TECHNICAL REPORT 1

Multicast Rate Control using Lagrangian Relaxation and
Dynamic Programming

Koushik Kar f Leandros Tassiulas

1 ECSE Department x CET Department
Rensselaer Polytechnic Institute University of Thessaly
Troy, NY, USA. Thessaly, Greece.
koushik@ecse.rpi.edu leandros@inf.uth.gr

Abstract

In this paper, we address the rate control problem for layered multicast sessions, with the objective of solving a generalized
throughput/fairness objective. Our approach is based on a combination of lagrangian relaxation and dynamic programming. Unlike
previously proposed dual-based approaches, the algorithm presented in this paper scales well as the number of multicast groups in
the network increases. Moreover, unlike all existing approaches, our approach takes into account the discreteness of the receiver
rates that is inherent to layered multicasting. We show analytically that our algorithm converges and yields rates that are approx-
imately optimal. Simulations carried out in an asynchronous network environment demonstrate that our algorithm exhibits good
convergence speed and minimal rate fluctuations.
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. INTRODUCTION

In layered multicasting, data is transmitted in multiple layers. The source encodes the signal (usually an audio or video
signal) in layers, and a subset of these layers are sent to the receivers, depending on the receiver requirements, and th
congestion of the path from the source to the receiver. Layered multicasting is a fonoitwate multicastingsince
different receivers in the same multicast group can receive traffic at different rates. Conventional or unirate multicasting
can also be considered as a special case of layered multicasting, in which case the data is transmitted in a single layer
Typically, this layer bandwidth is inflexible, and therefore the source is constrained to send (and the receivers are
constrained to receive) bandwidth at a certain predetermined rate. Therefore, unirate or unilayer multicasting is not an
appropriate mode of data delivery in the case where the capabilities and/or requirements of the receivers belonging to
the same multicast group are different. In such a scenario, a single rate of transmission is likely to overwhelm slow
receivers and starve fast ones. Moreover, unirate multicasting is not very suitable for network congestion control. In
this case, the only way to alleviate congestion on a link is to drop all the downstream receivers from the multicast group.
The network can also remain very much underutilized when unilayer transmission is used.

Multirate or multilayer transmission is the more preferred form of data delivery when receivers of the same multicast
group have different characteristics. Typically, multilayer transmission is achieved through hierarchical encoding of
real-time signals. In this approach, a signal is encoded into a number of layers that can be incrementally combined to
provide progressive refinement. In layered multicasting, the receivers adapt to congestion by adding or dropping layers.
With multilayer transmission, the network can be utilized more efficiently, and receivers can receive data that is more
commensurate with their capabilities. For discussions on multirate/multilayer transmission, refer to [6], [19], [21], [27].

Note that in layered multicasting, the granularity at which congestion control can be done is determined by the number
of layers. Thus, more fine-grained congestion control is possible with larger number of layers. However, the amount of
state maintained as well as the processing complexity at the routers will also typically increase as the number of layers
increases.

For efficient use of the network, an effective rate control strategy is necessary. The rate control algorithm should
ensure that the traffic offered to a network by different traffic sources remain within the limits that the network can
carry. Moreover, it should also ensure that the network resources are shared by the competing flows in some fair manner,
and that the throughput achieved is high. It may therefore be desirable that the rate control algorithm would steer the
network towards a point where some measure of global fairness is maximized. Throughput and fairness definitions
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are generalized in a nice way by associating utilities with receivers. Ultility of a receiver is a function connecting the
bandwidth given to the receiver with the “value” associated with the bandwidth. The utility could be some measure
of, say, the perceived quality of audio/video, the receiver satisfaction, or even the amount paid by the receiver for the
bandwidth allotted to it. In this paper, we design rate control algorithms such that they maximize the sum of the utilities
over all receivers, subject to the link capacity constraints. This objective was proposed recently by Kelly [13]. It is easy
to see that various fairness objectives can be realized within this utility maximization framework for different choices

of the utility functions [20]. Note that in our problem, the utility functions can be different for different receivers. Thus

this framework allows us to differentiate among receivers on the basis of their requirements and/or revenues. This is
important, since receivers could have heterogeneous requirements, and the same amount of bandwidth could be valuec
differently by different receivers.

Recently, there has been a considerable interest in the problem of fair allocation of resources for multirate multicast
sessions. Most of the work in this area is concerned only with the notion of max-min fairness (see [22], [23], [24], [25],
[9]). The utility maximization based congestion control problem is addressed in [11], [12], [8]. Whereas [12], [8] take a
primal approach, the algorithms in [11] is based on a dual approach. Like [11], the approach that we adopt in this paper
is based on the lagrangian dual. However, the algorithm proposed in this paper has several very important advantages
compared to the algorithms proposed in [11], as well as the those in [12], [8], as outlined below.

An important aspect in which our approach differs from previously proposed approaches is that it takes into consid-
eration the discreteness of the layer bandwidths. In layered multicast, the receiver rates are constrained to take only a
set of discrete values, which are determined by the layer bandwidths. The approaches in [12], [11], [8] approximate
the discrete set of rates by a continuous set, and then apply convex programming techniques to develop an iterative
rate update procedure. The convergence results obtained in these cases are under the assumption of continuous rate
However, note that in practice, the rate that is computed by the rate update algorithm at each step must be “rounded”
to a discrete rate value that corresponds to some layer bandwidth. Such rounding introduces errors at every step of the
algorithm, and it is not clear if the rates can be shown to converge to optimality (in an exact or approximate sense)
when rounding at every iteration is taken into account. In fact, it is easy to show that if the step-sizes are small enough,
then the receiver rates achieved by the algorithms in [11], [8] may be way off from the optimal rates. Note that ap-
proximating the discrete rate set by a continuous set of rates may not be a bad approximation if there are many closely
spaced discrete rates. However, as mentioned, typically the number of layers is small, and the discrete rate values are
widely separated. Therefore, the continuous bandwidth approximation may not be a good approximation in the case of
layered multicasting. In our approach, however, the rates are always assumed to be discrete, and so there is no questiol
of rounding of the rates. The convergence results that we provide, therefore, directly applies to the algorithm that is
implementable in practice.

From a practical perspective too, our algorithm outperforms existing approaches on several aspects. Unlike the algo-
rithms in [11], our algorithm does not require per-group information to be maintained at the network links, and therefore
scales well as the number of multicast groups sharing a link increases. Moreover, our algorithm does not suffer from
some other drawbacks of the algorithms in [11], like rapid rate fluctuations, two-level convergence etc. The algorithms
in [12], [8] can result in constant bandwidth fluctuations, which can lead to rapid adding and dropping of layers. Our
algorithm, on the other hand, achieves much smoother convergence. Lastly, it can be intuitively argued that the rate of
convergence for our algorithm would typically be much faster than those of the previously proposed algorithms [11],
[12], [8], a fact that we have observed in our simulation experiments as well. A more detailed comparison of our
algorithm with the existing algorithms is provided in Section VI.

In this paper, we take into account the fact that the receivers rates are constrained to take discrete values, and pose
the optimal rate control problem as a discrete/integer program. (It is worth noting here that even very simple special
cases of the integer program can be shown to be NP-hard.) Dealing with this integer programming directly, and using
a combination ofagrangian relaxationf28] anddynamic programming3], [7], we show that it is possible to achieve
rates that are provably very close to the optimal, without making the approximation that receiver rates take a continuous
set of values. Our approach is completely decentralized, and scales well with the size of each multicast group, as well
as the number of multicast groups sharing the network. Note that the lagrangian relaxation technique may not yield
close-to-optimal solutions for general integer programs. However, we exploit certain special properties of our problem
to derive the approximation result in our case. We also identify a nice underlying structure of our problem, which allows
us to solve the problem distributedly, using dynamic programming. As we observe later, the efficient use of dynamic
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programming in this case would not have been possible if the rates were not constrained to take a few discrete values.
Thus, even though dealing with the discrete program directly (as opposed to dealing with the convexified version of the
program) might seem counterintuitive, we actually exploit the discreteness of the problem to our advantage. All these
findings, coupled with the practical considerations mentioned above, make our results significant from both theoretical
as well as practical perspectives. It is worth noting here that for the case of unicast sessions, rate control based on the
lagrangian dual was proposed and thoroughly investigated bydtat [18], [1]. In the unicast case, however, the

rates can assumed to be continuous, and convex programming techniques can be directly applied. Our algorithm nicely
generalizes the dual-based rate control approach proposed in [18] to the case of layered multicasting.

The paper is structured as follows. In Section I, the rate control problem is presented formally as a discrete opti-
mization problem. In Section Ill, we outline the basic solution approach and state the main convergence result. Section
IV describes how our solution approach yields an algorithm that can be implemented in a scalable and distributed
way. In Section V, we demonstrate the convergence of our algorithm in an asynchronous network environment through
simulations. We compare our approach with the existing approaches in Section VI, and conclude in Section VII.

Il. PROBLEM STATEMENT

First we describe the network model, and formulate the rate control problem as an optimization problem with dis-
creteness constraints on the rates. In the subsequent sections, we will show how we can achieve close-to-optimal rate:
for this problem.

A. Network Model and Terminology

Consider a network consisting of a detof unidirectional links, where a link € L has capacity;. The network
is shared by a set @ multicast groups (sessions). Each multicast group is associated with a unique source, a set of
receivers, and a set of links that the multicast group uses (the set of links forms!a ffeas any multicast group
g € G is specified by{s9, R9, L9} wheres? is the source? is the set of links in the multicast tree, aR¥ is the set
of receivers in group.

Fig. 1. A multirate multicast tree

Next we introduce some additional terminology that will help us in formulating the rate control problem and describ-
ing the algorithms. Consider Figure 1, which shows an example of a multicast tree wisetiee source nodeand
{i1,12,13,14} IS the set ofreceiver nodes Other than the source and receiver nodes, the nodes that are of particular
interest in our case are the forking nodes of the tree, i.e., nodes where the multicast tree “branches off”. We refer to
these nodes as thenction nodes Thus, in Figure 1{is, g, i7} is the set of junction nodes. Source/receiver/junction
nodes of different multicast groups are considered to be logically different, even if they are physically located at the
same node. In the rest of the paper, we assume that the receivers are only at the leaf nodes of the multicast tree. Ther
is no loss of generality in assuming this, since a receiver at a non-leaf node can be replaced by creating a new leaf node
and placing the receiver in it, and connecting the new leaf node to the non-leaf node (where the receiver is actually
located) by a link with infinite capacity. Moreover, note that any leaf node must be a receiver nodearéhiof a
receiver/junction nodérefers to the closest junction/source node in the upstream pathi frowards the source. The
childrenof a junction/source node are also defined accordingly. brhachof a receiver/junction nodéerefers to the

'We assume fixed path routing. So the tree associated with each multicast group is fixed.
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set of links in the tree between the parent of nedad nodei (i.e., the path over which nodereceives data from

its parent). Note that each junction node receives layered data from its parent node, and forwards them to its children
nodes, after possibly dropping some layers. Therefore, the rate at which a junction/receiver node receives data can
be no greater than the rate at which its parent receives data. Note that layers mustdoenseaively i.e., no layer

between the base layer and the uppermost transmitted layer can be dropped. Thus if a source/junction node intends tc
sendk layers to its child, it must send only the laydr2, ..., k. The number of layers sent determines the “level” of

data transmission, and in the case of audio/video, the perceived transmission quality depends on it. Note that if a node
is receiving data at levéd from its parent, then it must be receiving data at a rate equal to the sum of the bandwidths of
layersl, 2, ..., k.

B. Problem Formulation

The utility maximization based rate control problem for multirate multicast traffic can be formulated in two different
ways. In the first approach, we associate a rate variable with each receiver, and formulate the optimization problem in
terms of the these receiver rate variables. The second approach is to associate a rate variable with each receiver as we
as each junction node, and define the problem in terms of all these rate variables. These two formulations are equivalent
in the sense that the optimal objective function values of both are the same. Moreover, the optimal receiver rates are
also the same for both these formulations. The two “equivalent” representations of the problem, and the relationship
between the two representations, are discussed in great detail in [11].

In this paper, we use the second formulation, i.e., the case in which rate variables are associated with both the receiver
and the junction nodes. The approach presented in this paper can also be applied to the first formulation. However, the
analysis in that case is much more complex, and the algorithm derived is very similar to the one derived on the basis of
the second formulation.

Let R = Uyeq R denote the set of all receiver nodes (over all groups). A%etlenote the junction nodes of any
groupg € G, andJ = UgeqJ? denote the set of all junction nodes (over all groups). I%t= RY U J9, and let
I = Ugeql¥. Therefore] = RU J, and denotes the set of all receiver and junction nodes (over all groups). Also, let
S = {s9, g € G} denote the set of all source nodes (over all groups).

Let I; C I be the set of receiver/junction nodes whose branches includé nkk.. Now associate a rate variable
x; with each receiver/junction nodee I, denoting the rate at which nodeeceives data from its parent. For the
sake of simplicity of exposition, we also introduce a rate variable associated with each source nagédelibie rate
variable for any node € S. Letx = (z;,7 € I US) denote the vector of all rates. Also, for each grgug G, let
29 = (x;,1 € 19 U {s9}) denote the vector of rates associated with gr@upor each nodéc J U S, let C; denote the
set of children of nodé. For any grougy € G, let K9 be the number of layers, and Et < b3 < ... < b9, represent
the cumulative layer bandwidths (thus the rates of the receivers belonging toggapeonstrained to take only these
discrete values). Note that for akye {1,2, ..., K9}, bz is the sum of the bandwidths of the layét2, ..., k. For each
receiveri € R, letU; : ®, — R denote the utility function (assumed increasing and concave) associated Witén
the utility maximization based rate control problem can be formulated as

P: maximize Z Ui(zi) 1)
i€ER

subject to : sz < ¢ VielL 2)
i€l;

z9 € XY Vge G 3)

whereX9 =Y9N Z9, andY 9 andZ9 are defined as

Y9 = {z:z; >xyVi €C; Vie JIU{s}} 4)
Z9 = {z:xie {b],b],.. b5, Vie I9U{s}} (5)
Relations (2) represent the link capacity constraints. Relations (4) represent the fact that the rate at which a junc-

tion/receiver node receives data can be no greater than the rate at which its parent node receives data. Relations (5
represent the discreteness constraints on the rates. Note that the constraints involving the source rates are redundan
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These constraints are introduced here because they yield more concise expressions in the analysis outlined later in this
paper.

Our rate control algorithm should therefore achieve the optimal rateB fdn order to be practically viable, the
rate control algorithm must b#ecentralized Moreover, the algorithm should Isealable both in terms of the size of
the multicast groups (i.e., number of receivers in a multicast group), and the number of multicast groups sharing the
network. We would also prefer to have a solution which has low computational complexity, and converges fast, even in
an asynchronous network scenario. The rate control algorithm that we propose in this paper satisfies all of the above
criteria.

[11. BASIC SOLUTION APPROACH ANDCONVERGENCERESULTS

In this section, we outline our solution approach. Our approach is baskegd@mgian relaxationwhich is a well-
known technique for solving integer programs [28]. Our contribution is that we show how in our case, this technique
can help us develop an iterative algorithm that achieves rates that are provably close-to-optimal. Moreover, along with
dynamic programming, it leads to an algorithm that is completely distributed in nature. The fact that we can develop
a distributed solution that achieves approximately optimal rates, relies heavily on some underlying nice properties of
the structure of the problef®. Note that for general integer programs, lagrangian relaxation may not lead to close-
to-optimal solutions, and the algorithm may not be distributed. The approach and results presented in this section
generalizes those proposed in [18] for the unicast version of our problem.

A. Lagrangian Relaxation

Now let us take a look at the lagrangian dual of the probleniet )\; be the dual variable associated with the link
capacity constraint (2) for link € L. Let A = (), € L) denote the vector of the dual variables. For ary I, let
L; C L denote the set of links in the branch of nad&hen the lagrangian dué}()\) can be written as follows [4]:

DR = )| nax { D Uiw) =Y O M) wi b+ Y Na (6)
geG—

1€ERY €19 lel; leL

The dual minimization problem isiiny > D()), whereD()) is defined as in (6). Since we are dealing with a discrete
program, a duality gap exists, and dualization implicitly involves relaxation of the problem. Note that the dual is convex
but non-differentiable (the non-differentiability is due to the presence of the discreteness (integrality) constraints on
the rates). We apply a subgradient method [26] (with a constant stepsivesolve this problem. In this case, each
iteration of the subgradient method reduces to two sets of updates: (1) dual variable updates, and (2) rate updates. The
dual variable update procedure for any link L at stepn is

MNn+1) = Nn)+ad zi(n) —a) @)

iel]

wherex;(n) is the value ofz; at thenth iterative step. At theuth step, for any groug € G, the rates of the re-
ceiver/junction nodes are updated as follows:

2(n+1) = arg max { Y Ui(w:) — > (O () zi} (8)

z9eX9 :
i€ERY i€I9 leL;

The update procedures in (7) and (8) have simple intuitive interpretations. Let us interpret the dual »aaattiee

price per unit bandwidttassociated with link. Note that the quantity> _,_, xi(n) — ¢;) represents the excess load of

the link. Therefore, (7) has a simple economic interpretation: price per unit bandwidth increases if the load (interpreted
as demand) is in excess of the available capacity, and decreases otherwise. Now, let us take a detailed look at the
expression on the right hand side of (8). Note that the ey, U;(x;) represents the overall utility of groyp Now,

assume that each lifkcharges a pric@; per unit bandwidth to every group that uses the link. With our interpretation,

the term (>, A\i(n)) represents the aggregate price per unit bandwidth charged to grfarpusing the links in

the branch of nodé. Therefore, the term} -, ;4 (>, Ai(n)) x; can be interpreted as the total price charged by the
network (to groupy) for network bandwidth used by the group. Therefore, the right hand side of (8) can be interpreted
as theprofit (i.e., utility - price paid) derived by groug Thus, (8) states that given the link prices, each group chooses
the junction/receiver rates so as to maximize its profit function.
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Fig. 2. Relationship betwedr; andU;

B. Convergence Results

In the convergence analysis, we make the following assumption on the utility functions.

Assumption 1: (Strict Concavity The utility functionsU; are increasing, twice continuously differentiable and
strictly concave. Thus-U; (z;) > +; > 0 forall z; > 0, forall i € R.
Now we show that if the rates and the prices are updated iteratively according to (7) and (8), the rate vector “converges”
to values that are close-to-optimal. The optimality in this case is not with respect to the optimal rates of the original
integer programming problei®, but with respect to dinearly relaxedversion of it (denoted bP), as we explain
below. The problen® is defined from the probler® in the following way. Replace the discreteness constraint
z; € {b{,...b%,} in (5) by the continuous constraitf < z; < bj.. Thus we “relax” the integrality constraints and
assume that; can take any value in the continuous g€t b7, .
Also, in P, the utility functions are re-defined in the following way. Consider any (b, b%]. There are two possible
cases:
Case Liz; = b] for somek € {1,2,..., K9} : In this case, defind;(z;) = U;(b7).
Case 2:b] < x; < bj_, for somek € {1,2,..., K9 — 1} : In this case, defin®;(z;) as

~ B (bZ—H — CCZ)UZ(bZ) + (l‘l — bZ)UZ(bi—f—l)
U1($Z) - bg _ bg
k+1 k

9)

Note that the functio/ is formed by linearly interpolating the functidii between the feasible discrete bandwidth
values. The relationship between the functions are shown in Figure 2. The prBhlaith these modifications, is a
linearly relaxed version of the original discrete programming problem. This problem is dendked by

Note thatP is a convex programming problem. Also note thdt'if andU* be the optimal objective function values
of P andP respectively[7* > U*. Any solution that is feasible tB and close-to-optimal t& must also be a close-to-
optimal solution ofP. We use this fact to show that our algorithm solfapproximately, and derive the approximation
ratio.

Letdd = maxke{lng_l}(biH —b]). Also Leta* beanyoptimal solution ofP, andz; be theith component of the
vectorz*. Note thafP can have multiple optimal solutions. However, due to the strict concavity of the utility functions
Ui, it can be shown that it ; andz3 ; be theith componenti( € R7) of two optimal solutionsc} andz3 of P, then
27 — 23] < b

We obtain the following result on the convergence of the receiver rates:

Theorem 1:Assume that the rate and the prices are updated according to (7) and (8). Then there exist8 and
an integerN > 0, such that any: satisfyingd < o < @, the following result holds for ath > N:

|zi(n) — 2t < B9 Vie R Vg eG.

The proof of the above result is provided in the Appendix. To re-emphasize, the above result holds for any optimal
solutionz* of P. Roughly speaking, the result states that if the step-size is “sufficiently small”, then receiver rates
“converge” to a neighborhood around. The notion of “convergence” in this case is approximate: the above result
implies that the receiver rate vector is guaranteed to be in a neighborhood around the optimal soRititiroés not
ensure, however, that the rate vector will converge*toNote that in the relaxed problem, the rates need not correspond
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to the actual discrete bandwidth values. Thtiscan even be an infeasible ®. However, note that the rates(n)
always take values in the discrete bandwidth set (see (8)).

The above result can be strengthened to show that the rate of a recearepnly achieve values that correspond to
the bandwidth levels immediately below or immediately aboveThus the achieved rates can be at most “one-layer
off” from optimality. In general, finding a closed-form expressioraaseems difficult.

Let |U;(b] ) — Ui(b])] < aVk € {1,..,K9 — 1} Vi € RY Vg € G. Thusu represents the maximum difference
between the receiver utilities at two adjacent discrete bandwidth leveld/"Lbe the optimal value of the objective
function of the original problen®. Also, letU(z(n)) be the aggregate receiver utility when the rate vectat(is).
ThusU(z(n)) = >_,cr Ui(xi(n)). Then from Theorem 1, and from the continuity of the functibhswe obtain the
following result.

Corollary 1: Assume that the assumptions of Theorem 1 hold. Then for allN, the following holds:

U* — U(zi(n)) < 4|R|.

The above corollary states that the rates that we achieve are approximately optimal with respect to the original problem
P. Note that the error in the achieved utility (with respect to the optimal utility) calculated on a per-receiver basis
is at mostu. Therefore, the error would be smaller if the discrete bandwidth levels are closely spaced, as we would
intuitively expect.

IV. GROUPPROFIT MAXIMIZATION AND DISTRIBUTED IMPLEMENTATION

Now we show how the group profit maximization problem (as stated in (8)) can be solved in an efficient manner.
Note that the group profit maximization problem needs to be solved for each group in every iteration of the rate control
algorithm. Therefore, to achieve good convergence speed, the group profit maximization problem must be solved
quickly. Moreover, practical considerations dictate that the problem must be solved in a distributed manner. In the
following, we show that the group profit maximization problem can be solved in a decentralized manner within roughly
a single round-trip time.

A. Group Profit Maximization

Consider any particular multicast grogge G. Now consider any junction/receiver/source nodel9U{s?}. LetT;
denote the set of source/junction/receiver nodes that fall within the tree roatéda@tdingi). Letz, = (z;,i' € T)
denote the vector of the rate variables associated with the source/junction/receiver rigdesi®;(z;), the tree profit
function associated with nodebe defined as follows:

Piz)= > Uslxa)— > (> Mz (10)
i'€T;NRY i'€T\{i} lELy

Clearly, P; denotes the aggregate utility of all receivergjmminus the price charged to groydor using the links in
treeT;. Note that for any receiver P;(z,;) = U;(x;). Also note that the group profit function that we are stated in (8)
is Pss. Next we show that the problem of maximizing the tree profit function associated with any nadée written
in terms of the corresponding problems for its children nodes.

For any node € 19 U {s9}, defineX; = Y; N Z;, whereY; andZ; are defined as follows:

Y, = {a;:xp >apVi"€eCy Vi €eT;N(J9U{s})}
Z; = {QZ Xy € {b%,bg, ,bg(q} Vil € T’z}
Now, for anyi € 19 U {s9} andk € {1,2, ..., K9}, defineX;(k) as follows:
Xl(k) = {L tx; € Xi, T; = bi} (11)

Thus X, (k) denotes the set of values in which the rates of source/junction/receiver nodes’i @reeconstrained to
lie if node receives traffic upto layek from its parent. Then, for anye 19 U {s9} andk € {1,2,..., K9}, define
pi(k), theconditional maximum profit (CMR)f node: at levelk, as follows:

(k) = Pi(z; 12
pi(k) Jmax (z;) (12)



TECHNICAL REPORT 8

Note thatp;(k) denotes the maximum profit derived from the tiigef the nodei receives traffic upto layet from its
parent. Note that for any receiver node; (k) = U;(b]). Also note that maximum group profit that we are interested
in obtaining (see (8)) is equal @+ (KY). Next we show how the CMPs of nodecan be derived from the CMPs of
its children nodes. Thus result will help us in computing the maximum group profit recursively by breaking it up into
smaller subproblems.

Consider the constraint; € X;(k), forany: € J9 U {s9} andk € {1,2, ..., K9}. We first show that this constraint
is equivalent to a set of similar constraints involving the subtreds.of

{z;:z; € Xi(k)}

{z;  z; € Xj,2; =0b]} (13)
= {z;:zy € Xy, xy <] Vi' € Cj, x; = b]} (14)
= {z; 2y € Xir,xy € {b1,...,b]} Vi’ € C,

z; = b} (15)
= {a;:zy € UL Xu(K) Vi’ € Gy, x; = b]} (16)

Relation (13) follows from the definition of; (k) (see (11)), while (14) follows easily by expanding the constraints
in the setr; € X;(k) and using the fact; = b].
From (10), it is easy to observe that for ang J9 U {s9}, the following equality holds

S {Polay) = (D M} (17)

i'eC; leL,

Foranyi € J9 U {s9} andk € {1,2,..., K9}, we obtain

i(k) = P 18

pi(k) pmax (z;) (18)

= max Z {Py(z;y) — (Z )T} (19)
zieXah) i, 1L,

- max > (Poa)

k v i! .
gixeuk,zlxi,(k ) Vi'eCy, e

xi=bz

—(D_ M)} (20)

ZEL,L/

= max Z{P ;1)

gi/GU X/ k/ Vi'eC; i'eC;

—(D_ M)} (21)

ZEL,L/

= Z max {Py(z;)

i'eC; Ei/eut/:lXi/ (k")
(> M)z} (22)
ZEL,L-/

= max max {Py(z;)
L W<k X, (W)
i'eC;

~(D_ M)} (23)

ZGL,L-/
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= max max Py(x.
k' <k {L/eXﬂ(kz’) v(2v)

i'eC;
Z Al) max xp} (24)
leL, z,€X, (k")
= > max {py (k — ()" b} (25)
i'eC; leL,

Relation (18) follows from (12), and (19) follows from (17). Relation (20) follows from (16). Relation (21) follows
from the fact that neither the tern;, . { P (2;/) — (ZzeL, A1)z}, nor the other constraints in (20), depends on the

variablez;. Relation (22) follows from the fact that the constraint et € U¥,_, X;/(k') Vi’ € C;} and the objective
function ", o { Pir(zy) — (ZleLi/ A1)z} are both separable with respect to the variable veatprs’ € C;. Note
that in (23) (and subsequently), we represent the constraint{1, ..., k} simply ask < &/, for the sake of conciseness.
Relation (25) follows from the definitions @f (k") and X; (k') (see (12) and (11)).

Relation (25) shows that the CMPs for a source/junction riad@ be expressed in terms of the CMPs of its children
nodes. This fact allows us to finds (K7) using a dynamic programming approach. Thus, we can calculate the CMPs
with a bottom-up approach: first we compute the CMPs at the receiver nodes, then at junction nodes that are one level
above that, and so on, until we reach the source node. Note that the dynamic programming computations at the nodes in
any particular level of the tree can be executed simultaneously. This parallelism inherent in the structure of the dynamic
program can be utilized to solve the group profit maximization problem in a single round trip time. The practical
implementation of this dynamic program is discussed in more detail in the next subsection.

B. Implementation

Firstly, note that the dual variable (price) update procedure (7) can be implemented in a very simple way. To achieve
this, each linkl can keep track of the pricg and periodically update it according to (7).

Now we describe how the rates are updated so that they satisfy (8). Assume that each source/junction/receiver node
maintains a CMP table of its own that contains the CMP values for all lévéds that node. Thus the CMP table of
nodei in groupg containsk? entries, where théth entry iSpf. In order to update the CMP table entries according to
(25), a node junction/sourdeneeds to know the following: i) the aggregate price of all links in the branch associated
with each child node, and ii) the CMP table of each child node.

Consider a source/junction nodeand a junction/receiver nodé € C;. Then node can find the “branch price”
associated witly in the following way. Node can send a “price packet” downstreamitahile setting the value of a
“price field” (included in the price packet) to zero. The subsequent links on the path of the packet add their prices to the
price field of the packet. Therefore, when the price packet reathtkee price field contains the aggregate price of all
links on the branch associated withNode:’ can then just send the price packet upstream to its parent

For any receiver nodg the CMPs are easily calculateda$k) = U;(b7). Once a receiver has computed its CMP
table, it sends the CMP table upstream to its parent. Once a junction node has received the CMP tables from all of
its children nodes, it updates its CMP table entries according to (25), and sends its CMP table upstream to its parent
node. In this manner, the CMP tables are updated an propagated upstream by each receiver/junction node, till the source
node is reached. Once the source ngtibas updated its CMP table, it determines the downstream traffic rates in the
following way. For each nodé € C,g, the source node senélg layers toi’, wherek;: is obtained as

ki = arg max {pi(k lZL: )b} (26)
el

A junction node: determines the downstream rates in a similar manner.kLbe the number of layers that node
receives from its parent. Then, each néde C; receivesk; layers fromi, wherek;: is determined as

ky = arg max {pz Z )b (27)
leLy

Thus node’ receives data at a rab% from its parent.. From the discussion in Section IV-A, it follows that when the
rates chosen as described above, they satisfy (8), i.e., maximize the group profit.
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The rate update procedure works in a manner opposite to that of the CMP table update procedure. Thus, the source
first determines the rates of its children, and informs each child (by sending a “rate packet” to the child) about the
corresponding rate. Each child node then determines the rates of their children nodes, and and this goes on, until the
rates of the receivers have been determined.

Therefore, the overall process of solving the group profit maximization problem and determining the rates consists
of two phases: i) a bottom-up phase to determine the CMP tables, followed by ii) a top-down phase to determine the
rates. Note that in each of these phases, the computations at the set of nodes at any particular level of the tree (in this
case, a 'level refers to a set of nodes that are at the same hop-distance from the root) can occur in parallel. Thus, if the
processing delays are neglected, the total time required to execute the entire procedure (both phases included) is uppe
bounded by the maximum round-trip delay.

C. Complexity Reduction

Consider a junction/source node From (25), we note that the time for computing the CMP for lgvelt node:
is O(CK), whereC is the maximum number of children of any node, dkids the maximum number of layers in
any multicast group. Therefore, the time for computing the CMPs for all levels at anyined¥CK?). From (26)
and (27), it is easy to observe that the computation time for the rate update procedure at each source/junction node
is O(CK). Note that since each receiver/junction node needs to send a CMP table to its parent, the communication
complexity isO(K).

In the following, we show how the worst-case computational complexity for the CMP table update can be improved
so that it is only a linear function ak. Assume that in addition to its CMP table, a source/junction node maintains a
discounted CMP (d-CMPtable for each of its children. Lét be a child node of a source/junction nadeThen the
d-CMP table fori’ maintained at containskK'¢ entries, ang; (k), thekth entry in that table, is defined as

Br(k) = max {pr(K) = (3 Mb.} (28)
leL;

Let k£ > 2. Then, from the definition af; (%), we obtain

po(k) = max {ps(k ZEZ; )b}
= max {py(k Z Ar)b k’
leL,
i, () = (2 i1
= max {py(k Z /\l L, pr(k—1)} (29)
leL,

Note thatp; (1) = p(1) — (ZleLi/ A\1)bd. Using this fact and (29), we see that if we compute the d-CMP table entries
in the orderp; (1), pi(2), ..., o (K9), we can compute the entire d-CMP table(ik) time. Therefore, computing

the d-CMP tables for all children of nodeakesO(C K) time. Once these table have been computed (which is done
once nodé has received the CMP tables of its children), the CMP table for node be computed in addition@l( K)

time, according to the following relation (obtained from (25) and (28)) :

Z pir (k)
i'eCy
Therefore, the CMP tables at each node can be computediri) time.

V. SIMULATION RESULTS

Simulation experiments carried out on various network topologies/scenarios confirm that our algorithm achieves the
optimal rates in an asynchronous slowly time-varying network environment. Next we present a few representative
examples to demonstrate this fact.
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~— Multicast group 1 (source: S, receivers: iy, i,,15,1,)
———————— Multicast group 2 (source: S,, receivers is,ig, i)

Fig. 3. An example networkrhe numbers associated with the links are the link capacities (in Mbps). The propagation delay for each link is 1 ms.)

Figure 3 shows the example network that we consider, which consists of two multicast groups sharing a 11-node
10-link network. We have taken the network topology to be the same as that in [11], [12], so that our simulation results
can be easily compared with those of the existing approaches. We assume layered multicasting, and each multicast
group can send traffic in 20 layers, each of the layers having a bandwidth of 0.25 MBps. Therefore, the maximum
allowed bandwidth is 5 MBps, and bandwidth can be allocated in units of 0.25 MBps. Note that layers are always sent
cumulatively. Therefore, to achieve a ratekd0.25 MBps, the lowesk layers need to be sent. Note that in layered
multicasting, each data packet belongs to one particular layer. Therefore, a source/junction node can send traffic to its
child at a particular discrete bandwidth level simply by sending/forwarding only those data packets which belong to a
corresponding set of cumulative layers.

In our experiments, the link prices (dual variables) are updated at regular intervals of 20 msec, and the receivers
send their CMP tables upstream at regular intervals of 50 msec. Thus, the rates are updated (i.e., the group profit
maximization problem is solved) once every 50 msec. The step-size of link price updaiekept fixed at 0.005,
and the links update the prices based on the estimated (measured) aggregate traffic rate on the link (the estimation time
window is 20 msec). All data packets (sent downstream) are 400 bytes long. All control packets (the price packets sent
upstream, and the rate packets sent downstream) are 200 bytes long. In all of the simulations described in this paper,
maximum utilization of a link is set to 95%. Therefore, a link increases or decreases its price depending on whether the
overall estimated traffic on the link exceeds 95% of its capacity or not.

In the network in Figure 3, the utility functions of receivéisandis are0.51n(1 + x), while those of the rest are
In(1 4+ x) (wherezx is expressed in MBps). The minimum rate for each receiver is zero, and the maximum rate is the
capacity of the link leading to the receiver. Note that sificis connected directly to the source, it behaves essentially
like an unicast session. In our simulation scenario, the sequence of arrivals/departures of receivers are as follows. The
receiversii, is, i3, ig andi; arrive at timet = 0. Receiveris joins att = 30 secs, receivei, joins att = 60 secs;is
leaves at = 90 secs, andg leaves at = 120 secs. All receivers start with an initial rate of zero.

Figure 4, which shows some rate plots in the time window 0-180 secs, demonstrates the performance of our algorithm
in the particular example considered. Figure 4 shows the rates at which the re¢giverg andi; receive data
(obtained by measurement at the individual receivers), along with the optimal rates. (These 4 receivers were chosen
arbitrarily, and rate plots of the other receivers also exhibit a similar trend.) The plotted rates are computed by averaging
the measured rates, where the averaging is done every sec. Note that the sudden changes in the optimakrates at
30, 60, 90, 120 secs are due to the arrival/departure of receivers. The plots demonstrate that the achieved receiver rates
track the optimal rates closely even as the optimal rates change. Note that the optimal rates plotted in the figure are
computed based on the relaxed problBmand not the actual discretized probldn(which can only be computed
by solving a very complex integer program). Therefore, the slight difference between the optimal and the achieved
rates, as seen in the figure, is expected. A comparison of Figure 4 with the simulation results in [11], [12] shows
that the convergence of our algorithm is much faster, and rate fluctuations significantly lower, as compared to existing
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Fig. 4. Convergence of achieved rat@se straight lines are the optimal (theoretical) rates.)

approaches.

VI. RELATED WORK

The utility maximization framework for rate control was suggested by Kelly [13]. In the context of unicast networks,
this problem has received considerable attention. Several flow control algorithms, both rate-based and window-based,
have been proposed [2], [14], [18], [17], [16], [10]. Each of these algorithms are derived using a different optimiza-
tion/control theoretic approach. The approach presented in this paper is closely related to the approach used by Low and
Lapsley [18] for the unicast case, and can be considered as a generalization of the latter. It is important to note, however,
that the generalization of the algorithm and the analysis in [18] to the multirate multicast case is not straightforward. In
the multicast case, the problem involves some non-differentiability and non-separability issues, which makes it much
more complex than its unicast version. Moreover, the obtained solution must satisfy certain multicast-specific require-
ments (for instance, the solution must scale well with the size of the multicast groups), which makes the problem even
trickier to solve. A detailed discussion of these complicating issues is provided in [11]. Not surprisingly, therefore,
the rate control algorithm that we obtain for the multicast case is much more complex than its unicast version. In our
approach, we have used subgradients [26] to address the issue of dual non-differentiability. We have also exploited the
fact that multicast data is transmitted in a few discrete layers, and used dynamic programming to develop a distributed
and scalable solution. The consideration of discreteness of rates and the use of dynamic programming is unique and
novel feature of our approach.

For the case of multirate multicasting, the optimization based rate control problem has been addressed in [11], [12],
[8]. In [11], the authors also adopt a dual-based approach for solving the multirate multicast utility maximization
problem. However, the algorithms in [11] suffer from certain major drawbacks which limit their practical viability.

The most significant drawback of these algorithms is that the algorithms require each link to keep track of all multicast
groups (sessions) going through it. Therefore, these algorithms do not scale as the number of multicast groups using a
link increases. Moreover, the subgradient based algorithm presented in that paper results in rapidly fluctuating rates, and
could result is rapid adding and dropping of layers. This is clearly undesirable in practice. The proximal approximation
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based algorithm, on the other hand, is a two-level algorithm, which makes it difficult to implement in practice. Also,
the two-level nature of the algorithm slows down the convergence speed significantly, although it results in smooth
convergence. A comparison of the results in Figure 4 with those in [11] reveals all these facts, and shows that the
convergence speed of our algorithm is an order of magnitude better than that of the algorithms in [11]. Lastly, the
algorithm and convergence results in [11] are derived under the assumption of continuous rates, and so it is not clear if
the rates, when rounded up or down to the discrete rate values, would achieve the optimal rates.

The algorithms in [12], [8] are very similar in nature, and can be viewed as a subgradient approach applied to a
penalized primal objective function. Whereas the algorithm in [12] can be seen as a generalization of the unicast
algorithm in [10], the algorithm in [8] generalizes the unicast algorithm proposed in [16]. These algorithms are simple
and elegant, and are scalable with respect to the the multicast group sizes, as well as the number of multicast groups
sharing the network. However, these algorithms also suffer from the drawback that the rates can fluctuate rapidly,
resulting in very frequent adding and dropping of layers. The simulation results presented in [12] clearly demonstrate
this fact. These rate fluctuations are a result of the use of primal subgradients, which is required in this case due to the
non-differentiability of the problem. Also note that the convergence results in [12], [8] assume continuity of rates, and
the discretized rates need not necessarily converge to the optimum (or a small neighborhood of it). Finally, the rate of
convergence of these algorithms seem rather slow.

Dual-based approaches are known to have fast convergence rates in most optimization scenarios. On the other hand
primal subgradient approaches typically have very poor convergence speeds. A faster convergence speed of our algo-
rithm with respect to the algorithms in [12], [8] can be attributed to this fact. However, note that the convergence speed
of the algorithms in [11] are very slow in spite of these being dual-based algorithms. We believe this is a result of
several factors, including the larger dimensionality of the search space, use of subgradients in one of the algorithms
and the two-level nature of the other algorithm. In the context of our algorithm, we believe that the use of dynamic
programming (and the fact that it can solve the group profit maximization problem in a single round-trip time) is a
crucial factor behind the fast convergence speed of our algorithm.

Unlike existing algorithms, the overhead of computation and communication in our algorithm depends on the number
of transmitted layers. However, as we have argued in previous sections, we do not consider this to be a significant
drawback of our algorithm, since the number of layers used per multicast group is typically small in practice.

VIlI. CONCLUDING REMARKS AND FUTURE WORK

On the theoretical side, there are several issues that merit further research. Note that in this paper, the convergence
result was shown to hold under the assumption of synchronous updates. However, in real networks, the rate and price
updates will typically be asynchronous, and delays are variable. An interesting problem for future research would be to
investigate the convergence properties of the algorithm theoretically in such a scenario. Note the simulation results do
demonstrate that the algorithm converges and achieves the optimal rates even under asynchronous updates. Convergen
of gradient algorithms under asynchronous updates has been investigated by Bertsekas and Tsitsiklis [5]. However, note
that our algorithm is based on a subgradient approach and the typical arguments used for the convergence of gradient
algorithms do not hold in this case. However, we still believe that if all delays and updated intervals are bounded, our
algorithm can be shown to converge to approximately optimal rates even in the case of asynchronous updates, provided
the step-sizes are “sufficiently small”. This question is currently under investigation.
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APPENDIX: PROOF OFTHEOREM 1

We first state and prove a few lemmas that will be used in the proof of Theorem 1.

Let A\(n) = (M\(n),l € L) denote the vector of dual variables at theh iterative step, where;(n) is updated
according to (7). Lef\* denote the set of all optimal solutions of the dual problem,>, D()) (note the the dual
optimal solution can be non-unique). It is easy to show ffails compact, i.e., closed and bounded. In the following,
let p(A, A*) = miny+cp- [|A — A¥|| denote the Euclidean distance of a poirfrom the setA*. The following lemma
states that the dual variables “converge” to a neighborhood around the optimum.

Lemma 1:Choose any > 0. Then there exists an. > 0 and an integetN. > 0, such that for all satisfying
0 < a < ag, the following result holds for alh > N:

p(A(n), A%) <e.

The lemma can be proved by standard techniques in subgradient optimization theory, and is therefore omitted for brevity.
(For instance, the lemma can be proved by proceeding along the same lines as that of Theorem 2.3 of Shor’s classic text
on this subject [26].)

For eachy € G, define the seZ9 asZ9 = {z : b < x; < b, Vi € 19U {s9} Vg € G}. For eachy € G,
define X9 = Y9 N Z9, whereY? is given by (4). LetX = NyegX9. Also let X = NyeqX9. Define P(z,\) =
>ier Ui(xi) = 251 (Xier, M)z

Lemma 2:Let z* be any optimal solution dP. Then for any\* € A*, the following holds:

P(z*,)") = maxP(z,)*) = maxP(z,)*) = D()").
xeX zeX



TECHNICAL REPORT 15
Proof: We prove the lemma in three steps:

(1) maxzex P(z,)\*) = D()\*): This follows straightforwardly from the fact that the functidiisandU; are equal at
the discrete bandwidth levels.

(i) max,_¢ P(z,\*) = max,ex P(z,\*): Consider any\ > 0. Letz = (#;,i € I US) € X attain the maximum
max_ . ¢ P(z,)). Foreveryi € TU S, letz il < 2, represent the largest discrete bandwidth level no larger #han
Also for everyz eITUuS, letz} > represent the smallest discrete bandwidth level no smallerihaefine
={z: :c <z <z¢VielU S} Let X = NyeqY? N Z. SinceX C X, it follows thatz attains the maximum
max, . ¢ (a: ). Now note thatX is a polyhedron, an®(z, \) is a linear function ofz in X (this follows from the

fact that the functiond/; are linear in between the discrete bandwidth levels). Therefore, one of the “vertic&s” of
must attain the maximum dP(z, \) in X. It is also easy to see that all the vertices of the polyhedfaare elements

of X. Therefore, there existsmae X such thatP(g, A) = max . ¢ P(g, A) = max, ¢ P(g, A). Therefore, we obtain

max P(z,\) = max P(z,\) VYA>0. (30)
zeX xeX

Choosing\ = A* in (30), we obtain the desired result.

(ii)) P(z*,\*) = max, ¢ P(z,A\*): SinceA* minimizes D()\) = max,cx P(z,)) over) > 0, it follows from
(30) thatA™ must also minimizemax__ ¢ P(g,g) over A\ > 0. Therefore,\* must be an optlmal solution of the

dual of probleniP. SinceP is a maximization problem with concave objective function and linear constraints, there
is no duality gap (from Proposition 5.2.1 of [4]). Then from Propositions 5.1.4 and 5.1.1, we aﬁit@‘mg*) =
max, . g P(z,\").

Combining (i), (i) and (iii), we obtain the desired result. O

Lemma 3:There exists a constatt < oo, such that for every;, A, > 0, the following holds:
1D(A1) = D)l < Cl[A = Mgl

Proof: Forany) > 0, letz()\) = (z;(A),7 € IUS) represent the point which achieves the maximumax,c x { > ;. Ui(z) —
> ier(Oier, M) i }. Define a|L|-dimensional vectoy()) as follows: y(A) = (w(A),l € L) wherey, () =

¢l — D _ieq, Ti(A). It can be shown thag()) is a subgradient oD(A) at A (see Section 6.1 of [4]). Note that singe
is a bounded set;()) is bounded. Therefore, there exist€’a< oo such that|y())|| < C forall A > 0. From these
facts, and the definition of a subgradient (see Section 6.1 of [4]), we obtain the following far aky > 0:

D(A) —D(Ay) < (A= Ay y(A1))

A1 = Aol ly(A)]|

<
< CllAr = Ayl (31)

where(-, -) denotes the inner product. Similarly, we also obtain

D(A;) — D(XAy) (A1 = A2,9(A9))
—H&—&HH,@)H
~ClIA; — A (32)

VvV IV IV

Combining (31) & (32), we obtain the desired result. O

Proof of Theorem 1: Letb = mingeg minke{L...,Kg—u(biH - b)) > 0. Therefore) is the minimum difference in
bandwidth between two adjacent discrete bandwidth levels, in any multicast group. ABodemaxgcq b%, > 0
denote the maximum bandwidth level in any multicast group.a(ed = (z;(n),i € I U .S) denote the rate vector at
thenth iterative step, as defined by (8). Let= min;cry; > 0.
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Choose = Wﬁ’;m in Lemma 1. Assume that the step-sizased for updating the link prices (as in (7)) satisfies

0 < a < @ = a.. Then from Lemma 1, there exists\& € A*, such that for alk > N = N,

. 7b?
) - < @)

[I|LIB+C)

Consider any: > N. Let us assume, for the sake of contradiction, that— z;(n)| > b9 for somei € RY, g € G.
Since the difference between adjacent discrete bandwidth levels of grisugt mosth?, it follows that there exists a
&; € {b],...,b%,} suchthad < |zf —&;| < |z} —x;(n)|. Thusz; represents some discrete bandwidth level in-between
(and excluding):; andx;(n), and must satisfy one of the two following conditions: £i\n) < #; < z}, or (ii)
xf < 2; < zi(n). Defined; = &; — z;(n), andfy = xf — &;. From the above discussion, it follows thét| > b,
|65] > 0, and |6y + 65| > b9 > b (by assumption). Defing = (iy,i' € TUS) asi = zlla* + 5% z(n).
Geometricallyz represents the point at which the straight line betwegeandz(n) cuts the plane;; = z;. Note that
sincez*, z(n) € X, it follows that € X.

. 0, - 0, -
(2,A") 61 0, (z*, A%) 61 6, (z(n),A")
- 01 ~ 02 -
= i ) — U >'k/ - i/ \ L/ 34
3 Oetae) g, 3 Oeteid — gt 30 Ot (34)
- A~ 01 7 * 02 -
> . _ (¥ (e
> Ui(#) 01 + 03 Ui(x7) 01 + 05 Ui(wi(n)) (35)
. 01 " 05
> (A (r¥) — (s
> Ui(#) 01 + 03 Ui(y) 01 + 05 Ui(zi(n)) (36)
> 79;92 (37)

Relation (34) follows from the fact that the tedm,.; (3,7, Au(n)) 2 in P(z,)\) is linear inz. Relation (35) follows
from the fact that the ternZi/eR\{i} Uy(x) is a concave function of. Relation (36) is obtained using the facts
UZ(.@) = Uz(.fz), UZ(:E;() < Ul(l‘;k) andUZ(xl(n)) = Uz(ml(n)), which dlrectly follow from (9), the definition OUZ
Relation (37) follows from the strict concavity 6f (Assumption 1) and the fagt > ~.

P(z(n),A") = P(z(n), A(n)) = Y zir(n) Y (A = N(n))

el leL,

|1]|L| By
—_— 38
~ 4A(|I||L|B+C) (38)

Relation (38) follows from (33), and from the fact that | < B Vi’ € I.

P(z(n), A(n)) — P(z*,X*) = D(A(n)) — D(X") (39)
< CllA(m) - X (40)

0732
< - 41
— 4(|I||L|B+C) (41)

Note that (39) is obtained using Lemma 2, the definition @f) (see (8)), and the fact that the functidiisandU; are
equal at the discrete bandwidth levels. Relation (40) follows Lemma 3, and relation (41) follows from (33). From (38)
and (41), we obtain

P(z(n),\*) = P(z*,A*) < ——. (42)
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Combining (37) and (42), we obtain

- S0k ok 6102 b0y
Pz, \)— P A > —
(&) - P@,X) 2 = 4(61 + 05)

7 72
> 71?292 B ’VZ 1392 43)
by
4
> 0. (44)

Relation (43) follows from the fag®); +62) > 61 > 13,~amd (44) follows from the fact, b, 6, > 0. From (44), it follows
thatz* cannot attain the maximum d@?(z, \*) over X, vyhich contradicts Lemma 2. Therefore, our assumption that
there exists somee RY, g € G such thatz! — z;(n)| > b9, was incorrect, thus proving Theorem 1. O



