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Abstract. We have started a systematic study of global constraints on set and
multiset variables. We consider here disjoint, partition, and intersection constraints.
These global constraints fall into one of three classes. In the first class, we show
that we can decompose the constraint without hindering bound consistency. No
new algorithms therefore need be developed for such constraints. In the second
class, we show that decomposition hinders bound consistency but we can present
efficient polynomial algorithms for enforcing bound consistency. Many of these
algorithms exploit a dual viewpoint, and call upon existing global constraints for
finite-domain variables like the global cardinality constraint. In the third class, we
show that enforcing bound consistency is NP-hard. We have little choice therefore
but to enforce a lesser level of local consistency when the size of such constraints
grows.

1 Introduction

Global (or non-binary) constraints are one of the factors central to the success of con-
straint programming [8, 9, 1]. Global constraints permit the user to model a problem eas-
ily (by compactly specifying common patterns that occur in many problems) and solve
it efficiently (by calling fast and effective constraint propagation algorithms). Many
problems naturally involve sets and multisets. For example, the social golfers problem
(prob010 at CSPLib.org) partitions a set of golfers into foursomes. Set or multiset vari-
ables have therefore been incorporated into most of the major constraint solvers (see, for
example, [5, 7] for sets, [6] for multisets). There are few papers in the literature describ-
ing specialized propagators for global constraints on set and multiset variables. One
exception is a recent report which describes a propagator for a global disjoint constraint
on set variables with a fixed cardinality [10]. The aim of this paper is to study other
such global constraints on set and multiset variables. Using the techniques proposed in
[2], we have proved that some of these global constraints are NP-hard to propagate. For
example, both thatmostl-incommon anddistinct constraints on sets of fixed
cardinality proposed in [11] are NP-hard to propagate. We prove that others are polyno-
mial but not decomposable without hindering propagation. We therefore give efficient
algorithms for enforcing bound consistency on such constraints.

* The last three authors are supported by Science Foundation Ireland and an ILOG software
grant.



2 Taxonomy of global constraints

We have started to construct a taxonomy of global constraints over set and multiset
variables. This consists of constraints composed from the following (more primitive)
constraints.

Cardinality constraints: Many problems involve constraints on the cardinality of a
set or multiset. For example, each shift must contain at least five nurses.

Intersection constraints: Many problems involve constraints on the intersection be-
tween any pair of sets or multisets. For example, shifts must have at least one person
in common.

Partition constraints: Many problems involve partitioning a set or multiset. For ex-
ample, orders must be partitioned to slabs in the steel mill slab design problem.

Ordering constraints: Many problems involve sets or multisets which are indistin-
guishable. For example, if each group in the social golfers problem is represented
by a set then, as groups are symmetric, these sets can be permuted. We can break
this symmetry by ordering the set variables.

Counting constraints: We often wish to model situations when there are constraints
on the number of resources (values) used in a solution.

Weight and colour constraints: Many problems involve sets in which there is a weight
or colour associated with each element of a set and there are constraints on the
weights or colours in each set.

In this paper, we start a systematic study of the constraints within this taxonomy. We
focus here on the intersection and partition constraints. Tables 1 and 2 summarize some
of the results presented in this paper. All results apply to set or multiset variables unless
otherwise indicated. Note that a constraint is bound consistency (BC) when the upper
bound of each set or multiset variable is the union of all the consistent values, and the
lower bound is the intersection. An alternative definition of BC for set and multiset vari-
ables is that the characteristic function (a vector of 0/1 variables) for each set variable,
or the occurrence representation (a vector of integer variables representing the number
of occurrences of the different values) for each multiset variable is bound consistent
[12]. ¢ From now on, “decomposable” means that there exists a decomposition into con-
straints on which BC is polynomial, and this decomposition does not hinder bound
consistency. We will also use generalized arc consistency (GAC) on integer variables.
A constraint is GAC iff every value for every variable can be extended to a solution of
the constraint.

3 Disjoint constraints

Disjoint  (Xy,...,X,)iff X; N X; = {} foranyi # j.
NEDisjoint  (Xy,...,X,)Iiff |X;| > 0andX; N X, = {} for any: # j.
FCDisjoint  (X1,...,Xn, k1,..., k) iff | X;| = k;andX,; NX; = {} forany: # j.

The disjoint constraint on set or multiset variables is decomposable into binary
empty intersection constraints without hindering bound consistency [12]. The non-
empty and fixed cardinality disjoint constraints are not decomposable so we present
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VE ... [X; N X,;[=0 XN X[ <k X, N X,;[ >k X, NX;| =k
Disjoint Intersect <« Intersect > Intersect  —
- polynomial polynomial polynomial NP-hard
decomposable decomposable decomposable |not decomposable
NEDisjoint NElIntersect < NElIntersect -~ FCintersect _
| Xkl >0 polynomial polynomial — polynomial — NP-hard
not decomposable decomposable decomposable |not decomposable
FCDisjoint FCintersect < FCintersect - NEIntersect
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not decomposable not decomposable|not decomposable|not decomposable
Table 1. Intersectionx Cardinality
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- Partition  : polynomial ? ? ?
decomposable
[ X >0 NEPartition  : polynomial ? ? ?
not decomposable
FCPartition
| X 1| = my |polynomial on sets, NP-hard on multisets ? ? ?
not decomposable

Table 2. Partition + Intersectionk Cardinality

algorithms for enforcing on them or we prove intractability of enforcing bound consis-
tency.

3.1 FCDisjoint

It is polynomial to enforce BC on thECDisjoint  constraint on set variables, but
NP-hard on multisets. WheX, ..., X,, are set variables, we can achieve BC on a
FCDisjoint (Xy,..., X,,k1,...,ky,) constraint as follows:

Algorithm BCFCDisjointsets

1. Forallv € Uub(Xi), introduce an integer variablé, with dom(Y,) = {}
2. Initialize the domain of eaclv, as follows:

(@) dom(Y,) — {Xi|v € Ib(X;)}

(b) if |dom(Y,)| > 1 thenfail

(¢) if [dom(Ys)| = 0thendom(Y,) — {Xi|v € ub(X:)} U {Xnt1}

3. Maintain GAC ongcc (Y, X, B) whereY is the array ofY;’s, X is an array ofX;’s (in-
cluding the dummy set variabl¥,, 1), and B is the array of the corresponding bounds of
the X;’s where for alli < n we haveB[i] = k;..k; andB[n + 1] = 0..c0

4. Maintain the following channelling constraints, for al » and for allv:

(@) X; € dom(Y,) < v € ub(X;)
(b) dom(Y,) = {X:} < v € Ib(X;)

Remarkgcc (Y, X, B) is the global cardinality constraint that imposes that in any as-
signmentS of the variables”, the valueX; from X appears a number of times in the
rangeB]i].

We first prove the following lemma.

Lemma 1. Define the one-to-one mapping between assignnteotthe dual variables
Y and assignmentS’ of the original set variables(; by: v € S'[X,] iff S[Y,] = X;.
ThenS is consistent witlycc in step (3) oBCFCDisjointsets iff S’ is consistent
for FCDisjoint



Proof. (=) We prove thats’ is:

Disjoint: Each dual variabl&’, has a unique value, say;. Therefore inS” a value
v cannot appear in more than one of the variablgs . . X,,. In the case wher¥&, =
Xn11, v does not belong to any set variable assignment.

Fixed Cardinality:gcc ensures that the “valuesX; are used by exactly; dual
variablesY,,;. Hence |[S'[X;]| = k;.

(<) We prove thats is:

Consistent witlgcc : By construction ofY, if |S’[X;]| = k; for eachi € 1..n, each
“value” X; will appear exactlyk; times in S, thus satisfying thgcc . (The dummy
value X,, 1 has no restriction on its number of occurrence¥’in

Consistent witl” domains:By construction. ad

Theorem 1. BCFCDisjointsets is a sound and complete algorithm for enforcing
bound consistency dRCDisjoint  with set variables, that runs i@(nd?) time.

Proof. SoundnessA valuew is pruned fromub(X;) in step (4) ofBCFCDisjoint-

sets either becausé&; was not put indom(Y,) in step (2) or because tlgec has
removedX; from dom(Y,) in step (3). Lemma 1 tells us that both cases imply that
v cannot belong toX; in a satisfying tuple foFCDisjoint . A valuewv is added to
1b(X;) in step (4) ifdom(Y,) = { X} after applying GAC on thgcc . From Lemma 1
we deduce that any satisfying tuple fé€Disjoint  necessarily containsin X;. We
must also show that the algorithm does not faF@Disjoint  can be made bounds
consistentBCFCDisjointsets can fail in only two different ways. First, it fails in
step (2) if a value belongs to two different lower bounds. Cle&GDisjoint  cannot
then be made bounds consistent. Second, it fails in step (3) fdbecannot be made
GAC. In this case, we know by Lemma 1 tHaCDisjoint  cannot then be made
bounds consistent.

Completenesdetv € ub(X;) after step (4). ThenX; € dom(Y,) after step (3).
Thegcc being GAC, there exists an assignméhsatisfyinggec , with S[Y,] = X;.
Lemma 1 guarantees there exists an assignisiewith {v} C S’[X;]. In addition, let
v ¢ Ib(X;) after step (4). Then, there exisX§.; € dom(Y,,) after step (3). Thus, there
is an assignment' satisfyinggcc with SY,] = X;. Lemma 1 tells us that there is a
satisfying assignmerf’ of FCDisjoint  with v notin S’[X;].

Complexity Step (1) is inO(d), and step (2) itO(nd). Step (3) has the complexity
of the gcc, namelyO(nd?) since we havel variables with domains of size at most
n + 1. Step (4) is inO(nd). Thus,BCFCDisjointsets is in O(nd?).

O

Theorem 2. Enforcing bound consistency GCDisjoint  with multiset variables is
NP-hard.

Proof. We transform3SaT into the problem of the existence of a satisfying assign-
ment forFCDisjoint . Let FF = {c1,..., ¢y} be a 3CNF on the Boolean variables
Z1,...,Z,. We build the constrainECDisjoint  (X1,..., Xsntm, k1, - - E3ntm)

as follows. Each time a Boolean variablg appears positively (resp. negatively) in a
clausec;, we create a value/ (resp.w}). For each Boolean variable, we create two
valuesp; andn;. Then, we build th&n + m multiset variables as follows.



1. Vi € 1.n, I* X; will take thep,’s iff x; = 1*/

(@) k; = number of occurrences of in a clause

(b) {} € X; C{v] | = € ¢;} U {k; occurrences op; }
2. Vi e n+1.2n,* X; will take then;'s iff x; = 0*/

(@) k; = number of occurrences efr; in a clause

(b) {} € X; C {w! | x; € ¢;} U{k; occurrences ofi; }

3. Vi e 2n+1..3n, * X, forcesX;_,, andX;_»,, to be consistent */

(a) k;=1

(b) {} € Xi € {ni,pi}

4. Vj € 1.m, I* X3,; represents the clausg*/

(a) k3n+j =1 ) ) )

(0) {} € Xanvy C {vf,wi,, v Hif ¢j = @i, V mgy Vg,

Let M be a model of". We build the assignmerst on theX;’s such that/i € 1..n,
if M{z;] = 18[Xi] = {pi, ..., i}, S[Xin] = {w] € ub(Xiin)}, S[Xit2n] = {ni},
elseS[X,;] = {Uf S Ub(Xl)}, S[XH_"} = {n,;, ey n,;}, S[XH_Q"] = {py},

By construction, the cardinalitigs are satisfied and the disjointness are satisfied
on X, ..., X3,. In addition, the construction ensures that if a Boolean variable
true in M (resp. false inV/) none of thev! (resp.w?) are used and all the; (resp.v?)
are already taken by, ..., Xs,. Thus,Vj € 1..m, S[X3,4,| is assigned one of the
valueSU{ orw{ representing a true literal, or —x; in M. And M being a3SAT model,
we are sure that there exists such values not already takéh by. , X3,,. Therefore,

S satisfied=CDisjoint

Consider now an assignme$ibf the X;’s consistent with-CDisjoint . Build the
interpretation) such thatV/[z;] = 1iff S[X;2,] = {n;}. Thanks to the disjointness
and cardinalities among .. ., X3, we guarantee that X ,] = {n;} all thew
are already taken h¥;, ,, and if S[X; 1 2,] = {p;} all thev{ are already taken hy;,
so that they cannot belong to aiy,, ;. But.S satisfyingFCDisjoint , we know that
for eachj € 1..m, X3, ; is assigned a value consistent wiXh .. ., X3,,. Therefore,

M is a model ofF'.

As a result, deciding the existence of a satisfying assignmerft@isjoint
with multiset variables is NP-complete. Then, deciding whether GAC finds a wipe out
on the occurence representation is coNP-complete. In addition, on the transformation
we use, if GAC detects a wipe then BC ddg¢Because of the way; andn; values
are set). So, deciding whether BC detects a wipe out is coNP-complete, and enforcing
bound consistency dRCDisjoint ~ with multiset variables is NP-hard. O

3.2 NEDisjoint

The constrainNEDisjoint (X4, ..., X,,) on set variables can be seen as a particular
case of constrairfECDisjoint  in which the cardinality of the variableX; can vary

3 GAC on the occurence representation of multisets is in general not equivalent to BC (whilst
on setsitis). Ifub(X1) = ub(X2) = {1,1, 2,2}, andks = k2 = 2, GAC on the occurence
representation dFCDisjoint  removes the possibility faK; to have 1 occurence of 1. BC
does not remove anything since the bounds 0 and 2deffl, X ) are consistent.



from 1 tooc instead of being fixed tb;. Since the way the algorithBC-FCDisjoint
is written permits to express such an interval of values for the cardinality of the set vari-
ablesX;, the algorithmBC-NEDisjoint-sets is a very simple modification of it.
In step (3) ofBCFCDisjointsets it is indeed sufficient to assigB|:] to 1..00 in-
stead ofk;..k;, for1 < i < n.
WhenNEDisjoint  involves multiset variables, BC remains polynomial. In fact,
it is sufficient to transform the multisets in sets and to BEeNEDisjoint-sets
on the obtained sets. Once BC achieved on these sets, we just have to restore the initial
number of occurrences, notétit-occ, for each remaining value. The cardinality of
the multisets are not bounded above, so that if one value has support, any number of
occurrences of the same value have support also.

Algorithm BC-NEDisjoint-msets

1. for eachi € 1..n, v occurring inub(X;) do

iNit-0CcCys (X5, v) < occ (v, ub(X;)); occ (v, ub(X;)) «— 1

init-occy, (X, v) < occ (v, 1b(X;)); occ (v, 1b(X;)) <« min(1,init-occ;, (X;,v))
2. BC-NEDisjoint-sets (X1,...,X5)
3. foreachi € 1..n,v € ub(X;) do

occ (v, ub(X;)) « init-0cCyp (X, v)

if v € 1b(X;) thenocc (v, 1b(X;)) <« maz(1,init-occy, (X;, v))

4 Partition constraints

Partition (X1,..., X, X)iff X;NX; ={}forany:# jand{J, X; = X.
NEPartition  (Xi,...,X,, X) iff |X;] > 0, X;NnX; = {} foranyi # j and
U; Xi = X.

FCPartition  (X1,...,Xn, X, k1,...,ky) iff | X;| = ki, X; N X; = {} for any
i#jand{J, X; = X.

The partition constraint is decomposable into binary empty intersection constraints
and ternary union constraints involvingadditional variables without hindering bound
consistency [12]. On the other hand, the non-empty and fixed cardinality partition con-
straints are not decomposable. We therefore present algorithms for enforcing BC on
them or we prove intractability of enforcing BC.

4.1 FCPartition

It is polynomial to enforce BC on thECPartition constraint on set variables, but
NP-hard on multisets. On set variables, enforcing BEGRartition is very similar
to enforcing BC or-CDisjoint . Indeed, if the seX being partitioned is fixed, then
we can simply decompose a fixed cardinality partition constraint into a fixed cardinality
disjoint, union and cardinality constraints without hindering bound consisten&yidf
not fixed, we need to do slightly more reasoning to ensure thaXiheare a partition
of X. We present here the additional lines necessary to deal with this.
Line numbers with a prime represent lines modified B&FCDisjointsets
The others are additional lines.



Algorithm BC-FCPartitionsets

1'. Forallv € ub(X), introduce an integer variablé, with dom(Y,) = {}
2. Initialize the domain of eacl, as follows:

(©) if [dom(Y,)| = 0 thendom(Y,) — {X.|v € ub(X.)}
(d) if v € Ib(X) thendom(Yy) «— dom(Yy) U{Xn+1}
() if |dom(Y,)| = 0 thenfai

4. Maintain the following channelling constraints, for abkk n and for allv:

(©) Xns1 & dom(Y) < v € Ib(X)
(d) ub(X) — (Jub(Xs)

Lemma 2. Define the one-to-one mapping between assignmgmtsthe dual vari-
ablesY and assignments$’ of the original set variablesY; and X by: §'[X] =
US'[X;:] andv € S'[X;] iff S[Y,] = X;. ThenS is consistent witlgcc in step (3)
of BC-FCPartitionsets iff S” is consistent foFCPartition

Proof. (=) We prove thats” is:

Disjoint and Fixed CardinalitySee Lemma 1.

Partition: Lines (2.c’-d) guarantee that a valuec [b(X) cannot be assigned the
dummy variable inS. Hence,S’ necessarily has al; with v € S’[X;]. Because of line
(17), none of theY, represent a value ¢ ub(X). Hence, for alli, S'[X;] C ub(X),
thenS’'[X] C ub(X).

(<) We prove thafS is:

Consistent witlgcc : See Lemma 1.

Consistent witht": If S is a satisfying assignment f6iCPartition , S'[X;] C
S’[X],Vi. SinceS'[X] C ub(X), we know that any value appearing inS’ has a
corresponding variabl&,. And by construction (lines 2.a, 2.c, 2.d, we know tRat
consistent withy” domains. a

Theorem 3. BC-FCPartitionsets is a sound and complete algorithm for enforc-
ing bound consistency dfCPartition  with set variables that runs i®(nd?) time.

Proof. Soundnes valuev is pruned fromub(X;) in step (4) oBC-FCPartition-

sets for one of the reasons that already held-@Disjoint  or becausé’, has not
been created in line (1’). Lemma 2 tells us that all cases imply:titainnot belong to
X in a satisfying tuple foFCPartition . Soundness db(X;) comes from Lemma

2 as it came from Lemma 1 dfCDisjoint . We must also show that the algorithm
does not fail ifFCPartition can be made bounds consistBE-FCPartition-

sets can fail in line (2.e) if a value that belongs tdb(X') cannot belong to any;.
Clearly, FCPartition cannot then be made bounds consistent. The other cases of
failure are the same as fBCDisjoint . A valuev is pruned fromub(X) in step (4.d)
because none of thE; containsv in its upper bound. This means that this value cannot
belong to any satisfying assignmesit(Lemma 2). A valuey is added tdb(X) in line
(4.c) if no assignment' satisfying thegcc verifiesS[Y,] = X,+1. This means that

is assigned to a variabl¥; in all assignments satisfyirfgCPartition



Completenesdetv € ub(X) after step (4). Then, there exists with v € ub(X;),
and soX; € dom(Y,) after step (3)gcc being GAC, there exists an assignméht
satisfyinggcc , with S[Y,] = X,;. Lemma 2 guarantees there exists an assignment
S’ with {v} C S’[X]. Thus,v is in ub(X). In addition, letv ¢ [b(X) after step
(4). Then, X, 1 € dom(Y,) after step (3). Thus, there is an assignmérgatisfy-
ing gcc with S[Y,] = X,,+1. Lemma 2 tells us that there is a satisfying assignnsént
of FCPartition  with v notin S’[X].

Complexity See proof oBCFCDisjointsets . O

Theorem 4. Enforcing BC or-CPartition  (Xq,..., X, X, k1, ..., k) with mul-
tiset variables is NP-hard.

Proof. We know that deciding the existence of a satisfying assignment is NP-complete
for FCDisjoint (X4, ..., Xy, k1, ..., k,) with multiset variables. If we build a mul-
tiset variableX with (b(X) = 0 andub(X) = |J, ub(X;), thenFCPartition (X7,

oo, X0, X, k1, ..., k) has a satisfying assignment if and onlyREDisjoint (X7,

..., Xn, k1,...,ky,) has one. Thus, enforcing bound consistencyGRartition is
NP-hard. O

4.2 NEPartition

The constrainfNEDisjoint  (X,...,X,,) on set variables was a particular case of
FCDisjoint  in which the cardinality of the variables; can vary from 1 tex instead

of being fixed tdk;. This is exactly the same fdEPartition on set variables, which
is a particular case dfCPartition . Replacing BJi] < k;..k;" by “ B[i] <« 1..00”

in BC-FCPartitionsets , we obtainBC-NEPartition-sets

When NEPartition involves multiset variables, BC remains polynomial. As
for BC-NEDisjoint-msets , the trick is to transform multisets in sets and to use
BC-NEPartition-sets on the obtained sets. We just need to be careful with the

compatibility of the occurrences of valuesif variables and th& being partitioned.
Once BC is achieved on these sets, we have to restore the initial number of occurrences
and check again compatibility with .

Algorithm BC-NEPartition-msets

1. if Y, 16(X:) € ub(X) or Ib(X) Z |J, ub(X;) then failure
2. for eachi € 1..n,v occurring inub(X;) do
2.1.if occ (v, ub(X;)) < occ (v,1b(X)) thenocc (v, ub(X;)) «— 0
2.2. if occ (v,ub(X;)) > occ (v, ub(X)) then occ (v, ub(X;)) «— occ (v, ub(X))
2.3.init-occ, (X5, v) < occ (v, ub(X;)); occ (v, ub(X;)) «— 1
2.4.init-occy, (X, v) < occ (v, Ib(X;)); occ (v, 1b(X;)) «— min(1,init-occy, (X, v))
. storelb(X); Ib(X) < set-of (Ib(X)); ub(X) «— set-of (ub(X))
BC-NEPartition-sets (X1,..., Xn, X)
. restorelb(X)
. foreachi € 1..n,v € ub(X;) do
6.1.0cc (v, ub(X;)) « init-0cCyp (X, v)
6.2. if v € Ib(X;) then occ (v, 1b(X;)) < mazx(1,init-occ;, (X, v), occ (v, 1b(X)))
7. 16(X) — Ib(X) U, Ib(Xi); ub(X) — |, ub(Xi)

o U AW



Theorem 5. BC-NEPartition-msets is a sound and complete algorithm for en-
forcing bound consistency dNEPartition with multiset variables, that runs in
O(nd?) time.

Proof. (Sketch.) As folNEDisjoint  on multiset variables, enforcing bound consis-
tency onNEPartition after having transformed the multisets in sets (i.e., we keep
only one occurrence of each value in the lower and upper bounds), the removal of a
valuev from an upper bound bBC-NEPartition-sets is a sufficient condition

for the removal of all occurrences ofin the original multiset upper bound. The addi-
tion v to a lower bound is a sufficient condition for the addition of some occurrences of
v in the lower bound (the right number depends on the number of occurreneean of
Ib(X) and in the lower bound of th&; holdingv. It is then sufficient to ensure con-
sistency between the number of occurrences inthand X (lines 1, 2.1, 2.2, and 7),

to transform multisets in sets (lines 2.3, 2.4, and 3), toB&HNEPartition-sets

(line 4), and to restore appropriate numbers of occurrences (lines 5 and 6). Line 1 guar-
antees thatib(X) can cover all theX;’s lower bounds and thdb(X ') can be covered

by the X;’s upper bounds. A value can be assigned i; if and only if it can cover

the occurrences af in (b(X) (line 2.1), and it cannot occur more thanidb(X) (line

2.2). Finally, a valuey occurs inlb(X) at least as many times as it occurs in some
Ib(X;), and occurs inub(X) exactly as many times as in thé(X;) having its greatest
number of occurrences (line 7). The complexity is dominated by line 4, with the call to
BC-NEPartition-sets which isO(nd?).

5 Intersection constraints

TheDisjoint  constraint restricts the pair-wise intersection of any two set or multiset
variables to the empty set. We new consider the cases where the cardinality of the pair-
wise intersection is either bounded or equal to a given constant or integer variable:

Intersect  <(Xi,...,X,, K)iff |X; NX;| < K foranyi # j.

Intersect > (Xq,...,X,, K)iff | X;NX,| > K foranyi # j.

Intersect _(X4,...,X,, K)iff |X; N X;| = K foranyi # j.

As usual, we can also add non-emptiness and fixed cardinality constraints to the
set or multiset variables. For exampiCIntersect < (Xy,..., X, K,C)iff | X; N
X;| < K foranyi # jand|X;| = C forall i. If K = 0, Intersect < and
Intersect  _ are equivalent t®isjoint

5.1 At most intersection constraints

We show thaintersect < andNElntersect < can be decomposed without hin-
dering bound consistency, but that it is NP-hard to enforce BE@imtersect <.

Theorem 6. BC(Intersect  <(X1,...,X,, K) is equivalent toBC(| X; N X;| <
K)forall i < j.

Proof. SupposeBC(|X;NX;| < K) foralli < j. We will show thatBC (Vi < j.|X;N
X,| < K). Consider the occurrence representation of the set or multiset variables. Let



X, be the number of occurrences of the valua X;. Consider the upper or lower

bound of X;;. We will construct a support for the upper or lower boundXf that

simultaneously satisfielsX; N X;| < K for all i < j. First, we assignk’ with its

upper bound. Then we pick angywith i # j. As BC(|X; N X;| < K), there is some

assignment foX ;,, and.X;,,, (I # m) within their bounds that satisfi¢&’; N X;| < K.

We now extend these assignments to get a complete assignment for every other set or

multiset variable as follows. Every othef,, (p # ¢ andp # j) is assigned its lower

bound. This can only help satisfX; N X;| < K for all i < j. This assignment is

therefore support foX;;. We can also construct support for the upper of lower bound

of K in a similar way. Maximality of the bounds consistent domains is easy. Consider

any value forX;; smaller than the lower bound or larger than the upper bound. As this

cannot be extended to satigfy; N X;| < K for somey, it clearly cannot be extended

to satisfy|X; N X,;| < K for all ¢ < j. A similar argument holds for any value for

K smaller than the lower bound or larger than the upper bound. HECEY: <

J|XinX;| <K). O
Given a set of set or multiset variables, the non-empty intersection con$eslimt-

ersect <(Xi,...,X,, K)ensures thatX; N X;| < K fori # j and|X;| > 0 for all

i. If K = 0, this is theNEDisjoint  constraint which is not decomposable Hf> 0,

the constraint is decomposable.

Theorem 7. If K > 0 thenBC(NEIntersect <(X;,...,X,, K) is equivalent to
BC(|X;nX,;| < K)forall i < jandBC(|X;| > 0) for all 7.

Proof. SupposeBC(|X; N X;| < K) for all i < j and BC(|X;| > 0) for all 4.
Then|lb(X;) N 1b(X;)| < maz(K) forall ¢ < j. And if |ub(X;)| = 1 for any: then
b(X;) = ub(X;). Consider some variabl&; and any value: € ub(X;) — Ib(X;).
We will find support in the global constraint foY; to take the valuga} U Ib(X;).
Consider any other variabl&;. If |1b(X;)| = 0 then we pick any valué € ub(X;)
and setX; to {b}. This will ensure we satisfy the non-emptiness constrainkonAs
k > 0 and|X;| = 1, we will satisfy the intersection constraint betwe&n and any
other variable. Ifib(X;)| > 0 then we setX; to [b(X;). This again satisfy the non-
emptiness constraint oX;. Since|lb(X;) N Ib(X;)| < max(K) for all i < j, we
will also satisfy the intersection constraints. Support can be found in a similar way for
X; to take the valuéb(X;) if this is non-empty. Finallymin(K) has support since
BC(|X; N X,| < K) foralli < j. HenceNEIntersect <(Xj,...,X,,K)isBC.

O

Enforcing BC onFCintersect < is intractable.

Theorem 8. Enforcing BC onFClntersect  <(Xi,...,X,,k,c)forc >k > 0is
NP-hard.

Proof. Immediate from Theorem 5 in [2]. O
Sadler and Gervet introduce tagnostl-incommon  anddistinct constraints

for set variables with a fixed cardinality [11]. Tlémostl-incommon constraint is

FCintersect <(Xi,...,X,,1,¢). Similarly, thedistinct constraint on sets of

fixed cardinality is is=Clntersect  <(Xi,...,X,,c — 1,¢). The reduction used in

Theorem 5 in [2] works with all these parameters. Hence, all are NP-hard to propagate.
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5.2 Atleast intersection constraints

Similar to the at most intersection constraintersect > andNElntersect > can
be decomposed without hindering bound consistency, but that it is NP-hard to enforce
BC onFClintersect .

Theorem 9. BC(Vi < j.|X; N X;| > K) is equivalent taBC (|.X; N X;| > K) for all
i<j.
Proof. The proof is analogous to that of Theorem 6 except we extend a partial assign-
ment to a complete assignment that is interval support by assigning each of the addi-
tional X, with the upper bound and (where approprigéejvith its lower bound. O

Two sets cannot have an intersection unless they are non-empty. Hence this result
also shows thaBC'(NEIntersect > (Xq,...,X,,K) for K > 0 is equivalent to
BC on the decomposition. By comparison, enforcing BCF@intersect > is in-
tractable.

Theorem 10. Enforcing BC orFClntersect > (Xq,...,X,,,k,¢)fore >k > 0is
NP-hard.

Proof. We letk = 1. We can reduce the = 1 case to thé > 1 case by adding — 1
additional common values to each set variable. The proof again uses a reduction of a
3SAT problem inn variables. The same reduction is used for set or multiset variables.
We letc = n and introduce a set variablg& with domain{} C S C {1,-1,...,n,-n}.

This will be set of literals assigned true in a satisfying assignment. For each clause,
we introduce a set variable(,, with fixed domain. Supposg = z; V —z; V 2y, then

X, has the domaiti, —j, k,d1, ..., d,—3}. To satisfy the intersection and cardinality
constraint,5 must take at least one of the literals which satisfyrinally, we introduce

n set variablesX; to ensure that only one afand—: is in S. EachX; has domain
{d1,...,dn-1} C X; C {ds,...,dn_1%,—i}. The constructed set variables then have

a solution which satisfies the intersection and cardinality constraints iff the original
3SAT problem is satisfiable. Hence testing a value for support is NP-complete, and
enforcing bound consistency is NP-hard. a0

5.3 Equal intersection constraints

Unlike the at most or at least intersection constraints, enforcing Bldtersect — _
is intractable even without cardinality constraints on the individual set or multiset vari-
ables.

Theorem 11. Enforcing BC onintersect  _ (X3, ..., X,, k) is NP-hard fork > 0.

Proof. Immediate from Theorem 6 in [2]. O
The same reduction can also be used with the constraint that each set or multiset has
anon-empty or fixed cardinality. Thus, enforcing BCR@Intersect  _(X1,..., X,

K)orNElIntersect _(Xy,...,X,, K, C) isintractable.
Lemma 3. Enforcing BC or-Cintersect _(Xy,...,X,, k) is NP-hard fork > 0.

Lemma 4. Enforcing BC orNElIntersect _(Xy,...,X,, K, C)is NP-hard fork >
0.
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6 Ordering constraints

Multiset ordering constraints are useful for breaking symmetry on set or multiset vari-
ables. We sayX <, Y iff X is empty andY is not, or the largest value iX is
smaller than the largest value ¥, or the largest values are the same and, if we eli-
mante the one occurrence of the largest value from BondY’, the result is multiset
ordered. We can enforce BC on such a constraint with the lex ordering algorithm [4]
applied to the occurrence representation. Similarly, if we have a chain of ordering con-
straints on set or multiset variableEy <t ... <mset Xn We can enforce BC on

this chain by using the lex-chain algorithm of [3].

We may wish to combine ordering constraints with other constraints on set or multi-
set variables. For example, suppose we want to find a set of sets that have at most one el-
ement in common with each other [11]. We can enforce BEGmtersect < (X, ...,

Xn, 1) in polynomial time. However, numbering the set variables from % iatro-
duces an unnecessary symmetry. We can break this symmetry by ordaring,,.

. <mset Xn- We might therefore decide to post an ordered intersection constraint.
Unfortunately, combining an ordering constraint on set or multiset variables with other
constraints often makes constraint propagation intractable.

Theorem 12. Enforcing BC¥{: < j.|X; N X;| < k) is polynomial but enforcing
BCWi < j.|X; N X;| < kandX; <mset - - - <mset Xn) fOr k > 0is NP-hard.

Proof. The proof is similar to the NP-hardness of enforcing BC ofr@mtersect <.
We letk = 1 as we can reduce thie= 1 case to thé: > 1 case by adding — 1 addi-
tional common values to each set variable.

The proof uses a reduction from 3SAT. For each ofithelausesp; (herei is a
numerical index), we introduce two set variabl&s,andY;. Supposey;, = zV -y V z,
then X; has the domair{¢} whilst Y; has the domaif{i} C Y; C {i,x;, i, %}

We will assume that the indekis larger than the literals;, —y;, z; in our multiset
ordering, and that we have any ordering on these literals. By ordé&fing, .t Y;, we
must haveY;| > 1. We interpret the literals assignedYpas those that must beue.
We also insist thaK | <iset Y1 <mset - - - <mset Xm <mset Ym. 1he Set variables are
therefore totally ordered.

We will use an additional (at most quadratic) number of set variables ordered after
Y,.. These ensure that two clauses do not use contradictory satisfying assignments. We
describe here how we construct thté to £ + 3th such set variables. Consider any
other clauseyp; which contains a contradictory literal tg;. For example, suppose;
contains—z. We have four set variables(;;; <mset Yijz <mset Zijz <mset Wijz
with domaininjm = {m + kﬂ:}, {TTL + k,Z} - Yvijx - {m + k,Z',.’EZ‘, _|£Cj}, Zijz =
{m+k+1,-z;} and{m+k+1,-z;} € Wi, C {m+k+1,-z;,i,j}. Suppose we
satisfyy; by assigninge to true. That is,{4,z;} C Y;. ThenY;,, = {m + k, i, ~z;}
andZ;;, = {m+k+1,-x;,j}. HenceY; cannot contair j, ~x; } or the intersection
constraint betweetr; and Z;;, will be violated. That isi; cannot be satisfied byx
being assignedrue. Some other literal ip; will have to satisfy the clause.

The constructed set variables thus have a solution which satisfies the ordered inter-
section constraint iff the original 3SAT problem is satisfiable. Hence enforcing bound
consistency is NP-hard. O
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This proof leaves open the casekof 0 (i.e. ordered disjoint).

Theorem 13. Enforcing BC{: < j.|X; N X,;| > k) is polynomial but enforcing
BCWi < j.|X; N X;| > kandX; <mses - - - <mset Xn) fOr k > 0is NP-hard.

Proof. The proofis somewhat different to the NP-hardness of enforcing B&dnt-
ersect >.We letk = 1. As before, we can reduce tlhe= 1 case to thé: > 1 case
by addingk — 1 additional common values to each set variable.
The proof uses a reduction from 3SAT. We introd@esset variablesX; andY; to
represent an assignment to thBoolean variables which satisfies the clausesisfthe
ith of then. Boolean variables, thefdl, i} C X; C {d,i,z, —z} andY; = {d, i, z, ~z}.
We will assume that the valugis larger than any indek that the index is larger than
any of the literals, and thatand—x are the2ith and2i + 1 literals in the ordering. By
orderingX; <mset Yi, We cannot have bothand—z in X;. z € X; is interpreted asg
being assignedrue, whilst -z € X; is interpreted asg being assignedalse. We also
insist thatX; <t Y1 <mset - - - <mset Xn <mset Yn. The set variables are therefore
totally ordered.
For each of the clauseg,,, (m is a numerical index), we introduce two set variables,
U,, andV,,. Supposep,, = x V -y V z andz, y, z are respectively thé&h, jth and
kth variables in the ordering. Ther, n + m, 1,...,n,2, -y, 2} — {i,5,k} C Uy, C
{e;n+m,1,...,n,z,—y, z}, andV,, = {e,n+m,1,...,n,z, —y, z}. We willassume
that the valuee is larger thand. We also insist thal,, <mset U1 <mset V1 <mset
o <mset Um <wmset V. The set variables are therefore totally ordered. To satisfy the
ordering constraint/,,, <mset Vim, at least one of, j andk cannot be irtJ,,,. Suppose
j & Upn, then to satisfy the intersection constraint betw&gnandY’;, -y must be in
Y;. A similar argument holds when¢ U,,, and wherk ¢ U,,. Hence, at least one of
x, 7y, z must be inX;, X; or X, respectively. That is, the claugg, must be satisfied.
The constructed set variables thus have a solution which satisfies the ordered inter-
section constraint iff the original 3SAT problem is satisfiable. Hence enforcing bound
consistency is NP-hard. O

7 Experimental results

To illustrate the benefits of these global constraints, we ran some experiments using
ILOG's Solver toolkit using a popular benchmark involving set variables. The social
golfers problem(p, m,n, t) is to schedulen groups ofn golfers overp weeks, such
that no golfer plays in the same group as any other golfer twice. When the total number
of golferst is nxm, then each week is a partitioning of the set of golfers into groups. To
model this problem, we introduce a set variabteof fixed cardinalityn representing
theith group in thejth week. Each week is a partition of the set of golfers. Between
any two groups, their intersection must contain at most one golfer. We also consider a
generalization of the problem in which there is an excess of golfers and some golfers
rest each week. We then replace the fixed cardinality partitioning constraint with a fixed
cardinality disjoint constraint.

To measure the effectiveness of our global constraints we ran some experiments
with a time limit of 10 minutes. We arbitrarily chose five settings ferandn. For
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each, we present the results for all numbef weeks such that at least one strategy
needs at least one fail, and at least one strategy can solve the problem within the time
limit. We looked at problems with up to 4 golfers resting each week. We solved each
problem using five different variable ordering strategies either with the new propagator
or with its decomposition.

— static golfer: Pick each golfer in turn, and assign him to the first possible group of
every week.

— static week: Pick each golfer in turn, and assign him to one group in the first
incomplete week.

— min domain: Pick a pair (golfer, week) such that the total number of groups in
which the golfer can participate in during the given week is minimum. Then assign
this golfer to one group.

— default (group): ILOG Solver's default strategy for set variables ordered by groups.

— default (week): ILOG Solver’s default strategy for set variables ordered by weeks.

Number of Fails

problem model static golfer static week min domain group (set) week (set)
(6, 8,4, 36) global constraifft 10 - 52 183 -
decomposition - - 190 183 -
(3,6,6,37) global constrairt - 548 0 27 22232
decomposition - - 0 27 22232
(3,6,6,38) global constraint - 67 0 4 3446
decomposition - - 0 4 3446
(3,6,6,39) global constraint - 1261 0 7 171574
decomposition| - - 0 7 171574
(3,6,6,40) global constraift 12 48 0 0 8767
decomposition - - 0 0 8767
(3,5, 5,26) global constrairt - 44 0 2 813
decomposition - 177880 0 2 813
(3,5,5,27) global constrairt 967161 5 0 1 62
decomposition - 1106 0 1 62
(3,5,5,28) global constrairt 9 32 0 19 661
decomposition| 58218 22860 0 19 661
(3,5,5,29) global constraint 6 2 0 0 18
decomposition| 37208 209 0 0 18
(3,9,9, 83) global constrairt - - 0 453 -
decomposition - - - 453 -
(3,9,9,84) global constrairt - - 0 5 -
decomposition - - - 5 -
(3,9,9,85) global constrairt - - 0 30 -
decomposition - - 1442064 30 -
(10,9, 3, 30) global constraift 464 264 - 16055 15
decomposition - - - 16055 15
(10,9, 3, 31) global constrairit 37 1 0 2 113
decomposition - 51223 0 2 113

We observe that, in terms of fails, either our global constraint outperforms the de-
composition or they are the same. The runtimes follow a similar behaviour. With the two
default heuristics (corresponding to the last two columns in the table), we notice no dif-
ference between our global constraint and the decomposition. These heuristics are not,
however, always the best. The min domain heuristic is often superior, but sometimes
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needs the pruning provided by the global constraint to prevent it performing poorly
(see, for example, the3, 9,9, 85) problem).

8 Conclusions

We have begun a systematic study of global constraints on set and multiset variables.
We have studied here a wide range of disjoint, partition, and intersection constraints.
The disjoint constraint on set or multiset variables is decomposable (and hence polyno-
mial). On the other hand, the non-empty and fixed cardinality disjoint constraints are not
decomposable without hindering bound consistency. We therefore present polynomial
algorithms for enforcing bound consistency on the non-empty disjoint constraints for
set or multiset variables, for enforcing BC on the fixed cardinality disjoint constraint
for set variables, and prove that enforcing BC on the fixed cardinality disjoint con-
straint on multiset variables is NP-hard. We give very similar results for the partition,
non-empty and fixed cardinality partition constraints. We also identify those non-empty
intersection constraints which are decomposable, those which are not decomposable but
polynomial, and those that are NP-hard. Many of the propagation algorithms we pro-
pose here exploit a dual viewpoint, and call upon existing global constraints for finite-
domain variables like the global cardinality constraint. We are currently extending this
study to counting constraints on set and multiset variables. Propagation algorithms for
such constraints also appear to exploit dual viewpoints extensively.
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