the order of
M > P?. Generally the wider the aperture, the more unknowns required in the aperture
to approximate the magnetic surface current.

Convergence of Green's Function and
Magnetic Current vs. Aperture Dimension

X —+—P=4

@‘y - P=6
- P=8
-=P=10

Fig. 3.2 Convergence of Green's Function and Magnetic Current
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3.2 Fiber Solution

The fiber solution developed in Section 2.3.6 gives the reflected mode amplitude
coefficients in terms of the incident mode amplitude coefficients for a fiber located in an
open-ended rectangular waveguide. The complete mode structure has been included to
investigate the possible effects of higher order modes incident on the fiber. However, if
we assume that the fiber is located at a distance far from the source and that the
waveguide supports only the dominant mode, we can simplify the general fiber solution to

B,},L(_) M, BLLO("')
5O |~ {Mg,/]] B (32.1)
where [M;,,] and[M3,] are the first rows of the matrix partitiphs | ] :

respectively, given in (2.3.6). This matrix equation allows us to determine the dominant
mode reflection coefficient of the fiber for fields away from the fiber as well as the higher
order modes required to determine the electric field profile along the fiber.

3.2.1 Verification

Similarly to the aperture solution, the validity of the fiber solution is investigated
by comparing the computed reflection coefficient of the fiber to analytical results tabulated
in [20]. A computer program implements the modal solution to determine the scattered
modes from and incideffE;, mode field. The parameters for the computer program are
outlined in Table 3.2.

Table 3.2 Parameters for Fiber Program

a = waveguide dimension in

b = waveguide dimension in

t, = diameter of fiber normalized o

e/(y), e/ (y) = dielectric properties sapled along axis
f = nominal frequency

ap = location of fiber axis along -axis

M andN = number of waveguide modesrin  gnd , ressdgti
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The tabulated results consist of formulas for the normalized transmission line
equivalent circuit parameters for a vertically orientated circular dielectric cylinder located
in a TFE;y-mode rectangular waveguide. Figurea3.3 compares the real part of the
reflection coefficient obtained from the tabulated formulas to that obtained from the modal
approach described in this thesis. The comparison is made over a range of values for the
real dielectric constant for fibers of three different diameters. Similarly, Fig. 3.3 shows
the imaginary part of the reflection coefficient. The accuracy of the modal approach is
dependent on both the thickness of the fiber and the magnitude of the dielectric constant.
As the diameter and the dielectric constant increase, the approximation begins to break
down. A similar trend may be shown when the dielectric loss increases.

Comparison of Computed Reflection Coefficients to
Tabulated Data for Various Dielectric Rods

0 ﬁxag:wwmwm
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-0.012 \x\‘k —e— t/a=0.06, tabulated
-0.014 N

-0.016 \X \)s\)
-0.01
-0.020 X\

Fig. 3.32 Comparison of Computed and Tabulated Real Reflection Coefficient
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Comparison of Computed Imaginary Reflection Coefficient to
Tabulated Data for Various Dielectric Rods
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Fig. 3.3 Comparison of Computed and Tabulated Imaginary Reflection Coefficient

An important factor in the fiber solution is the choiceldf  anhd , the truncation
order of the waveguide modes in the g@nd -dimensions, respectively. For a fiber with
constant dielectric properties, only one waveguide mode is needed 4n the -dimension.
The integration of the conductivity term discussed in the previous section reduces to a
constant. When the dielectric properties are a function of , more unknowns are required
to achieve a converged electric field profile along the fiber. Inathe -dimension, the
number of unknowns required is dependent on the diameter and permittivity of the fiber.
Fewer unknowns may be used for a small diameter fiber with low permittivity than for a
large diameter and high permittivity fiber.

3.2.2 Non-Uniform Heating
When the fiber undergoes non-uniform heating along its length, it becomes an

inhomogeneous material due to the temperature-dependent dielectric constant. In this
case, we must approximate the dielectric properties of the fiber. One way of
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accomplishing this is to sample the relative permittivity at discrete points along the fiber,
approximating the permittivity as piecewise constant. Sampling also provides a
straightforward method of evaluating the expression

/O by(y)cos(%) co$ 7y (2.3.82)

introduced in Section 2.3.6.

The finite difference solution of the heat conduction equation generates a
temperature distribution at discrete points along the fiber. Using a subroutine to compute
the dielectric properties for the temperature at each point, we obtain a discrete sampling of
the conductivity along the fiber. If we represent the conductivity as a discrete exponential
Fourier series, we can approximate (2.3.82) as a series of analytical integrals which can be
evaluated in closed form. Givdll  sample points, the discrete exponential Fourier series
of the conductivity term is

L—-1
kA)) = 3 FelFh, A, = b (3.2.2)
I=—L

The Fourier coefficients are given by

Kl

ZY (kA,)e TR, (3.2.3)

Once the coefficients are determined using (3.2.3), we can approximate the conductivity
as a continuous function gf as

L-1 .
= Felty, (3.2.4)

I=—L

This allows us to write (2.3.82) as a sum of analytical integrals. Expanding the product of
cosine functions and substituting for the conductivity, we have

- Zﬂ/ eﬂ:'J[ M)Jr Coéw)]dy. (3.2.5)

I=—L b b

Sincecoqz) is an even function, we only need to evaluate

o, = Zﬂ/ eﬂ%’;—‘ycos(%)dy, i=0,1,...,2N, (3.2.6)
I=—L
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where N is the total number of modes takeryin . An additional consideration is in
choosing the number of Fourier coefficients and the number of sample points. To obtain a
valid answer, these should be related to each other in a Nyquist sénse a8 [22].

3.3 Complete Field Solution

The complete field solution involves combining the aperture and fiber solutions
such that all of the modes from both interfaces couple together. To accomplish this, both
the aperture and fiber solutions must be modified to include backward traveling modes. In
this section, the formulation of the total solution is presented. The advantages and
disadvantages in terms of the usefulness of incorporating all the modes is also discussed.
Furthermore, the possibility of excluding the higher-order, evanescent modes to simplify
the solution is introduced.

3.3.1 Modified Aperture Solution

In the modified aperture solution, the geometry of Rediois changed from an
open-ended waveguide extending to infinity to a section of waveguide that terminates at
the fiber interface. The transverse fields in this region now consist of both forward and
backward traveling modes and are given as

- B

3 [(BL’H)e_ﬂ”‘Z”Z + B b le—to) gl (3.3.1a)
3 (B5(+)e_jkfv”z _ Bs(_)€+jkz‘l/(z_d“))_ézyj|
B = - > [(BZ’ () gmihens _ phO) gties (=)t 33B)

v

—e

_ (BZ('*‘)e—jk:,uz + Bs(_)€+'jkz"/(z_d(’))ht‘y}.
Applying the continuity of the tangential electric fields over the waveguide cross-section at
the aperture interface gives
Ah 4 Sy = BZH) + Bi"(_)e—jk:ydo

(3.3.2)
AEV - _ B;(J") + BS(_)e—jk:,udo_
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In Section 2.3.2, we introduced a magnetic surface current defined in terms of the
tangential electric field of RegioA . The mode coefficients of Region  were then found
in terms of the magnetic current using a Fourier analysis. Since the geometry of Region
is the same in the modified aperture solution, the expression

P
AZ + Oy = Z/s ( - apxupjez’y + apyupye_,’;ly)ds
p=1v"va
(3.1.1)

P
e __ (<3 e
AS = E /s ( — ap,up, €y, + apyupyexﬁy)ds
p:] a

is still valid. Using (3.3.2) to relate the Regidn  and Redibn  coefficients, we can
express (3.1.1) in matrix form as

h=)
BVI( )e jk;,»do] B [ —fsnupjez”yds fsnupyezﬁydsl [apj]
y

BS(_)e_jkf'”dO — [s up.€,ds  [qu,el ds| | ap,

/1(+)
B (3.3.3)

_ B;(‘*‘)

The remaining boundary condition required at the aperture is (2.3.50), the continuity of
the tangential magnetic field in the aperture. The fields for the modified aperture solution
are

Zh

+ %(Bi(ﬂ +B§(—)6—jkz,,lzo)ézy}

! V (3.3.9)

S B = [ L (B + B e st e,
(B - ey ]
Therefore, substituting (3.3.4) into (2.3.50) gives
2
> kBl - kk BYYE | = bl in aperture. (3.3.5)

Applying the weighting functions to (3.3.5) as in Section 3.1 results in the matrix equation

h K e h(+ Ii
ke fs,ws el ds = [ s, s ds By( ) _ ke [g,ws, €, ds (3.3.6)
l K2 . (+) | T h ! =
kz,yfsawsye;yds - Efsaw&/e;,uds BZ( ) kz,yofsawsyey,yods

wheres =1,2,..., P . Following the same procedure developed in Section 3.1 would
suggest that we substitute (3.3.3) for the Redion  coefficients in (3.3.6). However, we
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must first eliminate theB(_) coefficients from (3.3.3) to obtain an equation only in terms
of the By(+) coefficients. We can accomplish this by using the relationship beﬁﬁéén
andBy(_) obtained from the fiber solution.

3.3.2 Modified Fiber Solution

The geometry for the fiber solution is modified to include the effects of the
shorting plane as shown in Fig. 3.4. The modal solution form for the transverse fields in
RegionC' are now of the cavity type. Frohable 2.1, these are given as

Ef =Y [(crel, + jcie;, ) sinfk., (= — d)] (3.3.3)

v

- C i —h —e
Hy = = Y[ (iClhy, — Cihy,)eodk.,, (= — d)] |, (3.3.B)

v

Enforcing the continuity of the tangential electric field over the waveguide cross-section at
the fiber interface gives
(BLL("')e—jk:,z/do + BZL(_))

(3.3.8)

e

Fig. 3.4 Fiber Interface Including Short
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As with the straight fiber solution, we use the boundary condition on the tangential
magnetic fields at the fiber interface to ultimately relate the backward traveling modes to

the forward traveling modes incident on the fiber. We substitute the modal solutions into
(2.3.69) using (3.3.8) to obtain

=h

Jo=zx (B -H") = Z{ €Zt, (B0 (1= joot k., (do — d) ]+ (3.3.9)

— BIO) (1 + jeot[k.,, (do — d)] )}

—€

et,l/

YA

v

{BSH) (1 — jeot[k.,, (do — d)]) e =
+B0) (1 + jeot[k.,, (dy — d)m } _

Similar to the straight fiber solution, we define the coefficients

L[ ‘ B
= g7 [P0 oot (= a) e
— B0 (1+ jeotlk.,, (dy — d)]) |
. (3.3.10)
;= = 2 [ 0= o (dy — )]
+ B9 (1 + jeot[k., (dy — d)])} ,
where the equations
! = /S (b ERY A58 (0 - )] ds
” (2.3.83)

HE = /s [eZ,VE(%YAfﬁ (z— ao)} ds
obtained from the Fourier analysis remain unchanged. The difference between the
modified fiber solution becomes apparent when we equate (2.3.83) and (3.3.10) to obtain

(B0 (1= jeotlk.,, (do — d)])e 7+ — BT (14 joofk, (do — d)]) |
= ZLL/ {YAfﬁ (z— ao)efj‘yz{egm(BZ/L,(JF)e_jk”dO + BI/L,(_)) (3.3.1%)
; Y, .

) ~
w Y

— 681/,7 (B::('Q') e—jk;,¢,tlo _ Bf(—)) }:| ds
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and
(B2 (1= jootlk.,, (do — d)])e 4 + BT (1+ joo k.., (do — d)]) |
-z / s (o —ao)es, Y {eb, (By e BIT) 3311
Sw i B

- 681,/;“/ (Bf/l’(-%)e_jkm'do - Bf}(_)) H ds,

which is a set 02/ equations witthY  unknowns. The left hand side of these equations
now contains coefficients for the forward traveling modes. The effects of the shorting
plane are seen by the appearance of the co-tangent term. The elements of the partitioned
matrix equatiorf0] = [M][B™H)] 4 [M()][B(-)] are exactly the same as derived in the
straight fiber solution except that the diagonal elements include the cavity behavior for
both the forward and backward traveling modes.

M) = — ghghhe o 4§, (1 — jeotlk.., (do — d)])e =

1y vy

M (+)

2,vy

__ rzhghe ,—jk.Ado
=Z,T,e

N[("") — Z"*Ifi}"e—jkmdo
vy

3,y

M) = — gegeee o 5, (1~ jeot[k.,, (dy — d)])e =+

4,1/'7 vy

M) = = ZhT 6, (1 + jeotk., (do — d)]) (33.12)

N[(_) — _ th-he

2,vy vy

M. (_) — Zez-eh,

3,vy vy
ML) = 25T+ 6, (1 + jeotlk., (do — d)))
T = A / ejuedyY ()8 (2 — ao)ds
s v
Once the matrix elements are computed, the coefficients for the backward traveling modes

may be determined in terms of the coefficients for the forward traveling modes through a
matrix inversion.
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3.3.3 Combined Fiber and Aperture Problems

The fiber solution developed in Section 2.3.6 and modified in Section 3.3.2 allows
us to express the coefficients for the backward traveling modes in terms the coefficients
for the forward traveling modes through a matrix relation given as

[BO)] = [M][BM]. (2.3.78)

Let us write (3.3.3) from the modified aperture solution as

I 0 D1 DQ Ap,
5 (B8l e

D3 D4 ap’7
where v andvy are the row and column indices, respectively, truncated at order
v=vy=N. The matrix [I] is theN'x N dimension identity matrikD] is the
partitioned integral matrix in (3.3.3), and

Bh (+)

v

5'C)

8,y Izt 0

0 6Vﬁ/e—jk‘:,ydo

e Jk=1do 0 o --- 0
I:(Syn/e_ﬂ‘v':.udo] — O e_..jk:.zdo O v O
0 0 0--- 6_./k;.(.w')d0

Upon substituting (2.3.78) for the(~)  coefficients, (3.3.13) becomes

T1 TQ . D1 DQ Ap,
5 ][] = o mle) 6334

B/L(+)

v

where

T Ty . I 0 (Syn/e_jk“’do 0 M, M,
T3 Ty |0 —1 + 0 5V76—jk:.udo My My |

Following a matrix inversion of’] , we obtain

[B4)] = [T] 7" [D][a], (3.3.15)
which is substituted into (3.3.6). The remainder of the problem is solved similarly to the
general aperture problem by solving for g coefficients. [THe)] coefficients are

then found from (3.3.15). Th@B(‘)} coefficients are computed using the fiber relation
(2.3.78).
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3.3.4 Field Distribution Results

Uniform Heating

The effects of the field interaction with the fiber are depicted through various plots
of the magnitude of thg -component of the electric field. This component is the main
focus since the waveguide and cavity support only the doniin&pt mode. Also, the
electric field tangential to the fiber is the quantity of interest to the heat transfer solution.
The electric field distribution for @ E,y,  cavity and an aperture width 0.1 is shown
in Fig. 3.5. The length of the cavity ¥= ), and the fiber is located at the second
resonant peal, = ‘%g . The small peak in the electric field strength-ad, is a result
of the fiber interaction. This type of field distribution is consistent with Rayleigh
scattering from a dielectric obstacle. Lanz [23] obtained a similar peak in the field
distribution when solving the microwave field interaction with a dielectric material falling
into the Rayleigh scattering range. The field distribution in the vicinity of the coupling
aperture suggests that the aperture effects do not penetrate into the cavity. From this fact
we conclude that the full coupling of higher order modes between the aperture and the
fiber is not necessary. In a multi-mode applicator configuration, this solution would still

be required to provide a method for determining multi-mode interactions.
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Fig. 3.5 E, Distribution in Cavity for the y = b Plane
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Fig. 3.6 Peak Electric Field Increase at Fiber vs. Dielectric Constant
and Fiber Diameter

The heat transfer solution depends on both the value of the dielectric loss and the
strength of the electric field component tangential to the fiber. Figure 3.6 depicts the level
of peaking in the electric field at the fiber versus the dielectric constant for various
diameters. The -axis is a measure of the electric field strength at the fiber normalized to
the electric field strength at the other peak, that iszilt% . The electric field strength is
strongly dependent on the fiber parameters. The peaking increases for fibers of increasing
diameter and dielectric constant. This behavior may be important in determining how
much increase in field strength to expect from a given increase in temperature. The main
conclusion drawn from this plot is that the temperature dependent nature of the dielectric
constant impacts the heat conduction equation indirectly by affecting the electric field
strength at the fiber.

Another effect of the field interaction with the fiber is the shift in resonant

frequency. The lowering of the resonant frequency of the cavity is seen in Fig. 3.7 which
depicts they -component of the electric field versus , the longitudinal position in the
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Fig. 3.7 Cavity Detuning Effects for Various Fibers

cavity. The electric field is normalized to the peak value at the fiber fog the).02

case. The detuning effect increases with the diameter and dielectric constant of the fiber.
The loss in the fiber also affects the overall field strength. When the length of the cavity
was re-adjusted for maximum field strength, it was found that this new maximum was still
lower than the initial field. This is most likely due to the effects of the dielectric loss
absorbing the additional power from the system.

The amount of power absorbed in the fiber depends on the dielectric loss and the
electric field strength along the fiber. When the fiber heats initially, its temperature and
corresponding loss factor are low. Figure 3.8 shows the strength of the electric field along
the fiber versus temperature to maintain a constant power absorbed of 20 watts. The
diameter of the fiber is 2mm and the temperature dependent dielectric properties of Fig.
2.7 have been used. The electric field was computed from the computer program using a
uniform temperature distribution, and hence a uniform permittivity distribution along the
fiber. To achieve a constant level of power absorption, the electric field must initially have
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Fig. 3.8 Electric Field Strength vs. Temperature for 20W Constant

Absorbed Power for a 2mm Ceramic Rod

a large magnitude. As the temperature and corresponding loss of the fiber increase, the
electric field decreases.

The relationship between the absorbed power, electric field strength, and the
dielectric loss may be shown explicitly through the definition of absorbed power obtained
through a heat transfer analysis [3]. The definition for absorbed power is given by

Pabsz/qdv:/ (27 feoel | E,|*)dv, (3.3.16)
Vi Vi

whereV; is the volume of the fiber. We can see from this equation that for a constant
power the electric field and dielectric loss must vary as
1

A comparison of this relationship obtained from the thermal approach and electromagnetic
solution is shown in Fig. 3.9. The upper curve is the same given in Fig. 3.8 for the
electromagnetic solution and the lower curve is obtained f&l6 The relationship

|Ey| ~ (3.3.17)
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Electromagnetic and Thermal Results

trends for both solutions compare well given the same set of paraméigtge 9 3.
shows that the electric field, computed from the simulation presented in this thesis, versus
temperature for constant absorbed power does exhibit the correct relationship of (3.3.17).

Non-Uniform Heating

The effects of a non-uniform temperature distribution are investigated by
specifying a sampled profile of the temperature-dependent complex permittivity along the
fiber. The two heating situations explored in this section are models of the continuous and
stationary processing experiments performed at the Los Alamos National Laboratory
(LANL). The temperature distribution depicted in Fig. &10 shows the hot spot
formation centered at the mid-point of the fiber. Figure 8.11 is the temperature
distribution obtained during a simulation of continuous processing [3]. In this latter case,
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the hot spot drifts in the direction of the fiber velocity through the cavity. In both of these
models, uniform electric field profiles were assumed in the solution to the heat conduction
equation.

To generate the complex permittivity samples, the permittivity as a function of
temperature and the desired temperature distribution as a function of position were
entered into a spreadsheet. From these data, the dielectric properties could be found at
any position along the fiber using a polynomial curve fit interpolation. Figs. &d0(
show the effects of non-uniform heating during stationary processing. The temperature
distribution used and the corresponding interpolated dielectric properties along the fiber
are shown in Fig3.1(a and Fig3.1® , respectively. The increase in permittivity
correlates to a decrease in the electric field strength along the fiber, as shown in Fig.
3.1Cc. Similarly, Figs. 3.116-c) depicthe material and field variations for a hot spot
shifted toward the exit end of the fiber. This helps to verify the trend of the electric field-
permittivity relationship. Further investigation is required into the heat transfer analysis to
determine whether this field variation has an impact on the heating of the fiber.
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The overall impact of the fiber on the electric field distribution can be seen by
plotting the field distribution along the fiber versus distance away from the fiber. Figure
3.12 is a plot of thg -component of the electric field inithe ¢ plane. This shows that
only the dominantl’E;, mode propagates away from the fiber. The electric field
distribution for theT'F,, mode is constant in an unloaded cavity. The inhomogeneous
fiber, in this casefor the continuous processing temperature distributiogssentially
creates a slight perturbation in the otherwise uniform field. We can conclude that the
higher order modes are required to evaluate this effect in the vicinity of the fiber. Away
from the fiber, we only require the dominant-mode coefficient.

An additional consideration is in the choice of the number of waveguide modes to
use inther ang dimensions. Relatively few unknowns iy the -dimension were required
to converge to the distribution shape of the electric field. However, if too few unknowns
were taken in the -dimension, oscillations in the distributiecalne very apparent. The
number of modes i is important to the convergence of the magnitude of the field
variations. The number of modes gn  is more important to the convergence of the
distribution shape.
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3.3.5 Restricted Mode Solution

A restricted mode solution may reduce the complexity of the problem by saving
computation time without adversely affecting the results. Since the higher order modes
generated by the coupling aperture do not couple into the fiber, as seen from the results in
the previous section, it is not necessary to include them in the complete solution. The
aperture interaction may essentially be removed from the analysis using scattering matrix
theory, as presented by Hile et al. [12]. &An -parameter format may be used to model the
transmission and reflection characteristics of the dominant, propagating mode with the
aperture as found in Section 3.1. The mode-matching solution to the field interaction with
the fiber may be used compute the higher-order mode effects in the vicinity of the fiber to
complete the problem. This approach is recommended for future work.
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4. Conclusion

4.1 Summary

The microwave heating of ceramic fibers offers a number of advantages over
conventional processing. However, phenomena such as thermal runaway and non-uniform
heating are problems that currently limit the use of microwave processing on a large scale.
An accurate understanding of the heating process through experiments and numerical
simulation is vital to improving current methods. The research presented in this paper
investigated the potential field distribution effects caused by shaping the coupling aperture,
the effects of the temperature-dependent dielectric properties on the field distribution, and
the variations in the electric field profile caused by non-uniform heating.

The electromagnetic field simulation was obtained by solving Maxwell's equations
using a modal approach. The fields in the waveguide were formulated as a superposition
of TE andTM modes. The effects of the coupling aperture, fiber, and short were
included by applying boundary conditions on the transverse fields at the aperture and fiber
interfaces. The aperture interaction was found by formulating a series dyadic Green's
function for the magnetic surface current in the aperture. This was accomplished using
mode-matching techniques. The method of moments was used to compute an
approximate solution for the magnetic current, or aperture electric field, from which the
unknown mode coefficients for the modal fields in the waveguide were found. To
complete the solution, it was necessary to solve for the field interaction at the fiber
interface to obtain the coefficients for the modes reflected from the fiber in terms of the
coefficients for the modes incident on the fiber.

The field interaction with the fiber was developed using mode-matching
techniques. This new approach provided a somewhat unique method for calculating the
modal fields excited by the fiber for an incident set of modes. An equivalent electric
surface current was used to model the fiber. The surface current was then approximated
through a volume equivalence to relate the incident and reflected modes. The incident
modes may be considered propagating or evanescent. For the experiment modeled in this
analysis, all modes excluding ti&;,  dominant mode were evanescent. Also, the effects
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of the temperature-dependent permittivity of the fiber were contained in the analysis of the
fiber.

4.2 Conclusion

In conclusion, electromagnetic field interactions with the aperture, fiber, and short
caused slight variations in the electric field distribution in the cavity. The effects of
shaping the aperture resulted in negligible variations in the electric field distribution at the
fiber, a possible consideration for high-loss cavities. {The -component of the electric field
evaluated at the fiber, which appears explicitly in the heat conduction equation, depends
on the temperature dependent dielectric properties of the fiber and provides a method of
coupling the electromagnetic and heat transfer solutions.

Simulations of the electric field distribution along the length of the cavity showed a
slight peaking of the electric field at the fiber. This was consistent with known results for
dielectric rods having electrically small diameters which place them in the Rayleigh
scattering range. A shift in the resonant frequency of the cavity occurred for fibers of
increasing diameter and permittivity.

The experiments performed at LANL and the corresponding heat transfer analysis
by Goodson suggest that holding the amount of power absorbed constant led to an
apparent control over thermal runaway. To maintain a constant level of absorbed power,
it was found that the corresponding electric field has a large magnitude initially at low
temperatures and decreases as the temperature of the load increases. The relationship
between the computed electric field versus the dielectric loss of the load for a constant
absorbed power exhibited the same trend as that predicted by a thermal approach.

Non-uniform heating effects were found to cause slight variations in the electric
field profile along the axis of the fiber. An increase in the permittivity resulted in a
decrease in the electric field strength along the fiber. This effect of the was demonstrated
using two temperature distributions along the fiber. The fiber was approximated as an
inhomogeneous material by sampling the variations in the typical permittivity along the
fiber.
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One advantage of the modal solution approach is that it provides a method of
analyzing heating patterns in multi-mode cavities. Since the use of higher order modes is
inherent in the development of the solution, they may be easily incorporated as
propagating modes given the appropriate waveguide dimensions and frequency. A
disadvantage of this approach is the limitation to a fiber or planar geometry. The
approximations on thg -component of the electric field tangential to the fiber degenerate
as the fiber diameter and relative permittivity increase. Therefore, the fiber must be thin
relative to wavelength and the effective skin depth of the fiber. A more complete analysis
could be accomplished with a finite discretization numerical method.

4.3 Recommendations

Future work is required to investigate the potential effects that the variations in the
electric field profile have on the heat transfer solution by coupling to a heat transfer model.
The temperature profile along the fiber for a given electric field profile would determine
whether the change in the temperature due to the field variations is great enough to cause
any further variations in the heat transfer solution. The finite-difference time-domain or
finite-element methods could be implemented to give a more accurate analysis of the field
interaction for thicker fibers and more importantly other ceramics having complex
geometries. It is recommended that these approaches take into account the
inhomogeneous nature of the material which results from the temperature-dependent
dielectric properties. Multi-mode structures may also be of interest to investigate the
possibility of obtaining a desired electric field distribution using higher-order, propagating
modes.
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