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Abstract

This paper studies a method for the identification of Hammerstein models based on Least Squares Support Vector Machines
(LS-SVMs). The technique allows for the determination of the memoryless static nonlinearity as well as the estimation of the
model parameters of the dynamic ARX part. The SISO as well as the MIMO identification cases are elaborated. The technique
can lead to significant improvements with respect to classical methods as illustrated on a number of examples as no stringent
assumptions on the nature of the nonlinearity need to be imposed.
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1 Introduction

Throughout the last few decades, the field of linear
modelling has been explored to the level that most lin-
ear identification problems can be solved with fairly
standard and well known tools. Extensions to com-
plex nonlinear models are often desirable, though in
many situations Hammerstein models may result in
good approximations. Hammerstein models are com-
posed of a memoryless static nonlinearity followed by
a linear dynamical system. Many techniques have been
proposed for the estimation of the nonlinear part in
Hammerstein models, which can be classified in param-
eteric approaches imposing a specific model structure
on the solution (see e.g. [15,3,1,12]), and nonparame-
teric approaches [7,5,11,8,16,23,10] where the enforced
structure is minimal. A special case of the parameteric
approach is working under the assumption of the global
model being almost linear such that the static nonlin-
earity can be treated as a nonlinear distortion [19].

Approximation of nonlinear functions recently gained in-
terest due to the presence of powerful computers and the-
oretical breakthroughs as in the area of splines [24], neu-
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ral networks [2] and regularization networks [17]. Sup-
port Vector Machines (SVMs) [22] and related meth-
ods (see e.g. [9]) are a powerful methodology for solving
problems in nonlinear classification, function estimation
and density estimation. SVMs and related kernel meth-
ods have been introduced within the context of statis-
tical learning theory and structural risk minimization.
In these methods one solves convex optimization prob-
lems, typically quadratic programs. Least Squares Sup-
port Vector Machines (LS-SVMs) [21,20] are reformu-
lations of standard SVMs, resulting in linear Karush-
Kuhn-Tucker systems which can be solved efficiently. LS-
SVMs have been proposed as a class of kernel machines
with primal-dual formulations to nonlinear regression,
kernel FDA, PCA, CCA, PLS, recurrent networks and
control [20].

This paper integrates specific requirements for Hammer-
stein identification in the primal-dual derivations at the
core of LS-SVMs, leading to a set of equations at the
size of the number of observations. The solutions can be
extracted by solving a linear set of equations followed
by a singular value decomposition. Results are derived
for the single input-single output (SISO) as well as the
multiple input-multiple output (MIMO) case. Major ad-
vantages of using the LS-SVM framework over the use
of classical methods (as e.g. the use of basis expansions)
are found in the use of regularization theory as inherited
from statistical learning theory [22,18,20], the straight-
forward derivation of the results from a constrained op-
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timization problem, the ease in which an additive struc-
ture can be enforced without restriction on the linear
dynamic part and the freedom one gets in modelling the
nonlinearity by the design of an appropriate kernel.

The outline of this paper is as follows: in Section 2, some
basic aspects of LS-SVMs, applied to static function es-
timation are reviewed. In Sections 3 and 4 a method for
the identification of nonlinear SISO Hammerstein sys-
tems is proposed. In Section 5 the method is extended
to MIMO Hammerstein systems. Section 6 gives a short
overview of existing techniques to identify Hammerstein
systems. In Section 7 the method proposed in this paper
is tested and compared to existing methods on a number
of examples.

As a general rule, lowercase symbols will be used in this
paper to denote column vectors. Uppercase symbols are
used for matrices. Elements of matrices and vectors are
selected using Matlab-notation, e.g. A(:, i) symbolizes
the ith column of A. Estimates for a parameter x will be
denoted by x̂.

2 Least Squares Support vector Machines for
function approximation

Let {xt, yt}
N
t=1 ⊂ R

d × R be the set of input/output
training data with input xt and output yt. Consider the
regression model yt = f(xt) + et where x1, . . . , xN are
deterministic points (fixed design), f : R

d → R is an
unknown real-valued smooth function and e1, . . . , eN are
uncorrelated random errors with E [et] = 0, E

[

e2
t

]

=

σ2
e < ∞. In recent years, Least Squares Support Vector

Machines (LS-SVMs) have been used for the purpose
of estimating the nonlinear f . The following model is
assumed:

f(x) = wT ϕ(x) + b,

where ϕ(x) : R
d → R

nH denotes the potentially infinite
(nH = ∞) dimensional feature map. The regularized
least squares cost function is given as

minw,b,e J (w, e) = 1
2wT w + γ

2

∑n
t=1 e2

t ,

subject to : yt = wT ϕ(xt) + b + et, t = 1, . . . , N.

The relative importance between the smoothness of the
solution and the data fitting is governed by the scalar
γ ∈ R

+
0 referred to as the regularization constant. The

optimization performed is known as a form of ridge re-
gression [4]. In order to solve the constrained optimiza-
tion problem, a Lagrangian is constructed:

L(w, b, e; α) = J (w, e)−

N
∑

t=1

αt{w
T ϕ(xt) + b + et − yt},

with αt the Lagrange multipliers. Taking the conditions
for optimality ∂L

∂w
= 0, ∂L

∂b
= 0, ∂L

∂et
= 0 and ∂L

∂αt
= 0

yields the following set of linear equations





0 1N
T

1N Ω + γ−1IN









b

α



 =





0

y



 , (1)

where y =
[

y1 . . . yN

]T

, 1N =
[

1 . . . 1
]T

, α =
[

α1 . . . αN

]T

, Ωij = ϕ(xi)
T ϕ(xj) = K(xi, xj)

∀i, j = 1, . . . , N with application of the so-called kernel
trick (positive definite kernel K). For the choice of the
kernel K(·, ·), see e.g. [18]. Typical examples are the use
of a polynomial kernel K(xi, xj) = (τ +xT

i xj)
d of degree

d or the RBF kernel K(xi, xj) = exp(−‖xi − xj‖
2
2/σ2)

where σ denotes the bandwidth of the kernel. The re-
sulting LS-SVM model for function estimation can be
evaluated in a new point x∗ as

f̂(x∗; θ) =

N
∑

t=1

αtK(x∗, xt) + b,

where θ = (b, α) denotes the solution to (1).

3 Identification of Nonlinear ARX Hammer-
stein models

Hammerstein systems, in their most basic form, consist
of a static memoryless nonlinearity, followed by a linear
dynamical system, as shown in Figure 1. The aim of
Hammerstein modelling is to model the nonlinearity and
estimate the model parameters of the linear system from
input/output measurements.

f

static
nonlinearity

Linear system

Fig. 1. A Hammerstein system consists of a memoryless static
nonlinearity f followed by a linear dynamical system.

In the following derivation, we will restrict ourselves to
SISO systems (single input - single output), but as will be
shown in Section 5, the presented method is applicable
to the MIMO case as well. For the linear dynamical part,
we will assume a model structure of the ARX form [13]:

yt =

n
∑

i=1

aiyt−i +

m
∑

j=0

bjut−j + et, (2)

with ut, yt ∈ R, t ∈ Z and {ut, yt} a set of input and
output measurements. The so-called equation error et is
assumed to be white and Gaussian, and m and n denote
the order of the numerator and denominator in the trans-
fer function of the linear model. The model structure (2)

2



is generally known as the “AutoRegressive model with
eXogeneous inputs” (ARX) and is one of the best known
model structures in linear identification. Adding a static
nonlinearity f : R → R : x → f(x) to (2) leads to:

yt =

n
∑

i=1

aiyt−i +

m
∑

j=0

bjf (ut−j) + et, (3)

which is the general model structure that will be as-
sumed in this paper.

Applying LS-SVM function estimation outlined in the
previous section, we assume the following structure for
the static nonlinearity f :

f(u) = wT ϕ(u) + d0.

with Ωij = K(ui, uj) = ϕ(ui)
T ϕ(uj) a kernel of choice.

Hence, equation (3) can be rewritten as follows:

yt =

n
∑

i=1

aiyt−i +

m
∑

j=0

bj

(

wT ϕ (ut−j) + d0

)

+ et. (4)

We focus on finding estimates for the linear parame-
ters ai, i = 1, . . . , n and bj , j = 0, . . . , m and the static
nonlinearity f , parametrized by w and d0, from a fi-
nite set of meaurements {ut, yt}, t = 1, . . . , n. With
r = max(m, n) + 1, the resulting optimization function
is:

min
w,a,b,d0,e

J (w, e) =
1

2
wT w + γ

1

2

T
∑

t=r

e2
t ,

subject to (4). The Lagrangian of the resulting estima-
tion problem is given by

L(w, d0, b, e, a; α) = J (w, e) −
N

∑

t=r

αt{
n

∑

i=1

aiyt−i

+

m
∑

j=0

bj

(

wT ϕ (ut−j) + d0)
)

+ et − yt} (5)

The conditions for optimality are given by:

∂L

∂w
= 0→w =

N
∑

t=r

m
∑

j=0

αtbjϕ(ut−j), (6)

∂L

∂d0
= 0→

N
∑

t=r

m
∑

j=0

αtbj = 0,

∂L

∂ai

= 0→

N
∑

t=r

αtyt−i = 0, i = 1, . . . , n,

∂L

∂bj

= 0→

N
∑

t=r

αt

(

wT ϕ(ut−j) + d0

)

= 0,

∂L

∂et

= 0→ αt = γet, t = r, . . . , N, (7)

∂L

∂αt

= 0→ (4), t = r, . . . , N. (8)

Substituting (6) and (7) in (8) leads to:

m
∑

j=0

N
∑

q=r

m
∑

p=0

bj

(

bpαqϕ (uq−p)
T ϕ (ut−j) + d0

)

+

n
∑

i=1

aiyt−i + et − yt = 0, t = r, . . . , N. (9)

If the bj values were known, the resulting problem would
be linear in the unknowns and easy to solve through:









0 0 b̃ · 1T
N−r+1

0 0 Yp

b̃ · 1N−r+1 YT
p K + γ−1I

















d0

a

α









=









0

0

Yf









,

with

α =
[

αr . . . αN

]T

, b̃ =

m
∑

j=0

bj,

a =
[

a1 . . . an

]T

,Yf =
[

yr+1 . . . yN

]T

,

Yp =















yr−1 yr . . . yN−1

yr−2 yr−1 . . . yN−2

...
...

...

yr−n yr−n+1 . . . yN−n















,

K(p, q) =

m
∑

j=0

m
∑

l=0

bjblΩp+r−j−1,q+r−l−1.

Since the bj are in general not known and the solution
to the resulting third order estimation problem (9) is by
no means trivial, we will use an approximative method
to obtain models of the form (3).

4 An approximative method

4.1 Optimization using collinearity constraints

In order to avoid solving the problem (9), we propose to
rewrite (4) as follows:

yt =

n
∑

i=1

aiyt−i +

m
∑

j=0

wT
j ϕ(ut−j) + d + et, (10)

which, as will be shown shortly, can conveniently be
solved using LS-SVM’s. Note, however, that the result-
ing model class is wider than (4) due to the replacement
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of one single w by several vectors wj , j = 0, . . . , m.
The model class (10) is therefore not necessarily lim-
ited to the description of Hammerstein systems. A
sufficient condition for the estimated model to be-
long to this class of systems is that the obtained wj

must be collinear in which case wj is seen as a re-
placement for bjw. Taking this into account during
the estimation leads to extra constraints requiring
the angles between any pair {wj , wk}, j, k = 0, . . . , m

to be zero, or
(

wT
j wk

)2
=

√

wT
j wj

√

wT
k wk. Alterna-

tively, the collinearity constraint can be written as:

rank
[

w0 . . . wm

]

= 1, which is equivalent to ensuring

that a set of m(m+1)nH(nH−1)
4 2x2 determinants are zero.

As nH (the dimension of w) is unknown and possibly
very high, it is obvious that including such constraints
in the Lagrangian would again lead to a non-trivial
high-order estimation problem.

Considering that ARX Hammerstein models are con-
tained in the set of models of the form (10), however, we
propose to remove the collinearity constraints from the
Lagrangian alltogether, solve the more general problem
(10), and project the obtained model onto the model-set
(4) later. Hereby, we assume that even though collinear-
ity was not explicitly imposed, it will automatically be
nearly satisfied in the estimated model of the form (10).
Although this approach may seem ad-hoc at first, most
existing Hammerstein identification schemes implement
similar techniques. In essence, most existing approaches
can be summarized as writing the static nonlinearity as
a linear combination of general nonlinear basis-functions
fi, each with a certain weight ci, e.g.

f(ut) =
[

c1 . . . cnf

] [

f1(ut) . . . fnf
(ut)

]T

,

where f1, f2, and fnf
are chosen beforehand. This substi-

tution leads to a classical linear identification algorithm
where linear model parameters p1, p2, . . . are replaced by

vectors p1

[

c1 . . . cnf

]

. Afterwards, collinearity of these

vectors is imposed, e.g. by applying an SVD, and the
original model parameters p1, p2, . . . are recovered. Some
examples of recently proposed methods employing this
approach are found in [16,14].

4.2 Optimization without collinearity constraints

Disregarding the collinearity constraints, the optimiza-
tion problem that is ultimately solved is the following:

min
wj ,a,d,e

J (wj , e) =
1

2

m
∑

j=0

wT
j wj + γ

1

2

N
∑

t=r

e2
t ,

subject to

m
∑

j=0

wT
j ϕ(ut−j) +

n
∑

i=1

aiyt−i + d

+ et − yt = 0, t = r, . . . , N, (11)

N
∑

t=1

wT
j ϕ(ut) = 0, j = 0, . . . , m, (12)

Note the extra constraints (12) to center the nonlin-
ear functions wT

j ϕ(·), j = 0, . . . , m around their average
over the training set. This to remove the uncertainty re-
sulting from the fact that any set of constants can be
added to the terms of the additive nonlinear function
(10), as long as the sum of the constants is zero. Remov-
ing this uncertainty will facilitate the extraction of the
parameters bj in (3) later. Furthermore, this constraint
enables us to give a clear meaning to the bias parameter

d, namely d =
∑m

j=0 bj

(

1
N

∑N
k=1 f(uk)

)

.

The resulting Lagrangian is:

L(wj , d, a, e; α, β) = J (wj , e)−
N

∑

t=r

αt{

n
∑

i=1

aiyt−i +

m
∑

j=0

wT
j ϕ (ut−j) + d + et − yt}

−
m

∑

j=0

βj{
N

∑

t=1

wT
j ϕ(ut)}. (13)

Calculating the conditions for optimality, similar as in
Section 3, this leads to the following solution:















0 0 1T 0

0 0 Yp 0

1 YT
p K + γ−1I K0

0 0 K0T
‖Ω‖2

F · Im+1





























d

a

α

β















=















0

0

Yf

0















, (14)

where

β =
[

β0 . . . βm

]T

, K0(p, q) =
∑N

t=1 Ωt,r+p−q,

K(p, q) =
∑m

j=0 Ωp+r−j−1,q+r−j−1.

4.3 Projecting the unconstrained solution onto the class
of NARX Hammerstein models

The projection of the obtained model onto (3) goes as fol-
lows. Estimates for the autoregressive parameters ai, i =
1, . . . , n are directly obtained from (14). Furthermore,
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for the training input sequence
[

u1 . . . uN

]

, we have:











b0

...

bm





















f̂(u1)
...

f̂(uN )











T

=















αN . . . αr 0

αN . . . αr

. . .
. . .

0 αN . . . αr















×















ΩN,1 ΩN,2 . . . ΩN,N

ΩN−1,1 ΩN−1,2 . . . ΩN−1,N

...
...

...

Ωr−m,1 Ωr−m,2 . . . Ωr−m,N















+











β0

...

βm











N
∑

t=1











Ωt,1

...

Ωt,N











T

,

(15)

with f̂(u) an estimate for

f(u) = f(u) −
1

N

N
∑

t=1

f(ut).

Hence, estimates for bj and the static nonlinearity f
can be obtained from a rank 1 approximation of the
right hand side of (15), for instance using a singular
value decomposition. Once all the elements bj are known,
∑N

t=1 f(uk) can be obtained as
∑N

t=1 f(ut) = Nd
∑

m

j=0
bj

.

5 Extension to the MIMO case

Technically, an extension of the algorithms presented in
the former section to the MIMO case is straightforward,
but the calculations involved are quite extensive. Assum-
ing a MIMO Hammerstein system of the form:

yt =

n
∑

i=1

Aiyt−i +

m
∑

j=0

Bjf (ut−j) + et, (16)

with yt, et ∈ R
ny , ut ∈ R

nu , Ai ∈ R
ny×ny , Bj ∈ R

ny×nu ,
t = 1, . . . , N , i = 1, . . . , n, j = 0, . . . , m, and f : R

nu →
R

nu : x → f(x), we have for every row s in (16), that

yt(s) =

n
∑

i=1

Ai(s, :)yt−i+

m
∑

j=0

Bj(s, :)f (ut−j)+et(s).

(17)

Note that for every non-singular matrix V ∈ R
nu×nu ,

and for any j = 0, . . . , m:

Bj(s, :)f (ut−j) = Bj(s, :)V V −1f (ut−j) . (18)

Hence, any model of the form (16) can be replaced with
an equivalent model by applying a linear transformation

on the components of f and the columns of Bj . This will
have to be taken into account when identifying models
of the form (16) without any prior knowledge of the non-
linearity involved. In many practical cases, however, the
nonlinearity f will be component-wise nonlinear,

f(u) =
[

f1(u(1)) . . . fnu
(u(nu))

]T

, (19)

in which case V is automatically restricted to a diag-
onal matrix, and merely represents the fact that any
component of f can be scaled freely, provided that
the corresponding columns in the Bj are adapted as
well. In the next subsection we will only consider such
component-wise nonlinear functions f . Later, general
nonlinear functions will be discussed.

5.1 Hammerstein identificationwith a component-
wise nonlinear function

In case f is known to be a component-wise nonlinear
function of u, substituting (19) in (17) leads to:

yt(s) =

n
∑

i=1

Ai(s, :)yt−i (20)

+

m
∑

j=0

nu
∑

k=1

Bj(s, k)fk (ut−j(k)) + et(s).

Replacing Bj(s, k)fk(ut−j(k)) by wT
j,s,kϕk(ut−j(k)) +

ds,j,k this reduces to

yt(s) =
n

∑

i=1

Ai(s, :)yt−i (21)

+

m
∑

j=0

nu
∑

k=1

wT
j,s,kϕk (ut−j(k)) + ds + et(s),

where

ds =

m
∑

j=0

nu
∑

k=1

ds,j,k. (22)

Hence, the MIMO Hammerstein identification problem
is solved by minimizing the following Lagrangian:

L(wj,s,k, ds, A, e; α, β) = J (wj,s,k, e)−
N

∑

t=r

ny
∑

s=1

αt,s{

n
∑

i=1

Ai(s, :)yt−i+

m
∑

j=0

nu
∑

k=1

wT
j,s,kϕk (ut−j(k)) + ds + et(s) − yt(s)}

−

m
∑

j=0

nu
∑

k=1

ny
∑

s=1

βj,s,k{

N
∑

t=1

wT
j,s,kϕk(ut(k))},

5



with

J (wj,s,k, e) =
1

2

ny
∑

s=1

(

m
∑

j=0

nu
∑

k=1

wT
j,s,kwj,s,k +

N
∑

t=r

γset(s)
2).

The conditions for optimality are:

∂L

∂wj,s,k

= 0 →wj,s,k =
N

∑

t=r

αt,sϕk(ut−j(k))

+βj,s,k

N
∑

t=1

ϕk(ut(k)),

∂L

∂Ai(s, :)
= 0 →

N
∑

t=r

αt,syt−i = 0,

∂L

∂ds

= 0 →
N

∑

t=r

αt,s = 0,

∂L

∂et(s)
= 0 → αt,s = γset(s),

∂L

∂αt,s

= 0 → (21),

∂L

∂βj,s,k

= 0 →

N
∑

t=1

wT
j,s,kϕk(ut(k)) = 0, (23)

with i = 1, . . . , n, j = 0, . . . , m, k = 1, . . . , nu, s =
1, . . . , ny, and t = r, . . . , N . The solution is found as:











L1

. . .

Lny





















X1

...

Xny











=











R1

...

Rny











, (24)

where

Ls =















0 0 1T 0

0 0 Yp 0

1 YT
p K + γ−1

s I S

0 0 ST T















, Xs =















ds

As

αs

βs















,

Rs =
[

0 0 YT
f,s 0

]T

, YT
f,s =

[

yr(s)
T . . . yN (s)T

]

,

As =











A1(s, :)
T

...

Am(s, :)T











, αs =











αr,s

...

αN,s











,

βs =
[

β0,s,1 . . . βm,s,1 . . . β0,s,du
. . . βm,s,du

]T

,

K(p, q) =

du
∑

k=1

m
∑

j=0

Ωk
p+r−j−1,q+r−j−1,

Ωk
p,q = ϕk(up(k))T ϕk(uq(k)),

T =











‖Ω1‖2
F 0

. . .

0 ‖Ωdu‖2
F











⊗ Im+1,

S =
[

K0,1 . . . K0,nu

]

,

K0,k(p, q) =
N

∑

t=1

Ωk
t,r+p−q.

Note that the matrices Ls, s = 1, . . . , ny are almost iden-
tical, except for the different regularization constants γs.
In many practical cases, however, and if there is no rea-
son to assume that one output is more important than
another, it is recommended to set γ1 = γ2 = . . . = γny

.
This will speed up the estimation algorithm since L1 =
L2 = . . . = Lny

needs to be calculated only once, but
most importantly, it will reduce the number of hyper-
parameters to tune.

The projection of the obtained model onto (20) is similar
as in the SISO case. Estimates for the autoregressive
matrices Ai, i = 1, . . . , n are directly obtained from (24).

For the training input sequence [ u1 . . . uN ] and every

k = 1, . . . , nu, we have:

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

B0(1, k)

.

.

.

Bm(1, k)

.

.

.

B0(ny , k)

.

.

.

Bm(ny, k)

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

2

6

6

6

6

4

f̂k
T

(u1(k))

.

.

.

f̂k
T

(uN (k))

3

7

7

7

7

5

T

=

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

β0,1,k

.

.

.

βm,1,k

.

.

.

β0,ny,k

.

.

.

βm,ny,k

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

N
X

t=1

2

6

6

6

6

4

Ωk
t,1

.

.

.

Ωk
t,N

3

7

7

7

7

5

T

+ A ×

2

6

6

6

6

6

6

6

4

Ωk
N,1 Ωk

N,2 . . . Ωk
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(25)

with

A =

2
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and f̂k(u(k)) an estimate for

fk(u(k)) = fk(u(k)) −
1

N

N
∑

t=1

fk(ut(k)).
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Hence, estimates for the Bj , j = 0, . . . , m, and the static
nonlinearities fk, k = 1, . . . , nu, can be obtained from
the right hand side of (25) using a singular value decom-
position. Furthermore, combining (20-22) and (23), we
have:











d1

...

dny











=
1

N

N
∑

t=1

m
∑

j=0

Bj











f1(ut(1))
...

fnu
(ut(nu))











,

from which estimates for 1
N

∑N
t=1 fk(ut(k)), k =

1, . . . , nu, can be obtained. Note that if the row-rank
of

∑m
j=0 Bj is smaller than the column-rank, multiple

solutions are possible. This results as an inherent prop-
erty of blind MIMO Hammerstein identification. In this
case, it is up to the user to make a choice out of the
possible solutions.

5.2 Hammerstein identification with a general
nonlinear function

In case f is a general nonlinear function with

f(u) =
[

f1(u) . . . fnu
(u)

]T

, (26)

much of the reasoning and notation of the former sub-
section can be kept. Equation (21) is rewritten as

yt(s) =

n
∑

i=1

Ai(s, :)yt−i+

m
∑

j=0

nu
∑

k=1

wT
j,s,kϕk (ut−j) + ds + et(s),

dropping the reference to the kth component of the in-
put vector ut−j. Replacing

∑nu

k=1 ωT
j,s,kϕk(·) by ωT

j,sϕ(·)
leads to:

yt(s) =

n
∑

i=1

Ai(s, :)yt−i+

m
∑

j=0

ωT
j,sϕ (ut−j) + ds + et(s). (27)

The Lagrangian and conditions for optimality follow in
the same way as in subsection 5.1. Furthermore, the so-
lution is identical as the one given in subsection 5.1, ex-
cept for a redefinition of the following parameters:

K(p, q) =

m
∑

j=0

Ωp+r−j−1,q+r−j−1,

Ωp,q = ϕ(up)
T ϕ(uq),

T = ‖Ω‖2
F · Im+1,

S(p, q) =

N
∑

t=1

Ωt,r+p−q.

The nonlinear function f is obtained as:
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(28)

with f̂(u) an estimate for

f(u) = f(u) − g, (29)

and g a constant vector such that:

m
∑

j=0

Bjg =











d1

...

dny











. (30)

Estimates for f and the Bj , j = 0, . . . , m, can be ob-
tained through a rank-nu approximation of the right
hand side of (28). If a singular value decomposition is
used, the resulting columns of the left hand side matrix
of (28) containing the elements of Bj , j = 0, . . . , m, can
be made orthonormal, effectively fixing the choice of V
in (18).

From f in (29) and g in (30), finally, an estimate for
the nonlinear function f can be obtained. Note again
that if the row-rank of

∑m
j=0 Bj is smaller than the

column-rank, g, and hence the constant terms in f are
not uniquely defined. The choice of a particular g is left
to the user.

6 Comparison with existing algorithms

As was mentioned in subsection 4.1, most existing Ham-
merstein identification algorithms can be summarized as
writing the static nonlinearity f as a linear combination
of general nonlinear basis functions fk, each with a cer-
tain weight ck,

f(ut) =

nf
∑

k=1

ckfk(ut), (31)

7



were f1, f2, and fnf
are chosen beforehand. Starting

from:

yt =

n
∑

i=1

aiyt−i +

m
∑

j=0

bjf(ut−j, k),

and substituting (31) leads to:

yt =
n

∑

i=1

aiyt−i +

nf
∑

k=0

m
∑

j=0

bjckfk(ut−j) + et (32)

=
n

∑

i=1

aiyt−i +

nf
∑

k=1

m
∑

j=0

θj,kfk(ut−j) + et, (33)

which can be solved for θj,k = bjck, j = 0, . . . , m, k =
1, . . . , nf using a least squares algorithm. Estimates for
the bj and ck are recovered from the SVD of:















θ̂0,1 θ̂0,2 . . . θ̂0,nf

θ̂1,1 θ̂1,2 . . . θ̂1,nf

...
...

...

θ̂m,1 θ̂m,2 . . . θ̂m,nf















. (34)

Note that for any set of variables ǫk, k = 1, . . . , nf with
∀u ∈ R,

∑nj

k=1 ǫkfk(u) = constant and any set αj , j =
0, . . . , m such that

∑m
j=0 αj = 0, θ′j,k = θj,k + αjǫk is

also a solution to (33), which may lead to conditioning
problems and destroy the low-rank property of (34). One
possible way to resolve this issue is by calculating:

A =















θ̂0,1 θ̂0,2 . . . θ̂0,nf

θ̂1,1 θ̂1,2 . . . θ̂1,nf

...
...

...

θ̂m,1 θ̂m,2 . . . θ̂m,nf





























f1(ur) . . . f1(uN)

f2(ur) . . . f2(uN)
...

...

fnf
(ur) . . . fnf

(uN )















,

with uk, k = r, . . . , N the inputs of the system, subtract-
ing the mean of every row in A and calculating the SVD
of the remaining matrix, from which estimates for the
bj can be extracted. Estimates for the ck can then be
found in a second round by solving (32). Note that this

approach amounts to setting the mean of f̂ =
∑N

k=1 f̂k

over the inputs ur, . . . , uN to zero, which is similar to
what was done for the LS-SVM, with the exception that
in the latter case this constraint was explicitly intro-
duced in the Lagrangian (13).

7 Illustrative examples

7.1 SISO system

The algorithm proposed in this paper was used for iden-
tification on the following SISO Hammerstein system:

A(z)y = B(z)f(u) + e, (35)

with A and B polynomials in the forward shift operator
z where B(z) = z6 + 0.8z5 + 0.3z4 + 0.4z3, A(z) =
(z−0.98e±i)(z−0.98e±1.6i)(z−0.97e±0.4i), and f : R →
R : f(u) = sinc(u)u2 the static nonlinearity.

A Gaussian input sequence u with length 400, zero mean
and standard deviation 2 was generated and fed into the
system (35). During the simulation the equation noise
was chosen white Gaussian with zero mean and as stan-
dard deviation 10% of the standard deviation of the se-
quence f(u). The last 200 datapoints of u and the gen-
erated output y were used for identification using the
following three techniques:

• LS-SVM: The LS-SVM estimation procedure as de-
scribed in Section 4: The linear system (14) is solved
for d, a, α, β. An SVD of the right hand side of (15) is
thereafter performed to obtain estimates for the linear
system and the static nonlinearity. For the example,
an RBF-kernel with σ = 1 was used. Different values
for the regularization parameter γ were tested by ap-
plying the obtained model to an independent valida-
tion sequence. From these tests γ = 500 was selected
as the best candidate.

• Hermite: The general algorithm described in Section

6 with fk(u) = eu2(dk−1/duk−1)e−u2
, the Hermite

polynomial of order k−1. This expansion was used in
[5] for Hammerstein- and [6] for Wiener systems.

• Gaussian: The general algorithm described in Sec-
tion 6 with fk(·), k = 1, . . . , nf localised Gaussian
density functions with mean depending on the value
of k. As no prior information about the nature of the
static nonlinearity is assumed during the identifica-
tion step, the means of the Gaussian nonlinearities
were chosen equidistantly spread between -4 and 4.
The variance of the density functions was chosen to
be one, in line with the σ = 1 choice for LS-SVM. The
main reason for considering this algorithm is that it is
quite closely related to the LS-SVM approach with an
RBF-kernel, where the ultimate solution is expressed
as a sum of Gaussian density functions around the
training datapoints.

100 monte-carlo experiments were performed following
the description above with n = 6, m = 3. For each ex-

periment and each obtained estimate f̂ for the static

nonlinearity f , the distance d =
∫ 4

−4
‖f(x) − f̂(x)‖dx

was calculated. The mean and variance of the distances

8



so obtained using the LS-SVM technique are compared
to those obtained from the Hermite- and Gaussian ap-
proach using different values for nf . The results are dis-
played in Table 1. Note that the LS-SVM technique

Method mean(d) std(d)

LS-SVM γ = 500 0.0064 0.0041

Hermite nf = 15 0.2203 0.7842

Hermite nf = 20 0.7241 2.3065

Hermite nf = 25 1.1217 2.9660

Hermite nf = 30 1.0118 2.9169

Gaussian nf = 18 0.0142 0.0141

Gaussian nf = 24 0.0193 0.1055

Gaussian nf = 30 0.0168 0.0693

Gaussian nf = 36 0.0188 0.0764

Table 1
Mean and variances of obtained distances between estimated
and true nonlinearities in a SISO example.

clearly performs much better than the Hermite-approach
and about 3 times better than the Gaussian approach. It
should be noted at this point that the Hermite-approach
was seen to perform better in alternative experiments
where a simpler nonlinearity was used, however, for more
complex nonlinearities, the Hermite-approach is obvi-
ously inferior to the Gaussian and the LS-SVM tech-
nique. The two latter ones are similar in nature as in
both cases the estimated nonlinearity is written as a sum
of Gaussian basis functions with variance 1. However,
it should be noted at this point that the RBF-kernel is
but one possible choice in the LS-SVM algorithm, and
that in principle any positive definite kernel can be cho-
sen. A big disadvantage for the Gaussian approach is
that it suffers from overfitting once the parameter nf is
chosen too high, even though with the 200 datapoints
available and n = 6, m = 3, one could easily go to
nf = 46 before the resulting linear equations becomes
underdetermined. To avoid this, an extra regularization
term γ−1

∑nf

k=1

∑n
j=0 θ2

j,k can be applied to the estima-

tion problem (33). Results for the Gaussian approach
including such a regularization term, and with nf = 46,
are displayed in Table 2: Note that the performance of

Method mean(d) std(d)

LS-SVM γ = 500 0.0064 0.0041

Gaussian γ = 1013 0.0457 0.1028

Gaussian γ = 1012 0.0089 0.0071

Gaussian γ = 1011 0.0088 0.0060

Gaussian γ = 1010 0.0112 0.0086

Table 2
Mean and variances of obtained distances between estimated
and true nonlinearities in a SISO example.
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LSSVM nonlinearity
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Gaussian nonlinearity (18)
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Gaussian nonlinearity regularized (1011)
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Hermite nonlinearity (15)

Fig. 2. True nonlinearity (solid) and mean estimated non-
linearity (dashed) for the different techniques compared in
a monte-carlo simulation of a SISO system. Results for
the LS-SVM algorithm with γ = 500 are displayed in the
top-left figure, those for the Gaussian approach with nf = 18
and without regularization in the top-right figure. The bot-
tom-left figure displays the results for the Gaussian algo-
rithm with nf = 46 and regularization constant γ = 1011
and the bottom-right figure for the Hermitian algorithm
with nf = 15. 90% confidence bounds on the estimated
nonlinearities are included in each plot (dotted). The Her-
mite-approach is obviously inferior to the Gaussian and the
LS-SVM technique. The best performance is obtained with
the LS-SVM algorithm.
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Fig. 3. True transfer function (solid) and mean estimated
ones for the LS-SVM estimator (dashed) and the Gaussian
estimator with regularization (dash-dotted) in a monte-carlo
simulation of a SISO system (top-figure). The width of the
90% confidence bounds on the estimated transfer function (in
log norm) is included in the plot below. Note that the trans-
fer functions are visually indistinguishable in the top-figure,
but the width of the confidence bounds clearly shows the
significantly improved behavior of the LS-SVM approach.
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the Gaussian estimator has drastically improved, but is
still some 50% worse than the LS-SVM estimator. The
same observation can be made by looking at Figure 2,
where the true nonlinearity is displayed together with
the estimated nonlinearities for the 3 alternative meth-
ods described in this section and 90% confidence bounds
on these estimates. The estimated linear systems for
the LS-SVM and the Gaussian case with regularization
(γ = 1011) are compared in Figure 3. Again, LS-SVM is
seen to perform better than the Gaussian approach.

7.2 MIMO system

In a second example, the proposed identification method
was applied to the following 2 × 2 MIMO system:

y =





b1(z)
a1(z)

b2(z)
a1(z)

b1(z)
a2(z)

b2(z)
a2(z)



 f(u) + e (36)

with

a1(z) = (z − 0.98e±i)(z − 0.98e±1.6i)

(z − 0.97e±0.4i),

a2(z) = (z − 0.97e±0.7i)(z − 0.98e±1.4i)

(z − 0.97e±2.3i),

b1(z) = z6 + 0.8z5 + 0.3z4 + 0.4z3,

b2(z) = z6 + 0.9z5 + 0.7z4 + 0.2z3,

f(u) =

[

sinc(u(1))

sin(u(2))

]

,

A two-component zero mean white Gaussian input se-
quence u with length 1000 and standard deviation 2 was
generated and fed into the system (36). During the sim-
ulation the two components of the equation noise were
chosen mutually independent white Gaussian with zero
mean and standard deviation 0.1. Based on u and the
obtained output y, estimates for a1(z), a2(z), b1(z), b2(z)
and f are obtained using the componentwise MIMO
Hammerstein identification algorithm as described in
subsection 5.1, whereby n = 6, m = 3. As an initial
guess, the hyper-parameters were chosen as σ = γ1 =
γ2 = 1. Validation on an independent test set revealed
that with these parameters, good results were obtained,
so that no further tuning was applied. Results for the
obtained nonlinearities are displayed in Figure 4. Esti-
mates for the linear transfer functions appearing in the
2×2 transfer function matrix in (36) are displayed in Fig-
ure 5. The resulting fits are clearly quite good, although
they could probably still be improved using a proper
tuning of the hyper-parameters. On the other hand, this
example clearly shows that the LS-SVM method is in
fact quite robust against a non-optimal choice of the
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Fig. 4. True nonlinear functions (solid) and estimated ones
(dashed) for two components of f in a MIMO example.
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Fig. 5. True (solid) and estimated (dashed) transfer func-
tions in the order as appearing in the Hammerstein sys-
tem (5), with the top-left figure displaying b1(z)/a1(z), the
top-right figure displaying b2(z)/a1(z), the bottom-left figure
displaying b1(z)/a2(z), and the bottom-right figure display-
ing b2(z)/a2(z). Note that the true and estimated transfer
functions are barely distinguishable.

hyper-parameters. As parameter-tuning is often a time-
consuming procedure, this can be seen as a clear advan-
tage of the proposed technique.

Note further that in the examples shown, m and n were
considered to be known. In practical applications this
will often not be the case. As in linear identification prob-
lems, several identification runs followed by a selection
of the best performing model (e.g. on a validation set)
might therefore be necessary to obtain the best possible
model. As a general rule, however, a slight overestima-
tion of m and n is, as in the linear case, in general not
a problem. In the case of overestimated m for instance
certain estimated nonlinearities wT ϕ(·) will simply be
set to zero by the identification algorithm.
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8 Conclusions

In this paper, we have proposed a new technique for
the identification of MIMO Hammerstein ARX systems.
The new method is based on Least Squares Support Vec-
tor Machines function-approximation and allows to de-
termine the memoryless static nonlinearity as well as
the linear model parameters from a structured linear
set of equations. The method was compared to results
from two other popular Hammerstein identification al-
gorithms to illustrate its performance. In general the
proposed method is seen to work better than these ex-
isting methods. This combined with the straightforward
derivation of the results, the availablility of a strong reg-
ularization framework inherited from statistical learning
theory [22,18,20], and the freedom one gets in modelling
the nonlinearity by the design of an appropriate positive
definite kernel makes the proposed technique an excel-
lent candidate for Hammerstein model identification.
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