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1. Introduction

The classical optimal dividend problem for an insurance company
consists in finding a dividend payment strategy that maximizes the
total expected discounted dividends until the bankruptcy time. Much re-
search on this issue has been carried out for various surplus process
models. See, Asmussen and Taksar (1997), Gerber and Shiu (2006),
Avram et al. (2007), Belhaj (2010), and Azcue and Muler (2012). Capital
injection is one possible way to help the manager to run the business.
The company sometimes needs to raise new capitals from the market
in order to continue the business. Some papers assume that the company
can survive forever with forced capital injections. The expected cumula-
tive discounted dividends minus the expected discounted costs of capital
injections can be regarded as the company's value, the management
seeks to find the join optimal dividend payment and capital injection
strategies that maximize this value. There are many papers on this
topic, for instance, Sethi and Taksar (2002), Avram et al. (2007),
Kulenko and Schmidli (2008) and Yao et al. (2011). However, capital in-
jection is not always profitable when the company is facing the financial
difficulty. Lokka and Zervos (2008) study the combined optimal divi-
dend and capital injection problem by taking into account the possibility
of bankruptcy. The optimal strategy happens to be either a dividend
barrier strategy without capital injections, or another dividend barrier
strategy with forced injections when surplus is null to prevent bank-
ruptcy, which depends on the parameters of risk model. By adopting
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their technique, some extended results are obtained in other risk
models. See, He and Liang (2009), Dai et al. (2010) and Yao et al. (2010).

Reinsurance is an effective tool for insurance companies to control
the risk exposure. Due to its practical importance and theoretical
value, some researchers begin to pay attention to the combined divi-
dend and reinsurance problem. Some literature on this issue includes
Asmussen and Taksar (1997), Choulli et al. (2003), H@gaard and
Taksar (2004), Cadenillas et al. (2006), Meng and Siu (2011) and Peng
etal. (2012). As we can see, in this literature, the expected value princi-
ple is commonly used as the reinsurance premium principle due to its
simplicity and popularity in practice. Although the variance principle
is another important premium principle, very few papers consider
using it for risk control in a dynamic setting. Zhou and Yuen (2012)
first study the optimal dividend and capital injection problem with re-
insurance under the variance premium principle. Depending on wheth-
er there exist restrictions on dividend rates, they provide the optimal
joint strategies in two different cases, the proportional costs for capital
injections are also considered. In this paper, we continue studying the
optimal dividend, capital injection and reinsurance problem with vari-
ance premium principle in a dynamic setting. Comparing with the
work of Zhou and Yuen (2012), we add the fixed costs for capital injec-
tions and a salvage value at the time of bankruptcy in our model. In real
financial market, transaction cost is an unavoidable issue, especially, the
fixed cost (for example, advisory and consulting fees) can generate
some difficult impulse control problems. See, for example, Paulsen
(2008), Bai et al. (2010), Meng and Siu (2011) and Yao et al. (2011).
The salvage value of the insurer can be explained as an insurer's brand
name or agency network. As we know, very little work considers opti-
mal dividend strategies under a salvage (or penalty) for bankruptcy. A
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few examples are Taksar (2000), Gerber et al. (2006), Thonhauser and
Albrecher (2007), Loeffen and Renaud (2010) and Liang and Young
(2012). By including the fixed costs and salvage value, our model is
more realistic. Under some new objective functions, we present the
associated optimal joint dividend, capital injection and reinsurance
strategies. We show, under our model, that the decision to declare
bankruptcy or to collect new capitals depends on the model parameters,
which is consistent with the results and idea in L&kka and Zervos
(2008).

The outline of this paper is as follows. In Section 2, we introduce the
framework of this paper and formulate two general optimization prob-
lems concerning with dividend payments, capital injections and reinsur-
ance under the variance premium principle. In Section 3, we consider
two suboptimal problems in the cases of unrestricted and restricted
rates of dividend payments with forced capital injections. In Section 4,
a similar study is carried out for two suboptimal problems without
considering capital injections. Finally, by comparing the solutions of sub-
optimal problems, we identify the closed-form solutions to the general
optimal problems in Section 5, which depend on the relationships
among the parameters of risk model.

2. Model formulation and the optimal control problem

We first introduce the framework of this paper. Let (Q, 7,P) be a
probability space with the filtration { 7} satisfying the usual conditions.
We first present the classical insurance risk model of an insurance
company, which means the surplus of an insurance company can be
modeled by

N
Up=X+ct=>Y Yy,

n=1

where x is the initial surplus, c is the premium rate, N, is a Poisson process
with constant intensity A, and random variables Y,,'s are positive i.i.d.
claims with finite mean y; and finite second moment 3. A reinsurance
contract can be represented by a measurable functional R(-) defined
on the space composed of all positive random variables such that
0 <R(Y) <Y. Under reinsurance R, a positive risk Y is decomposed into
two parts, namely R(Y) and Y — R(Y), where R(Y) is retained by the
insurer and Y — R(Y) is ceded to the reinsurer. Suppose that reinsurance
R is taken for each claim. Then the total ceded risk up to time ¢ is given by
Z’:':l (Y,—R(Y,)), and the aggregate reinsurance premium under the
variance principle takes the form

N, N,
E <Z(Yn _R(Yn))> + 6D <Z(Yn_R(Yn))>

n=1 n=1

= N[ (1 —E(R(Y1) + 6E((Y, =R,

where E and D stand for expectation and variance, respectively, and 6>0
is a loading associated with the variance of ceded risk. Then the premium
process in the presence of reinsurance R can be written as

Ne
UR=x+ (c—cR)r—ZR(Y”), (2.1)
n=1

where c®=\[(u; —E(R(Y)) + 6E((Y — R(Y))?] represents the reinsurance
premium rate associated with R. Here we assume that the reinsurance
market is frictionless. This means that the reinsurance premium rate is
equal to the premium rate ¢ = (i + 68) if the whole risk is ceded to
the reinsurer. We approximate the model (2.1) by a pure diffusion
model {XF, t> 0} with the same drift and volatility. Specifically, XF sat-
isfies the following stochastic differential equation

XF—x+ /; 6)\(,u§—E(Y1 —R(Yl))z)ds + /; V/AE((R(Y1))?)dB, (2.2)

with X8 = x, where {B,,t> 0} is a standard Brownian motion, adapted to
the filtration 7% := o{B;; 0<s<t}. From now on, R is assumed to be a
proportional reinsurance policy with R(y) = (1 — a)y. Then we
represent Eq. (2.2) as

X! :x+/;<1—a2>0)\,u§ds+/Z(l—a)\/)‘\udes, (2.3)

with X§ = x.

Suppose that the proportion a can be adjusted dynamically to
control the risk exposure. Denote L; as the cumulative amount of divi-
dends paid from time O to time t. The capital injection process
{Gt = 211z, <0y, } is described by a sequence of increasing stopping
times {71 = 1,2...} and a sequence of random variables {1,,;n =1.2,...},
which represent the times and the sizes of capital injections, respec-
tively. A control strategy  is described by m= (a™;L™;G") = (a™; L™; 77,
=T M1, M, ). The controlled surplus process associated with m is
given by

xf:x+/t (1—(a’;)2>9>\u§ds+/;(1—a;’)f>\u2dBS—L?

0
+ Zl{ﬂ;gﬂﬁ (2.4)
n=1

Definition 2.1. A strategy m= (a™;L™;G") is said to be admissible if

(i) The ceded proportion ™ = af is an FP-adapted process with

0<af<1forall t>0.

(i) {LF} is an increasing, F2-adapted cadlag process with Lf _ =0,
and satisfies that ALY =L — L7 _ <X{_ forall t>0.

(iii) {77} is a sequence of stopping times w.r.t. 75, and 0 < 7] <-<1p<-,
as..

(iv) M3 >0,n=1,2,- is measurable w.r.t. }‘f_‘q.

(v) P(lim 77<T) = 0,¥T>0.

The class of admissible strategies is denoted by IT.

For each strategy m € I'], the bankruptcy time of the controlled pro-
cess X7 is defined as 7" = inf{t : X{' < 0}, which is an FE-stopping time.
Note that the bankruptcy time could be infinite.

Problem 2.1. We define the company's value by the performance func-
tion V(x,m), which is the expected sum of discounted salvage and the
discounted dividends less the expected discounted costs of capital injec-
tions until bankruptcy

3

v X . —8S yrm —o7p T —o7"
(om =E*( B, [ e "dIi="e (Bl + K) sy <ny + P ).
1

(2.5)

n=

EX denotes the expectation conditional on Xg = x, and 6> 0 is the dis-
countrate. We regard P> 0 as the salvage value of the insurer; for exam-
ple, aninsurer's brand name or agency network which might be of value
to a potential buyer of the insurer. We assume that the shareholders
need to pay 3,1 + K to meet the capital injection of 7). 3> 1 measures
the proportional costs, K>0 is the fixed costs. Proportional costs on div-
idend transaction are taken into account through the value of 3;, with
0<pB; <1 representing the net proportion of leakages from the surplus
received by shareholders after transaction costs have been paid. We
are interested in finding the value function
V(x) = max V(x,m) (2.6)

nell
and the associated optimal strategy m* such that V(x) = V(x,").

Remark 2.1. The case of P<0 is out of consideration in this paper. Since
the surplus can keep nonnegative by ceding the whole risk to the
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reinsurer, so V(0) >0 follows from the optimality of V(x) and the case of
V(0) = P<0 is impossible.

Furthermore, if we suppose that the dividend rate [ at time ¢t is
bounded by some dividend ceiling M >0, then the cumulated dividend
process {L, t >0} satisfies L, = f& I, ds with 0 <[, <M.

Definition 2.2. A strategy 7T = (aﬁ; Ji8 Gﬁ) is said to be admissible if

(i) The ceded proportion a™ = af is an F¢-adapted process with 0<
ar <1 forall t>0.

(ii) L" t>0¢isan mcreasmg. FB-adapted cadlag process satisfying
thatIj_ =0and LT = fo l”ds with 0<[ <M.

T"} is a sequence of stopping times w.rt. 75, and 0< T"< <7<,
as..

( ) ME>0,n = 1,2, - is measurable w.r.t. }‘B .
(v) P(lim T"<T) = 0,VT>0.

IH

/—"—\:.:—’H

The class of admissible strategies is denoted by T1.
For each strategy Fr_Eﬁ, the bankruptcy time of the controlled pro-
cess X} is defined as 7™ = inf {t : x§'<o}. which is an FB-stopping time.

Problem 2.2. Parallel to Problem 2.1, when a ceiling M>0 is imposed on
the dividend rate, we define the following performance function

V(x,T) = (51 / e [Ids— Ze “ﬂ(ﬁznn 1<) ( "STE}+Pe’5’E>. (2.7

Correspondingly, we want to find the value function

V(x) = max V(x,), (2.8)
nsll

and the associated optimal strategy 7 €11 such that V(x) = V(x, 7).
Apparently, the function V(x) is bounded above by 3;M/5 + P.

To develop our result, for any function w(x)EC?, we define the
capital injection operator M by

M) = max{ox-+y) P,y —K}. (29)

and the operator A with 0 <a <1 by

Ao(x ):%(1 —a’ Mo (x) + (1—a2)9>\u§w’(x)—aw(x). (2.10)

For future use, we cite the following lemma from Zhou and Yuen
(2012), which can be proved by straightforward calculations.

Lemma 2.1. Let a(x) = (§ + a(0))e™ 2% —
Suppose that H(x) satisfies

=

with (1—a(0))H'(0) =

AW [ €41
oo =g (e )

where

£ x>0suchthat0<a(0)<1.

20EH(0) for some § and y>x > 0. Then, we have

=]

3

Ay) = (E+a) (1—a@)).

3. The solution to the problem that does not allow for bankruptcy

In this section we require that the company survives forever by
forced capital injections. This optimization problem is studied in two
cases depending on whether there exist restrictions on dividend rates.

3.1. Unrestricted dividends

In this subsection, we derive closed-form solutions for the value
function and the optimal strategy in the case that no restriction is im-
posed on the dividend rate. Denote 1, = (a™;L™; G™)EIT as the con-
trolled process such that the company never goes bankrupt. For each
admissible strategy m,, the performance function becomes

V(x,m,) = <Bl / e L = e (an’;'+1<)l{f,qr<w}>< (3.1)
n=1

The objective is to find the value function

V.(x) = max V(x,m,),

. eIl (32)
and the associated optimal strategy 1} = (a”; I G";) €IT such that
Vi(x) = V().

We assume that all value functions appearing in this paper are suffi-
ciently smooth and regular. With reference to the theory of optimal con-
trol, V;(x) should satisfy the H]B equation and the boundary condition as
follows

max{orgficl{AaV 1} B =V, (x), MV (x) =V, (x)} =0, (3.3)
max{MV,(0)—V,(0), —V,(0)} = 0. (3.4)

Then, we suppose the function V, is concave. Because the time value
of money, we conjecture that the optimal timing of capital injection
should only come at the moments when the surplus process hits the
barrier 0, mathematically, the equation MV, (x) = V(x) has at most
one solution at x = 0, the inequality MV, (x)<V,(x) holds strictly for
x>0. Actually, when the surplus reaches 0, we have two ways to avoid
bankruptcy: One way is to inject new capitals, the surplus jumps to
some appropriate level n* > 0 immediately, if this choice is optimal,
then corresponding boundary condition is MV(0) = V,(0) = V(") —
B, —K and V,(0) > 0. By the definition of operator M, it follows
thatn = inf{x V() = [52}. We can construct an injection strategy

G™ by letting

—inf{t=0: X" 0}, (3.5)
™= inf{r>r’,§_] XU = o}, n=23- (3.6)
=0, n=1,23,- (3.7)

The other way of preventing bankruptcy is to cede the whole risk to
the reinsurer and keep the surplus stay at the point O forever, the capital
injection never occurs. If this choice is optimal, the corresponding
boundary condition is V;(0) = 0 and MV, (0)<V,(0). Correspondingly,
G" =0. (3.8)

In addition, if we further assume that V,(x) is concave and there ex-
ists some number by = inf {x: V,(x) =3;} >0, then the optimal dividend
strategy should be a barrier strategy with the barrier b;. Mathematically,
L{ satisfies

* t *
L = (x—by)" + /Ol{xg;:b;}dLs"f.

In the region (0,b;), the optimal ceded proportion a™ should satisfy

(3.9)

max {AV,(x)} =" V,(x) = 0.

0<ax<l1

(3.10)
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The optimality of strategy m; = (a™;L™; G™) will be confirmed later.

Theorem 3.1. Let g(x) be a twice continuously differentiable, increasing
and concave solution of Egs. (3.3) and (3.4), then we have the following
statements:

(i) Foreachm. €11, it follows that g(x) > V(x,m;). So g(x) = V,(x) for all
x>0.

(i) If there exists some strategy m: = (a™;L™;G™) such that g(x) =
V(x,m;), then g(x) = V,(x) and m; is optimal.

Proof. The proof of (i) is similar to Appendix A, it is omitted here. The

result of (ii) automatically holds due to the optimality of V;(x).

Next, we present the following lemma, which plays a key role in
finding the value function and associated optimal strategies.

Lemma 3.1. Letay<|0, 1] be the unique solution of the following equation,

L) e

P e (e

(3.11)

where § is a positive number. For each ayE[ay, 1] and b, = Lin (1 + %) de-
fine a function

Dy, (%) 1= P& (3.12)

e <§+1

ezf’x—l)f“io, 0<x<b,.
§+ag \§+dp

Then there is a unique 1) € (0, b;.) such that ®q, (1) = 3,. Furthermore,
(do)
lag) = [ (@, (9=P2) dx=0.  ay=la. 1] (3.13)

is an increasing function in ap with the range [0, I(1)].

Proof. Observing that the function @, (x) has some useful properties:

(i) The function &g, (x) is decreasing in x since

20x —1 20x
(I)/a0 (x) = 20[%166%‘ ¢ <§+ ! ezex—1> h M<O.

§+a9 \E+qg +1)e?™—(& + ag)
(3.14)
(ii) by, (by) = B and
B & 1 E+1 _ e
00 =B o (1) (3.15)

(iii) For each fixed 0 <x <b,, &, (x) can be viewed as an increasing
function of a,. Especially,

lim &, (0) = +.

ap—1—

(3.16)

(iv) Obviously, Eq. (3.11) can be written as (Dao (0) = B,.

Based on the above analysis, we conclude that there exists a
unique solution 1(ap) [0, b,) to equation ®g,(N) =B, if apE[ao, 1].
More importantly, 1(ao) is an increasing function of ao. The mini-
mum 7),,;,, = 1(Gp) = 0 and the maximum 7),q, =1(1) <b, is uniquely
determined by

20m(1)

@y (n(1)) :31@&?(?9”“)—1)7* =By. (3.17)

Thereby, together with (iii), I(ap) is non-negative and increasing on
(Go, 1]. It is easy to verify that

. n() B,
I(@y) =0 and 1(1):./0 (100 —P)dx < 5ge (3.18)

Thereby, I(ap) €[0,1(1)] for apE|ao, 1].

Theorem 3.2. The value function V,(x) coincides with

o P
o0 - By (X br) + 26 x>b; 10,
) Bign( 81 aex e X :
266 <g+a,,;(0)e 1) , 0<x<b},

whereb. = 5 In(1+ agﬂ) Correspondingly, the optimal dividend strategy
L™ satisfies

" "t "
L = (x=b;)" + / 01 {Xg;:b?}dL’;n (3.20)
The optimal ceded proportion a™ coincides with
o 0, x>b",(3.22) 91
@) = (g +d" (0))e_29"—§7 0<x<b], (3:21)

which solves Eq. (3.10). The value of a” (0) and the injection strategy G
can be determined as follows:

(i) Inthe case of 0<K<I(1),a™ (0) = ap<(ay, 1] is the unique solution of
I(ag) = K. The optimal injection strategy G™ is described by
Egs. (3.5)-(3.7), the value of n* can be obtained by Eq. (3.32) and
(3.33). It means the surplus immediately jumps to n* once it reaches
0 by injecting capitals. In this case, it follows that Mg(0) = g(0)and g
(0)=0.

(ii) In the case of K=1(1), the initial value is a™ (0) = 1, and the injection
strategy G’? in Eq. (3.8) is optimal. Namely, the capital injection never
occurs. When the surplus reaches 0, the company cedes the whole
business to the reinsurer and keeps the surplus stay at the point 0 for-
ever. In this case, Mg(0)<g(0) and g (0) =0.

Proof. We try to find a concave solution of Egs. (3.3) and (3.4) with a
switch point b; such that g’(b;) = 3;. We conjecture that g'(x) = 3
holds for all x> by, which yields
g(x) = P (x=b;) +g(b;)- (322)

Moreover the concavity implies that g’(x) > 3; for x < b}, to satisfy
Eq. (3.3), it must have

a *
Jmax {A'g(x)} =0, 0<x<b;, (3.23)
specifically,

1 " ,
max, {3 (1—a"Ng 00 + (1-a”)ondg (—og0 | =0 (324

Taking derivative with respect to a and setting the derivative equal
to zero yield

g . d"®
g0 iar

(3.25)

where ™ (x) is the maximizer in Eq. (3.24). Plugging Eq. (3.25) in
Eq. (3.24) yields
(1-a"(0)g (x) = 2668 (x), (3.26)

with € = §/(2\(612)?) > 0. Taking derivative with respect to x on both
sides of Eq. (3.26) and using Eq. (3.25), we obtain

d"(x) = (€+a"(0))e "¢, (3.27)
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Note that we have a™ (xg) = 0 with

1 a" (0)
Xo = 5511 (1 ¢ ) (3.28)
For 0 <x <X, it follows that from Eq. (3.26) that
‘%) = kexp [ Mdz (3.29)
EW =R\ | 1=am(z) '
with g’'(xo) = k and
g (x0) = _zekLO)g,(Xo) —0, (3.30)
1—ad™ (xo)

the constant k needs to be determined. Applying Lemma 2.1 to
Egs. (3.26) and (3.29) yields

&
§+1 2 1\" g<xsx, (3.31)
0) 0

1, .1
w2 (el
with g(xo) = k/(26§). We conjecture that there is only one common
switch level for the optimal reinsurance and dividend strategies, i.e.,
Xo = by. Then it follows that k= g'(x0) = g'(br) = B1. By the way, we
can deduce thatg(b;) = - The unknown value of ™ (0) and the optimal
injection process G™ can be determined in different cases:

(i) Inthe case of 0<K<I(1), we conjecture that Mg(0) = g(0) holds.
It requires that there exist some a™(0)<[0, 1] and 1*(a™(0))>0

such that

g() =B (3.32)

8(0) =g(n') =P —K =.4g(0). (3.33)

(3.33) can be rewritten as

K= ["(gx)—p,)dx = () B o (X)— P, )dx
_1/<3n?((0)>_ ) /0 ( ) ) (3.34)

Recalling Lemma 3.1, we know that ™ (0)E(dy, 1] and " exist if
0<K<I(1).
A straightforward calculation can verify that g(x) is indeed a
twice continuously differentiable, increasing and concave func-
tion. Now, according to Theorem 3.1, we are in the position to
verify that g(x) in Eq. (3.19) satisfies Eqs. (3.3) and (3.4). From
the construction of g(x), we know that g’(x) = 3, for x> b; and
max {A g(x)} = 0for 0<x<b.In addition, from the expression
ofgfx) for x> by we have

= 9)\#251 —5[ ( zegj
— —6; (x—b;) <0

(3.35)

and, for 0 <x<by, the property g’(x) <3, follows from the condi-
tions g'(b;y) = 31 and g"(x) < 0. Moreover, g(0) = Mg(0) and
g(0) > 0 are obvious. Hence, g(x) in Eq. (3.19) satisfies HJB
Egs. (3.3) and (3.4). Finally, the optimality of 11; can be verified
by Appendix B. According to Theorem 3.1, the statements are
proved.

(ii) In the case of K>1(1), Egs. (3.19)-(3.21) can also be obtained.
However, the number n* satisfying Eqgs. (3.32) and (3.33) does

not exist and Mg(0)<g(0), which suggests that G™ = 0. To satisfy
Eq. (3.4), it must be true that g(0) =0 and a™ ( ) = 1. By repeat-
ing the same verification process as that in (i), we can prove that
g(x) = Vi(x) = V(xm).

Remark 3.1. Theorem 3.2 suggests that the company should give up to
raise new capitals from market if the fixed cost K is larger than I(1). It
can be viewed as the maximal fixed cost for injections that the company
would pay. Observe from Egs. (3.12) and (3.18), I(1) becomes larger
when the cost factor for injections 3, decreases or the cost factor for div-
idends 3; increases. These results agree with our intuition.

3.2. Restricted dividends

In this subsection, we derive explicit solutions for the value function
and the optimal strategy when a ceiling M > 0 is imposed on the divi-
dend rate. Denote 7,1 as the control strategy such that the company
never goes bankrupt. The performance function associated with 7, takes
the form of

V(x,TT,) = (Bl/ oMy g Ze ™ <;% ”"r+1<>'{7?r<w}>'

(3.36)
We are interesting in the value function as

Vi) = max Ve ) (337)

and the optimal strategy 7, = <a"f;L"f; G"T) €I1, where V,(x) =
V(x,m,).

With reference to the theory of optimal control, V,(x) should satisfy
the HJB equation and the boundary condition as follows

max{ogagr?%);lSM{AEVr(x) +1(B4 —Vr(x))},MVr(x)—Vr(x)} =0, (3.38)

max{MV_(0)—V,(0),=V,(0)} = 0. (3.39)

Similar to the analysis in Subsection 3.1, we assume that V,(x) is con-
cave and the equation MV, (x) = V,(x) has at most one solution at x=0,
the inequality MV (x)<V,(x) holds strictly for x>0. When the surplus
reaches 0, we have two ways to avoid bankruptcy: One way is to inject
new capitals, the surplus jumps to some appropriate level 7" >0 imme-
diately, if this choice is optimal, then the corresponding boundary con-

dition is MV, (0) = V,(0) = V,(7")—B,7T —K and V,(O)>O. By the

definition of operator M, it follows that 7" = inf {x : V,(x) = 3,}. We
can construct an injection strategy G by letting
= inf <t>0 X 0), (3.40)
7 — inf{t>7’gil X~ 0}, n=23,- (3.41)
T, _
M =N, n=123- (3.42)

The other way of preventing bankruptcy is to cede the whole busi-
ness to the reinsurer and keep the surplus stay at the point O forever,
the capital injection never occurs. If this choice is optimal, the boundary
condition becomes V,(0) = 0 and MV, (0)<V,(0). Correspondingly,

1T,

Gl =o. (3.43)



58 D. Yao et al. / Economic Modelling 37 (2014) 53-64

If we further assume that V,(x) is concave and there exists some
number b, = inf{x: V,(x) = 3,}>0, then the threshold dividend
strategy L"r with the followmg dividend rate

M ~T(x) = { oo (3.44)
’ —4=Fr

is optimal. The optimal ceded proportion strategy ™" should satisfy

—k

=0, 0<x<b,. (3.45)

However, in the region [E;,W) , the optimal ceded proportion is

expected to be some constanta@” & [07 ' (0)] . The optimality of strategy

T = (aﬁ:;Lﬁ;; Gﬁ:) will be established later.
Theorem 3.3. Let w(x) be a twice continuously differentiable, increasing
and concave solution to Egs. (3.38) and (3.39). Then, we have the following
statements:

(i) Foreachm, <11, it follows that w(x) >V (x, ;). Sow(x) >V,
x=0. o

(i) If there exists some strategy T, = (a*r; L, G™r ) such that w(x) =
V(x,;), then w(x) = V,(x) and T, is optimal.

(x) forall

Proof. The proof of (i) is similar to Appendix A, it is omitted here. The
result of (ii) comes from the optimality of V,(x).

Analogous to Lemma 3.1, we state the following lemma for future
reference, its proof is omitted because it is quite similar to the proof of
Lemma 3.1.

Lemma 3.2. Letap<[0
A +1 G
()

§+ay \§+ay
with some A= B (€+a )e"(1—a )& and @ >0. For any number Gy
[Gp. 1] and b, = }in (§*00>, define a function

, 1] be the unique solution of the following equation,

(3.46)

1)“*10, 0<x<b,. (3.47)

Vg () = ( §+1 am_

€+ao §+d,

Then there is a unique N [O,E ) such that ¥ ( ) = [3,. Furthermore,

- (@ _

1(@y) :/ (%) (qfﬁ (x)—/,%z)dxzo, @QE=[do, 1], (3.48)
0 0

is an increasing function in a, with the range [0,1(1)]. In addition, it is not

difficult to show that

P(l—a)

S (3.49)

I(dy) =0 and I(1)<

Theorem 3.4. If the dividend rate is bounded by 0 < M < «, then the
value function V,(x) coincides with

M N &eV(X*E:)
6y

)

w(x) = & (3.50)
A (8L om ) g<x<h,
206 \g 1 a™ (0)

where A = 3, (§+ @) (1—a )", by = fin( &0 "0 ) y<0and @' €0, 1]

are unique roots of Egs. (3.59) and (3.60), respectlvely The threshold

dividend strategy Lﬁ: defined by ™ in Eq. (3.44) is optimal. The optimal
ceded proportion a’™r takes the form as

—x* ﬁ* ok
T [ x>b,,
arx) = { (§+anf(0))e_29x—§, 0<XrSE: . (3.51)

The value of a™r (0) and injection strategy G is given according to
two different cases:

(i) In the case of 0<K <I(1), the initial value amr r(0) = ap<[0, 1] is the
unique solution of I(dy) = K. The injection strategy G is de-
scribed by Egs. (3.40)-(3.42), in which the value of 7" will be
given in Egs. (3.62) and (3.63). It means the surplus immediately
jumps to 17" once it reaches 0 by injecting capital. In this case, it
follows that Mw(0) = w(0) and w(0) > 0.

(ii) In the case of K>I(1), the ceded proportion described by
Eq. (3.51) with the initial value ' r(0) = 1 is optimal. However,
the optimal strategy of capital injection is Eq. (3.43), namely,
the capital injection never occurs. Whenever the surplus reaches
0, one lets the ceded proportion of risk be a’r(0) = 1 and keeps
the surplus stay at the point O forever. In this case, Mw(0)<w
(0) and w(0) =0.

Proof. We try to find a concave solution w(x) of Eq. (3.38) with a
sw1tch level b >0 such that w’ ( ) = [3,. Then we have w’(x) > f3; for 0
SXSb S0

0<x<b;,

{.A w(x 1(131 fw/(x))} = max {AEW(X)} =0,

0<a < <1<M 0<a<1

(3.52)
specifically,
max {1(1—6)2Ap§w”(x) + (1—az)o>\p§w’(x)—5w(x)} =0, 0<x<b.
o<a<1 |2

(3.53)

Following the same method as that in Theorem 3.2, we provide the
candidate solution to Eq. (3.53)

wix) = A (8L 2 g} g<x<B, (3.54)
205 \g+a™(0)

with optimal ceded proportion aﬁ: (x) as

d" (x) = (g ™ (0)) e 2" ¢ 0<x<b;. (3.55)

Applying the condition wgl —) =, to Eq. (3.54) yields A=
(€+ @) (1—a’)&. For x>br, it has w’(x) <31, we conjecture the fol-
lowing equation holds with some constant 0<a" <1,

~ max {Aaw(x) + l(ﬁl —w (x))} = Aa*w(x) + M(ﬁl —w (x)) =

or equivalently,

%(1—6*)2)\u§w”(x)+ [(1 **2)0)\;12 ] W (x)—8w(x) + B;M = 0.
(3.56)

Recalling that w(x) should be bounded and w ( ) B4, then

w(x) =

@+%J(X*E), (357)
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where vy is the negative root of the equation

%(1—6*)2@37%[( —a” )N —M|y—6 = 0. (3.58)

To match the continuous condition
w (Eﬁ—) _ w (EH)
w(o) (o)

it requires that

20a"
- =. 3.59
=" (3.59)

Then, by substituting Eq. (3.59) into Eq. (3.58), we see that O<a'<1 is
the unique positive root of following equation in a

@+ (g—l + zngeg)a_g =0. (3.60)
In addition, the continuity of ar (x) at point E; shows
(g +d" (0))52"” —t=a (3.61)
which yields b; = Lin <§+" ). The unknown value of a *( 0) and the
optimal injection strategy G’Tr can be determined as follows:
(i) Relying on Lemma 3.2 and the fact thatw'(x) = ¥ 7 (x),when
0<K <I(1) there exists a unique value 7" such that aro
w (iT') = Pa, (3.62)
w(0) = w(0') =B, —K = Mw(0). (3.63)

™ (0) = @ is the unique solution of I(do) = K.

Finally, a straightforward calculation can verify that w(x) is indeed a
twice continuously differentiable, increasing and concave solution of
Eqgs. (3.38) and (3.39), moreover, w(x) = V(x,7;) can be proved as
that in Appendix B. According to Theorem 3.3, the results are proved.

(ii) In the case of K >1(1), by repeating the same discussion as above,
Vi(x), a™ and [ can also be given by Egs. (3.50), §3 51) and (3.44) re-
spectively, apart from different initial value of a’r(0). In this case, 7'
satisfying Eqs. (3.62) and (3.63) does not exist, i.e, Mw(0)<w(0).
Thus the optimal capital injection process is G, " = 0. The capital injec-
tion never occurs. To satlsfy Eq. (3.39), the condition w(0) = O is re-
quired, which yields a'r (0) = 1. Whenever the surplus reaches 0, let
the ceded proportion of risk be a™r(0) = 1 and keep the surplus stay
at the point 0 forever.

Finally, w(x) is indeed a twice continuously differentiable, increasing
and concave solution of Egs. (3.38) and (3.39). Similar to Appendix B, w
(x) = Vr(x) = V(x,T;) can also be proved.

Remark 3.2. Parallel to Remark 3.1, Theorem 3.4 suggests that the com-
pany should give up to raise new capitals from market if the fixed cost K
is larger than I(1). It can be viewed as the maximal fixed cost for injec-
tions that the company would afford. Notice, from Egs. (3.47) and
(3.48), that I(1) becomes larger as the cost factor for injection (3, de-
creases or the cost factor for dividend [3; increases. These results are
consistent with our intuition.

4. The solution to the problem without capital injection
4.1. Unrestricted dividends

In this subsection, we consider the classical optimal dividend problem
of maximizing the expected total discounted dividends under a salvage

for bankruptcy and the dividend rate is not restricted. Let m, =
(a™;L™;0)<I1 stand for the control process in which capital injection
is not allowed. Then the performance function associated with 1, is de-
fined by

V(x,rrp> —F (181/ B4 4+ pe” ) (4.1)
Correspondingly, the value function is defined by
Vy() = max v(x m ) (4.2)

The associated optimal strategy is 1, = (a ».1™:0) such that V, (X) =
V(xmm,) needs to be determined. From the optlmal control theory,
V,(x) should satisfy the following HJB equation

max{omax AV »(X), B1 —Vp(x)} =0 (4.3)
<a<

with the boundary condition

V,(0) =P. (4.4)

Theorem 4.1. Let f(x) be a twice continuously differentiable, increasing
and concave solution of Eqs. (4.3) and (4.4), then we have the following
statements:

For each m, € I'l, we have f(x) > V(x,11,). So f(x) > V,,(x) for all x> 0.
If there exists some strategy m, = (a";L";0) such that f(x) = V(x),
then f(x) = V,(x) and m, is optimal.

Proof. The proof of (i) is similar to Appendix A, it is omitted here. The
result of (ii) comes from the optimality of V,,(x).

Theorem 4.2. The value function V,,(x) and the associated optimal strategy
m, = (a™; L™ 0) are given according to different cases:

(i) In the case where PE{ ;,;g] then Vj,(x) coincides with

P (x—b3) + ke x=b,
7‘1 —t g""] 20x @ *
zeg (7§+aﬂi(0)e 1> , 0=x<b,,

witha'™ (0) given by Eq. (4.8) and by, = in( 1+ 2 ‘”’
is a barrier dividend strategy with level by, satlsﬁ/mg

foo = (45)

. Correspondingly, L™

* t *
[ = (x—b3)" / Ip . dI®. 46
t (X p) + o {XZ” :bZ} 3 ( )
The optimal ceded proportion a™ is given by
- 0, x>bp, 47
ar(x) = (6+d%©0)e "~  0=x<b, (4.7)
where a™(0)€[0, 1] is the unique root of the following equation
Blf%< £+1 )%
P1 =5 —_ 1) =p 4.8
ZGg §+a™(0) (4.8)
(ii) In the case where PE[f, ), then Vp,(x) equals to
F(x) = Byx +P. (4.9)
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(iii) The associated optimal strategy is to distribute all surplus as divi-
dends (by letting b, = 0 in Eq. (4.6)) and declare bankruptcy at
once (by letting 0<a™ (0)<1).

Proof.

(i) Note that V,(x) and V,(x) satisfy the same HJB equation but with
different boundary conditions. With the same argument, we can
obtain the expressions of f(x), a™ (x) and L . The boundary con-
dition f(0) = P (which is the same as Eq. (4 8)) gives the value of
a™ (0)E([do, 1]. In the case where PE |0, ;j,gly we know that a™ (0)
exists. Obviously, it is not difficult to verify that f(x) is indeed a
twice continuously differentiable, increasing and concave solu-
tion of Egs. (4.3) and (4.4), and the optimality of 11, can also be
established as that in Appendix B. All conditions in Theorem 4.1
are satisfied.

(ii) In the case where PE[£:, ), Eq. (4.8) has no solution for a™ (0).

206
We conclude that f(x) = B;x + P, x > 0 solves Egs. (4.3) and
(4.4) now, because

Jmax {A°f(x)} = max {(1 a )0)\,112[31 8(Byx + P)}
= 9)\”231 —6(B1X +P) (4.10)
— _s(p—P1
6<P 208 —6B,x<0
and f(x) =, on [0,). Furthermore, we define a control strategy m;, by

letting the b;, = 0 in Eq. (4.6) and 0<a™(0)<1, then f(x) = V(x,m;) fol-
lows. The statement of (ii) is true according to Theorem 4.1.

Remark 4.1. It is interesting to see V,(x) = f(x) behaves differently de-
pending on the relationship between P and . In fact, £ = BiA6U3 /6 is
the present value of a perpetuity with discount rate 6 and rate of income
B1A013, which is the expected rate of profit under the strategy of full re-
tention. Therefore, when salvage value is greater than the present value
of this perpetuity, then it is optimal for the insurer to declare bankrupt-
cy and claim the salvage value. This strategy is called take-the-money-
and-run by Loeffen and Renaud (2010, Theorem 1.1) and Liang and

Young (2012, Remark 3.1).
4.2. Restricted dividends

In this subsection, we consider the optimal classical dividend
problem where a ceiling M>0 is imposed on the dividend rate. Let 71, =
a1, 0)=IT stand for the control process in which capital injection
is not allowed. The performance function associated with 7, is defined
by

M —os,T —orTp
V(em,) = E [51/ e " ds 4 pe ‘ (4.11)
0
We focus on finding the value function
V,(x) = max v(x, ﬁp) (4.12)

and the optimal strategy 7, = <aﬁP;LﬁP;Og €11 such that V,(x) =V
1, ). From the stochastic control theory, V,,(x) should satisfy the fol-
lowing HJB equation

{Aavp(x) + I(Lﬂ —Vp(x))} -0 (4.13)

and the boundary condition

V,(0) =P. (4.14)

Theorem 4.3. Let h(x) be a twice continuously differentiable, increasing
and concave solution of Egs. (4.13) and (4.14), then we have the following

statements:
(i) Foreachm,<I1, we haveh(x)=V (x,T,). So h(x)=V,(x) for all x=>0.

(i) If there exists some strategy T, = (a p; Lﬁp; 0> such that h(x) =

(x, ﬁ;), then h(x)

=V, (x) and T, is optimal.

Proof. The proof of (i) is similar to Appendix A, it is omitted here. The
result of (ii) is obvious.

Theorem 4.4. The value function Vy(x) and the associated optimal strate-
gym,= <anﬂ ; L"P; 0> are given according to different cases:

1-a’)

(i) In the case where P< [0, MT;&] then V,(x) coincides with

BiM By e'y(x—E;)

) 0% ’

1) = A §+1 o2 _1 E%l
26¢ €+d" P(O) ’

where A=, (§+ )77 (1—a)™, b, —zloln<§+“ 20 > and a P( ),
a',y are roots of Eqs. (4.18), (4 19) and (4.25), respectively.

x>b’
(4.15)
0<x<b,,

The optimal dividend strategy L P is defined by the following div-

idend rate
T M, x>b,,

4.1
e =l = {0 0<x<b (4.16)

The optimal ceded proportion aﬁP is given by

—x Tk
7 { a, x>by,

a’P(x)= <§+an;(0)> 2 _g 0<x<B). (4.17)

Here aﬁP(O)E(O,l) is the unique solution of the following

equation
% ST ) Zp (4.18)
$\e+d™0)
€(0,1) is the positive root of the equation
(g 1+ 2M9g>a—g =0. (4.19)
(ii) In the case where PE[@, o), then
h(x) = % + (P— %) e” (4.20)

The associated optimal strategyLﬁD and v can also be described
by Egs. (4.16) and (4.17) but with b, = 0.
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Proof.
(i) The value functionsV)(x)and V,(x) satisfy the same HJB equation
but with different boundary conditions at x = 0. So
Egs. (4.15)-(4.17) can be obtained similarly. The value of a™
(0) is determined by h(0) = P, which is the same as Eq. (4.18).
Note that a”» (0) must be larger than the fixed number @, the
value of the left hand side of Eq. (4.18) varies in the region

€
we can establish that h(x) is indeed a twice continuously differ-
entiable, increasing and concave solution of Egs. (4.13) and

(4.14), and h(x) = V,(x) = V(x7 ﬁp) the verification process is
omitted.

[0,@] , the solution for % (0) exists in this case. Finally,

(ii) Let us consider the opposite case with P€ [%, ), We conjec-
ture that h’(x) <p3; for all x> 0. Then
a ’
oo D188y A0 (B = 0)

- max Aah(x)+1v1(;31—h’(x))},

0<a<1

(4.21)

specifically,

Jmax. {% (1—a)* N2k (x) + ((1 —az)emﬁ—zv/)h'(x)—ah(x) + ;311\/1} —o.
(4.22)

Taking derivative with respect to @ on the left hand side of
Eq. (4.22) yields

h’:(x) _ 260 (x) (4.23)
h (x) 1—d *)

—

T

where a"'P (x) is the maximizer in Eq. (4.22). However, we guess

that o' (x)=a" is a constant, then the value function takes the

form
h(x) = C + De™ (4.24)
with
20a
Y= (4.25)

By plugging Eq. (4.24) into Eq. (4.22), we deduce that C = £ and
0<a'<1is given by Eq. (4.19). Then D = P—£M can also be obtained
by the boundary condition h(0) = P. We still need to verify the con-
dition h’(x) <3; for all x>0, equivalently,

T 3 ps P M pB(1-a) BM
:%02“) (4.26)

where the last step follows from (4.19). It is easy to verify that h(x)
is indeed a twice continuously differentiable, increasing and con-
cave solution of Egs. (4.13) and (4.14), the optimality of ﬁ; can
be established by the same way as that in Appendix B.

Remark 4.2. All results obtained in Subsections 3.2 and 4.2 are compat-
ible with those in Subsection 3.1 and Subsection 4.1, respectively, when
the dividend ceiling M goes to infinity. That is, the optimal control prob-
lem without dividend restrictions can be seen as the limiting optimal
control problem with bounded dividend rate.

5. The solution to the general optimal problems

Now, based on the analysis in sections above, we can address the
problem of maximizing the performance function over all admissible
strategies. The two general optimal control problems raised in
Section 2 can be solved completely.

5.1. Unrestricted dividends
In this subsection, we would deal with Problem 2.1 in general case.

According to the stochastic control theory, V(x) should satisfy the fol-
lowing HJB equation

max{ozvggl AV (X), B, =V (%), MV(X)—V(X)} =0, (5.1)
with boundary condition
max{MV(0)—V(0),P—V(0)} = 0. (5.2)

Theorem 5.1. Let v(x) be a twice continuously differentiable, increasing
and concave solution of Egs. (5.1) and (5.2), then we have the following
statements:

(i) Foreach me ITwe have v(x)>V(x,m). So v(x)>V(x) for all x > 0.
(i) If there exists some strategy m* = (a™ ;L™ ;G") such that v(x) =
V(x,°), then v(x) = V(x) and ™ is optimal.

Proof. See the proof process in Appendix A.

Next, let us give two lemmas, which show the relationships between
parameters and signs of some important quantities. For convenience,
denote

P;:%g—g%(ngl _1)%

§+ag

(5.3)

which proves to be a critical level later. By the way, P takes value on
[07 %J since a4, €0, 1).

Lemma 5.1. The signs of Mg(0)—g(0) and P— g(0) can be determined as
follows:

(i) In the case where 0<K <I(1), P<P and a™ (0)<da" (0), it follows
that Mg(0)—g(0) = 0 and P—g(0) <O0.
(i) In the case where 0<K<I(1),P<Panda™ (0)>a" (0), it follows that
Mg(0)—g(0) =0 and P—g(0)>0.
(iii) In the case where 0<K<I(1), P>P, it follows that Mg(0)—g(0) = 0
and P —g(0)>0.
(iv) In the case where K>1(1), it follows that Mg(0)—g(0)<0.

Proof.

(i) Theorem 3.2 shows that Mg(0)—g(0) = 0 holds with some a™
(0)E(ap, 1] when 0 <K < I(1). Furthermore, by observing the
structures of Eqs. (4.8) and (5.3), we know that the condition P <
P leads to a™ (0) > o, which makes the inequality a™ (0) <a™ (0)
possible. So P— g(0) <0 holds if a™ (0) <a™(0).

(ii) In this case, the equality Mg(0)—g(0) = O still holds. Similar
to the analysis in (i), the condition a™(0)>a™(0) leads to
P—g(0)>0.

(iii) In this case, the equality Mg(0)—g(0) = 0 still holds. In addi-
tion, for the case of P<P<£, it follows that 0<a™ (0)<dg<a™

(0), which leads to P — g(0) > 0. For the case of P>£, we

=20¢"
have g(0)<g(b;) = £ <P since the function g(x) is increasing.
(iv) Obviously, (iv) is a direct result of Theorem 3.2.
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Lemma 5.2. The property of P— f(0) = 0 is known. Moreover, we can de-
rive the sign of Mf(0)—f(0) according to the following cases:

(i) In the case where 0<K <I(1), P<P and a™(0)>a™ (0), it follows
that Mf(0)—f(0)=0.
(ii) In the case where 0<K<I(1),P<Panda™ (0)<a™ (0)
MF(0)=f(0)<0. A
(iii) In the case where 0<K<I(1), P>P, it follows that Mf(0)—f(0)<O0.
(iv) In the case where K>I(1), it follows that M f(0)— f(0)<O.

, it follows that

Proof.

(i) Qbserving the structures of Egs. (4.8) and (5.3), the condition P<
P implies that a™ (0)>dg. Lemma 3.1 suggests that there exists

some number {<b;, with fQ=a 50 = 3,. Then, it follows
that f/(x) — Bz>00n(0§’] .amdf7 é2<00n (&%) since f(x) is
concave. Consequently,

Mf(0)—f(0) = max{f( )—By—K—f(0)}

:max{/y —B, dx}
:/Z(f’() B)dx K =1(a%(0))—K

21(a"; (0)) —K=0. (5.4)

The above inequality follows from a™ (0) Za’f;(O). )
Similar to the analysis in (i), the condition a™ (0)<a™ (0) leads to

—
—-
=

=

MF(0)=f(0) = 1(a™(0)) —K<I(da" (0)) =K = 0. (5.5)

(iii) In the case of P>P, the number a™ (0)E]ag, 1] does not exist, we
cannot find the number ¢> 0 such that f (¢) = b ™ 0) (5“) Bs.
It implies that f'(x) <3, holds for all x > 0 since f{x) is concave.
Thereby,

MF(0)=f(0) = max{f(y) =P,y —K—F(0)}

- rynzaéc{ /z (f'(x)—[%z)dx}—lko.

(iv) From the above analysis we know the value of M f(0)—f(0) can-

not exceed I(1) — K, no matter the number {> 0 with f({) =3,
exists or not. So M f(0)—f(0)<0 follows.
Consequently, by comparing two different suboptimal models in
Subsection 3.1 and Subsection 4.1, we can address the problem of
maximizing the performance function V(x,m) over all admissible
strategies.

(5.6)

Theorem 5.2. Let g(x) be the solution appearing in Theorem 3.2, and let
f(x) be the solution appearing in Theorem 4.2. Then we can solve
Problem 2.1 as follows:

Case 1. In the case where Mg(0)—g(0)
alently, the following condition holds,

(i) 0<K <I(1), P<P and a™(0)<a™(0),then V(x) = V,(x) = g(x)
and m coincides with 1=

(a™;L™;G™)  appearing in
Theorem 3.2.

Case 2. In the case where Mf(0)—f(0)<0 and P—f(0)
lently, one of the following conditions holds,

(ii) 0<K<I(1), P<P and a™(0)>a™(0);

(iii) 0<K<I(1) and P>P;

(iv) K=1(1),
then V(x) = V,(x) = f(x) and " coincides with m, = (a™;L"™;G™)
appearing in Theorem 4.2.

=0and P—g(0) <0, or equiv-

=0, or equiva-

Proof. See the proof process in Appendix B.

5.2. Restricted dividends

In this subsection, we would solve Problem 2.2 in general case. Ac-
cording to the stochastic control theory, V(x) should satisfy the follow-
ing HJB equation

max{ max {AEV(X) +1(B; —V(x))},MV(x)—V(x)} =0 (5.7

with boundary condition

max{MV(0)—V(0),P—V(0)} = 0. (5.8)
Theorem 5.3. Let u(x) be a twice continuously differentiable, increasing
and concave solution of Egs. (5.7) and (5.8), then we have the following

statements:

(i) For each WET1, it follows that u(x)>V(x
x=0. I

(ii) If there exists some strategy m" = a"*;L" e ) such that u(x) =
V(x,7"), then u(x) = V(x) and " 1s optimal.

, 7). So u(x)=V(x) for all

Proof. Repeating a similar proof procedure as that in Appendix A, the
results can be proved.

Similar to the discussion in Subsection 5.1, let us give following two
lemmas, but the proofs are omitted. To facilitate the expression, we de-
note that

= §+1 )%

P .= —1
26€ (g + dy

which is also a critical level. By the way, P takes value on [07“‘ (;;ga,)]

since a,€[0, 1].

(59)

Lemma 5.3. The signs of Mw(0)—
as follows.

(i) In the case where 0<K <I(1), P<P and '’ 0)<
(0)—w(0) =0 and P—w(0) <0. . _.
(i) In the case where 0<K <I(1), P<P and a"r (0)>a"P (0), it has Mw
(0)—w(0) = 0 and P — w(0)>0.
(iii) In the case where 0<K <I(1), P>P, it has Mw(0)—w(0)
P—w(0)>0.
(iv) In the case where K>I(1), it has Mw(0)—w(0)<O0.

h(0) and P—h(0) can be determined as

w(0) and P—w(0) can be determined

" (0), it has Mw

=0 and

Lemma 5.4. The signs of Mh(0)—
follows.

(i) In the case where 0<K <I(1), P<P and a P( )>a
(0)—h(0)>0 and P— h(0) =0. .
(ii) Inthe case where0<1(s1(1) P< Pandd™ P( )<a'"r (0), it has Mh(0)
—h(0)<0 and P— h(0) =
(iii) In the case where O<I(57(1), P>P, it has Mh(0)—
h(0)=0.
(iv) In the case where K>I(1), it has Mh(0)—

T (0), it has Mh

h(0)<0 and P —

h(0)<0 and P—h(0) =0

Next, by comparing results in Subsection 3.2 and Subsection 4.2, we will
identify Problem 2.2 of maximizing the performance function V(x,T) over
all admissible strategies.

Theorem 5.4. Let w(x) be the solution appearing in Theorem 3.4, and let
h(x) be the solution appearing in Theorem 4.4. Then the Problem 2.2 can
be solved according to different cases:

Case 1. In the case where Mw(0)—w(0)
following condition holds,

=0and P—w(0)<0,ie, the

(i) 0<k<I(1), P<P and a™(0)<a"?(0),
=V,(x)=w() and T coincides with T, =

then V(x)=
(a"r;L G r) appearing in Theorem 3.4.
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Case 2. In the case where Mh(0)—
the following conditions holds,

h(0)<0 and P—h(0) =0, i.e., one of

(ii) 0<K<I(1), P<P and o (0)<a™ (0);
(iii) 0<K<I(1), P>P;
(iv) K>I(1),

then V(x) = V,(x) = h(x) and 7" coincides with 7, = (aﬁP;LﬁP;GﬁP>
appearing in Theorem 4.4.

Proof. Repeating a similar proof procedure as that in Appendix B, the
results can be verified.

Remark 5.1. Zhou and Yuen (2012) have explored the optimal divi-
dend, capital injection and reinsurance problem in the special case
with P = K = 0. All results there can be viewed as limiting forms of
ours as P— 0 and K — 0. Due to the existence of the fixed cost and the
salvage value, to inject capital is not always optimal when K > 0 or
P>0 in our model. The decision to inject new capitals or to declare bank-
ruptcy depends on the costs of injections and the profitability in future.
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Appendix A. Proofs of Theorem 5.1

For each given strategy nm = (a",[™;,G") & II, define
= {s: LT #LT}, AT={s:G_#G'} = {77, 75,~70,~}. Let [ =
> (IF—L{.) be the discontinuous part of LY and I} =L'—I; be

SEATS<t

the continuous part of LF. Similarly, C;’ and 51: stand for the discontinu-
ous and continuous parts of Gf respectively. Then, applying the general-
ized It 0 formula, we derive that

ey (XfA_n)fv(x)
:/;A :‘SSE v( ")ds+/:r (17a")ﬂuze ( /o
o[ e (e« e (v(X5) (X)),

SEATU. /\" S<EATT

The last term on the right hand side can be written as

—
e (v(X) (X))
SEATUAT s<tATT

S e

SEAT s<tAT"

—5s _

SEALS<IATT ¢ (V(Xg) V(XIST—>)

=- Z 9_55131 (Lg *Ll> + Z e (BzéZ + K) Iizn < pnemy
SEATS<EATT n=1

(A2)

where the inequality is due to that v(x) satisfies the HJB Eq. (5.1)
with v/(x) > 31 and Mv(x) <v(x). Moreover, in view of Eq. (5.1), the

first term on the right hand side of Eq. (A.1) is non-positive. So
substituting Eq. (A.2) into Eq. (A.1), we obtain

= tAT" , tAT"
g0t )v(an)<v(x)+ / i (1—a")JXy2e‘“v (xg)st—/sl / e
J 0 J o
+> e (ﬁzéﬁ + K)'{THS[/\T”}~
n=1
(A3)
Since v(x) is an increasing function and v(0) > P, we have

, [ 2T
v (xg’)st—ﬁ] / e sqrr

e ) p<y(x) + /MT“ (1 —a") VA,e
(A4)

0

+z e (Bzgg + K) L < o7y
n=1

The stochastic integral with respect to the Brownian motion in
Eq. (A4) is a uniformly integrable martingale, if v/(x) is bounded. Taking
expectation and limit on both sides of Eq. (A.4) yields

v(x)= (B/ e dL” Ze 57"(5 T+ K ) <ory + Pe ™" ) = V(x,m).
(A.5)

Consequently, v(x) > V(x) by Eq. (2.6). Applying the method in
Cadenillas et al. (2006), we can also prove above results when v/(x) is
unbounded by modifying above proof process, it is omitted here.

Appendix B. Proofs of Theorem 5.2

(1) fP—g(0)<0and Mg(0) =

g(0), then (x) satisfies conditions of
Theorem 5.1, g(x) > f

V(x). Since £ rg X! ) =0 for 0<X}" <b,

one has
/;AT’ e e’ g( ")ds :'/;A” e " g( ){ngg;gb;}dszo.
(B.1)
Furthermore, Egs. (3.5)~(3.7) and (3.9) indicate that
L2 (el ee))
AT UAT <A
i e (a(x) ~£(X2) )1y
LR )
o Z B (L —L"')+nie"“':; (B + K5 iy
o 7 (B.2)

Replacing m, 7, v by m!, 7" =
taking expectations, we have

o g in It 0 formula Eq. (A.1) and

g(x) = E*[e "g(XT)]
<B]/ —(Sde ge—ﬁfn’; <32§Z; +K>I{Tﬁ;st}>'
(B.3)

Letting t — «, the first term on the right hand side vanishes, then
we obtain

gx) = (51 [le =y e

n=1

Y1) - V)
(B.4)



64 D. Yao et al. / Economic Modelling 37 (2014) 53-64

which, together with g(x) > V(x), establishes that g(x) = V(x) =
V(x,m;), and m; is the associated optimal strategy.

If P— f(0) =0 and Mf(0) < f(0), then f{x) satisfies conditions of
Theorem 5.1, so f{x) > V(x). Since z:“"”féxfp) = 0for OSXT;" <b,,
one has

/;Ar;efﬁsc""’”’f(xff’)ds _ /;/\r;efssﬁa"ﬁf(X;TE)I{OSX"E Sb;}ds =0.
(B.5)

—~
N
—

Moreover, under the strategy m, = a%; L™, 02 €I1, the capital
injection never occurs, AZ" is a null set. Thereby, together with
Eq. (4.6), it follows that

Y () ()

SEAPUAT s <t
e*r‘is (f(x:ﬂ) —f(Xgi))I{X";:b;} (BG)

= X
B ™ (L’;; —L;‘;;) .

e .
sEAP s<tATh

e -
seAP s<tath

Replacingm, 7, v by, il , f,respectively, in Ito formula (A.1) and
taking expectations, we have

o AT —65 41T, T, 76(t/\1—"5)
Fx) —E (;3] / e F(xX e . B7)
Letting t — < yields
Fx) = E" (51 / Cetdr +Pe_57"p> =v(xm), (B.8)
0

which, together with f(x) > V(x), confirms that f(x) = V(x) =
V(x,mm,), and np* is the associated optimal strategy.
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