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omAbstra
t. We study the problem of s
heduling n independent generalmultipro
essor tasks on a �xed number of pro
essors, where the obje
-tive is to 
ompute a non-preemptive s
hedule minimizing the averageweighted 
ompletion time. For ea
h task, its exe
ution time is given as afun
tion of the subset of pro
essors assigned to the task. We propose herea polynomial-time approximation s
heme for the problem that 
omputesa (1 + �)-approximate solution in O(n log n) time for any �xed � > 0a

ura
y. This provides a generalization and integration of some re
entpolynomial-time approximation s
hemes for s
heduling jobs on unrelatedma
hines [1, 18℄ and multipro
essor tasks on dedi
ated pro
essors [2℄, re-spe
tively, with the average weighted 
ompletion time obje
tive, sin
ethe latter models are in
luded as spe
ial 
ases in our problem.Keywords: Parallel pro
essing, s
heduling, multipro
essor tasks.1 Introdu
tionIn this paper we address multipro
essor s
heduling problems, where a set of ntasks has to be exe
uted by a set of m pro
essors su
h that ea
h pro
essor 
anwork on at most one task at a time and a task 
an (or may need to be) pro
essedsimultaneously by several pro
essors. Here we assume that m is �xed and theobje
tive is to minimize the average weighted 
ompletion time PwjCj , whereCj denotes the 
ompletion time of task j. In the dedi
ated variant of this model,denoted by Pmjfixj jPwjCj , ea
h task requires the simultaneous use of a pre-spe
i�ed set of pro
essors. In the parallel variant, denoted by PmjsizejjPwjCj ,the multipro
essor ar
hite
ture is disregarded and for ea
h task there is given aprespe
i�ed number whi
h indi
ates that the task 
an be pro
essed by any sub-set of pro
essors of the 
ardinality equal to this number. In the general model? Supported in part by DFG - Graduiertenkolleg \EÆziente Algorithmen undMehrskalenmethoden" and by EU proje
t APPOL \Approximation and On-line Al-gorithms", IST-1999-14084



Pmjsetj jPwjCj , ea
h task 
an have a number of alternative modes, where ea
hpro
essing mode is spe
i�ed by a subset of pro
essors and the exe
ution time ofthe task on that parti
ular pro
essor set.Previous results: Variants of these problems have been studied, but the pre-vious resear
h has mainly fo
used on the obje
tive of minimizing the makespanCmax = maxn�1j=0 Cj . Regarding the worst-
ase time 
omplexity, it is known thatP5jsizejjCmax [11℄, P3jfixj jCmax [16℄ and P3jsetj jCmax [16℄ are strongly NP-hard. However, there is a polynomial-time approximation s
heme (PTAS) forPmjfixj jCmax [3℄, and there is a PTAS for Pmjsetj jCmax [10, 17℄.The �rst PTAS for a strongly NP-hard s
heduling problem minimizing theaverage weighted 
ompletion time was given for s
heduling jobs on identi
al par-allel ma
hines P jjPwjCj [18℄. Then re
ently it was proved in [1℄ that there arePTASes for many di�erent variants of 
lassi
al s
heduling problems. These re-sults in
lude s
heduling on unrelated parallel ma
hines RmjjPwjCj [4℄. In themultipro
essor setting, in 
ontrast to the makespan obje
tive, only few approxi-mation results are known. Furthermore, they 
on
ern only minimizing the sum of
ompletion times: There are a 2-approximation algorithm for P2jfixj jPCj [8℄,a 32-approximation algorithm for P jsizejjPCj [20℄, and - as it was shown re-
ently - a PTAS for Pmjfixj jPCj [2℄.New results: The problem of s
heduling general multipro
essor tasks Pmjsetj jPwjCj 
an be also viewed as a generalization of two well (but mainly inde-pendently) studied s
heduling problems: s
heduling tasks on unrelated parallelma
hines RmjjPwjCj and multipro
essor task s
heduling with dedi
ated pro-
essors Pmjfixj jPwj Cj . In the 
ase of unrelated ma
hines, for ea
h task (job)there are m pro
essing modes, ea
h with a single pro
essor (ma
hine). In the
ase of dedi
ated pro
essor sets, ea
h task has only a single pro
essing mode butin
luding (typi
ally) several pro
essors. Sin
e both of the above spe
ial 
ases arestrongly NP-hard [7, 8℄ for general weights and m � 2, even if there are only a
onstant number of pro
essors, it is natural to study how 
losely the optimum
an be approximated by eÆ
ient algorithms.In this paper, fo
using on the 
ase where m is �xed, we integrate many ofthe above mentioned re
ent results that have shown the existen
e of PTASs forthe two spe
ial 
ases, by providing the following generalization:Theorem 1. There is a PTAS for Pmjsetj jPwjCj that 
omputes, for any�xed m and � > 0 a

ura
y, a (1 + ")-approximate solution in O(n logn) time.The a
tual running time of the proposed algorithm depends exponentially onboth m and 1=". However, the above result is, in some sense, the strongestpossible one someone 
an expe
t. First, it shows the existen
e of a PTAS for aproblem with �xed parameter m that 
annot have a fully PTAS [14℄. Se
ond,following the ideas in [16℄ and by using the results [5, 6, 12℄ one 
an prove thatboth P jsetj ; pj = 1jCmax and P jsetj ; pj = 1jPCj 
annot be approximatedwithin a fa
tor of m 12�", neither for some " > 0, unless P=NP; nor for any" > 0, unless NP=ZPP. Hen
e, not only the above results 
annot be extended



or generalized for the general variant wherem is not �xed, but even substantiallyweaker approximation results 
annot be expe
ted.Our approa
h: In this paper we employ a well known idea of transformations{ simplify instan
es and s
hedules with some loss in the obje
tive. We re�nesome re
ent approximation te
hniques developed in [1, 9, 15℄. In order to be ableto 
ope with general multipro
essor tasks, we make adjustments of pro
essingtimes de�ning the task pro�les and 
lassifying the tasks as huge and tiny. Thisrequires the 
reation of a sequen
e of gaps in the s
hedule, where all pro
essorsare idle for a 
ertain period of time. In our approa
h, we also apply some re
entmakespan minimization tools from [17℄ to s
hedule tasks within single intervals.For handling tiny tasks, we use a linear programming formulation along withsome rounding, and observe that in some near optimal s
hedule tiny tasks ofthe same pro�le 
an be s
heduled by Smith's rule [19℄. Then, by using the taskdelaying te
hnique presented in [1℄, we introdu
e spe
ial 
ompa
t instan
es inwhi
h there is only a 
onstant number of tasks 
an be potentially s
heduled inan interval. The �nal idea is to use dynami
 programming whi
h integrates allthe previous 
omponents. The obtained PTAS is a 
ombination of the instan
etransformations and the dynami
 programming algorithm.The paper is organized as follows: In Se
tion 2, we give the de�nitions anddis
ribe some te
hniques. In Se
tion 3, we 
onsider the subproblem of s
hedulingin one subinterval, adopt the PTAS for Pmjsetj jCmax [17℄, and and dis
uss some
onsequen
es. In Se
tion 4, we present a dynami
 programming framework whi
h
an be used to integrate all the previous 
omponents.Remarks: This work was motivated by [1℄, where it was also announ
ed thatthere is a PTAS for s
heduling on unrelated parallel ma
hines with release datesRmjrj jPwjCj (to our best knowledge, the full proof of this result has not yetappeared in literature), and our very re
ent work [13℄, where we have shown theexisten
e of a PTAS for Pmjfixj ; rj jPwjCj . Our original goal was to providea generalization for all previous results on s
heduling problems involving a �xednumber of pro
essors (ma
hines), release dates and the average weighted 
om-pletion time obje
tive. In this paper we don't a
hieve this goal 
ompletely, butprovide hopefully a major step towards it by presenting a few novel ideas andte
hniques that might be also of interest for people working on approximationalgorithms for other s
heduling problems. For instan
e, the auxiliary algorithmdes
ribed in Se
tion 3 is a
tually a PTAS for Pmjsetj jCmax with the runningtime O(n) +O(m; ") that is better than one in [17℄.2 PreliminariesFormally, for ea
h instan
e I of our problem we are given sets T = f0; 1; : : : ; n� 1gof n tasks and M = f1; : : : ;mg of m pro
essors. (Let 2M denote the set of allsubsets of M .) Ea
h task j has a positive weight wj and an asso
iated fun
tionp�j : 2M �! IR+ [ f+1g that gives the exe
ution time p�j of task j in terms



of the set of pro
essors � � M whi
h is assigned to j. Given the set �(j) � Mallotted to task j, the pro
essors of �(j) are required to exe
ute task j in unionand without preemption, i.e. they all have to start pro
essing of task j at somestarting time Sj , and �nish at the 
ompletion time Cj := Sj + p�(j)j . A fea-sible s
hedule � 
onsists of an allotment �(j) and a starting time Sj for ea
htask j 2 T su
h that no pro
essor exe
utes more than one task at ea
h timestep. Then, the value Cw(�) := Pn�1j=0 wjCj(�) is 
alled the average weighted
ompletion time of �. Here, the number of pro
essors m is 
onsidered to be a�xed 
onstant, and the obje
tive is to �nd a feasible s
hedule that minimizesthe average weighted 
ompletion time.Further, we write �(I) to denote a s
hedule � with respe
t to an instan
e I .A

ordingly, a s
hedule �opt(I) is 
alled optimal if Cw(�opt(I)) = OPT (I), whereOPT (I) is the minimal average weighted 
ompletion time for I . Given a s
hedule�, a s
hedule �0 is 
alled an "-s
hedule of � if Cw(�0)=Cw(�) � 1+K", where Kis some 
onstant. We say that one 
an transform with 1+O(") loss the obje
tiveand in polynomial time an instan
e I into instan
e ~I if the following holds: ~I isobtained form I in p(jI j) elementary operations for some polynomial p(�), anyfeasible s
hedule of ~I is also feasible of I and, OPT (~I)=OPT (I) � 1+K", whereK is some 
onstant.We will show below that with 1 + O(") loss, any instan
e I of our problem
an be transformed in O(n logn) time into a spe
ial 
ompa
t instan
e ~I su
hthat one 
an �nd in O(n) time an �-s
hedule of �opt(~I). Clearly, this suÆ
es toobtain a PTAS for our original problem.2.1 Basi
 te
hniquesFor any �xed a

ura
y " > 0, we assume w.l.o.g. that log1+"(1 + 1" ) and 1" areintegral. We partition the time interval (0;1) into disjoint intervals Ix of theform [Rx; Rx+1), where Rx = (1 + ")x and x 2 ZZ. Notation Ix will also beused to refer to the length "Rx of the interval, thus Ix = Rx+1 �Rx = "Rx andIx+1 = (1 + ")Ix. For a s
hedule �, let y(j) � z(j) be those indi
es for whi
hSj 2 Iy(j) and Cj 2 Iz(j), respe
tively.In this paper, for a given s
hedule �, we always use the 
onstru
tive methodto �nd �-s
hedules, i.e. we show dire
tly how tasks 
an be res
heduled in �without dramati
ally in
reasing the value of the obje
tive fun
tion. Next, wedes
ribe some te
hniques that will be applied later. Knowing �, we 
onstru
t anew s
hedule �0 as follows:Stret
hing: Set �0(j) = �(j) and S0j = (1 + ")Cj � p�(j)j for ea
h task j 2 T .This generates "p�(j)j idle time on �(j).Rearranging: Set �0(j) and S0j for ea
h task j 2 T su
h that a new s
hedule�0 is feasible and z0(j) = z(j), i.e. tasks are res
heduled preserving C 0j 2 Iz(j).This gives us the ability to rearrange tasks inside intervals. Note that at anytime then we use this te
hnique we have to spe
ify the way of rearranging.Shifting�: Set �0(j) = �(j) and S0j = Sj �Ry(j) + Ry(j)+1 for ea
h task j 2 T ,i.e. in �0 we have y0(j) = y(j) + 1, and hen
e the distan
e between Sj and thebeginning of interval Iy(j) is preserved. This generates "(Rz(j)�Ry(j)) additional



idle time on �0(j) after the 
ompletion time C 0j .Shifting��: Set �0(j) = �(j) and S0j = Sj �Rz(j) +Rz(j)+1 for ea
h task j 2 T ,i.e. z0(j) = z(j) + 1, and hen
e the distan
e between Cj and the end of intervalIz(j) is preserved. This generates "(Rz(j) � Ry(j)) additional idle time on �(j)before the start time S0j .Proposition 1. If a s
hedule �0 is obtained from a s
hedule � by stret
hing,rearranging, or both types of shifting then �0 is an "-s
hedule of �.The following lemma that will be used throughout the paper.Lemma 1. For any s
hedule � there is an �-s
hedule �0 of � su
h that thefollowing holds in �0: ea
h task j starts not earlier than "p�0(j)j ; ea
h task j
rosses at most a 
onstant number s�(") := log1+"(1+ 1" ) of intervals; ea
h taskj with p�0(j)j � "2Iy0(j) is non-
rossing; ea
h 
rossing task j starts at one ofpoints Ry0(j) + i"2Iy0(j) of Iy0(j), where i 2 f0; 1; : : : ; 1"2 � 1g.2.2 Blo
ks, gaps and pro�lesA blo
k Bi is a set fIb(i); : : : ; Ib0(i)g of 
onse
utive intervals. A blo
k stru
tureB1;B2; : : : is a sequen
e of blo
ks su
h that any blo
k Bi is of the length Æi :=b0(i)� b(i)+ 1 whi
h is is at least 2s�(") and at most 2Æ("), any pair Bi, Bi+1 of
onse
utive blo
ks shares exa
tly one interval Ib0(i) = Ib(i) (i.e. b0(i) = b(i+ 1))and the total length of these two blo
ks Æi + Æi+1 � Æ("), where where Æ(") :=2s(")" . For a s
hedule �, a gap is an interval in time where all the pro
essors ofM are idle in �. The following lemma shows that with any s
hedule one 
anasso
iate a blo
k stru
ture su
h that there is a gap in the beginning and the endof ea
h blo
k.Lemma 2. For a s
hedule � there is an �-s
hedule �0 of � su
h that there existsa blo
k stru
ture B1;B2; : : : for the s
hedule �0 with the property that for ea
hdynami
 blo
k Bi there is a gap in the �rst interval Ib(i). This gap starts at oneof the points Rb(i) + `�2Ib(i), ` = 1 : : : ; 1�2 � 1, and has a length whi
h is at least�2Ib(i).For an instan
e I and task j 2 T , let pminj := min�22M p�j be the minimalpro
essing time needed to exe
ute task j. The value pminj is 
alled the length ofj. Then, the following holds.Lemma 3. With 1 + O(") loss one 
an transform in O(n) time an instan
e Iinto instan
e ~I su
h that for ea
h task j 2 T and � 2 2M the following holdsin ~I: the pro
essing time ~p�j = (1 + ")!�j , where !�j 2 IN [ +1; if ~p�j 6= 1then ~p�j � h(m; �)~pminj , where h(m; ") is a 
onstant that depends on m and ".Furthermore, in ~I the quotients ~pminj = ~wj are di�erent for all tasks in T .For simpli
ity, we will use the following notations throughout the paper. Byusing the above Lemma, for a task j 2 T , the 
orresponding 2m-tuple !(j) =<



!�j >�22M is 
alled the exe
ution pro�le of j. A

ordingly, the set of all distin
tpossible exe
ution pro�les is denoted by 
 := f!(j) j j 2 T g. Then, it is nothard to prove that the number of pro�les in 
 is bounded by�(m; �) := d2 + log1+� h(m; �)e2m :In addition, for a given instan
e I , we introdu
e an index x(j) for ea
h taskj 2 T that 
orresponds to the interval Ix(j) earlier whi
h pro
essing of j 
an notbe started. (By using Lemma 1, we assume that Rx(j) � �pminj � Rx(j)+1 forea
h task j 2 T . However, we revise this property in Lemma 10.) A

ordingly,a task j is 
alled huge if pminj � "2Ix(j)=q�, and tiny if pminj < "2Ix(j)=q�, wherethe parameter q� = q�(m; ") � 2mh(m; ") is spe
i�ed later in Se
tion 3.2. Todistinguish sets of huge and tiny tasks we write HT and T T , respe
tively.For a task set X � T , we will use pmin(X ) :=Pj2X pminj to denote the totallength of the tasks in X , use X! to denote the tasks of X of pro�le ! 2 
,and Xx to denote the set of tasks j 2 X with x(j) = x. To indi
ate that X isasso
iated with parti
ular instan
e I , we will write X (I). Finally, regarding theobje
tive fun
tion we use the following.Proposition 2. For any instan
e I, with at most 1 + � loss one 
an 
onsiderthe obje
tive fun
tion PwjRz(j) instead of the original fun
tion PwjCj .3 S
heduling inside intervalIn the �rst part of this se
tion, we 
onsider the problem of s
heduling in a singleinterval Ix. More pre
isely, we present an algorithm that s
hedules non-
rossingtasks with respe
t to a known s
hedule of 
rossing tasks. In order to a
hievethis, we generalize the PTAS for Pmjsetj jCmax [17℄. Basing on some featuresof the algorithm, we de�ne the value of parameter q� = q�(m; ") for tiny tasks,and 
onsider the algorithm as a subroutine of the rearranging te
hnique. Afterthat, we show that tiny tasks are all small 
orresponding to intervals and 
anbe s
heduled by Smith's rule [19℄. In the last part of this se
tion, we show howan instan
e of our problem 
an be transformed into a 
ompa
t instan
e in whi
hthere is only a a 
onstant number of tasks that 
an be potentially s
heduled inan interval.3.1 Long and short tasks, relative s
hedules and LP formulationLet �(I) be a feasible s
hedule for instan
e I . For an interval Ix of �, the followingsets of tasks (running in Ix) are de�ned: set Wx of non-
rossing tasks and setKx = K1x [K2x [K3x of 
rossing tasks, where K1x is the set of in
oming 
rossingtasks (that 
omplete in Ix), K2x is the set of outgoing tasks (that start in Ix),and K3x is the set of throughgoing tasks (that go through Ix). Suppose that wehave applied shifting�� to �(I) and obtained �0(I). W.l.o.g. assume that in thes
hedule �0(I) the tasks of Wx and Kx run in interval Ix+1. Then, there is at



least "Ix idle time on the pro
essors, between the tasks of Wx and the outgoingtasks of K2x or between the tasks of Wx and the end of interval Rx+2.Assume for simpli
ity that Wx = f0; : : : ; n0g with pmin0 � pmin1 � : : : � pminn0andK3x = ;. Then, it holds that pmin(Wx) � mIx. Furthermore, we �x allotment�(j) for ea
h 
rossing task j 2 Kx and de�ne p�(j)j := Cj � Rx for ea
h taskj 2 K1x and p�(j)j := Rx+1 � Sj for ea
h task j 2 K2x.PartitionWx into two subsets Lx = f0; : : : ; kx�1g and Sx =Wx nLx, wherethe appropriate value for kx = kx(m; ")� 1 will be spe
i�ed later in Lemma 6.Tasks in Lx and Sx are 
alled long and short, respe
tively. Let Jx = Lx [Kx bethe set of long and 
rossing tasks.A pro
essor assignment of Jx is a mapping �x : Jx �! 2M su
h that �x(j) =�(j) for ea
h task j 2 K1x [ K2x. Two tasks Tk and T` are 
alled 
ompatible, if�x(k) \ �x(`) = ;. A snapshot of Jx is a set of 
ompatible tasks of Jx. Arelative s
hedule of Jx is a pair Rx of a pro
essor assignment �x of Jx and asequen
e of snapshots M1; : : : ;Mg of Jx with respe
t to �x, su
h that ea
htask j 2 Jx o

urs in a subsequen
e of 
onse
utive snapshots Muj ; : : : ;Mvj ,1 � uj � vj � g, where any two 
onse
utive snapshots M` and M`+1 aredi�erent and it holds that uj = 1 if j 2 K1x, vj = g if j 2 K2x (see Figure 1).Then, it is not hard to see that the number of snapshots g is bounded by 2(kx+m)and the number of di�erent (appropriate) relative s
hedules of Jx is bounded bya 
onstant depending only on m and the number kx of long tasks in Lx.
MgLM1 K2LK1 t1 tg�1 tgL LLK1 Tj

Rx+1 = t0 Mvjtuj�1 tvjMujFig. 1. A relative s
hedule RxGiven a set � �M , a �-
on�guration C� is a partition of � into non-emptysets. Let N� be the total number of �-
on�gurations and let C1;�; : : : ; CN�;� beall �-
on�gurations. Note that NM = B(m), where B(m) � m! is the mth Bellnumber.Consider a relative s
hedule Rx, where the pro
essor assignment �x su
hthat no task j in Jx has the assigned pro
essing time p�x(j)j = 1. Then, letF` := M n Sj2M` �x(j) denotes the set of free pro
essors in snapshot M`,1 � ` � g. For a �(m; �)-ve
tor D := (D!)!2
 , a relative s
hedule Rx is 
alledfeasible for D if for any D! 6= 0 there exists a snapshot M` in Rx su
h that� � F` and !� 6= +1.Now assume there is a set of tasks X � T su
h that pmin(X!) = D! forea
h pro�le ! 2 
. (Re
all that if a task j 2 X! is assigned to a pro
essor



set �, then the pro
essing time of j on � is equal to pminj (1 + ")!� . Thus, if alltasks of X! are assigned to �, the total pro
essing time needed to exe
ute themis equal to D!(1 + ")!� .) Then, in order to �nd a preemptive s
hedule of Xwith respe
t to the relative s
hedule Rx, one 
an formulate the following linearprogram LP (Rx; D) in terms of variables asso
iated with F`-
on�gurations:Minimize tg � t0s.t. (0) t0 = Rx+1;(1) t` � t`�1; ` = 1; : : : ; g;(2) tvj � tuj�1 = p�x(j)j ; 8j 2 Jx;(3) PNF`i=1 xi;F` = t` � t`�1; ` = 1; : : : ; g;(4) Pg̀=1Pi :�2Ci;F` xi;F` � D(�) :=P!2
D!(1 + ")!�y�;!; 8� 2 2M ;(5) P�22M y�;! = 1; 8! 2 
;(6) xi;F` � 0; ` = 1; : : : ; g; i = 1; : : : ; NFl ;(7) y�;! � 0; 8! 2 
 8� 2 2M ;where the variables have the following interpretation:t`: the time when snapshotM` ends andM`+1 starts. The starting time of thes
hedule is denoted by t0 = Rx+1 and the �nishing time by tg (see Figure 1).xi;F` : the length of the 
on�guration Ci;F` in snapshot M`. During an interval oflength xi;F` the tasks of X 
an be exe
uted on pro
essor subsets � 2 Ci;F` ,y�;!: the assignment variable indi
ating whi
h part of the tasks of X! is assignedto be exe
uted on a pro
essor set � 2 2M , re
e
ting that the total pro
essingtime needed to exe
ute su
h tasks of X! is equal to D!(1 + ")!�y�;!,D(�): the total pro
essing time needed to exe
ute the tasks of X assigned to apro
essor set � 2 2M .Less formally, the 
onstraints (0)-(2) de�ne a s
hedule stru
ture with respe
tsto the relative s
hedule Rx, the 
onstraint (3) de�nes a substru
ture of 
on�g-urations inside the snapshots of Rx, the 
onstraints (4)-(5) de�ne the balan
ebetween the free time available in the 
on�gurations and the allotment of workthat have to be exe
uted in order to 
omplete all tasks. (One 
an also asso
iateea
h set X! with one task of the length D! and think in terms of preemptives
heduling of these �(m; ") tasks of di�erent pro�les su
h that exe
ution of partsof the same task on di�erent sets in parallel is allowed.)Let (t�; x�; y�) be an optimum solution of LP (Rx; D). Then, the followingholds [17℄.Lemma 4. For any two non-negative �(m; ")-ve
tors a and b su
h that a relatives
hedule Rx is feasible for a and a+ b, the following inequality holdst�g(LP (Rx; a)) � t�g(LP (Rx; a+b)) � t�g(LP (Rx; a))+ max!� 6=1;!2
(1+")!� X!2
 b!:Lemma 5. If a relative s
hedule Rx is feasible for the �(m; ")-ve
tor D =(pmin(S!x ))!2
, then the optimal value t�g � t�0 of LP (Rx; D) is not larger thanthe makespan of any s
hedule of Jx [ Sx that respe
ts the relative s
hedule Rx.



3.2 Generating a s
hedule, tiny versus shortLet (t�; x�; y�) be an optimum solution of LP (Rx; D). We 
onstru
t a s
hedulefor the tasks in Jx and Sx as follows. For ea
h pro�le ! and y��;! > 0 we sele
tthe tasks of Sx in a greedy manner until the total length does not ex
eed y��;! > 0(if the total length plus the length of the last sele
ted task ex
eeds y��;! > 0 wemark this task as unbalan
ed, there 
an be at most 2m su
h ones for one pro�le)and assign them to be exe
uted on the subset �. After that, starting from the�rst snapshot, by using the values x�i;F ` > 0 and a

ordingly with the subsets� 2 Ci;F` , we sele
t the tasks that are assigned to � in a greedy manner untilthier total pro
essing time does not ex
eed x�i;F ` > 0. If it happens that for a
on�guration Ci;F` the sele
ted tasks do not �t inside the interval of the lengthx�i;F` > 0, we in
rease x�i;F` > 0 by a small amount "i;`, and a

ordingly, we alsoadjust the value t�̀ by the total in
rease "F` (see Figure 2).
t0

K1K1 L K2t1 + �F1 t` +Pt̀=1 �FtL L L L LM1 M` tg + �totalFig. 2. Generating a s
heduleSin
e there are at most �(m; ") pro�les the total number of unbalan
ed tasksis at most �(m; ")2m. Furthermore, sin
e the number of snapshots g � 2(kx+m)and the number of 
on�gurations is bounded by the mth Bell number B(m), thetotal enlargement "total is at mosth(m; ")(pminkx + pminkx+1 + : : : pminkx+2(kx+m)B(m)+�(m;")2m�1);i.e. the maximum pro
essing tasks of the kx+2(kx+m)B(m)+�(m; ")2m longesttasks of Sx. The following lemma is a useful tool to sele
t kx su
h that "total iskept small enough [17℄:Lemma 6. For any interval Ix there is a number kx with 1 � kx � (q +1)mh(m;")"2 �1 + d[1 + (q + 1) + : : : + (q + 1)mh(m;")"2 �2℄ su
h that h(m; ")(pminkx +: : :+ pmin(q+1)kx+d�1) � "2Ix, where q := 3mB(m) and d := �(m; ")2m.The �nal algorithm follows straightforward: sele
t an appropriate kx, enu-merate all relative s
hedules together with solving LPs and dedu
ing the 
orre-sponding s
hedules, output the s
hedule with the smallest makespan.Now, we de�ne q�(m; ") := mh(m;")22m�(m;")"2 �(m+ 1)m+2 + 1�mh(m;")"2 . ByLemma 1 we may assume that tiny tasks are non-
rossing in �(I). A

ordingly,



let Yx � Wx be the set of tiny tasks that are non-
rossing in Ix. Then, thefollowing holds:Lemma 7. The number kx of long tasks in Lx is not larger than the number ofnon-
rossing huge tasks in Ix with pj � "2Ixq� . Hen
e, all tiny tasks are short, i.e.Yx � Sx.Lemma 8. Let ~Yx be another set of tiny tasks su
h that for ea
h pro�le ! 2
, pmin(Y!x ) = 0 implies pmin( ~Y!x ) = 0, and pmin(Y!x ) 6= 0 implies eitherjpmin(Y!x )�pmin( ~Y!x )j � "Ix2h(m;")�(m;") or pmin( ~Y!x )=0. Then algorithm outputs afeasible s
hedule of ~Wx := (Wx nYx)[ ~Yx inside Ix+1 with respe
t to the s
heduleof Kx in �0(I).Proof. The proof follows form Lemmas 4,7, Lemma 6 and the fa
t that theinterval Ix+1 
ontains at least "Ix > "2Ix+h(m; ")P!2
 "Ix2h(m;")�(m;") idle time.(Re
all that max�6=1;!2
 p�j � pminj h(m; ").) ut3.3 S
heduling tiny tasks and 
ompa
t instan
esNow 
onsider the problem of pla
ing tiny tasks in the s
hedule. In the followingwe restri
t ourselves to the 
ase of s
heduling tiny tasks of the same pro�le, say!. We say that two tiny tasks k; ` 2 T T ! with pminkwk < pminẁ` are s
heduled bySmith's rule in a s
hedule � if it holds either z(k) � z(`), or z(`) < x(k). Inother words, if the two tasks are available at the same interval (that means ` isnot 
ompleted before the earliest interval where k 
an be s
heduled), then thetask k of smaller value pk=wk is s
heduled �rst with respe
t to intervals. Notethat the tasks of T T !x have to be s
heduled in the order of in
reasing valuespminj =wj [19℄.Lemma 9. For a feasible s
hedule �(I) there is an "-s
hedule �0(I) of �(I) su
hthat for any pro�le ! 2 
, the tiny tasks of T T ! are s
heduled by Smith's rulein �0(I).Proof. W.l.o.g. let I1, IL be the �rst and the last interval in a feasible s
hedule�. By Lemma 1, assume that all tiny tasks are non-
rossing in � and by Lemma 3all quotients pj=wj are di�erent. Let Y!x be the set of tiny tasks of pro�le ! thatare s
heduled in interval Ix and let D! := pmin(Y!x ) be the total length of thesetasks in Ix. Consider the following LP (!):Minimize Pj : j2T T ! wjPLx=x(j) yj;xRxs.t. (1) PLx=x(j) yj;x = 1; 8j 2 T T !;(2) Pj : j2T T !; x(j) � x yj;x pminj � D!; 8Ix;(3) yj;x � 0; 8j 2 T T !; x = x(j); : : : ; L:First, one 
an �nd a feasible solution of LP (!) by assigning the values y withrespe
t to the s
hedule �, i.e. for ea
h task j 2 T T ! set yj;x = 1 if z(j) = x and



yj;x = 0 otherwise. Hen
e, the obje
tive value of the linear program LP (!) isnot larger than the weighted average 
ompletion time for the tiny tasks of T T !in �. In other words, the value of an optimal fra
tional solution is a lower boundof the weighted 
ompletion timePj2T T ! wjRz(j). Consider an optimal solution(y�j;x) of the linear program. Suppose that there are two tasks ` and k that arenot s
heduled by Smith's rule. W.l.o.g. we 
an 
onsider the 
ase when y�̀;x` > 0,y�k;xk > 0, x(k) � x(`) � x` < xk and pminkwk < pminẁ` .Then, there exist values z` and zk su
h that 0 < z` � y�̀;x` and 0 < zk � y�k;xkand z`pmin` = zkpmink . Now we ex
hange parts of the variables:y 0̀;x` = y�̀;x` � z` y 0̀;xk = y�̀;xk + z`y0k;xk = y�k;xk � zk y0k;x` = y�k;x` + zkand y0j;x = y�j;x for the remaining variables.The new solution (y0j;x) is feasible and the obje
tive valuePj2T T � wj PLx=x(j)y0j;xRx is equal to Pj2T T � wjPLx=x(j) y�j;xRx + R`;k, where R`;k = (Rx` �Rxk)(wkzk�z`w`). By zk = z` pmin`pmink , the se
ond fa
tor (wkzk�z`w`) = z`(wk pmin`pmink �w`). Sin
e pminkwk < pminẁ` and z` > 0, the se
ond fa
tor is larger than 0. The in-equality x` < xk implies Rx` < Rxk and R`;k < 0. In other words, the newsolution (y0j;x) has a lower obje
tive value and gives us a 
ontradi
tion. Thismeans that the two tasks ` and k are s
heduled by Smith's rule.Now we use some properties of the above linear program. There is an optimalsolution su
h that for ea
h interval Ix we have at most one task jx 2 T T ! withxj;x 2 (0; 1) and that is assigned for the �rst time. Otherwise we 
an use thesame argument as above (and the fa
t that the quotients pminj =wj are di�erent)to improve the obje
tive value. Furthermore, su
h an optimal solution 
an beobtained by applying Smith's rule in a greedy manner. To turn su
h a fra
tionalsolution into an integral assignment of tiny tasks to intervals, we need only toin
rease the values D! = pmin(Y!x ) by "2Ixq� . Then, jx �ts 
ompletely into Ix.Let ~Y!x be the set of tiny tasks of pro�le ! that is assigned to an interval Ixwith respe
t to the integral assignment of LP (!) (in
luding the task jx). Forea
h interval Ix of s
hedule � we 
onsider the set ~Yx = [!2
 ~Y!x of all tiny tasksthat 
orresponds to LP (!), ! 2 
. It is not hard to 
he
k that the 
onditionsof Lemma 8 hold. Thus, we apply the shifting� to �, repla
e the sets Yx by ~Yxand apply the rearranging te
hnique to ea
h interval Ix+1. The �nal s
hedule is
onstru
ted.To �nish the proof, there are two fa
ts. First, the total weighted average
ompletion time of the s
hedule of tiny tasks whi
h is given by the optimal fra
-tional solutions of LP (!), ! 2 
 is less than their 
orresponding total weightedaverage 
ompletion time in �. Se
ond, we have used only the shifting and rear-ranging te
hniques. utBy using the above Lemma and the ideas from [1℄ we get:



Lemma 10. With 1 + O(") loss and in O(n logn) time, one 
an transform aninstan
e I into instan
e ~I su
h that for ea
h pro�le ! 2 
 the following holds:jT (I)xj � N�(m; ") and pmin(T (I)x) � N�(m;")"3 Ix, where N�(m; ") is a 
onstantthat depends on m and ".4 The dynami
 programming algorithmAs we mentioned it above, we will use a dynami
 program to 
ompute approxi-mate solutions for our s
heduling problem. To be able to formulate this dynami
program and show that the algorithm solving it has the desired running time,we need only one �nal result:Lemma 11. For a feasible s
hedule �(I) there is an "-s
hedule �0(I) su
h thatin �0(I) the tasks in T (I)x are s
heduled within a 
onstant number d�(m; ") ofintervals that follow Ix, i.e. for ea
h task j 2 T it holds that z0(j) � x(j) �d�(m; ").To �nish the proof of our main result, the last step is to use dynami
 pro-gramming with blo
ks as units. By using Lemmas 1,10 and Lemma 11 thereis at most a 
onstant number of tasks in Tx for ea
h interval Ix, all of thesetasks have to be s
heduled within a 
onstant number of intervals that followIx, hen
e one 
an eÆ
iently enumerate all possible s
hedules of the tasks of Tx.These fa
ts make a dynami
 programming straightforward. However, here (dueto spa
e limitation) we omit the formal des
ription, leaving it to the full versionof the paper or referring to ones in [2, 13℄.Referen
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