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Abstract—Situations in many fields of research, such as digital
communications, nuclear physics and mathematical finance, can
be modelled with random matrices. When the matrices get large,
free probability theory is an invaluable tool for describing the
asymptotic behaviour of many systems. It will be explained how
free probability can be used to estimate covariance matrices.
Multiplicative free deconvolution is shown to be a method which
can aid in expressing limit eigenvalue distributions for sample
covariance matrices, and to simplify estimators for eigenvalue
distributions of covariance matrices.

Index Terms—Free Probability Theory, Random Matrices,
deconvolution, limiting eigenvalue distribution, G-analysis.

I. INTRODUCTION

Random matrices, and in particular limit distributions of
sample covariance matrices, have proved to be a useful tool
for modelling systems, for instance in digital communications
[1], [2], nuclear physics [3], [4] and mathematical finance [5],
[6]. A typical random matrix model is the information-plus-
noise model,

Wn =
1
N

(Rn + σXn)(Rn + σXn)H . (1)

Rn and Xn are assumed independent random matrices of
dimension n × N throughout the paper, where Xn contains
i.i.d. standard (i.e. mean 0, variance 1) complex Gaussian
entries. (1) can be thought of as the sample covariance matrices
of random vectors rn +σxn. rn can be interpreted as a vector
containing the system characteristics (direction of arrival for
instance in radar applications or impulse response in channel
estimation applications). xn represents additive noise, with σ
a measure of the strength of the noise. Throughout the paper,
n and N will be increased so that limn→∞ n

N = c, i.e. the
number of observations is increased at the same rate as the
number of parameters of the system. This is typical of many
situations arising in signal processing applications where one
can gather only a limited number of observations during which
the characteristics of the signal do not change.

The situation motivating our problem is the following:
Assume that N observations are taken by n sensors. Observed
values at each sensor may be the result of an unknown number
of sources with unknown origins. In addition, each sensor is
under the influence of noise. The sensors thus form a random
vector rn +σxn, and the observed values form a realization of

the sample covariance matrix Wn. Based on the fact that Wn

is known, one is interested in inferring as much as possible
about the random vector rn, and hence on the system (1).
Within this setting, one would like to connect the following
quantities:

1) the eigenvalue distribution of Wn,
2) the eigenvalue distribution of Γn = 1

N RnRH
n ,

3) the eigenvalue distribution of the covariance matrix
Θn = E

(
rnrH

n

)
.

In [7], Dozier and Silverstein explain how one can use 2) to
estimate 1) by solving a given equation. However, no algorithm
for solving it was provided. Many applications are interested
in going from 1) to 2) when attempting to retrieve information
about the system. Unfortunately, [7] does not provide any hint
on this direction. Recently, in [8], we show that the framework
of [7] is an interpretation of the concept of multiplicative free
convolution.

3) can be addressed by the G2-estimator [9], an estimator
for the Stieltjes transform of covariance matrices. G-estimators
have already shown their usefulness in many applications [10]
but still lack intuitive interpretations. In [8], we also show
that the G2-estimator can be derived within the framework of
multiplicative free convolution.

Beside the mathematical framework, we also address imple-
mentation issues of free deconvolution. A convenient imple-
mentation of multiplicative free deconvolution will be demon-
strated.

This paper is organized as follows. Section II presents the
basic concepts needed on free probability. Section III states
results for systems of type (1). Section IV presents imple-
mentation issues of these concepts. Upper (lower boldface)
symbols will be used for matrices (column vectors) whereas
lower symbols will represent scalar values, (.)T will denote
transpose operator, (.)� conjugation and (.)H =

(
(.)T

)�

hermitian transpose. I will represent the identity matrix.

II. FRAMEWORK FOR FREE CONVOLUTION

Free probability [11] theory has grown into an entire field
of research through the pioneering work of Voiculescu in the
1980’s [12] [13]. The basic definitions of free probability
are quite abstract, as the aim was to introduce an analogy
to independence in classical probability that can be used for
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non-commutative random variables like matrices. These more
general random variables are elements in what is called a
noncommutative probability space. This can be defined by a
pair (A, φ), where A is a unital ∗-algebra with unit I , and φ
is a normalized (i.e. φ(I) = 1) linear functional on A. The
elements of A are called random variables. In all our examples,
A will consist of n × n matrices or random matrices. For
matrices, φ will be the normalized trace trn, defined by (for
any a ∈ A)

trn(a) =
1
n

Tr(a) =
1
n

n∑
i=1

aii.

The unit in these ∗-algebras is the n×n identity matrix In.
The analogy to independence is called freeness:

Definition 1: A family of unital ∗-subalgebras (Ai)i∈I will
be called a free family if⎧⎨
⎩

aj ∈ Aij

i1 �= i2, i2 �= i3, · · · , in−1 �= in
φ(a1) = φ(a2) = · · · = φ(an) = 0

⎫⎬
⎭ ⇒ φ(a1 · · · an) = 0.

(2)
A family of random variables ai is called a free family if the
algebras they generate form a free family.

Definition 2: We will say that a sequence of random vari-
ables an1, an2, ... in probability spaces (An, φn) converge in
distribution if, for any m1, ..., mr ∈ Z, k1, ..., kr ∈ {1, 2, ...},
we have that the limit φn(am1

nk1
· · · amr

nkr
) exists as n → ∞.

If these limits can be written as φ(am1
k1

· · · amr

kr
) for some

noncommutative probability space (A, φ) and free random
variables a1, a2, ... ∈ (A, φ), we will say that the an1, an2, ...
are asymptotically free.

Many types of random matrices exhibit asymptotic free-
ness when their sizes get large: Consider random matrices
1√
n
An1,

1√
n
An2, ..., where the Ani are n×n with all entries

independent and standard Gaussian (i.e. mean 0 and variance
1). It is well-known [11] that the 1√

n
Ani are asymptotically

free. The limit distribution of the 1√
n
Ani in this case is called

circular, due to the asymptotic distribution of the eigenvalues
of 1√

n
Ani [14].

When sequences of moments uniquely identify probability
measures (as for compactly supported probability measures),
the distributions of a1 + a2 and a1a2 give us two new
probability measures, which depend only on the probability
measures associated with the moments of a1, a2. Therefore we
can define two operations on the set of probability measures:
Additive free convolution μ1 � μ2 for the sum of free random
variables, and multiplicative free convolution μ1 � μ2 for the
product of free random variables. These operations can be used
to predict the spectrum of sums or products of asymptotically
free random matrices. For instance, if a1n has an eigenvalue
distribution which approaches μ1 and a2n has an eigenvalue
distribution which approaches μ2, one has that the eigenvalue
distribution of a1n + a2n approaches μ1 � μ2.

We will also find it useful to introduce the concepts of
additive and multiplicative free deconvolution: Given proba-
bility measures μ and μ2. When there is a unique probability

measure μ1 such that μ = μ1 � μ2 (μ = μ1 � μ2), we will
write μ1 = μ�μ2 (μ1 = μ�μ2 respectively). We say that μ1

is the additive (respectively multiplicative) free deconvolution
of μ with μ2.

Free deconvolution is not always possible, i.e. certain mea-
sures μ can not be written uniquely on the form μ1 � μ2

when μ2 is given. An important special case of this is when
the first moment of μ2 is zero, as will be evident from the
combinatorial description of free convolution (section IV-A).

One important measure is the Marc̆henko Pastur law μc

([15] page 9), characterized by the density

fμc(x) = (1 − 1
c
)+δ(x) +

√
(x − a)+(b − x)+

2πcx
, (3)

where (z)+ = max(0, z), a = (1−√
c)2 and b = (1+

√
c)2. It

is known that μc describes asymptotic eigenvalue distributions
of Wishart matrices, which are on the form 1

N RRH , with R
an n×N random matrix with independent standard Gaussian
entries.

An important tool for our purposes is the Stieltjes transform
([15] page 38). For a probability measure μ, this is the analytic
function on C+ = {z ∈ C : Imz > 0} defined by

mμ(z) =
∫

1
λ − z

dFμ(λ), (4)

where Fμ is the cumulative distribution function of μ.

III. INFORMATION PLUS NOISE MODEL

In this section we will indicate how the quantities 2)
and 3) can be found with the aid of free convolution and
deconvolution. By the empirical eigenvalue distribution of an
n × n random matrix X we will mean the random atomic
measure

1
n

(δ(λ1(X)) + · · · + δ(λn(X))) ,

where λ1(X), ..., λn(X) are the (random) eigenvalues of X.

A. Estimation of the sample covariance matrix 2)

In [8], the following result was shown.
Theorem 1: Assume that the empirical eigenvalue distribu-

tion of Γn = 1
N RnRH

n converges in distribution almost surely
to a compactly supported probability measure μΓ. Then the
empirical eigenvalue distribution of Wn also converges in
distribution almost surely to a compactly supported probability
measure μW uniquely identified by

μW �μc = (μΓ�μc) � μσ2I . (5)

Theorem 1 addresses the relationship between 1) to 2), since
we can ”deconvolve” to the following forms:

μW = ((μΓ�μc) � μσ2I) � μc

μΓ = ((μW �μc) � μσ2I) � μc.
(6)
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B. Estimation of the covariance matrix 3)

General statistical analysis of observations, also called G-
analysis [10] is a mathematical theory studying complex
systems, where the number of parameters of the considered
mathematical model can increase together with the growth of
the number of observations of the system. The mathematical
models which in some sense approach the system are called
G-estimators. We use N for the number of observations of
the system, and n for the number of parameters of the math-
ematical model. The condition used in G-analysis expressing
the growth of the number of observations vs. the number
of parameters in the mathematical model, is called the G-
condition. The G-condition used throughout this paper is
limn→∞ n

N = c.
We restrict our analysis to systems where a number of

independent random vector observations are taken, and where
the random vectors have identical distributions. If a random
vector has length n, we will use the notation Θn to denote the
covariance. Girko calls an estimator for the Stieltjes transform
of covariance matrices a G2-estimator. He introduces [9] the
following expression as candidate for a G2-estimator:

G2,n(z) =
θ̂(z)
z

mμΓn
(θ̂(z)), (7)

where the term mμΓn
(θ̂(z)) = n−1Tr

{
Γn − θ̂(z)In

}−1

. The

function θ̂(z) is the solution to the equation.

θ̂(z)cmμΓn
(θ̂(z)) − (1 − c) +

θ̂(z)
z

= 0. (8)

Girko claims that a function G2,n(z) satisfying (8) and (7) is a
good approximation for the Stieltjes transform of the involved
covariance matrices mμΘn

(z) = 1
nTr {Θn − zIn}−1.

In [8], the following is shown:
Theorem 2: For the G2-estimator given by (7), (8), the

following holds for real z < 0:

G2,n(z) = mμΓn �μc
(9)

Theorem 2 shows that multiplicative free deconvolution can
be used to estimate the covariance of systems. This addresses
the problem of estimating quantity 3). Estimation of quantities
2) and 3) can be combined, since (6) can be rewritten to

μΓ�μc = (μW �μc) � μσ2I . (10)

This says that in order to estimate quantity 3), one needs to
perform multiplicative free deconvolution in the form of the
G2-estimator, followed by an additive free deconvolution with
μσ2I . The latter is the same as a shift of the spectrum.

In this paper, the difference between probability measures μ
and ν will be measured in terms of the Mean Square Error of
the moments (MSE). If the moments of

∫
xkdμ(x),

∫
xkdν(x)

are denoted by μk, νk, respectively, the MSE is defined by
∑
k≤n

|μk − νk|2 (11)
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Fig. 1. MMSE of the first moments of the covariance matrices, and the
first moments of the G2 estimator of the sample covariance matrices. The
covariance matrices all have distribution 1

2
δ0 + 1

2
δ1. Different matrix sizes

N are tried. The value c = 0.5 is used.

for some number n. Since the G2-estimator uses free deconvo-
lution, it will be subject to a Mean Square Error of moments
analysis. In figure 1, a covariance matrix has been estimated
with the G2-estimator. Sample covariance matrices of various
sizes are formed, and the combinatorial method described in
section IV-A was used to compute the free deconvolution in
the G2-estimator. It is seen that the MSE decreases with the
matrix sizes, which confirms the accuracy of the G2-estimator.
The MSE is higher when more moments are included.

IV. COMPUTATION OF FREE (DE)CONVOLUTION

One of the challenges in free probability theory is the prac-
tical computation of free (de)convolution. Usual results exhibit
asymptotic convergence of product and sum of measures, but
do not explicitly provide a framework for computing the result.
In section IV-A we will show how one can freely (de)convolve
a measure with the Marc̆henko Pastur law μc when only the
moments of the measure are known. In IV-B, we review some
already known methods for calculating free convolution and
their limitations.

A. Combinatorial computation of free (de)convolution

The concept we need for computation of free
(de)convolution presented in this section is that of noncrossing
partitions [16]:

Definition 3: A partition π is called noncrossing if when-
ever we have i < j < k < l with i ∼ k, j ∼ l (∼ meaning
belonging to the same block), we also have i ∼ j ∼ k ∼ l
(i.e. i, j, k, l are all in the same block). The set of noncrossing
partitions of {1, , , ., n} is denoted NC(n).
We will write π = {B1, ..., Br} for the blocks of a partition.
|Bi| will mean the cardinality of the block Bi.

Additive free convolution. A convenient way of imple-
menting additive free convolution comes through the moment-
cumulant formula (12), which expresses a relationship between
the moments of the measure and the associated R-transform.
The R-transform can be defined as the unique power series
Rμ(z) =

∑
n αnzn for which

μn =
∑

π={B1,··· ,Bk}∈NC(n)

k∏
i=1

α|Bi|. (12)
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is satisfied for all moments μn. The coefficients αn are called
cumulants. The importance of the R-transform comes from the
additivity property Rμ1�μ2(z) = Rμ1(z) + Rμ2(z). Additive
free convolution in terms of moments can be implemented by
combining this additivity property with (12). To implement
(12), note that the first n cumulants can be computed from
the first n moments, and vice versa. One can show [8] that
(12) can be rewritten to:

μn =
∑
k≤n

αkcoefn−k

(
(1 + μ1z + μ2z

2 + · · · )k
)
. (13)

coefk means the coefficient of zk. (13) can be implemented
in such a way that the μn are calculated from αn, or the
other way around. The files cummom.m and momcum.m
(respectively) in [17] demonstrate this in MATLAB. Both
programs take a series of moments (μ1, ..., μn) as input. The
momcum.m algorithm can be summarized by the following:

1) Form the vector m = (1, μ1, ..., μn) of length n + 1.
Compute the n vectors

M1 = m, M2 = m 
 m,..., Mn = 
nm,

where 
n stands for n-fold (classical) convolution with
itself. The later steps in the algorithm use only the n+1
first elements of the vectors M1, ..., Mn. Consequently,
the full Mk vectors are not needed for all k: We can,
for efficiency, truncate Mk to the first n + 1 elements
after each convolution.

2) Calculate the cumulants recursively. If α1, ..., αn−1 in
(13) have been found by solving the n−1 first equations
in (13), αn can be found through the nth equation, by
using the vectors computed in step 1). The connection
between the vectors in 1) and (13) comes from

coefn−k

((
1 + μ1z + μ2z

2 + ...
)k

)
= Mk(n − k)

(i.e. write the left side as a k-fold convolution). Finding
the k’th cumulant αk by solving the kth equation in (13)
is the same as

αk =
M1(n + 1) − ∑

1≤r≤k−1 αrMr(k − r)
Mk(0)

.

The program for computing moments from cumulants is
slightly more complex, since we can’t start out by computing
the vectors M1,...,Mn separately at the beginning, since the
unknown moments are used to form them.

Multiplicative free (de)convolution. The combinatorial
transform we need for multiplicative free convolution and
deconvolution is that of boxed convolution [16] (denoted by

), which can be thought of as a convolution operation on
formal power series. The definition uses noncrossing partitions
and will not be stated here. One power series will be of
particular importance to us. The Zeta-series is intimately
connected to μ1 in that it appears as it’s R-transform. It is
defined by

Zeta(z) =
∑

i

zi.

Define the moment series of a measure μ by M(μ)(z) =∑∞
k=1 μkzk. One can show that (12) is equivalent to M(μ) =

R(μ)
Zeta. One can show that boxed convolution on power
series is the combinatorial perspective of multiplicative free
convolution on measures, where boxed convolution with the
power series cn−1Zeta represents convolution with the mea-
sure μc. This is formalized as

Mμ�μc
= Mμ 
(cn−1Zeta),

and can also be rewritten to

cMμ�μc
= (cMμ)
Zeta, (14)

It can be shown [16] that this is nothing but the moment-
cumulant formula, with cumulants replaced by the coefficients
of cMμ, moments replaced by the coefficients cMμ�μc

. There-
fore, the computational procedure from the additive case can
also be used in the multiplicative case:

• For multiplicative free convolution, use the computational
procedure (13) to calculate the μn from the αn, and scale
the moments (Mμ → cMμ) as in (14).

• For multiplicative free deconvolution we also use (13),
but calculate the αn from the μn. Scaling of the moments
is done in the same way.

B. Known methods for computing free convolution

1) Computation based on asymptotic freeness results: The
Marc̆henko Pastur law can be approximated by random matri-
ces of the form Γn = 1

N RnRH
n , where Rn is n×N with i.i.d.

standard Gaussian entries. It is known that the product of such
a Γn with a (deterministic) matrix with eigenvalue distribution
μ has an eigenvalue distribution which approximates that of
μc � μ [11]. Therefore, one can approximate multiplicative
free convolution by taking a sample from a random matrix Γn,
multiply it with a deterministic diagonal matrix with the same
moments as μ, and calculating the moments of this product.

In figure 2, random matrix approximations are made for var-
ious matrix sizes to obtain approximations of

(
1
2δ0 + 1

2δ1

)
�μc

for c = 0.5. The moments of the approximations are compared
with the exact moments, obtained with combinatorial compu-
tation of free convolution. As in figure 1, the MSE decreases
with the matrix sizes, and increases when more moments are
included. The method of using random matrix approximations
has certain limitations. First of all, it is not guaranteed to
work for the case of deconvolution. Also, it produces only
approximations, and the accuracy varies with the matrix sizes.

2) Exact calculation of free convolution in terms of prob-
ability densities: In some cases, free convolution can be
computed exactly in terms of probability densities. Consider
the case where

fμ(x) = (1 − p)δ0(x) + pδλ(x), (15)

where p < 1, λ > 0. Such measures were considered in [18].
It turns out that all μ of the form (15) admit closed-form
expressions for μ � μc [19]:
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Fig. 2. MMSE of the first moments of
(

1
2
δ0 + 1

2
δ1

) � μc , and the same
moments computed with random matrix approximations using different matrix
sizes N . The value c = 0.5 is used.
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(b) c = 0.25
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Fig. 3. Densities of
(

1
2
δ0 + 1
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δ1

) � μc (upper row), and corresponding
histogram of eigenvalues for the sample covariance matrices for different
number of observations (lower row)

Theorem 3: The density of μ � μc is 0 outside the interval

Iλ,c,p = [λ(1 + cp) − 2λ
√

cp, λ(1 + cp) + 2λ
√

cp] , (16)

while the density on Iλ,c,p is given by

fμ�μc(x) =

√
K1(x)K2(x)

2cλxπ
, (17)

where K1(x) = x − λ(1 + cp) + 2λ
√

cp,
and K2(x) = λ(1 + cp) + 2λ

√
cp − x.

Theorem 3 says that, if we have an estimate of the density
of μ�μc (for instance in the form of a realization of a sample
covariance matrix), good candidates for (p, λ) can be found
by matching with the theoretical predictions (17). Figure 3
shows densities of some realizations of μ � μc for p = 1

2 and
λ = 1, together with corresponding realizations of covariance
matrices of size 512 × 512.

The limitation in this method lies in the restriction to the
form (15). The more general discrete measure

fμ(x) =
n∑

i=1

piδλi(x), (18)

(where
∑

i pi = 1) does not admit a closed-form solution.

V. CONCLUSION

In this paper, we have shown that free probability provides
a neat framework for estimation problems when the number
of observations is of the same order as the dimensions of the
problem. In particular, we have introduced a free deconvolu-
tion framework which is very appealing from a mathematical
point of view and provides an intuitive understanding of some
G-estimators provided by Girko.
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