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Chapter 1
6.841/18.405J: Advan
ed Complexity Theory February 6, 2002Le
ture 1Le
turer: Madhu Sudan S
ribe: April Rasala1.1 AdministriviaThe 
ourse web page is http://theory.l
s.mit.edu/~madhu/ST02/. If you have not re
eived a 
lass emailfrom Professor Sudan, please email him at madhu�mit.edu to be added to the 
lass email list. As mentionedon the 
ourse web page, grades for the 
ourse will be based on s
ribing 1-2 le
tures, 4 problem sets and 
lassparti
ipation. The only prerequisite for the 
ourse is 6.840 or an equivalent 
ourse at another institution.1.2 Course ContentsInformally, 
omplexity theory examines the e�e
t of limiting resour
es on the ability to solve a 
omputa-tional problem. Typi
al resour
es to 
onsider are time, spa
e, and non-determinism. We'll also 
onsiderquanti�er alternation and talk about the polynomial time hierar
hy. In addition, we will look at random-ness as a resour
e. In determining the power of randomization it is natural to 
onsider related topi
s likederandomization and pseudorandomness. We will tou
h on these topi
s but anyone with a spe
i�
 interestin derandomization and pseudorandomness might also want to 
he
k out a 
ourse at Harvard o�ered by SalilVadhan (http://www.
ourses.fas.harvard.edu/~
s225/).We will 
onsider questions su
h as \What is a proof", \How does intera
tion a�e
t 
omputation?", \Howdoes knowledge a�e
t 
omputation"? We will also brie
y study topi
s related to 
ir
uit 
omplexity andlower bounds for 
omputation. Finally, if time permits, we will 
onsider other models of 
omputation su
has quantum 
omputing.A more detailed des
ription of possible topi
s and a le
ture s
hedule is available on the 
ourse web page.1.3 Classi
al Computational ComplexityStarting with work by Edmonds, Karp, Cook and Levin, 
omplexity theory has traditionally looked at whatsorts of things we 
an 
ompute when we pla
e a limit on a parti
ular resour
e. For instan
e, we mightrestri
t the amount of spa
e used in the 
omputation to be at most logarithmi
 in the input size. Other
lassi
 resour
es to 
onsider are time and non-determinism.1-3



Given a limit on some resour
e, su
h as time or spa
e, we then try to 
olle
t a set of interesting problems.We attempt to link these problems together by understanding whi
h problems are 
omputationally no easierthan other problems. We 
an imagine that we have a set of problems whi
h are represented pi
torially as abun
h of dots (�gure on the left). If we 
an determine that problem x is no harder than problem y, then we

draw an arrow from the dot representing x to the dot representing y. Interesting problems, under the givenresour
e restri
tion, are those problems with many arrows pointing toward them (for instan
e the dark dotin the pi
ture on the right). We then de�ne what aspe
ts of this problem make it interesting and determineother problems that have a similar stru
ture. In this way, we 
an show that this is not a unique interestingproblem. This allows us to de�ne a 
omplexity 
lass of problems.Another question to ask is \what arrows 
an we rule out?" Hopefully we 
an eventually get a map of all
omputational problems and the 
omplexities involved.1.4 Redu
tionsA formal redu
tion allows us to turn this notion of the relative hardness of problems into a pre
ise de�nition.As it turns out, there are already two di�erent types of redu
tions and both are important for our purposes.Let O be an ora
le (or subroutine) that solves problem y.� Turing redu
tion: Given ora
le O solving y with the given resour
e restri
tions, there is an algorithmusing O that 
an solve problem x with the same resour
e restri
tions.� Karp redu
tion: Given an ora
le O solving y, there is an algorithm that 
an solve problem x by usingO on
e and simply returning the output.Clearly both types of redu
tions would allow us to draw some 
onne
tions between di�erent problems.However, Karp redu
tions require that x and y be the same "type" of problem. In 
ontrast, a Turingredu
tion 
an be used to show that a sear
h problem (say �nding a satisfying solution to an instan
e ofSAT) is no harder than a de
ision problem (su
h as determining if a given SAT instan
e is satis�able).Therefore Turing redu
tions allow us to fo
us on questions involving membership in a language.Sin
e Karp redu
tions are a restri
ted version of Turing redu
tions, the next question is why do we alsoneed Karp redu
tions? One justi�
ation is that Turing redu
tions might be too powerful to really des
ribesubtle relative diÆ
ulties of problems. For instan
e, suppose we want to determine if a 3-CNF formula �is unsatis�able. Using a Turing redu
tion we 
ould show that this was "no harder" than determining if �is satis�able sin
e we 
ould simply 
all the ora
le for 3SAT on � and then negate the answer provided bythe ora
le. But this doesn't mesh well with our intuition that seems to say that there is something harderabout showing that a boolean formula is unsatis�able. If we use a Karp redu
tion then we are not allowedto negate the answer that the ora
le produ
es. 1-4



Thus the bene�t of Turing redu
tions is that they allow us to restri
t our attention to de
ision questionsabout membership in a language. On
e we are 
on
erned with only languages,Karp redu
tions provide moreinsight.1.4.1 A Word on NotationIf there exists a polynomial time Turing ma
hine M with a

ess to an ora
le for problem L2 that 
an solveproblem L1, then we write L1 �pT L2. To denote "algorithm A using O" we use AO .1.5 Complexity ClassesThe 
lassi
al 
omplexity 
lasses are depi
ted in the following pi
ture. Note that E refers to the 
lass of
PSPACE

E/EXP

NP

P

NL

L

(STCON)

(Addition)

(CktVal)

(SAT)

(Succinct SAT, Chess)

(QSAT/TQBF, Games)

languages that 
an be de
ided in TIME(2O(n)) and EXP refers to the 
lass of languages that 
an be de
idedin TIME(2nO(1) ).What 
an we say about these 
lasses? First, as shown in the pi
ture, the set of problems that 
an besolved in t(n) steps on a deterministi
 Turing ma
hine is 
ontained within the set of problems that 
an besolved in t(n) time on a non-deterministi
 Turing ma
hine. This set of problems is in turn 
ontained withinthe set of problems that 
an be solved using only t(n) spa
e. Stated formally,TIME(t(n)) � NTIME(t(n)) � SPACE(t(n)):Furthermore, SPACE(t(n)) � TIME(2t(n)). 1-5



1.5.1 Hierar
hy TheoremsRoughly the Time Hierar
hy Theorem says that if t1(n)� t2(n), then TIME(t1(n)) � TIME(t2(n)). In makingthis pre
ise, we must 
onsider two 
asesTheorem 1.1 The set of languages that 
an be re
ognized by a Turing ma
hine in TIME(t1(n)) is stri
tly
ontained within the set of languages that 
an be re
ognized by a single-tape Turing ma
hine in TIME(t2(n))if t2(n) = 
(t21(n)).Theorem 1.2 The set of languages that 
an be re
ognized by a Turing ma
hine in TIME(t1(n)) is stri
tly
ontained within the set of languages that 
an be re
ognized by a 2-tape Turing ma
hine in TIME(t2(n)) ift2(n) = 
(t1(n) log t1(n)).Like the Time Hierar
hy Theorem, the Spa
e Hierar
hy Theorem allows us 
hara
terize some of therelationships between the 
omplexity 
lasses based on restri
ted spa
e. However, it requires only that t2(n)be growing slightly faster than t1(n).Theorem 1.3 The set of languages that 
an be re
ognized by a Turing ma
hine in SPACE(t1(n)) is stri
tly
ontained within the set of languages that 
an be re
ognized by a Turing ma
hine in SPACE(t2(n)) if t1(n) =o(t2(n)). 1The above theorems apply to deterministi
 
lasses. The te
hnique for proving them relies on a simplediagonalization argument. Roughly, suppose we want to show that there is some language L that is in timet2(n) but not in time t1(n). We do this by spe
i�
ally de�ning L su
h that it is di�erent from all languagesthat are de
idable in time t1(n). In parti
ular, suppose that Turing ma
hine M runs in time t1(n). If Ma

epts its own en
oding, then we de�ne L to reje
t the en
oding of M . On the other hand, if M reje
ts itsown en
oding, then we de�ne L to a

ept the en
oding of M . Thus L = fhMi j M runs in time t1(n) andhMi =2 L(M)gSin
e every language de
idable in time t1(n) has an asso
iated Turing ma
hine M that re
ognizes itand sin
e L is designed to spe
i�
ally di�er from M on the en
oding of M itself, L must di�er from everylanguage de
idable in time t1(n). The only tri
k is that we need to be sure that the Turing ma
hine de
idingL has enough time to simulate M on its own en
oding. Thus the need for time t21(n) with a single tapeTuring ma
hine and time t1(n) log t1(n) if the ma
hine de
iding L has two tapes.Noti
e that the diagonalization argument required that we negate the de
ision ofM on its own en
oding.This is only possible if M is a deterministi
 Turing ma
hine. However, a more diÆ
ult argument due toCook shows that NTIME(t1(n)) � NTIME(t2(n)) as long as t2 is slightly faster growing than t1.Finally, Blum's Speedup Theorem says that if we 
an solve a problem in time 
n for some 
onstant 
,then we 
an solve it in time 
0n for any 
onstant 0 < 
0 < 
 by making the Turing ma
hine "bigger" by a
onstant fa
tor.1.5.2 Open QuestionsProbably the biggest open question is whether P equals NP . We will generally assume P 6= NP. A strongerassertion would be that NP 6= CoNP. Weaker assumptions would be P 6= PSPACE, SAT =2 L or NP 6= L, andSAT =2 TIME(n log
 n) for any 
onstant 
. In addition we 
an 
onsider these relationships in pairs. For instan
ewe know that either L 6= P or P 6= PSPACE by the Spa
e Hierar
hy Theorem.1.5.3 Savit
h's TheoremWe now 
onsider the relationship between non-deterministi
 spa
e and deterministi
 spa
e. We will be prov-ing Savit
h's Theorem whi
h says that something 
omputable in non-deterministi
 spa
e t(n) is 
omputablein deterministi
 spa
e t2(n).We begin by 
onsidering the spa
e needed to 
ompute the 
omposition of two fun
tions.1Note: We assume that t(n) = 
(log n). 1-6



Lemma 1.4 If g : f0; 1gn ! f0; 1gn, f : f0; 1gn ! f0; 1gn, g 2 SPACE(s1(n)) and f 2 SPACE(s2(n)), thenf Æ g 2 SPACE(s1(n) + s2(n))Sket
h of Proof The obvious algorithm to 
ompute f(g(n)) would be to 
ompute g(n) and then 
omputef(g(n)). However, we don't know if we 
an write down all of g(n) in SPACE(s2(n)) (for example if s2(n) =logn). We get around this problem by 
omputing the ith bit of g(n) whenever we need it. Thus ea
h timewe need a bit of the input, we re
ompute g(n) and only write down the bit that we need at that step of the
omputation. Thus we 
an reuse the same s1(n) spa
e ea
h time we 
ompute another bit of g(n). At thesame time we 
an be using s2(n) spa
e to 
ompute f(g(n)). Thus the total spa
e used is at most s1(n)+s2(n)as 
laimed.We are now ready to prove Savit
h's Theorem.Theorem 1.5 For any t(n) � logn, SPACE(t(n)) � SPACE(t2(n)).Sket
h of Proof We �rst simplify the task by showing that we only need to 
onsider t(n) = logn. Bya standard padding argument, one 
an see that if t(n) = 
(logn) then we 
an always pad the input withenough zeros so that the algorithm that ran in t(n) spa
e, now runs in logn0 spa
e where n0 is the length ofthe input after it has been padded. Thus proving this theorem for t(n) = logn proves it for all t(n) � logn.To further simplify things we 
onsider an NL-
omplete problem, namelySTCON = f(G; s; t) j there exists a path from s to t in dire
ted graph G:g(This problem is also known as PATH.) First, G 
an be represented by the adja
en
y matrix A whereA(i; i) = 1 for all 0 � i � n� 1 and A(i; j) = 1 if and only if there is an edge from i to j in G. Given thisrepresentation of G, using boolean multipli
ation,An = AAA : : : A| {z }n timeswill have the property that An(i; j) = 1 i� there is path of length at most n from i to j in G andAn(i; j) = 0 otherwise. Thus if we 
an 
ompute An in O(log2 n) spa
e, then we will have shown thatSTCON 2 SPACE(log2 n) and hen
e all problems in NL 2 SPACE(log2 n).Consider the spa
e needed to 
ompute A2L . If L = 1, then A21 = A2 whi
h 
an easily be done in
 logn spa
e for some 
onstant 
. Now we assume for the purpose of indu
tion that we 
an 
ompute A2L�1in 
(L � 1) logn spa
e. To show that A2L 
an be 
omputed in 
L logn spa
e we �rst 
ompute A2L�1in 
(L � 1) logn spa
e. We 
an then square A2L�1 in 
 logn spa
e. Sin
e we used 
(L � 1) logn spa
eto 
ompute A2L�1 and 
 logn spa
e to 
ompute A2L�1 � A2L�1 , by Lemma 1.4, we 
an 
ompute A2L in
(L� 1) logn+ 
 logn = 
L logn spa
e.To 
omplete our proof note that An = A2logn and therefore An 
an be 
omputed in log2 n spa
e.

1-7



Chapter 2
6.841/18.405J: Advan
ed Complexity Theory Feb. 11, 2002Le
ture 2Le
turer: Madhu Sudan S
ribe: Vahab S. MirrokniIn this le
ture, we will see the diagonalization method as the most powerful method in 
omplexitytheory. We will dis
uss some results from this method e.g. Ladner's theorem; relativization, its relation withdiagonalization method, and Baker-Gill-Solovay's theorem whi
h implies that the diagonalization methoddoes not help to prove NP 6= P. Finally, we will have an introdu
tion to alternation.2.1 The Diagonalization MethodIn order to �nd a relation between di�erent 
omplexity 
lasses and to 
onstru
t a better view of 
omplexity,the only powerful known method is diagonalization. The main advantage of this method is to prove thatsome problems are not 
omputable e.g. the unde
idability of halting problem. Time and spa
e hierar
hytheorems are based on diagonalization. The other result from this method is the following: if P 6= NP , it isnot possible to des
ribe if a language is NP
omplete. Ladner's Theorem, whi
h we will des
ribe brie
y, isanother proof based on this method. It says that between any two di�erent 
omplexity 
lasses there is anin�nite hierar
hy of 
omplexity 
lasses. For example, if P 6= NP, it says that there are some problems thatare niether in P nor in NP
omplete. Furthermore, there are in�nite hierar
hy of 
omplexity 
lasses betweenthese P and NP
omplete. Ladner's theorem has an important e�e
t on the philosophy of 
omplexity theory.It means that in the 
ase of P 6= NP we 
an't 
lassify all the problems in a �nite number of 
omplexity 
lasses.Some examples of NP problems that are not known to be in P or NP
omplete are Primality testing, Graphisomorphism, and Fa
toring. Linear Programming was imagined to be in the middle of P and NP
omplete,but after some time it has been proved to be in P. Primality testing has a randomized polynomial timealgorithm and it may be in P. On the other hand, it will be surprising if Fa
toring or Graph isomorphismis in P. More pre
isely, Ladner's theorem is the following:Theorem 2.1 (Ladner, 1973) If P 6= NP, then for all k � 1, there are languages L1; : : : ; Lk 2 NP su
hthat L<PL1<P � � �<PLk<PL0where L 2 P and L0 is NP
omplete.Proof Idea We just explain the intuition behind a weaker statement by taking k = 1: 9L 2 NP su
h thatL<PL1<PL0. Let n1 = 1 and ni = 2ni�1 , and let L1 = L for strings of length [ni�1; ni) for odd i, and L1 = L0for strings of length [ni�1; ni) for even i. Then probably L1 62 P, be
ause it has a large part of L0 whi
h2-8



is NP
omplete. Also, probably L1 is not NP
omplete, be
ause otherwise if there is a polynomial redu
tionfrom L0 to L, for a string s of length n 2 [ni�1; ni) for odd i in L0, it 
an not be redu
ed to a string ofgreater length in L1, be
ause in that 
ase the length of this string must be exponentially greater than n andit 
ontradi
ts the fa
t that the redu
tion is polynomial. On the other hand, if s 
an be redu
ed to a stringwith smaller length, its length is exponentially smaller; thus, we 
an use an exponential time algorithm forthe new problem, and It solves the �rst problem in L0 in polynomial time of the input size, and it 
ontradi
tsthe fa
t that there is no polynomial time algorithm for de
iding L0. The 
aw of this argument is that weare assuming that the hardness of the NP
omplete problem (L0) is uniformly distributed. Ladner's proof isbased on pi
king a more 
areful 
hoi
e of ni's so that the above statements are not probable but 
ertain.He used diagonalization method to �nd these ni's. The idea is the following: list all polynomial redu
tionsfrom L0 as R1; R2; : : : and all polynomial Turing ma
hines M1;M2; : : : , and then start from string of length0, and in
lude all strings in L until it 
ontradi
ts with M1, then ex
lude all strings in L until it 
ontradi
tsthe redu
tion R1, and so on. A
tually, this argument was not 
omplete.So far, we have seen power of diagonalization. The big question here is "
an it resolve P vs. NP?"Baker-Gill-Solovay theorem answers this question negatively. To go through this theorem, �rst, we dis
ussrelativization, i.e. stu� with ora
les.2.2 RelativizationDe�nition 2.2 Let C be a 
omplexity 
lass of languages de
idable with TM with some upper bounds onsome resour
es, and let A be an arbitrary language. Then CA is the set of languages a

epted by ora
le TMwith a

ess to ora
le A with the same or similar resour
e bound as a TM in C.However, in the above de�nition, the e�e
t of A on a TM in C is not 
lear, and it is not an exa
t de�nition.It 
an be restated for the 
lass P and NP more pre
isely.De�nition 2.3 PA is the set of all languages a

epted by deterministi
 polynomial time ora
le TM's witha

ess to ora
le for A.De�nition 2.4 NPA is the set of all languages a

epted by non-deterministi
 polynomial time ora
le TM'swith a

ess to ora
le for A.By the Turing ma
hine with a

ess to ora
le for A, we mean a TM whi
h has the ordinary input, work,and output tapes and also the ora
le tape. This new tape gets an input and gives the output 0 or 1 thatindi
ates ifthe input is in A or not.Proposition 2.5 If diagonalization shows C1 6� C2, then for every A, CA1 6� CA2 . Roughly speaking, C1 6� C2relativizes.Proof Idea If we know C1 6� C2 using diagonalization, then it means that we 
an �nd m 2 C1 as theuniversal TM for TM's in C2 i.e. it 
an simulate every TM N 2 C2, then we simulate N and negate theanswer. Now, we 
an augment these ma
hines into ora
le ma
hines and have similar results. In other words,we have TM mA 2 CA1 as the universal TM for TM's in CA2 i.e. it 
an simulate every TM NA 2 CA2 ; thenwe simulate NA and negate the answer. Thus, the similar argument shows that CA1 6� CA2 .A
tually, there are many philosophies behind this proposition and these de�nitions. In the 
ase of P andNP all above make sense, but somewhere else we 
an not use the same arguments.Theorem 2.6 (Baker-Gill-Solovay) There exist ora
les A and B su
h that1. PA = NPA, and 2-9



2. PB 6= NPB.Proof The �rst part is straightforward. The idea is to take some language that is suÆ
iently powerful e.g.PSPACE-
omplete. Let A be TQBF. Clearly PA � NPA. For the other dire
tion, as TQBF is PSPACE-
omplete, we have NPA � NPSPACE = PSPACE � PA � NPA:For the se
ond part, the idea is that non-determinism gives us more powerful a

ess to the ora
le, allowingus to ask more questions than a deterministi
 TM 
an.De�nition 2.7 For any language B, letL(B) = fxj9w : jxj = jwj and B(w) = 1gOne 
an easily observe that 8B : L(B) 2 NPB , be
ause we 
an guess w the same length as x, and see ifB(w) = 1. We want to show that there is a B for whi
h L(B) 62 PB . In order to do this for all TM's, �rst we
an examine how this is done for one. Let M? 2 P ?. We know that M? is a polynomail time ora
le TM, itsrunning time is a polynomial p(n) and we 
an �nd n su
h that p(n) < 2n. We want to 
onstru
t B so thatMB gives a wrong answer on some string x of length n, say x = 0n, provided MB runs in time � 2n� 1. Todo so, we start simulating M? for an input string x.� The answer for any query of length n from M? is 0.� At the end, some w 2 f0; 1gn remians unasked, be
uase M? runs in p(n) and it 
an ask at most 2n� 1strings of length n.� Now, if M? says \yes, x 2 LB", then set B(w) = 0 for every w 2 f0; 1gn.� if M? says \no, x 62 LB", then B(w) = 1.In either 
ase, L(MB) 6= L(B), be
auseMB(0n) 6= (0n 2 L(B)) (This part of the proof is from [1℄). Nowwe need an ora
le B su
h that for all polynomial time ora
le TM'sM?, L(MB) 6= L(B). SupposeM1;M2; : : :are an enumeration of polynomial time ora
le TM's. We 
onstru
t a sequen
e B0 � B1 � : : : � B, withlengths n1 < n2 < : : : , su
h that1. MBii (0ni) 6= (0ni 2 L(Bi)).2. MBii (0ni) =MBi (0ni).3. w 2 L(Bi) : 0ni 2 L(Bi), 0ni 2 L(B).The 
onstru
tion algorithm is as follows:1. First let B0 = ;.2. For i = 1; 2; 3; : : : do(a) Choose ni su
h that 8j < i, MBi�1j does not ask about any strings of length ni on input 0nj . Inaddition, MBi�1i should run for fewer than 2ni steps on input 0ni .(b) Simulate Mi with ora
le Bi�1 on input 0ni . (At this point, Bi has no strings of length ni.) Thiswill answer no to all queries of length ni.(
) If MBi�1i a

epts, set Bi = Bi�1. (So MBii has a

epted 0ni , but 0ni =2 LBi).If MBi�1i reje
ts, then �nd x su
h that jxj = ni and MBi�1i on input 0ni did not ask x. Then setBi = Bi�1 [ fxg:2-10



Set B = S1i=0 Bi.Again, noti
e that the above proof is only true for the spe
ial 
ase (P vs. NP), and in general 
ases thereare other issues that we won't dis
uss in this le
ture.One 
an similarly prove that there exists an ora
le B su
h that NPB 6= 
oNPB .Now, 
onsider this question: why do we use TQBF (a PSPACE-
omplete) problem for the �rst part ofBGS theorem? Is an NP-
omplete problem suÆ
iently powerful? To answer this question, we should answerif NPNP = NP? The answer is No. A
tually we get a new 
omplexity 
lass that is not known to be equal toNP. To argue about this question, �rst we de�ne the following problem.De�nition 2.8 MinDNF is the language 
onsisting of pairs (�; k), where � is a DNF formula and k is aninteger su
h that 9 a DNF formula  su
h that j j � k and  is equivalent to �.Proposition 2.9 MinDNF is in NPNP.Proof We 
an 
onstru
t a non-deterministi
 ora
le TM using SAT ora
le to solve MinDNF.� First guess  of length � k.� Ask SAT ora
le if there exists an assignment x su
h that  (x) 6= �(x).� A

ept if ora
le says No, otherwise reje
t.This TM de
ides the MinDNF problem, and from the existen
e of this ora
le TM, we 
an 
on
ludeMinDNF 2 NPNP.Similarly, one 
an prove that 
o-NP� NPNP. Noti
e thatMinDNF has one 9 quanti�er. Let's investigatethe 
ase that there are more quanti�ers.2.3 AlternationIn the de�nition of non-deterministi
 TM, one way to think about it is a normal TM whi
h has "existentialstates" (9). The 
onverse of TM with Existential states is one with Universal (8) states. At ea
h node, thema
hine 
an be thought of as spinning o� two parallel a
tions and taking both paths at the same time. Thema
hine a

epts if all of its bran
hes end in the a

ept state.We 
an now 
onsider ma
hines with both Existential and Universal states. They are 
alled AlternatingTuring Ma
hines (ATM).De�nition 2.10 The Alternating Turing Ma
hine (ATM) is a TM with two spe
ial states 9 and 8. Com-putation a

epts after entering� 9, if at least one of the outgoing edges lead to a

ept.� 8, if ALL of outgoing edges lead to a

ept.Figure 2.3 illustrates one ATM.Similar to TM's, main resour
es for the ATM's are TIME and SPACE, but the other resour
e for them isAlternation i.e. # times we alternate from 9 to 8 and vi
e-versa. More pre
isely, for ma
hine M and inputx, TIME is the deepest path you 
an �nd in the tree. SPACE is maximum spa
e on paths. Alternation ismaximum # of alternations along the paths.A

ording to these resour
es, we 
an de�ne general 
omplexity 
lasses as follows:
2-11
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Figure 2.1: The 
omputation tree of an ATM and 
orresponding 
ir
uit 
on�gurationDe�nition 2.11ATSP[a; t; s℄ = 
lass of all languages de
ided by ATM with a(n) alternation, t(n) time, and s(n) spa
e.In parti
ular, ATIME (t) = [8a;sATSP [a; t; s℄ and ASPACE(s) = [8a;sATSP [a; t; s℄.We have the following fa
ts:� ATIME(poly)=PSPACE� ASPACE(poly)=EXPTIMEThe interesting point is that alternation in
reases the 
omputation power and also 
hange TIME and SPACEin these 
ases.De�nition 2.12 NP = ATSP[1; poly; poly℄; with 
ondition starting 9 stateNPNP = �P2 = ATSP[2; poly; poly℄; with 
ondition starting 9 state�Pi = ATSP[i; poly; poly℄; with 
ondition starting 9 stateand similarly, �Pi = ATSP[i; poly; poly℄; with 
ondition starting 8 stateIn the next le
ture, we will study more about relations between these 
omplexity 
lasses.
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Chapter 3
6.841/18.405J: Advan
ed Complexity Theory February 13, 2002Le
ture 3Le
turer: Madhu Sudan S
ribe: Emily Mar
us3.1 AlternationLast time, we introdu
ed the idea of an Alternating Turing Ma
hine (ATM). This ma
hine has two spe
ial\nodes" - the existential state (9) and the for-all state (8). If the ma
hine entered a for-all node, it musta

ept on all of its outgoing bran
hes of that node in order for the node to have a

epted. If it enters anexistential state, it must have at least one outgoing bran
h whi
h has a

epted.The 
omputation resour
es whi
h are of interest in the ATM model are time, spa
e, and total number ofalternations. An alternation o

urs when an ATM leaves the existential state and enters a for-all state orvi
e-versa.Alternation is not a
tually an \implementable" or tangible property in the way that time and spa
e are.In this respe
t it is more like non-determinism - you 
an't a
tually build a ma
hine whi
h uses alternation ornon-determinism ex
ept by simulation. However, 
onsidering ea
h of these resour
es gives rise to interesting
lasses of problems. In addition, analyzing alternation 
an give us more insight into the power of the moretangible properties of spa
e and time.The big question for today is how alternation relates to the resour
es we have already 
onsidered, namelytime and spa
e. Is an ATM more powerful than a TM?In thinking about these questions, we will prove two main results, whi
h are� ATIME(t) = SPACE(poly(t))� ASPACE(s) = TIME(2O(s))3.2 Alternations vs Spa
eLemma 1: ATIME(t) � SPACE(O(t))To see intuitively why this is the 
ase, 
onsider the tree representing the 
omputation of some ATMA on some input. This tree will have nodes whi
h are existential and nodes whi
h are for-all. But inorder to simulate this on a regular TM M, we only need to know where we are with respe
t to thesenodes. The ordinary 
omputations 
an be simulated by M trivially. Therefore, if M is augmented3-14



with an extra tape, whi
h preserves a sta
k of the spe
ial nodes whi
h have been en
ountered whilesimulating A, M 
an simulate A 
ompletely.Be
ause A runs in ATIME(t), no bran
h of its 
omputation 
an be deeper than O(t). But M onlyneeds to simulate M one bran
h at a time, so M only requires SPACE(O(t)).Before proving the other half of the relationship between SPACE and ATIME, whi
h requires 
onstru
tingan alternating TM, it is useful to des
ribe intuitively how programming su
h a ma
hine works. Most ofthe programming is similar to programming an ordinary TM. However, the two spe
ial states are worthdes
ribing.� The existential state e�e
tively allows you to \guess" something. So, for example, if you \guess"subsequent bits, you 
an e�e
tively pull out a number whi
h satis�es some 
ondition.� The for-all state allows you to verify that something is true.With this, we 
an prove the other half of the equality.Lemma 2: SPACE(s) � ATIME(s2) (this should, by now, be unsurprising)In order to see why this is true, we must �rst 
onsider what a 
omputation in SPACE(s) looks like.There are two assumptions we 
an make to simplify things slightly. First, if a 
omputation has morethan 2s 
on�gurations, it has repeated at least one 
on�guration and is therefore unlikely to terminate.Se
ond, we 
an also assume without loss of generality that the �nal a

epting 
on�guration is unique.Then, ea
h 
on�guration needs to 
ontain� the positions of all read/write heads� the 
omplete 
ontents of the work tape� the state that the ma
hine is inThese somewhat general assumptions about the 
on�gurations are suÆ
ient for this lemma. Later,when we are 
onsidering time instead of spa
e, we will need to be mu
h more pre
ise about the
on�gurations.We also need to assume that s(jxj) � log jxj.From here, the argument follows along lines similar to Savit
h's theorem, with the s2 term 
omingfrom the same type of argument.So now the question we want to ask is whether our Turing Ma
hine M 
an go from 
on�guration C0to 
on�guration C1 in time 2s.We'll de�ne an alternating TM A whi
h will, on input < C0, C1, t >, tell us whether M 
an go fromC0 to C1 in time t.1. Bit by bit, guess a 
on�guration C3 su
h that M 
an go from C0 to C3 in time t2 and 
an go fromC3 to C1 also in time t2 . This \guess" 
an be made by using the existential state, as des
ribedabove.2. Verify, using a for-all state, that M(C0, C3, t2 ) and M(C3, C1, t2 ) a

ept.Indu
tively, this method takes spa
e s(log t), and sin
e initially t is at most 2s, the whole thing requiresat most s2 spa
e. Therefore SPACE(s) � TIME(s2).In total now, we have shown that SPACE(s) = TIME(poly(s)).3-15



3.3 Alternations vs TimeLemma 3: ASPACE(s) � TIME(2O(s))This lemma is not easy to prove.The basi
 idea is that we 
an 
reate a ma
hine whi
h given a tree representing a 
omputation, walksthrough the tree and �gures out what happens at ea
h node, and then propagates that informationthrough the tree to �gure out whether the entire 
omputation a

epts or not.The problem with this simple idea, however, is that not all of the bran
hes ne
essarily need to beresolved as being either a

epting or reje
ting in order for the whole 
omputation to a

ept or reje
t.So, in walking down the tree, if we are at a for-all node, we 
an 
he
k if that is a

epting by 
he
kingevery outgoing edge. If we are in an existential state, we need to 
he
k whether either of the edgesleads to an a

epting 
omputation.But what if there are repeated states on the way down?The key observation is that if an existential node ends up a

epting, it 
an't be a

epting be
ause ofa bran
h below it whi
h does not halt. So, if a 
on�guration is ever repeated on a given bran
h, thatbran
h 
an just be labelled as reje
ting without any further inspe
tion.You 
an then work your way ba
k up the tree, until the root node has a label; this label representswhether the entire 
omputation a

epts or reje
ts.The tiem required to do all of this is 2O(s) sin
e examining ea
h node requires a polynomial amountof time and there are 2O(s) of them.Lemma 4: TIME(2O(s)) � ASPACE(O(s)).Here we need to do a 
onstru
tion similar to that in Lemma 2, i.e. inspe
ting the sequen
e of 
on�g-urations of a TIME(2O(s)) ma
hine M. But in 
ontrast to Lemma 2, the obje
tive here is to use verylittle spa
e in order to do this analysis. To allow this to be done in very little spa
e, we'll set up the
on�gurations so that they 
an be analyzed in a very lo
alized manner.For the ith entry of the 
on�guration in the tth 
on�guration of the 
omputation, the following infor-mation will get stored.� the 
ontents of the ith 
ell of the tape� whether or not the read-write head is in this position� if the answer to the above is \yes" then the 
ell also 
ontains the state of the ma
hine.Why is this 
areful en
oding useful? Be
ause then we 
an easily verify lo
al 
onsisten
y by 
omparing
ell (t, i) to the three above it, namely (t-1, i-1), (t-1, i), and (t-1, i+1).So how 
an we use this idea of lo
al 
onsisten
y to build an ATM whi
h 
he
ks for global 
onsisten
ybased on this lo
al 
onsisten
y property? The idea of re
ursion, used in proving Lemma 2, doesn'thelp us here, be
ause there is no longer enough available spa
e to write down an entire 
on�guration.Instead, what we'll do is build an ATM M(t, i, �), whi
h a

epts its input if the original ma
hine, M,on input x, 
ould have � as the 
ontents of 
ell i in the 
on�guration whi
h arises after time t.M(t, i, �) behaves as follows1. Guess r1, r2, and r3 as the 
ontents of the three 
ells above 
ell (t, i).2. Che
k that r1, r2, and r3 are lo
ally 
onsistent with �.3. Verify, using a for-all, that M(t� 1, i� 1, r1), M(t� 1, i, r2), and M(t� 1, i+ 1, r3) all a

ept.3-16



In doing this, there isn't any need for any extra spa
e in order to keep tra
k of things. You only needto write down enough information to spawn a subroutine 
all, and it isn't ne
essary to preserve theinput. So while this is extremely slow, it requires very little spa
e.It is also ne
essary to 
he
k some of the boundary 
ases (for example, 
on�rming that the �nal stateis an a

eptan
e state).In total now, we have shown that� ATIME(t) = SPACE(poly(t))� ASPACE(s) = TIME(2O(s))3.4 Philosophy of ATIME as a gamePhilisophi
ally, what is ATIME?Fundamentally, ATIME problems represent a game. There are two players, one of them 
alled \thereexists" (referred to here as E), and the other one 
alled \for all" (
alled A here).Given a language L and an input x, E is trying to prove that x 2 L and A is trying to prove that x =2 L.So, as the game pro
eeds, the 
omputation is left to follow its own 
ourse. But every time the 
omputationenters an existential state, it stops and E is allowed to de
ide in what dire
tion the 
omputation shouldpro
eed. Similarly, A gets to 
hoose every time a for-all state is entered.At the end of the game, you are able to tell whether A or E has won, sin
e wat
hing this game will 
onvin
eyou that one or the other of them is 
orre
t. However, before the game �nishes, poly-time 
omputation isnot enough to look into the future and and predi
t whi
h of the players will win.So, philisophi
ally speaking, ATIME(poly) 
an simulate two-player games and the 
omputation itself 
anbe viewed as a two-player game.But sin
e PSPACE = ATIME(poly), this implies that there are a number of games whi
h are PSPACE-
omplete. Examples in
lude Che
kers, Go, and Generalized Geography 1.Why isn't 
hess a PSPACE-
omplete game? It has a somewhat obs
ure rule that if a board 
on�gurationis ever repeated, the game is automati
ally a draw. So you 
an't tell just by inspe
ting the 
urrent stateof the 
omputation whether the game is over or not. This makes it fundamentally di�erent from the othergames named above.Question: Is it possible to maintain a 
ounter whi
h is in
remented for every move, and then to de
larethe game to be a draw if the 
ounter gets high enough that a 
on�guration was ne
essarily repeated?No, this isn't quite suÆ
ient, be
ause a repeated 
on�guration 
an have di�erent out
omes if one ofthe two players de
ides to a
t di�erently the se
ond time around.Question: Is this still an issue if the two players are playing optimally?We're only looking at things lo
ally at this point. This is an intri
ate te
hni
al issue whi
h we'll tryto 
over in more detail later.Question: (A third question whi
h the s
ribe 
ouldn't hear; sorry)So in general, if a game allows you to verify lo
al validity (i.e. wat
hing the moves and knowing thatea
h one is legal) and you are able to inspe
t only the 
urrent state and know whether someone has won,the game is likely to be PSPACE-
omplete.What about a game like Mah-jong? This 
an be played as a one-player game. But be
ause the intialboard layout is randomized, the randomness allows it to have the same 
omplexity as a game like Go orChe
kers. The details of this will be explored later in the semester.1A game in whi
h players take turns naming geographi
al lo
ations. Ea
h lo
ation may be named at most on
e, and the�rst letter of the name of the lo
ation must be the last letter of the name of the previous lo
ation. A player wins when theother player 
annot think of a lo
ation to name. 3-17



3.5 Philosophy of ATIME/ASPACE as 
onveying informationSupoose you are trying to de
ide whether to vote for 
andidate A or B in an ele
tion. There are varyinglevels to whi
h the 
andidates might be allowed to try to 
onvin
e you to vote for them. A few of theses
enarios are1. There is no 
ampaigning allowed. You de
ide whi
h 
andidate to vote for based on what you alreadyknow about.2. Ea
h 
andidate is allowed a single advertisement of �xed length, whi
h they prepare independently.3. The 
andidates are allowed to have a full-
edged debate, whi
h voters 
an wat
h all of.We 
an't really say whi
h of these is \better", but we 
an try to understand the impli
ations of ea
h by�guring out what they allow you to 
ompute.Here a voter is 
onsidered to be a polynomial-time 
omputation. So a voter 
an rea
h 
on
lusions in Pon his or her own. The 
andidates in tis s
enario are analagous to the game players of before. The proto
olfor advertising is giving the voters more \knowledge" if it gives proofs that the voters are able to verify of amore 
omplex language L.In this 
ontext, we 
an analyze how mu
h \knowledge" ea
h of the above s
enarios would 
onvey to thevoters.1. In the 
ase of no advertising, the voters 
an only re
ognize L 2 P. This is pretty mu
h the trivial 
ase.2. In the 
ase of a single advertisement, you 
an re
ognize L 2 NP S 
oNP. More generally, if the
andidates are allowed to produ
e n ads and are allowed to see the opponents previous ads beforemaking theirs, you get the additional resour
e of n alternations.3. Full-
edged debate with as mu
h time as the 
andidates need gives all of PSPACE. The 
andidates areable to 
onvin
e the voters that one of them is 
orre
t be
ause they will present a 
omplete argumentwhi
h the voter has enough 
omputational power to verify, even though the voter on his/her own wouldnot have been able to 
ome up with the argument.So, from a 
omputational point of view, debates are far more powerful than either of the other twomethods of advertising be
ause they are able to 
onvin
e voters of mu
h more 
omplex languages.3.6 TQBF : A PSPACE-
omplete problemTQBF = totally quanti�ed boolean formulaeIf you have n2 boolean variables, x1;1 � � �xn;n and de�ne X1 = x1;1x1;2 � � �x1;n et
, then TQBF = f� j�(X1; X2; � � �Xn) is a 3-
nf boolean formula su
h that 9X18X29X3 � � �QnXn = true g.Note that be
ause all su
h formulae are totally quanti�ed (meaning they have no free variables), they arealways either true or false.Intuitively, there is a 
lear 
orresponden
e between TQBF and an alternating TM. The only di�eren
eis that TQBF formulae e�e
tively defer all of the 
omputation until the alternation is done. And, in fa
t,this whole 
lass of problems 
an be further redu
ed to 3-SAT.In summary, it is 
lear that TQBF 2 ATIME(poly). The fa
t that it is also a 
omplete problem is nothard to verify.
3-18



Chapter 4
6.841/18.405J: Advan
ed Complexity Theory February 19, 2002Le
ture 4Le
turer: Madhu Sudan S
ribe: Ben BardenIn this le
ture, we will dis
uss Fortnow's time/spa
e lower bound for SAT, and see why alternation is
onsidered a powerful tool for proof. We will also have an introdu
tion to the polynomial hierar
hy4.1 Fortnow's Theorem4.1.1 groundworkBefore we begin, we will be using a new 
lass for this le
ture, and pretty mu
h for this le
ture only: LIN, ornear-linear time.De�nition 4.1 LIN = S
 TIME(n log
 n) for 
 > nNow, let us 
onsider SAT. Spe
i�
ally, let us 
onsider an aspe
t of SAT that we know very little about, thelower bounds on its deterministi
 time/spa
e requirements. We really don't know mu
h. We do, however,have some pretty strongly held beliefs and intuitions about them.belief 1 We believe that SAT is not solvable in deterministi
 polynomial time.belief 2 We believe that SAT is not solvable in deterministi
 logarithmi
 spa
e.belief 3 We believe that SAT is not solvable in nearly linear time.Note that if belief number 1 is true, then it follows that the other two are true as well. So, beliefs 2 and 3 are,as su
h things go, fairly weak statements. Why, then, are they interesting? Well, in the 
ase of 3, we notethat non-deterministi
ally, SAT is solvable in near-linear time, and, in fa
t, is 
omplete for non-deterministi
near-linear time. Therefore, if we 
ould a
tually prove that it required more than near-linear time on adeterministi
 ma
hine, that would be a 
lear and provable 
ase of the power of non-determinism. We know,though, that alternation is powerful for small spa
e 
omputation, as. The other interesting thing is that,in spite of their weakness, neither 2 nor 3 has ever been proven. They are not entirely without support,though. In 1997, Fortnow managed to prove that at least one of the two had to be true, even if he 
ould notbe 
ertain of whi
h one.Theorem 4.2 either SAT 
annot be solved deterministi
ally in logarithmi
 spa
e or it 
annot be solveddeterministi
ally in near-linear time. 4-19



The proof depends heavily on the following fa
tFa
t 4.3 if a0 � a� 1 and t0 � tlogt then ATIME[a; t℄ * ATIME[a0; t0℄whi
h 
an be displayed through relatively simple diagonalization. Fortnow's shows us that if SAT is solvablein both deterministi
 log spa
e and deterministi
 linear time, it is possible to show that ATIME[a; t℄ *ATIME[a0; t0℄ for those relative de�nitions of a, a', t, and t', thus 
ausing a 
ontradi
tion, and proving thatat least one of the assumptions must be untrue. Now, we will not be giving the full proof. For simpli
ity'ssake, we will only be showing that we 
an rea
h a 
ontradi
tion if SAT 2 Time(n logn) and SAT 2 L, andwe are only giving the main steps, leaving many of the details of the proof as exer
ises4.1.2 step 1Fa
t 4.4 If a language L is in NTIME(t), and x is a string of length n, then 9 an SAT instan
e � of sizet(n) log t(n) su
h that x 2 L i� � 2 SATThe proof here 
an either be taken as an exer
ise by the reader, or referen
ed in Cook's 1971 paper on thetopi
.4.1.3 step 2Fa
t 4.5 Given our assumptions, ATIME[a; t℄ is 
ontained in NTIME[t(log t)2a℄proof as follows: To begin, we make the �rst of our two assumptions.Assumption 4.6 SAT 
an be solved in deterministi
, n logn time.One of the oddly more useful aspe
ts of this statement for our purposes is the fa
t that if SAT 
an besolved deterministi
ally in n logn time, then 
oSAT 
an also be solved deterministi
ally in n logn time.Additionally, as this implies that SAT is in P, P=NP=
oNP, and thus that 
oNP quali�es as a language Lin NTIME(n logn). From this we 
an know by Fa
t #4, that it 
an be simulated by a SAT instan
e of sizen logn logn logn, or n(logn)2.4.1.4 step 3Fa
t 4.7 Given our assumptions, NTime[t(log t)2a℄ is in SPACE[logt+ a log log t℄and now, our se
ond assumption.Assumption 4.8 SAT 
an be solved in deterministi
, logarithmi
 spa
e.given this assumption, then we 
an know that NTime[t(log t)2a℄ is in SPACE[logt+ a log log t℄.4.1.5 step 4Fa
t 4.9 SPACE[s℄ is 
ontained within ATISP[b; 2 sb ; bs℄, whi
h in turn is 
ontained in ATIME[b; 2 sb ℄4.1.6 results and 
onsiderationsFinally, we end, after a roundabout path and a bit of variable repla
ement, with the following 
on
lusionFa
t 4.10 Given our assumptions, ATIME[a; t℄ � NTIME[t(log t)2a℄ � SPACE[log t+a log log t℄ � ATISP[b; 2 log t+a log log tb ; b log t+ab log log t℄ � ATIME[b; 2 log t+a log log tb ℄note that this is for any b. If we 
hoose b = a� 1, and 
lean it up a bit, we 
ome up with4-20



Fa
t 4.11 Given our assumptions, ATIME[a; t℄ � ATIME[b; 2 log t+a log log ta�1 ℄now, a � b, and 2log t�log log t (another form of tlogt ) is obviously bigger than 2 log t+a log log ta�1 for any a greaterthan 2. Our very �rst fa
t said that ATIME[a; t℄ 
annot be 
ontained within ATIME[b; 2 log t+a log log ta�1 ℄, and nowwe dis
over that if our assumptions are both true, it must be. Therefore, at least one of our assumptionsmust be false. Note that here is a sterling example of the power of alternation as a tool for proof. Thestatement to be proven said nothing about alternation. The proof used it heavily and integrally.4.2 The Polynomial Hierar
hy4.2.1 de�nitions and preliminary notesDe�nition 4.12 �pi is that 
lass of languages that 
an be a

epted by an ATM that starts in an existentialstate, has up to i alterations, and runs in polynomial time.De�nition 4.13 �pi is that 
lass of languages that 
an be a

epted by an ATM that starts in a universalstate, has up to i alterations, and runs in polynomial time.De�nition 4.14 The Polynomial Hierar
hy is the union over all 
onstant i of all languages in �pi .Now, every language in any �pi is 
ontained easily within �pi+1, as they 
an be simulated merely by ignoringthe �rst universal state and alternating immediately to the �rst existential state. �pi is 
ontained in �pi+1for similar reasons. Thus, the polynomial hierar
hy also 
ontains all �pi for 
onstant i. Also note that everylanguage in �pi has its 
omplement in �pi and vi
e versa. By general notation, P is both �p0 and �p0, thusmaking �p1 and �p1 NP and 
oNP respe
tively.4.2.2 iTQBFAs it turns out, the polynomial hierar
hy has a number of 
omplete problems, for every level. The 
anon-i
al 
omplete problem is iTQBF, the limited-alternation version of the PSPACE-
omplete problem TQBF.iTQBF is the 
olle
tion of languages that take problems either of the form 8fa1; a2; a3:::; aig9b1; b2; b3:::bi8:::and a boolean formula, su
h that there are no more than i groups of no more than O(i) variables ea
h, or ofa nearly identi
al form, di�ering only in that the �rst quanti�er is universal rather than existential. In either
ase, ea
h language in the 
olle
tion a

epts if the formula 
an be true under the restri
tions, and reje
tsotherwise. The proof that it is 
omplete is fairly easy for polynomial time redu
tions, as ea
h member of the
olle
tion is essentially the de�nition of its parti
ular pla
e in the hierar
hy in language form. Let us 
onsidera random language A in �pi . Now, For ea
h su
h A, there exists a language B in �pi�1, and some 
onstant
 less than in�nity, su
h that x 2 A i� 9y su
h that kyk < kx � 
k and (x; y) 2 B. All of the existentialde
isions required before the �rst universal de
ision 
an easily be en
oded on su
h a string. Similarly, forall languages A0 in �pi there exists a language B0, and some 
onstant 
 less than in�nity, su
h that x 2 A0i� 8y su
h that kyk < kx � 
k, (x; y) 2 B. Again, any universal de
isions 
ould be easily 
oded on su
h astring. Given these two, we 
an derive that for any random language A in, for example, �pi+1, that thereexists a language Q in either �p1 or �p1 su
h that x 2 A i� 9y18y29y38y4...yi su
h that fx; y1; y2; y3:::yig 2 QNote that Now, if we examine iTQBF again, we dis
over that the version for �p1 is equivalent to SAT, andthat for �p1 equivalent to 
oSAT. We 
an thus redu
e any Q in either �p1 or �p1 to the appropriate iTQBF,so long as the information on the input strings are available. The information on the input strings, in turn,
an be des
ribed exa
tly as the universal and existential input groups on the higher levels of the proof.4.2.3 minDNFSome of the PH-
omplete problems, though, are not so easily proven. minDNF is a good example. MinDNFis a language that takes (�, k), where � is a TM and k is a number, and returns true if there exists a TM4-21



 su
h that k k < k (using some appropriate TM size rubri
) and  returns the same output as � on allinputs. This language was so diÆ
ult to prove 
omplete that, even though it was �rst des
ribed during the70s in Meyer and Sto
kmeyer's original paper on PH, it wasn't until 2000 that it was proven �p2-
ompletebuy Umans. We will not be sket
hing the proof here.4.3 Coming Attra
tionsIn our next le
ture, we will examine the PH Collapse Hypothesis, a rather strong assumption that statesthat 8i;�pi 6= �pi . Among a number of other things, it implies both that P 6= NP, and that NP 6= 
oNP.4.4 Referen
esS. Cook. The 
omplexity of theorem-proving pro
edures. In Pro
eedings of the 3rd ACM Symposium on
omputing, pages 151-158. ACM, New York, 1971
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Chapter 5
6.841/18.405J: Advan
ed Complexity Theory February 20, 2002Le
ture 05Le
turer: Madhu Sudan S
ribe: Seth Gilbert5.1 Collapse of the Polynomial Hierar
hyWhat does the polynomial hierar
hy look like?It is an in�nite tower of in
reasing 
omplexity, with ea
h level of the hierar
hy nested inside the next levelof the hierar
hy.� That is, �pi � �pi+1 and �pi � �pi+1� And similarly, �pi � �pi+1 and �pi � �pi+1Ea
h level of the hierar
hy 
ontains a 
omplete problem.In parti
ular, for the ith level of the hierar
hy, i-TQBF is 
omplete. The subset of i-TQBF whose �rstquanti�er is 9, is 
omplete for �pi , and the subset whose �rst quanti�er is 8 is 
omplete for �pi .CollapseBy 
ollapse of the polynomial hierar
hy, we mean that the entire hierar
hy 
ollapses to a �nite level. Thatis, 8i > i
 �pi
 = �pi . (The same is true for �pi .) Note that this does not imply anything about levels of thehierar
hy below the 
ollapse point.Theorem 5.1 The polynomial hierar
hy 
ollapses if and only if the existential and the forall hierar
hies areequal. That is: �pi = �pi () �pi = �pj ;8j > iThese versions of 
ollapse may seem slightly di�erent, as one is a horizontal 
ollapse, and the other is averti
al 
ollapse. But in fa
t they are equivalent.Proof On
e the in
remental 
ase 
omparing i and i+1 is proved, it is 
lear by indu
tion that it holds forthe entire hierar
hy (above that point) 
ollapsing. That is, we only prove here that if �pi = �pi , then �pi+1(and the 
onverse), and the rest follows by indu
tion.05-23



Lemma 5.2 �pi � �pi �! �pi = �piProof If we 
an show in
lusion in one dire
tion, then the two 
lasses are equal. This is true be
ause thetwo 
lasses are 
omplementary.L 2 �pi () �L 2 �pi (be
ause they are 
omplements)8L 2 �pi �! �L 2 �pi (by the in
lusion hypothesis)�! �pi � �piFirst, assume that the polynomial hierar
hy 
ollapses at level i. That is, �pi = �pi+1. Sin
e �pi = �pi+1,this 
learly implies that �pi = �pi .Next, assume �pi = �pi . Start with (i + 1)-TQBF, a 
omplete problem for �pi+1. We will show how tosolve this in �pi . De�ne:L0 = f(�; x1)j8x29x3 � � �Qi+1xi+1; �(x1; x2; x3; : : : ; xi+1) = 1gThat is, L0 is the language of (i+1)-TQBF problems and x1's that allow the TQBF to be true. It is 
lear thatL0 � �pi � �pi , as the �rst quanti�er is a 8, and there are only i alternations.. Therefore, we 
an 
onstru
tanother language (say L00) that is in �pi . In parti
ular:L0 � f j9y18y2 � � �Qiyi;  (y1; y2; : : : ; yi)gThis  (�;x1) is 
onstru
ted so that (�; x) 2 L0 ()  2 i�TQBF. The following is the pro
edure to de
idethe (i+ 1)-TQBF in �pi .1. Guess x12. Compute  (�;x1)3. Guess y14. ForAll y2, Guess y3 : : :5. Verify  (y1; : : : ; yi) = 1Note that steps (1{3) involve only a single 9 quanti�er. That is, only a single alternation. And the restof the yi require only i� 1 alternations. Therefore we 
an solve (i+1)-TQBF with only i alternations, thatis, in �pi , whi
h proves that �pi = �pi+1.Note that this only holds for i > 0 This proof generally indi
ates that the ability to swit
h quali�ers ispowerful and 
arries up the hierar
hy, on
e equivalen
e is found at any level.It hasn't been proven that the polynomial hierar
hy does not 
ollapse, but we generally believe that itdoes not 
ollapse. We often therefore assume that the polynomial hierar
hy does not 
ollapse, and use thisto prove other theorems. This is a strong assumption, however it allows us to redu
e many of our 
onje
turesto a single assumption. We will see some 
onje
tures supported by this assumption later.5.2 Cir
uit Complexity (Non-Uniform Complexity)Cir
uit 
omplexity is slightly di�erent, but essentially the same te
hni
ally as non-uniform 
omplexity. Itprovides a new approa
h to the problem of P 6= NP .05-24



Cir
uitsCir
uits are a model of 
omputation with a �xed number of input bits. A Turing Ma
hine works as follows:1. Design algorithm.2. De
ide input to algorithm.A 
ir
uit works as follows:1. De
ide length of input, n2. Design algorithm to solve problems of length n3. De
ide input to algorithm (of length n)Formally� A 
ir
uit is a dire
ted, a
y
li
 graph.� 3 types of nodes:1. input: x1; : : : ; xn2. output: o1; : : : ; on3. 
omputation: OR, AND, NOT� Ea
h set of nodes is disjoint (for now)� Fan-in: the number of edges going into a nodeNode Type Fan-inInput 0Output 1OR, AND 2NOT 1� Fan-out: the number of edges leaving a nodeNode Type Fan-outOutput 0All Others 1� To determine output:1. Topologi
al sort (linear time)2. Cal
ulate ea
h level of the tree (linear time)� Cir
uit 
omputes some fun
tion f : f0; 1gn ! f0; 1gn.� What resour
e to measure? Size of 
ir
uit = # of gates/nodes{ Sometimes 
ount # of wires/edges, but one measure is quadrati
 in the other{ If you assume maximum fan-out of two, then at most twi
e as many wires as nodes� Can 
ompute fun
tion in (deterministi
) time linear on # of nodes/edges05-25



� Therefore, size is a good measure of how eÆ
iently a 
ir
uit 
an 
ompute.What is interesting, however, is not determining how big a 
ir
uit is for a parti
ular 
onstant size. Instead,we want to de�ne a set of fun
tions, parameterized on the input size, n. We want to examine the size ofthe smallest 
ir
uit that 
an 
ompute the fun
tion for that input. This gives us something interesting tomeasure as n gets large. That is, we 
an study size as a fun
tion of n.Consider a family of boolean fun
tions ff : f0; 1gn ! f0; 1gg1n=1. How does the smallest 
ir
uit 
omput-ing fn grow with n?This pins down the fun
tion on
e we set n. There is an absolute minimum for ea
h n. This thereforeprovides a more 
on
rete and 
ombinatorial approa
h to examining 
omplexity.A 
ommon example of family 
ir
uits: �n, the SAT family.� fn takes as input CNF formula � of length n� fn = 1 if and only if � 2 SATIf P=NP, the SAT family of 
ir
uits will be polynomial sized in n� Draw TM tableau� Create boolean formula to implementSo if we prove that fn has no polynomial sized 
ir
uit , then NP 6= P . Unfortunately, we don't know howto do this.Non-Uniform Complexity� Modify/enhan
e TM so that we only worry about length n inputs� TM may work di�erently on di�erent length inputs� TM works as follows:1. Fix ma
hine M2. Given length n3. Determine advi
e a1; : : : ; an{ ai used to de
ide language{ binary strings on f0; 1gp(n){ length of advi
e polynomial in n4. Given input x 2 f0; 1gn5. Run M(x; an) to de
ide if x 2 L or not.De�nition 5.3 P/Poly = fLj� 9M 2 P� polynomial p(:)� fa1; : : : ; ang s.t. jaij = p(i)su
h that 8x 2 f0; 1g�; x 2 L () M(x; ajxj)a

eptsgThis provides a 
on
rete way of asking how to use input length without de�ning a parti
ular model of
omputation (i.e. 
ir
uits). 05-26



Lemma 5.4 P/Poly = 
lass of fun
tions that have polynomial sized 
ir
uitsProof If there is a known polynomial 
ir
uit for a given problem, then design M to 
al
ulate the value ofa 
ir
uit, and have the advi
e strings be the 
ir
uits for various sized inputs. M using the advi
e 
an then
learly de
ide the output. Conversely, if we have a TM that 
an use advi
e to solve the problem, 
reate a
ir
uit to simulate the 
omputation on the TM and build the advi
e into the 
ir
uit.Lemma 5.5 Any problem in P has polynomial-sized 
ir
uitsProof Take language L 2 P de
ided by algorithm A. The goal is to �nd Cn = A(x), where jxj = n.Constru
t a tableau for the TM's 
omputation. It is of size p(n)� p(n). For every 
ell, for every � 
ontentsof the 
ell, let x
;� = 1 if (and only if) the 
ell has a � on it.Compute x
;� based on x
i�1;�1 ; x
i;�2 ; x
i+1;�38�. There is 
learly a small 
ir
uit that will en
ode thispie
e of the TM 
omputation. In this way all the variables 
an be determined by the 
ir
uit. If x
final;�a

ept =1, a

ept, else reje
t.This 
ir
uit is at most a polynomial size larger than the TM; it blows up no more than p2. (And, asbefore, Cooke was able to redu
e this to something like n logn.Using this, we 
an easily see that it is possible to build a polynomial sized 
ir
uit that solves the problemusing advi
e.Question: Is P/Poly more powerful than P?� BPP � P=Poly� Every unary language (where all strings are of the form 1n) is in P/Poly{ Even unde
idable unary languages in P/Poly{ There is only one string of a given length, so hardwire the advi
e string{ There is one advi
e string per input string, so the advi
e string indi
ates whether the appropriateunary string is in the language� Every unary language is not in P. (Some unary language are unde
idable.)� P/Poly is not 
ontained in P, NP, PSPACE� P/Poly in
ludes unde
idable languages� Con
lusion: P/Poly is more powerful than P??Question: Is NP � P/Poly?Can you give polynomial advi
e to solve SAT?Belief: NP * P=Poly We want to relate all our beliefs to a single belief: the polynomial hierar
hy 
ollapse.5.3 Karp-Lipton TheoremTheorem 5.6 If NP � P/Poly, then the Polynomial Hierar
hy 
ollapses.
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Proof For the sake of 
ontradi
tion, suppose NP� P/Poly. This implies that that we haveM;P; (a1; : : : ; an)su
h that: M(�; aj�j) = 1 () � 2 SATGoal: Show �pi+1 � �pi . We need a Turing Ma
hine with i alternations. We 
an 
ompress M and P , butwe 
annot 
ompress all an sin
e there are in�nitely many advi
e strings. So we need to �gure out how togenerate/en
ode an in�nite sequen
e of advi
e strings.Given � 2 (i+ 1)�TQBF, need to 
ompute right an for that �.De�nition 5.7 an is good if it fun
tions as right advi
e.As long as it 
auses M to 
ompute 
orre
tly, it is good, regardless of whether it is the same as the originalan. That is, M(�; an) = 1 () � 2 SAT , for all � of length n. We 
an de
ide this property eÆ
iently: inthe 2nd level of the polynomial hierar
hy.Lemma 5.8 an 2 good 
an be de
ided in �p2.Proof We know how to 
he
k all � of length n using a forall quanti�er (that is, it is in 
o-NP).8� of length n;M(�; an) = \� 2 SAT"But we know how to 
he
k if � 2 SAT using a single existential quanti�er. We just ask an NP ora
le. Andwe already know that 
o-NPNP = �p2.Further, we 
an then �nd an in �P3 , sin
e we 
an use the �rst existential state to guess the advi
e string,and then use the remaining two levels to verify.Lemma 5.9 If an 2 good is in �pi�1, then �pi+1 � �pi .Proof Let i be even. Take an example of (i+ 1)�TQBF. We want to de
ide:f j9x18x2 � � �Qi+1xi+1;  (x1; x2; : : : ; xi+1gGiven a set of x1; : : : ; xn, de�ne � as a fun
tion of the last variable of  . That is:�(y) =  (x1; x2; : : : ; xi; y)In order to de
ide whether � 2 SAT , we 
an use the P/Poly ma
hine M, along with the advi
e aj�j. Givenan 2 good, we 
an determine whether � 2 SAT in deterministi
 polynomial time.How do we determine an? By the lemma above, we 
an guess and verify an is three alternations. However,in parallel, we also need to guess and verify x1; : : : ; xn using n alternations.The following is a �pi ma
hine for de
iding if  2 (i+ 1)�TQBF.1. Guess an2. Guess x13. ForAll: an is Good4. ForAll: x25. Guess x36. Repeat alternating ForAll and Guess7. ForAll: xi 05-28



8. Cal
ulate �, given x1; : : : ; xi guessed above9. Cal
ulate in deterministi
 polynomial time M(�; an) and a

ept if and only if � 2 SAT .Noti
e that this ma
hine uses only i alternations. Steps 1{2 use a single 9, and steps 3{4 use a single 8. Theguessing and verifying of an happen in parallel with guessing and verifying x1; : : : ; xi. By using the P/Polydeterministi
 ma
hine to solve the last SAT problem, we are avoiding one level of the hierar
hy. As a result,this �pi ma
hine 
an solve (i+ 1)�TQBF, showing that the polynomial hierar
hy 
ollapses.
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Chapter 6
6.841/18.405J: Advan
ed Complexity Theory February 25, 2001Le
ture 06Le
turer: Madhu Sudan S
ribe: Mike Alekhnovi
hPS submission suggestions:- avoid if possible using PDF �les. Tex or PS are just �ne...- try to 
hoose a name of the �le that 
an identify yourself. Certainly names like \ps1.ps" is not a greatidea at all...Brief 
ontent:Today we will learn what randomized 
omputation is, will de�ne eight new 
omplexity 
lasses, and seeseveral interesting randomized algorithms.6.1 Randomized ComputationWhy do we 
are about randomized 
omplexity? Well, mostly physisists. It is their beleif that nature israndom and the system always evaluates to in
rease the entropy. How does this assumption alter our notionof \physi
ally realizable 
omputing"? As usual, in order to study this resour
e formally we de�ne a new
omplexity 
lass(es) and then try to relate them to earlier de�ned ones. It doesn't really matter if they arephysi
ally realizable, as long as it is mathemati
ally de�nable. However, it appears that this parti
ular oneis realizable, whi
h is very ex
iting.6.1.1 How to de�ne?In parallel to non-determinism there are two ways to introdu
e the resour
e formally:� As a 
omputation on Turing ma
hine with a spe
ial state R whi
h pi
ks randomly between two otherstates, and jumps to one of them.� As a 
omputation on two input turing ma
hineM(x; y); where x is our \real" input and y is a \random"string.We will give the se
ond variant of the de�nition. Let L be a language and and M be two input turingma
hine. Following the terminology of logi
al proof theory we 
an de�ne 
ompleteness and soundness of Mre
ognizing L: 06-30



� Completeness. This is the minimal probability of M a

epting a \true" word that belongs to thelanguage. Formally 
 = infx2LPry [M(x; y) a

epts℄� Soundness. This is the maximal probability that M a

epts a \wrong" word that is not in thelanguage. Formally s = supx62LPry [M(x; y) a

epts℄The 
ase s = 0 is re�ered as perfe
t soundness (no false positives), 
 = 1 as perfe
t 
ompleteness (no falsenegatives). Intuitively one 
an suggest 4 essentially di�erent patterns of 
 and s that make the language Lrandomly tra
table:- 
 > s,- 
 > 0; s = 0- 
 = 1; s < 1- 
 = 1; s = 0They exa
tly 
orrespond to the four randomized 
omplexity 
lasses (more pre
isely to the eight 
lassesbe
ause one 
an bound the time and the spa
e of the 
omputaion).6.1.2 Time bounded 
omputationIn this 
ase we require our ma
hine M(�; �) run in time polynomial in x (
learly this implies that we needonly polynomial number of random bits, so we 
an assume that jyj < jxjO(1)). A

ording to the four patternsof s and 
 the following 
lasses 
an be de�ned:� BPP (
 = 23 , s = 13 ): BPP (stands for bounded error probability polynomial) is a most generalrandomized 
lass. We admit our ma
hine do both types of error with bounded probability.� RP (
 = 23 , s = 0): we admit only one-sided error of reje
ting the \true" world.� 
oRP (
 = 1, s = 23 ): the 
lass dual to RP .� ZPP (
 = 1, s = 23 ): ZPP (stands for zero-equal probability) is a 
lass of randomized 
omputationswith expe
ted polynomial time.1). These 
lasses are robust with respe
t to 
 and s. As we (probably) will show in the sequel, the parti
ular
hoi
e of these 
onstants doesn't play any role, we 
an 
hoose them arbitrarily (as long as we preserve
onditions 
 = 1; s = 0).2). It is believed that 
lasses P and BPP are very 
lose to ea
h other, it is even 
onje
tured (although we arestill far from proving it) that P = BPP . Sadly, we don't have a 
omplete problem for BPP (in parti
ularthe natural idea with universal random ma
hine doesn't seem to work). However this 
lass 
ontains a lot ofother interesting problems.3). How does ZPP work? Noti
e that in this 
ase we don't admit any error, all we require of the ma
hineis to run on average in polynomial time. It is an exer
ise to show that ZPP = RP \ 
oRP: A naturalexample of a problem in ZPP is primality testing. It is not hard to show that PRIMES 2 
oRP . By amore sophisti
ated algorithm due to Adleman and Huang, PRIMES 2 RP as well. If we run both routinsin parallel then we get a ZPP primality testing algorithm.
06-31



6.1.3 Spa
e bounded 
omputationSo far we have seen polynomially bounded randomized 
omputation. What is our ma
hineM(�; �) is restri
tedto run in LOG�SPACE instead? Well, there are four 
lasses: BPL, RL; 
oRL and ZPL: They are de�nedanalogously to time bounded 
lasses, there are two 
at
hes though.Cat
h 1: we should require M run in polynomial time.Cat
h 2: in two input model we should provide only one-way a

ess to the se
ond input (the ma
hine
annot return to previously given random bits).6.1.4 Relationships with other 
lassesThe following in
lusions that relates randomized 
omplexity with other 
lasses are known:� RP � NP� 
oRP � 
oNP� BPP � PH� BPP � P=polyIt is open if BPP � NP; however BPP is 
ontained in the higher levels of polynomial hierar
hy. Later wewill prove some of these in
lusions. Let us now turn to some interesting problems in the de�ned 
lasses.6.1.5 RP and Polynomial Identity TestingPolynomial over integers is a �nite sumP = X
i1i2:::in 
i1i2:::in � xi11 � xi22 � ::: � xinn :We 
an de�ne degree of a single variable degxk(P ) as a maximal i for whi
h P 
ontains a term (xik � :::). Thetotal degree deg(P ) of a polynomial P is the maximal sum i1 + i2 + ::: + in over all non-zero 
oeÆ
ients
i1i2:::in .Example. P (x1; x2) = x21x32 + 3x31 + 4x42:For this polynomial, degx1(P ) = 3; degx2(P ) = 4 and deg(P ) = 5:Now we de�ne Polynomial Identity (to zero) Testing problem:Instan
e: polynomial A : Zn ! Z represented as an ora
le, an integer d = deg(A):Question: 9a1; :::; an A(a1; :::; an) 6= 0?Before we will give a randomized algorithm for this problem let us dis
uss some appli
ations and 
onse-quen
es. As posed, the problem naturally 
ontains in NPA: In fa
t, one 
an show that it doesn't belong toPA; thus this ora
le separates PA and RPA.Example of an appli
ation. Let Mij = P 
kxk be a matrix that 
ontains polynomials as elements. Letdet(M) be its determinant 
al
ulated by standard rules (thus det(M) is a polynomial over x). The questionis det(M) = 0?We 
an 
onsider det(M) as an ora
le, indeed for any spe
i�
 value of x we 
an 
al
ulate det(M)(x) by theGaussian method. Together with an algorithm for polynomial identity this gives us a randomized algorithmthat solves the problem. 06-32



Theorem. Polynomial identity testing 2 RP:Proof. We run the following algorithm:1). Set m = 3d2). Pi
k a1; :::; an independently from f1; :::;mg.3). If A(a1; :::; an) 6= 0 then a

eptelse reje
tThe question is why does this algorithm work? The soundness is trivially 0 (if there is no point for whi
hP 6= 0, we will never a

ept.) The 
ompleteness is less trivial and appeals to the following useful lemma:Lemma (S
hwartz). Let P (x1; :::; xn) be a non-zero polynomial over an arbitrary �eld and S be a �nitesubset of domain of P .Then Pra1;:::;an2S [P (a1; :::; an) = 0℄ � djSj :Proof by indu
tion. If n = 1 then the statement of the lemma is just the 
lassi
al theorem that degree dnon-zero polynomial 
annot have more than d roots. Assume that n > 1 and P (x1; :::; xn) is a polynomialof degree d. Consider a variable xn; let dn = degxn(P ): Let us represent P in the form:P (x1; :::; xn) = Q(x1; :::; xn�1)xdnn +R(x1; :::; xn)so that deg(Q) � d� dn and degxn(R) < dn.Let a1; :::; an be a randomly 
hosen subset of S. Let g(xn) = P (a1; a2; :::; an1 ; xn) be the univariatepolynomial that results after we repla
e ea
h x1; :::; xn�1 with a1; :::; an�1 in P . Clearly deg g � dn. De�netwo \bad" events: E1 : Q(a1; :::; an�1) = 0E2 : �E1 ^ g(xn) = 0Obviously if neither of them happens then P (a1; :::; an) 6= 0: Thus we need to estimate the probability ofthe event E1 _ E2: By the indu
tion hypothesis, Pr[E1℄ � d�dnjSj : If the event E1 does not o

ure then g 
anhave at most dn roots, thus we have Pr[E2℄ � dnjSj : FinallyPr[E1 _ E2℄ � Pr[E1℄ + Pr[E2℄ � djSj ;whi
h �nishes the proof.Now, applying the lemma we get
 = Pra1;:::;an2[1::m℄ [A(a1; :::; an) 6= 0℄ � 23 ;and the theorem follows.6.1.6 RL and Undire
ted S-T Conne
tivityAt the end we will brie
y des
ribe an example of a language in RL. Consider the followingUndire
ted S-T 
onne
tivity (USTCON) problem:Instan
e: Undire
ted graph G.Question: Is there a path 
onne
ting s to t?We present an algorithm based on the random walk:06-33



For n4 steps doPi
k a random neighbor v of uu := vIf u = t then stop and a

eptThe algorithm runs random walk over the matrix of G for a while. If it rea
hes t, it is 
learly 
onne
ted.If after a great deal of time it has not su

eeded, it reje
ts.Despite the inno
ent simpli
ity of the algorithm, the analysis is by far not that simple. In fa
t, for a longtime people had been thinking that USTCON is as 
omplex as STCON, till the following beautiful result wasproved by Aleliunas, Karp, Lipton, Lov�asz and Ra
ko�: For every 
onne
ted graph with high probabilitythe random walk will visit ea
h node in O(n3) steps.
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Chapter 7
6.841/18.405J: Advan
ed Complexity Theory February 27, 2002Le
ture 7Le
turer: Madhu Sudan S
ribe: Deniss �Cebikins1. Review of de�nitionsRe
all the de�nitions of BPP and RP.A language L is in BPP if and only if there exists a polynomial time Turing ma
hine M and a polynomialp su
h that Pry [M(x; y) a

epts℄ � 
 = 23 for all x 2LPry [M(x; y) a

epts℄ � s = 13 for all x =2 Lwhere jyj = p(jxj).A language L is in RP if and only if there exists a polynomial time Turing ma
hine M and a polynomial psu
h that Pry [M(x; y) a

epts℄ � 
 = 23 for all x 2 LPry [M(x; y) a

epts℄ = 0 for all x =2 Lwhere jyj = p(jxj).Our goal is to show that the above de�nitions do not really depend on the 
onstants 13 and 23 . In fa
t, in thede�nition of BPP these 
onstants 
an be repla
ed by any pair of 
onstants (
, s) provided that 0 < s < 
 < 1.Furthermore, we will show that instead of 
onstants we 
an use fun
tions 
(n) = 1�e�q(n) and s(n) = e�q(n),where n = jxj, and q is a polynomial.2. Example: ampli�
ation of RPWe start with an example of ampli�
ation that shows that a language with the following properties is in RP.Let L be a language for whi
h there exists a polynomial time Turing ma
hine M and a polynomial p su
hthat Pry [M(x; y) a

epts℄ � 1n2 for all strings x 2 L of length n7-35



Pry [M(x; y) a

epts℄ = 0 for all x =2 Lwhere jyj = p(jxj). To show that L 2 RP we will 
onstru
t another Turing ma
hine M 0 that satis�es the
onditions of the de�nition of RP stated above.Lemma. There exists a polynomial m(n) su
h that �1� 1n2 �m(n) � 13 .Proof. Put m(n) = 2n2. Then �1� 1n2 �m(n) � e�m(n)n2 = e�2 = 0:1353::: < 13 .Let M 0(�; �) be a Turing ma
hine with the following algorithm:-M 0 takes as input a string x of length n and a sequen
e �y = fy1; y2; : : : ; ym(n)g of strings, where jyij = p(n)and m(n) is a polynomial su
h that �1� 1n2 �m(n) � 13 .- For ea
h i between 1 and m(n) ma
hine M 0 simulates M on input (x; yi).- M 0 a

epts if and only if M(x; yi) has a

epted for some i.Clearly,M 0 is a polynomial time Turing ma
hine, and �y has polynomial length. Let us analyze the probabilityof \su

ess" of M 0. First of all, it is obvious thatPr�y [M 0(x; �y) a

epts℄ = 0 for all x =2 Lsin
e M(x; yi) will never a

ept if x =2 L. If x 2 L, and y1, y2, : : : , are 
hosen independently at random,then for ea
h i the probability thatM(x; yi) reje
ts is at most 1� 1n2 , therefore the probability thatM(x; yi)reje
ts for all i is at most �1� 1n2 �m(n), hen
ePr�y [M 0(x; �y) a

epts℄ � 1� �1� 1n2�m(n) � 23It follows that L 2 RP.3. Ampli�
ation of BPPIn this se
tion we will show that for every language L in BPP and every polynomial q there exists a polynomialtime Turing ma
hine M 0(�; �) and a polynomial u su
h thatPr�y [M 0(x; �y) a

epts℄ � 1� e�q(n) for all strings x 2 L of length nPr�y [M 0(x; �y) a

epts℄ � e�q(n) for all strings x =2 L of length nwhere j�yj = u(n).Sin
e L 2 BPP, there exist a polynomial time Turing ma
hine M and a polynomial p su
h thatPry [M(x; y) a

epts℄ � 
 for all x 2 LPry [M(x; y) a

epts℄ � s for all x =2 Lwhere jyj = p(jxj). To make our result stronger we will assume that 
 and s are arbitrary 
onstants satisfying0 < s < 
 < 1 rather than 23 and 13 .As in the previous se
tion, the input to the new ma
hine M 0 will be a string x of length n and a sequen
e�y = fy1; y2; : : : ; ym(n)g of independently sele
ted random strings su
h that jyij = p(n) for all i. We will seehow to 
hoose the polynomial m(n) later. 7-36



The algorithm of M 0 will be simple: for ea
h i, simulate M on input (x; yi) and a

ept if the fra
tion ofi's in f1; 2; : : : ;m(n)g for whi
h M(x; yi) has a

epted is at least 
+s2 . (Thus, for example, if s = 0:86 and
 = 0:88 then M 0 will a

ept if M(x; yi) a

epts for at least 87% of indi
es i in the set f1; 2; : : : ;m(n)g.)In our analysis of the probability of 
orre
tness of this algorithm we will use the following lemma.Lemma (Cherno� bound). Let D be a distribution on f0; 1g. Suppose that x1; x2; : : : ; xN are 
hosen inde-pendently from D. Let � = Ex2D[x℄. Then for any � the following inequality holds:Pr"�����PNi=1 xiN � ������ � �# � e��2�N2We apply the lemma in the following way. For 1 � i � m(n), de�neXi = � 1 if M(x; yi) a

epts0 if M(x; yi) reje
tsFirst let us 
onsider the 
ase x 2 L. Then � = E[Xi℄m(n) � 
. Put � = 
�s2 . ThenPr � the fra
tion of i in f1; 2; : : : ;m(n)g for whi
h M(x; yi) a

epts is smaller than 
+s2 � �� Pr�X1 +X2 + � � �+Xm(n) � �
+ s2 � �m(n)�� Pr"�����Pm(n)i=1 Xim(n) � ������ � 
� s2 # � e�( 
�s2 )2�m(n)2sin
e the distan
e from � to � 
+s2 � is at least � 
�s2 �. ThereforePr�y [M 0(x; �y) a

epts℄ � 1� e�( 
�s2 )2�m(n)2Similarly one 
an show that if x =2 L thenPr�y [M 0(x; �y) a

epts℄ � e�( 
�s2 )2�m(n)2In order to �nish the argument it remains to set m(n) = 2q(n)(
�s)2 .Here is an appli
ation of this result:Proposition (Adelman). BPP � P/poly.Proof. Suppose that L is in BPP. Then there exists a polynomial time randomized Turing ma
hineM 0 su
hthat x 2 L =) M 0 a

epts x with probability 1� 2�(n+1) or morex =2 L =) M 0 a

epts x with probability 2�(n+1) or lessWe 
laim that given n, there exists a string y su
h thatM(x; y) a

epts if and only if x 2 L for all x 2 f0; 1gn.(Hen
e y is the advi
e to M 
orresponding to inputs of length n.)Let us 
all a string y \bad" for x 2 f0; 1gn if x is in L and M(x; y) reje
ts, or else if x is not in L andM(x; y) a

epts. We will also say that y is \good" for x if it is not \bad" for x. For any �xed x we havePry [ y is \bad" for x ℄ � 2�(n+1)7-37



therefore Pry [9x 2 f0; 1gn j y is \bad" for x℄ � Xx2f0;1gnPry [ y is \bad" for x ℄ � 2n � 2�(n+1) = 12so Pry[ y is \good" for all x ℄ � 12 . The 
laim and hen
e the proposition follow.
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4. BPP and the Polynomial Hierar
hyWe will show in this se
tion that BPP � PH. In fa
t, we will prove that BPP � �P2 .Let L be a language in BPP. To show that L 2 �P2 we 
an represent the pro
ess of de
iding whether x is inL as a two round debate, in whi
h Player 1 tries to prove that x 2 L, and Player 2 tries to prove that x =2 L.Player 1 passes some information to Player 2, Player 2 then replies to Player 1, and after the dis
ussion anindependent \judge" de
ides the winner.Sin
e L 2 BPP, there exist a polynomial time Turing ma
hine M and a polynomial p su
h that M takes asinput a string x of length n and a random string y 2 f0; 1gp(n), andx 2 L =) M a

epts with probability of more than 12x =2 L =) M a

epts with probability of less than 12p(n)Let us �x x 2 f0; 1gn. In the two round debate Player 1 will try to �nd a bije
tion � : f0; 1gp(n) ! f0; 1gp(n)su
h that for every y 2 f0; 1gp(n) at least one of y, �(y) is \good" for x (re
all that y is \good" for x ifx 2 L,M(x; y) a

epts). Player 2 will attempt to prove by 
ounterexample that the bije
tion spe
i�ed byPlayer 1 does not satisfy the 
ondition. In other words, Player 2 will try to �nd a string y su
h that both yand �(y) are \bad" for x.Noti
e that if x =2 L then the fra
tion of \good" strings for x is too small for a satisfa
tory bije
tion � toexist.De�ne �r(x) = x� r. (Here \�" means XOR: for example, 01101� 10001 = 11100.)Sin
e the des
ription of a bije
tion between f0; 1gp(n) and f0; 1gp(n) is too long to be transmitted in poly-nomial time, let us 
onsider the following debate s
heme. Player 1 
hooses p(n) strings r1, r2, : : : , rp(n) oflength p(n), Player 2 
hooses a string y 2 f0; 1gp(n), and the \judge" de
ides the winner as follows: Player1 wins (i.e. x 2 L) if at least one of M(x; �y(ri)) a

epts, otherwise Player 2 wins (i.e. x =2 L).First let us show that if x 2 L then Player 1 
an always 
hoose r1; r2; : : : ; rp(n) su
h that the \judge"
on
ludes that x 2 L no matter what y is produ
ed by Player 2. We writePrr1;:::;rp(n)[M(x; �y(ri)) reje
ts℄ < 12=) Prr1;:::;rp(n)[M(x; �y(ri)) reje
ts for all 1 � i � p(n)℄ < 2�p(n)=) Prr1;:::;rp(n)[9y 2 f0; 1gp(n) su
h that 8i M(x; �y(ri)) reje
ts℄ < 1=) Prr1;:::;rp(n)[8y 2 f0; 1gp(n) 9i M(x; �y(ri)) a

epts℄ > 0The last inequality means that there exists a sequen
e r1; r2; : : : ; rp(n) su
h that for any string y the \judge"algorithm will 
on
lude that x 2 L.Now suppose that x =2 L. In this 
ase for any sequen
e r1; r2; : : : ; rp(n) generated by Player 1 there mustexist a string y su
h that the \judge" algorithm 
on
ludes that x =2 L. We havePry [M(x; �y(ri)) a

epts℄ � 12p(n) =) Pry [9i M(x; �y(ri)) a

epts℄ � p(n) � 1p(n) = 12hen
e for any sequen
e r1; r2; : : : ; rp(n) there exists y 2 f0; 1gp(n) su
h that M(x; �y(ri)) reje
ts for all i, asdesired. 7-39



The following algorithm with two alternations de
ides L: �rst nondeterministi
ally sele
t r1; r2; : : : ; rp(n),then verify that for all y 2 f0; 1gp(n) the \judge" algorithm determines that x 2 L. Sin
e it takes polynomialtime to run the \judge" algorithm for a parti
ular 
hoi
e of r1; r2; : : : ; rp(n) and y, it follows that L 2 �P2 .
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Chapter 8
6.841/18.405J: Advan
ed Complexity Theory Mar
h 4, 2002Le
ture 8Le
turer: Madhu Sudan S
ribe: Minh Nguyen8.1 Introdu
tionWhen we introdu
ed the notion of 
ir
uits, one of our hopes was to use 
ombinatorial te
hniques and 
ir
uitsto prove that P 6= NP . We would like to show exponential lower bounds on 
ir
uit size for fun
tions in NP,but the best we have been able to show is exponential lower bounds for 
onstant depth 
ir
uits.Today, we introdu
e the 
lass AC0 and prove a lower bound for the parity fun
tion. We do not introdu
ethe 
lass AC0 be
ause of its power but be
ause of the powerful te
hniques used in the proof (algebrai
te
hniques and randomization).8.2 Cir
uit depthWe 
onsider 
ir
uits with� NOT gates (unary fun
tion),� OR & AND gates with unbounded fan-in (the gates have an unlimited number of inputs and we takethe OR/AND of all the input bits).The depth of a 
ir
uit is de�ned as the longest path from input to output. (A 
ir
uit is an a
y
li
 graphso \longest path" is well-de�ned and eÆ
iently 
omputable)The size of a 
ir
uit is de�ned as the number of wires; if we are not interested in polynomial fa
tors, itis also the number of gates in the 
ir
uit. We have seen that the 
ir
uit size represents non-uniform time
omplexity. Cir
uit depth represents parallel time, i.e. how fast a parallel algorithm 
an solve a problem.The unbounded fan-in simulates 
on
urrent reading and writing on shared memory 
ells.We de�ne AC0 as the 
lass of 
onstant depth, poly-size 
ir
uits with unbounded fan-in OR and ANDgates.
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8.3 Parity fun
tionFor every n, the parity fun
tion is de�ned asLn : f0; 1gn ! f0; 1g,L(x1 : : : xn) =Pxi (mod 2).Sin
e the OR and AND gates have unbounded fan-in, the OR and AND fun
tions 
an be 
omputed in
onstant time. We will show that this is not the 
ase for the parity fun
tion.Theorem 8.1 If C is a 
ir
uit of depth d 
omputing the parity of n bits, then it must have size at least2n
(1=d) .Note that we are not proving an impossibility result for 
onstant depth 
ir
uits. For instan
e, there existsan exponential size 
ir
uit of depth 2 whi
h 
omputes the parity fun
tion by writing L(x1 : : : xn) in DNF(disjun
tive normal form= an OR of ANDs) form, WS2F(Vi2S xi � � � ). There is also a 
ir
uit of depth lognand size n whi
h 
omputes the parity of n bits. Hen
e we want to show that we 
annot have simultaneouslysmall size and small depth: the proof will have to 
onsider these two quantities together.History of this lower bound:1. Furst, Saxe, Sipser (83) introdu
e the method of random restri
tions. Their theorem is weaker, the
ir
uit size is superpolynomial in n.2. Yao (85) strengthens the theorem with an exponential lower bound using the same te
hnique.3. Hastad (87) obtains a simpler proof and a stronger exponential lower bound on the size of the 
ir
uit.4. Smolensky (87) proves the theorem by algebrai
 methods, this is the proof we'll see today.8.4 Polynomials over Z38.4.1 Z3We 
onsider Z3 = f�1; 0; 1g with arithmeti
 mod 3, where we think of 2 as �1 sin
e �1 � 2 (mod 3).There are two ways to represent the Boolean world in Z3:� The obvious one is f0; 1g � Z3,� The other one is to use the map � : f0; 1g ! f1;�1g, where �(0) = 1; �(1) = �1.The map � is linear: 8x 2 f0; 1g; �(x) = 1�2x and 8y 2 f1;�1g; ��1(y) = 1�y2 . We 
an swit
h from one rep-resentation to the other by a linear transformation over the inputs and think of a fun
tion f : f0; 1gn ! f0; 1gor f : f1;�1gn ! f1;�1g as fun
tions mapping Zn3 ! Z3.8.4.2 Polynomials over Z3Z3 is a �eld: polynomials over Z3 are well-behaved. In parti
ular, the S
hwartz lemma from the previousle
ture applies: if p : Zn3 ! Z3 is a non-zero polynomial of degree d, thenPr�a R Zn3 [p(�a) = 0℄ � d3Note that the S
hwartz lemma does not appear to be all that interesting in Z3: for instan
e, the polynomialx31�x1 is zero for any element of the �eld. However, we will �nd it useful sin
e we will en
ounter polynomialsof total degree one and for su
h polynomials the lemma guarantees that the polynomial evaluates to non-zerovalues on at least 2=3rds of the inputs. 8-42



8.4.3 ExamplesThe fun
tion AND(x1 : : : xn) : f0; 1gn ! f0; 1g 
an be 
omputed by the polynomial x1 �x2 : : : �xn. Similarly,OR(x1 : : : xn) = 1�Qni=1(1�xi). In ea
h 
ase, the fun
tion is 
omputed by a polynomial over Z3 of degree1 in ea
h variable. This 
omes from the following fa
t:Fa
t 8.2 For every f : f0; 1gn ! f0; 1g, we 
an �nd a polynomial q : Zn3 ! Z3 su
h that q has degree 1 inea
h variable and agrees with f on f0; 1gn.(proof using AND, OR fun
tions or using interpolation)We have a similar fa
t for g : f1;�1gn ! f1;�1g: g is 
omputed by some polynomial of degree 1 in ea
hvariable. Suppose that g(�(x)) = �(f(x)) and the boolean fun
tion f is represented by the polynomial p.Then g(y) is represented by the polynomial 1� 2[p � 1�y12 ; 1�y22 ; � � � ; 1�yn2 �℄.The parity fun
tion has a ni
e formulation in the f1;�1g representation:Mn : f1;�1gn! f1;�1g;M(x1 : : : xn) = nYi=1xi8.5 Proof of the theoremProof Idea The main intuition behind the proof are the following insights.� The degree of a fun
tion is a measure of its 
omplexity.� Parity has high degree sin
e L(x1 : : : xn) =Qni=1 xi.� Cir
uits in AC0 
ompute low degree fun
tions.There is a 
aveat in this reasoning: the fun
tions AND and OR have also degree n and belong to AC0! Butif we delete part of the input to the fun
tion, we 
an represent the rest with a small depth 
ir
uit and a smalldegree polynomial. We will show that AC0 \essentially" 
omputes only small degree polynomials. Theseideas are formalized in the next three lemmas.Lemma 8.3 If f : f0; 1gn ! f0; 1g is 
omputed by a depth d 
ir
uit of size s = 2no(1=d) , then there exista set S � f0; 1gn of size jSj > 34 � 2n and a polynomial p : Zn3 ! Z3 of total degree � (log s)O(d) su
h thatp(x) = f(x);8x 2 S.Lemma 8.4 If there exists a degree D polynomial p : Zn3 ! Z3 su
h that p(x) = L(x) for all x 2 S �f0; 1gn, then every Boolean fun
tion f : S ! f0; 1g is represented by a polynomial of total degree n2 +D andof degree 1 in ea
h variable.Lemma 8.5 If h1; � � � ; hN : S ! f0; 1g are su
h that for every f : S ! f0; 1g; 9�1; � � � ; �N su
h thatf =PNi=1 �ihi, then N � jSj.Proof of Theorem 1: Proof by 
ontradi
tion. Suppose there exists a 
ir
uit C of depth d and sizes = 2no(1=d) 
omputing the parity fun
tion.� By Lemma 3, the parity fun
tion is 
omputed on S of size jSj � 34 � 2n by a polynomial of degreeD � (log s)O(d).� By Lemma 4, every Boolean fun
tion on S is 
omputed by a polynomial of degree n2 + D � n2 +(log s)O(d). 8-43



� Let h1; � � � ; hN be all the monomials xi11 � � �xinn where ij 2 f0; 1g and P ij � n2 + D. Note thath1; � � � ; hN generate all Boolean fun
tions on S, hen
e by Lemma 5, we must have that N � jSj � 34 �2n.How many su
h monomials are there?N � n2+DXi=0 �ni� 
hoose how to distribute up to n=2 +D ones in a ve
tor of size nN � n2Xi=0 �ni�+ n2+DXi=n2+1�ni�N � 2n�1 +D � � 2npn� ea
h term �ni� for n=2 < i � n=2 +D is smaller than � 2npn�If we assume that s < 2no(1=d) , then Dpn � 14 and N < 34 � 2n. This 
ontradi
ts Lemma 5, hen
e thereis no su
h 
ir
uit C.
8.6 Proofs of lemmasProof of Lemma 5:Note that the set of fun
tions f : S ! f0; 1g are members of the ve
tor spa
e ZjSj3 that 
ontain the \unit"fun
tions fÆxgx2S where Æx(y) = 1 if y = x and 0 otherwise. Furthermore the Æx fun
tions are linearlyindependent of ea
h other. Thus any 
olle
tion of fun
tions h1; : : : ; hN that generate all the fun
tions fmust have size N � jSj. The following paragraph elaborates further on this proof.Every fun
tion f : S ! f0; 1g 
an be viewed as a ve
tor of size jSj over f0; 1g. We will ignore most ofthese fun
tions and just fo
us on the Æx fun
tions de�ned above. Consider the jSj � jSj matrix F whosexth row is the ve
tor 
orresponding to the fun
tion Æx. Note this matrix is simply the identity matrix. Nowsuppose there exists fun
tions h1; � � � ; hN : S ! Z3 su
h that for every fun
tion f : S ! f0; 1g, there exists�1; � � � ; �N 2 Z3. su
h that f =PNi=1 �ifi. In parti
ular, let �x;1; : : : ; �x;N be the multipliers needed to getthe fun
tion Æx. Let us represent the fun
tions h1; : : : ; hN as jSj dimensional ve
tors over Z3 as well, and
onsider the N by jSj matrix H whose rows are the ve
tors h1; : : : ; hN . Now let A be the jSj by N matrixwhose rows are indexed by x 2 S and 
olumns by index i 2 f1; : : : ; Ng and where the entry Ax;i = �x;i. By
onstru
tion, A �H = F ! Now we get jSj = rank(F ) = rank(A �H) � minfrank(A); rank(H)g � N .Proof of Lemma 4: Let S be a subset of f0; 1gn. Assume that L : f0; 1gn ! f0; 1g is represented by apolynomial p : Zn3 ! Z3 of degree D. Let T � f1;�1gn be the asso
iated set, T = f�(x)jx 2 Sg. Thenthe map �L : T ! f1;�1g; �L(y1 : : : yn) = Qni=1 yi agrees with the polynomial r(y) = 1� 2p �1�y2 � on theset T . r is a polynomial of total degree D: the hypothesis about the parity fun
tion holds in the f1;�1grepresentation as well.Consider a Boolean fun
tion f : S ! f0; 1g. Let g : T ! f1;�1g be the asso
iated fun
tion whi
h isrepresented by a polynomial, i.e. by a summation of monomials. Let fAig be monomials of total degree lessor equal to n=2 and fBig be monomials of total degree more than n=2.Qg =Xi �iAi +Xi �iBi8-44



Let Cj = Qni=1 xiBj (
omplement of the variables appearing in Bj). Then Bj � Cj = �L(x1 : : : xn) and inthe f1;�1g representation, Bj = Cj � �L(x1 : : : xn).Qg =Xi �iAi + �LXi �iCig is represented on T by the polynomial Qg of total degree at most n2 +D and of degree at most 1 in ea
hvariable (by substituting x2i = 1). Swit
hing ba
k to the f0; 1g representation, we have that the fun
tion fis represented by the polynomial Qf (x) = 1�Qg(1�2x)2 of degree n2 +D on S.
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Chapter 9
6.841/18.405J: Advan
ed Complexity Theory Mar
h 6, 2002Le
ture 9Le
turer: Madhu Sudan S
ribe: George SavvidesTopi
s for today:1. Proof of Lemma 1 from last le
ture2. Qualitative overview of the proof that PARITY 62 AC03. \Promise" problems, 
omplexity of Unique SAT9.1 Proving Lemma 1Re
all Lemma 1 from last le
ture:Lemma 9.1 If C is a 
ir
uit of size s and depth d and 
omputes fun
tion f then there exists a polynomialp : Zn3 �! Z3 of degree D � (log s)o(d) and a set S � f0; 1gn with 
ardinality jSj � 342n su
h that8x 2 S; p(x) = f(x)9.1.1 Proof sket
h� WLOG we will assume that the 
ir
uit C 
onsists of NOT and OR gates only (i.e we don't allow ANDgates). This restri
tion 
an only in
rease in the size and the depth of the 
ir
uit by a 
onstant fa
torsin
e, using DeMorgan's law, we 
an repla
e AND gates with an equivalent 
on�guration that usesonly OR and NOT gates (the number of OR and NOT gates will be proportional to the fanin of theAND gate whi
h is a 
onstant).� We then repla
e ea
h gate by a polynomial as follows:NOT gates We will use the polynomial p = 1 � x. This polynomial does the right thing whenx 2 f0; 1g. We won't bother with what happens when x = �1 (re
all that we are working in Z3)OR gates Likewise, we would like to repla
e ea
h OR gate with a low degree polynomial. In orderto do this, we will repla
e ea
h OR gate with a randomly 
hosen polynomial of degree log s (thepolynomial will be 
hosen independently for ea
h gate).9-46



� We will then show that for a �xed input to the 
ir
uit, any of these polynomials (repla
ing the gates)will 
orre
tly 
ompute the gate's output with probability at least 1� 14s [trivial for NOT gates, moreinteresting for OR gates℄.� For any �xed input, the error probability for ea
h (repla
ed) gate is at most 14s . Thus, a

ordingto the union bound, the probability that there exists at least one polynomial in the entire 
ir
uitwhi
h 
omputed the wrong result is at most 14s � s = 1=4 and so 
ir
uit produ
es the right result withprobability at least 1� 1=4 = 3=4.� We 
on
lude that there must exist polynomials of degree log s repla
ing the gates of a 
ir
uit C so thatthe entire 
ir
uit 
orre
tly 
omputes the output for 3/4 of all possible inputs.� Finally, we 
on
lude that the degree of the output fun
tion must be (log s)O(d).Questions and answersQ: Do we use the same polynomial to repla
e all the OR gates?A: No. Ea
h polynomial is 
hosen independentlyQ: What's our gain?A: In the original 
ir
uit, an OR gate may have up to s inputs. Instead of repla
ing them with degree-spolynomials (whi
h 
ompute the right result 100% of the time), we will randomly sele
t polynomialsof mu
h lower degree that will still end up 
omputing the right result most of the time.9.1.2 How to repla
e gates with low-degree polynomialsThe polynomial representing the entire 
ir
uitIn order to see what the fun
tion 
omputed by the \poly-repla
ed" 
ir
uit looks like, we noti
e that through-out the 
ir
uit we are repla
ing OR gates (with a fanin of size k) with polynomials of degree log s (inx1; x2; : : : ; xk). At the lowest level of the 
ir
uits, where all the the inputs to the gates (polynomials) are
onstants in f0; 1g, we have polynomials of degree log s. At the se
ond level, where the inputs to the poly-nomials are themselves polynomials of degree log s, we will have polynomials of degree log2 s. In general,if we have a polynomial of degree d1 and all its inputs are polynomials of degree d2, the output will be apolynomial of degree d1d2 (
an be proved using indu
tion). So 
ontinuing all the way to depth d, we seethat the resulting polynomial (whi
h 
omputes the output of the 
ir
uit) has degree � (log s)d.This polynomial will not be 
omputing the 
orre
t value for all inputs. However, for a �xed input and anindependent, random 
hoi
e of the polynomials to repla
e the OR gates, we will show that the probabilitythat a (repla
ed) gate 
omputes the wrong result is at most 1=4s. By the union bound, we get the rightvalues throughout the 
ir
uit with probability � 3=4. Noti
e that this requires that the 
hoi
e of polynomialsbe made independently of the 
hoi
e of inputs (i.e. the polynomials were not 
hosen to suit the input, or theother way around).Sin
e for a parti
ular input we have a 3=4 probability of getting the right result when the repla
ingpolynomials are 
hosen randomly, we 
on
lude that there must exist a parti
ular 
hoi
e of polynomials (notne
essarily the same for all gates) whi
h produ
es the 
orre
t result for at least 3=4 of all possible inputs tothe 
ir
uit.9.1.3 Finding suitable log s-degree polynomialsIn order to get some intuition about what those log s-degree polynomials might look like, it helps to re
all thatOR(y1; y2; : : : ; yk) is 1 if at least one of these variables is 1 and 0 otherwise. The polynomial 1�Qki=1(1�yi)9-47



always produ
es the right result. Unfortunately, it has degree k. If we allow for a non-zero error probability,we 
an bring the degree down to log s.We will see how we 
an 
onstru
t su
h polynomials in steps: We will �rst start with a degree-1 polynomial,then go to degree-two polynomials, and �nally degree-s polynomials whi
h 
ompute the right result withprobability 1� 14s .Degree 1 In order to 
onstru
t a degree-1 polynomial whi
h approximates OR(y1; y2; : : : ; yn), we simplypi
k a1; a2; : : : ; an 2R f1; 0;�1g (2R � \randomly sele
ted from"). We then 
onstru
t the polynomialp�a(�y) = kXi=1 aiyiwhi
h is of degree 1 and whose output is always 0 when all the y's are 0 (as it should be). But whathappens when its input is non-zero? It turns out that we 
an use the S
hwarz lemma to show thatPr�a [p�a(�y) = 0 if �y 6= 0℄ � 13To see why the S
hwarz lemma applies in this 
ase, 
onsider �xing �y 6= 0 and de�ning Q(�z) =Pki=1 ziyi.Then the probability that Q(�z) = 0 if Q 6� 0 is at most 13 . If we let �z be the random 
hoi
e of �a weused above, this probability remains the same.So, on a non-zero input, our polynomial is non-zero with probability � 2=3. But then it 
ould be either1 or �1!Degree 2 We 
an �x this �1 issue by simply squaring everything. Then:p2�a(�y) = [p�a(�y)℄2 = � 0 with prob. 1 if �y = 01 with prob � 2=3 if �y 6= 0Therefore, 8�y; p2�a(�y) produ
es the right result with probability � 2=3.Higher degree polynomials In order to boost this result, we noti
e that our degree-2 polynomial alwaysprodu
es the right result when �y = 0, but when �y = 1, it will not ne
essarily produ
e a 1. Thismotivates the following approa
h: pi
k �a1; �a2; : : : ; �a` at random and 
ome up with a polynomial that
omputes (with 100% a

ura
y) OR �p2�a1 ; p2�a2 ; : : : ; p2�a` ; �A polynomial that 
omputes the OR fun
tion of ` variables, ea
h of whi
h is a polynomial of degree 2,will have degree 2`. As for the 
orre
tness of the output, the probability that all ` polynomials insidethe OR fun
tion fail to produ
e the 
orre
t result is � ( 13 )`, so the probability that its result is 
orre
tis � 1� ( 13 )`. If we pi
k ` = log s we get the result we wanted: a polynomial of degree log s 
omputingthe OR fun
tion with a

ura
y 1� 14s .We then repeat the pro
ess for all the gates independently.9.2 Qualitative overview of the lower bound proof for PARITYHere's a summary of the proof of the main theorem we set out to prove last time (PARITY 62 AC0).1. If PARITY has a small depth, small size 
ir
uit C 
omputing it, then, sin
e C 
an be approximatedby a polynomial, PARITY will have a low-degree polynomial 
omputing it on most inputs.9-48



2. By 
hanging notations1, we have seen thatQni=1 xi has a \small degree" (say D) polynomial 
omputingit 
orre
tly on most inputs in f�1;+1gn.3. This allows us to say that every boolean fun
tion has a low degree2 polynomial 
omputing it onmost inputs. Therefore, every boolean fun
tion is in the linear span of a small number3 of monomialfun
tions.4. This leads to a 
ontradi
tion: the boolean fun
tions (and in parti
ular the Æx fun
tions given byÆx(y) = 1 i� x = y) require large bases on large domains. You 
annot have every boolean fun
tion inthe span of a small set of monomials. (see Le
ture 08 for details).Alternative Proof: There's an alternative proof in Spielman's notes from 2000 (le
ture 13?)http://www-math.mit.edu/ spielman/AdvComplexity/2000/9.3 Complexity of Unique SAT9.3.1 MotivationThe 
omplexity of Unique SAT was initially studied in the 
ontext of 
ryptography. In parti
ular, DiÆe andHellman had proposed a list of 
andidate one-way fun
tions and pro
esses whi
h 
ontained, among others,the following examples:1. Take a pie
e of 
ode written in a high-level language and 
ompile it. The pro
ess is demonstrably easyin one dire
tion, but 
onje
tured to be\hard" in the other2. Take a formula � and one of its satisfying assignments a, and delete a. That is: (�; a) �! �While the forward dire
tion is easy, the reverse is also 
onje
tured to be hard (
lari�
ation: it is notne
essary to retrieve the same a: any satisfying assignment will do).3. Take two prime numbers p; q and multiply them to get p � q. That is: p; q ! p � qAgain, one dire
tion (multipli
ation) is easy, while the other (fa
toring) seems harder.But how does the diÆ
ulty of fa
toring relate to the diÆ
ulty of �nding a satisfying assignment a of theprevious example? Several similar questions were being asked at the time:1. How did \
hanging the problem" a�e
t its hardness?2. What if (�; a) were 
hosen at random?3. What if � were an instan
e with a known satisfying assignment a?These were 
learly major gaps in our understanding of hardness. However, what bothered the 
ryptographersof the time most was another important question: going from (�; a) to � 
learly results in loss of information,while going from p and q to pq doesn't. In other words,� (�; a) �! � is an information-hiding map� p; q ! p � q is an information-preserving map (and a
tually a one-to-one fun
tion)1Noti
e that we 
an 
hange the representation from f0; 1g to f+1;�1g \for free" without 
hanging the degree of thepolynomials involved.2n=2 +D to be pre
ise3Pn=2+Di=0 �ni� to be pre
ise 9-49



Question: Could hardness be a property of information-hiding maps only?The hardness of unique-SAT provided a good starting point towards answering this question. Obviously,if � is known to have only one satisfying assignment, there is no information loss when going from (�; a) to�. However, does this make USAT any easier than SAT?9.3.2 Formalizing the problemPromise ProblemsA lot of questions in Complexity are phrased in the following way: \Can you solve the problem on instan
esI 
are about?"That's where promise problems 
omes into play. A promise problem � 
onsists of two sets, �YES and�NO, both of whi
h are subsets of f0; 1g� and whose interse
tion is the empty set. That is:� � = (�YES;�NO)� �YES;�NO � f0; 1g�� �YES \ �NO = ;Given a problem in �, our goal is to 
ome up with an algorithm A whi
h satis�es the following two
onditions:1. Completeness x 2 �YES =) A(x) a

epts2. Soundness x 2 �NO =) A(x) reje
tsIf algorithm A satis�es these two 
onditions, then we say that it solves our problem. Note that othervariants of this de�nition are also available. In parti
ular, the de�nition 
an be naturally extended to theprobabilisti
 world.Strings we don't 
are about: Noti
e that if �YES [�NO = f0; 1g� then solving the promise problem �is the same as de
iding the language �YES. Loosely, we say that in this 
ase the promise problem is just alanguage. The novelty of of promise problems is that it allows us to to spe
ify strings we don't 
are about,namely the strings in f0; 1g� � �YES � �NO. Our algorithms 
an feel free to do whatever they want whengiven an input from that set. (However, they do need to halt, a 
ondition that 
an easily be enfor
ed byusing a 
ounter.)There is a broad 
olle
tion of problems that fall into the 
ategory of promise problems, in
luding approx-imation algorithms and randomized algorithms.9.3.3 USAT as a promise problemConsider the following de�nition of USAT as a promise problem:� USAT = (USATYES;USATNO)� USATYES = �� j � has exa
tly one satisfying assignment	� USATNO = �� j � is not satis�able	
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9.3.4 Hardness of USATMoving ba
k to the 
ryptographi
 motivation, suppose we 
onsider the map (�; a) �! �, but now restri
t �to be a member of USATYES. Sin
e a is unique, this map is information preserving. However, now it is not
lear if this map is hard to invert. If we 
ould show that it is, then we would answer, negatively, the questionwe raised earlier about 
omplexity: I.e., \is intra
tability a 
onsequen
e of information-hiding?" To be moreformal, we will explore the question of whether USAT 2 P .It turns out that it isn't, as a dire
t 
onsequen
e of the following theorem due to Valiant and Vaziram:Theorem 9.2 SAT redu
es to USAT probabilisti
ally.If USAT 2 P then there exists an algorithm running in polynomial time whi
h solves this parti
ular problemwith probability 1poly(n) . More pre
isely, if USAT 2 P then NP = RP.The probabilisti
 redu
tion takes a formula � and 
reates another formula  with the following properties:1. � 2 SAT =)  2 USATYES with probability 1poly(n)2. � 62 SAT =)  2 USATNO with probability 1Noti
e that we have no idea how to boost the probability from 1poly(n) to something better in the �rst 
ase.Related question: Suppose that the redu
tion is given and that USAT 2 P . Can we use it to 
omputea satisfying assignment to the SAT problem?Answer: Yes. Use the self-redu
ibility of USAT.9.3.5 Main ideas for redu
tion from SAT to USATSay we have the universe f0; 1gn and a formula �. Let S = fa j �(a) = 1g. Suppose further that we knowM = jSj. We will do the following:We pi
k a random (hash) fun
tion h : f0; 1gn �! f0; : : : ;M � 1g. Then, with probability at least some
onstant 
, there exists an x 2 S su
h that h(x) = 0. De�ne  (x) as follows: (x) = �(x) ^ [h(x) = 0℄Noti
e that this is not really a SAT formula, but the 
ompleteness of SAT for NP indi
ates we 
an 
onvertthe above expression into a SAT formula, spe
i�
ally by solving the following exer
ise.Exer
ise: Given a 
ir
uit C : f0; 1gn ! f0; 1g show that it is possible to 
onstru
t, in time poly(jCj), a3CNF formula �(x;y), where x is a ve
tor of n variables and y is a ve
tor of at most jCj variables su
h thatfor every x 2 f0; 1gn C(x) = 1) 9!y s:t: �(x;y) and C(x) = 0) 8y; �(x;y) = 0:A simple probability 
al
ulation (omitted from today's le
ture) shows that if � is satis�able, then withsome 
onstant probability we also have h(x) = 0 for a unique x 2 S. If h 
ould be 
omputed eÆ
iently, thenthis redu
tion would also take only polynomial time and we would be done.Problems with this redu
tion:1. If h is random: we 
an not be able to spe
ify it su

in
tly or 
ompute it eÆ
iently.2. We don't really know M . 9-51



Solution:1. We will not require h to be 
ompletely random. Instead, we will require only pairwise indepen-den
e(de�ned below).2. We will guess M. It turns out that if we are within a fa
tor of 2, the probability 
al
ulations will stillwork out (so we only need to make logarithmi
ally many guesses).Pairwise independen
eDe�nition 9.3 H � ff : f0; 1gn �! f0; 1gmg is a pairwise independent family of hash fun
tions if for alla 6= b 2 f0; 1gn and 
; d 2 f0; 1gm the following holds:Prh2H [h(a) = 
 ^ h(b) = d℄ = � 12m�2In the de�nition above, noti
e two things:1. We only required that a 6= b. We do want the 
ondition to hold for all pairs (
; d) in
luding when
 = d.2. 2m is the size of the range of H.De�nition 9.4 H is ni
e if h 2 H 
an be (1) eÆ
iently sampled and (2) eÆ
iently 
omputedExample The following family of hash fun
tions is both pairwise independent and ni
e:� H = fhA;bg where� A is an m� n, f0; 1g matrix� b is an m-dimensional f0; 1g ve
tor� hA;b(x) = Ax+ b (all operations done mod 2)The proof is left as an exer
ise.In the next le
ture we will 
omplete the redu
tion from SAT to USAT using the two ideas above (pairwiseindependent hash h, and guessing M approximately).
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Chapter 10
6.841/18.405J: Advan
ed Complexity Theory Mar
h 10, 2002Le
ture 10Le
turer: Madhu Sudan S
ribe: David Prit
hardThe topi
s that will be 
overed today are:1. Completing the proof of the Valiant-Vazirani Theorem2. Introdu
tion to the \Counting Problem" 
lass #P3. Begin the proof of Toda's Theorem, PH � P#P10.1 SAT and USATLast 
lass we introdu
ed the problem of unique satis�ability, USAT. Unlike the other problems we have sofar dis
ussed, USAT is not a language but instead a \promise problem": we want a TM that will de
ide if agiven formula � is satis�able or not under the 
ondition that we promise the formula is either unsatis�ableor uniquely satis�able (that is, fxj�(x) is trueg is ; or has exa
tly one element). It is evident that USATis, in a sense, easier than SAT sin
e anything that de
ides SAT will also de
ide USAT. However, if USAT iseasy enough then another surprising 
on
lusion is true:Theorem 10.1 (Valiant-Vazirani) USAT 2 P implies NP = RP.We prove this by means of the following lemma, whi
h e�e
tively states that there is a randomized redu
tionfrom SAT to USAT:Lemma 10.2 In polynomial time we 
an probabilisti
ally redu
e a formula � 2 SAT to another formula  su
h that � =2 SAT)  =2 SAT, and � 2 SAT) with probability 1=poly(n);  is uniquely satis�able.(Here n in the number of variables in phi). Lemma 2 implies Theorem 1 be
ause, if USAT 2 P, then ourRP-ma
hine for solving SAT 
ould just perform this redu
tion polynomially many times (as many as isneeded to amplify the probability of �nding at least one 
orre
t redu
tion to a 
onstant) and a

ept i� ourUSAT solver a

epts any of these redu
tions1. We pro
eed, then, to prove the Lemma, as outlined in theprevious le
ture.1Sin
e  may be multiply-satis�able it is possible that we are giving the USAT solver problems outside ofUSATNOSUSATYES; however the one-way error of our redu
tion means that it 
ould only possibly a

ept formulae re-du
ed from a satis�able �. 10-53



10.1.1 Proving SAT redu
es to USATProof Strategy: Let  (x) = �(x) ^ h(x) = 0 for a suitably 
hosen h.First of all, we want to pi
k h from a pairwise independent, ni
e (as de�ned in the last le
ture) familyof fun
tions: so we will pi
k our h from the family fhA;b : x 7! Ax + bg where all operations are done inZ2, A is an m� n matrix, b is an m-element ve
tor, and all elements of A and b are 
hosen uniformly fromf0; 1g. (Note that these fun
tions take elements of Zn2 to elements of Zm2 , so the phrase \h(x) = 0" is ave
tor equality.) Note that if � is unsatis�able, it is immediate that � is unsatis�able also: so hen
eforth,we will 
on
ern ourselves only with the 
ase that phi has one or more satisfying assignments.The question remains, what should m be? Denote the set of all satisfying assignments of � by S, andlet M = jSj. If we know the value of M , it turns out (as we will see shortly) that taking m su
h that2m�2 � M � 2m�1 is a good 
hoi
e. However, there is no 
heap way to even approximate M , so what wedo is the following:Choi
e of m: Choose m randomly (and uniformly) from f2; 3; : : : ; n+ 1g.Sin
e � has between 0 and 2n satisfying assignments (its n boolean variables 
an only take on 2n distin
tvalues), we have a 1=n 
han
e of pi
king the 
orre
t m.10.1.2 How Well Does This Work?In the 1=n 
han
e that we have pi
ked the 
orre
t m, we would like to know how likely it is that our newformula has only one satisfying assignment.Lemma 10.3 If 2m�2 �M � 2m�1, then  is uniquely satis�able with probability � 1=8.ProofFor a given boolean n-ve
tor x in S, Let Gx be the event (h(x) = 0 ^ 8y 2 Snfxg; h(y) 6= 0). Note thatthe Gx are mutually ex
lusive. Now, 
all y 2 S \bad for x" if h(x) = h(y) = 0.We see that Pr[y is bad for x℄ is 1=2m � 1=2m, sin
e Pr[x=0℄=1=2m, Pr[y=0℄=1=2m, and h was sele
tedfrom a pairwise independent family of hash fun
tions. Thus, by using the union-bound, Pr[9y su
h that y isbad for x℄ � jS � fxgj=22m < M=22m. Hen
ePr[Gx℄ = Pr[h(x) = 0 ^ 8y 2 Snfxg; h(y) 6= 0℄ (10.1)= Pr[h(x) = 0 ^ :(9y : y is bad for x)℄ (10.2)= Pr[h(x) = 0℄� Pr[9y : y is bad for x℄ (10.3)> 12m � M22m (10.4)= (2m �M)22m (10.5)Whi
h in turn gives us Pr[ is uniquely satis�able℄ = Pr[9x : Gx℄ (10.6)> M � (2m �M)22m (10.7)= M2m � 2m �M2m (10.8)� 2m�22m � 2m�12m (10.9)= 1=8 (10.10)(where step 9 
omes from the inequality 2m�2 �M � 2m�1), whi
h 
ompletes the proof.Now, to 
omplete the proof of the lemma, we need only observe that this implies Pr[ is uniquelysatis�able℄ � Pr[m was 
hosen 
orre
tly℄�Pr[ is uniquely satis�able jm is 
hosen 
orre
tly℄ > 1=8n.10-54



10.1.3 Finishing UpWe still need to show that h(x) 
an a
tually be expressed as a boolean formula. By using a pro
ess similarto that des
ribed in the proof of the Cook-Levin theorem, we 
an rewrite h(x) as 9y : �(x; y). Roughlyspeaking, �(x; y) means \y represents a 
omputation of a TM 
al
ulating h(x), and h(x) = 0". Furthermoreit is evident from this pro
ess that at most one su
h y exists, so our new, uniquely satis�able (or unsatis�able)formula would be  (x; y) = h(x) ^ �(x; y).10.1.4 RemarksThis redu
tion is pretty remarkable, but there are stronger related redu
tions that remain open questions:� Is there a non-probabilisti
 redu
tion from SAT to USAT?� Is there a high-probability redu
tion from SAT to USAT?� Is there a redu
tion from SAT to USAT whose a

ura
y we 
an 
he
k in polynomial time?All of these questions have appli
ations in 
ryptography, sin
e USAT 
an be used to de�ne a 
ertain 
lassof one-way fun
tions (as mentioned in the last le
ture).10.2 The Classes #P and P#PConsider the problem of 
ounting how many satisfying assignments a parti
ular boolean formula has. HowdiÆ
ult is this problem? How 
an we relate it to other problems? These questions motivate the de�nitionof the 
lass #P :De�nition 10.4 #P is the 
olle
tion of all fun
tions f : f0; 1g� ! Z�0 de�ned by f(x) = jfyjM(x; y) haltsgj,where M is any polynomial-time (in terms of the �rst argument) TM.An equivalent de�nition would be to express f(x) as the number of a

epting paths for a poly-time NTMon input x. Note that this is a 
lass of fun
tions, not of languages; but we 
an 
hange a fun
tion f into thelanguage Lf = f< x; f(x) > jx 2 Zg and a language into a fun
tion to f0; 1g, so we mix the two freely.The 
lass P#P is the 
lass of polynomial-time 
omputable fun
tions on TMs that have ora
le a

ess toall #P fun
tions (its queries are of the form < M;x > where x is any string and M is a ma
hine of the typedes
ribed above).The redu
tions of Cook and Karp are useful in proving 
ompleteness in this 
lass, sin
e they 
an be madepreserve the number of se
ond-arguments for any parti
ular input; be
ause of this, some of the 
ompletefun
tions for P#P are:� #SAT: How many satisfying assignments does a formula � have?� #HAMCYC: How many hamiltonian 
y
les does a dire
ted graph have?� #CYC: How many (simple?) 
y
les does a dire
ted graph have? (Can be obtained from #HAMCYC).� How many mat
hings does a given bipartite graph have?� What is the permanent of a given matrix? (See below for de�nition).The fa
t that #CYC is 
omplete for this 
lass is quite surprising, sin
e determining whether a graph on nnodes has a 
y
le 
an be done in O(n4) time. The permanent of an n-by-n matrix A = fai;jg is given bythe formula permA = X�2Sn nYi=1 ai;�(i)10-55



where � 2 Sn means that we take the sum over all permutations � of f1; 2; : : : ; ng. It is used in physi
s, forexample to 
ompute the energies of 
ertain systems. The determinant 
an be de�ned by an almost-identi
alformula: detA = X�2Sn(�1)l(�) nYi=1 ai;�(i)where l(�) is the \length", or number of inversions in �. However, despite the formulas' similarities, thepermanent is P#P-
omplete and the determinant 
an be 
omputed in O(n3) time (by using Gaussian elim-ination, or LU-de
omposition)!We 
an see the upper bound P#P � PSPACE by a straightforward simulation argument; whether thisinequality is an equality is an open question. It is 
lear that NP; 
oNP � P#P sin
e we 
an just query theora
le with a SAT TM and return yes if at least one (respe
tively, all) of the 
omputation paths a

ept.BPP;RP; 
o-RP � P#P sin
e we 
an just 
ompute how many of the possible bran
hes a

ept and take themajority response. What about �P2 ? Toda's theorem answers this question:Theorem 10.5 (Toda) 8i;�Pi � P#P.We will (start to) prove this theorem after we introdu
e some notation.10.3 Complexity Class Operators and Toda's TheoremAn \operator" 
an be thought of a higher-order fun
tion: its input and output are 
omplexity 
lasses (setsof languages). We write the result of applying operator O to the 
lass C as O � C. A parti
ularly simpleoperator is :, de�ned by : � C = fLjL 2 Cg. In words, : � C is the 
lass of 
omplements of languages in C.Several other operators in
lude:� 9 : C 7! ffxj9y; (x; y) 2 LgjL 2 Cg� 8 : C 7! ffxj8y; (x; y) 2 LgjL 2 Cg� L : C 7! ffxj for an odd number of y; (x; y) 2 LgjL 2 Cg� BP : C 7! fL0j9L 2 C : (x 2 L0 ! L 
ontains at least a fra
tion 
(n) of (x; y); x =2 L0 ! L 
ontains atmost a fra
tion s(n) of (x; y); 
(n)� s(n) � 1=poly(n)gAlthough these de�nitions are quite te
hni
al, they are most easily understood by a few examples:� 9 � P = NP� 8 � P = 
oNP� BP � P = BPP� : � NP = 
oNP� 9 � �P3 = �P3� 8 � �P3 = �P4
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10.3.1 Overview of Toda's TheoremIn order to show that all �Pi � P#P, we pro
eed in several steps:1. �Pi � BP �L ��Pi�1, and �Pi � BP �L ��Pi�1 (Extends Valiant-Vazirani.)2. BP �L �P ampli�es error (Subtle.)3. L �BP �L �P � BP �L �L �P � BP �L �P (Surprising, but straightforward.)4. BP � BP �L �P � BP �L �P (Not surprising, straightforward.)5. BP �L �P � P#P (Completely separate theorem.)On
e we have shown all of this, an easy indu
tion proof shows that ea
h of the 
lasses �Pi 
an be 
ollapsedinto BP �L �P, whi
h means that they are all subseteqs of P#P.10.3.2 Proof of Step 1We need to prove: �Pi � BP �L ��Pi�1We will show that i-TQBF is in BP �L ��Pi�1, whi
h is suÆ
ient sin
e this is a 
omplete problem forthe 
lass. Consider the formula 9x18x2 : : :Qixi�(x1; x2; : : : xn): We pi
k a pairwise-independent, ni
e hashfun
tion h and 
onsider the number of solutions to 8x2 : : :Qixi�(x1; x2; : : : xn) ^ h(x1) = 0. With inversepolynomial probability, there will be exa
tly zero or one solutions: so applying L to this problem givesenough information to solve the original i-TQBF problem, and we are done.We also need to prove: �Pi � BP �L ��Pi�1. Consider�Pi = : ��Pi (10.11)� : � BP �M ��Pk�1 (10.12)= BP � : �M ��Pk�1 (10.13)= BP �M ��Pk�1 (10.14)We just proved the �rst assertion; the se
ond assertion follows, roughly, from the fa
t that BP is sym-metri
 in allowing errors on both sides (ie both falsely a

epting and falsely reje
ting strings). The thirdassertion 
an be thought of in two steps: �rst, that we 
an 
reate a 
omplement of a 
lass being operated onbyL by simply a

epting one additional se
ond-element for ea
h �rst-element in the 
lass (in other words,adding one to an even number makes an odd number and vi
e-versa); se
ondly, that the 
lass �Pk�1 is 
losedunder this operation.10.3.3 To Be Continued next 
lass...
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Chapter 11
6.841/18.405J: Advan
ed Complexity Theory Mar
h 13, 2002Le
ture 11Le
turer: Dan Spielman S
ribe: M.T. HajiaghayiIn this le
ture, we 
ontinue the proof of Toda's theorem, by proving some lemmas and theorems whoseproofs were missed in the previous le
ture. First we remind Toda's theorem.Theorem 11.1 (Toda 1988) PH � P#P .In the previous le
ture, we introdu
ed some interesting operators su
h as 9;8; BP; and �. Also, weintrodu
ed the steps of the proof. For example, we showed that PPi � BP � � �BP � � � � � �BP � � � P (Step1) and showed very brie
y how we 
an simplify the sequen
e of operations (Steps 3 and 4). Today �rst weprove Steps 3 and 4 more pre
isely. Then we dis
uss amplifying BP � � � P (Step 2) and �nally �nish theproof by showing BP � � � P � P#P (Step 5).Claim 11.2 For any 
lass C su
h as P that we 
an amplify BP � C,� � � � C = � � CBP � BP � C = BP � C� � BP � C � BP � � � C:Proof1) Let L be a language in C. Then x 2 �y � �z �L(x; y; z) means there is an odd number of y's for whi
hthere is an odd number of z's su
h that (x; y; z) 2 L. It is equivalent to that there is an odd number of (y; z)pairs for whi
h (x; (y; z)) 2 L.2) First we amplify 
lass BP � C. Let L be a language in C. Then x 2 BPy � BPz � L means for at least
(n) fra
tion of y's, where 
(n) � s(n) + 1poly(n) , for at least 1� 1exp(n) fra
tion of z's, we have (x; y; z) 2 L.Thus our new 
0(n) � (s(n)+ 1poly(n) )(1� 1exp(n) ). On the other hand, for x 62 L for at least 1� s(n) fra
tionof y's, for at most 1exp(n) fra
tions of z's we a

ept x. Thus for s0(n) � s(n) + 1exp(n) fra
tion of (y; z) pairs,we a

ept x. Here we 
an observe that still 
0(n) � s0(n) + 1poly0(n) .3) Let L be a language in C. Then x 2 �y � BPz � L i� there is a polynomial p1(n) and a languageL0 = BPz � L 2 BP � C su
h that (x; y) 2 L0 for an odd number of y's with length p1(jxj):Now, we amplify the error probabilities of the BP operator su
h that the error is less than 2�2p1(jxj).Then there is a polynomial p2(n) su
h that1. (x; y) 2 L0 ! Prjzj=p2(j(x;y)j)[(x; y; z) 2 L℄ > 1� 2�2p1(jxj)11-58



2. (x; y) =2 L0 ! Prjzj=p2(j(x;yj)[(x; y; z) 2 L℄ < 2�2p1(jxj)Using above fa
ts, we observex 2 �y � BPz � L) Prz[(x; y; z) 2 L℄ > 1� 2�2p1(jxj) for an odd number of y:x =2 �y � BPz � L) Prz [(x; y; z) 2 L℄ > 1� 2�2p1(jxj) for an even number of y:In other words for any y, Prz [(x; y; z) 2 L disagrees with (x; y) 2 L0℄ < 2�2p1(jxj):Thus, Prz[(x; y; z) 2 L disagrees with (x; y) 2 L0 for all y℄ < 2�2p1(jxj) � 2p1(jxj) = 2�p1(jxj):Therefore, x 2 �y � BPz � L) Prz [(x; y; z) 2 L for an odd number of y℄ > 1� 2�p1(jxj)and x =2 �y �BPz � L) Prz[(x; y; z) 2 L for an odd number of y℄ < 2�p1(jxj), as desired.Now, we dis
uss Step 2 of Toda's proof. To this end, �rst we need to introdu
e some ma
hinery, 
alledarithmeti
 on NTM. Let N1 and N2 be two NTM's. Let n1(x) and n2(x) be the number of a

ept paths of N1and N2 on an input x. We de�ne two new NTM's N+(x; y) and N�(x; y) su
h that n+(x; y) = n1(x) +n2(y)and n�(x) = n1(x) � n2(y). We 
an de�ne N+ on input (x; y) as follows:1. non-deterministi
ally 
hoose 1 or 2.2. if 1 then run N1(x)3. if 2 then run N2(y)Ma
hine N� is de�ned as follows:1. run N1(x)2. if a

ept(a) run N2(y)(b) if a

ept then a

ept else reje
t.3. else reje
tHere TIME(N+(x; y)) = maxfTIME(N1(x)); T IME(N2(y))g+ 1 and TIME(N�(x; y)) = TIME(N1(x))+TIME(N2(y)). Now we 
an observe that using the 
onstru
tions of N+ and N�, for any polynomial familyPn(a) of degree poly(n) with positive 
oeÆ
ients at most 2poly(n), we 
an take any ma
hine N that hasn(x) a

ept states and 
onform it to a ma
hine NP (x) that has Pjxj(n(x)) a

ept states and has polynomialrunning time (we 
an 
onstru
t the monomials X i by N� and the 
oeÆ
ients by N+).We 
an 
onsider NTM's by 
ir
uits. Assume we have two 
ir
uits C1; C2(Ci(�) =Mi(wi; �)) taking n-bitinputs and a

epting n1 and n2 inputs respe
tively. We 
an observe that 
ir
uit C+ given by C+(x; y) =C1(x)^C2(x) a

epts n1 �n2 inputs and 
ir
uit C� given by C�(x; y; b) = (b^C1(x))_ (�b^C2(x)) has n1+n2a

epting inputs. In the rest of the le
ture, we use the 
ir
uit model.Lemma 11.3 We 
an amplify BP � � � P .Proof For simpli
ity, we assume the error is one-sided. Let L 2 BPy � �z � P .� If x 2 L then for all y's, there is an odd number of z's for whi
h C(x; y; z) = 1.� If x 62 L then for at most 1� 1poly(n) fra
tion of y's there is an odd number of z's for whi
h C(x; y; z) = 1.11-59



Now for ampli�
ation, 
hoose y1; y2; � � � ; ym at random where m is polynomial in n. Now we 
an observethat �mi=1(#ziC(x; yi; zi) = 1) is odd i� 8i; the number of zi0s for whi
h C(x; yi; zi) = 1 is odd. Here we
an 
onstru
t su
h a polynomial using the 
on
ept of arithmeti
 on NTM introdu
ed above. Here if x 2 Lthen the probability that for all yi's, we get an odd number of z's is 1. On the other hand, if x 62 L withprobability at most (1� 1poly(n) )m we get an odd number of z's for all yi's. Now if m = n � poly(n) then theprobability is exponentially small in n.Now we 
onsider a slightly harder 
ase. Again let L 2 BPy � �z � P su
h that,� If x 2 L then for at most 1� 1poly(n) fra
tion of y's, there is an odd number of z's for whi
h C(x; y; z) = 1.� If x 62 L then for every y, there is an even number of z's for whi
h C(x; y; z) = 1.The main idea here is that we 
omplement parities, take produ
t and 
omplement the result. Morepre
isely, we 
hoose y1; y2; � � � ; ym at random where m is polynomial in n. Now we observe 1 + �mi=1(1 +#ziC(x; yi; zi) = 1) is odd i� 8i; the number of zi0s for whi
h C(x; yi; zi) = 1 is even. We 
an observethat if x 62 L then our error probability is zero and if x 2 L the error probability is at most (1� 1poly(n) )mwhi
h is exponentially small in n when m = n poly(n).Stri
tly speaking, in our above arguments, we need to 
onsider the 
ase where error is almost one-sided(e.g. a

ept with probability 1� exp(�n) vs. 1� 1=poly(n).) However almost nothing 
hanges in the proof.Finally, we prove Step 5 of Toda's proof.Theorem 11.4 BP � � � P � P#P .Proof Let L be a language in BPy � �z � P where y 2 f0; 1gm. First we introdu
e Pn(a), a family ofpolynomials, whose degree is poly(n) and whose 
oeÆ
ients are at most 2poly(n) satisfying the followingproperties:1. Pn(a) = 0 mod 22m if a = 0 mod 2.2. Pn(a) = �1 mod 22m if a = 1 mod 2.In fa
t, Pn 
an be 
onstru
ted as follows. Let h(x) = 3x4+4x3. We 
an easily 
he
k that x = 0 mod 2m !h(x) = 0 mod 22m and x = �1 mod 2m ! h(x) = �1 mod 22m (just plug in x = 0 and x = �1 + a2m inh(x)). Now, we de�ne h1(x) = h(x)h
(x) = h
�1(h(x))and let Pn(a) = hdlog 2me(a). We 
an 
he
k that Pn(a) has all aforementioned properties and its degree ispolynomial in m, whi
h is also polynomial in n (jyj is polynomial in n). We turn ba
k to the statement ofthe theorem. Let L = BPy � �z � L0. Using ampli�
ation mentioned in previous lemma, we know1. if x 2 L, then Pry[jfz : L0(x; y; z) = 1gj is odd℄ > 3=4; and2. if x 62 L, then Pry[jfz : L(x; y; z) = 1gj is odd℄ < 1=4.Thus to de
ide whether x 2 L or not, we only need to distinguish whether Pry[jfz : L(x; y; z) = 1gj is odd℄is more than 3=4 or less than 1=4.To distinguish these two in P#P , we 
ompute Py Pn(Pz#C(y; z)). Now for a �xed y, the value ofPn(Pz #C(y; z)) is either 0 or �1 mod 22m . Be
ause of the de�nition of Pn, we 
an 
ount the numberof y's for whi
h the value is -1. Now we 
an 
he
k whether Pry[jfz : L(x; y; z) = 1gj is odd℄ is more than3=4 or less than 1=4 by only one query of #P . Here the expression Pn(a) is a one-variable polynomial, andits degree is polynomial in n. Therefore using the 
on
ept of arithmeti
 on NTM, Pn(a) is 
omputable inpolynomial time.The rest of the proof of Toda's theorem is just putting Steps 1{5 together and using a simple indu
tion.11-60



Chapter 12
6.841/18.405J: Advan
ed Complexity Theory April 1, 2002Le
ture 12Le
turer: Madhu Sudan S
ribe: Grant WangIn this le
ture, we introdu
e the 
on
ept of intera
tion in 
omputation, dis
uss the motivation, andenumerate a few results.12.1 Motivation for intera
tionThe motivation for intera
tion 
ame from the �eld of 
ryptography. Consider the following s
enario:Suppose a user X wishes to log into a 
omputer C remotely, where he has stored private data. Here, theuser wishes to 
onvin
e C that he is indeed X , and C wishes to verify that the user is X . The 
omputer andthe user talk ba
k and forth until C is either sure the user is X or not. In su
h a situation, the user and the
omputer desire the following property: even if an eavesdropper E has overhead the 
onversation betweenX and C, E 
annot later su

eed in logging on as user X .Note that typi
al password se
urity me
hanisms fail to uphold su
h a property, e.g. telnet.We 
an view su
h an intera
tion as a proof of knowledge: User X wants to prove her identity to C,yet does not want to reveal any other knowledge about herself. The 
hallenge/response s
heme that is the
onversation between X and C is an intera
tive proof.12.2 De�nition of Intera
tionMore 
on
retely, an intera
tive proof 
onsists of two parties, a prover P and a veri�er V , and a string w. Theveri�er is trying to verify some fa
t of w, and the prover P is attempting to prove this to the veri�er aboutw. The veri�er V is allowed to 
ip random 
oins that only he 
an see, whi
h we model here by a randomstring R. Initially, he 
omputes a fun
tion of both w, R denoted by q1 = q1(w;R), whi
h he sends to theprover P . The prover re
eives q1, and 
omputes its own fun
tion of w and q1, denoted by a1 = a1(w; q1).This 
ontinues for k rounds, until V re
eives ak from the prover P . V then 
omputes a verdi
t fun
tionof the 
ommon knowledge w, random string R, and the answers a1 : : : ak from the prover, i.e. V 
omputesverdi
t(w;R; a1 : : : ak) = 0=1. If the veri�er is 
onvin
ed, the verdi
t will be 1, and if the veri�er is not
onvin
ed, the verdi
t will be 0.Formally, a veri�er is a 
olle
tion of fun
tions (q1(�); : : : qk(� � � )), with a verdi
t fun
tion verdi
t(�),where ea
h of the fun
tions 
an be 
omputed in probabilisti
 polynomial time, and a prover is a 
olle
tion12-61



of fun
tions (a1(�) : : : ak(�)), whi
h are ea
h 
omputationally unbounded. We 
an think of the languagea

epted by a �xed veri�er V . We say that V a

epts a language L with 
ompleteness 
 and soundness s, if:w 2 L ) 9P s.t. PrR [verdi
t(P $ V ) = 1℄ � 
w =2 L ) 8P s.t. PrR [verdi
t(P $ V ) = 1℄ � s12.3 Intera
tive Proofs for Graph Non-isomorphismLet � : f1 : : : ng : f1 : : : ng be a permutation relabeling the verti
es of a graph G. We write su
h a relabelingas �(G). We say that a graph G is isomorphi
 to H if there exists a permutation � su
h that �(G) = H , i.e.G and H are really the same graph under a di�erent labeling.Clearly, it is easy to prove that a graph G is isomorphi
 to a graph H : I 
an give you the permutation �,and you 
an 
he
k that �(G) = H . But how 
an I prove to you that G and H are non-isomorphi
? Thereis a 
lever intera
tive proof for graph non-isomorphism.Given graphs G and H , the veri�er pi
ks a random permutation �, and 
hooses F to be G orH randomly.Then, he applies �(F ) and sends this to the prover. The prover wants to show the veri�er that G and Hare non-isomorphi
. The prover sends ba
k F 0 2 fG;Hg, whi
h is his guess as to whi
h graph F the veri�erpi
ked. The veri�er a

epts if F = F 0.Note that the 
ompleteness is 1. If the graphs are non-isomorphi
, the prover that 
orre
tly identi�esF to be isomorphi
 to either G or H will for
e the veri�er to always a

ept. Note that the prover is
omputationally unbounded, so he 
an a
hieve this by trying all permutations � and applying them to Fand determining if �(F ) = G or �(F ) = H .The soundness is 12 . If the graphs are isomorphi
, the prover 
annot identify F to be G or H sin
eF = �(G) = �0(H). The best he 
an do is guess G or H at random, whi
h will be 
orre
t 12 of the time.12.4 Resour
es for Intera
tive ProofsWhat are the resour
es that a�e
t the 
omputational power of intera
tive proofs? We have already stated thatV 
onsists of probabilisti
, polynomial-time 
omputable fun
tions, and that P is 
omputationally unbounded.We also have other resour
es:� Number of rounds of intera
tion: 1, 
onstant, polynomially many rounds?� One-sided error vs. two-sided error� Se
re
y: private 
oins vs. publi
 
oinsOf these three resour
es, se
re
y seems to be essential. Consider the intera
tive proof for graph noniso-morphsim above. If the veri�er allowed his random 
hoi
e of G;H to be known to the publi
, the prover
ould always answer 
orre
tly. Later, we will see the surprising result that publi
 
oins are equivalent toprivate 
oins.12.5 Intera
tive Proofs and Arthur-Merlin gamesThe notion of intera
tion was developed independently by Goldwasser, Mi
ali, and Ra
ko� (here it was
alled intera
tive proofs) and Babai (here known as Arthur-Merlin games). Whereas the motivation forGoldwasser, Mi
ali, and Ra
ko� was 
ryptographi
, the motivation for Babai was 
omplexity-theoreti
.The key di�eren
e between Arthur-Merlin games and intera
tive proofs (as de�ned by Goldwasser, Mi
aliand Ra
ko�) is publi
 
oins vs. private 
oins. In Arthur-Merlin games, all the 
oins that the veri�er (Arthur)
ips randomly are known to the prover (Merlin).12-62



For intera
tive proofs, we write IP[k(�)℄ to be the 
lass of languages whose veri�er has k(n) rounds ofintera
tion with 
ompleteness 23 and soundness 13 . De�nitionally, IP=IP[poly(�)℄.For Arthur-Merlin games, we write AM to be the 
lass of languages de
ided when Arthur 
ips somerandom 
oins, Merlin 
omputes an answer a, and Arthur 
hooses to a

ept or reje
t deterministi
ally. Wewrite AM[k(�)℄ to be k(n) rounds where Arthur 
ips random 
oins, and Merlin 
omputes an answer adependent on those random 
oin 
ips. We write MA to stand for the 
lass of languages a

epted whenMerlin �rst speaks, and then Arthur de
ides to a

ept or reje
t when he 
an 
ip 
oins. Similarly de�neAMAMA, and AM.12.6 Relations between 
omplexity 
lassesIt turns out that in intera
tive proofs (and Arthur-Merlin games), one round of intera
tion is equivalent inpower to any 
onstant number of rounds. We believe that poly(n) number of rounds is greater in power,be
ause if poly(n) rounds was equivalent to a 
onstant number of rounds, the polynomial hierar
hy 
ollapses.The surprising result, due to Goldwasser and Sipser, is that private 
oins are equivalent to publi
 
oins,i.e. AM[k(�)℄ = IP[k(�)℄. De�nitionally, however, we refer to AM as intera
tive proofs with publi
 
oins inone-round, and IP as intera
tive proofs with private 
oins in polynomially many rounds.12.7 Results for Arthur-Merlin gamesLemma 12.1 AM[k℄ = AM, for all 
onstants k.Proof Idea The proof idea behind this is one we've already seen. We 
an think of Arthur-Merlin games interms of operators on 
omplexity 
lasses, as we did in the proof of Toda's theorem. That is, AM = BP �9�P ,and AMAM = BP � 9 � BP � 9 � P . If we 
an show that 9 � BP � 9 � P � BP � 9 � 9 � P , we will have thatAMAM � AM, and pro
eeding by indu
tion, we 
an prove the 
laim.Lemma 12.2 AM[k(n)℄ = AM[k(n)
 ℄, for all 
onstants 
This is analogous to the speedup theorem for Turing ma
hines: we 
an always de
rease the number ofrounds by a 
onstant fa
tor without losing any power.Lemma 12.3 AM with 2-sided error = AM with 1-sided error12.8 IP vs. AMWe have the following results relating IP and AM:Theorem 12.4 (Goldwasser-Sipser) AM[k(�)℄ = IP[k(�)℄, for all k(�)This is the surprising result that publi
 
oins are equivalent to private 
oins.Theorem 12.5 IP � PSPACETheorem 12.6 IP = IPTheorem 12.7 PSPACE � IP
12-63



Note that by IP = PSPACE, we get that IP = IP, sin
e we know PSPACE is 
losed under 
omplement.It is not known how to prove that IP is 
losed under 
omplement without IP=PSPACE. The result thatPSPACE � IP was obtained in the 90's in two papers, one by Lund, Fortnow, and Nisan and the other byShamir. As a 
onsequen
e of IP=PSPACE, Condon, Feigenbaum, Lund, and Shor show that playing (ina solitaire manner) Mah-Jong (where tiles are sta
ked up randomly, and one 
an win by removing all tilesthrough the single a
tion of removing mat
hing pairs of tiles) is equivalent in diÆ
ulty to playing intera
tivelythe optimal GO player.We will see these results in the next few le
tures.
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Chapter 13
6.841/18.405J: Advan
ed Complexity Theory April 3, 2002Le
ture 13Le
turer: Madhu Sudan S
ribe: Jason Hi
keyIn this le
ture we will show the following:1. IP � PSPACE.2. IP[poly℄ � AM[poly℄3. IP[k℄ � AM[k℄13.1 IP and PSPACEHere we will show the \easier" dire
tion of the proof that IP = PSPACE. That is, the proof that IP �PSPACE. For 
on
reteness, we will use 
 = 2=3 and s = 1=3 for the 
ompleteness and soundness of IPrespe
tively. The idea is that for a �xed veri�er V for some language A 2 IP and some string w, we 
an
ompute in polynomial spa
e whether or not there exists a prover P su
h that:PrR [verdi
t(P $ V ) = 1℄ � 2=3This probability is the de�nition of x 2 A. This will be done by 
omupting the greatest probability ofa

eptan
e indu
tively over the rounds of message history. If this probability is greater than 2=3, then su
ha prover exists.Theorem 13.1 IP � PSPACEProof Let A

(w; q1; q2; :::; qi; a1; a2; :::; ai) be the a

eptan
e probability of a message stream that hasbeen spe
i�ed up to the ith stage.It is 
lear that we 
an 
ompute A

(w; q1; q2; :::; qn; a1; a2; :::; an) where the intera
tion has a total of nstages, as the fun
tion is 
ompletely spe
i�ed.Assuming that we have 
omputed the probability of a

epting from the i + 1 stage of the message stream,we 
an 
ompute the probability of the ith stage as follows. Given all questions so far, we 
an 
ompute the13-65



set S of all random strings R that generate the message stream up to that point. For ea
h R 2 S, we 
an�gure out what qi+1 will be. So, we 
an 
ompute:maxai+1 [A

(w; q1; q2; :::; qi+1; a1; a2; :::; ai+1)℄Thus, we 
an 
ompute A

(w) in polynomial spa
e, and this is exa
tly PrR [verdi
t(P $ V ) = 1℄. Therefore,A 2 PSPACE.13.2 IP[poly℄ � AM[poly℄IP 
orresponds to the 
ase where the prover does not have a

ess to the results of the random 
hoi
es theveri�er makes. AM is the 
ase where the prover 
an a

ess the random 
hoi
es. The task is to show thatmaking the 
hoi
es private does not add any power.Theorem 13.2 IP[poly℄ � AM[poly℄Proof First, we will �x an IP veri�er V and an input string w. We will 
onsider an \intera
tion tree"for an intera
tive proof. This tree 
onsists of nodes 
orresponding to the history of the intera
tion up to agiven point and edges 
onne
t these nodes to nodes that represent immediate su

essors to this history. Theleaves of this tree will be labelled a

ept or reje
t depending on whether the intera
tion 
orresponding to thepath from the root of the tree to that leaf a

epted or reje
ted w. We 
an assume without loss of generalitythat questions are bits. (A question 
an be 
onverted into binary and then sent one bit at a time). Also, it
an be assumed that ea
h path through the tree 
orresponds to a unique random string. (It is possible toassure this by adding questions that depend spe
i�
ally on the random string).We will de�ne N� to be the number of a

epting leaves in a the subtree of the intera
tion tree rootedat �. Let the root of the tree be denoted start. The goal is to �nd Nstart.The goal of the AM Veri�er (Arthur) is to verify that Nstart is at least 2k=3, where k is the number ofrandom strings. At a given node r with 
hildren r0 and r1 in the tree, the Prover (Merlin) will send ArthurMr, Mr0 , and Mr1 . Arthur wants to verify that Mr = Nr, Mr0 = Nr0 , and Mr1 = Nr1 . Arthur does this by
he
king Mr =Mr0 +Mr1 and re
ursively verifying Mr0 or Mr1 . It is 
lear that Arthur 
annot verify both
hildren of every node in a polynomial number of steps, so Arthur must only 
hoose one path to explore.Arthur pi
ks the node to explore as follows: pi
k node r0 with probability Mr0=(Mr0 +Mr1), and pi
k noder1 otherwise. The 
ompleteness and soundness 
laims that follow establish the validity of this method.The 
ompleteness of this method is 1 be
ause there is zero 
han
e of pi
king a node with value 0.For the soundness, Pr[a

epting at a node �℄ � N�M�This 
an be proved indu
tively. If � is a leaf, it 
learly holds be
ause N� = 0 or 1.Assume that the 
laim holds for the 
hildren �0 and �1 of �. Then,Pr[a

epting at �℄ = M�0M�0 +M�1 Pr[a

epting at �0℄ + M�1M�0 +M�1 Pr[a

epting at �1℄By the indu
tive hypothesis,� M�0M�0 +M�1 N�0M�0 + M�1M�0 +M�1 N�1M�1 = N�M�(The above theorem is due to [Goldwasser-Sipser℄ and [Furer-Goldrei
h-Mansour-Sipser-Za
hos℄. The proofis due to [Kilian℄.) 13-66



13.3 IP[k℄ � AM[k℄First, we will introdu
e a proto
ol for approximate set size that will be used in the proof of IP[k℄ � AM[k℄.The problem is as follows:Suppose S � f0; 1gn and has size either jSj � BIG = 2m or at most SMALL = 2m100 , where m is on the orderof pn. Also, Arthur 
an test membership of S. The question is, 
an Merlin 
onvin
e Arthur that S is BIG?The proto
ol for doing this is 
alled the Goldwasser-Sipser proto
ol (GS):� Merlin pi
ks a hash fun
tion h : f0; 1gn ! f0; 1gm�4 and it sends to Arthur.� Arthur pi
s y 2 f0; 1gm�4 and sends it to Merlin.� Merlin responds with x 2 S su
h that h(x) = y.Soundness:If jSj � 2m100 , then for any h, at most 2m=1002m�4 = 16100 � 13of the y's will have an x 2 S su
h that h(x) = y.Completeness (sket
h):The idea is that we expe
t 16 elements of S to map to a given y. Pairwise independen
e implies that any�xed y is in the range of an h with probability 9/10. Markov's inequality implies that the number of y's
overed is � 2=3 with probability 2/3.Theorem 13.3 IP[k℄ � AM[k℄Proof We will only prove IP[1℄ � AM[O(1)℄, but extension to arbitrary k follows similarly.We will provide an AM [O(1)℄ proto
ol to de
ide an aribtrary language in IP[1℄. The proto
ol is as follows:� Fix a veri�er V with 
ompleteness 2/3 and soundness 1=poly, and an input w.� Let Q = f1; :::; qi; :::g be the set of all possible questions and A = f1; :::; ai; ::g is the set of all possibleanswers.� For all q 2 Q and a 2 A, let Saq be the set of all random strings R su
h that V (R;w) = q andV (R;w; a) = a

ept. Let a�q be the answer that maximizes Saq .� Let r be the length of random strings.� So, Xq2Q ���Sa�qq ��� = (probability of a

eptan
e) � 2r� Assume for simpli
ity, that ���Sa�qq ��� = 0 or 2l or for every q. Now Arthur needs to be 
onvin
ed that9 23 � 2r�l q's su
h that jSq j � 2l.� Q = Q0SQ1:::SQr, where Qi = fqj2i � jSq j � 2i+1g.13-67



� Sin
e, Xq2Q ���Sa�qq ��� � rXi=1 2ijQij � 2r3Only the last inequality needs to be veri�ed.� It needs to be veri�ed that 9i su
h that 2ijQij � 2r3r .� Now run 2 GS proto
ols one after the other.� Merlin will prove jQij � 2r3r�2i .� Merlin sends h, Arthur queries with y and Merlin sends q 2 Qi su
h that h(q) = y (This is the �rstGS proto
ol).� Arthur must now verify that jSq j � 2l. Run another GS proto
ol to a
hieve this.Thus, only a 
onstant number of rounds is needed to de
ide a problem in IP[1℄.
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Chapter 14
6.841/18.405J: Advan
ed Complexity Theory April 08, 2002Le
ture 14Le
turer: Madhu Sudan S
ribe: Dah-Yoh LimIn this le
ture, we will show that IP � PSPACE; together with IP � PSPACE (proved last le
ture),this 
on
ludes our prove that IP = PSPACE. A
tually, we will �rst prove that #P � IP , then introdu
estraight line programs of polynomials to aid us in proving IP � PSPACE.14.1 #P � IPSuppose that we have a formula �, and we wish to 
ount the number of satisfying assignments, #�, bysetting up an intera
tive proto
ol. If the prover 
laims that #� = N , how 
an we 
he
k it? Using theself redu
ibility of SAT , we 
an progress down the self redu
ibility tree, and try to verify 
onsisten
y atevery level. Let �0 denote the formula � with its �rst variable set to 0, i.e. �0 = �(x1 = 0); likewise, let�1 = �(x1 = 1). Say that the prover tells us that �0 = N0 and �1 = N1. Therefore, the veri�er should try to
he
k that #� = N by 
he
king that N = N0 +N1 = (N00 +N01) + (N10 +N11) and so on, until it rea
hesthe nodes where all the varibles have been assigned, at whi
h point it 
an dire
tly 
he
k the prover's 
laimby evaluating the formula. The problem is that the tree is exponential, so the polynomial-timed veri�er
annot walk down the whole tree.The way out of this is to 
hange the logi
al 
omputations to arithmeti
 
omputations, so that we 
ansomehow 
ombine the 
he
ks. This is done by setting up an arithmeti
 way of looking at #SAT .14.1.1 Arithmetizing SATConsider the following 
orresponden
e:Boolean Constru
ts Arithmeti
 Polynomialsvariables: xi ziliterals: xi, :xi zi, (1� zi)
lauses: Cl = xi _ xj _ xk Pl = 1� (1� zi)(1� zj)(1� zk)formulae: �(x1; :::; xn) = ^ml=1Cl Q(z) = �ml=1Pl(z)Note:1. For our purposes, we 
an think of the arithmeti
 as done over Z, Zp, or F.2. For a 2 f0; 1gn, Q(a) = 1 i� a satis�es �.14-69



3. Q is a polynomial of total degree � 3 �m.4. #� = �a2f0;1gnQ(a)14.1.2 #SAT 2 IPSo now, instead of working on the N�s dire
tly (where � 2 f0; 1g), we 
an work with the analogousQ�s (where � 2 f0; :::; p � 1g); all 
al
ulations are done modulo p. We should think of p as a verylarge prime (we will determine its value later). This generalizes our previous self-redu
ibility tree, a bi-nary one, to a p-nary tree. At the root node we have Q� def= �a2f0;1gnQ(a) ; at level one, we haveQ0 def= #� = �a2;:::an2f0;1gQ(0; a2; :::; an), Q1 def= #� = �a2;:::an2f0;1gQ(1; a2; :::; an), and in general,Q� def= #� = �a2;:::an2f0;1gQ(�; a2; :::; an).Suppose the prover 
laims that Q� = #� = N , and it gives Q0 = N0; Q1 = N1; :::; Qp�1 = Np�1 tosupport its 
laim. Consider the polynomial p(x) = �a2;:::;anQ(x; a2; :::; an), a univariate fun
tion of x (theother variables are being summed over); p(x) is still a polynomial of degree � 3 �m, be
ause it is just a sumof polynomials all of degree � 3 �m.The proto
ol starts as follows:1. The prover gives Q�; Q0; Q12. The veri�er veri�es that Q� � 2n and reje
ts if not. The veri�er asks for the polynomial p(x) def=�a2;:::;anQ(x; a2; :::; an).3. The prover responds with h(x) (by sending the 
oeÆ
ients).4. The veri�er veri�es that h(x) is of degree � 3 �m, Q0 = h(0), Q1 = h(1), and Q� = Q0 +Q1(modp);if any one fails, it reje
ts. Now it pi
ks a random � 2 Zp and sents it to the prover, asking it to provethat the polynomial p(�) as de�ned would evaluate to Q�.Re
ursively:2j. The veri�er is trying to verity that Qb = �s2f0;1gn�iQ(b; s), where the ve
tor b = b1b2 � � � bi representsthe sequen
e of 
hoi
es that the veri�er made (at random) from the root to the 
urrent node. Now,the veri�er asks for the polynomial p(x) def= �s02f0;1gn�i�1Q(b; x; s0).2j+1. The prover responds with a h(x).2j+2. The veri�er veri�es that h(x) is of degree � 3 �m and Qb = h(0) + h(1)(modp); if any one fails, itreje
ts. Now it pi
ks a random � 2 Zp and sents it to the prover, asking it to prove that the polynomialp(�) as de�ned would evaluate to Qb�.... ...2n+4. At the end, the veri�er 
an verify dire
tly the 
laims, sin
e Qa = Q(a), where a is the ve
tora = a1a2 � � � an.Proof of Corre
tness of the proto
olSo far, we have only outlined the proto
ol, without any 
laims- this allows us to separate the proto
ol fromits proof.
ompleteness This is quite obvious as the 
orre
t prover 
an start with the 
orre
t value of #�, and at alliterations, the prover 
an send the 
orre
t polynomial. Certainly then, every (lo
al 
onsisten
y) 
he
kthat the veri�er makes will work out, so it a

epts with probability 1.14-70



soundness Without loss of generality assume that the prover always responds with h(�) s.t. h(0)+h(1) = Qbat the i-th level, be
ause or else the veri�er would have reje
ted right away. Also, we assume thatQ� 6= �a2f0;1gnQ(a), i.e. it is a 
rooked prover that is trying to prove something that is false to theveri�er.Claim 14.1 If Q� 6= �a2f0;1gnQ(a) then the inequality holds (mod p) with probability � 110 providedthat p 2R [n2; 2n2℄ or [10mn; 20mn℄, whi
h ever is larger.Proof Q� ��a2f0;1gnQ(a) has at most n � n210logn prime fa
tors for p in the given range.Claim 14.2 Suppose Qb 6= �sQ(b; s); then, Qb;� 6= �s0Q(b; �; s0) with a 
ertain probability over �.Proof p(x) def= �s0Q(b; �; s0); we know that p(0) + p(1) = �sQ(b; s) 6= Qb = h(0) + h(1), i.e.p(0)+ p(1) 6= h(0)+h(1), so p(�) 6= h(�). Sin
e they are polynomials of degree � 3 �m, by the S
hwartzlemma we have that for random �, p(�) 6= h(�) with probability 1- 3mp . In ea
h iteration, the proverhas probability 3mp of getting away with lying; by the union bound the probability that the proversu

essfully 
heats the veri�er is � 3mnp � 310 .Combining the above two 
laims, we see that the soundness is 410 .14.2 Abstra
ting the ProofNote that what helped us in the above proof is not some spe
i�
 features of #P . What we used is essentiallythe downward self-redu
ibility of the language to redu
e a 
ompli
ated property to a 
olle
tion of progres-sively less 
ompli
ated properties. So we 
ould apply the same idea to all languages in PSPACE (whi
his exa
tly the 
olle
tion of self-redu
ible languages). The arithmetization allows us to e�e
tively 
ompressquestions down to one question, without requiring any stru
ture on the questions. Below we look at how we
an extend the 
ompression.14.2.1 Extending Compression: low-degree 
urvesSuppose that 
omputing Qb(x) involves 
omputing Q0b(x0) and Q0b(x1), where x0 and x1 are not related.Consider lines in an n-dimensonal integer grid: l : F ! Fn Geometri
ally a line is... a line. Algebrai
ally,it is a 
olle
tion of n fun
tions, ea
h of whi
h is a degree 1 polynomial; the i-th fun
tion gives the i-th
oordinate. For any two points x0 and x1, there is a line through the two points. In other words, 9l s.t.l(0) = x0 and l1 = x1; spe
i�
ally, l(t) = (1� t)x0 + tx1.Sin
e Q0 maps Fn to F, the 
omposition of Q0 and l, Q0 Æ l : F ! F, is a univariate fun
tion. What isni
e about this 
omposition is that it preserves degrees: if Q0 is of degree d, Q0 Æ l is of degree � d.Now, to extend our previous proto
ol's 
apabilities, we 
hange the proto
ol to:i. The veri�er wants to verify that Q(x) = a. To do so, it generates x0, x1 , and a line l through the twopoints. Now it asks the prover for Q0 Æ l.i+1. The prover responds with a degree d univariate polynomial h.i+2. The veri�er 
he
ks that h is a univariate polynomial of degree d and reje
ts if not. It 
he
ks the lo
al
onsisten
y by 
he
king that a = h(0) + h(1). I� it is lo
ally 
onsistent, the veri�er goes on to verifyre
ursively that h(�) is 
orre
t for random �.Note that as we progress down the tree, the polynomials involved gets simpler- eventually at the leavenodes the veri�er will be powerful enough to 
he
k the mu
h simpler 
ondition by itself.14-71



14.2.2 Straight line programs of polynomialsThe above extension motivates the following de�nitions.De�nition 14.3 p0; :::; pL is an (n,d,L,w)-straight line program of polynomials if:1. Every pi is on at most n variables.2. Every pi is of degree at most d.3. p0 is easy to evaluate (i.e. 
omputable in polynomial time)4. pi is easy to evaluate given ora
le a

ess to pi�1 (i.e. there is a polynomial time algorithm A that,given i;x and an ora
le for pi�1 
an 
ompute pi(x) making at most w non-adaptive queries to pi; w isthe \width" of the straigt line program).De�nition 14.4 Polynomial straight line program satisfa
tion is the language whose members are (< p0; :::; pL >;x; �) s.t. pL(x) = �, where x 2 Zn, a 2 Z, and < p0; :::; pL > is an (n; d; L; w)-straigt line program ofpolynomials.Lemma 14.5 Polynomial straight line program satisfa
tion 2 IP for w = 2.Proof The rough idea is as follows:� The veri�er pi
ks a random prime p � poly(n; d; L; logjjxjj) and sends it to the prover. Set aL  aand xL  x.� For i = L� 1 downto 0 do:- Let (x0)i and (x1)i be queries of A on input i + 1, (x)i+1. Let li b ethe line through (x0)i and(x1)i. The veri�er asks the prover for pi Æ li.- The prover responds with hi.- The veri�er veri�es that A's answer on ora
le values h(0) and h(1) is ai+1 and reje
ts if not. Itpi
ks a random � 2 Zp and sets xi  li(�) and ai  hi(�).At the end the veri�er veri�es that h0(�) = p0(l0(�)).Lemma 14.6 Polynomial straight line program satisfa
tion is PSPACE 
omplete.Proof The basi
 idea is as follows:� We �x a PSPACE ma
hine M taking s spa
e with input x. Let fi(a;b) be polynomials that have
on�gurations of M (namely a and b, from f0; 1gs) as its inputs, s.t. fi(a;b) = 1 if 
on�guration ayields 
on�guration b in (exa
tly) 2i steps; fi(a;b) = 0 otherwise. Noti
e that f0 is a 
onstant degreepolynomial of degree C = O(1) in ea
h variable.� fi+1(a;b) = �
2f0;1gsfi(a; 
) � fi(
;b) is also a polynomial of degree C in ea
h variable.Unfortunately in the above, w 6= 2; but we 
an �x that by doing summation \slowly"- we de�ne a longersequen
e:� gi = gis = fi.� gi0(a;b; 
) = gi�1;s(a; 
) � gi�1;s(
;b).� gij(a;b; 
) = gi;j�1(a;b; 
0) + gi;j�1(a;b; 
1), where 
 2 Zs�j.14-72



� g has degree at most C in the variables of a;b, and at most 2C in the variables of 
.Then, we have a sequen
e of width w = 2, as required: g0; g10; g11; :::; g1s; g20; :::; gss. Therefore PSPACE
ompleteness follows.We have shown that a PSPACE-
omplete problem, (Polynomial straight line program satisfa
tion), hasan IP , implying that PSPACE � IP . A
tually, we 
an further generalize the line arguments even \wider",for w > 2. We will leave this as an exer
ise- this will give a dire
t proof that the permanent has an intera
tiveproof, where the prover only needs to be able to 
ompute the permanent.

14-73



Chapter 15
6.841/18.405J: Advan
ed Complexity Theory April 10, 2002Le
ture 15Le
turer: Madhu Sudan S
ribe: David Woodru�In this le
ture we will 
over Multiprover Intera
tive Proofs (MIPs), Ora
le Intera
tive Proofs (OIPs),and Probabilisti
ally Che
kable Proofs (PCPs). We will see that 2IP, the 
omplexity 
lass of languages withintera
tive proofs with two provers, is stronger than IP in a 
ertain 
ryptographi
 sense. We then introdu
eOIP to show that 2IP is equivalent to MIP, the set of languages having a polynomial number of provers.Finally, we introdu
e the 
lass PCP and relate it to the previous 
omplexity 
lasses we have studied.Multiprover Intera
tive Proofs (MIP)What happens if we allow the veri�er to intera
t with more than one prover in an intera
tive proof? Theprovers have unbounded 
omputational resour
es, but 
annot intera
t with ea
h other. If the prover wantsto 
heat the veri�er, he has to make sure he will not be dete
ted when the veri�er intera
ts with the otherprovers. The 
omplexity 
lass of multiprover intera
tive proofs (MIP) was de�ned by Ben-Or, Goldwasser,Kilian and Wigderson. In the 
ase of 2 provers we have the 
omplexity 
lass 2IP, shown in the followingdiagram:

P2 V P1

w

R

q1 q2

a1 a2

where fqig is the set of questions asked by the veri�er V , faig is the set of answers given by provers P1 andP2, w is the 
ommon input string, and R is the string of V 's random 
oin tosses. After intera
ting with theprovers, V is required to produ
e a boolean verdi
t, Verdi
t(w;R; a1; : : : ; ak). As in the de�nition of IP, Vis restri
ted to probabilisti
 polynomial time in the length of w.Formally, a language L 2 2IP if 15-74



� (
ompleteness) w 2 L implies 9P1; P2 su
h that Pr[P1 $ V $ P2 a

epts ℄ = 1.� (soundness) w =2 L implies 8P1; P2, we have Pr[P1 $ V $ P2 a

epts ℄ � 1=2.Clearly IP � MIP be
ause the veri�er 
an 
hoose to intera
t with just one prover. Moreover, it seemsthat by limiting the 
heating possibilities of the prover in MIP, we should be able to 
onstru
t more veri�ersfor more statements and hen
e MIP should be a larger 
lass of languages than IP. In fa
t Babai, Fortnow,and Lund showed that MIP = NEXPTIME.We note that 2IP is robust with respe
t to error in the sense that one 
an 
onvert any two-sided errorveri�er V into a one-sided error veri�er V 0. Also, one 
an amplify the error by repeating the above proofsequentially. In general, however, one 
annot repeat the above proof in parallel without 
ompromisingsoundness.An Appli
ation of 2IP: Zero-knowledge ProofWe give a 
ryptographi
 appli
ation of a two-prover intera
tive proof. Informally a Zero Knowledge Proofis a proof by whi
h the prover 
an 
onvin
e the veri�er whether or not a string x is in a language L withoutgiving the veri�er any other information whatsoever, su
h as 
ertain properties of x whi
h the veri�er 
ouldnot 
ompute otherwise. Here is a two-prover proto
ol for graph 3-
olorability:1. V pi
ks a random edge e = (u; v) in the input graph G. V then pi
ks a random endpoint w of e, i.e.,w 2 fu; vg.2. Next V sends e to P1 who responds with the pair of 
olors (
1; 
2), where 
1 = 
olor(u) and 
2 =
olor(v). If 
1 = 
2, then V immediately reje
ts G.3. V then sends w to P2 who responds with 
3 = 
olor(w).4. If 
1 6= 
3 and w = 
1, then V reje
ts. Similarly, if 
2 6= 
3 and w = 
2, then V reje
ts. Otherwise, Va

epts G.We argue 
ompleteness, soundness, and zero-knowledge. Completeness is 
lear - if a graph G is 3-
olorable, the honest prover 
onvin
es the veri�er of this with probability 1.As for soundness, 
onsider a graph G = (V;E) whi
h is not 3-
olorable. Then there exists an edge e of Gwhose endpoints have the same 
olor for any 
oloring. Suppose P1 and P2 have agreed upon a 
oloring of theverti
es of G before the proto
ol begins. Fix P2. This e�e
tively �xes a 
oloring of G. Then V will 
hoose anedge e0 to send to P1 whi
h will equal e with probability 1=jEj. In order for V not to reje
t G immediately,P1 will have to give di�erent 
olorings for the two endpoints of e, despite the 
oloring s
heme P1 and P2have agreed upon that assigns the same 
olor to both endpoints. Then, when V queries P2 for the 
olor ofone of the randomly 
hosen endpoints of e, the 
olor P2 returns for at least one of the endpoints of e willdi�er from the assignment given by P1. Hen
e, the probability that V will a

ept G is at most 1� 1=(2jEj).Repeating the above proto
ol sequentially a polynomial number of times, one 
an a
hieve a soundness of1=2. Note that if jEj2 rounds will be run sequentially, the provers need to agree upon a sequen
e of jEj2
olor relabellings beforehand. The provers 
an 
ollude with the knowledge of G, but must 
ollude before V 'srandom 
oins are tossed.Finally, we informally argue that the proto
ol is zero-knowledge. Before the beginning of the proto
olthe provers agree upon a random 
oloring of the verti
es. That is to say, if G = (V;E) is 3-
olorable,then there exists a 
oloring assignment f : V ! f1; 2; 3g su
h that if (u; v) 2 E; f(u) 6= f(v). Then if� : f1; 2; 3g ! f1; 2; 3g is a permutation on three letters, we see that � 
omposed with f will give another3-
oloring. Hen
e there are 6 random 
olorings of G 
orresponding to f . The provers agree upon f and thepermutation � before the beginning of the proto
ol. When V learns a 
oloring 
olor(u) and 
olor(v) for anedge (u; v), he doesn't learn anything other than the fa
t that 
olor(u) 6= 
olor(v) sin
e any 
ombination oftwo 
olors for u and v is equally likely. Hen
e, the proto
ol is zero-knowledge.15-75



Ora
le Intera
tive Proofs (OIP)Clearly we have the in
lusions IP � 2IP � 3IP � � � � � MIP, sin
e the veri�er 
an simply 
hoose not tointera
t with some of the provers. But are polynomially many provers more powerful than 2 provers? Toanswer this question, Fortnow, Rompel and Sipser introdu
ed the 
omplexity 
lass of Ora
le Intera
tiveProofs (OIP).The key di�eren
e between MIP and OIP is that the provers in Ora
le Intera
tive Proofs are ora
les,i.e., they are memoryless provers. Without loss of generality we 
an think of an ora
le O as a fun
tion fromf0; 1g� to f0; 1g. Hen
e, the obvious de�nition:L 2 OIP i�1. (
ompleteness) w 2 L implies 9O s.t. Pr[V $ O a

epts ℄ = 12. (soundness) w =2 L implies 8O Pr[V $ O a

epts ℄ � 1=2We �rst show MIP � OIP. Intuitively, in OIP we are restri
ting to a smaller 
lass of provers so the veri�eris more likeley to a

ept more statements, so a language is more likely to meet the soundness 
riterion, soOIP is likely to be a larger 
lass of languages than MIP.Formally, we 
an simulate any Multiprover Intera
tive Proof with an Ora
le Intera
tive Proof. Supposethere are p provers in the Multiprover Intera
tive Proof. We simply 
onvert ea
h prover into a lookup table.If V asks prover i question qk with history q1; q2; : : : ; qk�1, then there is an entry in the table that maps(i; q1; : : : ; qk) to the answer ak that prover i would respond with. We 
an 
reate one table for all proversmapping any possible set of questions the veri�er 
ould ask to the answer given by ea
h prover. But this isjust an ora
le O and hen
e MIP � OIP.We will prove the reverse in
lusion for the 
ase when V is a non-adaptive veri�er, even though OIP �MIP for adaptive veri�ers as well. We will give a redu
tion but we will not formally argue 
ompleteness andsoundness. Spe
i�
ally, we shall argue that OIP � 2IP, and together with MIP � OIP, it will follow that2IP = 3IP = � � � = MIP.Suppose we have an Ora
le Intera
tive Proof with veri�er V asking questions q1; : : : ; qm to ora
le O.Then we 
onstru
t a veri�er V 0 in the two-prover setting whi
h behaves as follows. It �rst asks the samequestions q1; : : : ; qm to prover P1 and re
eives a sequen
e of answers a1; : : : ; am. It then randomly 
hoosesan index j and sends qj to P2. P2 then responds with an answer b. Finally, V 0 a

epts if and only if V woulda

ept given answers a1; : : : ; am from O and if aj = b. Intuitively, although P1 has more room to 
heatthan O sin
e he is not memoryless, P2's answer is used to ensure P1 is not using the history of questionsto base his answers on. Completeness of this proto
ol is 
lear. To see that it is sound, note both that theoriginal ora
le O 
an 
heat only with low probability and that if P1 tries to 
heat, he will be dete
ted byV 's intera
tion with P2 with nonnegligible probability.Now let's 
ompare IP and OIP = MIP. We saw in the last le
ture that IP = PSPACE, developed byLund, Fortnow, Karlo�, and Nisan, and later proven by Shamir. On the other hand, Babai, Fortnow, andLund showed that OIP = NEXPTIME. NEXPTIME 
an be thought of as the 
omplexity 
lass of languagesof short theorems with long proofs and polynomial-time veri�
ation in the length of the proof. Note thatthe in
lusion OIP � NEXPTIME is pretty 
lear. For languages in OIP we have a probabilisti
 polynomial-time veri�er whereas for languages in NEXPTIME we are allowed a deterministi
 exponential-time veri�er.Moreover, we 
an write down the ora
le as a table of (question, answer) pairs in NEXPTIME. We wouldlike to \s
ale down" the equality MIP = NEXPTIME to obtain an equality of the form MIP' = NP, whereveri�ers in MIP' run in logarithmi
 time (in the length of w), but this is not possible sin
e the veri�er wouldnot even be able to read the entire input.Hen
e, we see that IP 6= OIP unless PSPACE = NEXPTIME.
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Probabilisti
ally Che
kable Proofs (PCP)We now parameterize Ora
le Intera
tive Proofs more pre
isely and give them a new name, Probabilisti
allyChe
kable Proofs (PCP). In parti
ular, we keep tra
k of the number of 
oins V tosses, r(jwj), and the numberof queries V makes to O, q(jwj). As before, we restri
t V to run in polynomial time. Formally,L 2 PCP
;s[r; q℄ i� 9 an OIP for L with an (r; q)-restri
ted veri�er V with 
ompleteness 
 and soundness s.The following identities are immediate:� PCP2=3;1=3[poly(n); 0℄ = BPP.� GNI 2 PCP1;1=2[poly(n); 1℄ as shown in 
lass.� PCP1;1=2[poly(n); poly(n)℄ = OIP.� NP = PCP1;0[0; poly(n)℄ = PCP1;0[O(log(n)); poly(n)℄� PCP1;1=2[O(log(n)); O(log(n))℄ � NP.What if we try to \s
ale down" from NEXPTIME to NP to get proofs for NP languages? Work by Babai,Fortnow, Levin, and Szegedy, and by Feige, Goldwasser, Lov�asz, Safra, and Szegedy showed that NP �PCP1;1=2[poly(log(n)); poly(log(n))℄. Later work by Arora and Safra showed that NP = PCP1;1=2[log(n);p(log(n))℄,and work by Arora, Lund, Motwain, Sudan, and Szegedy showed that NP = PCP1;1=2[log(n); k℄ fora 
onstant k. Work by H�asted redu
ed the number of query bits to 3, showing that 8� > 0 NP =PCP1��;1=2[log(n); 3℄, and �nally Guruswami, Lewin, Sudan, and Trevisin got perfe
t 
ompleteness by show-ing 8� > 0 NP = PCP1;1=2[log(n); 3℄. In other words, a proof of any statement in NP 
an be written in su
ha way that it 
an be veri�ed by looking at only 3 bits of the proof.We will now use these results to show that if NP 6= P, then even approximating an NP-hard problemis very hard. Let V be a veri�er for a PCP1;1=2[log(n); 3℄ language L. For ea
h possible sequen
e of theveri�er's random 
oins Ri, we shall 
onstru
t a de
ision tree 
orresponding to ora
le f 's responses to V 's 3queries. The de
ision tree is a balan
ed binary tree of depth 3. We start at the root node q1. If f(q1) = 0,we examine q1's left 
hild, otherwise we examing q1's right 
hild. Based on our response f(q1) and Ri, we
an 
ompute the next question q2 asked by V . We then bran
h a

ording to whether f(q2) = 0 or f(q2) = 1.We 
ontinue bran
hing in this way until we rea
h a leaf node of the tree, whi
h is either an A

ept node ora Reje
t node, depending on whether V , given toin 
osses Ri, a

epts or reje
ts based on f 's responses tohis questions. Ea
h path in this de
ision tree 
an be written as a 3-CNF �i formula of at most 8 
lauses.We do this for all polynomially many random strings Ri. We then de�ne � = Vpolyi=1 �i. Completeness of Limplies � is satis�able. Soundness implies that if input x is not in L, then at least 1=2 of all formulae �i arenot satis�ed for any assignment of ora
le answers. For a formula to not be satis�ed, at least 1 of 8 
lausesmust not be satis�ed. Hen
e, 1=16 of all 
lauses of � are not satis�ed. This says that unless P = NP, evenapproximating hard problems is very hard.
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Chapter 16
6.841/18.405J: Advan
ed Complexity Theory April 17, 2002Le
ture 16Le
turer: Madhu Sudan S
ribe: Austin CheRe
all PCP
;s[r; q℄� Veri�er tosses r(n) 
oins.� Queries the proof ora
le with q(n) bits.� Completeness 
(n). Omit if 
 = 1.� Soundness s(n). Zero subs
ripts means 
 = 1 and s = 12 .Last time NP = PCP 12+�[O(logn); 3℄ [H�astad℄Proposition 16.1 NP = PCP 12+�[O(logn); 3℄ =) MaxSAT is hard to approximate to within 1516 + �0.MaxSAT is the problem of satisfying as many 
lauses as possible.Today A weaker statement: NP � PCP1; 12 [poly log; poly log℄1. Set up an algebrai
 promise problem (GapPCS).2. Show it is NP-hard (similar to IP=PSPACE proof).3. Give a PCP veri�er for this problem.Constraint Satisfa
tion Problemsx1; : : : ; xn (variables)
1; : : : ; 
t (
onstraints)Find an assignment to the n variables su
h that all (or many) of the 
onstraints are satis�ed.Examples:1. 3SAT. xi boolean. 
j = xi1 _ xi2 _ xi3 .2. 3COL. xi tertiary (
olors). 
j = \xi1 6= x00i216-78



Polynomial Constraint Satisfa
tion ProblemsF is a �eld and jF jm = n. Also, have a degree parameter d and jF j � d.In 3SAT, an assignment A : [n℄! f0; 1g.Here, assignments will be fun
tions f : Fm ! F . Variables will be ve
tors in Fm.Constraints will be 
j = (Aj ; x(j)1 ; x(j)2 ; : : : ; x(j)k ). Aj is an algebrai
 
ir
uit F k ! F .A 
onstraint 
j is satis�ed by f if Aj(f(x(j)1 ); f(x(j)2 ); : : : ; f(x(j)k )) = 0.GapPCSWe de�ne a promise problem based on the polynomial 
onstraint satisfa
tion problem.� YES instan
es: 9f : Fm ! F that satis�es all 
onstraints and f is a degree d polynomial.� NO instan
es: 8f : Fm ! F that are of degree d, at least 90% of 
onstraints are unsatis�ed by f .Hardness of GapPCSTo show that GapPCS is NP-hard, we redu
e SAT on N variables to GapPCS in time jF jm with:� k; d = (logN)3� m � logNlog logN� jF j � (logN)10� t � jF jmThen the redu
tion is done in polynomial time in N :jF jm = �(logN)10� logNlog logN = 2 10 logN log logNlog logN = 210 logN = N10PCP Veri�er for GapPCS1. Expe
t to be given a proof ora
le f : Fm ! F .2. Veri�er tests that f is 
lose to some degree d polynomial p : Fm ! F (low degree testing).3. Build an ora
le 
omputing p : Fm ! F" from ora
le for f : Fm ! F (self 
orre
tion).4. Pi
k random j and verify 
j is satis�ed by p (not f).We note that� Self 
orre
tion 
an be done in time poly(m; d)(Contrast with the number of 
oeÆ
ients of p: ( dm )m � # 
oe�s � dm)� Low degree testing 
an also be done in time poly(m; d).� To verify 
j , the veri�er needs to make poly logN queries.� We need log t random bits to sele
t j, for low degree testing, we need O(m log jF j) = O(logn) bits,and for self 
orre
tion, we need m log jF j bits. This shows that the veri�er uses O(logN) random bits.Self Corre
tion 16-79



� Given ora
le f : Fm ! F su
h that there exists a polynomial p : Fm ! F of degree d andPrx [f(x) 6= p(x)℄ � Æ� Also given a 2 Fm� Compute p(a). For all a, should be 
omputing p(a) 
orre
tly with high probability over internalrandomness. We 
annot just use f(a) as for some fra
tion of a, f(a) may be in
orre
t.Algorithm1. Pi
k r 2R Fm.2. Take the line l(t) = (1� t)a+ tr and we'll look at p along this line.3. Let �1; �2; : : : ; �d+1 be distin
t and non-zero elements from F . These do not need to be random.4. Compute 
oeÆ
ients of h : F ! F of degree d su
h that h(�i) = f(l(�i)).5. Output h(0).Claim 16.2 Self 
orre
tion outputs p(a) with probability � 1� (d+ 1)Æ.Proof l(�i) is a random point in Fm over random 
hoi
e of r for all non-zero �i.Prr [f(l(�i)) 6= p(l(�i))℄ � ÆBy the union bound, Prr [9i 2 f1; : : : ; d+ 1gf(l(�i)) 6= p(l(�i))℄ � (d+ 1)ÆIf the above event does not o

ur, then for all i, h(�i) = f(l(�i)) = p(l(�i)).So with probability 1� (d+ 1)Æ, h = pjl and h(0) = p(l(0)) = p(a).The above is due to [Beaver, Feigenbaum℄ and [Lipton℄.They were interested in how to 
ompute a fun
tion f(a) without revealing a.Low Degree Testing� Given ora
le f : Fm ! F� Completeness: if f = p of degree d, then must a

ept with probability 1.� Soundness: if 8p of degree d,Prx [f(x) 6= p(x)℄ > Æ =) must reje
t with high probabilityAlgorithm1. Repeat many times(a) Pi
k a 2R Fm at random.(b) Use the self 
orre
tion algorithm to �nd p(a) and verify p(a) = f(a).Theorem 16.3 (Rubinfeld-Sudan, ALMSS) Soundness of above algorithm. 9Æ0 su
h that if f is Æ-farfrom any polynomial p then f is reje
ted with probability minf Æ2 ; Æ0g.[Rubinfeld, Sudan℄ showed Æ0 = O( 1d ) and [ALMSS℄ showed that Æ0 = 10�3.16-80



Chapter 17
6.841/18.405J: Advan
ed Complexity Theory April 22, 2001Le
ture 17Le
turer: Madhu Sudan S
ribe: Claire MonteleoniToday's topi
s:� Proof of NP � PCP[poly log; poly log℄� ( Hardness of Polynomial Constraint Satisfa
tion17.1 Gap version of PCS for SATThe general goal of Polynomial Constraint Satisfa
tion is to �nd a fun
tion f : Fm ! F satisfying as many
onstraints of C1 : : : Ct as possible. Where Cj = algebrai
 fun
tion whose inputs are f(x(j)1 ); : : : ; f(x(j)k ).The Gap version for SAT is hard. �! k; d; F; C1; : : : ; Ct, su
h that:� � 2 SAT ! all 
onstraints are satis�ed by degree d polynomial f:� =2 SAT ! 90% of 
onstraints are not satis�ed by degree d polynomial f:The idea here is to express satis�ability by �nding a fun
tion f with the 
onstraint on it's degree (d)that meets the level of satisfa
tion spe
i�ed above. The fun
tion will take roughly n-bits to spe
ify (
f. aSAT assignment is spe
i�ed with n-bits).The goal is to express SAT in terms of algebra, so that we 
an have some algebrai
 method of provingsatis�ability. The method will be to arithmetize satis�ability. I.e. given 	, a 
andidate formula:� 
f. #P : we 
ounted the number of satisfying assignments for a formula 	.� Now instead, we �rst �x an assignment, and then 
ount the number of failed 
lauses of 	. If thenumber of failed 
lauses is zero, then 	 is satis�able.17.1.1 Step 1: Arithmetize the assignmentThe notion of assignment is: (w1; : : : ; wn) (a1; : : : ; an) : n = 2m, for the variables (w) in 	.17-81



� De�ne the assignment fun
tion A, as: A : f0; 1gm ! f0; 1g. So A(i) = ai whi
h is either a 0 or a 1,and thus sets the value of wi.� Create a polynomial extension of the assignment fun
tion. Â : Fm ! F , su
h that:1. Â(x) = A(x) if x 2 f0; 1gm � Fm.2. Â(x1; : : : ; xm) is a polynomial of degree 1 in ea
h xi. Note: this does not pre
lude higher overalldegree of the polynomial, due to 
ross-terms (eg. Â(x1; : : : ; x5) = x1x3x5 + x4 � x2x3).Claim Existen
e of su
h an Â.For every A : Hm ! F : H � F ,9Â : Fm ! F su
h that:{ Â extends A. (i.e. Â(x) = A(x) for x 2 Hm){ degree of Â in ea
h of its variables is jH j - 1.Proof [omitted, exer
ises, algebra textbook℄ Indu
tion on m (or expli
it multivariate interpolation).1Note: writing down Â is a little more work than writing down A. Prover must write down the table of valuesthat spe
ify the polynomial Â. That is part of the existential step for the prover.17.1.2 Step 2: Express the formula as a fun
tionTo express the formula 	 as a fun
tion, we de�ne:� � : f0; 1gm � f0; 1gm � f0; 1gm � f0; 1g � f0; 1g� f0; 1g ! f0; 1gThe input to � above is just another notation for a 3CNF 
lause. So to make this mapping expli
it,note that:�(wi1 ; wi2 ; wi3 ; b1; b2; b3) = (A(wi1 ) = b1) _ (A(wi2 ) = b2) _ (A(wi3 ) = b3)� Create a polynomial extension of �. �̂ : F 3m+3 ! F , su
h that �̂ extends �, and is degree 1 in ea
hof it's variables.Note: �̂ 
an be 
omputed by the veri�er.17.1.3 Step 3: Arithmetize satis�abilityCreate an arithmeti
 expression whi
h en
odes the satis�ability of 	. SAT? : F 3m+3 ! F , su
h that:SAT?(Does Â : Fm ! F , satisfy �̂)The fun
tion SAT? behaves as follows:SAT?(wi1 ; wi2 ; wi3 ; b1; b2; b3) = 0 =)� A satis�es 
lause (wi1 ; wi2 ; wi3 ; b1; b2; b3) OR:that 
lause =2 	The idea here is that we will ask the prover to give us more and more information about the formulawe are trying to verify. So now the goal is to 
reate an expression that will be 0 i� the formula is satis�ed.1For the 
ase of m=1, we 
an use the Polynomial Interpolation Theorem. It is more 
ompli
ated for higher m.17-82



What does this expression look like?SAT? = (Â(wi1)� b1)(Â(wi2 )� b2)(Â(wi3 )� b3)�̂(wi1 ; wi2 ; wi3 ; b1; b2; b3)Note that by de�nition of Â and �̂, SAT? will only be at most degree 2 in ea
h variable, so it is apolynomial of degree 2m0 at most, where m0 = 3m+ 3. Thus its degree is logarithmi
 in n, where n = j	j.So now we have a well-de�ned s
heme: sear
h for Â that 
auses SAT? to be zero somewhere. Thequestion is, on what small subdomain must it be zero? Given Â and SAT?, how do we know if they areimplemented 
orre
tly? SAT? is zero on all of f0; 1gm0 . There is a good way to 
he
k if two polynomialsare 
onsistent with one another, but how do we 
he
k if a given polynomial is zero on some small subdomain?Idea 
f. the proof of #P � IPSee Figure 1.

Figure 17.1: Similar to the #P � IP proof, in whi
h we were 
on
erned with the smaller 
ube, f0; 1gn,where the larger 
ube was Znp . Now instead we are interested in 
he
king that all values in the smaller 
ubeare zero, whi
h represents f0; 1glogn, and the larger 
ube is the �eld Fm0 .So the idea is that we will slowly make the SAT? polynomial ni
er, working on one dimension at a time(i.e. one 
oordinate at a time), we will make sure that it will be zero for all values on that dimension. Sowe de�ne SAT? as:
SAT ? = 8>>>>>><>>>>>>: P0 : Fm0 ! F su
h that P0 is 0 on f0; 1gm0...Pi : Fm0 ! F su
h that Pi is 0 on F i � f0; 1gm0�i...Pm0 : Fm0 ! F su
h that Pm0 is 0 on Fm0Note that these will all be degree 2m0 polynomials. These will be 
reated by indu
tion on i. Inorder to 
ompute Pi+1, you will need to make ora
le 
alls to Pi. Here is the indu
tive step: givenPi(y1; : : : ; yi; yi+1; : : : ; ym0), we need to 
onstru
t Pi+1. We will show how this is done, in the 
ase m0 = 1.17-83



In this 
ase, given P0 : F ! F , we want to implement P1 : F ! F so that it is:= � 0 if (P0(0) = 0) ^ (P0(1) = 0)non-zero otherwiseTo implement this, we use the following algebrai
 gadget: P1(y) = yP0(0) + P0(1)Now note that in the general 
ase, when we move from Pi to Pi+1, everything else is �xed, so we 
an justfo
us on one variable. Thus we just 
onstru
t Pi+1 as follows:Pi+1(y1; : : : ; yi; yi+1; yi+2; : : : ; ym0) = yi+1Pi(y1; : : : ; yi; 0; yi+2; : : : ; ym0) + Pi(y1; : : : ; yi; 1; yi+2; : : : ; ym0)(17.1)Observe that the degree is in
reasing as we go from i to i+ 1.17.1.4 Computing with this 
onstru
tionFirst the prover must write down Â. Then in order to spe
ify the fun
tion SAT?, the prover must writedown P0, and then ea
h of the higher polynomials Pi.So how does the verify a
t to verify these polynomials? The veri�er will:� Che
k that Â and SAT? are low degree polynomials, for all P0; : : : ; Pm0 . This amounts to 
he
kingthat the degree is at least 2 in ea
h variable, i.e. that the total degree of the polynomial is at most2m0.� Che
k that all the spe
i�ed relationships hold. This is done as follows. Sin
e the polynomials were ea
hgiven as a table of values, table look-up 
an be done to verify that two sides of an equation (1) evaluateto the same value. So pi
k an i at random and test this. This 
he
king 
an be done in O(m0) =logntime, i.e. one line at a time.2How mu
h randomness does the veri�er need? The veri�er performs O(m0) tests, and ea
h test needsm0logjF j randomness, so the veri�er needs O((m0)2jF j) randomness. But note however that in ea
h
ase the probability of an error is extremely small. Using the Union Bound, we 
ould instead use thesame random point to verify all of the equations. The error probability is (m0)2jF j .17.1.5 Appli
ation ba
k to PCSNow we must do the �nal \shrinkwrapping" to show what the above implies about the polynomial 
onstraintsatisfa
tion problem.First we need to 
ombine all the ne
essary elements into one single polynomial. Thus in addition to ourP0; : : : ; Pm0 , as de�ned above, we de�ne P�1 = Â : Fm ! F ;|{z}padding Fm0 ! F , where we pad this fun
tionwith dummy variables, on whi
h it does not really depend, in order to in
rease the dimension of its domainto m0. Now we de�ne the fun
tion f : Fm0+1 ! F as follows:f(i; ŷ) = Pi(ŷ) if i 2 f�1; : : : ;m0gNote that f is a polynomial of degree m0 + 1 in i and at most 2 in ea
h of the variables in the ŷ ve
tor.So from the polynomial 
onstraint satisfa
tion problem, Cj 
orresponds to a random 
hoi
e of a \veri�er"that veri�es the 
onsisten
y between Pi and Pi+1 (equation (1)) for all i.Question: how large does F have to be? It must be: jF j � (m0)2. I.e. for jF j = (logn)2, the size of theproof is jF jm = (logn)2 logn � nlog log n. So the veri�er must write down this mu
h.2S
hwartz-Zippel 17-84



17.1.6 Further enhan
ementsIt is possible to a
hieve shorter en
odings than listed above, by 
hanging base. Above we used the �eldF = f0; 1g, and jFmj = n =) m = logn. Now instead pi
k the �eld H = f0; 1; : : : ;log(n � 1)g. ThenjHmj = n =) m = lognlog logn .3 For example for jF j � jH j4 = (logn)4 ; Fm0 � n12, whi
h is better thannlog logn. This will be summarized next le
ture.

3Note that the proof above 
hanges so that instead of the polynomial being degree 2 in ea
h variable, the degree is now jHjin ea
h variable. 17-85



Chapter 18
6.841/18.405J: Advan
ed Complexity Theory April 24, 2002Le
ture 18Le
turer: Madhu Sudan S
ribe: Nitin ThaperToday� A high level view of NP � PCP[poly log, O(1)℄Our main goal will be to look at ways of redu
ing the number of queries down to a 
onstant.18.1 A p-prover 1-round proof systemA p-prover, 1-round proof system 
onsists of a veri�er, tossing R private 
oins and asking 1 question ea
hfrom p provers. At the end of the proto
ol, the veri�er returns Verdi
t(R; a1; a2; : : : ; ap) = a

ept/reje
t.
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Figure 18.1: A p-prover, 1-round proof systemWe have seen su
h a model in the 
ontext of MIP earlier but today we shall say something stronger aboutit.Theorem 18.1 9 3-prover proof system for NP where� veri�er V tosses logn 
oins 18-86



� jaij = O(poly logn)� Completeness = 1, Soundness = 0.1 (arbitrarily small)We shall assume this result for the remainder of the le
ture (Proving it is part of your problem set)18.2 Redu
ing # queries down furtherObserve that asking the question: Is Verdi
t(R; a1; a2; a3) = a

ept ?is equivalent to 
reating a poly log n sized 
ir
uit, CR(a1; a2; a3) and asking: Does CR(a1; a2; a3) a

ept ?Now in order to redu
e the number of queries, intuitively, we would like the provers to 
ommit to theiranswers, not ne
essarily reveal them. Then we 
an run a NP proto
ol with another set of 3 provers to 
he
kif CR(a1; a2; a3) is true.
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Figure 18.2: A 6-prover, 1 round proto
ol for NP. Provers P1; P2; P3 just return a single, en
oded bit.Without giving a formal proof, we 
laim that this 6-prover proto
ol is suÆ
ient for any NP problem. Observethat this proto
ol lets us trade o� a 
onstant number of provers with an exponential de
rease in the numberof query bits. More formally, we've just argued that:NP � MIP [3(provers); logn(randombits); logn(queries)℄� MIP [6(provers); logn(randombits); log logn(queries)℄This pro
ess 
an be repeated again and again to redu
e the number of queries to log log : : : logn. Thisis still not a 
onstant though! In order to get O(1) queries we have to be 
lever by trading o� random 
ointosses against queries.18.3 Is NP � PCP[poly n, O(1)℄ ?We shall look at a somewhat orthogonal issue now, namely, is it possible to get a 
onstant number of querieseven if we were allowed polynomially many 
oin tosses. If the answer were yes, we might expe
t to puttogether things su
h that we got our desired result of proving NP � PCP[log,O(1)℄.As usual we'll look at the SAT problem. Consider  2 SAT and let � be the proof string.18-87



18.3.1 Stru
ture of �Observe that ea
h 
lause Ci 2  
an be viewed as a degree 3 polynomial, pi over F2, su
h thatpi = 0, Ci is satis�edFor example, C1 = x1 _ �x2 _ x3 
orresponds to the polynomial, p1(x1; x2; x3) = (1� x1)x2(1� x3). We 
anderive su
h a 
orresponden
e for all the m 
lauses.Given some satisfying assignment a, the honest prover writes down the value of p(a) for every polynomialof degree 3. Sin
e there are O(n3) possible 
oeÆ
ents, there are 2O(n3) possible polynomials.Thus, j�j = 2O(n3).An arbitrary prover, on the other hand, just writes down some fun
tion of the polynomials fF [p℄gp.The veri�er needs to make sure that:1. pj(a) = 0; 8j = 1::m2. 9a s.t. F (p) = p(a)8p18.3.2 Doing Step 1 using 
onstant queriesIn order to verify that all 
lauses are satis�ed we need to sonehow 
ombine their 
orresponding polynomialsinto a single one, so that a single query reveals the answer with high 
on�den
e. A simple sum of all thepolynomials wouldn't work sin
e an even number of unsatis�ed 
lauses would still fool the veri�er. Insteadwe do the following:Pi
k r1; r2; : : : ; rm 2R 0; 1 and 
onsider the polynomialpr(x) =Xj rjpj(x)Observe that this 
orresponds to taking the sum of a random subset of the polynomials p1; p2; : : : ; pm.Che
k if: F [pr℄ = 0 (18.1)Repeat this test a few times to get good 
on�den
e.What if the prover is mali
ious ? In other words, F (p) usually equals p(a) but not on a small subset. Han-dling this problem is somewhat analogous to self-
orre
tion. We'll use the F (p) ora
le to get an ora
le for p(a).Given: Ora
le F s.t. 9a s.t. for most p (all but a Æ fra
tion) F (p) = p(a).Q, a polynomial of degree 3Goal: Q(a)Observe that Q(a) = (P +Q)(a)� P (a).So pi
k P at random (using O(n3) random bits) and returnQ(a) = F [P +Q℄� F [P ℄18-88



It's not hard to see that Q(a) is right with probability at least 1� 2Æ.Thus in equation (1), the veri�er should a
tually be 
he
king F [P + pr℄� F [P ℄ instead of F [pr℄.18.3.3 Doing Step 2 using 
onstant queriesGiven: Ora
le F .Goal: Does 9a s.t. Prp[F [p℄ = p(a)℄ � 1� ÆIdea: Use linearity.Pi
k P,Q at random. If F[P+Q℄ = F[P℄ + F[Q℄ then9ai 9bij 9
ijk s:t: F [P ℄ =X pijk
ijkNote that #possible F's = 22n3while, #possible 
ijk = 2n3Phase 2: Use multipli
ation.The polynomials 
an be partitioned into three 
lasses depending on their degree.
a b c

F F F
1 2 3

i ij ijk

Figure 18.3: Proof � partitioned into polynomials of di�erent degreesPi
k at random L1; L2 of degree 1, Q of degree 2. Test if F1[L1℄F1[L2℄ = F2[Q+ L1L2℄� F2[Q℄.Similarly test for degree 3 polynomials by pi
king L1 2 F1, L2 2 F2.Overall, by reading � 19 = O(1) bits from the proof we are still able to get a non-zero probability of dete
ting
heating. We will not formally prove the 
ore
tness of this pro
edure but a result due to Blum, Ruby andRubinfeld shows that this is indeed the 
ase.
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Chapter 19
6.841/18.405J: Advan
ed Complexity Theory April 29, 2002Le
ture 19Le
turer: Madhu Sudan S
ribe: Christos Kapoutsis19.1 Introdu
tionIn the 
omplexity-theoreti
 terms we have seen so far, the formal way to express the intuitive fa
t that \aproblem is very diÆ
ult to pra
ti
ally solve by a 
omputer" is to say that \the problem is NP-hard" or, if werestri
t our attention to just problems in NP, to say that \the problem is NP-
omplete". If we indeed a

eptthat this mat
hing between intuition and formalism is a 
orre
t one and we further assume that P6=NP, thenit seems like we should also a

ept the following two 
on
lusions:� If a formal problem 
orre
tly des
ribes a pra
ti
al one and also proves to be NP-
omplete, then weshould stop looking for eÆ
ient solutions to the pra
ti
al problem.� Cryptography is feasible.The truth is that neither 
on
lusion 
an be derived without additional assumptions. Today we dis
uss whythis is so for the �rst of them.The motivation 
omes from real-world examples of algorithms that solve NP-
omplete problems in a\satisfa
tory" way, in all pra
ti
al respe
ts. By studying what \satisfa
tory" means in those 
ases, we seethat two important 
hoi
es that we made when we de�ned what it means for an algorithm to solve a problemare a
tually not ne
essary, as far as pra
ti
al solvability is 
on
erned:� Exa
t solution: We required that for every instan
e of the problem the algorithm should return theexa
t answer. In 
ertain pra
ti
al 
ases, we are just as happy even with some approximation of thisexa
t answer.� Worst 
ase instan
es: We required that the algorithm should return the exa
t answer for everyinstan
e of the problem. In 
ertain pra
ti
al 
ases, hard instan
es (i.e., the instan
es responsible forthe problem being NP-
omplete) rarely happen, and we are just as happy even with an exa
t answermost of the times.In the next two se
tions we see what modi�
ations in our theory so far are appropriate for the study of theabove 
ases. 19-90



19.2 Approximation algorithmsFormally, a 
ombinatorial optimization problem is any polynomial-time 
omputable fun
tion f : f0; 1g� �f0; 1g� ! Z+ mapping every instan
e x 2 f0; 1g� of the problem and every possible answer y 2 f0; 1g� to itto some value f(x; y) 2 Z+ indi
ating how \good" y is as a solution to x. An algorithm A solves f if, forevery x, A(x) is f(x; y) for the best solution y to x,A(x) = maxy ff(x; y)g:Sometimes f(x; y) indi
ates how \bad" y is as a solution to x, in whi
h 
ase it is the minimun we are after,instead of the maximum.For example, the problem of �nding the size of the maximum 
lique in a graph is de�ned by the fun
tionmax
lique mapping every graph G = (V;E) and every 
 � V to the valuemax
lique(G; 
) = (0 if 
 is not a 
lique in G;the size of 
 otherwise;and we want to maximize max
lique(G; �). Similarly, the optimization problem of �nding the 
hromati
number of a graph is de�ned by the fun
tion 
hromati
 mapping every graph G = (V;E) and every 
oloring
 : V ! N of its verti
es to the value
hromati
(G; 
) = (1 if 
 is an illegal 
oloring;the number of 
olors used by 
 otherwise;and we want to minimize 
hromati
(G; �). The problems maxsat and max3sat are also de�ned in a similarmanner.Relaxing the requirement that the exa
t optimum is returned, we get the notion of an �-approximatingalgorithm for a problem f , where � des
ribes the proximity to the exa
t optimum that we want to a
hieveas a fun
tion from input sizes to reals not less than 1. We say A is su
h an algorithm if, for every instan
ex of the problem, maxyff(x; y)g�(jxj) � A(x) � maxy ff(x; y)g:In general, we say that any pair (f; �) de�nes an approximability problem and that A solves (f; �) if A�-approximates f .Clearly, the step from optimization problems to approximability problems 
an be seen as the step from
onsidering only the �xed approximation ratio �(n) = 1 to allowing other approximation ratios as well.Work by Johnson in the late 70's showed that this view o�ers little help: Problems that behave similarlyfor �(n) = 1 may exhibit radi
ally di�erent behaviour for other approximation ratios. For example, for fany of the problems maxsat, max
lique, 
hromati
, we know that the approximability problem (f; 1) isNP-
omplete. However:� (maxsat; 2) is in P.� For all � > 0 and 
 > 1, (max
lique; 1 + �) is as hard as (max
lique; 
). That is, if one 
anapproximate the maximum 
lique size of a graph within a 
onstant fa
tor, one 
an also approximateit with a ratio as 
lose to 1 as desired.� (
hromati
; 65 ) is NP-
omplete.This 
learly shows that reasoning like (f; �) � (g; �) =) (f; �0) � (g; �0) is wrong.The PCP methodology has provided te
hniques for studying approximation problems, and some of theresults known today are: 19-91



� (maxsat; 87 ) is NP-
omplete.� (max3sat; 87 � �) is NP-
omplete, for all � > 0.� (max3sat; 87 + �) is in P, for all � > 0.� (max
lique; n1��) is NP-
omplete, for all � > 0.� (
hromati
; n1��) is NP-
omplete, for all � > 0.19.3 Average 
ase 
omplexityFormally, a distributional de
ision problem is a pair (L;D), where L � f0; 1g� is a language and D is adistribution over f0; 1g�. (That is, D is a fun
tion D : f0; 1g� ! [0; 1℄ su
h that Px2f0;1g� D(x) = 1.)To solve the problem, an algorithm has to 
orre
tly determine membership in L when the inputs aredrawn a

ording to D. The algorithm is 
onsidered eÆ
ient if it \runs in expe
ted polynomial time". Thequotes indi
ate that the notion of eÆ
ien
y is tri
ky to formalize, espe
ially when one 
onsiders problems inNP. Work on how to do this 
orre
tly was done by Levin (1984).19.3.1 Random self-redu
ibility of the permanentFor problems of high 
omplexity (PSPACE, #P), the notions seem to be 
learer. We begin the study ofaverage 
ase 
omplexity with a theorem that 
omputing the permanent is as hard on average as in worst
ase. Re
all that a permanent of a matrix M = [mi;j ℄ is given byperm(M) = X�2Sn nYi=1mi;�(i);where Sn is the set of all permutations on [n℄ = f0; 1; : : : ; n� 1g.We start with the de�nition of a distribution D over matri
es. For every n 2 Z+, 
onsider the followingrandom experiment:1. randomly sele
t a prime p of size1 �(n10), then2. randomly sele
t a matrix from Zn�np (i.e., 
onstru
t an n� n matrix by randomly sele
ting ea
h oneof its elements from Zp).Let Dn be the distribution over matri
es de�ned by this experiment; then let D = (Dn)n�1. [Note that thisdoesn't exa
tly mat
h the de�nition of a distribution over f0; 1g� given above. This is ok, as it won't harmthe 
orre
tness of the theorem. Alternatively, instead of one separate experiment for every n 2 Z+, we 
ouldhave only one experiment:00. randomly sele
t n from Z+ with probability 1n(n+1) , then10. do Step 1 from above for the sele
ted n, then20. do Step 2 from above for the sele
ted n,and have D be the distribution over matri
es de�ned by this experiment (this is the 
orre
t de�nitiona

ording to Levin).℄The theorem we are going to prove is the following:1\Size" here is the a
tual size of the number; not its length in bits.19-92



Theorem 19.1 If there exists a polynomial-time algorithm A su
h that, for all suÆ
iently large n and formatri
es drawn from Dn, A 
omputes the permanent 
orre
tly with probability 1� 1poly(n) , then there is alsoa randomized, polynomial-time algorithm B that, for all suÆ
iently large n and for every matrix M in Dn,B 
omputes the permanent of M 
orre
tly with high probability.Proof We don't get into the issues 
on
erning the random sele
tion of the prime number p. We 
onsider a�xed p of size �(n10) and assume that a polynomial-time algorithm A(�; p) 
omputes the permanent 
orre
tlywith probability 1� 1poly(n) for matri
es randomly sele
ted from Zn�np . Consider the algorithm B(�; p) thaton input M 2 Zn�np 
omputes as follows:1. pi
ks a random matrix R from Zn�np ,2. for ea
h i = 1; 2; : : : ; n + 1, 
omputes yi  A(M + i � R; p) (where i � R stands for multiplying everyentry of R by i),3. interpolates and �nds a polynomial q(x) of degree n su
h that q(i) = yi, for all i = 1; 2; : : : ; n+ 1.4. outputs q(0).It 
an be shown that with high probability over its internal 
oin tosses, B(�; p) 
orre
tly 
omputes thepermanent of its input.Note that the proof uses the idea of \self-
orre
tion" that we have seen in previous le
tures: symboli
ally,perm(M) is a degree n polynomial in the n2 variables m1;1;m1;2; : : : ;mn;n; and A is an ora
le that 
omputesthis polynomial 
orre
tly quite often; so, B is what we get by applying self-
orre
tion to A.19.3.2 The 
lass DNPIn this se
tion we give the de�nition of the 
lass DNP (Distributional NP). In the next le
tures we will givetheorems about it.First, we need to asso
iate with every distribution D the fun
tion ~D : f0; 1g� ! [0; 1℄, de�ned by~D(x) =Xy�xD(y);so that ~D(x) is the probability that a string sele
ted a

ording to D \
omes before" x. Here, a �xed,reasonable liner ordering of f0; 1g� is assumed; e.g., the usual ordering 0; 1; 00; 01; 10; 11; : : : .Now, we are interested in two spe
ial kinds of distributions over f0; 1g�.De�nition 19.2 A distribution D over f0; 1g� is P-
omputable if ~D is polynomial-time 
omputable (i.e.,there exists a polynomial-time algorithm that on input x outputs ~D(x)).An example of su
h a distribution is the uniform distribution, de�ned by D(x) = 1jxj(jxj+1)2�jxj.De�nition 19.3 A distribution D over f0; 1g� is P-samplable if there exists a probabilisti
 algorithm A anda polynomial p su
h that A outputs x with probability D(x) and after p(jxj) steps.A P-
omputable distribution is P-samplable, as well. But the 
onverse is probably false.De�nition 19.4 The 
lass DNP 
ontains exa
tly the distributional de
ision problems (L;D) for whi
h thelanguage L is in NP and the distribution D is P-
omputable.Note that 
onsidering NP languages with P-samplable distributions results in a 
lass larger than DNP.19-93



Chapter 20
6.841/18.405J: Advan
ed Complexity Theory May 1, 2002Le
ture 20Le
turer: Madhu Sudan S
ribe: Eleni DrineaToday we will �rst elaborate on the de�nition of Distributed NP, introdu
ed in the last le
ture. We willthen de�ne what it means for a problem to be in Avg-P and start dis
ussing a 
ompleteness result for DNP.20.1 De�nitional IssuesIn the de�nition of a distributional problem in the last le
ture, the input distribution was a single distributionon all inputs of all sizes. Equivalently, a

ording to Impagliazzo, we 
an think of the input distribution asbeing on a �nite set of possible inputs (e.g., of at most some �xed size n). Thus for today's le
ture, thedistribution D we will work with is D = fDng1m=1, i.e., a 
olle
tion of distributions Dn.There are two 
lasses of distributions that we are interested in:� P -
omputable distributions D: let ~D = Py�xD(y), where we think of the ordering \y � x\ onf0; 1gn. We say that D is P -
omputable if ~D is polynomial time 
omputable. This is the ni
est 
lassof distributions one 
an think of. Re
all that we de�ned a pair (L;D) to be a de
ision problem in DNPif L 2 NP and D is P-
omputable.� P-samplable distributions D: this is a quite elaborate 
lass of distributions. We say that D is P -samplable if there exists a polynomial time algorithm A that outputs x with probability D(x). Notethat a P -samplable distribution need not be P -
omputable. For example, if we pi
k an assigmentx 2 f0; 1gm on m variables, and 
onstru
t a formula F on (say) 4m 
lauses that is satis�ed by x, thenthe distribution on su
h formulae is P -samplable. However, in order to 
ompute ~D(F ), we probablyneed #P power in order to 
ompute the probability of ea
h F 0 < F (sin
e we need to 
ount the numberof assignments that satisfy F 0). Thus this distribution is probably not P -
omputable.20.2 Æ-good algorithms and Avg-PWe de�ne problems in Distributed NP to be pairs (R;D) su
h that R is a polynomial time 
omputable binaryrelation R(x; y) and D is a distribution on x (the �rst of R's arguments). Given x distributed a

ording toD, we want to �nd a y su
h that R(x; y), if su
h a y exists. A notion that is related to how well we want tosolve this sear
h problem is Avg-P. 20-94



A problem is in Avg-P if there exists an \eÆ
ient" algorithm B that \solves" this problem. Of 
ourse,we need to be more spe
i�
 about the notions in quotes above. For the notion of \solvability", Æ-goodalgorithms are satisfa
tory.De�nition 20.1 An algorithm A is Æ-good for R and D ifPrx D24 if 9y s.t. R(x; y), then R(x;A(x)) is trueandif 8y :R(x; y), then A(x)=\error" 35 � 1� ÆNote that we are using only benign algorithms, that never make errors. However, they may need moretime to produ
e a de�nite answer; in this 
ase they output \?". In other words, A given x 
an produ
e threeoutputs: y, in whi
h 
ase R(x; y) is true, \error", in whi
h 
ase there is no y su
h that R(x; y), or \?", if Adoes not have enough time to de
ide.Now let's look at the eÆ
ien
y requirements for algorithms for problems in Avg-P. For example, 
onsideran algorithm A that solves a problem (R;D) in the following way: with probability 1� 12pn it takes time nand with probability 12pn it takes time t = 2n. The expe
ted running time of the algorithm is 2�(n); then Ais a bad algorithm for the problem if our 
riterion is the expe
ted running time. However if we 
hange t to2n1=3 , then (under the same 
riterion) A be
omes good. Similarly, if A runs on a 2-tape TM and t = 2:75pmtime, then A is good. However if we simulate this algorithm on an 1-tape TM, with probability 12pn we willneed time 21:5pm (be
ause of the quadrati
 overhead of the simulation). Thus the expe
ted running time ofthe simulation is exponential in n and the algorithm will now be 
onsidered bad.The observations so far already suggest that the expe
ted running time is not suitable as a 
riterion for theeÆ
ien
y of an algorithm that solves a problem in Avg-P. First it is hardwired in the model of 
omputation;and even polynomial 
hanges in the running time do not maintain the property of goodness. Moreover,using su
h algorithms may 
ause problems in the 
omposition of redu
tions. In parti
ular, suppose (R;D) 2Avg-P. Then there may exist (R0; D0) that redu
es in polynomial time to (R;D) and yet, (R0; D0) =2 Avg-P.This is 
ertainly something that the notion of redu
tion should not allow.The above dis
ussion leads us to the following de�nition for Avg-P:De�nition 20.2 A problem (R;D) is in Avg-P if there exists an algorithm B on two inputs, x and Æ, su
hthat B(�; Æ) is Æ-good for (R;D) and B runs in time polynomial in the length of x and in 1=Æ.This de�nition of Avg-P is robust (e.g., the problem with the redu
tions no longer exists) and also makessense, as the running time in
reases when we in
rease the probability that the algorithm returns a de�niteanswer (i.e., we de
rease Æ).20.3 Towards a 
ompleteness resultThe main question that arises at this point is whether DNP � Avg-P, with the distributions 
onsidered eitherP-
omputable or P-samplable. The reasonable way to go about this issue is to de�ne a 
omplete problem inDNP and ask whether this is in Avg-P.20.3.1 �-dominan
e between distributionsBefore we a
tually address this question, it is reasonable to ask whether DNP problems with P-samplabledistributions are harder than DNP problems with P-
omputable distributions. Impagliazzo and Levin provedthat this is not the 
ase; every DNP problem 
omplete for P-
omputable distributions is also 
omplete forall samplable distributions. In parti
ular, starting with problem (R;D), where R is an arbitrary (polynomialtime) relation and D is P-samplable, we 
an redu
e this to some problem (R0(R;D); D0), where D0 is P-
omputable, e.g. approximately uniform. (We will soon dis
uss what is means to redu
e a distributionalproblem to another distributional problem.) 20-95



Before the Levin-Impagliazzo theorem, Levin proved that every problem (R;D), whereD is P-
omputable,
an be redu
ed to (�; U), where � is a �xed problem and U is a uniform distribution. Thus there is a 
ompleteproblem for DNP, with P-
omputable distributions.Our goal for now is to give the high-level des
ription of how the redu
tion from DNP with P-samplabledistributions to DNP with P-
omputable distributions works. However, before we get to the a
tual redu
tion,we will dis
uss what it means to \redu
e" a distributional problem to another.From now on, we will be thinking of D as being a sampling algorithm. I.e., D gets x, whi
h is a uniformlydistributed n-lettered string and outputs an n-lettered string y distributed a

ording to D.Now suppose we are given an instan
e of (R;D) and want to redu
e it to an instan
e of (R0; D0). Thismay be too strong to require in general and we do not really need to a
hieve that mu
h: maybe we aresatis�ed if the instan
es of (R0; D0) are not produ
ed exa
tly a

ording to D0 but rather a

ording to someD00 whi
h is ni
ely related to D0. In other words, we would like to say that if A is an algorithm that isÆ-good for (R0; D0) then A is also Æ0-good for some (R0; D00), given that D00 is related in a 
ertain way to D0.It turns out the right way to formulate this relation is the notion of �-dominan
e.De�nition 20.3 We say that a distribution D1 �-dominates a distribution D2 if for all xD1(x) � D2(x)�The intuition here is that if A is good on some D1, then it will still be good on some D2 that is �-dominated by D1. This is formally stated in the following theorem.Theorem 20.4 If A is Æ-good for (R;D1) and D1 �-dominates D2, then A is �Æ-good for (R;D2).Re
all that in Avg-P we are in 
ontrol of the Æ; for example, if D1 has a bad � dominan
e over D2, thenwe 
an adjust Æ so that �Æ is su
h that the algorithm is still good enough for (R;D2).20.3.2 The Impagliazzo-Levin Redu
tionLet us 
onsider the distribution Dm that pi
ks an integer k uniformly at random from the set f1; : : : ; ngand outputs (k; w), where w is 
hosen uniformly at random from f0; 1gk. This distribution is essentially\uniform". In general, 
onsider Dn that outputs a 
olle
tion of tuples, su
h that the �rst element of thetuple spe
i�es the rest. For example, Dn : (k; x; y; z; i; w), where x; y; z have length k, i is an integer in1; : : : ; k and w has length i. Then these are 
ertainly P-
omputable distributions; we will also 
onsider theseas uniform distributions.Our goal is to redu
e a problem (R;D), supposedly hard, where R is arbitrary and D is P-samplable, to aproblem (R0; D0), where D0 is uniform (as previously dis
ussed). In this setup, the universe pi
ks z 2 f0; 1gn,applies D and outputs D(z) = x 2 f0; 1gn. Now we need to �nd R0 su
h that (R0; D0) is hard, with D0 beinga uniform distribution.A �rst attempt for R0 would be R0(z; y) = R(D(z); y). Clearly R0 is polynomial time 
omputable sin
eD is P-samplable and if R is hard on D, so is R0 on the uniform distribution. However, this attempt fails,in that, looking at the formal redu
tion, given x, we should �nd some z su
h that D(z) = x. But in generalD�1(x) may not be tra
table (e.g., as we mentined earlier today, z 
ould be an assignment over m variablesand D(z) = x a formula on a 
ertain number of 
lauses satis�ed by z).The idea that works is to impli
itly (rather than expli
itly) spe
ify z. This means the following: supposeall the preimages of x are in the set S, whi
h 
onsists of 2k elements; suppose further that z is the i-thelement in S. Then z 
an be spe
i�ed by (x; k; i), where i 2 f0; 1gk is the index of z in S.However, enumerating all the elements in S is tri
ky. What we do instead is the following: we de�ne thedistribution D2 that outputs tuples of the form (x; h; k; w);20-96



where a z is pi
ked from the n-lettered universe and then x = D(z) is 
omputed; h is a randomly generatedhash fun
tion on the n-lettered strings; k is uniformly 
hosen from f0; : : : ; ng and is a guess for the logarithmof the number of preimages of x; h(z) = w 2 f0; 1gk (we 
an think of applying h on z and then just look atthe �rst k 
oordinates). We 
laim that if solving R on D is hard, then solving R on D2 is also hard.Now we de�ne a uniform distribution D1 that outputs tuples(x; h; k; w);where x is uniformly 
hosen from the n lettered strings, h is randomly generated, k 2 f1; : : : ; ng, and w isuniformly 
hosen from f0; 1gk. We also de�ne R0 asR0 ((x; h; k; w); (y; z)) = R(x; y)AND (h(z) = w;D(z) = x)where h(z) is restri
ted to the �rst k 
oordinates.The interesting thing about de�ning D2 is that now we 
an 
laim that R0 on D1 is as hard to solve as Ron D2. The basi
 idea behind the proof is that D1 dominates D2 within a polynomial fa
tor.
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Chapter 21
6.841/18.405J: Advan
ed Complexity Theory September 5, 2001Le
ture 21Le
turer: Madhu Sudan S
ribe: Ashish MishraToday's le
ture:� A DNP-Complete Problem� Latti
e Problems and Worst-Case vs. Average-Case 
omplexity: 
onne
tion to NP21.1 Re
ap from last le
tureWe present a high-level view of the notion of average-
ase 
omplexity. Some progress has been made in thelast 10-15 years on analyzing these problems, in
luding 
onne
ting problems of worst-
ase and average-
ase
omplexity, and developing the �rst 
ryptosystem relying on worst-
ase, rather than average-
ase 
omplexity.In the last le
ture we talked about DNP (Distributed NP).De�nition 21.1 DNP is the 
lass of problems spe
i�ed by (R;D) where R is a poly time 
omputable binaryrelation and D : f0; 1gn ! f0; 1gn is a poly time 
omputable fun
tion.E�e
tively, D spe
i�es the distribution indu
ed by applying the fun
tion to a uniformly 
hosen randominput, fD(z)gz2Uf0;1gn . In pra
ti
e we won't 
on
ern ourselves with the exa
t length of the random inputsin
e random lengths 
an be mapped to ea
h other to a good extent.De�nition 21.2 An algorithm A is Æ-good for (R;D) if A solves (1�Æ) fra
tion of the instan
es of R drawna

ording to D, never giving a wrong answer.De�nition 21.3 (R;D) 2 Avg-P i� there is a B(x; Æ) su
h that AÆ(:) = B(:; Æ) is Æ-good for (R;D) andB(x; Æ) runs in poly(jxj; 1=Æ) time.This de�nition is drawn from Impagliazzo's survey.The idea of redu
tions is straightforward: we pi
k a random z, and give instan
e D(z). The redu
tionspe
i�es a parti
ular distribution. To relate di�erent distributions, we introdu
e the notion of \domination".De�nition 21.4 Distribution D1 �-dominates distribution D2 if 8x;PrD1 [x℄ � PrD2 [x℄�21-98



-
6 D2 D11N�N NFigure 21.1: Dominating distributionsDomination is a very one-sided relationship and it is easy to 
onstru
t distributions D1; D2 as in Figure 21.1where D1 �-dominates D2 | but D2 doesn't �0-dominate D1 for any �nite �0.Theorem 21.5 If algorithm A is Æ-good for (R;D1) and D1 �-dominates D2, then A is (�Æ)-good for(R;D2).The Impagliazzo-Levin Lemma states that every (R;D) problem redu
es to some (R0; U) where U is anessentially uniform distribution.Consider R0 whi
h is the 
omposition R ÆD. To implement this, we need to have a uniformly randomly
hosen pre-image of x under D. Computing the inverse of D may be hard, so instead we spe
ify z impli
itly:by giving an index w of z within the pre-images of x. Universe of x'sXx(D)mapping

Universe of z'sZ
zD�1(x)

Figure 21.2: Pi
king a DistributionWe are pi
king x 2 f0; 1gn; w 2 f0; 1gk, where x has roughly 2k pre-images under D. x and w spe
ifyz 2 f0; 1gn, and we would like the distribution of z to be nearly uniform. We 
an do this by hashing the(n + k) length string (x;w) down to an n-length string. The hash is drawn uniformly from a family ofpairwise independent hash fun
tions.Formally R0 is expressed as a tuple (u; k; h1; h2) where u 2 f0; 1gn is the hash of (x;w), k 2 f0; 1:::ngis the log of the number of pre-images of x, and h1 : f0; 1gn ! f0; 1gk, h2 : f0; 1gn+k ! f0; 1gn are hashfun
tions. R0((u; k; h1; h2); (z; y)) i�:� y is a witness to z under R, i.e. R(D(z); y).� u = h2(D(z); h1(z)). 21-99



Our distribution on U is to pi
k u; k uniformly from f0; 1gn and f0; 1:::ng respe
tively, and h1; h2 uniformlyfrom the families of hash fun
tions on that many bits. The tri
ky part is guessing the size of the pre-image
orre
tly. But with a random guess we have a 1n+1 
han
e of getting the right value, within a fa
tor of 2.21.2 Proof of the Impagliazzo-Levin Lemma21.2.1 Redu
tionGiven x,1. Uniformly pi
k k 2U f0; 1; :::ng. (so we have 1n+1 
han
e of pi
king the right value)2. Uniformly pi
k w 2U f0; 1gk.We don't yet know z or a distribution for z, but we 
an stipulate that w = h1(z).3. Uniformly pi
k hash fun
tions h1, h2.4. Output: (u = h2(x;w); k; h1; h2).If we have a

urately estimated the number of pre-images 2k above, then with high probability there willexist unique z su
h that D(z) = x and h1(z) = w.21.2.2 AnalysisWe 
an 
onstru
t a 
orresponding distribution D2 on (u; k; h1; h2) as follows:1. Uniformly pi
k z 2U f0; 1gn.2. Set k = log2 jD�1(D(z))j.We don't know how to 
ompute this, we are just de�ning a distribution for the purpose of analysis.3. Uniformly pi
k hash fun
tions h1, h2.4. Output: (u = h2(D(z); h1(z)); k; h1; h2).We make the following 
laims on D2:� The distribution U O(n)-dominates D2.� (R0; D2) is at least as hard as (R;D).This 
ompletes the proof that given (R;D), there exists a problem (R0; U) whi
h is equally hard.However, the above does not provide us with a single hard problem independent of R and D. To do this,we 
reate a universal relation: RU � (R; x)ywith RU ((R; x); y) holding i� R(x; y) holds. We need not worry what distribution to apply to RU | as longas x is 
hosen with �nite probability, any distribution suÆ
es.This means that every interesting problem (e.g. fa
toring, SAT) has a uniform distribution des
ribing it.
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21.3 Latti
e problemsDNP gives us a theory of average-
ase problems. E�e
tively, it relates average-
ase problems to ea
h other.But it does not relate average-
ase to worst-
ase problems. What might be desirable is a 
onne
tion analogousto that between approximation problems and exa
t 
al
ulation problems. Currently we don't know of anysu
h result relating worst-
ase and average-
ase hardness in NP.In 1996, Ajtai showed the existen
e of a latti
e problem R0 that we don't know how to solve in RP; andan instan
e (R;D) of Avg-P su
h that R0 is redu
ible to (R;D). Essentially this gives a redu
tion from a\hard" problem in worst-
ase 
omplexity to a related problem in average-
ase 
omplexity. If R0 was knownto be NP-
omplete, this would be a dream theorem in our 
urrent 
ontext. As it is, it represents a majorbreakthrough in 
lassifying average-
ase 
omplexity.21.3.1 De�nitionsLatti
es 
onsist of dis
rete points in Rn , in some regular symmetri
 form. Figure 21.3 illustrates an examplewith only 2 dimensions for pi
torial e�e
t.
-

6
O Figure 21.3: 2-dimensional latti
eIt is important to distinguish this geometri
 notion of latti
es from the algebrai
 entities involving partiallyordered sets, as used in other 
ontexts. Mathemati
allyDe�nition 21.6 A latti
e L is a dis
rete additive subset of Rn .Dis
rete: There is some d > 0 su
h that for any x 2 L; Ball(x; d) \ L = fxgAdditive: For any x; y 2 L, it follows that x+ y; x� y 2 LIf L is nonempty then it 
learly must 
ontain the origin, sin
e from additivity x � x 2 L. There are twoways to spe
ify a latti
e, known as the primal and the dual representations.Primal RepresentationThis gives a basis for the latti
e: b1; b2; :::bm 2 Rn , with the bi's linearly independent () m � n). ThenL(b1; :::bm) = ( mXi=1 zibi j zi 2 Z 8i )We often think about latti
es on Qn, Zn rather than Rn .
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Dual RepresentationWhile the primal representation gives a 
onstru
tive des
ription of the latti
e, this representation insteadspe
i�es a set of 
onstraints on it. Mathemati
ally we are given b�1; b�2:::b�m with m � n. ThenL(b�1; :::b�m) = �v j hv; b�j i 2 Z 8j	where hv; bi denotes the inner produ
t of v and b.If we have pre
isely n ve
tors, the dual basis ve
tors are simply given by the inverse of the matrix
omposed of basis ve
tors. In other 
ases, it is not easy to see what the dual basis ve
tors intuitivelyrepresent, but it is still algorithmi
ally easy to go from one representation to another.21.3.2 Problems relating to latti
esEasy Problems :1. Computing interse
tion of two latti
es (itself a latti
e).2. Computing bases of a latti
e.Hard Problems :1. Short Ve
tor Problem (SVP): Given a basis, does there exist a non-zero ve
tor of length � din the latti
e?Ajtai showed this problem to be NP-
omplete under randomized redu
tions.2. Given a basis b1; b2:::bm, 
an you �nd a short basis of length � d for the same latti
e?3. Given b1; b2:::bm, and a target t 2 Rn , what is the nearest ve
tor to t in L? (NP-hard)All these hard problems are optimization problems, so we 
an 
onsider approximation algorithms to solvethem. Lenstra, Lenstra and Lovasz gave a 2n-approximation algorithm to SVP on an n-dimensional latti
e.This was subsequently improved, but not signi�
antly. We now have 2o(n)-approximations, but not 2pn.Though this approximation might seem too weak to be any use, it a
tually has signi�
ant appli
ations.LLL showed how to use it to fa
tor integer polynomials in poly time. Other uses of latti
e problems are in
ryptanalysis, integer programming, diophantine systems, and even in building 
ryptosystems [Ajtai-Dvork℄.This shows that latti
e problems are of immense interest.21.3.3 Ajtai's theoremAjtai's theorem involves polynomial approximations to the short ve
tor/short basis problem. Ajtai 
omparedthe following two problems, and shows that an Avg-P solution to the average-
ase problem implies an RPsolution to the worst-
ase problem.Worst-
ase problemGiven L(b1; b2:::bm) � Rn , �nd an n
1-approximate small basis for L.Currently, there is no knowledge about the hardness of this problem.Average-
ase problemGiven L�(b�1; b�2:::b�m) � Rn , �nd an n
2-approximate short ve
tor in L�.
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The distribution D is as follows:� Fix q = n
3� Fix m = �(n log q)� Randomly 
hoose (b�1:::b�m) 2R n0; 1q ; 2q ; ::: q�1q ; 1onL� 
learly is an in�nite latti
e, sin
e qZn � L�.
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Chapter 22
6.841/18.405J: Advan
ed Complexity Theory May 8, 2002Le
ture 22Le
turer: Madhu Sudan S
ribe: Emanuele ViolaIn this le
ture we will talk about Quantum Complexity. However, let's �rst say some last things aboutAverage Case Complexity.22.1 Average Case ComplexityAverage Case Complexity is vastly non understood. One of the main open problems is understanding theaverage 
omplexity of 3 � SAT . For every n 
onsider the following distribution on instan
es of 3 � SAT :pi
k a random formula on n variables with �n 
lauses, where by a random formula we mean that every
lause is 
hosen uniformly and independently at random among all possible 
lauses. It 
an be proven that:� If � � 6 then, with probability going exponentially (in n) to 1, the formula is not satis�able.� If � � 3 then, with probability going exponentially (in n) to 1, the formula is satis�able.The threshold seems to be 4:2. In other words, 3�SAT with respe
t to the above distribution for � = 4:2seems to be a good 
andidate for a problem hard on average.In pra
ti
e, there are many heuristi
s that people use to �nd satisfying assignments that work well. Thedrawba
k is that when the heuristi
 algorithm fails, we do not know if it failed be
ause there is no satisfyingassignment or be
ause it needs more time. Our hope would be an algorithm that provides us with a proofthat the given formula is unsatis�able, if that is the 
ase. But do su
h proofs exist? This question is one ofthe main questions of Proof Complexity, and, modulo distribution on the instan
es, is the 
o�NP vs NPquestion.Our hope is relating NP -
ompleteness and DNP -
ompleteness. Some possibility of doing this havealready been ruled out. In parti
ular, 
onsider a redu
tion from some NP -hard problem R0 to a problem(R;D) (where D is a polynomial time samplable distribution) of the following kind: on input x we redu
ethe problem of de
iding whether x 2 R0 to the problem of solving (R;D) on, say, four instan
es x1; x2; x3; x4,where 8i xi is distributed a

ording to D, but they are not ne
essarily independent. [Feigenbaum & Fortnow℄show that the existen
e of su
h a redu
tion implies that the PH 
ollapses.There are at least two ways out of this:� Consider a `
lassi
al' Turing redu
tion.� Try a redu
tion from some other 
omplexity 
lass, su
h as Statisti
al Zero Knowlegde.22-104



22.2 Quantum ComplexityFor a physi
ist, physi
s is the goal, while 
omputers are the tool. For a 
omputer s
ientist is true theopposite: 
omputers are the goal, physi
s is the tool. In parti
ular, a 
omputer s
ientist tries to 
ome upwith an abstra
t model of 
omputation, and then show (1) it is physi
ally realizable and (2) it is the strongestpossible.Very in
uen
ing has been the� Turing-Chur
h Thesis : every physi
ally realizable 
omputing devi
e 
an be simulated by a Turingma
hine.What is really relevant to Complexity Theory, however, is the� Strong Turing-Chur
h Thesis : every physi
ally realizable eÆ
ient 
omputing devi
e 
an be simulatedby a Turing ma
hine with a polynomial time slow-down.There have been two main 
hallenges to the Strong Turing-Chur
h Thesis.The �rst one 
omes from Randomness : some problems are eÆ
iently solvable (with high probability)using randomness, but are not known to be solvable in deterministi
 polynomial time. This is the BPP vsP (open) question.The more re
ent 
hallenge 
omes from Quantum Physi
s. We start with an experiment: Consider a wallwith two small holes A and B. In front of the wall, at equal distan
e from A and B, we put a sour
e of light,and behind the wall we put a s
reen where we 
an measure the intensity of the re
eived light.If we 
lose one hole A or B, and let the light go through the other, we measure the same intensity onthe s
reen. However, when opening both holes, the measured intensity is not the sum of the intensitiespreviously measured. In parti
ular, at the point on the s
reen at equal distan
e from A and B we observeno light, while there was some when opening just one hole.This experiment 
an be turned in a 
omputational problem as follows: given n walls ea
h with n holeswhi
h 
an be open or 
losed, a sour
e of light in front of all the walls and a point P on a s
reen behind allof them: do we measure light in P ? This problem was 
onsidered by Feynman in the 80's.22.2.1 Quantum bitsWe de�ne the state of a system 
onsisting of one Quantum Bit (qubit) as a ve
tor 2 C 2 of unit length (forthis le
ture, you 
an think of it as being a ve
tor with real 
omponents). We 
an think of a qubit as of a
oin whi
h has been tossed but has not landed yet. The 
omponents of the state represent the probabilitythat this 
oin will land on head or tails.Similarly, the state of a system 
onsisting of n qubits is a ve
tor 2 C 2n of unit length. Again, we 
an thinkof ea
h 
omponent of this ve
tor as expressing the probability that the n 
oins will land in some parti
ular
on�guration.What 
an we see of the qubits, and how 
an we manipulate them? These two aspe
ts are referred to asQuantum Measurement and Quantum Evolution, respe
tively.22.2.2 Quantum MeasurementConsider two qubits in the state ( 1p2 ; 12 ;� 12 ; 0). We use the following notation (useful be
ause states areoften sparse, i.e. most of their 
oordinates are 0):1p2 j00 > + 12 j01 > � 12 j10 > + 0 � j11 > :This means that if we measure the state then with probability � 1p2�2 we will see 00, with probability� 12�2 we will see 01 and so on. 22-105



We 
an also measure one qubit at a time. In this 
ase we follow the rule of 
onditional probability. Forexample, if we observe the �rst (leftmost) qubit in the above example, then with probability 1=2 + 1=4 wesee a 0, and then we are in the state r43 � 1p2 j00 > +r43 � 12 j01 >;while if we see a 1 then we are in the state 1j10 > :22.2.3 Quantum EvolutionConsider some state on n qubits v 2 C 2n . For every 2n � 2n matrix U over C whi
h is unitary (i.e.U �UH = I2n , where UH is the transposed 
onjugate of U) the tranformation v ! Uv is physi
ally realizable.For example, the matrix �0 11 0� negates a single qubit, the matrix 1p2 � 1 1�1 1� 
ips one (the value ofthe bit is preserved in the sign, so that we 
an un
ip it), and the general form of these 1-qubit operations is� 
os � sin �� sin � 
os ��.A quantum 
ir
uit is a 
ir
uit where we have su
h matri
es as gates. It 
an be proven that we 
an postponeevery measurement at the end paying only a little overhead. Rather than 
omputing some fun
tion, quantum
ir
uits sample from some distribution, and in parti
ular they 
an sample from some distributions whi
h arenot known to be polynomial time samplable.A quantum Turing ma
hine is similar to a 
lassi
al Turing ma
hine, but the transition fun
tion is givenby a unitary matrix, representing the quantum evolution of the state. [Bernstein & Vazirani℄ show thata quantum Turing ma
hine 
an be initialized in su
h a way that it 
an simulate every given 
ir
uit. Inparti
ular, we 
an get � 
lose to the distribution sampled by the 
ir
uit with only polynomial time slow-down. Note we 
annot ask for the quantum Turing ma
hine to sample exa
tly the same distribution sampledby the 
ir
uit, be
ause the 
ir
uit may have gates with values (e.g. p3) not in
luded in the de�nition of thequantum Turing ma
hine.
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Chapter 23
6.841/18.405J: Advan
ed Complexity Theory May 8, 2002Le
ture 22Le
turer: Madhu Sudan S
ribe: Benjamin MorseIn this le
ture we will 
over Quantum Information, Manipulation, Cir
uits, and Computers. First we will
lose the topi
 of Average-
ase Complexity with some words about unanswered questions in the �eld.23.1 Average-Case ComplexityAverage-
ase Complexity is for the most part still not understood. Even the following simple problem, whi
his fundamental to the study of average-
ase 
omplexity, is still unanswered.Given a random SAT formula � in n variables, with a number of 3-CNF 
lauses equal to �n for somepredetermined 
onstant �, where the 
lauses are pi
ked independantly randomly from a uniform distribution,is the formula satis�able or not?From experimental eviden
e, it's been determined that:� if � > 6, the probability that � 2 SAT approa
hes 0.� if � < 3, the probability that � 2 SAT approa
hes 1.Between these two 
onstants, it's harder to tell whether a given formula is satis�able, and the thresholdis around � = 4:2. At this threshold, one would imagine that the problem is hard on average, but we haveno formal way of showing this.In pra
ti
e, there are good heuristi
s for SAT, but no proofs - if a heuristi
 algorithm fails, we don't knowif it's be
ause there's no satisfying assignment, or if the heuristi
 simply 
an't 
ope with that parti
ularformula. Also, for formulae that take a long time, there isn't a way of knowing if they're taking polynomialor exponential time. There's a lot of work that needs to be done to link theory and pra
ti
e.Ideally, we would want some way of relating DNP-
ompleteness and NP-
ompleteness. Feigenbaum andFortnow have pointed out that one of the more obvious ways of doing this isn't going to work.Let's assume, as we might like to, that a redu
tion exists from an NP-hard problem R0 to a DNP problem(R;D), where D is a polynomial-time sampleable distribution, su
h that the randomized redu
tion of aninstan
e x of R0 produ
es (for example) four random instan
es x1; x2; x3; x4 of (R;D) su
h that all xi aresolvable. Ea
h xi is distributed a

ording to D, but they don't need to be ne
essarily independant of ea
hother. If this is possible, then the polynomial hierar
hy 
ollapses.(Is it ne
essary that this distribution even exists, though? This is a tri
ky question - it does exist, butit's possible that it might not be sampleable.) 22-107



There are two ways out of this situation: We 
an follow a generi
 Turing redu
tion instead, or we 
ould tryusing a problem that's 
omplete for a 
lass between P and NP (possibly BPP or 'statisti
al zero knowledge'),whi
h 
ould still give us an interesting result.23.2 Physi
s vs. ComputationTo the view of the physi
ist, physi
s is the goal, and 
omputation is a tool that he 
an use to use toanalyze physi
s and extra
t relationships. To the 
omputer s
ientist, 
omputers are the goal, and physi
sis a tool she 
an use to build ma
hines that perform 
omputation. (A fan
iful example is using bent wireand a soap solution to form a surfa
e - this solves an extremely 
ompli
ated di�erential equation naturally.)The 
omputer s
ientist 
omes up with a mathemati
al model, and tries to prove that it is both physi
allyrealizable, and that it's the strongest possible - that it 
an model all physi
al pro
esses.The Turing-Chur
h hypothesis states that every physi
ally realizable 
omputing devi
e 
an be simulatedby a TM. The stronger version of this hypothesis also 
laims that a TM 
an do this with only polynomialslowdown. The hypothesis has ben 
hallenged in the past by the introdu
tion of randomness (whi
h Turingma
hines 
an't predi
t). Randomness is a resour
e that 
an speed up a pro
ess, and 
hallenge the stronghypothesis (i.e. 9L 2 BPP that we only know of an exponential-time deterministi
 algorithm for). And you
an buy 
omputer 
hips that will use physi
al pro
esses to give you random numbers, so this 
ould be aneÆ
tive 
hallenge to the strong version of the hypothesis.However, the more re
ent 
hallenge to the strong Turing-Chur
h hypothesis has 
ome with the introdu
-tion of quantum 
omputation.23.2.1 The two-slit experimentWe have a wall that 
an measure the intensity of light hitting it. In front of this wall we pla
e a s
reen withtwo slits, and in front of that, a light sour
e. When either of the slits is 
overed, the wall is illuminatedwith a fairly predi
table Gaussian-like intensity behind the open slit. However, if we un
over both slits,the intensity of the light is banded be
ause of interferen
e, with a node of no light at all between the twoslits, instead of the straightforward superposition we would expe
t. We 
an des
ribe the 1-s
reen 
ase withdi�erential equations, but Feynman posed the problem of n s
reens with n holes in series. Cal
ulating theamount of light that hits that hits the wall at any point is in EXP. This is a 
ase of TMs failing to simulatephysi
al pro
esses with polynomial slowdown, so 
omputer s
ientists 
reate a new model of 
omputation,with Quantum Turing Ma
hines.23.2.2 Quantum informationA Quantum bit (qubit) 
an be des
ribed by a ve
tor in C 2 of unit length. This di�ers from a probabilisti
bit (whi
h is a real number p 2 [0; 1℄). The two 
omponents of this state represent the probabilities of thetwo possible out
omes - a qubit 
an, when observed, resolve to either a 0 or a 1.The state of an n-qubit system 
an be represented by a ve
tor in C 2n . The reason why it 
an't berepresented as a C 2n ve
tor is be
ause of quantum entanglement. Ea
h of the 2n 
omponents represent theprobabilities that the system will resolve to ea
h of the 2n di�erent possible out
omes.23.2.3 Quantum operationsThere are two main operations we 
an perform on a quantum system. We 
an manipulate it (whi
h isreferred to as Quantum Evolution) or we 
an observe part of, or all of the system (whi
h is referred to asQuantum Measurement).Consider a 2-qubit system with state ( 1p2 ; 12 ; 12 ; 0). This state is des
ribed in standard notation as1p2 j00 > + 12 j01 > + 12 j10 > +0j11 >22-108



The 
oeÆ
ients to the left of the states are known as the amplitudes.Using quantum measurement, we 
an look at part of the system. For example, we 
an look at the �rstbit and see how it 
omes out. The probability we'll get a 1 is 34 , and the probability we'll get a 0 is 14 . If weget a 0, that leaves the system in the stateq 43 � 1p2 j00 > +q43 � 12 j01 >If we observe a 1, that 
ollapses the system to the state1j10 >23.2.4 Quantum evolutionConsider another n-qubit quantum system with state des
ribed by v 2 C 2n , and a 2n � 2n matrix U over Csu
h that U is unitary (i.e. U � UH = I2n . UH is the Hermetian transpose of U , whi
h involves transposingthe matrix and taking the 
omplex 
onjugate of all 
ells.) Quantum evolution 
an be modelled by takingthe state v and 
al
ulating U � v for the new state. A helpful unitary matrix for a single qubit is one of theform � 
os � sin �� sin � 
os � �, whi
h rotates a qubit a

ording to �. This 
an be used to negate or 
ip a single qubit at a time.23.2.5 Quantum 
ir
uitsA quantum 
ir
uit 
onsists of a n-input, m-output 
ir
uit that has has these unitary matri
es as gates. Thesegates 
an take any number of qubits as inputs and output the same amount of qubits. The full generalizationof quantum 
ir
uits allows measurement to take pla
e at any point in the system, but it 
an be shown thatfor any 
ir
uit there is an equivalent one that postpones measurement until the end with a small overhead.Quantum 
ir
uits do not 
ompute fun
tions per se, but essentially sample from a distribution D :f0; 1gn ! f0; 1gm. These distributions are not ne
essarily polynomial-time sampleable - there are D thatare not poly-size 
ir
uits, but are poly-size Q-
ir
uits.23.2.6 QTMsDoes there exist a generalized ma
hine that 
an simulate any gate arrangement? A QTM is roughly analogousto a deterministi
 Turing ma
hine. Re
all the formal de�nition of a Turing ma
hine as the tuple(Q;�;�; Æ; q0; F )Æ : Q� �! Q� �� fL;R; staygq0 2 Q;F � QA QTM has a very similar de�nition, ex
ept that � and � are qubits, and Æ is a unitary matrix. Forevery quantum 
ir
uit C that samples from a distribution D, there is a QTM M that simulates it to withinany arbitrary �. The reason we 
an only attain � 
loseness is be
ause there 
an be irrational 
onstants likep3 that appear in the gates of C, but don't show up in the QTM. We 
an approximate these 
onstants,though. [Bernstein & Vazirani℄
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Chapter 24
6.841/18.405J: Advan
ed Complexity Theory May 13, 2002Le
ture 23Le
turer: Madhu Sudan S
ribe: Rebe

a Hit
h
o
kAlgorithms in Quantum ComputingThis le
ture 
overs two algorithms that make use of the quantum 
omputational stru
tures that were set uplast le
ture. We begin with a review of the Quantum Computing Model.24.1 Re
ap: Quantum Computing Model24.1.1 Quantum Cir
uitsA quantum 
ir
uit is s 
ir
uit with n wires in and n wires out. A k-nary gate in this 
ir
uit is a 2k � 2kmatrix whi
h is a map on ve
tors of size k. At the output of the 
ir
uit, we observe some the state bysampling some subset of the output wires.A quantum 
ir
uit 
an 
ompute any fun
tion that 
an be 
omputed by a 
lassi
al 
ir
uit. We wish todetermine what is a suÆ
ient 
olle
tion of gates to 
ompute any fun
tion using a quantum 
ir
uit. Thereare three su
h gates:1. The Hadamard Gate H2 = " 1p2 1p2� 1p2 1p2# . This is a unitary gate whi
h means that H2 times the 
omplex
onjugate of HT2 is I, the identity matrix. This is the gate that gives us the power of quantum 
omputingby introdu
ing randomness. If we input j0i into this 
ir
uit we get 1p2 j0i+ 1p2 j1i. Measuring the qubitwill therefore show 0 with probability 12 and 1 with probability 12 .2. A 
lassi
al negation gate. This gate has two inputs a and b and shows on its output a on the �rst wireand a� b where � is XOR. The negation is obtained by inputting 1 for a and the input to be negatedas b.3. A 
lassi
al AND gate. This gate has three inputs, a, b, and 
. The output of the �rst two inputs areun
hanged, that is they output a and b respe
tively. The third output gives 
� (a ^ b).23-110



Using these gates we 
an simulate and polynomial sized 
lassi
al 
ir
uit with a polynomial sized quantum
ir
uit.24.1.2 Quantum Turing Ma
hinesQuantum Turing ma
hines are represented very similarly to 
lassi
al turing ma
hines. The di�eren
es arethat the tape has qubits on it instead of regular bits, and the transition fun
tion is given by a lo
al unitarymatrix. This model leads us to desire a de�nition of quantum polynomial time. There are two de�nitionsthat appear in the literature, BQP and EQP, whi
h are analogous to BPP and ZPP respe
tively; BQPrepresents 
omputation with bounded error and EQP represents 
omputation with zero error.There are two ways to formalize these 
omplexity 
lasses. The �rst is in the expe
ted way, de�ning 
om-pleteness and soundness in the usual ways and allowing a polynomial number of steps on a quantum turingma
hine.The se
ond way uses quantum 
ir
uits as des
ribed above:De�nition 24.1 EQP = fLj9 a family of quantum 
ir
uits fQngn, where Qn takes n inputs, and a 
lassi
alpolynomial time turing ma
hine M that on input 1n outputs Qn su
h that:w 2 L, Pr �Qjwj(w) = 1� = 1w =2 L, Pr �Qjwj(w) = 1� = 0 gDe�nition 24.2 BQP = fLj9 a family of quantum 
ir
uits fQngn, where Qn takes n inputs, and a 
lassi
alpolynomial time turing ma
hine M that on input 1n outputs Qn su
h that:w 2 L, Pr �Qjwj(w) = 1� � 23w =2 L, Pr �Qjwj(w) = 1� � 13 gThis se
ond set of de�nitions is generally easier to work with. It is important to remember however that thede�nition requires not only a polynomial sized 
ir
uit, but also the ability to build that 
ir
uit in 
lassi
alpolynomial time. This enfor
es a measure of uniformity, whi
h is ne
essary be
ause as we re
all from ourstudy of 
lassi
al 
ir
uits there exist unde
idable languages for whi
h there are polynomial sized 
ir
uits.24.2 Simon's algorithmThere are three main algorithms that exploit the power of quantum 
omputing. These are Simon's Algorithm,Grover's Algorithm, and Shor's algorithm. Grover's algorithm is for NP sear
h and we will not 
over it inthis le
ture. Both Grover's and Simon's algorithm deal with relativized promise problems.24.2.1 Simon's ProblemSimon was interested in a problem inspired by 
ryptography. In this problem we are given an ora
le for afun
tion f : f0; 1gn �! f0; 1gn and we wish to determine whether or not it is a one-to-one fun
tion. He setsup his problem in the form of a promise problem:�Y ES: 9s 2 f0; 1gn=0n s:t 8x f(x+ s) = f(x) 23-111



�NO: f is a one-to-one fun
tionIn order to approa
h this problem 
lassi
ally, you 
ould imagine a world divided into two subsets, x, andx+s. But the spa
e is so large that we are unlikely to see two ve
tors that map to the same output be
ausethere are 2n ve
tors. This problem is in Promise-NP, but Simon's algorithm gives a method for solving itmore eÆ
iently.In order to dis
uss Simon's algorithm we need a little more information on the unitary Hadamard Transform.24.2.2 The Hadamard Transform RevisitedConsider a number of Hadamard gates in parallel. If we have six wires 
oming in, with an input x = 1010111what do we see on the output? Ea
h output wire has equal probability of being one of two 
hoi
es. Theoutput is the produ
t of the states, so we know the magnitude of the output is ( 1p2 )6. The expression forthe general 
ase is as follows: 12n2 Xy2f0;1gn(�1)hx;yijyiWhere hx; yi represents the inner produ
t modulo two. This operation is very important to Simon's algo-rithm.24.2.3 Simon's AlgorithmThe main idea is to 
ompute a non-trivial fun
tion on the 2n inputs. Unlike a trivial fun
tion su
h as theaverage, we 
annot 
ompute this in 
lassi
al probabilisti
 polynomial time. Noti
e here that we are tryingto dis
over properties of the ora
le, so we 
an set the input to whatever we like. Here we set it to j0n0ni.Consider the following sequen
e of transformations(gates):j0n0ni Hn2�� �! 12n2 Xx2f0;1gn jx0ni f(x)�� �! 12n2 Xx2f0;1gn jxf(x)i Hn2�� �! 12n2 Xx2f0;1gn 12n2 Xy2f0;1gn(�1)hx;yijyf(x)iThe �rst arrow simply gives us the Hadamard transform of the �rst n qubits. No signs have been introdu
edat this point be
ause our input was zero, and if we were to go through another Hadamard transform wewould get j0n0ni ba
k. The se
ond transformation is possible be
ause of a relativized version of the ideathat we 
an perform and 
lassi
al 
omputation using a quantum 
ir
uit. The details of this are beyond thes
ope of this le
ture. The third arrow is another Hadamard transform on the �rst n qubits.Something nontrivial has happened at this point. Consider what happens if we observe the tape in both theyes and no 
ases:NO 
ase: In this 
ase you see every possible 
ombination of strings hx; yi. The state of the system is:12n Xy;z (�1)jy; ziThere are no 
ollisions and we are left with a uniformly distributed random sample.YES 
ase: In this 
ase we look at the terms of the sum 2�n(1)hx;yijy; f(x)i and 2�n(1)h(x+s);yijy; f(x+ s)iSin
e f(x) = f(x + s) we know that these terms are equal, with the possible ex
eption of the (�1). There23-112



are two 
ases. If hy; si = 1 then these two terms will have opposite signs and 
an
el out. In this 
ase, the
orresponding jy; f(x)i will not appear in the output. In the other 
ase, hy; si = 0, and they will have thesame sign and the resulting 
oeÆ
ient will be �2 � 12n .Thus in the yes 
ase we see there are 22n�2 possible ve
tors hy; f(x)i, and ea
h appears with equal probability.In order to distinguish these two 
ases we take 2n samples of the 
ir
uit, and fo
us on the y portion.If the set of ve
tors y1:::y2n is of rank n, then we know we are in the NO 
ase. Only if we had a 1:1 fun
tion
ould these ve
tors have full rank. If these ve
tors are of rank n� 1, then we know we are in the YES 
aseand using linear algebra we 
an �nd a 
andidate ve
tor for s. The algorithm has zero error and the s willbe 
orre
t with high probability.24.3 Shor's AlgorithmSimon's algorithm gives us exponential speedup over 
lassi
al algorithms, given the assumption of rela-tivized quantum 
omputations. Shor's algorithm gives us this same speedup on a spe
i�
 
lassi
al problem(fa
toring), and doesn't rely on this idea. The main idea of the algorithm is inspired by Simon's method.24.3.1 Intuitive IdeaShor's Algorithm is based on a 
lassi
al result from the 1970's whi
h says for a fa
toring a number N redu
esto �nding the order of a number a mod N. The order of a is the pla
e in the sequen
e a0; a1; a2; :::; ar wherear � 1(mod N).This redu
tion is based on fa
toring ar � 1 � 0(mod N) to (a r2 � 1)(a r2 + 1) � 0(mod N).With high probability, r is even and neither of the terms of the produ
t are zero.Sin
e Simon's Algorithm seems to 
ompute periods, Shor felt that it might be possible to use the ideasin it to �nd order. We 
an �nd an s s.t. 8x f(x) = f(x � s)Where the � 
an be any group operation. We 
an phrase the problem of �nding the order of a in the samelanguage. f(i) 4= ai8i f(i) = f(i+ r)24.3.2 A New Unitary OperationWe introdu
e here a new operation whi
h we 
laim to be unitary for all 
hoi
es of q. This operation 
omputesthe 
omplex Fourier transform and its expression is given below:jji �! 1pq q�1Xk=0 e 2�iq �j�kjkiAlthough this operation is always unitary, it may not always be lo
al. We ignore this problem for now, andreturn to it brie
y at the end of the le
ture.
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24.3.3 Shor's AlgorithmFix a, N, and some large q. Consider the following sequen
e of transformations (gates). The operationdes
ribed above is notated as \O" and the input is two zero ve
tors from Zqj00i O�! 1pqXj jj0i modular exp:�! 1pqXj jjf(j)i O�! 1qXj Xk e 2�iq �j�kjkf(j) �! Observe StateNote that this is very similar to the progression made in Simon's Algorithm. In the se
ond step, however,we do not need to rely on relativized arguments to see that this 
an be 
omputed using a quantum 
ir
uit.It is simply a matter of 
onverting a 
lassi
al 
ir
uit into a quantum one.Claim 24.3 k is very 
lose to a multiple of qr , thus, qk gives a good approximation of r.Assume that q is a multiple of r. Then we have:q�1Xj1=0 r�1Xj2=0Xk e 2�iq (rj1+j2)kjkf(j2)i =Xk Xj2 jkf(j2)i � e 2�iq j2k( qr�1Xj1=0 e 2�iq rj1k)Consider the last term of the produ
t, with m set equal to qr .m�1Xj1 (e 2�im k)jiWe see some mth root of unity, depending on the value of k. If k is a multiple of m, we get m for the valueof the sum and if not we get 0. We �nd r by observing many samples and then using a g
d 
al
ulation to�nd qr from a number of multiples of qr .24.3.4 Remaining DetailsThere are two main ideas that we glossed over in this dis
ussion of Shor's Algorithm.1. q is not ne
essarily a multiple of r. We handle this using analysis su
h that [kr℄q is a very small
ontribution. We are then left with a problem that 
an be solved using an integer program in twovariables.2. A q-ary Fourier Transform is not always lo
al If we pi
k q to be a power of 2, then in this 
asewe 
an 
onstru
t a small quantum 
ir
uit implementing q-ary FT.
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Chapter 25
6.841/18.405J: Advan
ed Complexity Theory May 13, 2002Le
ture 23Le
turer: Madhu Sudan S
ribe: Ali
e Chan25.1 TodayRe
ap of quantum 
omputing model, Simon's algorithm, Shor's algorithm for fa
toring.25.1.1 Quantum 
ir
uitsThese are 
ir
uits with n di�erent wires 
ombined using quantum gates. A quantum gate is a map from2k ! 2k. The Hadamard transform,\negation" and \and" form a suÆ
ient 
olle
tion of gates.The Hadamard transform, H2: " 1p2 1p2� 1p2 1p2# ;\negation" \and"

 
a 

b

a

a xor b

a

b
c

a

b
c xor (a and b)The transition fun
tion for a quantum TM is a transition matrix and the tape 
onsists of q-bits.\Quantum polynomial-time"BQP is, in some sense, an extension of BPP and EQP an extension of ZPP. BQP is the 
lass of languagesthat 
an be solved with a polynomial number of steps on a quantum TM, with 
ompleteness and soundnessas de�ned before. An equivalent de�nition is that BQP is the 
lass of languages that 
an be solved by apolynomial-sized quantum 
ir
uit whi
h is 
onstru
tible in 
lassi
al polynomial-time.25.1.2 Simon's algorithmThis algorithm is for a promise problem where we are trying to de
ide whether a fun
tion f is 1-1.23-115



The ora
le is the fun
tion f : f0; 1gn ! f0; 1gn.A YES instan
e is the 
ase when f is not 1-1, ie. 9s 2 f0; 1gn � f0gn s.t. 8xf(x+ s) = f(x� s) = f(x). Ifsu
h an s exists, f is at approximately 2-1.A NO instan
e is the 
ase that f is 1-1.Suppose x = j010111 > and apply H2 to ea
h of the bits. The out
ome is 12n2 Py2f0;1gn(�1)<x;y>jy >. Ea
hof the 26 possible out
omes has equal probability of o

uring.Simon's algorithm:Initialize the quantum 
ir
uit to j0n; 0n >.Apply H2 to the �rst n bits and get 12n2 Px2f0;1gn jx; 0n >.Set the ma
hine to 12n2 Px2f0;1gn jx; f(x) >(as 
lassi
al 
omputation 
an be simulated in the quantum world).Undo the Hadamard 
omputation.(If the Hadamard 
omputation was undone at the stage with 12n2 Px2f0;1gn jx; 0n > we get j0n; 0n >.But with 12n2 Px2f0;1gn jx; f(x) >, the result is 12n2 Px2f0;1gn 12n2 Py(�1)<x;y>jy; f(x) >. )Observe the tape.In the NO instan
e, every string< y; z > is observed in jy; f(x) > sin
e f is 1-1. So the state, 12n Py;z(�1)jy; z >,is a uniformly distributed random sample.In the YES 
ase, f is approximately 2-1, so f(x) will only take on 2n�1 values.If < y; s >= 1, then(�1)<x;y>jy; f(x) > +(�1)<x+s;y>jy; f(x+ s) >= (�1)<x;y>(jy; f(x) > +(�1)jy; f(x) >)as f(x+ s) = f(x).If < y; s >= 0, then all possible 22n�2 ve
tors jy; f(x) > are seen with equal amplitude. (There are 22n�2possibilities be
ause half of the ve
tors are ruled out sin
e f is 2-1 and half of the remaining are ruled outbe
ause < y; s >= 0.)Sampling from this 
ir
uit 2n times and writing the results y1; : : : ; y2n as a matrix, either we get y1; : : : ; y2nof rank n in the NO 
ase or we get a rank of n� 1 for the YES 
ase.25.1.3 Shor's algorithmIntuition: Given n, pi
k a random a 2 Z�n. Then fa
toring n redu
es to 
omputing the order of amodn(�nding r su
h that ar � 1 � 0modn). Simon's algorithm seems to 
ompute periods of fun
tions so perhapsit 
an be used to 
ompute the period of the order fun
tion f(i) = ai, ie. it 
an �nd r su
h that f(i+r) = f(i).Fix a; n and some q. Let j 2 Zq and de�ne a unitary operator jj >7! 1pq Pq�1k=0 e 2�iq j�k jk >, similar to a
omplex Fourier transform.Shor's algorithm:Initialize the state to j0; 0 >.Apply the unitary operator above to the �rst half and get 1pq Pj jj; 0 >.Set the ma
hine state to 1pq Pj jj; f(j) >, where f is the order fun
tion.Apply the unitary operator to get 1q PjPk e 2�iq j�k jk; f(j) >.Observe state.Claim: k is very 
lose to a multiple of [ qr ℄.(Proof omitted.)Assume q = mr for some m. 23-116



Writing out 1q PjPk e 2�iq j�k jk; f(j) > as1q qr�1Xj1=0 r�1Xj2=0Xk e 2�iq (rj1+j2)�kjk; f(j2) >=Xk Xj2 jk; f(j2) > e2��i�j2�k( qr�1Xj1=0 e 2�iq r�j1�k)= m�1Xj1=0(e 2�im k)j1 = (m if k is a multiple of m;0 otherwise: (25.1)Major issues:1) q is not a multiple of r:Get k su
h that [kr℄q is very small 
ontribute (handled by extending analysis and applying integer program-ming in O(1) variables).2) q-ary Fourier transform is not always lo
al:In the 
ase where q is a power of 2, 
an 
onstru
t a small quantum 
ir
uit implementing any q-ary FT.

23-117



Chapter 26
6.841/18.405J: Advan
ed Complexity Theory May 15, 2002Le
ture 24Le
turer: Madhu Sudan S
ribe: Johnny Chen26.1 Quantum Computing Wrap-UpRe
all that in the last le
ture we saw Simon's algorithm and Shor's fa
toring algorithm. Today we 
onsidersome other issues and o�er 
on
luding remarks.26.1.1 Grover's AlgorithmSuppose we have ora
le a

ess to a fun
tion f : [N ℄! f0; 1g (here [N ℄ = f1; : : : ; Ng), and we want to knowif there exists a x su
h that f(x) = 1. This is a prototypi
al NP-
omplete problem, so we do not hope tosolve in O(logN) time with a 
lassi
al model of 
omputation. But what about quantum 
omputers? It turnsout that a quantum algorithm needs o(pN) sequential queries to de
ide this problem [Bennett, Brassard,Bernstein, Vazirani℄. Grover proved this bound was tight by giving an algorithm using O(pN) time, so itseems that NPf ( BQFf . The algorithms of Simon, Shor and Grover therefore demonstrate that quantum
omputing is de�nitely an interesting model to 
onsider.26.1.2 Problems and PitfallsIt remains to be seen if a quantum 
omputer 
an a
tually be built. Here we will 
onsider some 
hallenges.Error Corre
tionSuppose we measure bits from a 
ir
uit by taking 0 to be -5V and 1 to be +5V. For small perturbations we 
anstill take a

urate measurements: for example, we take +4.9V to be a 1. However, these small perturbationsa

umulate, making the �nal measurements unreliable. In the 
lassi
al model of 
omputation two thingssave us and allow for error 
orre
tion. First is the transistor, whi
h in our example naturally pushes output
lose to �5V . The se
ond is a simple me
hanism in whi
h we en
ode 0s and 1s by repetition, so that 0be
omes 0 � � � 0 for example. As some of the 0s are 
orrupted, we 
an 
orre
t these errors by periodi
ally
onsidering the 
orrupted strings and 
hanging them to 0 � � � 0 or 1 � � � 1 via majority vote. While this seemsrather basi
, it is 
ru
ial to 
lassi
al 
omputation, and not possible in quantum 
omputation! We 
annotmeasure periodi
ally for self 
orre
tion be
ause the states will then 
ollapse to a single one, destroying linearsuperposition. Also, sin
e pro
esses must be reversible, we 
annot destroy the string.24-118



Shor gave an elementary quantum error-
orre
ting 
ode that 
orre
ts errors without destroying or mea-suring the message. We will not dis
uss it, but it suÆ
es to say results followed [AharanovBen-Or℄, [Shor℄,[Kitaev℄ that 
onsider what it means to build a fault-tolerant quantum 
omputer.Gates with Low ErrorOne assumption permeating quantum 
omputing is that quantum gates 
an be built with error probabilityat most 10�4. With this assumption we 
an assemble millions of su
h gates and perform real 
omputations.As yet, no one has been able to build even one gate with this a

ura
y.Initializing and ResettingIn our des
ription of quantum 
omputation model, we have assumed that we 
an reset the input to a gateto 0s (erasing the work tape). But how is this done in a quantum 
omputer? It turns out that this is anontrivial problem.Physi
ists would say, it depends on the model. One parti
ular model uses Nu
lear Magneti
 Resonan
e(NMR), where 
ooling the 
ir
uit has a \
leaning" e�e
t. However, if we wish to have 0 with probability1� p and 1 with probability p, the 
ost of 
ooling grows exponentially with 1p . So to set n bits to 0 requires
(2n) energy; this erases the advantage of quantum 
omputing. A proposed solution was given by S
hulmanand Vazirani. They give an eÆ
ient pro
edure where 
ir
uits are 
ooled, and through prepro
essing bits areseparated into \very 
old" (pure 0s) and \very hot" to maintain entropy.Other WorkThe areas of quantum 
ommuni
ation, quantum information theory, quantum 
ryptography and quantum
omplexity are all quite a
tive.26.2 Complexity Wrap-UpWhat have we learned this semester? Madhu's view falls into two broad 
ategories.26.2.1 Lower BoundsSome te
hniques we have seen are:� Diagonalization� Cir
uit Complexity� Communi
ation ComplexityAdmittedly, lower bounds were not dis
ussed so mu
h this semester, be
ause 
omplexity theorists have notbeen able to prove mu
h (
ompared to the types of questions still open).26.2.2 Identifying Computational ThemesWe dis
ussed some appli
ations of Complexity theory.� We abstra
ted some notions of games like Go, 
hess or Mahjongg and asked, for example, how doesplaying Go against a master 
ompare to 
omputer Mahjongg?� A repeating theme was to identify a 
omputational resour
e, de�ne a 
omplexity 
lass and �nd a
omplete problem for this 
lass.� We explored some notions of proof, notably PCPs.24-119



26.2.3 Topi
s Not CoveredProof Complexity: ResolutionIf we are given an unsatis�able formula �(x1; : : : ; xn), how 
an we prove that it is unsatis�able? This is notan implausible task: 
onsider the formula�(x1; x2; x3; x4) = x1 ^ (x1 _ x2) ^ (x2 _ x3 _ x4) ^ x3 ^ x4:From the �rst two 
lauses, x2. Combining this with the third 
lause gives x3_x4. With the fourth 
lause, wehave x4, 
ontradi
ting the last 
lause. Therefore � is not satis�able. Su
h an argument is 
alled a resolutionderivation.Certainly we do not expe
t a short resolution proof on all instan
es, sin
e this would imply 
o-NP=NP.An a
tive area of resear
h involves proving lower bounds for resolution. The �rst su
h papers appeared inthe 80s [Haken85℄.RandomnessComplexity Theory has been quite su

essful at answering questions relating to randomness. The main
onsideration in this area is the di�eren
e between a
tual randomness, measured statisti
ally, and apparentrandomness, i.e., randomness required for 
omputation.Physi
ists believe randomness is everywhere. But how expensive is it? Consider three \worlds":1. Randomness is 
heapIn this world, we 
an build randomized algorithms everywhere, and BPP rules.2. Randomness is \somewhat" expensiveIn this world, randomness 
omes at the 
ost of polynomial slowdown. Therefore we need to redu
eand re
y
le randomness. This area has had some ni
e results. For example, suppose that with a BPPalgorithm A, n random bits gives us error probability 1/4. How many random bits do we need forerror 1/16? An immediate upper bound is 2n, but it turns out that even with A as a bla
k box, n+2random bits suÆ
e. Indeed, for error 1=2k we need n+O(k) bits, where the 
onstant has been pushedto 2 + � for some �.3. Randomness is infeasibly expensiveIn this world, we must 
onsider pseudorandomness - generating eÆ
ient obje
ts with little or norandomness that are 
omputationally indistinguishable from truly random obje
ts. An example of aresult in this area is the followingTheorem 26.1 (Impagliazzo, Widgerson) If every f 2 E = DTIME(2O(n)) that has 
ir
uit 
om-plexity 2
(n) then there exists a pseudorandom generator () BPP=P).A related question in this area is, what form does randomness take? We usually think of a randomsour
e as being a sequen
e of random, independent 
oin 
ips. What if the sour
e is \dirtier"? Spe
i�-
ally, for a random variable X on a set 
 de�ne the min-entropyH1 = minx log2 Pr[X = x℄�1. We willthink of a sour
e X as \dirty" if we just know that H1 = k. The question be
omes, 
an we produ
epure random bits from a dirty sour
e? It turns out that we 
annot - but if use a purely random seed,we 
an. These obje
ts are 
alled extra
tors. One of the best extra
tor 
onstru
tions uses n bits fromthe sour
e, a seed of length logn and outputs m = �k purely random bits (again, k is the min-entropyof the sour
e). There turns out to be a fas
inating 
onne
tion between extra
tors and pseudorandomgenerators [Trevisan℄.KnowledgeHow do we formalize the notion of knowledge? Consider a message from Bob to Ali
e saying \I 
ipped a
oin, and it landed heads". Intuitively, we know that Ali
e has re
eived no knowledge from this statement:she has learned of the existen
e of a 
oin that 
an land heads up, a fa
t she 
ould have veri�ed herself. But24-120



when 
an we say knowledge has been ex
hanged in intera
tion? Indeed, the pre
ise notion of knowledge wasa barrier for those designing 
ryptographi
 proto
ols. The seminal work of Goldwasser, Mi
ali and Ra
ko�[GMR℄ de�ned knowledge and zero-knowledge proofs (ZKP). The idea is that Ali
e has not learned anythingfrom Bob's statement be
ause she 
ould have simulated it herself. While she may not be able to simulate itexa
tly, she 
an simulate some kind of distribution.
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