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eptional paths. If the slow manifold 
ontains bifur
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h the system 
an be approximated by alower-dimensional one, in whi
h the fast variables 
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 singular perturbation theory for SDEs.1 Introdu
tionSystems involving two well-separated times
ales are often des
ribed by slow{fast di�eren-tial equations of the form " _x = f(x; y; ");_y = g(x; y; "); (1.1)where " is a small parameter. Sin
e _x 
an be mu
h larger than _y, x is 
alled the fast variableand y is 
alled the slow variable. Su
h equations o

ur, for instan
e, in 
limatology, withthe slow variables des
ribing the state of the o
eans, and the fast variables the state ofthe atmosphere. In physi
s, slow{fast equations model in parti
ular systems 
ontainingheavy parti
les (e. g. nu
lei) and light parti
les (e. g. ele
trons). Another example, takenfrom e
ology, would be the dynami
s of a predator{prey system in whi
h the rates ofreprodu
tion of predator and prey are very di�erent.The system (1.1) behaves singularly in the limit " ! 0. In fa
t, the results dependon the way this limit is performed. If we simply set " to zero in (1.1), we obtain thealgebrai
{di�erential system 0 = f(x; y; 0);_y = g(x; y; 0): (1.2)1



Assume there exists a di�erentiable manifold with equation x = x?(y) on whi
h f = 0.Then x = x?(y) is 
alled a slow manifold, and the dynami
s on it is des
ribed by theredu
ed equation _y = g(x?(y); y; 0): (1.3)Another way to analyze the limit " ! 0 is to s
ale time by a fa
tor 1=", so that theslow{fast system (1.1) be
omes x0 = f(x; y; ");y0 = "g(x; y; "): (1.4)In the limit "! 0, we obtain the so-
alled asso
iated systemx0 = f(x; y; 0);y0 = 0; (1.5)in whi
h y plays the rôle of a parameter. The slow manifold x = x?(y) 
onsists of equi-librium points of (1.5), and (1.4) 
an be viewed as a perturbation of (1.5) with slowlydrifting parameter y.Under 
ertain 
onditions, both the redu
ed equation (1.3) and the asso
iated sys-tem (1.5) give good approximations of the initial slow{fast system (1.1), but on di�erenttimes
ales. Assume for instan
e that for ea
h y, x?(y) is an asymptoti
ally stable equilib-rium of the asso
iated system (1.5). Then solutions of (1.1) starting in a neighbourhoodof the slow manifold will approa
h x?(y) in a time of order "jlog "j. During this timeinterval they are well approximated by solutions of (1.5). This �rst phase of the motion issometimes 
alled the boundary-layer behaviour. For larger times, solutions of (1.1) remainin an "-neighbourhood of the slow manifold, and are thus well approximated by solutionsof the redu
ed equation (1.3). This result was �rst proved by Grad�ste��n [17℄ and Tihonov[28℄.Feni
hel [13℄ has given results allowing for a geometri
al des
ription of these phenomenain terms of invariant manifolds. He showed, in parti
ular, the existen
e of an invariantmanifold x = �x(y; "); with �x(y; ") = x?(y) +O("), (1.6)for suÆ
iently small ", whenever x?(y) is a family of hyperboli
 equilibria of the asso
iatedsystem (1.5). The dynami
s on this invariant manifold is given by the equation_y = g(�x(y; "); y; "); (1.7)whi
h 
an be treated by methods of regular perturbation theory, and redu
es to (1.3) inthe limit " ! 0. In fa
t, Feni
hel's results are more general. For instan
e, if x?(y) is asaddle, they also show the existen
e of invariant manifolds asso
iated with the stable andunstable manifolds of x?(y). See [19℄ for a review.New, interesting phenomena arise when the dynami
s of (1.7) 
auses y to approa
h abifur
ation point of (1.5). For instan
e, the passage through a saddle{node bifur
ation,
orresponding to a fold of the slow manifold, produ
es a jump to some other region inphase spa
e, whi
h 
an 
ause relaxation os
illations and hysteresis phenomena (see inparti
ular [26℄ and [18℄, as well as [23℄ for an overview). Trans
riti
al and pit
hforkbifur
ations generi
ally lead to a smoother transition to another equilibrium [22, 21℄,while the passage through a Hopf bifur
ation is a

ompanied by the delayed appearan
e2



of os
illations [24, 25℄. There exist many more re
ent studies of what has be
ome knownas the �eld of dynami
 bifur
ations, see for instan
e [4℄.In many situations, low-dimensional ordinary di�erential equations of the form _x =f(x) are not suÆ
ient to des
ribe the dynami
s of the system under study. The e�e
t ofunknown degrees of freedom is often modelled by noise, leading to a sto
hasti
 di�erentialequation (SDE) of the form dxt = f(xt) dt+ �F (xt) dWt; (1.8)where � is a small parameter, and Wt denotes a standard, generally ve
tor-valued Brown-ian motion. On short times
ales, the main e�e
t of the noise term �F (xt) dWt is to 
ausesolutions to 
u
tuate around their deterministi
 
ounterpart, but the probability of largedeviations is very small (of the order e�
onst=�2). On longer times
ales, however, the noiseterm 
an indu
e transitions to other regions of phase spa
e.The best understood situation is the one where f admits an asymptoti
ally stableequilibrium point x?. The �rst-exit time �(!) of the sample path xt(!) from a neighbour-hood of x? is a random variable, the 
hara
terization of whi
h is the obje
t of the exitproblem. If f derives from a potential U (i. e., f = �rU) of whi
h x? is a lo
al minimum,the asymptoti
 behaviour of the typi
al �rst-exit time for � � 1 has been long known byphysi
ists: it is of order e2H=�2 , where H is the height of the lowest potential barrier sep-arating x? from other potential wells. A theory of large deviations generalizing this resultto quite a large 
lass of SDEs has been developed by Freidlin and Wentzell [16℄. Moredetailed information on the asymptoti
s of the expe
ted �rst-exit time has been obtained,see [2, 14℄ and the very pre
ise results by Bovier, E
kho�, Gayrard and Klein [8, 9℄ on therelation between the expe
ted �rst-exit time, 
apa
ities and the spe
trum of the generatorof the di�usion. The distribution of � has been studied by Day [11℄.The more diÆ
ult problem of the dynami
s near a saddle point has been 
onsidered in[20℄ and in [12℄. The situation where f depends on a parameter and undergoes bifur
ationshas not yet been studied in that mu
h detail. An approa
h based on the notion of randomattra
tors [27, 1, 10℄ gives information on the limit t!1, when the system has rea
heda stationary state. Note, however, that the time needed to rea
h this regime, in whi
h (inthe gradient 
ase) xt is most likely to be found near the deepest potential well, may bevery long if the wells are separated by barriers substantially higher than �2. The dynami
son intermediate times
ales, known as the metastable regime, is not yet well understood inthe presen
e of bifur
ations.In this work, we are interested in the e�e
t of noise on slow{fast systems of theform (1.1). Su
h systems have been studied before in [15℄, using te
hniques from largedeviation theory to des
ribe the limit � ! 0. Here we use di�erent methods to give amore pre
ise des
ription of the regime of small, but �nite noise intensity, our main goalbeing to estimate quantitatively the noise-indu
ed spreading of typi
al paths, as well asthe probability of ex
eptional paths. We will 
onsider situations in whi
h both the slowand fast variables are a�e
ted by noise, with noise intensities taking into a

ount thedi�eren
e between the times
ales. In (1.8), the di�usive nature of the Brownian motion
auses paths to spread like �pt. In the 
ase of the slow{fast system (1.1), we shall 
hoosethe following s
aling of the noise intensities:dxt = 1"f(xt; yt; ") dt+ �p"F (xt; yt; ") dWt;dyt = g(xt; yt; ") dt+ �0G(xt; yt; ") dWt: (1.9)3



In this way, �2 and (�0)2 both measure the ratio between the rate of di�usion squaredand the speed of drift, respe
tively, for the fast and slow variable. We 
onsider general�nite-dimensional x 2 R n and y 2 Rm , whileWt denotes a k-dimensional standard Brow-nian motion. A

ordingly, F and G are matrix-valued fun
tions of respe
tive dimensionsn � k and m� k. The matri
es F (x; y; ") will be assumed to satisfy some (rather weak)nondegenera
y 
ondition, see Remark 2.3. We 
onsider ", � and �0 as small parameters,and think of � and �0 as fun
tions of ". We limit the analysis to situations where �0does not dominate �, i. e., we assume �0 = �� where � may depend on " but is uniformlybounded above in ".We �rst 
onsider the 
ase where the deterministi
 slow{fast system (1.1) admits anasymptoti
ally stable slow manifold x?(y). Our �rst main result, Theorem 2.4, states thatthe sample paths of (1.9) are 
on
entrated in a \layer" surrounding the adiabati
 manifold�x(y; "), of the formB(h) = �(x; y) : 
(x� �x(y; "));X(y; ")�1(x� �x(y; "))� < h2	 (1.10)up to time t, with a probability behaving roughly like 1 � (t2=") e�h2=2�2 as long as thepaths do not rea
h the vi
inity of a bifur
ation point. The matrix X(y; "), de�ning theellipsoidal 
ross-se
tion of the layer, is itself a solution of a slow{fast system, and dependsonly on the values of F and �xf on the slow manifold. In parti
ular, X(y; 0) is a solutionof the Lyapunov equationA?(y)X +XA?(y)T + F (x?(y); y; 0)F (x?(y); y; 0)T = 0; (1.11)where A?(y) = �xf(x?(y); y; 0). For instan
e, if f derives from a potential U , �A? is theHessian matrix of U at its minimum, and B(h) is more elongated in those dire
tions inwhi
h the 
urvature of U is smallest.Theorem 2.6 gives a more detailed des
ription of the dynami
s inside B(h), by show-ing that paths (xt; yt) are 
on
entrated in a neighbourhood of the deterministi
 solution(xdett ; ydett ) at least up to times of order 1. The spreading in the y-dire
tion grows at arate 
orresponding to the �nite-time Lyapunov exponents of the deterministi
 solution.Next we turn to situations where the deterministi
 solution approa
hes a bifur
ationpoint of the asso
iated system. In this 
ase, the adiabati
 manifold �x(y; ") is not de�nedin general. However, by splitting x into a stable dire
tion x� and a bifur
ating dire
tionz, one 
an de�ne a (
entre) manifold x� = �x�(z; y; ") whi
h is lo
ally invariant under thedeterministi
 
ow. Theorem 2.8 shows that paths of the sto
hasti
 system are 
on
entratedin a neighbourhood of �x�(z; y; "). The size of this neighbourhood again depends on noiseand linearized drift term in the stable x�-dire
tion.In order to make use of previous results on the passage through bifur
ation points forone-dimensional fast variables, su
h as [7, 5, 6℄, it is ne
essary to 
ontrol the deviationbetween solutions of the full system (1.9), and the redu
ed sto
hasti
 system obtainedby setting x� equal to �x�(z; y; "). Theorem 2.9 provides su
h an estimate under 
ertainassumptions on the dynami
s of the redu
ed system.We present the detailed results in Se
tion 2, Subse
tion 2.2 
ontaining a summary ofresults on deterministi
 slow{fast systems, while Subse
tion 2.3 is dedi
ated to the random
ase with a stable slow manifold and Subse
tion 2.4 to the 
ase of bifur
ations. Se
tions 3to 5 
ontain the proofs of these results. 4
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 Burger for kind hospitality.2 Results2.1 PreliminariesLet D be an open subset of R n � Rm and "0 > 0 a 
onstant. We 
onsider slow{faststo
hasti
 di�erential equations of the formdxt = 1"f(xt; yt; ") dt+ �p"F (xt; yt; ") dWt;dyt = g(xt; yt; ") dt+ �0G(xt; yt; ") dWt; (2.1)with drift 
oeÆ
ients f 2 C2(D � [0; "0);R n) and g 2 C2(D � [0; "0);R m), and di�usion
oeÆ
ients F 2 C1(D � [0; "0);R n�k ) and G 2 C1(D � [0; "0);Rm�k ).We require that f , g, and all their derivatives up to order 2 are uniformly bounded innorm in D � [0; "0), and similarly for F , G and their derivatives. We also assume that fand g satisfy the usual (lo
al) Lips
hitz and bounded-growth 
onditions whi
h guaranteeexisten
e and pathwise uniqueness of a strong solution f(xt; yt)gt>t0 of (2.1).The sto
hasti
 pro
ess fWtgt>0 is a standard k-dimensional Brownian motion on someprobability spa
e (
;F ;P), and sto
hasti
 integrals with respe
t to fWtgt>0 are to beunderstood as Itô integrals. Initial 
onditions (x0; y0) are always assumed to be square-integrable with respe
t to P and independent of fWtgt>0. Our assumptions on f and gguarantee the existen
e of a 
ontinuous version of f(xt; yt)gt>0. Therefore we may assumethat the paths ! 7! (xt(!); yt(!)) are 
ontinuous for P-almost all ! 2 
.We introdu
e the notation Pt0;(x0;y0) for the law of the pro
ess f(xt; yt)gt>t0 , startingin (x0; y0) at time t0, and use E t0 ;(x0;y0) to denote expe
tations with respe
t to Pt0;(x0;y0).Note that the sto
hasti
 pro
ess f(xt; yt)gt>t0 is a time-homogeneous Markov pro
ess. LetA � D be Borel-measurable. Assuming (x0; y0) 2 A, we denote by�A = inf�t > 0: (xt; yt) 62 A	 (2.2)the �rst-exit time of (xt; yt) from A. Note that �A is a stopping time with respe
t to the�ltration of (
;F ;P) generated by the Brownian motion fWtgt>0.Throughout this work, we use the following notations:� Let a, b be real numbers. We denote by dae, a^ b and a_ b, respe
tively, the smallestinteger greater than or equal to a, the minimum of a and b, and the maximum of aand b.� By g(u) = O(u) we indi
ate that there exist Æ > 0 and K > 0 su
h that g(u) 6 Kufor all u 2 [0; Æ℄, where Æ and K of 
ourse do not depend on ", � or �0.� We use kxk to denote the Eu
lidean norm of x 2 R d and h�; �i for the asso
iated innerprodu
t. For a matrix A 2 R d1�d2 , we denote by kAk the 
orresponding operatornorm. If A(t) is a matrix-valued fun
tion de�ned for t in an interval I, we denote bykAkI the supremum of kA(t)k over t 2 I, and often we write kAk1 if the interval isevident from the 
ontext.� We write AT for the transposed of a matrix, and TrA for the tra
e of a square matrix.5



� For a given set B, we denote by 1B the indi
ator fun
tion on B, de�ned by 1B(x) = 1,if x 2 B, and 1B(x) = 0, otherwise.� If R n �Rm 3 (x; y) 7! f(x; y) 2 R d is di�erentiable, we write �xf(x; y) and �yf(x; y)to denote the Ja
obian matri
es of x 7! f(x; y) and y 7! f(x; y), respe
tively.2.2 Deterministi
 stable 
aseWe start by re
alling a few properties of deterministi
 slow{fast systems of the form" _x = f(x; y; ");_y = g(x; y; "): (2.3)De�nition 2.1. Let D0 � Rm and assume that there exists a (
ontinuous) fun
tionx? : D0 ! R n su
h that� (x?(y); y) 2 D for all y 2 D0,� f(x?(y); y; 0) = 0 for all y 2 D0.Then the set f(x; y) : x = x?(y); y 2 D0g is 
alled a slow manifold of the system (2.3).Let A?(y) = �xf(x?(y); y; 0). The slow manifold is 
alled� hyperboli
 if all eigenvalues of A?(y) have nonzero real parts for all y 2 D0;� uniformly hyperboli
 if all eigenvalues of A?(y) have real parts uniformly boundedaway from zero (for y 2 D0);� asymptoti
ally stable if all eigenvalues of A?(y) have negative real parts for all y 2 D0;� uniformly asymptoti
ally stable if all eigenvalues of A?(y) have negative real parts,uniformly bounded away from zero for y 2 D0.Grad�ste��n [17℄ and Tihonov [28℄ have shown that if x? represents a uniformly hyperboli
slow manifold of (2.3), then the system (2.3) admits parti
ular solutions whi
h remainin a neighbourhood of order " of the slow manifold. If, moreover, the slow manifold isasymptoti
ally stable, then the solutions starting in a neighbourhood of order 1 of the slowmanifold 
onverge exponentially fast in t=" to an "-neighbourhood of the slow manifold.Feni
hel [13℄ has given extensions of this result based on a geometri
al approa
h.If (2.3) admits a hyperboli
 slow manifold, then there exists, for suÆ
iently small ", aninvariant manifold x = �x(y; ") = x?(y) +O("); y 2 D0: (2.4)Here invariant means that if y0 2 D0 and x0 = �x(y0; "), then xt = �x(yt; ") as long as t issu
h that ys 2 D0 for all s 6 t. We will 
all the set f(�x(y; "); y) : y 2 D0g an adiabati
manifold. It is easy to see from (2.3) that �x(y; ") must satisfy the PDE"�y�x(y; ")g(�x(y; "); y; ") = f(�x(y; "); y; "): (2.5)The lo
al existen
e of the adiabati
 manifold follows dire
tly from the 
entre manifoldtheorem. Indeed, we 
an rewrite System (2.3) in the formx0 = f(x; y; ");y0 = "g(x; y; ");"0 = 0; (2.6)where prime denotes derivation with respe
t to the fast time t=". Any point of the form(x?(y); y; 0) with y 2 D0 is an equilibrium point of (2.6). The linearization of (2.6) around6



su
h a point admits 0 as eigenvalue of multipli
ity m + 1, the n other eigenvalues beingthose of A?(y), whi
h are bounded away from the imaginary axis. The 
entre manifoldtheorem implies the existen
e of a lo
al invariant manifold x = �x(y; "). Feni
hel's resultshows that this manifold a
tually exists for all y 2 D0.Being a 
entre manifold, the adiabati
 manifold is not ne
essarily unique (though inthe present 
ase, �x(y; 0) = x?(y) is uniquely de�ned). Nevertheless, �x(y; ") has a uniqueTaylor series in y and ", whi
h 
an be obtained by solving (2.5) order by order. Thedynami
s on the adiabati
 manifold is des
ribed by the so-
alled redu
ed equation_y = g(�x(y; "); y; ") = g(x?(y); y; 0) +O("): (2.7)If x?(y) is uniformly asymptoti
ally stable, �x(y; ") is lo
ally attra
tive and thus any solu-tion of (2.3) starting suÆ
iently 
lose to �x(y; ") 
onverges exponentially fast to a solutionof (2.7).2.3 Random stable 
aseWe turn now to the random slow{fast system given by the sto
hasti
 di�erential equationdxt = 1"f(xt; yt; ") dt+ �p"F (xt; yt; ") dWt;dyt = g(xt; yt; ") dt+ �0G(xt; yt; ") dWt; (2.8)where we will assume the following.Assumption 2.2. For � = �0 = 0, System (2.8) admits a uniformly hyperboli
, asymp-toti
ally stable slow manifold x = x?(y), y 2 D0.By Feni
hel's theorem, there exists an adiabati
 manifold x = �x(y; ") with �x(y; 0) =x?(y), y 2 D0. We �x a parti
ular solution (xdett ; ydett ) = (�x(ydett ; "); ydett ) of the deter-ministi
 system. (That is, ydett satis�es the redu
ed equation (2.7).) We want to des
ribethe noise-indu
ed deviations of the sample paths (xt; yt)t>0 of (2.8) from the adiabati
manifold.It turns out to be 
onvenient to use the transformationxt = �x(ydett + �t; ") + �t;yt = ydett + �t; (2.9)whi
h yields a system of the formd�t = 1" f̂(�t; �t; t; ") dt+ �p" bF (�t; �t; t; ") dWt;d�t = ĝ(�t; �t; t; ") dt+ �0 bG(�t; �t; t; ") dWt; (2.10)where the new drift and di�usion 
oeÆ
ients are given byf̂(�; �; t; ") = f(�x(ydett + �; ") + �; ydett + �; ")� "�y�x(ydett + �; ")g(�x(ydett + �; ") + �; ydett + �; ") � "�2�2r(�; �; t; ");bF (�; �; t; ") = F (�x(ydett + �; ") + �; ydett + �; ")� �p"�y�x(ydett + �; ")G(�x(ydett + �; ") + �; ydett + �; ");ĝ(�; �; t; ") = g(�x(ydett + �; ") + �; ydett + �; ") � g(�x(ydett ; "); ydett ; ");bG(�; �; t; ") = G(�x(ydett + �; ") + �; ydett + �; "): (2.11)7



Here r(�; �; t; ") stems from the 
ontribution of the di�usion 
oeÆ
ients in (2.8) to thenew drift 
oeÆ
ient, 
f. Itô's formula. The lth 
omponent of r(�; �; t; ") equals12 Tr��yy�xl(ydett ; ")G(�x(ydett +�; ")+�; ydett +�; ")G(�x(ydett +�; ")+�; ydett +�; ")T�; (2.12)where �xl(y; ") denotes the lth 
omponent of �x(y; "), and �yy�xl(y; ") the Hessian matrix ofy 7! �xl(y; "). In the sequel, we will only use the fa
t that ea
h 
omponent of r(�; �; t; ") isat most of order m.Note that be
ause of the property (2.5) of the adiabati
 manifold, we have f̂(0; �; t; ") =�"�2�2r(0; �; t; ") = O(m"�2�2). We introdu
e the notationA(ydett ; ") = �xf(�x(ydett ; "); ydett ; ") � "�y�x(ydett ; ")�xg(�x(ydett ; "); ydett ; ") (2.13)as an approximation for the linearization of f̂ at (0; 0; t; "), where we negle
t the 
on-tribution of r(�; �; t; ") to the linearization. Note that for " = 0, we have A(ydett ; 0) =�xf(�x(ydett ; 0); ydett ; 0) = A?(ydett ), so that by Assumption 2.2, the eigenvalues of A(ydett ; ")have negative real parts for suÆ
iently small ".One of the basi
 ideas of our approa
h is to 
ompare the solutions of (2.10) with thoseof the \linear approximation"d�0t = 1"A(ydett ; ")�0t dt+ �p"F0(ydett ; ") dWt;dydett = g(�x(ydett ; "); ydett ; ") dt; (2.14)where F0(ydett ; ") = bF (0; 0; t; "). Note that the de�nition of the adiabati
 manifold impliesF0(y; 0) = F (x?(y); y; 0). For �xed t, �0t is a Gaussian random variable with 
ovarian
ematrix Cov(�0t ) = �2" Z t0 U(t; s)F0(ydets ; ")F0(ydets ; ")TU(t; s)T ds; (2.15)where U(t; s) denotes the prin
ipal solution of the homogeneous system " _� = A(ydett ; ")�.We now observe that ��2 Cov(�0t ) is the X-variable of a parti
ular solution of thedeterministi
 slow{fast system" _X = A(y; ")X +XA(y; ")T + F0(y; ")F0(y; ")T ;_y = g(�x(y; "); y; "): (2.16)This system admits a slow manifold X = X?(y), given by the Lyapunov equationA?(y)X?(y) +X?(y)A?(y)T + F0(y; 0)F0(y; 0)T = 0; (2.17)whi
h is known [3℄ to admit the (unique) solutionX?(y) = Z 10 esA?(y) F0(y; 0)F0(y; 0)T esA?(y)T ds: (2.18)Moreover, the eigenvalues of the operator X 7! AX+XAT are exa
tly ai+aj , 1 6 i; j 6 n,where ai are the eigenvalues of A. Thus the slow manifold X = X?(y) is uniformlyasymptoti
ally stable (for small enough "), so that Feni
hel's theorem shows the existen
eof an adiabati
 manifold X = X(y; ") = X?(y) +O("): (2.19)8



Note thatX(ydett ; ") is uniquely determined by the \initial" valueX(ydet0 ; ") via the relationX(ydett ; ") = U(t)�X(ydet0 ; ") + 1" Z t0 U(s)�1F0(ydets ; ")F0(ydets ; ")TU(s)�T ds�U(t)T ;(2.20)where U(t) = U(t; 0) and U(s)�T = [U(s)�1℄T .We now introdu
e the setB(h) = �(x; y) : y 2 D0; 
(x� �x(y; "));X(y; ")�1(x� �x(y; "))� < h2	; (2.21)assuming that X(y; ") is invertible for all y 2 D0. The set B(h) is a \layer" around theadiabati
 manifold x = �x(y; "), with ellipsoidal 
ross-se
tion determined by X(y; "). For�xed t, the solution �0t of the linear approximation (2.14) is 
on
entrated (in density) inthe 
ross-se
tion of B(�) taken at yt. Our �rst main result (Theorem 2.4 below) gives
onditions under whi
h the whole sample path (xt; yt) of the original equation (2.8) islikely to remain in su
h a set B(h). By�B(h) = infft > 0: (xt; yt) 62 B(h)g (2.22)we denote the �rst-exit time of the sample path (xt; yt) from B(h). In order to estimatethe probability of �B(h) being small, we need to assume that X(y; ") and X(y; ")�1 areuniformly bounded in D0, whi
h ex
ludes purely multipli
ative noise.Remark 2.3. Fix y for the moment. If X?(y)�1 is bounded, then X(y; ")�1 is boundedfor suÆ
iently small ". A suÆ
ient 
ondition for X?(y)�1 to be bounded is that thesymmetri
 matrix F0(y; 0)F0(y; 0)T be positive de�nite. This 
ondition is, however, by nomeans ne
essary. In fa
t, X?(y) is singular if and only if there exists a ve
tor x 6= 0 su
hthat F0(y; 0)T esA?(y)T x = 0 8s > 0; (2.23)whi
h o

urs if and only ifxTA?(y)lF0(y; 0) = 0 8l = 0; 1; 2; : : : (2.24)Be
ause of the Cayley{Hamilton theorem, this relation holds for all l > 0 provided it holdsfor l = 0; : : : ; n� 1. Conversely, X?(y) is nonsingular if and only if the matrix�F0(y; 0) A?(y)F0(y; 0) : : : A?(y)n�1F0(y; 0)� 2 R n�nk (2.25)has full rank. This 
ondition on the pair (A?(y); F0(y; 0)) is known as 
ontrollability in
ontrol theory, where X?(y) is 
alled a 
ontrollability Grammian.In what follows, we need (A?(y); F0(y; 0)) to be 
ontrollable for all y 2 D0, but inaddition the smallest eigenvalue of X?(y) should be uniformly bounded away from zero.Theorem 2.4. Assume that kX(y; ")k and kX(y; ")�1k are uniformly bounded in D0.Choose a deterministi
 initial 
ondition y0 2 D0, x0 = �x(y0; "), and let�D0 = inffs > 0: ys 62 D0g: (2.26)Then there exist 
onstants "0;�0; h0 > 0 (independent of the 
hosen initial 
ondition y0)su
h that for all " 6 "0, � 6 �0, h 6 h0, and all 0 < 
 < 1=2, the following assertionshold. 9



(a) The upper bound: For all t > 0,P0;(x0;y0)f�B(h) < t ^ �D0g 6 C+n;m;
;�(t; ")�1 + h2�2� e��+h2=�2 ; (2.27)where �+ = 
�1�O(h)�O(�)�O(m"�2)�O�e�
onst=" =(1 � 2
)�� (2.28)and C+n;m;
;�(t; ") = 
onst (1 + t)2�" h(1� 2
)�n + en=4+em=4i: (2.29)(b) The lower bound: There exists t0 > 0 of order 1 su
h for all t > 0,P0;(x0;y0)f�B(h) < tg > C�n;m(t; "; h; �) e���h2=�2 ; (2.30)where �� = 12�1 +O(h) +O�e�
onst (t^t0)="�� (2.31)and C�n;m(t; "; h; �) = 
onst �1��en=4+em=4�" � e���h2=(2�2)�: (2.32)(
) General initial 
onditions: There exist Æ0 > 0 and a time t1 of order "jlog hj su
hthat for all Æ 6 Æ0, all initial 
onditions (x0; y0) whi
h satisfy y0 2 D0 as well ash�0;X(y0; ")�1�0i < Æ2, and all t; t2 with t > t2 > t1,P0;(�0;0)� supt26s6t^�D0 
�s;X(ys; ")�1�s� > h2� 6 C+n;m;
;�(t; ")�1 + h2�2� e��+h2=�2 ;(2.33)where C+n;m;
;�(t; ") is the same prefa
tor as in (2.27), and�+ = 
�1�O(h)�O(�)�O(m"�2)�O�Æ e�
onst (t2^1)=" =(1� 2
)��: (2.34)Unless expli
itly stated, the error terms in the exponents �+ and �� are uniform in t, butthey may depend on the dimensions n and m.Estimate (2.27) shows that for h� �, paths starting in B(h) are far more likely to leavethis set through the \border" fy 2 �D0; h�;X(y; ")�1�i < h2g than through the \sides"fy 2 intD0; h�;X(y; ")�1�i = h2g, unless we wait for time spans exponentially long inh2=�2. Below we dis
uss how to 
hara
terize �D0 more pre
isely, using information on theredu
ed dynami
s on the adiabati
 manifold. If, for instan
e, all deterministi
 solutionsstarting in D0 remain in this set, �D0 will typi
ally be very large.The upper bound (2.27) has been designed to yield the best possible exponent �+,while the prefa
tor C+n;m;
;� is 
ertainly not optimal. Note that an estimate with thesame exponent, but with a smaller prefa
tor holds for the probability that the endpoint(xt; yt) does not lie in B(h), 
f. Corollary 3.10. The parameters � and 
 
an be 
hosenarbitrarily within their intervals of de�nition. Taking � small and 
 
lose to 1=2 improvesthe exponent while in
reasing the prefa
tor. A 
onvenient 
hoi
e is to take � and 1=2� 
of order h or ". The kind of time-dependen
e of C+n;m;
;� is probably not optimal, but10



the fa
t that C+n;m;
;� in
reases with time is to be expe
ted, sin
e it re
e
ts the fa
t thatthe probability of observing paths making ex
ursions away from the adiabati
 manifoldin
reases with time. As for the dependen
e of the prefa
tor on the dimensions n and m, itis due to the fa
t that the tails of standard Gaussian random variables show their typi
alde
ay only outside a ball of radius s
aling with the square-root of the dimension.The upper bound (2.27) and lower bound (2.30) together show that the exponentialrate of de
ay of the probability to leave the set B(h) before time t behaves like h2=(2�2)in the limit of �, " and h going to zero, as one would expe
t from other approa
hes,based for instan
e on the theory of large deviations. The bounds hold, however, in a fullneighbourhood of � = " = h = 0.Finally, Estimate (2.33) allows to extend these results to all initial 
onditions in aneighbourhood of order 1 of the adiabati
 manifold. The only di�eren
e is that we haveto wait for a time of order "jlog hj before the path is likely to have rea
hed the set B(h).After this time, typi
al paths behave as if they had started on the adiabati
 manifold.Remark 2.5. In Theorem 2.4, the error terms in the exponents �� grow with the normskfk and kgk, and thus depend in general on the dimensions n and m. If the SDE (2.8)des
ribes a large number of 
oupled similar subsystems (e. g. 
oupled os
illators), the errorterms will not depend on the number of subsystems if, for instan
e, ea
h one is 
oupledonly to a �nite number of neighbours. In mean-�eld type models, the error terms will bebounded if the intera
tion is properly s
aled with the number of subsystems.The behaviour of typi
al paths depends essentially on the dynami
s of the redu
eddeterministi
 system (2.7). In fa
t, in the proof of Theorem 2.4, we use the fa
t that ytdoes not di�er too mu
h from ydett on times
ales of order 1 (see Lemma 3.4). There arethus two main possibilities to be 
onsidered:� either the redu
ed 
ow is su
h that ydett rea
hes the boundary of D0 in a time oforder 1 (for instan
e, ydett may approa
h a bifur
ation set of the slow manifold); thenyt is likely to leave D0 as well;� or the redu
ed 
ow is su
h that ydett remains in D0 for all times t > 0; in that 
ase,paths 
an only leave B(h) due to the in
uen
e of noise, whi
h we expe
t to be unlikelyon subexponential times
ales.We will dis
uss the �rst situation in more detail in Subse
tion 2.4. In both situations,it is desirable to have a more pre
ise des
ription of the deviation �t of the slow variable ytfrom its deterministi
 
ounterpart ydett , in order to a
hieve a better 
ontrol of the �rst-exittime �D0 .The following 
oupled system gives a better approximation of the dynami
s of (2.10)than the system (2.14):d�0t = 1"A(ydett ; ")�0t dt+ �p"F0(ydett ; ") dWt;d�0t = �B(ydett ; ")�0t + C(ydett ; ")�0t �dt+ �0G0(ydett ; ") dWt; (2.35)where G0(ydett ; ") = bG(0; 0; t; ") = G(�x(ydett ; "); ydett ; ") and the Ja
obian matri
es B and
11



C are given by B(ydett ; ") = �� ĝ(0; 0; t; ")= C(ydett ; ")�y�x(ydett ; ") + �yg(�x(ydett ; "); ydett ; "); (2.36)C(ydett ; ") = �� ĝ(0; 0; t; ")= �xg(�x(ydett ; "); ydett ; "): (2.37)The 
oupled system (2.35) 
an be written in 
ompa
t form asd�0t = A(ydett ; ")�0t dt+ �F0(ydett ; ") dWt; (2.38)where (�0)T = ((�0)T ; (�0)T ) andA(ydett ; ") =  1"A(ydett ; ") 0C(ydett ; ") B(ydett ; ")! ; F0(ydett ; ") =  1p"F0(ydett ; ")�G0(ydett ; ") ! : (2.39)The solution of the linear SDE (2.38) is given by�0t = U(t)�0 + � Z t0 U(t; s)F0(ydets ; ") dWs; (2.40)where U(t; s) denotes the prin
ipal solution of the homogeneous system _� = A(ydett ; ")�.It 
an be written in the form U(t; s) = �U(t; s) 0S(t; s) V (t; s)� ; (2.41)where U(t; s) and V (t; s) denote, respe
tively, the fundamental solutions of " _� = A(ydett ; ")�and _� = B(ydett ; ")�, whileS(t; s) = Z ts V (t; u)C(ydetu ; ")U(u; s) du: (2.42)The Gaussian pro
ess �0t has a 
ovarian
e matrix of the formCov(�0t ) = �2 Z t0 U(t; s)F0(ydets ; ")F0(ydets ; ")TU(t; s)T ds= �2�X(t) Z(t)Z(t)T Y (t)� : (2.43)The matri
es X(t) 2 R n�n , Y (t) 2 Rm�m and Z(t) 2 R n�m are a parti
ular solution ofthe following slow{fast system, whi
h generalizes (2.16):" _X = A(y; ")X +XA(y; ")T + F0(y; ")F0(y; ")T ;" _Z = A(y; ")Z + "ZB(y; ")T + "XC(y; ")T +p"�F0(y; ")G0(y; ")T ;_Y = B(y; ")Y + Y B(y; ")T + C(y; ")Z + ZTC(y; ")T + �2G0(y; ")G0(y; ")T ;_y = g(�x(y; "); y; "): (2.44)This system admits a slow manifold given byX = X?(y);Z = Z?(y; ") = �p"�A(y; ")�1F0(y; ")G0(y; ")T +O("); (2.45)12



where X?(y) is given by (2.18). It is straightforward to 
he
k that this manifold is uni-formly asymptoti
ally stable for suÆ
iently small ", so that Feni
hel's theorem yields theexisten
e of an adiabati
 manifold X = X(y; "), Z = Z(y; "), at a distan
e of order " fromthe slow manifold. This manifold attra
ts nearby solutions of (2.44) exponentially fast,and thus asymptoti
ally, the expe
tations of �0t (�0t )T and �0t (�0t )T will be 
lose, respe
tively,to �2X(ydett ; ") and �2Z(ydett ; ").In general, the matrix Y (t) 
annot be expe
ted to approa
h some asymptoti
 valuedepending only on ydett and ". In fa
t, if the deterministi
 orbit ydett is repelling, kY (t)k
an grow exponentially fast. In order to measure this growth, we introdu
e the fun
tions�(1)(t) = sup06s6tZ s0 � supu6v6skV (s; v)k� du; (2.46)�(2)(t) = sup06s6tZ s0 � supu6v6skV (s; v)k2�du: (2.47)The solution of (2.44) with initial 
ondition Y (0) = Y0 satis�esY (t;Y0) = V (t)Y0V (t)T (2.48)+ �2 Z t0 V (t; s)G0(ydets ; ")G0(ydets ; ")TV (t; s)T ds+O(("+ �p")�(2)(t)):We thus de�ne an \asymptoti
" 
ovarian
e matrix Z(t) = Z(t;Y0; ") byZ(t;Y0; ") =  X(ydett ; ") Z(ydett ; ")Z(ydett ; ")T Y (t;Y0) ! ; (2.49)and use Z(t)�1 to 
hara
terize the ellipsoidal region in whi
h �(t) is 
on
entrated.Theorem 2.6. Assume that kX(ydets ; ")k and kX(ydets ; ")�1)k are uniformly bounded for0 6 s 6 t and that Y0 has been 
hosen in su
h a way that kY (s)�1k = O(1=(�2 + ")) for0 6 s 6 t. Fix an initial 
ondition (x0; y0) with y0 2 D0 and x0 = �x(y0; "), and let t besu
h that ydets 2 D0 for all s 6 t. De�neR(t) = kZk[0;t℄h1 + �1 + kY �1k1=2[0;t℄��(1)(t) + �(2)(t)i: (2.50)There exist 
onstants "0;�0; h0 > 0, independent of Y0, y0 and t, su
h thatP0;(0;0)n sup06s6t^�D0 
�u;Z(u)�1�u� > h2o 6 Cn+m;
;�(t; ") e��h2=�2 (2.51)holds, whenever " 6 "0, � 6 �0, h 6 h0R(t)�1 and 0 < 
 < 1=2. HereCn+m;
;�(t; ") = 
onst � t�"��� 11� 2
�(n+m)=2 + e(n+m)=4�; (2.52)� = 
h1�O�"+�+ hR(t)�i: (2.53)Let us �rst 
onsider times
ales of order 1. Then the fun
tions kZk[0;t℄, �(1)(t) and�(2)(t) are at most of order 1, and kY (t)�1k remains of the same order as kY �10 k. The13



probability (2.51) be
omes small as soon as h � �. Be
ause of the restri
tion h 6h0R(t)�1, the result is useful provided kY �1k[0;t℄ � ��2. In order to obtain the optimal
on
entration result, we have to 
hoose Y0 a

ording to two opposed 
riteria. On the onehand, we would like to 
hoose Y0 as small as possible, so that the set 
�u;Z(u)�1�u� < h2is small. On the other hand, kY �10 k must not ex
eed 
ertain bounds for Theorem 2.6 tobe valid. Thus we require that Y0 > ��2 _ (�2 + ")�1lm: (2.54)Be
ause of the Gaussian de
ay of the probability (2.51) in �=h, we 
an interpret thetheorem by saying that the typi
al spreading of paths in the y-dire
tion is of order �(�+p")if � < �+p" and of order �2 if � > �+p".The term � is 
learly due to the intensity �0 = �� of the noise a
ting on the slowvariable. It prevails if � > � _p". The term p" is due to the linear part of the 
ouplingbetween slow and fast variables, while the behaviour in �2 observed when � > �+p" 
anbe tra
ed ba
k to the nonlinear 
oupling between slow and fast variables.For longer times
ales, the 
ondition h 6 h0R(t)�1 obliges us to take a larger Y0, whileY (t) typi
ally grows with time. If the largest Lyapunov exponent of the deterministi
orbit ydett is positive, this growth is exponential in time, so that the spreading of pathsalong the adiabati
 manifold will rea
h order 1 in a time of order logj� _ (�2 + ")j.Remark 2.7. Consider the redu
ed sto
hasti
 systemdy0t = g(�x(y0t ; "); y0t ; ") dt+ �0G(�x(y0t ; "); y0t ; ") dWt (2.55)obtained by setting x equal to �x(y; ") in (2.8). One may wonder whether y0t gives a betterapproximation of yt than ydett in the 
ase �0 > 0. In fa
t, one 
an show thatP0;(0;0)n sup06s6t^�D0

y0s � ydets 

 > h1o 6 
�1 + t� em=4 expn� �1h21(�0)2(1 + �(2)(t))o;P0;(0;0)n sup06s6t^�B(h)

ys � y0s

 > ho 6 
�1 + t� em=4 expn� �1h21(�0)2(1 + �(2)(t))o (2.56)+ 
�1 + t"� em=4 expn� �2h2[(�0)2h2 + �2"℄(1 + �(2)(t))oholds for all h; h1 up to order �(1)(t)�1 and some positive 
onstants 
; �1; �2. (The proofs
an be adapted from the proof of Lemma 3.4). This shows that the typi
al spreadingof y0t around ydett is of order �0(1 + �(2)(t)1=2) = ��(1 + �(2)(t)1=2), while the typi
aldeviation of paths y0t of the redu
ed system from paths yt of the original system is oforder �p"(1 + �(2)(t)1=2). Thus for � > p", the redu
ed sto
hasti
 system gives a betterapproximation of the dynami
s than the deterministi
 one.If V (t) has no eigenvalues outside the unit 
ir
le, the spreading of paths will growmore slowly. As an important parti
ular 
ase, let us 
onsider the situation where ydett isan asymptoti
ally stable periodi
 orbit with period T , entirely 
ontained in D0 (and nottoo 
lose to its boundary). Then all 
oeÆ
ients in (2.35) depend periodi
ally on time,and, in parti
ular, Floquet's theorem allows us to writeV (t) = P (t) e�t; (2.57)14



where P (t) is a T -periodi
 matrix. The asymptoti
 stability of the orbit means that alleigenvalues but one of the monodromy matrix � have stri
tly negative real parts, the lasteigenvalue, whi
h 
orresponds to translations along the orbit, being 0. In that 
ase, �(1)(t)and �(2)(t) grow only linearly with time, so that the spreading of paths in the y-dire
tionremains small on times
ales of order 1=(� _ (�2 + ")).In fa
t, we even expe
t this spreading to o

ur mainly along the periodi
 orbit, whilethe paths remain 
on�ned to a neighbourhood of the orbit on subexponential times
ales.To see that this is true, we 
an use a new set of variables in the neighbourhood of theorbit. In order not to introdu
e too many new notations, we will repla
e y by (y; z),where y 2 Rm�1 des
ribes the degrees of freedom transversal to the orbit, and z 2 Rparametrizes the motion along the orbit. In fa
t, we 
an use an equal-time parametrizationof the orbit, so that _z = 1 on the orbit, i. e., we have zdett = t (mod T ). The SDE takesthe form dxt = 1"f(xt; yt; zt; ") dt+ �p"F (xt; yt; zt; ") dWt;dyt = g(xt; yt; zt; ") dt+ �0G(xt; yt; zt; ") dWt;dzt = �1 + h(xt; yt; zt; ")� dt+ �0H(xt; yt; zt; ") dWt; (2.58)where h = O(kytk2+kxt�xdett k2) and the Floquet multipliers asso
iated with the periodi
matrix �yg(xdett ; 0; zdett ; ") are stri
tly smaller than one in modulus. As linear approxima-tion of the dynami
s of (�t; �t) = (xt � xdett ; yt � ydett ) = (xt � xdett ; yt) we taked�0t = 1"A(zdett ; ")�0t dt+ �p"F0(zdett ; ") dWt;d�0t = �B(zdett ; ")�0t + C(zdett ; ")�0t �dt+ �0G0(zdett ; ") dWt;dz0t = dt+ �0H0(zdett ; ") dWt; (2.59)whi
h depends periodi
ally on time. One 
an again 
ompute the 
ovarian
e matrix of theGaussian pro
ess (�0t ; �0t ; z0t ) as a fun
tion of the prin
ipal solutions U and V asso
iatedwith A and B. In parti
ular, the 
ovarian
e matrix Y (t) of �0t still obeys the ODE_Y = B(zdet; ")Y +Y B(zdet; ")T +C(zdet; ")Z +ZTC(zdet; ")T + �2G0(zdet; ")G0(zdet; ")T :(2.60)This is now a linear, inhomogeneous ODE with time-periodi
 
oeÆ
ients. It is well knownthat su
h a system admits a unique periodi
 solution Y pert , whi
h is of order �2 + " sin
eZ is of order �p" + " and �2G0GT0 is of order �2. We 
an thus de�ne an asymptoti

ovarian
e matrix Z(t) of (�0t ; �0t ), whi
h depends periodi
ally on time. If �t = (�t; �t),Theorem 2.6 shows that on times
ales of order 1 (at least), the paths �t are 
on
entratedin a set of the form h�t;Z(t)�1�ti < h2, while zt remains h-
lose to zdett .On longer times
ales, the distribution of paths will be smeared out along the periodi
orbit. However, the same line of reasoning as in Se
tion 3.2, based on a 
omparison withdi�erent deterministi
 solutions on su

essive time intervals of order 1, 
an be used toshow that �t remains 
on
entrated in the set h�t;Z(t)�1�ti < h2 up to exponentially longtimes
ales. 15



2.4 Bifur
ationsIn the previous se
tion, we have assumed that the slow manifold x = x?(y) is uniformlyasymptoti
ally stable for y 2 D0. We 
onsider now the situation arising when the redu
eddeterministi
 
ow 
auses ydett to leave D0, and to approa
h a bifur
ation point of the slowmanifold.We 
all (x̂; ŷ) a bifur
ation point of the deterministi
 system" _x = f(x; y; ");_y = g(x; y; "); (2.61)if f(x̂; ŷ; 0) = 0 and �xf(x̂; ŷ; 0) has q eigenvalues on the imaginary axis, q 2 f1; : : : ; ng.We 
onsider here the situation where q < n and the other n� q eigenvalues have stri
tlynegative real parts.The most generi
 
ases are the saddle{node bifur
ation (where q = 1), 
orrespondingto a fold in the slow manifold, and the Hopf bifur
ation (where q = 2), in whi
h the slowmanifold 
hanges stability, while absorbing or expelling a family of periodi
 orbits. In thesetwo 
ases, the set of bifur
ation values ŷ typi
ally forms a 
odimension-1 submanifold ofRm .The dynami
s of the deterministi
 slow{fast system (2.61) in a neighbourhood of thebifur
ation point (x̂; ŷ) 
an again be analyzed by a 
entre-manifold redu
tion. Introdu
e
oordinates (x�; z) in R n , with x� 2 R n�q and z 2 R q , in whi
h the matrix �xf(x̂; ŷ; 0)be
omes blo
k-diagonal, with a blo
k A� 2 R (n�q)�(n�q) having eigenvalues in the lefthalf-plane, and a blo
k A0 2 R q�q having eigenvalues on the imaginary axis. On the fasttimes
ale t=", (2.61) 
an be rewritten as(x�)0 = f�(x�; z; y; ");z0 = f0(x�; z; y; ");y0 = "g(x�; z; y; ");"0 = 0; (2.62)whi
h admits (x̂�; ẑ; ŷ; 0) as an equilibrium point. The linearization at this point hasq +m+ 1 eigenvalues on the imaginary axis (
ounting multipli
ity), whi
h 
orrespond tothe dire
tions z; y and ". In other words, z has be
ome a slow variable near the bifur
ationpoint.The 
entre manifold theorem implies the existen
e, for suÆ
iently small " and (z; y)in a neighbourhood N of (ẑ; ŷ), of a lo
ally attra
ting invariant manifold x� = �x�(z; y; "),with �x�(ẑ; ŷ; 0) = x̂. �x� plays the same rôle the adiabati
 manifold played in the stable
ase, and the dynami
s on �x� is governed by the redu
ed equation" _z = f0(�x�(z; y; "); z; y; ");_y = g(�x�(z; y; "); z; y; "): (2.63)The fun
tion �x�(z; y; ") solves the PDEf�(�x�(z; y; "); z; y; ") = �z�x�(z; y; ")f0(�x�(z; y; "); z; y; ")+ "�y�x�(z; y; ")g(�x�(z; y; "); z; y; "): (2.64)16



Let us now turn to random perturbations of the slow{fast system (2.61). In thevariables (x�; z; y), the perturbed system 
an be written asdx�t = 1"f�(x�t ; zt; yt; ") dt+ �p"F�(x�t ; zt; yt; ") dWt;dzt = 1"f0(x�t ; zt; yt; ") dt+ �p"F 0(x�t ; zt; yt; ") dWt;dyt = g(x�t ; zt; yt; ") dt+ �0G(x�t ; zt; yt; ") dWt: (2.65)The noise-indu
ed deviation of x�t from the adiabati
 manifold is des
ribed by the variable��t = x�t � �x�(zt; yt; "), whi
h obeys an SDE of the formd��t = 1" f̂�(��t ; zt; yt; t; ") dt+ �p" bF�(��t ; zt; yt; ") dWt; (2.66)with, in parti
ular,f̂�(��; z; y; t; ") = f�(�x�(z; y; ") + ��; z; y; ") � �z�x�(z; y; ")f0(�x�(z; y; ") + ��; z; y; ")� "�y�x�(z; y; ")g(�x�(z; y; ") + ��; z; y; ") � �2r�(��; z; y; t; "); (2.67)where r�(��; z; y; t; ") is at most of order m+ q. Note that (2.64) implies thatf̂�(0; z; y; t; ") = ��2r�(0; z; y; t; ") = O((m+ q)�2): (2.68)We further de�ne the matrixA�(z; y; ") = �xf�(�x�(z; y; "); z; y; ") � �z�x�(z; y; ")�xf0(�x�(z; y; "); z; y; ")� "�y�x�(z; y; ")�xg(�x�(z; y; "); z; y; ") (2.69)as an approximation to �� f̂�(0; z; y; t; "), where we negle
t the 
ontribution of r�. Sin
eA�(ẑ; ŷ; 0) = A�, the eigenvalues of A�(z; y; ") have uniformly negative real parts, pro-vided we take the neighbourhood N and " small enough.Consider now the \linear approximation"d�0t = 1"A�(zdett ; ydett ; ")�0t dt+ �p"F�0 (zdett ; ydett ; ") dWt;dzdett = 1"f0(�x�(zdet; ydet; "); zdett ; ydett ; ") dt;dydett = g(�x�(zdet; ydet; "); zdett ; ydett ; ") dt (2.70)of (2.65){(2.66), where F�0 (z; y; ") = bF�(0; z; y; "). Its solution �0t has a Gaussian distri-bution with 
ovarian
e matrixCov(�0t ) = �2" Z t0 U�(t; s)F�0 (zdets ; ydets ; ")F�0 (zdets ; ydets ; ")TU�(t; s)T ds; (2.71)where U� is the fundamental solution of " _�0 = A��0. Note that ��2 Cov(�0t ) is theX�-variable of a parti
ular solution of the slow{fast system" _X� = A�(z; y; ")X� +X�A�(z; y; ")T + F�0 (z; y; ")F�0 (z; y; ")T ;" _z = f0(�x�(z; y; "); z; y; ");_y = g(�x�(z; y; "); z; y; "); (2.72)17



whi
h admits an invariant manifold X� = X�(z; y; ") for (z; y) 2 N . We thus expe
t thepaths to be 
on
entrated in a setB�(h) = �(x�; z; y) : (z; y) 2 N ; 
x� � �x�(z; y; ");X�(z; y; ")�1(x� � �x�(z; y; "))� < h2	:(2.73)The following theorem shows that this is indeed the 
ase, as long as (zt; yt) remains in N .Theorem 2.8. Assume that kX�(z; y; ")k and kX�(z; y; ")�1)k are uniformly bounded inN . Choose a deterministi
 initial 
ondition (z0; y0) 2 N , x�0 = �x�(z0; y0; "), and let�N = inffs > 0: (zs; ys) 62 Ng: (2.74)Then there exist 
onstants h0 > 0, �0 > 0 and � 2 (0; 1℄ su
h that for all h 6 h0, all� 6 �0 and all 0 < 
 < 1=2,P0;(x�0 ;z0;y0)f�B�(h) < t ^ �N g 6 Cn;m;q;
;�(t; ")�1 + h2�2� e��h2=�2 ; (2.75)provided "jlog(h(1 � 2
))j 6 1. Here� = 
�1�O(�)�O(h�(1� 2
)1�� jlog(h(1 � 2
))j)�; (2.76)Cn;m;q;
;�(t; ") = 
onst �1 + t�"��1 + t"�h(1� 2
)�(n�q) + e(n�q)=4+em=4+eq=4i:(2.77)The exponent � is related to the maximal rate of divergen
e of solutions of the redu
edsystem (2.63), see Subse
tion 5.1.This result shows that on times
ales of order 1 (and larger if, e. g., N is positivelyinvariant), paths are likely to remain in a small neighbourhood of the adiabati
 manifoldx� = �x�(z; y; "). The dynami
s will thus be essentially governed by the behaviour of the\slow" variables z and y.In fa
t, it seems plausible that the dynami
s of (2.65) will be well approximated bythe dynami
s of the redu
ed sto
hasti
 systemdz0t = 1"f0(�x�(z0t ; y0t ; "); z0t ; y0t ; ") dt+ �p"F 0(�x�(z0t ; y0t ; "); z0t ; y0t ; ") dWt;dy0t = g(�x�(z0t ; y0t ; "); z0t ; y0t ; ") dt+ �0G(�x�(z0t ; y0t ; "); z0t ; y0t ; ") dWt; (2.78)obtained by setting x� equal to �x�(z; y; ") in (2.65). This turns out to be true under
ertain hypotheses on the solutions of (2.78). Let us �x an initial 
ondition (z00 ; y00) 2 N ,and 
all �0t = (z0t ; y0t ) the 
orresponding pro
ess. We de�ne the (random) matri
esB(�0t ; ") = ��zf0 �yf0"�zg "�yg�����x=�x�(z0t ;y0t ;");z=z0t ;y=y0t ; (2.79)C(�0t ; ") = ��xf0"�xg�����x=�x�(z0t ;y0t ;");z=z0t ;y=y0t : (2.80)Observe that C((ẑ; ŷ); 0) = 0 be
ause of our 
hoi
e of 
oordinates, so that kC(�0t ; ")k willbe small in a neighbourhood of the origin. We denote, for ea
h realization �0(!), by V!the prin
ipal solution of d�t(!) = 1"B(�0t (!); ")�t(!) dt: (2.81)18



(Note that we may assume that almost all realizations �0(!) are 
ontinuous.) We needto assume the existen
e of deterministi
 fun
tions #(t; s), #C(t; s), and a stopping time� 6 �B�(h) su
h that

V!(t; s)

 6 #(t; s); 

V!(t; s)C(�0s (!); ")

 6 #C(t; s) (2.82)hold for all s 6 t 6 �(!) and (almost) all paths (�0u(!))u>0 of (2.78). Then we de�ne�(i)(t) = sup06s6t 1" Z s0 #(s; u)i du;�(i)C (t) = sup06s6t 1" Z s0 � supu6v6s#C(s; v)i� du (2.83)for i = 1; 2, and the following result holds.Theorem 2.9. Assume that there exist 
onstants �; #0 > 0 (of order 1) su
h that#(s; u) 6 #0 and #C(s; u) 6 #0 whenever 0 < s � u 6 �". Then there exist 
on-stants h0; �0 > 0 su
h that for all h 6 h0[�(1)(t) _ �(1)C (t)℄�1 and all initial 
onditions(x�0 ; z00 ; y00) 2 B�(h),P0;(x�0 ;z00 ;y00)n sup06s6t^�

(zs; ys)� (z0s ; y0s)

 > ho6 Cm;q(t; ") exp���0 h2�2 1�(2)C (t) + h�(1)C (t) + h2�(2)(t)�; (2.84)where Cm;q(t; ") = 
onst�1 + t"� e(m+q)=4 : (2.85)This result shows that typi
al solutions of the redu
ed system (2.78) approximatesolutions of the initial system (2.65) to order ��(2)C (t)1=2 + �2�(1)C (t), as long as �(1)(t)�1=�. Che
king the validity of Condition (2.82) for a reasonable stopping time � is, of
ourse, not straightforward, but it depends only on the dynami
s of the redu
ed system,whi
h is usually easier to analyze.Example 2.10. Assume the redu
ed equation has the formdz0t = 1"�y0t z0t � (z0t )3�dt+ �p" dWt;dy0t = 1; (2.86)i. e., there is a pit
hfork bifur
ation at the origin. We �x an initial time t0 < 0 and
hoose an initial 
ondition (z0; y0) with y0 = t0, so that y0t = t. In [7℄ we proved that if� 6 p", the paths fzsgs>t0 are 
on
entrated, up to time p", in a strip of width of order�=(jy0j1=2 _ "1=4) around the 
orresponding deterministi
 solution.Using for � the �rst-exit time from a set of this form, one �nds that �(2)C (p") is oforder p"+�2=" and that �(1)C (p") is of order 1+�="3=4. Thus, up to time p", the typi
alspreading of zs around redu
ed solutions z0s is at most of order �"1=4 + �2=p", whi
his smaller than the spreading of z0s around a deterministi
 solution. Hen
e the redu
edsystem provides a good approximation to the full system up to time p".19



For larger times, however, �(2)C (t) grows like et2=" until the paths leave a neighbourhoodof the unstable equilibrium z = 0, whi
h typi
ally o

urs at a time of order p"jlog �j.Thus the spreading is too fast for the redu
ed system to provide a good approximation tothe dynami
s. This shows that Theorem 2.9 is not quite suÆ
ient to redu
e the problemto a one-dimensional one, and a more detailed des
ription has to be used for the region ofinstability.3 Proofs { Exit from B(h)In this se
tion, we 
onsider the SDEdxt = 1"f(xt; yt; ") dt+ �p"F (xt; yt; ") dWt;dyt = g(xt; yt; ") dt+ �0G(xt; yt; ") dWt (3.1)under Assumption 2.2, that is, when starting near a uniformly asymptoti
ally stable man-ifold. We denote by (xdett ; ydett ), with xdett = �x(ydett ; "), the deterministi
 solution startingin ydet0 = y0 2 D0.The transformation xt = �x(ydett + �t; ") + �t;yt = ydett + �t (3.2)yields a system of the form (2.10), whi
h 
an be written, using Taylor expansions, asd�t = 1"�A(ydett ; ")�t + b(�t; �t; t; ")� dt+ �p"�F0(ydett ; ") + F1(�t; �t; t; ")� dWt; (3.3)d�t = �C(ydett ; ")�t +B(ydett ; ")�t + 
(�t; �t; t; ")� dt+ �0�G0(ydett ; ") +G1(�t; �t; t; ")� dWt:There are 
onstants M;M1 su
h that the remainder terms satisfy the boundskb(�; �; t; ")k 6M�k�k2 + k�kk�k +m"�2�2�;k
(�; �; t; ")k 6M�k�k2 + k�k2�;kF1(�; �; t; ")k 6M1�k�k+ k�k�;kG1(�; �; t; ")k 6M1�k�k+ k�k� (3.4)for all (�; �) in a 
ompa
t set and all t su
h that ydett 2 D0. Note that M and M1 maydepend on the dimensions n and m (see Remark 2.5). The term m"�2�2 stems from theterm r(�; �; t; ") in (2.11). We shall highlight its m-dependen
e sin
e it will in general beunavoidable.3.1 Times
ales of order 1We �rst examine the behaviour of �u on an interval [s; t℄ with � = (t� s)=" = O"(1). Forthis purpose, we �x an initial 
ondition y0 2 D0 and assume that t is 
hosen in su
h a waythat ydetu 2 D0 for all u 6 t.
20



To ease notations, we will not indi
ate the "-dependen
e of X(y). We assume thatkX(y)k 6 K+ and kX(y)�1k 6 K� for all y 2 D0, and de�ne the fun
tions	(t) = 1" Z t0 

U(t; u)TX(ydett )�1U(t; u)

 du;�(t) = 1" Z t0 Tr�U(t; u)TX(ydett )�1U(t; u)� du; (3.5)�(t) = 1" Z t0 kU(t; u)kdu;where U(t; u) again denotes the prin
ipal solution of " _� = A(ydett ; ")�. Note that thestability of the adiabati
 manifold implies that kU(t; u)k is bounded by a 
onstant timesexpf�K0(t�u)="g, K0 > 0, for all t and u 6 t. Hen
e 	(t) and �(t) are of order 1, while�(t) is of order n. In parti
ular, �(t) 6 n	(t) holds for all times t.We �rst 
on
entrate on upper estimates on the probabilities and will deal with thelower bound in Corollary 3.5. Let us remark that on times
ales of order 1, we may safelyassume that the deviation �s of ys from its deterministi
 
ounterpart remains small. We�x a deterministi
 h1 > 0 and de�ne�� = inf�s > 0: k�sk > h1	: (3.6)Lemma 3.4 below provides an estimate on the tails of the distribution of ��. The follow-ing proposition estimates the probability that xt leaves a \layer" similar to B(h) duringthe time interval [s; t℄ despite of �u remaining small. Note that in the proposition the\thi
kness of the layer" is measured at ydetu instead of yu.Proposition 3.1. For all � 2 [0; 1), all 
 2 (0; 1=2) and all � > 0,sup�0 : h�0;X(y0)�1�0i6�2h2 P0;(�0;0)� sups6u6t^�� 
�u;X(ydetu )�1�u� > h2�6 em"�2(1� 2
)n=2 exp��
 h2�2 h1� �2 �M0��+ (1 + �)h+ (h+ h1)�(t)�i�+ e�(t)=4	(t) exp��h2�2 �2(1�M0�)8M21 (pK+ + h1=h)2	(t)� (3.7)holds for all h < 1=�, with a 
onstant M0 depending only on the linearization A of f , K+,K�, M , kF0k1, and on the dimensions n and m via M .Proof: The solution of (3.3) 
an be written as�u = U(u)�0 + �p" Z u0 U(u; v)F0(ydetv ; ") dWv (3.8)+ �p" Z u0 U(u; v)F1(�v; �v ; v; ") dWv + 1" Z u0 U(u; v)b(�v ; �v ; v; ") dv;where U(u) = U(u; 0) as before. Writing �u = U(u; s)�u and de�ning�� = inffu > 0: 
�u; X(ydetu )�1�u� > h2g; (3.9)21



the probability on the left-hand side of (3.7) 
an be rewritten asP = P0;(�0;0)� sups6u6t^��^��kQ(u)�uk > h�; (3.10)where Q(u) = Qs(u) is the symmetri
 matrix de�ned byQ(u)2 = U(u; s)TX(ydetu )�1U(u; s): (3.11)To eliminate the u-dependen
e of Q in (3.10), we estimate P byP 6 P0;(�0;0)� sups6u6t^��^��kQ(t)�uk > H�; (3.12)where H = h� sups6u6t

Q(u)Q(t)�1

��1: (3.13)In order to estimate the supremum in (3.13), we use the fa
t that Q(v)�2 satis�es thedi�erential equationddvQ(v)�2 = 1"U(s; v)h�A(ydetv )X(ydetv )�X(ydetv )A(ydetv )T + " ddvX(ydetv )iU(s; v)T= 1"U(s; v)F0(ydetv ; ")F0(ydetv ; ")TU(s; v)T ; (3.14)and thusQ(u)2Q(t)�2 = 1l +Q(u)2 1" Z tu U(s; v)F0(ydetv ; ")F0(ydetv ; ")TU(s; v)T dv = 1l +O(�):(3.15)(Re
all that t � u 6 t � s 6 "� in this subse
tion, whi
h implies kU(s; v)k = 1 + O(�)and kQ(u)2k 6 K�(1 +O(�)).) Therefore, H = h(1 �O(�)).We now split �u into three parts, writing �u = �0u +�1u +�2u, where�0u = U(s)�0 + �p" Z u0 U(s; v)F0(ydetv ; ") dWv;�1u = �p" Z u0 U(s; v)F1(�v; �v ; v; ") dWv; (3.16)�2u = 1" Z u0 U(s; v)b(�v ; �v; v; ") dv;and estimate P by the sum of the 
orresponding probabilitiesP0 = P0;(�0;0)� sups6u6tkQ(t)�0uk > H0�;P1 = P0;(�0;0)� sups6u6t^��^��kQ(t)�1uk > H1�; (3.17)P2 = P0;(�0;0)� sups6u6t^��^��kQ(t)�2uk > H2�;22



where H0;H1;H2 satisfy H0 + H1 + H2 = H. Note that P2 
an be estimated triviallyusing the fa
t thatsups6u6t^��^��kQ(t)�2uk 6pK�M(K+h2 +pK+hh1 +m"�2�2)(1 +O(�))�(t) :=H2:(3.18)Now, we 
hoose H2 = 2H2;H1 = �hH; (3.19)H0 = H �H1 �H2for 0 < � < 1=h, and estimate the remaining probabilities P0 and P1 by Lemmas 3.2and 3.3 below. When estimating H20 , we may assume M0h�(t) < 1, the bound (3.7) beingtrivial otherwise.Lemma 3.2. Under the hypotheses of Proposition 3.1, we have for every 
 2 (0; 1=2),P0 = P0;(�0;0)� sups6u6tkQ(t)�0uk > H0� 6 1(1� 2
)n=2 exp��
H20 � �2h2�2 �; (3.20)holding uniformly for all �0 su
h that h�0;X(y0)�1�0i 6 �2h2.Proof: For every b
 > 0, (expfb
kQ(t)�0uk2g)u>s is a positive submartingale and, there-fore, Doob's submartingale inequality yieldsP0 = P0;(�0;0)n sups6u6t eb
kQ(t)�0uk2 > eb
H20o 6 e�b
H20 E 0;(�0 ;0)�eb
kQ(t)�0t k2	: (3.21)Now, the random variable Q(t)�0t is Gaussian, with expe
tation E = Q(t)U(s)�0 and
ovarian
e matrix� = �2" Q(t)�Z t0 U(s; v)F0(ydetv ; ")F0(ydetv ; ")TU(s; v)T dv�Q(t)T : (3.22)Thus, using 
ompletion of squares to 
ompute the Gaussian integral, we �ndE 0;(�0 ;0)�eb
kQ(t)�0t k2	 = eb
hE;(1l�2b
�)�1Ei(det[1l� 2b
�℄)1=2 : (3.23)By (2.20), we 
an write� = �2Q(t)U(s; t)�X(ydett )� U(t)X(ydet0 )U(t)T �U(s; t)TQ(t)T = �2�1l�RRT �; (3.24)where R = Q(t)U(s)X(ydet0 )1=2, and we have used the fa
t that U(s; t)X(ydett )U(s; t)T =Q(t)�2. This shows in parti
ular thatdet[1l� 2b
�℄ > (1� 2b
�2)n: (3.25)Moreover, sin
e kRRT k = kRTRk 2 (0; 1), we also havehE; (1l� 2b
�)�1Ei = hX(ydet0 )�1=2�0; RT (1l� 2b
�)�1RX(ydet0 )�1=2�0i6 �2h2

RT �1l� 2b
�2[1l�RRT ℄��1R

6 �2h2�[1� 2b
�2℄kRTRk�1 + 2b
�2��1 6 �2h2 (3.26)for all �0 satisfying h�0;X(y0)�1�0i 6 �2h2. Now, (3.20) follows from (3.23) by 
hoosingb
 = 
=�2. 23



Lemma 3.3. Under the hypotheses of Proposition 3.1,P1 = P0;(�0;0)� sups6u6t^��^��kQ(t)�1uk > H1�6exp���H21 � �2M21 (pK+h+ h1)2�(t)�28�2M21 (pK+h+ h1)2H21	(t) �(3.27)holds uniformly for all �0 su
h that h�0;X(y0)�1�0i 6 h2.Proof: Let � denote the stopping time� = �� ^ �� ^ inffu > 0: kQ(t)�1uk > H1g; (3.28)and de�ne, for a given 
1, the sto
hasti
 pro
ess�u = e
1kQ(t)�1uk2 : (3.29)(�u)u being a positive submartingale, another appli
ation of Doob's submartingale in-equality yields P1 6 e�
1H21 E 0;(�0 ;0)��t^�	: (3.30)Itô's formula (together with the fa
t that (dWu)TRTR dWu = Tr(RTR) du for any matrixR 2 R n�k ) shows that �u obeys the SDEd�u = 2
1 �p"�u(�1u)TQ(t)2U(s; u)F1(�u; �u; u; ") dWu+
1�2" �uTr�RT1 R1+2
1RT2 R2�du;(3.31)where R1 = Q(t)U(s; u)F1(�u; �u; u; ");R2 = (�1u)TQ(t)2U(s; u)F1(�u; �u; u; "): (3.32)The �rst term in the tra
e 
an be estimated asTr�RT1 R1� = Tr�R1RT1 � 6M21 �k�uk+ k�uk�2 Tr�Q(t)TU(s; u)U(s; u)TQ(t)�6M21 �k�uk+ k�uk�2 Tr�U(t; u)TX(ydett )�1U(t; u)�; (3.33)while the se
ond term satis�es the boundTr�RT2 R2� = 

F1(�u; �u; u; ")TU(s; u)TQ(t)2�1u

26M21 �k�uk+ k�uk�2

U(s; u)TQ(t)

2kQ(t)�1uk2=M21 �k�uk+ k�uk�2

U(t; u)TX(ydett )�1U(t; u)

kQ(t)�1uk2: (3.34)Using the fa
t that k�uk 6 pK+h, k�uk 6 h1 and kQ(t)�1uk 6 H1 hold for all 0 6 u 6 t^� ,we obtainE 0;(�0 ;0)��u^�	6 1 + 
1�2" M21 �pK+h+ h1�2 Z u0 E 0;(�0 ;0)��v^�	� hTr�U(t; v)TX(ydett )�1U(t; v)� + 2
1H21

U(t; v)TX(ydett )�1U(t; v)

idv; (3.35)24



and Gronwall's inequality yieldsE 0;(�0 ;0)��t^�	 6 expn
1�2M21 �pK+h+ h1�2��(t) + 2
1H21	(t)�o: (3.36)Now, (3.30) impliesP1 6 expn�
1�H21��2M21 (pK+h+h1)2�(t)�+2
21�2M21 (pK+h+h1)2H21	(t)o; (3.37)and (3.27) follows by optimizing over 
1.Proposition 3.1 allows to 
ontrol the �rst-exit time of (xt; yt) from B(h), provided�s = ys�ydets remains small. In order to 
omplete the proof of Part (a) of Theorem 2.4 weneed to 
ontrol the tails of the distribution of ��. The following lemma provides a rougha priori estimate whi
h is suÆ
ient for the time being. We will provide more pre
iseestimates in the next se
tion.Re
all the notations V (u; v) for the prin
ipal solution of _� = B(ydetu ; ")�, and�(1)(t) = sup06s6tZ s0 � supu6v6skV (s; v)k� du; (3.38)�(2)(t) = sup06s6tZ s0 � supu6v6skV (s; v)k2�du: (3.39)from Subse
tion 2.3.Lemma 3.4. There exists a 
onstant 
� > 0 su
h that for all 
hoi
es of t > 0 and h1 > 0satisfying ydets 2 D0 for all s 6 t and h1 6 
��(1)(t)�1,sup�0 : h�0;X(y0)�1�0i6h2 P0;(�0 ;0)� sup06u6t^�B(h)k�uk > h1�6 2� t�"� em=4 exp� m"�2(�2 + ")�(2)(t)�� exp���0 h21(1�O(�"))�2(�2 + ")�(2)(t)�1�M 00 �(1)(t)h1�1 +K+h2h21���; (3.40)where �0 > 0 is a 
onstant depending only on k bF k1, k bGk1, kCk1 and U , while the 
on-stant M 00 depends only on M , kCk1 and U . Note that 
� may depend on the dimensions nand m via M .In the sequel, we will typi
ally 
hoose h1 � �, so that the prefa
tor be
omes negligible.Proof of Lemma 3.4. We �rst 
onsider a time interval [s; t℄ with t � s = �". Letu 2 [s; t℄ and re
all the de�ning SDE (3.3) for �u. Its solution 
an be split into four parts,�u = �0u + �1u + �2u + �3u, where�0u = �0 Z u0 V (u; v) bG(�v; �v; v; ") dWv;�1u = �p" Z u0 S(u; v) bF (�v; �v; v; ") dWv;�2u = Z u0 V (u; v)
(�v ; �v ; v; ") dv;�3u = 1" Z u0 S(u; v)b(�v ; �v ; v; ") dv; (3.41)
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with S(u; v) = Z uv V (u;w)C(ydetw ; ")U(w; v) dw: (3.42)Let � = �B(h) ^ ��. It follows immediately from the de�nitions of �B(h), �� and thebounds (3.4) that 

�2u^�

 6M(1 +O(�"))�(1)(t)(K+h2 + h21);

�3u^�

 6M 0�(1)(t)(K+h2 +pK+hh1 +m"�2�2) (3.43)for all u 2 [s; t℄. Here M 0 depends only on M , U and kCk1. Furthermore, using similarideas as in the proof of Lemma 3.3, it is straightforward to establish for all H0;H1 > 0that P0;(�0;0)� sups6u6t^�k�0uk > H0� 6 em=4 exp�� H20 (1�O(�"))8(�0)2k bGk21�(2)(t)�;P0;(�0;0)� sups6u6t^�k�1uk > H1� 6 em=4 exp�� H21 (1�O(�"))8�2"
Sk bFk21�(2)(t)�; (3.44)where 
S is a 
onstant depending only on S. Then the lo
al analogue of estimate (3.40)(without the t-dependent prefa
tor) is obtained by taking, for instan
e, H0 = H1 =12h1� 2(M +M 0)�(1)(t)(K+h2+h21+m"�2�2), and using h1 6 
��(1)(t)�1, where we may
hoose 
� 6 1=(2M 00).It remains to extend (3.40) to a general time interval [0; t℄ for t of order 1. For thispurpose, we 
hoose a partition 0 = u0 < u1 < � � � < uK = t of [0; t℄, satisfying uk = k�"for 0 6 k < K = dt=(�")e. Applying the lo
al version of (3.40) to ea
h interval [uk; uk+1℄and using the monotoni
ity of �(2)(u), the 
laimed estimate follows fromP0;(�0;0)n sup06u6t^�B(h)k�uk > h1o 6 K�1Xk=0 P0;(�0;0)n supuk6u6uk+1^�B(h)k�uk > h1o: (3.45)We will now show that Proposition 3.1 and Lemma 3.4 together are suÆ
ient to proveParts (a) and (b) of Theorem 2.4 on a times
ale of order 1. We 
ontinue to assume thaty0 2 D0 but we will no longer assume that ydetu 2 D0 automati
ally holds for all u 6 t.Instead, we will employ Lemma 3.4 to 
ompare yu 2 D0 and ydetu , taking advantage of thefa
t that on times
ales of order 1, �t is likely to remain small. Note that if the uniform-hyperboli
ity Assumption 2.2 holds for D0, then there exists a Æ > 0 of order 1 su
h thatthe Æ-neighbourhood D+0 (Æ) also satis�es this assumption. We introdu
e the �rst-exit time�detD0 of the deterministi
 pro
ess ydetu from D+0 (Æ) as�detD0 = inffu > 0: ydetu 62 D+0 (Æ)g (3.46)and remark in passing that �B(h) ^ �� 6 �detD0 holds whenever h1 6 Æ.Corollary 3.5. Fix a time t > 0 and h > 0 in su
h a way that h 6 
1�(1)(t^�detD0 )�1 for asuÆ
iently small 
onstant 
1 > 0 and �(2)(t^ �detD0 ) 6 (�2 + ")�1. Then for any � 2 [0; 1),any 
 2 (0; 1=2) and any suÆ
iently small �,C�n;m(t; ") e���(0)h2=�2 6 P0;(�0;0)��B(h) < t	 6 C+n;m;
(t; ") e��+(�)h2=�2 (3.47)26



holds uniformly for all �0 satisfying h�0;X(y0)�1�0i 6 �2h2. Here�+(�) = 
�1� �2 �O(�)�O(m"�2)�O((1 + �(1)(t ^ �detD0 ))h)�; (3.48)��(0) = 12�1 +O(h) +O�e�K0t="��; (3.49)C+n;m;
(t; ") = � t�"�� 1(1� 2
)n=2 + �en=4+2 em=4� e��+(0)h2=�2�; (3.50)C�n;m(t; ") = �r 2� h� ^ 1� e�O(m"�2) (3.51)��en=4+4� t�"� em=4� e� h22�2 [1�O(e�K0t=")�O(m"�2)�O((1+�(1)(t^�detD0 ))h)℄ :Proof: We �rst establish the upper bound. Fix an initial 
ondition (�0; 0) satisfyingh�0;X(y0)�1�0i 6 �2h2, and observe thatP0;(�0;0)��B(h) < t	 6 P0;(�0;0)��B(h) < t ^ ��	+ P0;(�0;0)��� < t ^ �B(h)	 (3.52)= P0;(�0;0)��B(h) < t ^ �detD0 ^ ��	+ P0;(�0;0)��� < t ^ �detD0 ^ �B(h)	:To estimate the �rst term on the right-hand side, we again introdu
e a partition 0 = u0 <u1 < � � � < uK = t of the time interval [0; t℄, de�ned by uk = k�" for 0 6 k < K =dt=(�")e. Thus we obtainP0;(�0;0)��B(h) < t ^ �detD0 ^ ��	 6 KXk=1P0;(�0;0)�uk�1 6 �B(h) < uk ^ �detD0 ^ ��	: (3.53)Before we estimate the summands on the right-hand side of (3.53), note that by theboundedness assumption on kX(y)k and kX�1(y)k, we have X(yu)�1 = X(ydetu )�1+O(h1)for u 6 �detD0 ^ ��. Thus the bound obtained in Proposition 3.1 
an also be applied toestimate �rst-exit times from B(h) itself:P0;(�0;0)�uk�1 6 �B(h) < uk ^ �detD0 ^ ��	6 P0;(�0;0)n supuk�16u<uk^�detD0 ^�� 
�u;X(ydetu )�1�u� > h2(1�O(h1))o; (3.54)while the se
ond term on the right-hand side of (3.52) 
an be estimated dire
tly byLemma 3.4. Choosing�2 = 8M21 �pK+ + h1=(h(1 �O(h1)))�2	(t ^ �detD0 )=�1�O(h1)�M0�� (3.55)and h1 = h=p�0 in the resulting expression, we see that the Gaussian part of �t gives themajor 
ontribution to the probability. Thus we obtain that the probability in (3.52) isbounded by� t�"�� em"�2(1� 2
)n=2 expn�
 h2�2 �1� �2 �O(�)�O(h)�o+ en=4 e�h2=�2+ 2 em=4 exp��h2(1�O(�(1)(t ^ �detD0 )h) �O(�")�O(m"�2))�2(�2 + ")�(2)(t ^ �detD0 ) ��; (3.56)27



where we have used the fa
t that �(t) 6 n	(t), while 	(t) and �(t) are at most of order 1.The prefa
tor em"�2 
an be absorbed into the error term O(m"�2) in the exponent. This
ompletes the proof of the upper bound in (3.47).The lower bound is a 
onsequen
e of the fa
t that the Gaussian part of �t gives themajor 
ontribution to the probability in (3.47). To 
he
k this, we split the probability asfollows:P0;(�0 ;0)��B(h) < t	> P0;(�0;0)�~�� < t; �� > t	+ P0;(�0;0)��B(h) < t; �� < t	= P0;(�0;0)�~�� < t ^ ��	� P0;(�0 ;0)�~�� < �� < t	+ P0;(�0;0)��B(h) < t; �� < t	> P0;(�0;0)�~�� < t ^ ��	� P0;(�0 ;0)��� < t ^ �B(h)	; (3.57)where ~�� = inffu > 0: 
�u; X(ydetu )�1�u� > h2(1 +O(h1))g; (3.58)and the O(h1)-term stems from estimating X(yu)�1 by X(ydetu )�1 as in (3.54). The �rstterm on the last line of (3.57) 
an be estimated as in the proof of Proposition 3.1: A lowerbound is obtained trivially by 
onsidering the endpoint instead of the whole path, andinstead of applying Lemma 3.2, the Gaussian 
ontribution 
an be estimated below by astraightforward 
al
ulation. The non-Gaussian parts are estimated above as before and areof smaller order. Finally, we need an upper bound for the probability that �� < t ^ �B(h),whi
h 
an be obtained from Lemma 3.4.3.2 Longer times
alesCorollary 3.5 des
ribes the dynami
s on a times
ale of order 1, or even on a slightlylonger times
ale if �(1)(t), �(2)(t) do not grow too fast. It may happen, however, thatydett remains in D0 for all positive times (e. g. when D0 is positively invariant under theredu
ed deterministi
 
ow). In su
h a 
ase, one would expe
t the vast majority of pathsto remain 
on
entrated in B(h) for a rather long period of time.The approa
h used in Subse
tion 3.1 fails to 
ontrol the dynami
s on times
ales onwhi
h �(i)(t)� 1, be
ause it uses in an essential way the fa
t that �t = yt � ydett remainssmall. Our strategy in order to des
ribe the paths on longer times
ales is to 
omparethem to di�erent deterministi
 solutions on time intervals [0; T ℄, [T; 2T ℄, . . . , where Tis a possibly large 
onstant su
h that Corollary 3.5 holds on time intervals of length T ,provided yt remains inD0. Essential ingredients for this approa
h are the Markov propertyand the following te
hni
al lemma, whi
h is based on integration by parts.Lemma 3.6. Fix 
onstants s1 6 s2 in [0;1℄, and assume we are given two 
ontinuouslydi�erentiable fun
tions� ' : [0;1)! [0;1), whi
h is monotonously in
reasing and satis�es '(s2) = 1,� '0 : [0;1)! R whi
h satis�es '0(s) 6 0 for all s 6 s1.Let X > 0 be a random variable su
h that PfX < sg > '0(s) for all s > 0. Then we have,for all t > 0, E�1[0;t)(X)'̂(X)	 6 '̂(t)PfX < tg � Z s2^ts1^t '0(s)'0(s) ds; (3.59)where '̂(s) = '(s) ^ 1. 28



We omit the proof of this result, whi
h is rather standard. See, for instan
e, [7,Lemma A.1℄ for a very similar result.When applying the pre
eding lemma, we will also need an estimate on the probabilitythat h�T ;X(yT )�1�T i ex
eeds h2. Corollary 3.5 provides, of 
ourse, su
h an estimate, butsin
e it applies to the whole path, it does not give optimal bounds for the endpoint. Animproved bound is given by the following lemma. Re
all the de�nition of the �rst-exittime �D0 of yt from D0 from (2.26).Lemma 3.7. If T and h satisfy h 6 
1�(1)(T ^ �detD0 )�1 and �(2)(T ^ �detD0 ) 6 (�2 + ")�1,we have, for every 
 2 (0; 1=2),sup�0 : h�0;X(y0)�1�0i6h2 P0;(�0 ;0)nh�T ;X(yT )�1�T i > h2; �D0 > To 6 bCn;m;
(T; ") e��0h2=�2 ;(3.60)where �0 = 
�1�O(�)�O(h)�O�e�2K0T=" =(1� 2
)��; (3.61)bCn;m;
(T; ") = em"�2(1� 2
)n=2 + 4C+n;m;
(T; ") e�2�+(0)h2=�2 : (3.62)Proof: We de
ompose �t as �t = �0t + �1t + �2t , where�0t = U(t)�0 + �p" Z t0 U(t; u)F0(ydetu ; ") dWu;�1t = �p" Z t0 U(t; u)F1(�u; �u; u; ") dWu; (3.63)�2t = 1" Z t0 U(t; u)b(�u; �u; u; ") du;and introdu
e the notations ~�� and ~�� for the stopping times whi
h are de�ned like ��and �� in (3.9) and (3.6), but with h and h1 repla
ed by 2h and 2h1, respe
tively. Theprobability in (3.60) is bounded byP0;(�0;0)nh�T ;X(ydetT )�1�T i > h2(1�O(h1)); ~�� > To+ P0;(�0;0)n~�� 6 To: (3.64)Let H2 = h2(1�O(h1)). As in the proof of Proposition 3.1, the �rst term 
an be furtherde
omposed asP0;(�0 ;0)nh�T ;X(ydetT )�1�T i > H2; ~�� > To6 P0;(�0;0)n

X(ydetT )�1=2�0T

 > H0o+ P0;(�0;0)n~�� > T; ~�� 6 To+ P0;(�0;0)n

X(ydetT )�1=2�1T

 > H1; ~�� > T; ~�� > To+ P0;(�0;0)n

X(ydetT )�1=2�2T

 > H2; ~�� > T; ~�� > To; (3.65)where we 
hoose H1, H2 twi
e as large as in the proof of Proposition 3.1, while H0 =H �H1 �H2.The �rst term on the right-hand side 
an be estimated as in Lemma 3.2, with thedi�eren
e that, the expe
tation of �0T being exponentially small in T=", it leads only to a29




orre
tion of order e�2K0T=" =(1�2
) in the exponent. The se
ond and the third term 
anbe estimated by Corollary 3.5 and Lemma 3.3, the only di�eren
e lying in a larger absolutevalue of the exponent, be
ause we enlarged h and h1. The last term vanishes by our 
hoi
eof H2. Finally, the se
ond term in (3.64) 
an be estimated by splitting a

ording to thevalue of �B(2h) and applying Lemma 3.4 and Corollary 3.5.We are now ready to establish an improved estimate on the distribution of �B(h). Aswe will restart the pro
ess ydett whenever t is a multiple of T , we need the assumptionsmade in the previous se
tion to hold uniformly in the initial 
ondition y0 2 D0. Thereforewe will introdu
e repla
ements for some of the notations introdu
ed before. Note that�(1)(t) = �(1)y0 (t) and �(2)(t) = �(2)y0 (t) depend on y0 via the prin
ipal solution V . Also�detD0 = �detD0 (y0) naturally depends on y0. We de�neb�(1)(t) = supy02D0 �(1)y0 �t ^ �detD0 (y0)�; (3.66)b�(2)(t) = supy02D0 �(2)y0 �t ^ �detD0 (y0)�: (3.67)In the same spirit, the �(i)(T )-dependent O(�)-terms in the de�nitions of �+(�), �0 andthe prefa
tors like C+n;m;
(T; ") are modi�ed.We �x a time T of order 1 satisfying b�(2)(T ) 6 (�2 + ")�1. T is 
hosen in su
h a waythat whenever h 6 
1b�(1)(T )�1, Corollary 3.5 (and Lemma 3.7) apply. Note that largerT would be possible unless � is of order 1, but for larger T the 
onstraint on h be
omesmore restri
tive whi
h is not desirable. Having 
hosen T , we de�ne the probabilitiesPk(h) = P0;(0;0)��B(h) < kT ^ �D0	; (3.68)Qk(h) = P0;(0;0)�h�kT ;X(ykT )�1�kT i > h2; �D0 > kT	: (3.69)Corollary 3.5 provides a bound for P1(h), and Lemma 3.7 provides a bound for Q1(h).Subsequent bounds are 
omputed by indu
tion, and the following proposition des
ribesone indu
tion step.Proposition 3.8. Let �̂ 6 �+(0) ^ �0. Assume that for some k 2 N ,Pk(h) 6 Dk e��̂h2=�2 ; (3.70)Qk(h) 6 bDk e��̂h2=�2 : (3.71)Then the same bounds hold for k repla
ed by k + 1, providedDk+1 > Dk + C+n;m;
(T; ") bDk 

 � �̂ e(
��̂)h2=�2 (3.72)bDk+1 > bDk + bCn;m;
(T; "): (3.73)Remark 3.9. Below we will optimize with respe
t to �̂, but note that in the 
ase �+(0) =�0 = 
, we may either 
hoose �̂ < �+(0) ^ �0, or we may repla
e (3.72) byDk+1 > Dk + C+n;m;
(T; ") bDk�1 + log�C+n;m;
(T; ")bDk e
h2=�2��: (3.74)
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Proof of Proposition 3.8. We start by establishing (3.73). The Markov property al-lows for the de
ompositionQk+1(h)6 P0;(0;0)��B(h) < kT; �D0 > kT	+ E 0;(0;0)n1f�B(h)>kTgPkT;(�kT ;0)�h�(k+1)T ;X(y(k+1)T )�1�(k+1)T i > h2; �D0 > (k + 1)T	o6 Qk(h) + bCn;m;
(T; ") e��̂h2=�2 ; (3.75)where the initial 
ondition (�kT ; 0) indi
ates that at time kT , we also restart the pro
essof the deterministi
 slow variables ydett in the point ykT 2 D0. In the se
ond line, we usedLemma 3.7. This shows (3.73).As for (3.72), we again start from a de
omposition, similar to (3.75):Pk+1(h) = P0;(0;0)��B(h) < kT ^ �D0	+ E 0;(0;0)n1f�B(h)>kTgPkT;(�kT ;0)��B(h) < (k + 1)T ^ �D0	o: (3.76)Corollary 3.5 allows us to estimatePk+1(h)6 Pk(h) + E 0;(0;0)n1fh�kT ;X(ykT )�1�kT i6h2g�'�h�kT ;X(ykT )�1�kT i� ^ 1� ��� �D0 > kTo� P0;(0;0)��D0 > kT	; (3.77)with '(s) = C+n;m;
(T; ") e(
��̂)h2=�2 e�
(h2�s)=�2 : (3.78)(3.71) shows that P0;(0;0)�h�kT ; X(ykT )�1�kT i < s �� �D0 > kT	 > 'k(s); (3.79)where 'k(s) :=�1� bDk e��̂s=�2�ÆP0;(0;0)��D0 > kT	: (3.80)The fun
tions ' and 'k ful�l the assumptions of Lemma 3.6 withe
s2=�2 = C+n;m;
(T; ")�1 e�̂h2=�2 and e�̂s1=�2 = bDk: (3.81)For h2 6 s1, (3.70) be
omes trivial, while for h2 > s1, Lemma 3.6 showsPk+1(h) 6 Pk(h)� '(h2 ^ s2)�1� P0;(0;0)�h�kT ;X(ykT )�1�kT i < h2; �D0 > kT	�+ '(s1) + Z s2^h2s1 '0(s) bDk e��̂s=�2 ds6 Pk(h) + C+n;m;
(T; ") bDk 

 � �̂ e(
��̂)h2=�2 e��̂h2=�2 : (3.82)Now, (3.72) is immediate.
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Repeated appli
ation of the previous result �nally leads to the following estimate.Corollary 3.10. Assume that y0 2 D0, x0 = �x(y0; "). Then, for every t > 0, we haveP0;(x0;y0)��B(h) < t ^ �D0	6 C+n;m;
(T; ")�1 + bCn;m;
(T; ")�12 + tT �2 
2(
 � �̂)� e�(2�̂�
)h2=�2 : (3.83)In addition, the distribution of the endpoint �t satis�esP0;(x0;y0)�h�t;X(yt)�1�ti > h2; �D0 > t	 6 bCn;m;
(T; ")� tT � e��̂h2=�2 : (3.84)Proof: We already know the bounds (3.70) and (3.71) to hold for k = 1, with D1 =C+n;m;
(T; ") and bD1 = bCn;m;
(T; "). Now the indu
tive relations (3.72) and (3.73) are seento be satis�ed bybDk = k bCn;m;
(T; ");Dk = C+n;m;
(T; ")�1 + bCn;m;
(T; ") 

 � �̂ e(
��̂)h2=�2 k�1Xj=1 j�: (3.85)The 
on
lusion follows by taking k = dt=T e and bounding the sum by 12(t=T )(t=T + 1) 612(t=T + 1=2)2.To 
omplete the proof of Part (a) of Theorem 2.4, we �rst optimize our 
hoi
e of �̂,taking into a

ount the 
onstraint �̂ 6 �+(0) ^ �0. By doing so, we �nd that
2(
 � �̂) e�(2�̂�
)h2=�2 6 2h2�2 e��h2=�2 ; (3.86)where we have set� = 
�1�O(h)�O(�)�O(m"�2)�O�e�
onst=" =(1� 2
)��: (3.87)Simplifying the prefa
tor in (3.83) �nally yields the upper boundP0;(x0;y0)��B(h) < t ^ �D0	6 
onst (1 + t)2�" � 1(1� 2
)n + en=4+em=4��1 + h2�2� e��h2=�2 : (3.88)Note that the lower bound in Part (b) of Theorem 2.4 is a dire
t 
onsequen
e of thelower bound in Corollary 3.5, so that only Part (
) remains to be proved.3.3 Approa
hing the adiabati
 manifoldThe following result gives a rather rough des
ription of the behaviour of paths startingat a (suÆ
iently small) distan
e of order 1 from the adiabati
 manifold. It is, however,suÆ
ient to show that with large probability, these paths will rea
h the set B(h), for someh > �, in a time of order "jlog hj. 32



Proposition 3.11. Let t satisfy the hypotheses of Corollary 3.5. Then there exist 
on-stants h0, Æ0, 
0 and K0 su
h that, for h 6 h0, Æ 6 Æ0, 
 2 (0; 1=2) and � > 0 suÆ
ientlysmall, sup�0 : h�0;X(y0)�1�0i6Æ2P0;(�0;0)� sup06s6t^�D0 
�s;X(ys)�1�s�(h+ 
0Æ e�K0s=")2 > 1� (3.89)6 � t�"�� 1(1� 2
)n=2 + �en=4+2 em=4� e��h2=�2� e��h2=�2 ;where � = 
[1�O(h) �O(�)�O(m"�2)�O(Æ)℄.Proof: We start again by 
onsidering an interval [s; t℄ with t� s = �". Let ydet0 = y0 2D0. Then P = P0;(�0;0)� sups6u6t^�D0^�� 
�u;X(yu)�1�u�(h+ 
0Æ e�K0u=")2 > 1�6 P0;(�0;0)� sups6u6t^� 
�u;X(ydetu )�1�u� > H2�; (3.90)where � is a stopping time de�ned by� = �D0 ^ �� ^ inf�u > 0: h�u;X(ydetu )�1�ui > (h+ 
0Æ e�K0u=")2(1�O(�))	; (3.91)and H2 is a shorthand for H2 = H2t = (h+ 
0Æ e�K0t=")2(1�O(�)).The probability on the right-hand side of (3.90) 
an be bounded, as in Proposition 3.1,by the sum P0 + P1 + P2, de�ned in (3.17), provided H0 +H1 +H2 = H. Sin
e kU(s)kde
reases like e�K0s=" = eK0� e�K0t=", we haveP0 6 1(1� 2
)n=2 exph�
H20 � 
onst Æ2 e2K0� e�2K0t="�2 i: (3.92)Following the proof of Lemma 3.3, and taking into a

ount the new de�nition of � , wefurther obtain thatP1 6 en=4 expn�H21�2 1M21 
onst [(h+ h1)2	(t) + 
20Æ2(t=") e�2K0t="℄o: (3.93)As for P2, it 
an be estimated trivially, providedH2 > 
onst MK0 h(h2 + hh1 +m"�2�2)�(t) + 
20Æ2 eK0� e�K0t="i: (3.94)Choosing H1 in su
h a way that the exponent in (3.93) equals H2=�2, we obtainP 6 � 1(1� 2
)n=2 + en=4 e�H2=(2�2)�� expn�
H2�2 �1�O(�)�O(m"�2)�O(h+ h1 + 
0Æ)�o; (3.95)where we 
hoose h1 proportional to h + 
0Æ eK0� e�K0t=". The remainder of the proof issimilar to the proofs of Lemma 3.4 and Corollary 3.5.33



The pre
eding lemma shows that after a time t1 of order "jlog hj, the paths are likelyto have rea
hed B(h). As in Lemma 3.7, an improved bound for the distribution of theendpoint �t 
an be obtained. Repeating the arguments leading to Part (a) of Theorem 2.4,namely using Lemma 3.6 on integration by parts and mimi
king the proof of Corollary 3.10,one 
an show that after any time t2 > t1, the probability of leaving B(h) behaves as if thepro
ess had started on the adiabati
 manifold, i. e.,P0;(�0;0)� supt26s6t^�D0 
�s;X(ys)�1�s� > h2� 6 C+n;m;
;�(t; ")�1 + h2�2� e��+h2=�2 ; (3.96)uniformly for all �0 su
h that h�0;X(y0)�1�0i 6 Æ2. Here C+n;m;
;�(t; ") is the same prefa
toras in Theorem 2.4, 
f. (2.29), and�+ = 
�1�O(h) �O(�)�O(m"�2)�O�Æ e�
onst (t2^1)=" =(1� 2
)��: (3.97)This 
ompletes our dis
ussion of general initial 
onditions and, in parti
ular, the proof ofTheorem 2.4.4 Proofs { Dynami
s of �tIn this se
tion, we 
onsider again the SDEdxt = 1"f(xt; yt; ") dt+ �p"F (xt; yt; ") dWt;dyt = g(xt; yt; ") dt+ �0G(xt; yt; ") dWt (4.1)under Assumption 2.2, that is, when starting near a uniformly asymptoti
ally stable man-ifold. We denote by (xdett ; ydett ), with xdett = �x(ydett ; "), the deterministi
 solution startingin ydet0 = y0 2 D0. The system 
an be rewritten in the form (3.3), or, in 
ompa
t notation,as d�t = �A(ydett ; ")�t + B(�t; t; ")� dt+ ��F0(ydett ; ") + F1(�t; t; ")� dWt; (4.2)where �T = (�T ; �T ), A and F0 have been de�ned in (2.39), and the 
omponents ofBT = ("�1bT ; 
T ) and FT1 = ("�1=2F T1 ; �GT1 ) satisfy the bounds (3.4).The solution of (4.2) with initial 
ondition �T0 = (�T0 ; 0) 
an be written in the form�t = U(t)�0 + � Z t0 U(t; s)F0(ydets ; ") dWs+ Z t0 U(t; s)B(�s; s; ") ds+ � Z t0 U(t; s)F1(�s; s; ") dWs: (4.3)The 
omponents of the prin
ipal solution U(t; s) satisfy the boundskU(t; s)k 6 
onst e�K0(t�s)=";kS(t; s)k 6 
onst kCk1 "K0 �1� e�K0(t�s)="� sups6u6tkV (t; u)k: (4.4)We want to estimate the �rst-exit time�� = inf�u > 0: h�u;Z(u)�1�ui > h2	; (4.5)34



with Z(u) de�ned in (2.49). The inverse of Z(u) is given byZ�1 =  (X � ZY �1ZT )�1 �X�1Z(Y � ZTX�1Z)�1� Y �1ZT (X � ZY �1ZT )�1 (Y � ZTX�1Z)�1 ! : (4.6)Sin
e we assume kXk1 and kX�1k1 to be bounded, kZk1 = O(p"�+") and kY �1k[0;t℄ =O(1=(�2 + ")), we have Z�1 =  O(1) O(1)O(1) O(1=(�2 + "))! : (4.7)As in Se
tion 3, we start by examining the dynami
s of �u on an interval [s; t℄ with� = (t� s)=" = O"(1).The following fun
tions will play a similar rôle as the fun
tions � and 	, introdu
edin (3.5), played in Se
tion 3:b�(t) = Z t0 Tr�J (v)TU(t; v)TZ(t)�1U(t; v)J (v)� dv;b	(t) = Z t0 

J (v)TU(t; v)TZ(t)�1U(t; v)J (v)

 dv; (4.8)where J (v) = 1p2M1hkZk1=21 F1(�v; v; ") =  O( 1p")O(�) ! (4.9)for v 6 �� . Using the representations (2.41) of U and (4.6) of Z�1 and expanding thematrix produ
t, one obtains the relationsb�(t) 6 �(t) + �2 Z t0 Tr�V (t; v)TY (t)�1V (t; v)� dv +O�(n+m)(1 + �(1)(t) + �(2)(t))�;b	(t) 6 	(t) + �2 Z t0 

V (t; v)TY (t)�1V (t; v)

 dv +O�1 + �(1)(t) + �(2)(t)�; (4.10)valid for all t 6 �� . Now we are ready to establish the following analogue of Proposition 3.1.Proposition 4.1. Fix an initial 
ondition (x0; y0) with y0 2 D0 and x0 = �x(y0; "), andlet t be su
h that ydetu 2 D0 for all u 6 t. Then, for all � 2 [0; 1℄, all 
 2 (0; 1=2) and all� > 0, sup�0=(�0;0) : h�0;X(y0)�1�0i6�2h2 P0;�0� sups6u6t^�D0 
�u;Z(u)�1�u� > h2�6 eO(m"�2)(1� 2
)(n+m)=2� exp��
 h2�2 h1� �2 �O��+ "+ �h+ hkZk[0;t℄�1 + kY �1k1=2[0;t℄�(1)(t)��i�+ eb�(t)=4b	(t) exp��h2�2 �2(1�O(�))16M21 kZk[0;t℄b	(t)� (4.11)holds whenever pm�2 6 h < 1=�. 35



Proof: Writing �u = U(u; s)�u, we haveP0;�0� sups6u6t^�D0 
�u;Z(u)�1�u� > h2� = P0;�0� sups6u6t^�D0^��kQ(u)�uk > h� (4.12)where Q(u) is the symmetri
 matrix de�ned byQ(u)2 = U(u; s)TZ(u)�1U(u; s): (4.13)As in the proof of Proposition 3.1, we want to eliminate the u-dependen
e of Q in (4.12).It turns out that the relation kQ(u)Q(t)�1k = 1 + O(�) still holds in the present situ-ation, although the proof is less straightforward than before. We establish this result inLemma 4.2 below.Splitting �u into the sum �u = �0u + �1u + �2u, where the �iu are de�ned in a wayanalogous to (3.16), we 
an estimate the probability in (4.12) by the sum P0 + P1 + P2,where P0 = P0;�0� sups6u6t^�D0kQ(t)�0uk > H0�;P1 = P0;�0� sups6u6t^�D0^��kQ(t)�1uk > H1�; (4.14)P2 = P0;�0� sups6u6t^�D0^��kQ(t)�2uk > H2�;and H0+H1+H2 = h(1�O(�)). Following the proof of Lemma 3.2, it is straightforwardto show that P0 6 1(1� 2
)(n+m)=2 expn� 
�2 (H20 � �2h2)(1�O("))o; (4.15)the sole di�eren
e being the fa
tor O(") in the exponent whi
h stems from the fa
t thath�0;Z(0)�1�0i = h�0;X(0)�1�0i(1+O(")). Furthermore, similar arguments as in the proofof Lemma 3.3 lead to the boundP1 6 exp��(H21 � 2�2M21h2kZk[0;t℄b�(t))216�2M21h2H21kZk[0;t℄b	(t) �: (4.16)Finally, the estimatekQ(t)�2u^��k2 6 Z u^��0 Z u^��0 

B(�v; v; ")TU(t; v)TZ(t)�1U(t; w)B(�w; w; ")

 dv dw6 
onst hh4kZk2[0;t℄�1 + kY �1k[0;t℄�(1)(u)2�+ �m"�2�2�2�1 + �(1)(u)�i;(4.17)whi
h holds whenever h > pm�2, shows that P2 = 0 forH2 > O�h2kZk[0;t℄�1 + kY �1k1=2[0;t℄�(1)(t)�+m"�2�2q1 + �(1)(t)�: (4.18)Hen
e (4.11) follows by taking H1 = �h2(1�O(�)).36



In the proof of Proposition 4.1, we have used the following estimate.Lemma 4.2. For � = (t� s)=" suÆ
iently small,sups6u6tkQ(u)Q(t)�1k = 1 +O(�): (4.19)Proof: Using the fa
t that Q(v)�2 satis�es the ODEddvQ(v)�2 = U(s; v)F0(ydetv ; ")F0(ydetv ; ")TU(s; v)T ; (4.20)we obtain the relationQ(u)2Q(t)�2 = 1l +Q(u)2 Z tu U(s; v)F0(ydetv ; ")F0(ydetv ; ")TU(s; v)T dv: (4.21)The de�nition of F0 and the bound (4.4) on kSk allow us to writeU(s; v)F0(ydetv ; ")F0(ydetv ; ")TU(s; v)T =  O(1=") O(� + �=p")O(� + �=p") O(�2"+ �2) ! : (4.22)Using the estimate (4.7) for Z�1 and the fa
t that we integrate over an interval of length�", it follows that Q(u)2Q(t)�2 � 1l = � O(1) O(�"+ �p")O(1) O("+ �p") ! ; (4.23)whi
h implies (4.19).Now, Theorem 2.6 follows from Proposition 4.1, by taking a regular partition of [0; t℄with spa
ing �" and � = 4M1kZk1=2[0;t℄b	(t)1=2. We use in parti
ular the fa
t that b	(t) =O(1 + �(1)(t) + �(2)(t)), and that the right-hand side of (2.51) ex
eeds 1 for h < pm�2.5 Proofs { Bifur
ationsWe 
onsider in this se
tion the behaviour of the SDE (2.1) near a bifur
ation point. Thesystem 
an be written in the formd��t = 1" f̂�(��t ; zt; yt; t; ") dt+ �p" bF�(��t ; zt; yt; ") dWt;dzt = 1" f̂0(��t ; zt; yt; ") dt+ �p" bF 0(��t ; zt; yt; ") dWt;dyt = ĝ(��t ; zt; yt; ") dt+ �0 bG(��t ; zt; yt; ") dWt; (5.1)
ompare (2.65) and (2.66). We 
onsider the dynami
s as long as (zt; yt) evolves in a neigh-bourhood N of the bifur
ation point, whi
h is suÆ
iently small for the adiabati
 manifoldto be uniformly asymptoti
ally stable, that is, all the eigenvalues of �xf̂�(0; z; y; ") havenegative real parts, uniformly bounded away from zero.37



5.1 Exit from B�(h)Let h�; hz > 0. In addition to the stopping time�� = inf�s > 0: k�sk > h�	; (5.2)
f. (3.6), we introdu
e the 
orresponding stopping time for zs � zdets , namely,�z = inf�s > 0: kzs � zdets k > hz	: (5.3)The following result is obtained using almost the same line of thought as in Se
tion 3.1.Proposition 5.1. Let t be of order 1 at most. Then, for all initial 
onditions ��0 su
hthat h��0 ;X�(y0; z0)�1��0 i 6 �2h2 with an � 2 (0; 1℄, all 
 2 (0; 1=2), and all suÆ
ientlysmall � > 0,P0;(��0 ;z0;y0)n sup06s6t^�N^��^�z 
��s ;X�(ys; zs)�1��s � > h2o6 � t�"� eO((m+q)3=2�)(1� 2
)(n�q)=2 exp��
 h2�2 h1� �2 �O��+ (1 + �)h+ h� + hz�i�+ � t�"� e(n�q)=4 exp��h2�2 �2(1�O(�))O((1 + (h� + hz)=h)2)�: (5.4)Proof: The proof is similar to the proof of Corollary 3.5, the main di�eren
e being theneed for the additional stopping time �z. Note that this results in error terms dependingon h�+hz instead of h� only. For h2 > (m+q)�2, the term �2r� = O((m+q)�2) yields anerror term of order h in the exponent, while for h2 < (m+ q)�2, it produ
es the prefa
toreO((m+q)3=2�).Next, we need to 
ontrol the stopping times �� and �z. Lemma 3.4 holds with minor
hanges, in
orporating the zt-dependent terms. We �nd thatLemma 5.2. Let ��0 satisfy h��0 ;X�(y0; z0)�1��0 i 6 h2. ThenP0;(�0 ;0)� sup06u6t^�B�(h)^�zk�uk > h��6 2� t�"� em=4 (5.5)� exp���0 h2�(1�O(�"))�2(�2 + ")�(2)(t)�1�O��(1)(t)h��1 + h2h2� + h2zh2� + (m+ q)�2h2� ����:The 
ontribution of �2=h2� to the error term might be puzzling at �rst glan
e, but wewill apply the pre
eding lemma for h� 
hosen proportional to h � �, so that �2=h2� willa
tually be negligible.The next result allows to 
ontrol the stopping time �z. Let U0(t; s) denote the prin
ipalsolution of " _� = A0(zdett ; ydett ; ")�, where A0(z; y; ") = �zf0(z; y; "), and de�ne�(1)z (t) = sup06s6tZ s0 � supu6v6skU0(s; v)k� du; (5.6)�(2)z (t) = sup06s6tZ s0 � supu6v6skU0(s; v)k2�du: (5.7)38



Lemma 5.3. Let ��0 satisfy h��0 ;X�(y0; z0)�1��0 i 6 h2. ThenP0;(��0 ;z0;y0)n sup06s6t^�B�(h)^��kzs � zdets k > hzo6 2� t�"� eq=4� exp���0 "h2z(1�O(�"))�2�(2)z (t) �1�O��(1)z (t)hz�1 + h2h2z + h2�h2z + (m+ q)�2h2z ����:(5.8)Proof: The proof is almost identi
al with the proof of Lemma 3.4 and Lemma 5.2, with�0 repla
ed by �=p" and V repla
ed by U0.Below, we will 
hoose hz proportional to h=p" for h� �, so that the term (m+q)�2=h2zbe
omes negligible.Proof of Theorem 2.8. We 
an repeat the proof of Corollary 3.10 in Se
tion 3.2,
omparing the pro
ess to di�erent deterministi
 solutions on su

essive time intervalsof length T . The only di�eren
e lies in new values for the exponents �+(0) (resultingfrom Proposition 5.1) and �0. In fa
t, 
hoosing h� proportional to h, hz proportional to(1 + �(2)z (T )=")1=2h and, �nally, � proportional to 1 + (h� + hz)=h, shows thatP0;(��0 ;z0;y0)n sup06s6T^�N 
��s ;X�(ys; zs)�1��s � > h2o 6 Cn;m;q;
(T; ") e��+(�)h2=�2 ; (5.9)valid for all ��0 satisfying h��0 ;X�(y0; z0)�1��0 i 6 �2h2 and all T of order 1 at most. HereCn;m;q;
(T; ") = � T�"�� eO((m+q)3=2�)(1� 2
)(n�q)=2 + e(n�q)=4+2 em=4+2 eq=4�; (5.10)�+(�) = 
�1� �2 �O(�)�O��1 + �(2)z (T )" �h��: (5.11)Similar arguments as in the proof of Lemma 3.7 yield a bound of the formP0;(��0 ;z0;y0)n
��T ;X�(yT ; zT )�1��T � > h2; �N > To 6 bC e��0h2=�2 ; (5.12)where �0 = 
�1�O(�)�O��1 + �(2)z (T )" �h��O�e�2K0T="1� 2
 ��: (5.13)In order for the estimates (5.9) and (5.12) to be useful, we need to take T of order ".However, this leads to an error term of order 1 in the exponent �0, whi
h is due to the fa
tthat ��t has too little time to relax to the adiabati
 manifold. In order to �nd the best
ompromise, we take T = �" ^ 1 and optimize over �. Assume we are in the worst 
ase,when kU0k grows exponentially like eK+t=". Then �(2)z (T ) is of the order "� e2K+�. The
hoi
e e�� = �h(1 � 2
)�1=(2(K0+K+)) (5.14)yields an almost optimal error term of order h�(1 � 2
)1�� jlog(h(1 � 2
))j, with � =K0=(K0 +K+). The smaller K+, i. e., the slower �(2)z (t) grows, the 
loser � is to one.39



5.2 The redu
ed systemGiven the SDE (5.1), we 
alldz0t = 1" f̂0(0; z0t ; y0t ; ") dt+ �p" bF 0(0; z0t ; y0t ; ") dWt;dy0t = ĝ(0; z0t ; y0t ; ") dt+ �0 bG(0; z0t ; y0t ; ") dWt (5.15)the redu
ed system of (5.1). It is obtained by setting ��t = 0. Let �0t = (z0t ; y0t ) and�t = (zt � z0t ; yt � y0t ). Subtra
ting (5.15) from (5.1) and making a Taylor expansion ofthe drift 
oeÆ
ient, we �nd that (��t ; �t) obeys the SDEd��t = 1"�A�(�0t ; ")��t + b(��t ; �t; �0t ; ")� dt+ �p" eF (��t ; �t; �0t ; ") dWt;d�t = 1"�C(�0t ; ")��t +B(�0t ; ")�t + 
(��t ; �t; �0t ; ")� dt+ �p" eG(��t ; �t; �0t ; ") dWt; (5.16)where kbk is of order k��k2 + k�k2 + (m + q)�2, k
k is of order k��k2 + k�k2 and keGk isof order k��k+ k�k, while k eF k is bounded. The matri
es A�, B and C are those de�nedin (2.69), (2.79) and (2.80).For a given 
ontinuous sample path f�0t (!)gt>0 of (5.16), we denote by U! and V! theprin
ipal solutions of " _�� = A�(�0t (!); ")�� and " _� = B(�0t (!); ")�. If we further de�neS!(t; s) = 1" Z ts V!(t; u)C(�0u(!); ")U!(u; s) du; (5.17)we 
an write the solution of (5.16) as�t(!) = �p" Z t0 V!(t; s)eG(��s (!); �s(!); �0s (!); ") dWs(!)+ �p" Z t0 S!(t; s) eF (��s (!); �s(!); �0s (!); ") dWs(!)+ 1" Z t0 V!(t; s)
(��s (!); �s(!); �0s (!); ") ds+ 1" Z t0 S!(t; s)b(��s (!); �s(!); �0s (!); ") ds: (5.18)Con
erning the �rst two summands in (5.18), note that the identitiesV!(t; s) = V!(t; 0)V!(s; 0)�1;S!(t; s) = S!(t; 0)U!(s; 0)�1 + V!(t; 0)S!(s; 0)�1 (5.19)allow to rewrite the sto
hasti
 integrals in su
h a way that the integrands are adaptedwith respe
t to the �ltration generated by fWsgs>0.We now assume the existen
e of a stopping time � 6 �B�(h) and deterministi
 fun
tions#(t; s), #C(t; s) su
h that 

V!(t; s)

 6 #(t; s);

V!(t; s)C(�0s (!); ")

 6 #C(t; s); (5.20)40



uniformly in ", whenever s 6 t 6 �(!), and de�ne�(i)(t) = sup06s6t 1" Z s0 #(s; u)i du; i = 1; 2; (5.21)�(i)C (t) = sup06s6t 1" Z s0 � supu6v6s#C(s; v)i�du; i = 1; 2: (5.22)The following proposition establishes a lo
al version of Theorem 2.9.Proposition 5.4. Let � be suÆ
iently small, �x times s < t su
h that t� s = �", andassume that there exists a 
onstant #0 > 0 su
h that #(u; s) 6 #0 and #C(u; s) 6 #0,whenever u 2 [s; t℄. Then there exist 
onstants �0; h0 > 0 su
h that for all h 6 h0[�(1)(t)_�(1)C (t)℄�1,P0;0n sups^�6u<t^�k�uk > ho 6 2 e(m+q)=4 expn��0 h2�2 1�(2)C (t) + h�(1)C (t) + h2�(2)(t)o:(5.23)Proof: The proof follows along the lines of the proof of Lemma 3.4, the main di�eren
elying in the fa
t that the sto
hasti
 integrals in (5.18) involve the prin
ipal solutions U!, V!depending on the realization of the pro
ess. However, the existen
e of the deterministi
bound (5.20) allows for a similar 
on
lusion. In parti
ular, the �rst and se
ond termin (5.18) 
reate respe
tive 
ontributions of the forme(m+q)=4 expn� H2016�2h2M21�(2)(t)o (5.24)e(m+q)=4 expn� H2116�2M21�(2)C (t)o (5.25)to the probability (5.23). The third and fourth term only 
ause 
orre
tions of order h�(1)(t)and h�(1)C (t)[1+(m+q)�2=h2℄ in the exponent. Note that we may assume h2 � (m+q)�2as well as h� (m+ q)�2�(1)C (t), be
ause Estimate (5.23) is trivial otherwise.Now Theorem 2.9 follows from Proposition 5.4 by using a partition of the interval [0; t℄into smaller intervals of length �".Referen
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