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ABSTRACT. In this paper we define the sequence space E%(M,p,s) by using
an Orlicz function and we study various properties and obtain some inclusion
relations involving this space. We give some relations between Ni— lacunary
statistical convergence and strongly Niz— lacunary convergence.

1."INTRODUCTION AND PRELIMINARIES

Let Y, , ax be an‘infinite series with sequence of partial sums (s;) and ¢ > 0
any real number. The Euler means (E, ¢) of the sequences (s,,) are defined to be

1 " /n
El= — s
" (1+q)"z(v)q ’

v=0

The series Y~ a, is said to be summable (E, ¢) to the number s if

1 " /n
q _ n—uv
E”_(l—i—q)"g (U)q Sy — S as n — oo,

v=0

and is said to be absolutely summable (£, q) or summable |E, g, if

Z | B — Byl < oo
k
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Let a = (a,) be a sequence of scalars, for k¥ > 1 we will denote by N,(a) =

E1— E! |, where E? is defined as above. After applications of Abel’s transform
we have
n—2
1 n— An— n nl
No(a) = — Sn—1 1 S q

—_— A+ + — :
T 2" g gy G

where Ax = X1 |15 () — ()] "7
Note that for any sequences a = (a,,), b = (b,) and scalar \, we have:
No(a+b) = Ny(a) + N,(b) and N,(Aa) = AN,(a).

An Orlicz function is a function M : [0,00) — [0,00) which is eontinuous,
nondecreasing and convex with M (0) = 0, M(z) > 0 for x > 0 and M(z) — oo
as x — oo. It is well known that if M is a convex function and M (0) = 0; then
M(Ax) < AM(z) for all A with 0 < A < 1. Two Orlicz functions M and M, are
said to be equivalent if there are positive constants ‘@« and (8, and xq such that
M, (ax) < My (x) < My (Bx) for all z with 0 <z < 2. (see [15, 10]).

Lindentrauss and Tzafirir [17] used the idea of Orlicz function and defined the
following sequence space

lM—{x—(xi)Ew:iM<%><oo,g>0}

=1

which is called an Orlicz sequence space. The space [, is a Banach space with

the norm
||| :inf{g>0:ZM (M) < 1}.
0

i=1
The space [ is closely related to the space [, which is an Orlicz sequence space
with, M (z) = 2,1 < p < 00.

In the later stage different Orlicz sequence spaces were introduced and studied
by Altin et al. [!], Altun and Bilgin [2], Bhardwaj and Singh [3], Braha [7], Et
et al. [9], Mursaleen et al. [18] and many others.

2. MAIN RESULTS

Let M be an Orlicz function and p = (px) be a sequence of positive real
numbers. We define the following sequence space:

q — _ . S —s ‘Nk(a)‘ P
El(M,p,s) = a—(ak).Zk M| ——— < 00,8 >0, for some 0 >0 p .
k=1

0

If we take s = 0, then we have

E}(M,p) = {a = (ax) : i {M <M>

k=1

Pk

< o0, for someg>0},

if pr, = 1 for all £ € N, then we have
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EY(M, s) = {a = (a) : :1 f {M (M

)} < 00,5 >0, forsomeg>0}.
0

In what follows we will prove the structure properties of the spaces defined above

Theorem 2.1 Let the sequence (p;) be bounded. Then the spaces EZ(M, s)

E(M,p) and E4(M,p,s) are linear spaces over the field C of complex numbers
Proof. Clear.

Theorem 2.2 Let p = (p;) be a bounded sequence of strictly positive real

numbers. Then the sequence space EZ(M,p, s) is a paranormed (need not total
paranorm) space with

1

g (a) = inf { pr/H (Zk [ <|ng( )|>rk>H§1,n—1,2,...

where H = max(1, sup pg).

Proof. Clearly g (a) =

g(—a) and g (a+b) < g(a)+ g(b). Since M (0) =0,
we get inf {p™/#} =0 for a = 0.

Finally, we prove that scalar multiplication is continuous. Let A be any number
Since

g (Xa) :inf{pp”/H : gk—s [M (W)Fk <1, n= 1,2,...},

we may write

g (M) = in <As>p"/H:<§ks {M(N’“T@)rk>é<1,n1,z,... ,

where s = g//|A] . Since |A\|"* < max (1, \)\|H) , then [\[P*/ T < (max (1 ])\|H>>
Hence

|~

g(Aa) < (max (1, \)\]H>>}11 .

1

int (s (Zk o (10 >!)}”’“)”§Ln:12

and therefore ¢ (a) converges to zero when g (a) converges to zero in EZ(M,p, s)

i ).

n )
Now suppose that A\, — 0 as n — oo and a in E(M,p,s). For arbitrary ¢ > 0
let ng be a positive integer such that

2 e ()]

DN ™
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for some o > 0. This implies that

(£ b))’

Let 0 < |A| < 1, then using convexity of M we get
= AN ( N o H
> pe r (BT 5 g [ < ()
k=np+1 0 k=np+1 0
Since M is continuous everywhere in [0, 00), then

()

is continuous at 0. So there is 0 < § < 1 such that |[f(¢)| < § for 0 <t < 4. Let
K be such that |\,| < 0 for n > K, then for n’> K we have

(g ks [M (M)rk)}{ )

(iks [M (ML:(G)')rk)H <eg, forn> K.

Hence g (Aa) — 0, as A= 0. This completes the proof of the Theorem.

DN ™

DN ™

Thus

Theorem 2.3 Let. M7 and M; be two Orlicz functions and s, s1, S5 be non-
negative real numbers, then we have

i) E4(My,pys) VEI(Ma,p,s) C EL(M; + M, p, s),

i1) If 51 < sg, then EI(My,p,s1) C EI(My,p, s2).

iii) If My and M, are equivalent, then EZ(My,p,s) = Ei(Ms,p, s).

Proof. Clear.

Corollary 2.4 Let s > 1 and M be Orlicz function.
i) E}(M,p) C E}(M,p,s)
ii) E4(M) C E4(M, s)

Theorem 2.5 Suppose that 0 < uy < px < oo for each k. Then EI(M, u) C
EY(M, p).

Proof. Let a € EZ(M,u,s). Then there exists some p > 0 such that

()] <
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This implies that M ( |> < 1 for sufficiently large values of i, say ¢ > kg for
some fixed ky € N. Since M is non-decreasing, we get

S Pl = e e ()]

Hence a € E4(M, p).
The following results are consequence of the above result.

Corollary 2.6 (i) If 0 < py <1 for each k, then E4(M,p) C E4(M).
(ii) If pr > 1 for all k, then E4(M) C E4(M,p).

3. RESULTS ON STATISTICAL CONVERGENCE

The idea of statistical convergence was given by Zygmund [20] in the first
edition of his monograph published in Warsaw in 1935.The concept of statistical
convergence was introduced by Steinhaus [25] and Fast [| 1] and later reintroduced
by Schoenberg [21] independently. Over the years-and under different names sta-
tistical convergence has been discussed in the theory of Fourier analysis, ergodic
theory, number theory, measure theory, trigonometric series, turnpike theory and
Banach spaces. Later on it was further investigated from the sequence space
point of view and linked with summability theory by Connor [1], Colak [5], Fridy
[13], Et et al. [10], Mursaleen [19], Rath and Tripathy [20], Salat [21], Savag [22]
and many others. In recent years, generalizations of statistical convergence have
appeared in the study of strong integral summability and the structure of ideals of
bounded continuous functions on locally compact spaces. Statistical convergence
and its generalizations are also connected with subsets of the Stone-Cech com-
pactification of the natural numbers. Moreover, statistical convergence is closely
related to the concept of convergence in probability.

Let 6 = (k,) be the sequence of positive integers such that kg = 0,0 < k, < k.11
and h, = k.= k.1 — oo as r — o0o. Then 6 is called a lacunary sequence.
The intervals determined by 6 will be denoted by I, = (k,_1,k,] and the ra-
tio k,/k,_1 will be denoted by ¢.. Lacunary sequences have been studied by

(BLICLELIZLAL[23]).

In this section we give some results about Np—lacunary statistical convergence
and give some relations between the set of Ny—lacunary statistical convergence
sequences and other spaces which defined with respect to an Orlicz function.

Definition 3.1 Let 6 = (k,) be a lacunary sequence, then the sequence a = (ay,)
is said to be Np—lacunary statistically convergent to the number ¢ provided that
for every £ > 0,

1
limh— {k €I, : |Ng(a) — €| > e}| =0.

In this case we write [N, S], — lima = ¢ or ay — ¢ ([N, S],).
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Definition 3.2 Let 0 = (k,) be a lacunary sequence, M be an Orlicz function
and p = (px) be any sequence of strictly positive real numbers. A sequence
a = (ax) is said to be strongly Np—lacunary convergent to the number ¢ with
respect to the Orlicz function M, provided that

n;nh%% [M (W)]pk = 0.

The set of all strongly Ny—lacunary convergent sequences to the number ¢ with
respect to the Orlicz function M is denoted by [Ny, w, M, p|,. In this case we
write ar, — (([Ng, w, M, pl,). In the special case M (z) =z, p, = po for all k € N
we shall write [Ny, w], instead of [Ny, w, M, p,.

Theorem 3.3 Let 6 = (k,) be a lacunary sequence.

i) If a sequence a = (ay) is strongly Nj—lacunary convergent to £, then it is
Np—lacunary statistically convergent to /.

ii) If a bounded sequence a = (ay) is Ny—lacunary statistically convergent to
¢, then it is strongly Ny—lacunary convergent to ¢.

Proof. (i) Let ¢ > 0 and ay, — ¢ ([Ng, w],) . Then we can write
Do INk(@) =t = Y INu(a) = P02 M [{k € L : [Nk(a) — €] 2 €}
kel, keI,

|Nk(a)—£]2e

Hence ay — £ ([N, S],) -
ii) Suppose that a, — ¢ ([N, S]y)-and let a € (. Let € > 0 be given and select

N, such that
e\ €
{kGIT FNk(a) =4 2 (5) OH = 2Kw

1

forallr > N, and set L, = {k €1, |Ny(a) — €] > (5)P } , where K' = sup,, |ay| <
o0o. Now for all.r > IN. we have

S W) A7 = - SN~ 7 o 3 [Ne(a) - 0

T

" kel, " kel, " kel,
kEL, k¢L,
1 h,e €
S KPo h, =¢.
= b (2Km) Top e

Thus (ay) € [N, w], . This completes the proof.

Theorem 3.4 For any lacunary sequence 6, if liminfg, > 1, then [Ny, S] C
[Ny, ST, o

Proof. If liminfg, > 1, then there exists a ¢ > 0 such that 1 + 9 < ¢, for

r—00

sufficiently large r. Since h, = k, — k,_1, we have Z—T < 1%5‘5. Let ap — £ ([N, 5]) .



94 N.L. BRAHA, M. ET
Then for every € > 0 we have
1 1
ok shNda) =l 2z e} 2 —[{k €l |Nila) — €] = e}
C kel [Nia) — f] 2 2}
14+ 6h, ro R =<l
Hence [Ny, S] C [Ng, S,

Theorem 3.5 For any lacunary sequence 6, if lim sup, ¢, < oo, then [Ny, 5], C

Proof. Suppose that limsup, ¢, < co. Then there exists a. f > 0 such that
¢ < B for all r. Let ay — ¢ ([Ng, S],), and set E, = [{k € I, © [Ng(a) =] > €}].

Then there exists an rg € N such that % < ¢ for all » > rq..Let K =

max {FE, : 1 <r <y} and choose n such that k,_; < n'< k., then we have

1 1
Sk <n:|Ny(a) =l 2 €}] < {k < k.t [Ni(a) — £ = e}
r—1
1
< p {E\ +bs ... + E;y + Eroy + .. + B }
r—1
K 1 [ Egorn E,
< h, . +—h,
o kr—lro > krfl { hro+1 ot * * hr
K 1 E
< — ) {h, ot Dy
B kr—ITO * kr—l (f;lg hr) { ot * * }
3 K n ky — ki,
T €
- kr—l ’ kr—l
< & +
T £qy
= e 0 q
< kr_lTo +ep.

This completes the proof.

Theorem 3.6 Let 0 = (k) be a lacunary sequence with 1 < liminf, g, <
lim sup, ¢, < 0o, then we have [Ny, S|, = [Ny, 5].

Proof. The proof follows from Theorem 3.4 and Theorem 3.5.
Theorem 3.7 Let § = (k) be a lacunary sequence, M be an Orlicz function

and 0 < h = i%fpk <pr <suppy = H. Then [Ny, w, M,pl, C [Ny, 5], -
k

Proof. Let a € [Ny, w, M,p|,. Then there exists a number p > 0 such that

1 N, — 0\ 1%
E};[M(%)] — 0, as r = o0.
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Then given € > (0 we have

po () e 2 ()]

[Ny (a)—t|>e

}j Z [M (£1)]"*, where e/p =&,

V

v
|

> > min {[M @) [M (=) }

1 .
> —|{k € I : [Ne(a) = €] = e} - min { [ (1)), [Me0)]) "
Hence = € [Ny, S],.
Theorem 3.8 Let 6 = (k,) be a lacunary sequence, M be an Orlicz function

and a = (a;) be bounded sequence, then [Ny, S], C [Ngw, M,pl, .

Proof. Suppose that a € ¢, and a;, — ¢ ([Ny, S],) . Since a € o, there is a
constant 7" > 0 such that |Ng(a) — ¢| < T. Given € > 0 we have

SC I Ml

[Nk (a)—f|>e

-t 3 by

kel, P
[Nk (a)—£|<e

IA
= -
o
g
=
IS
"
<
X\
|
SN—
=
1
=
/N
Sk
S~——
| IS
e
_l’_
= -
=
VRS
| m
SN—
S

el kel,
[Nk (a)=£|>e [N (a)—£|<e

< max $ia (K", (v ()] } hi [{k € I : |Ny(a) — €] > £}|

+ max §[M (=)]", [M ()]}
Hence a € [Ny, w, M, pl,.
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