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Abstract. We study the problem of scheduling n independent general
multiprocessor tasks on a fixed number of processors, where the objec-
tive is to compute a non-preemptive schedule minimizing the average
weighted completion time. For each task, its execution time is given as a
function of the subset of processors assigned to the task. We propose here
a polynomial-time approximation scheme for the problem that computes
a (1 + €)-approximate solution in O(nlogn) time for any fixed e > 0
accuracy. This provides a generalization and integration of some recent
polynomial-time approximation schemes for scheduling jobs on unrelated
machines [1, 18] and multiprocessor tasks on dedicated processors [2], re-
spectively, with the average weighted completion time objective, since
the latter models are included as special cases in our problem.
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1 Introduction

In this paper we address multiprocessor scheduling problems, where a set of n
tasks has to be executed by a set of m processors such that each processor can
work on at most one task at a time and a task can (or may need to be) processed
simultaneously by several processors. Here we assume that m is fixed and the
objective is to minimize the average weighted completion time > w;C;, where
C; denotes the completion time of task j. In the dedicated variant of thls model,
denoted by Pm|fiz;| Y w;C;, each task requires the simultaneous use of a pre—
specified set of processors. In the parallel variant, denoted by Pm|size;| Y w,;C

the multiprocessor architecture is disregarded and for each task there is given a
prespecified number which indicates that the task can be processed by any sub-
set of processors of the cardinality equal to this number. In the general model
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Pmjset;| > w;C;, each task can have a number of alternative modes, where each
processing mode is specified by a subset of processors and the execution time of
the task on that particular processor set.

Previous results: Variants of these problems have been studied, but the pre-
vious research has mainly focused on the objective of minimizing the makespan
Cmax = maxg";l C;. Regarding the worst-case time complexity, it is known that
P5|size;|Cap [11], P3| fiz;|Crae [16] and P3|set;|Cpyqq [16] are strongly NP-
hard. However, there is a polynomial-time approximation scheme (PTAS) for
Pm|fiz;|Cmax [3], and there is a PTAS for Pm|set;|Cmax [10,17].

The first PTAS for a strongly NP-hard scheduling problem minimizing the
average weighted completion time was given for scheduling jobs on identical par-
allel machines P|| Y w;C; [18]. Then recently it was proved in [1] that there are
PTASes for many different variants of classical scheduling problems. These re-
sults include scheduling on unrelated parallel machines Rm|| Y w;C; [4]. In the
multiprocessor setting, in contrast to the makespan objective, only few approxi-
mation results are known. Furthermore, they concern only minimizing the sum of
completion times: There are a 2-approximation algorithm for P2|fiz;| > C; [8],
a 32-approximation algorithm for P|size;| Y C; [20], and - as it was shown re-
cently - a PTAS for Pm|fiz;| )y C; [2].

New results: The problem of scheduling general multiprocessor tasks Pm/|set ;|
> w;C; can be also viewed as a generalization of two well (but mainly inde-
pendently) studied scheduling problems: scheduling tasks on unrelated parallel
machines Rm|| Y w;C; and multiprocessor task scheduling with dedicated pro-
cessors Pm|fiz;| Y w; C;. In the case of unrelated machines, for each task (job)
there are m processing modes, each with a single processor (machine). In the
case of dedicated processor sets, each task has only a single processing mode but
including (typically) several processors. Since both of the above special cases are
strongly NP-hard [7,8] for general weights and m > 2, even if there are only a
constant number of processors, it is natural to study how closely the optimum
can be approximated by efficient algorithms.

In this paper, focusing on the case where m is fixed, we integrate many of
the above mentioned recent results that have shown the existence of PTASs for
the two special cases, by providing the following generalization:

Theorem 1. There is a PTAS for Pmlset;| > w;C; that computes, for any
fized m and € > 0 accuracy, a (1 + €)-approzimate solution in O(nlogn) time.

The actual running time of the proposed algorithm depends exponentially on
both m and 1/e. However, the above result is, in some sense, the strongest
possible one someone can expect. First, it shows the existence of a PTAS for a
problem with fixed parameter m that cannot have a fully PTAS [14]. Second,
following the ideas in [16] and by using the results [5,6, 12] one can prove that
both Plsetj,p; = 1|Cpaz and Plset;,p; = 1|> C; cannot be approximated
within a factor of m%*E, neither for some € > 0, unless P=NP; nor for any
€ > 0, unless NP=ZPP. Hence, not only the above results cannot be extended



or generalized for the general variant where m is not fixed, but even substantially
weaker approximation results cannot be expected.

Our approach: In this paper we employ a well known idea of transformations
— simplify instances and schedules with some loss in the objective. We refine
some recent approximation techniques developed in [1,9, 15]. In order to be able
to cope with general multiprocessor tasks, we make adjustments of processing
times defining the task profiles and classifying the tasks as huge and tiny. This
requires the creation of a sequence of gaps in the schedule, where all processors
are idle for a certain period of time. In our approach, we also apply some recent
makespan minimization tools from [17] to schedule tasks within single intervals.
For handling tiny tasks, we use a linear programming formulation along with
some rounding, and observe that in some near optimal schedule tiny tasks of
the same profile can be scheduled by Smith’s rule [19]. Then, by using the task
delaying technique presented in [1], we introduce special compact instances in
which there is only a constant number of tasks can be potentially scheduled in
an interval. The final idea is to use dynamic programming which integrates all
the previous components. The obtained PTAS is a combination of the instance
transformations and the dynamic programming algorithm.

The paper is organized as follows: In Section 2, we give the definitions and
discribe some techniques. In Section 3, we consider the subproblem of scheduling
in one subinterval, adopt the PTAS for Pm|set;|Cmax [17], and and discuss some
consequences. In Section 4, we present, a dynamic programming framework which
can be used to integrate all the previous components.

Remarks: This work was motivated by [1], where it was also announced that
there is a PTAS for scheduling on unrelated parallel machines with release dates
Rm|r;| >~ w;C; (to our best knowledge, the full proof of this result has not yet
appeared in literature), and our very recent work [13], where we have shown the
existence of a PTAS for Pm|fiz;,r;| Y, w;C;. Our original goal was to provide
a generalization for all previous results on scheduling problems involving a fixed
number of processors (machines), release dates and the average weighted com-
pletion time objective. In this paper we don’t achieve this goal completely, but
provide hopefully a major step towards it by presenting a few novel ideas and
techniques that might be also of interest for people working on approximation
algorithms for other scheduling problems. For instance, the auxiliary algorithm
described in Section 3 is actually a PTAS for Pm|set;|Cmax with the running
time O(n) + O(m, €) that is better than one in [17].

2 Preliminaries

Formally, for each instance I of our problem we are givensets 7 = {0,1,...,n — 1}
of n tasks and M = {1,...,m} of m processors. (Let 2 denote the set of all
subsets of M.) Each task j has a positive weight w; and an associated function
p; 2™ — RY U {400} that gives the execution time p,; of task j in terms



of the set of processors u C M which is assigned to j. Given the set u(j) € M
allotted to task j, the processors of u(j) are required to execute task j in union
and without preemption, i.e. they all have to start proceqqing of task j at some
starting time Sj, and finish at the completion time C; := S; + p,(;);- A fea-
sible schedule o consists of an allotment u(j) and a startmg time S; for each
task j € T such that no processor executes more than one task at each time
step. Then, the value C, (o) := Z?;Ol w;Cj(o) is called the average weighted
completion time of 0. Here, the number of processors m is considered to be a
fixed constant, and the objective is to find a feasible schedule that minimizes
the average weighted completion time.

Further, we write o(I) to denote a schedule o with respect to an instance I.
Accordingly, a schedule o4, (1) is called optimal if Cy,(0opt(I)) = OPT(I), where
OPT(I) is the minimal average weighted completion time for I. Given a schedule
o, a schedule ¢’ is called an e-schedule of o if C,,(0")/Cy(0) < 14 Ke, where K
is some constant. We say that one can transform with 1+ O(g) loss the objective
and in polynomial time an instance I into instance I if the following holds: I is
obtained form I in p(|I]) elementary operations for some polynomial p(-), any
feasible schedule of I is also feasible of I and, OPT(I)/OPT(I) < 1+ Ke, where
K is some constant.

We will show below that with 1 + O(e) loss, any instance I of our problem
can be transformed in O(nlogn) time into a special compact instance I such
that one can find in O(n) time an e-schedule of o, (I). Clearly, this suffices to
obtain a PTAS for our original problem.

2.1 Basic techniques

For any fixed accuracy € > 0, we assume w.l.o.g. that log, (1 + ]g) and ]g are

integral. We partition the time interval (0, 00) into disjoint intervals I, of the
form [R,, R;+1), where R, = (1 +¢)* and ¢ € Z. Notation I, will also be
used to refer to the length R, of the interval, thus I, = R,+1 — R, = €R, and
I,i1 = (14 ¢)I,. For a schedule o, let y(j) < z(j) be those indices for which
S; € Iy(]) and C; € Iz(j): respectively.

In this paper, for a given schedule o, we always use the constructive method
to find e-schedules, i.e. we show directly how tasks can be rescheduled in o
without dramatically increasing the value of the objective function. Next, we
describe some techniques that will be applied later. Knowing o, we construct a
new schedule o' as follows:
Stretching: Set p'(j) = u(j) and S} = (1 +¢€)Cj — p,(jy; for each task j € T.
This generates ep,,(;); idle time on pu(j).
Rearranging: Set p'(j) and S} for each task j € T such that a new schedule
o' is feasible and 2'(j) = 2(j), i.e. tasks are rescheduled preserving C} € L.
This gives us the ability to rearrange tasks inside intervals. Note that at any
time then we use this technique we have to specify the way of rearranging.
Shifting™: Set p'(j) = p(j) and S} = S; — Ry(;) + Ry(j)+1 for each task j € T,
i.e. in o' we have y'(j) = y(j) + 1 and hence the distance between S; and the
beginning of interval I,,(;) is preqerved This generates e(R.(j) — Ry(j)) addltlonal



idle time on p'(j) after the completion time CJ.

Shifting™*: Set p'(j) = pu(j) and S; = S; — R.(j) + R.(j)41 for each task j € T,
ie. 2'(j) = 2(j) + 1, and hence the distance between C; and the end of interval
Iy is preserved. This generates e(R.(;) — Ry(;)) additional idle time on u(j)
before the start time Sj.

Proposition 1. If a schedule o' is obtained from a schedule o by stretching,
rearranging, or both types of shifting then o' is an e-schedule of o.

The following lemma that will be used throughout the paper.

Lemma 1. For any schedule o there is an e-schedule o' of o such that the
following holds in o': each task j starts not earlier than ep, ;) ;; each task j
crosses at most a constant number s*(¢) :=log, . (1+ 1) of intervals; each task
J with pyjy; < EQIy/(j) is non-crossing; each crossing task j starts at one of
points Ry ;) + ia2ly/(_7) of Ly j), where i € {0,1,..., Eiz -1}

2.2 Blocks, gaps and profiles

A block B; is a set {Iy),..., Iy} of consecutive intervals. A block structure
B, Bs, ... is a sequence of blocks such that any block B; is of the length §; :=
b'(i) — b(i) + 1 which is is at least 2s*(¢) and at most 26(g), any pair B;, B;y1 of
consecutive blocks shares exactly one interval I ;y = Iy (i.e. b'(i) = b(i + 1))
and the total length of these two blocks d§; + d;41 > d(¢), where where §(e) :=
QST(E). For a schedule o, a gap is an interval in time where all the processors of
M are idle in o. The following lemma shows that with any schedule one can
associate a block structure such that there is a gap in the beginning and the end

of each block.

Lemma 2. For a schedule o there is an e-schedule o' of o such that there exists
a block structure By, Bs, ... for the schedule o' with the property that for each
dynamic block B; there is a gap in the first interval Iy;y. This gap starts at one
of the points Ry + 26211,(2-), (=1..., }2 — 1, and has a length which is at least
62 Ib(z) .

For an instance I and task j € T, let p;?‘in
processing time needed to execute task 7. The value p™" is called the length of

J
7. Then, the following holds.

= min,eom py; be the minimal

Lemma 3. With 14 O(g) loss one can transform in O(n) time an instance I
into instance I such that for each task j € T and pu € 2M the following holds
in I: the processing time Puj = (14 ¢€)“mi, where w,; € INU+oo; if puj # o
then p,; < h(m,e)ﬁ}“i”, where h(m,e) is a constant that depends on m and e.

Furthermore, in I the quotients ﬁ?i”/w_j are different for all tasks in T .

For simplicity, we will use the following notations throughout the paper. By
using the above Lemma, for a task j € T, the corresponding 2™-tuple w(j) =<



Wyj >peom is called the ezecution profile of j. Accordingly, the set of all distinct
possible execution profiles is denoted by 2 := {w(j) | j € T}. Then, it is not
hard to prove that the number of profiles in (2 is bounded by

v(m,€) := [2 + logy, h(m,e)]*"

In addition, for a given instance I, we introduce an index z(j) for each task
J € T that corresponds to the interval I, ;) earlier which processing of j can not
be started. (By using Lemma 1, we assume that R, ;) < epi"" < Ry(jy+1 for
each task j € 7. However, we revise this property in Lemma 10.) Accordingly,
a task j is called huge if pz-ni“ > 52II(_7)/q*, and tiny if pz-ni“ < 621z(_7)/q*, where
the parameter ¢* = ¢*(m,e) > 2™h(m,¢) is specified later in Section 3.2. To
distinguish sets of huge and tiny tasks we write H7 and T 7T, respectively.

For a task set X C T, we will use p™"(X) := Zjexp;‘i” to denote the total
length of the tasks in X', use X'“ to denote the tasks of X of profile w € (2,
and X, to denote the set of tasks j € X with z(j) = z. To indicate that X is
associated with particular instance I, we will write X'(I). Finally, regarding the
objective function we use the following.

Proposition 2. For any instance I, with at most 1 + € loss one can consider
the objective function ) w;R. ;) instead of the original function Y w;C}.

3 Scheduling inside interval

In the first part of this section, we consider the problem of scheduling in a single
interval I,. More precisely, we present an algorithm that schedules non-crossing
tasks with respect to a known schedule of crossing tasks. In order to achieve
this, we generalize the PTAS for Pm/|set;|Cmax [17]. Basing on some features
of the algorithm, we define the value of parameter ¢* = ¢*(m,¢) for tiny tasks,
and consider the algorithm as a subroutine of the rearranging technique. After
that, we show that tiny tasks are all small corresponding to intervals and can
be scheduled by Smith’s rule [19]. In the last part of this section, we show how
an instance of our problem can be transformed into a compact instance in which
there is only a a constant number of tasks that can be potentially scheduled in
an interval.

3.1 Long and short tasks, relative schedules and LP formulation

Let o(I) be a feasible schedule for instance I. For an interval I, of o, the following
sets of tasks (running in I;) are defined: set W, of non-crossing tasks and set
K. = K!UK2UK? of crossing tasks, where K} is the set of incoming crossing
tasks (that complete in I,), K2 is the set of outgoing tasks (that start in I),
and K3 is the set of throughgoing tasks (that go through I,). Suppose that we
have applied shifting** to o(I) and obtained o'(I). W.l.o.g. assume that in the
schedule ¢'(I) the tasks of W, and K, run in interval I,1,. Then, there is at



least €1, idle time on the processors, between the tasks of W, and the outgoing
tasks of Kf or between the tasks of W, and the end of interval R, .

Assume for simplicity that W, = {0,...,n'} with piin > ppin > > pmin
and K2 = ). Then, it holds that p™"(W,) < mI,. Furthermore, we fix allotment
u(j) for each crossing task j € K, and define p,(;); := C; — R, for each task
j € K} and p,(j); := Ray1 — S; for each task j € K2.

Partition W, into two subsets £, = {0,...,k, —1} and S, = W, \ L., where
the appropriate value for k, = k,(m,e) > 1 will be specified later in Lemma 6.
Tasks in £, and S, are called long and short, respectively. Let 7, = £, UK, be
the set of long and crossing tasks.

A processor assignment of 7, is a mapping p1, : J, — 2M such that p,(j) =
u(j) for each task j € K! U K2. Two tasks T}, and Ty are called compatible, if
pae(k) N pe(£) = 0. A snapshot of J, is a set of compatible tasks of J,. A
relative schedule of 7, is a pair R, of a processor assignment u, of 7, and a
sequence of snapshots My,..., M, of J, with respect to p,, such that each
task j € J, occurs in a subsequence of consecutive snapshots M,;,..., M,,,
1 < u; < w; < g, where any two consecutive snapshots M, and M4, are
different and it holds that u; = 1if j € K}, v; = g if j € K2 (see Figure 1).
Then, it is not hard to see that the number of snapshots g is bounded by 2(k, +m)
and the number of different (appropriate) relative schedules of 7, is bounded by
a constant depending only on m and the number k, of long tasks in £,.
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Fig. 1. A relative schedule R,

Given a set p C M, a p-configuration C, is a partition of y into non-empty
sets. Let N, be the total number of p-configurations and let Cy ,,...,Cn, ., be
all p-configurations. Note that Ny; = B(m), where B(m) < m! is the mth Bell
number.

Consider a relative schedule R,, where the processor assignment u, such
that no task j in 7, has the assigned processing time p,_(;); = oo. Then, let
F, .= M\ U_fEMg iz(j) denotes the set of free processors in snapshot My,
1 < ¢ < g. For a v(m,e)-vector D := (D¥),eqn, a relative schedule R, is called
feasible for D if for any D¥ # 0 there exists a snapshot M, in R, such that
w C Fy and w,, # +oo.

Now assume there is a set of tasks X C T such that p™"(X¥) = D“ for
each profile w € 2. (Recall that if a task j € X'“ is assigned to a processor



set u, then the processing time of j on pu is equal to p;ni“(l + g)“r. Thus, if all
tasks of A are assigned to u, the total processing time needed to execute them
is equal to D¥(1 + €)“».) Then, in order to find a preemptive schedule of X
with respect to the relative schedule R, one can formulate the following linear

program LP(R,, D) in terms of variables associated with Fj-configurations:

Minimize t;, —tg
s.t. (0) t() = Rw+],
1 te Ztgfl, 221,...,'(},
2) by, —tu1 = Puaiiy Vi€ T,
3 Z:\LFIZ Tip, = tg—1tp_1, (=1,...,9,
4 22:1 Zz neCir, Tip, 2> D(u) = ZweQ D(1 + E)Lduymw: V€ 2M7
5 Zue2M Ypw =1, Yw € (2,
6 i Fy 2 O, l= lr..,g,i = lw..,ph@,
7 Yyw >0, Vwe 2 Vue2M,

o~~~ o~ o~ —~
— — '

where the variables have the following interpretation:

t¢: the time when snapshot My ends and M, starts. The starting time of the
schedule is denoted by to = R;4+1 and the finishing time by ¢, (see Figure 1).
x;,F,: the length of the configuration C; r, in snapshot M,. During an interval of
length x; r, the tasks of X can be executed on processor subsets pu € C; f,,
Yu,w: the assignment variable indicating which part of the tasks of X is assigned
to be executed on a processor set € 2M | reflecting that the total processing

time needed to execute such tasks of X' is equal to D¥(1 + &)“*y,, .,
D(p): the total processing time needed to execute the tasks of A’ assigned to a

processor set pu € 2M.

Less formally, the constraints (0)-(2) define a schedule structure with respects
to the relative schedule R, the constraint (3) defines a substructure of config-
urations inside the snapshots of R, the constraints (4)-(5) define the balance
between the free time available in the configurations and the allotment of work
that have to be executed in order to complete all tasks. (One can also associate
each set X'* with one task of the length D“ and think in terms of preemptive
scheduling of these v(m, ) tasks of different profiles such that execution of parts
of the same task on different sets in parallel is allowed.)

Let (t*,z*,y*) be an optimum solution of LP(R,, D). Then, the following
holds [17].

Lemma 4. For any two non-negative v(m, €)-vectors a and b such that a relative
schedule R, is feasible for a and a + b, the following inequality holds

ty(LP(Ry,a)) < t5(LP(Ry, a+b)) < t5(LP(Ry,a))+  max _ (1+¢) > b

w oo,we
u7 o0, wes?

Lemma 5. If a relative schedule R, is feasible for the v(m,e)-vector D =
(P™7(Sy))wen, then the optimal value t; — t5 of LP(R,, D) is not larger than
the makespan of any schedule of J, US, that respects the relative schedule R, .



3.2 Generating a schedule, tiny versus short

Let (t*,2*,y*) be an optimum solution of LP(R,, D). We construct a schedule
for the tasks in 7, and S, as follows. For each profile w and y;, , > 0 we select
the tasks of S; in a greedy manner until the total length does not exceed y;, , > 0
(if the total length plus the length of the last selected task exceeds yy , > 0 we
mark this task as unbalanced, there can be at most 2™ such ones for one profile)
and assign them to be executed on the subset u. After that, starting from the
first snapshot, by using the values z} , > 0 and accordingly with the subsets
u € C; ,, we select the tasks that are assigned to p in a greedy manner until
thier total processing time does not exceed z} , > 0. If it happens that for a
configuration C; , the selected tasks do not fit inside the interval of the length
zj g, > 0, we increase z; p, > 0 by a small amount ¢; ¢, and accordingly, we also
adjust the value t; by the total increase e, (see Figure 2).

- ‘ 1 B —
« [l < W, |ln

i : [l L : [l '

A ! | (I Ko

mil==m e =

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

¢
to t1 ter; ty + Zf:] €F, tg + €total

Fig. 2. Generating a schedule

Since there are at most v(m, €) profiles the total number of unbalanced tasks
is at most v(m, €)2™. Furthermore, since the number of snapshots g < 2(k, +m)
and the number of configurations is bounded by the mth Bell number B(m), the
total enlargement €;4¢4; is at most

h‘(ma 8)(pr]:1;n + p;::il + .. 'prl;r,::iQ(km+m)B(m)+u(m,E)2m71)7
i.e. the maximum processing tasks of the k, +2(k, +m)B(m)+v(m,e)2™ longest
tasks of S,. The following lemma is a useful tool to select k, such that e;,tq; is
kept small enough [17]:

Lemma 6. For any interval I, there is a number k, with 1 < k, < (¢ +

mh(m,e) ,
1) .71 +dl+@+D)+...+(g+1) %] such that h(m,e)(pp™ +
P ke ra1) < e?l,, where q := 3mB(m) and d := v(m,e)2™.

mh(m,e)
e2

The final algorithm follows straightforward: select an appropriate k,, enu-
merate all relative schedules together with solving LPs and deducing the corre-
sponding schedules, output the schedule with the smallest makespan.

25m mh(m )
Now, we define q*(m,s) = M ((m+ 1)m+2 + 1) z By
Lemma 1 we may assume that tiny tasks are non-crossing in ¢ (I). Accordingly,



let V, C W, be the set of tiny tasks that are non-crossing in I,. Then, the
following holds:

Lemma 7. The number k, of long tasks in L, is not larger than the number of

non-crossing huge tasks in I, with p; > EZ{’” . Hence, all tiny tasks are short, i.e.

V. CS,.

Lemma 8. Let ), be another set of tiny tasks such that for each profile w €
2, prin(ye) = 0 implies pmin(YL) = 0, and p™it(Ve) # 0 implies either
|pmin (V) — pmin (V)| < SAT Lo or p™i(V¥)=(0. Then algorithm outputs a

K mfe)l/(m,s) N
feasible schedule of W, := (Wy\ V) UV, inside I, 41 with respect to the schedule
of Ky in o'(I).

Proof. The proof follows form Lemmas 4,7, Lemma 6 and the fact that the
interval I, 41 contains at least eI, > eI, +h(m,e) >, . ng(ﬁm idle time.

(Recall that max, e wen Puj < p_';'i"h(mﬁ)-) n

3.3 Scheduling tiny tasks and compact instances

Now consider the problem of placing tiny tasks in the schedule. In the following
we restrict ourselves to the case of scheduling tiny tasks of the same profile, say

w. We say that two tiny tasks k,£ € TT* with % < pg)‘;“ are scheduled by
Smith’s rule in a schedule o if it holds either z(k) < z(£), or z() < z(k). Tn
other words, if the two tasks are available at the same interval (that means £ is
not completed before the earliest interval where k can be scheduled), then the
task k of smaller value py/wy is scheduled first with respect to intervals. Note

that the tasks of 77% have to be scheduled in the order of increasing values
Py fw; [19]-

Lemma 9. For a feasible schedule o(I) there is an e-schedule o' (I) of o(I) such
that for any profile w € (2, the tiny tasks of TT* are scheduled by Smith’s rule
in o'(I).

Proof. W.lo.g. let I, I, be the first and the last interval in a feasible schedule
o. By Lemma 1, assume that all tiny tasks are non-crossing in o and by Lemma 3
all quotients p;/w; are different. Let V¥ be the set of tiny tasks of profile w that
are scheduled in interval I, and let D* := p™i"())*) be the total length of these
tasks in I,. Consider the following LP(w):

. . . ,‘
Minimize Z]L jeTTe Wi Zz:m(j) Yio B
s.t. (1) szm(]’) Yjiae = 1, Vi € T’T“’:
(2) 25 jerTe, 2() < 2 Y PF < DY, Vg,
3) Yjx >0, VieTT", x=2x(j),..., L.

3

First, one can find a feasible solution of LP(w) by assigning the values y with
respect to the schedule o, i.e. for each task j € 7T set y;, = 1if 2(j) = = and



yj» = 0 otherwise. Hence, the objective value of the linear program LP(w) is
not larger than the weighted average completion time for the tiny tasks of 77
in o. In other words, the value of an optimal fractional solution is a lower bound
of the weighted completion time ZjETT“’ w;R. ;). Consider an optimal solution
(y;‘T) of the linear program. Suppose that there are two tasks £ and k that are
not scheduled by Smith’s rule. W.l.o.g. we can consider the case when y7 , >0,

Yk, > 0, 2(k) <x(f) < z¢ <zp and NP Vi

Wi Wy

Then, there exist values zy and zj, such that 0 < z;, < yzzé and 0 < z, < y,’;zk

and ngp‘g‘i” = zkp‘,z‘i”. Now we exchange parts of the variables:

! —_ * ! — *

yf,.l‘g - yng - ZZ yka - yf,l‘k + ZZ
! _ * ! _ *

yk),mk - yk),mk - Zk yk,m/{ - yk),fl}p + Zk'

and y; , = y; , for the remaining variables.
The new solution (y} ) is feasible and the objective value ) ;77 w; Z;’:m(j)

. L %
YjoBa is equal t0 ey w; 30y (j) YjaBe + Ren, where Ryp = (R, —

min

Py
min

Py

R, ) (wizr—zowy). By 2, = ZZZ%;—::, the second factor (wyzx —zpwe) = 2z (wg
wy). Since % < % and zy > 0, the second factor is larger than 0. The in-
equality z, < x3 implies R,, < R,, and Ry < 0. In other words, the new
solution (y ,) has a lower objective value and gives us a contradiction. This
means that the two tasks £ and k& are scheduled by Smith’s rule.

Now we use some properties of the above linear program. There is an optimal
solution such that for each interval I, we have at most one task j, € TT* with
zj. € (0,1) and that is assigned for the first time. Otherwise we can use the
same argument as above (and the fact that the quotients p;ni“/wj are different)
to improve the objective value. Furthermore, such an optimal solution can be
obtained by applying Smith’s rule in a greedy manner. To turn such a fractional
solution into an integral assignment of tirzly tasks to intervals, we need only to
qum
Let )NJ;" be the set of tiny tasks of profile w that is assigned to an interval I,
with respect to the integral assignment of LP(w) (including the task j,). For
each interval I, of schedule o we consider the set J~7m = Uwegj{;f of all tiny tasks
that corresponds to LP(w), w € 2. Tt is not hard to check that the conditions
of Lemma 8 hold. Thus, we apply the shifting* to o, replace the sets ), by A
and apply the rearranging technique to each interval I, ;. The final schedule is
constructed.

To finish the proof, there are two facts. First, the total weighted average
completion time of the schedule of tiny tasks which is given by the optimal frac-
tional solutions of LP(w), w € {2 is less than their corresponding total weighted
average completion time in o. Second, we have used only the shifting and rear-

ranging techniques. O

increase the values D* = p™in()¥) by . Then, j, fits completely into I,.

By using the above Lemma and the ideas from [1] we get:



Lemma 10. With 1+ O(g) loss and in O(nlogn) time, one can transform an
instance I into instance I such that for each profile w € (2 the following holds:
|T(I).| < N*(m,e) and p™™(T(I),) < %Iw, where N*(m, ) is a constant

that depends on m and €.

4 The dynamic programming algorithm

As we mentioned it above, we will use a dynamic program to compute approxi-
mate solutions for our scheduling problem. To be able to formulate this dynamic
program and show that the algorithm solving it has the desired running time,
we need only one final result:

Lemma 11. For a feasible schedule o(I) there is an e-schedule o' (I) such that
in o'(I) the tasks in T (I), are scheduled within a constant number d*(m,e) of
intervals that follow I, i.e. for each task j € T it holds that 2'(j) — z(j) <
d*(m,e).

To finish the proof of our main result, the last step is to use dynamic pro-
gramming with blocks as units. By using Lemmas 1,10 and Lemma 11 there
is at most a constant number of tasks in 7, for each interval I,, all of these
tasks have to be scheduled within a constant number of intervals that follow
1., hence one can efficiently enumerate all possible schedules of the tasks of 7.
These facts make a dynamic programming straightforward. However, here (due
to space limitation) we omit the formal description, leaving it to the full version
of the paper or referring to ones in [2,13].
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