University of South Carolina
Scholar Commons

Theses and Dissertations

Applications of the Lopsided Lovész Local Lemma
Regarding Hypergraphs

Austin Tyler Mohr
University of South Carolina

Follow this and additional works at: http://scholarcommons.sc.edu/etd

Recommended Citation

Mohr, A. T.(2013). Applications of the Lopsided Lovdsz Local Lemma Regarding Hypergraphs. (Doctoral dissertation). Retrieved from
http://scholarcommons.sc.edu/etd/1606

This Open Access Dissertation is brought to you for free and open access by Scholar Commons. It has been accepted for inclusion in Theses and

Dissertations by an authorized administrator of Scholar Commons. For more information, please contact SCHOLARC@mailbox.sc.edu.


http://scholarcommons.sc.edu?utm_source=scholarcommons.sc.edu%2Fetd%2F1606&utm_medium=PDF&utm_campaign=PDFCoverPages
http://scholarcommons.sc.edu/etd?utm_source=scholarcommons.sc.edu%2Fetd%2F1606&utm_medium=PDF&utm_campaign=PDFCoverPages
http://scholarcommons.sc.edu/etd?utm_source=scholarcommons.sc.edu%2Fetd%2F1606&utm_medium=PDF&utm_campaign=PDFCoverPages
http://scholarcommons.sc.edu/etd/1606?utm_source=scholarcommons.sc.edu%2Fetd%2F1606&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:SCHOLARC@mailbox.sc.edu

APPLICATIONS OF THE LOPSIDED LOVASZ LOCAL LEMMA

REGARDING HYPERGRAPHS

by

Austin Mohr

Bachelor of Science
Southern Illinois University at Carbondale, 2007

Master of Science
Southern Illinois University at Carbondale, 2008

Submitted in Partial Fulfillment of the Requirements
for the Degree of Doctor of Philosophy in
Mathematics
College of Arts and Sciences
University of South Carolina
2013
Accepted by:

Laszl6 Székely, Major Professor
Joshua Cooper, Committee Member
Linyuan Lu, Committee Member
George McNulty, Committee Member
Peter Nyikos, Committee Member
Edsel Pena, External Examiner

Lacy Ford, Vice Provost and Dean of Graduate Studies



DEDICATION

Dedicated to the memory of Professor Thomas D. Porter,

whose love of graphs lives on in the hearts of his students.

ii



ACKNOWLEDGMENTS

I give my sincere thanks to the Department of Mathematics and the Graduate School
of the University of South Carolina at Columbia, whose combined generosity made
this endeavor possible.

I am grateful to Dr. Linyuan Lu, whose expertise has touched many of the results
contained herein.

I am endlessly indebted to my advisor, Dr. Léaszldé Székely. He has guided me
through this thicket with patience and skill. In so doing, he has enabled me to begin
exploring on my own.

Finally, I offer much love to my wife, Mary, who gives me courage when I have

none. All my accomplishments are hers also.

iii



ABSTRACT

The Lovasz local lemma is a powerful and well-studied probabilistic technique useful
in establishing the possibility of simultaneously avoiding every event in some collec-
tion. A principle limitation of the lemma’s application is that it requires most events
to be independent of one another. The lopsided local lemma relaxes the require-
ment of independence to negative dependence, which is more general but also more
difficult to identify. We will examine general classes of negative dependent events
involving maximal matchings of uniform hypergraphs, partitions of sets, and span-
ning trees of complete graphs. The results on hypergraph matchings (together with
the configuration model of Bollobas) yield asymptotically the number of regular, uni-
form hypergraphs avoiding small cycles. Finally, we work toward a characterization
of hypergraphs for which the matching paradigm is guaranteed generate negative

dependent events.
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CHAPTER 1

THE LOPSIDED LOCAL LEMMA

1.1 DEPENDENCY GRAPHS AND THE LocAL LEMMA

A collection of events is avoidable whenever the probability that no event in the
collection occurs is nonzero. In the language of probability, a collection of events Ay,
.., A, is avoidable precisely when Pr ( " E) > 0.

Any finite collection of mutually independent events is avoidable (provided, of
course, no event occurs with probability 1); the probability of avoiding the collection
is [T, Pr (E), which is greater than zero.

The requirement of mutual independence is quite stringent. We might expect the
collection can still be avoided as long as the events do not depend strongly on one an-
other. The Lovasz local lemma makes this intuition precise by providing restrictions
on the interdependence of events sufficient to guarantee the possibility of avoiding
the collection. Erdés and Lovasz [13] first introduced this idea to establish the exis-
tence of a certain hypergraph coloring. Subsequent generalizations culminated in the
customary version appearing, for example, in Alon and Spencer [2].

A key component in the lemma is the dependency graph, which is a simple
graph ([n], ') whose edges are situated such that the each event A; is independent
of the event algebra generated by the collection {A; | ij ¢ E'}.

The dependency graph is a convenient way to organize information about possible
dependencies among the events. For example, suppose we want to know the relation-

ship between the event A; and some other events in our collection. If there is an



edge between A; and another event, the graph contains no information about their
relationship. If we consider a collection of non-neighbors of A;, however, the graph
tells us that A; is independent of the event algebra generated by the non-neighboring
events.

Trivially, a complete graph is always a dependency graph. Such a graph is useless,
however, since it contains no information about the events. At the other extreme, a
dependency graph with no edges tells us we are dealing with a collection of mutually
independent events. In practice, therefore, we hope to produce a dependency graph
that is as sparse as possible, since this tells us the collection in question is very much
like a collection of mutually independent events.

The Lovasz local lemma asserts a collection is avoidable whenever there is a corre-
sponding dependency graph together with an intricate upper bound on the probability
of each individual event. In fact, it provides an explicit lower bound on the probability
of avoiding the collection. A symmetric version (that is, one in which the probability
of every event is given the same upper bound) of the lemma was first introduced by
Erdés and Lovéasz [13] to address a question about hypergraph 2-colorability, which
we will discuss later. Subsequently, Spencer [26, 27] presented various generalizations
of the lemma in his work on Ramsey numbers. Presented below is a slight weakening
of the customary version appearing in Alon and Spencer [2]. (In that text, the local
lemma and the lopsided version to come are both written in terms of digraphs rather

than graphs. The topics herein will not require this additional generality.)

Lemma 1.1 (Lovasz Local Lemma). Let Ay, ..., A, be events with dependency graph
([n], E). If there are numbers w1, ...,x, € [0,1) such that
ijeE

for all i, then



1.2 2-COLORING HYPERGRAPHS

Erdés and Lovasz [13] provide an upper bound on the maximum degree of a properly
2-colorable hypergraph can contain. Their idea was to color the vertices uniformly at
random with two colors and impose conditions under which the random process would
produce a proper coloring with nonzero probability. They developed the symmetric
version of the local lemma as a tool to aid in the analysis of the resulting probability

space.

Lemma 1.2 (Lovasz Local Lemma, Symmetric Version). Let Ay, ..., A, be events

with dependency graph of mazimum degree d. If
o Pr(A;) <p foralli and
e ep(d+1) <1,

then

(The symmetric version follows from the Lemma 1.1 by setting each x; = ﬁ and

using the fact that (1 — ﬁ)d > %)

Let H be a hypergraph in which every edge contains at least k vertices and
color the vertices uniformly at random with two colors. Our ambient probability
space will therefore contain all possible 2-colorings (both proper and improper) of
the vertices of H weighted uniformly. For each edge f € E(H), define the event Ay
to be the collection of all 2-colorings in which the edge f is monochromatic. The
event Agepy H)fo thus contains all 2-colorings in which no edge is monochromatic.
That is, it contains all proper 2-colorings. We are therefore interested in determining
when Pr (/\ FEE(H) /Tf) > 0, which can be approached via the local lemma.

First, notice the events in the collection {A; | f € F'} are mutually independent
whenever F' is a collection of disjoint edges of H. The graph G with V(G) = E(H)



and

E(G) ={fg| f and g share a vertex in H}

is therefore a dependency graph whose maximum degree is the same as the maximum
degree of H.
By hypothesis, every edge of H has at least k vertices, so Pr (Ay) < 2%1, which we

take as our value for p in the lemma. It remains to maximize d under the constraint

ep(d + 1) < 1, which works out to d = Vk_l — 1J.

e

Theorem 1.3. Let H be a hypergraph in which every edge contains at least k vertices.

If H has maximum degree at most 2%1 — 1, then H is 2-colorable.

Before leaving this problem behind, notice we could only apply the local lemma
by ensuring that “most” events were independent. We will see later that the lopsided
local lemma can be applied in spaces where there is no independence among the

events.

1.3 NEGATIVE DEPENDENCY GRAPHS AND THE LOPSIDED LOCAL LEMMA

The Lovasz local lemma allows us to detect avoidability if there is only some indepen-
dence among the events (provided we can discover a dependency graph and suitable
numbers z;). Erdés and Spencer [14] analyzed the proof and determined that one
can still detect avoidability even if there is no independence among the events.

In the following definition, let N(v) denote the set of neighbors of the vertex v
together with v itself. A negative dependency graph for a collection of events Ay,

.., A, is a simple graph ([n], E') whose edges are situated such that the inequality

Pr (Az

holds for each ¢ € [n| and every subset S of N(i) (excluding those S for which

A\ AJ) < Pr(4) (1.1)

jes

the event A ¢ s A; has probability zero, in which case the conditional probability is



undefined). Stated in this way the inequality might be crudely summarized to say

that the probability of an event falls when some of its non-neighbors do not occur.
Alternative formulations of Inequality 1.1 arise from straightforward algebraic

manipulation. As before, we assume i € [n] and S C N(i) are arbitrary, except

that we do not consider collections S for which the conditioning event (if any) has

probability zero. The first two are the conditional probabilities

Pr(/\Aj A,») SPr(/\zélj)

jes
Pr (KZ) < Pr ( /\ ij
jesufi}
Our final formulation takes the form of the correlation inequality

Pr(A;)Pr (\/ Aj) < Pr (Ai A Aj) .

jes JjeS

and

M).

jeSs

A collection of events may satisfy the inequalities above even though no two events
are independent, as we describe in the next section.

The lopsided local lemma differs from the previous version only by replacing “de-
pendency graph” with “negative dependency graph”. Since every dependency graph
is a negative dependency graph (but not vice versa), the lopsided version is strictly
more general. It was first introduced by Erdés and Spencer [14] with regard to
Latin transversals and independently by Albert, Frieze, and Reed [1] in their work
on Hamiltonian cycles. The lemma as it appears below is due to Ku [17] and appears

as a remark in Alon and Spencer [2].

Lemma 1.4 (Lopsided Local Lemma). Let Ay, ..., A, be events with negative de-

pendency graph ([n], E). If there are numbers x1,...,x, € [0,1) such that
ijeE
for all i, then



Proof. Take as granted for a moment that

Pr (Az

for any strict subset S of [n] and any i ¢ S.

A Aj) <z, (1.2)

jes

The conclusion of the lopsided local lemma follows from this claim by observing
Pr(/\Ai> = Pr(A;) - Pr(4; | Ay) - Pr (An
i=1

n—1
A Aj)
Jj=1

0.

V

It remains to establish Inequality 1.2, which we accomplish by induction on |S].
When |S| = 0, the claimed inequality reduces to Pr(4;) < z;, which is provided by
the hypotheses of the lopsided local lemma. For |S| > 0, set S; = {j € S |ij € E}
and Sy = S\ S;. Now,

Pr (AZ

We will bound the numerator and denominator separately.

A A

JES

) _br (Ai A Njes, Aj ‘ Nres; /Tk>
Pr (/\j651 Aj ‘ Nkess J‘Tk) '

For the numerator, we have

JEST

where the second inequality comes from the fact that A; is negative dependent of the
collection {Ay | k € Sa}.

For the denominator, write S; = {ji,..., .} (if it is empty, the denominator is



equal to 1). Now,

pr AT
/=1

= Pr (Ajl

r

> H(l - xj/z)7

(=1

Am)

keS2

AM)HQE

kES2

14]»1/\/\1416)'--Pr(14jr

kESs2

r—1
A%AAM)
/=1

kES2

where the inequality holds by the induction hypothesis (in each factor, we condition
on an intersection of fewer than |S| events).

Combining the two bounds,

Pr (Az

A A

) _br (Ai N Njes, Aj ‘ Nrkes, /T/c)
Pr (/\j651 A; ‘ Nies, /Tk)

jes
L HJGS1(1 - 'Tj)
- Hj€51(1 - xj)
= T,
which proves the claim. O

1.4 COUNTING DERANGEMENTS

A derangement is a permutation having no fixed point. It is well known that the
number of derangements on the set [N] is the integer nearest to 2 [15]. The lopsided
local lemma gives this value as an asymptotic lower bound. (Using the forthcoming
machinery of positive dependency graphs, Lu and Székely [21] obtained this as an
asymptotic upper bound, as well.)

In the uniform probability space containing all permutations on the set [NV], let
A; denote the collection of all such permutations having i as a fixed point. The

event AY, A; contains precisely those permutations having no fixed point (that is,

the derangements on [N]).



No pair of distinct events A; and A; are independent, since

(V-2 1

PI‘(Az/\AJ): N N2_N7

while

(N1 (N1 1
For this reason, the local lemma fails in the worst possible way. Remarkably, the lop-
sided local lemma succeeds in the best possible way, allowing for an edgeless negative

dependency graph.

Theorem 1.5. In the uniform probability space containing all permutations on the
set [N], let A; denote the collection of all such permutations having i as a fized point.

The graph with vertex set [N] and no edges is a negative dependency graph for the
events {Ay, ..., An}.

Lu and Székely [20] prove a more general statement about random injections, of
which the theorem above is a simple case. Before presenting an alternative proof, let
us take a moment to see why we might expect it to hold for just two events. Asking
whether Pr (A1 ‘ /TQ) is less than or equal to Pr (A;) can be phrased as follows: Does
the knowledge that the element 2 is not a fixed point reduce the likelihood that the
element 1 is a fixed point? The fact that 2 is not a fixed point means it is slightly
more likely than usual that it is mapped to 1, so it is slightly less likely than usual

that 1 is a fixed point.

Proof of Theorem 1.5. Without loss of generality, we will establish the inequality

AN)SPI(M)

for any k € [N — 1], which is defined to be

k
Pr A
j=1




Now, Ay is the collection of permutations on the set [IV] having N as a fixed point, so

|Ax| = (N — 1)!. Clearing denominators, we are left with establishing the inequality
k [
N4

j=1

which we achieve by the following combinatorial argument.

N <

)

k
AANT

J=1

Since all permutations belonging to Ay A /\;?:1 A; have N as a fixed point, we may
view the event as the collection of all permutations on the set [N — 1] having no fixed
points in the set [k]. The event /\g?:1 A; is the collection of all permutations on the
set [N] also having no fixed points in the set [k]. Denote these collections by An_;
and Ay, respectively.

For any o € Ay_1, define o; for each i € [N] via
N ifj=i

0i(j) =q0(G) ifj=N

o(j) otherwise.

Each o, is distinct, since o;(N) # 0;(IN) whenever i # j. Moreover, distinct
permutations ¢ and 7 belonging to Ax_; must differ in at least two coordinates, so
o; # 7; for any ¢ and j. Finally, since o has no fixed points in [k], neither does o; for
any i (recall that N ¢ [k]), which means each o; belongs to Ay. Taken together, we
conclude N|An_1| < |An|, as desired. O

1

With an edgeless negative dependency graph in hand, we can take each z; = +

in the lopsided local lemma, since

)—U
=
&
I
|
|

ijed

The lopsided local lemma concludes

(R0 -0

which converges to % Therefore, % is an asymptotic lower bound for the number of

derangements on the set [V].



1.5 ASsYMPTOTIC ENUMERATION WITH THE LOPSIDED LOoCAL LEMMA

For asymptotic analysis, we will be interested in sequences of problems in which the
size of the events and/or the ambient probability space depends on some parameter
tending toward infinity. For example, the events “at least one head” or “at least
v/N heads” in the probability space of all possible outcomes of N coin flips induce a
sequence of problems when N grows without bound. We will denote such a growing
probability space by {2y to emphasize that its size depends on N. Lu and Székely
[21] provide conditions under which an asymptotic lower bound for Pr (/\?:1 E) can
be obtained from the lopsided local lemma. Notice Pr (A;) will depend on N even if
the event A; does not explicitly reference N, since the size of the ambient probability

space 0y grows with N.

Theorem 1.6 (Lu, Székely 2011). Let Ay, ..., A, be events in a probability space
Qn with negative dependency graph ([n], E) and set p = Y0 Pr(A;). If there is €

(depending on N ) such that
o Pr(A;) < e foralli,

o Y Pr(A))+2Pr’(A;) <e foralli, and

jijeE

e ¢y tends to zero as N tends to infinity,

then
(/\ A, ) (1—o(1))e "

Negative dependency graphs are more general but also more difficult to identify
than dependency graphs. Lu, Székely, and the author [19] explored conflict graphs
in several disparate classes of combinatorial objects, which has been a successful
avenue in discovering negative dependency graphs. For the sake of concreteness,

we will define the conflict graph separately in each of the sections on hypergraph

10



matchings, set partitions, and spanning trees, which are the classes of combinatorial
objects with which we will be concerned.

To obtain an asymptotic upper bound for Pr (/\?:1 Z), Lu and Székely [21] in-
troduced the e-near positive dependency graph. In the event that the lower
and upper bounds match in the limit, one obtains an asymptotic expression for the
probability of interest.

For events Ay, ..., A, and € € (0,1), an e-near positive dependency graph ([n], F)

is one in which

e Pr(A; N A;) =0 whenever ij € E and

Pr (Az

holds for each i and any subset S of N (i) (excluding those S for which the

e the inequality

A Aj) > (1— ) Pr(4))

jeS

event /¢ s A; has probability zero, in which case the conditional probability is

undefined).

Notice the reversal in the direction of the inequality (as compared with the nega-

tive dependency graph) results in an upper bound on Pr ( ) E)

Theorem 1.7 (Lu, Székely 2011). If Ay, ..., A, are events with an e-near positive
dependency graph, then

Pr </\14L> <JJ1-(1-e)Pr(4)].

' i=1

With some extra restrictions, this upper bound meets the lower bound in 1.6

asymptotically.
Corollary 1.8. Let Ay, ..., A, be events with an e-near positive dependency graph
in a probability space growing with N and set p = Y Pr(A;). If both en and

11



n Pr?(4;) tend to zero as N tends to infinity, then

"

r(AT) < TT1- - opr(a)
— exp (i log [1 — (1 — ) Pr (Ai)]> |

i=1

>

A) < (1+4o(1))e ™.

Proof. Theorem 1.7 gives

Using the fact that
log(1 — ) :—Z%
for |x| < 1, we write

— €)"Pr*(A)
k

log1 - (1— ) Pr(4) = -3 U

for each i. Now,

(1 — e)F Pr*(4;)

I D MEIEBES 3 Sh e

i=1 k=1 =1 =1 k=

Substituting into the exponential, we have

Pr (/Z\l A,) < exp (f; log[1 — (1 —¢)Pr (Ai)]>

1=1

:exp< 12:21—6 ) Pr(A O(zn: rQ(Ai)>>

P
— exp (—p1) exp (w +0 (2:; Prz(A»))

= exp (—p) (1 +0(1)).

12



In a sequence of problems satisfying the conditions of both Theorem 1.6 and
Corollary 1.8, we can conclude Pr( o E) is asymptotic to e™#. If we further
assume that the ambient probability space is equipped with the counting measure,
then multiplying by the size of the space gives an asymptotic expression for the

number of outcomes avoiding the events Ay, ..., A,.

Corollary 1.9. Let Ay, ..., A, be events in a uniform probability space QU equipped
with the counting measure and set yp = ", Pr(A;). If the conditions of both Theorem

1.6 and Corollary 1.8 are satisfied, then

3

= (14 0(1))|Qn]e™".

A;

1

1

13



CHAPTER 2
LoPSIDED LOCAL LEMMA FOR HYPERGRAPH

MATCHINGS

2.1 INTRODUCTION

An s-matching (or simply matching) in an s-uniform hypergraph is a collection of
vertex-disjoint edges (each containing s vertices) and is maximal provided no strictly
larger matching contains it. Let €2 denote the uniform probability space consisting
of all maximal matchings of some underlying s-uniform hypergraph H. Our primary
objective in this section will be to define a conflict graph for events in {2 (analogous
to the one defined in Chapter 3 for set partitions) and present some conditions under
which it is a negative dependency graph.

For a particular matching M, define A, to be the collection of all maximal match-

ings extending M. More precisely,
Ay ={LeQ|MCL}.

We call the collection A,; the canonical event for the matching M to emphasize
its interpretation as an event in the probability space 2. Two matchings conflict
whenever their union is not again a matching, and two canonical events conflict when
the matchings used to define them conflict.

Finally, let M be any collection of s-matchings. The conflict graph for the
collection {Ay | M € M} of canonical events is a simple graph whose vertex set is

M. Two matchings are adjacent in this graph if and only if they conflict.

14



Figure 2.1 Canonical event for single-edge matching in Kj.

2.2 ExAMPLE CONFLICT GRAPH

Take the complete graph on six vertices to be the underlying graph (a graph is a 2-
uniform hypergraph). The single-edge matching B is pictured in Figure 2.2 together
with its canonical event Ap, which consists of the three maximal (indeed, perfect)
matchings containing the edge B. The edges incident to a vertex of B are not pic-
tured to emphasize the fact that they cannot possibly be including in any matching
containing B. For this reason, there is a natural bijection between the outcomes of
the canonical event Ap and the collection of perfect matchings of the complete graph
on four vertices.

Unrelated to the previous example, consider the three matchings K, L, and M
in the complete graph on six vertices pictured in Figure 2.2. The matchings K
and M conflict, because their union is not again a matching. The canonical events
(not pictured) Ax and A, are disjoint, since no perfect matching extends both the
matchings K and M simultaneously. Similarly, the matchings L and M conflict. The
matchings K and L do not conflict, since their union is itself a matching (indeed, a

perfect matching). The conflict graph for the these events is therefore the graph with

15



Figure 2.2 Matchings K, L, and M, respectively.

vertex set {K, L, M} and edge set { KM, LM}.

2.3 NEGATIVE DEPENDENCY GRAPH

For the enumeration of regular uniform hypergraphs in Chapter 5, the underlying
graph will be a complete uniform hypergraph, in which case the conflict graph is

always a negative dependency graph [19].

Theorem 2.1 (Lu, M, Székely 2012). Let M be any collection of matchings in a
complete uniform hypergraph. The conflict graph for the collection {Ay | M € M}

of canonical events is a negative dependency graph.

At this point our interest in hypergraph matchings is two-fold. In Chapter 5, we
apply the theorem above (together with other tools) to the asymptotic enumeration
of regular uniform hypergraphs. In Chapter 6, we pursue the classification of the

underlying hypergraphs for which the theorem above holds.

2.4 PosSITIVE DEPENDENCY GRAPH

Let M be a collection of matchings in the complete s-uniform hypergraph on N
vertices with negative dependency graph (M, E), and let ¢ be a positive real number.
(For the moment, we may suppose that s and § are both fixed, but later applications

will allow these to grow slowly with N.) Such a collection is d-sparse provided

16



no matching from M is a subset of another matching from M and the following

inequalities are satisfied for every matching M € M and every edge e € E:
e Pr (AM) <0

° Z Pr(Ap) + PrQ(AL) <0

L:LMeE

o > Pr(A;)+Pr*(4;) <§

L:ecL

° Z Pr (Ap)+ Pr® (Ap) <,

N N—s|M| N—s|M|

Muy={L\M|LeM,L#MLNM#{,L does not conflict with M}.
A collection in which every matching contains at most k edges is k-bounded.

Theorem 2.2. Let M be a collection of matchings in a complete s-uniform hyper-
graph. If M is d-sparse and k-bounded, then the conflict graph for the canonical

events {Apr | M € M} is also an e-near positive dependency graph.

The precise relationship between the parameters k, s, §, and € is deferred to

Section A.2.

2.5 ASYMPTOTICS FOR AVOIDING MATCHINGS

Let Q2 be the uniform probability space of maximal matchings of a complete uniform
hypergraph. In this space, the expression Pr (/\ MeMm E) denotes the probability that
a maximal matching chosen uniformly at random from €2y contains no submatching
belonging to the set M. According to Theorem 2.1, the conflict graph for any col-
lection of canonical matching events is a negative dependency graph. Theorem 2.2
gives some restrictions on M under which we are assured the conflict graph is also a

positive dependency graph. Theorem 1.6 and Corollary 1.8 give further restrictions to
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ensure nice asymptotic behavior. We gather here all these conditions into one place
to derive an asymptotic expression for Pr (/\ MeM E) Take note that expressions
such as Pr (Aj) will depend on N since the size of the ambient probability space 2y

depends on N.

Theorem 2.3. Let Qy denote the uniform probability space of perfect matchings of
K3, the complete s-uniform hypergraph on N wvertices. Let r and e both depend on
N, where r is a positive integer and € is a real number eventually lying in the interval
(0, 1—16) Let M be a k-bounded collection of matchings in K3 in which no matching

is a subset of another. For any matching M € M, define the canonical event
Ay ={LeQyn | M C L}.

Set =3 yrem Pr(Ay). Finally, suppose the following inequalities are satisfied for

every matching M € M and every edge e of K3:

o Pr (AM) <€

. > Pr(Ar) <e

L:L,M conflict

° Z Pr (AL) <€

LeM:ecLl

e Y Pr(Ap)<e
LEMMN_Sk

If, in addition, kse = o(1), then

Pr( A AM> — g HHOhsen) (2.1)

MeM

Furthermore, if ksep = o(1), then

Pr( A AM> = (14 O(ksep)) e .

MeM

The proof (like the statement) is technical, and we relegate it to Section A.2. We
will make use of this result in Chapter 5, wherein we establish a bijection between a

certain class of matchings and hypergraphs avoiding small cycles.

18



CHAPTER 3

NEGATIVE DEPENDENCY GRAPHS FOR SET PARTITIONS

Let €2 denote the uniform probability space consisting of all partitions of some un-
derlying set X. (Equivalently stated, Q contains all perfect matchings of complete
nonuniform hypergraph on the vertex set X in which edges of the matching are not
required to have the same size.) Our primary objective in this section will be to define
a certain type of conflict graph for events in €2 and present some conditions under

which it is a negative dependency graph.

3.1 INTRODUCTION

A partial partition is a collection of disjoint subsets of the underlying set X. (A
partial partition may in fact fully partition the set X.) For a particular partial
partition P, define Ap to be the collection of all (ordinary) partitions extending P.
More precisely,

Ap={QeQ[PCQ}.

(We are using the ordinary subset relation, not the refinement relation.) We call
the collection Ap the canonical event for the partial partition P to emphasize its
interpretation as an event in the probability space 2. Two partial partitions conflict
whenever their union is not again a partial partition, and two canonical events conflict
when the partitions used to define them conflict.

Finally, let P be any collection of partial partitions of the set X. The conflict
graph for the collection {Ap | P € P} of canonical events is a simple graph whose

vertex set is P. Two partitions are adjacent in this graph if and only if they conflict.
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Table 3.1 Partial partitions of [5]
and corresponding canonical events.

Partial Partition | Canonical Event
1213145
P 12|3 Ar 1513145
1412135
@ 14]2 4q 1412315
R 12|45 Ap 12\3|45

In this section we are concerned with characterizing the collections {Ap | P € P}
of canonical events for which the conflict graph is a negative dependency graph. In

other words, for what collections P of partial partitions does the inequality

Pr (Ap

hold for each P € P and every subset S of N(P)? (In this instance, N(P) is the

A\ AQ) < Pr(Ap)

AgeS

subset of P containing precisely those partial partitions that do not conflict with P.)

3.2 ExaMPLE CONFLICT GRAPH

Consider the underlying set X = [5] and the partial partitions P, @), and R defined
in Table 3.2. (The notation, for example, 12 | 3 is shorthand for {{1,2}, {3}}.)

The partial partitions P and @ conflict, since PUQ = 12 | 3| 14 | 2 is not a
collection of disjoint subsets. Notice the canonical events Ap and Ag are disjoint.
Similarly, the partial partitions  and R conflict. On the other hand, the partial
partitions P and R do not conflict, since PUR = 12 | 3 | 45 is itself a partial partition
(in fact, it is an ordinary partition). The conflict graph for the associated canonical

events is therefore the graph with vertex set {P, @, R} and edge set { PQ, QR}.

3.3 A CrLass oF COUNTEREXAMPLES

For convenience, let us henceforth assume that the underlying set of the partitions is

[N], write Qx to denote the space of all partitions of [N], and write P]’Vr() to denote
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the probability is taken with respect to the space Q.

The conflict graph need not be a negative dependency graph for arbitrary collec-
tions P of partial partitions. Indeed, a counterexample exists for every N, but the
construction presented there seems to rely on the fact that each partial partition is
quite large with respect to the underlying set. To present the counterexamples, we
introduce N*" Bell number By [4, 5, 24], which is the number of partitions of an
N-element set.

Let the size N of the underlying set be given. For each i € [N], let P; denote the

partition of [N]\ {i¢} into singletons. We have

P N,T —P NA _ Byl
()= () =5

since the only partition extending any of the P; is the partition of [N] into singletons.

On the other hand, the partition of [N + 1] into singletons extends any of the P;.
Each P; is also extended by the partition containing only singletons except for the

block {i, N 4+ 1}. Thus we have,

N N
-—\ _ _ Byai—(N+1)
z&rl (A AP”) N 1&} (\/ APZ') N '

Byt

Before proceeding, we will need the fact that

N N
(A7) > g (A7)
Begin with the fact that (N + 1)By > By, for all integers N (see Appendix B).

Now,
(N + 1)BN > BN+1
_BN+1 > —(N—'— 1>BN

BNi1By — Byy1 > ByaiBy — (N +1)By
By—1_ Buyi—(N+1)
>
By By

N N
(A7) - (A7)

i=1
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as desired.

Introduce now another partial partition P = {{N + 1}}. We have

violating the condition of negative dependence. Thus, the conflict graph for the events

AP7 AP17 ) AP

+ 1S not a negative dependency graph in the space {2y41.

3.4 RESULTS

For a collection P of partitions of [N], let a(P) denote the average number of blocks

among the partitions belonging to P. That is,

P
a(P) = EP‘E;;” ’
For example, it is known that a(Qy) = BBN—;l — 1 (see Appendix B). The conflict

graph is a negative dependency graph for collections P that are “coarse” enough in
the sense that the average number of blocks of its corresponding canonical events is
smaller than the average over all partitions.

The following lemma will be useful for establishing negative dependency graphs
in collections of coarse partial partitions. Notice the conclusion is for the entire

collection P of partial partitions and says nothing about subcollections.

Lemma 3.1. Let P be a collection of partial partitions of [N]. If

()=

PeP N

or, equivalently,

B
a’(UAP>§ g;l_la

PeP
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then

(A7) <8 (A7)

PeP PeP
Proof. For convenience, let PV = Npep AN and PN = Npep W, where the
superscript denotes the size of the underlying set. Given any partition P € PV, one
can form a partition belonging to PN*! either by adjoining the block {N + 1} to P
or by introducing the element N + 1 to any existing block of P. From this we see

PY = 3 (1P + 1)

PepN

=P+ X 1)

PecpXN

_ (1 N Zp;;ag'lPI) |

~(1+a(P) P

> (1 + Bg;l _ 1) P

= Byy1 Pr (PN> ;
so Pr (PN+1) > Pr (PN). 0

A heavy-handed way to ensure sufficient coarseness is to require every block ap-
pearing in P be large enough. It turns out a block size of log NV is large enough, and
empirical data suggests this is as small as possible. The proof of this fact relies on
Canfield’s formulation [9] of Moser and Wyman’s asymptotic expression for the Bell

numbers [23].

Lemma 3.2 (Canfield 1995). Let r be the unique real solution of the equation re” = N
(that is, r = LambertWo(N) ). The identity

(N+h)! exp(e"—1)

Byn = FN+h (2nB)1/2
Py + hP, + h2P. + hQ1 + h2Qq + h2Qs + h?
(1 i 0 elr 2 i Qo 1 Cj; Qs Q4 I O(e_gr)

23



holds uniformly for h = O(log N) as N tends to infinity, where

B = (r*+r)e,
po_  2rt 97+ 16 4 6r + 2
° 247 (r +1)3 ’
P = _7’2%—37“%17
2r(r+1)2
1
Pp=——
2r(r+1)
Q0 = 4 + 241 4+ 100r? — 636r® — 588r* — 38475 — 143r% — 1217 + 4r®
o 115272(r + 1)0 ’
O, _ 032565 +135° 4 1015 4 371% + 61°
b A8r2(r + 1)° ’
0, _ 20907 + 1907 + 105 + 201"
2 48r2(r + 1)4 ’
5+ 157 + 572
= ————,and
@ = g1
1
@i = 8r2(r+1)2

The factor of r = LambertW (V) proves troublesome in the asymptotic analysis,

so we make use of the following bounds [16].

Lemma 3.3 (Hoorfar, Hassani 2008). For every x > e, we have

1logl log1
logz — loglog x + S 087087 < LambertW(x) < logx — loglog x + € 0808t
2 logx e—1 logx

with equality only for x = e.

Lemma 3.4. Set k = [log N| and let ¢ be any constant. The inequality

BN—H BN+1—0€

> 1
By Byt

holds for all sufficiently large N and any { > k.

Proof. The case ¢ = k is handled by a Maple worksheet [22] making use of the
Moser-Wyman expansion of the Bell numbers and the Hoorfar-Hassani bound on the
LambertW function. The sequence % is nonincreasing in ¢ [12], which gives the

desired conclusion for any ¢ > k. m
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Theorem 3.5. Set k = [log N| and let ¢ be any constant. If P is a collection
(possibly depending on N ) of partial partitions of a sufficiently large set [N] such that
every partial partition P € P contains at most ¢ blocks and every block contains at
least k elements, then the conflict graph for {Ap | P € P} is a negative dependency

graph.

Proof. Let P € P and let Q be any subcollection of P that does not conflict with P.

Our ultimate goal is to establish

(A

QeQ

W) <) o

QeQ
To that end, define Qp = {Q \ P | @ € Q}. Let ||P|| denote the number of ground
elements (not blocks) appearing in the partial partition P and assume, without loss of
generality, that these elements are N —||P||+1, ..., N. Since P does not conflict with
Q, any block of P is either identical to or disjoint from any block of ) € Q. Hence,
the ground elements appearing in partial partitions belonging to Qp are elements of
the set [N — || P||]-

Now, if ) € Qp, then there is nothing to show (the lefthand side of Inequality 3.1

evaluates to zero). Otherwise, let {cg, | @p € Qp} be nonnegative weights such that

2: CQP::1

Qpelp
and
a ( U AQP) = Z CQpa (AQP) :
QpPEQpP QpeQp
Fix an arbitrary partial partition Qp € Qp and denote its blocks by By, ..., B;.

Each of the B; contains at least k elements. In what follows, we use a superscript
N on a collection of partial partitions to denote the number of ground elements over

which the partitions are to be formed. Repeated application of Lemma 3.4 and the
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BN i1

monotonicity of the sequence B

give
o) =3o (0157
Byi1-)Qel
By el
Byi1-j@e\{B1}]
By_ji@p\iBi3
BN 41-11Qp\{B1,B:}

=j—1+

<Jj—2+

<j—=3+
BN_j@p\(B1,B:}
By _
<j _ (] 4+ 1) + g'H QP \{B1,...,B; }|
N—||Qp\{B1,....,Bj }
_ By
By

for all sufficiently large V.

As QQp was selected arbitrarily from Qp, we can write

a( U AQP>: Z CQPa(AQP)

QpeQp Qpelp
By
< 2 car ( By 1)
Qpelp N
_ % 1
By ’

Finally, we return to the negative dependency inequality 3.1. Repeated application
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of Lemma 3.1 gives

(A

QReQ

Ap| = Pr A

P) N=|IP] (QP/E\QP QP)
< Pr Ao,
- NP (QP/G\QP QP)
< Pr A
— N42—||P| (Qp/e\gp QP)

IA

IJDVI"( /\ AQP)
QpeQp
Pr /\ AQ> .
N (QGQ

IN

3.5 FAILED ATTEMPT VIA INJECTION

Let M be a partial partition and M be a collection of partial partitions that does
not conflict with M. The correlation inequality presented in Section 1.3 would ask

us to verify
PI‘(AM)PI"< \/ AL> SPI" (AM/\<\/ AL>>,
LeM LeM

which is equivalent to

| A < By

AMm<U AL>

LeM

U A

LeM

A radically different approach to verifying this inequality would be to establish an
injection f from the set
{(RQ) | P e Ay, Q € U AL}
LeM
(which has cardinality equal to the left-hand side) into a set of cardinality no larger

than the right-hand side. We describe below one such attempt and demonstrate
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where it comes short of achieving the desired goal. Notice that the inequality cannot
possibly be verified in full generality, since there are counterexamples for every N. It
is the author’s hope that a similar approach can be made to work for appropriately
restricted collections of partial partitions.

Given a partial partition R, let supp(R) denote the collection of all ground el-
ements appearing in R. When speaking of the restriction of a partial partition to
another, we may write R [¢ to mean R [qpp(s)- Empty blocks arising as a result of
restriction are discarded.

Let C = [N] \ supp(M) (“C” for “complement”). We will say a block B of a

partial partition is
e a type M block whenever B [y= B [[n],
e a type C block whenever B [¢= B [y}, and
e a mized block if it is neither type M nor type C.

In other words, if we first restrict our attention only to elements of [N] (there
will be other kinds of elements to consider later), then type M blocks contain only
elements of M, type C blocks contain no elements of M, and mixed blocks contain a
mixture of the two kinds of elements.

Let now P € Ay and @ € Ureaq be given and let (P, Q) — (P, Q') under f.

To obtain P’ from P:

1. Remove all type M blocks from P. (Since P € Ay, this is just P\ M.)
2. Insert all type M blocks of @) into P.

3. For each mixed type block B of @, let {g = min(B [¢) and insert into P the
block (B [y) U {!71\3}, where /5 denotes a duplicate, but distinguishable, copy
of EB.
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For the purposes of the function f, duplicate elements will always correspond to
elements of C, so we define C = {{ | £ € C} as the collection of possible duplicate

elements.

To obtain @’ from Q:

1. Remove all type M blocks from Q).

2. Replace each mixed type block B of ) with B [¢.
3. Insert all blocks of M into Q.

(As an example of the behavior of f, consider M = 1|23, P = 1|23|4|56, and @) =
13|26]45. The procedure described above gives P’ = 13|26|4/56 and Q' = 1|23]45/6.)

Lemma 3.6. The function f is injective.

PTOOf' Let f(Pval) = (vaQll) = (P2/7Q/2) = f(PQ’QQ)' We show (Plan) =
(P27Q2)'
Since P| = Py, it follows that P [¢c= P} [¢, and so
Py =P lc UM
= Pl |c UM

:PQ.

Since Q] = @5, it follows that Q) \ M = Q5 \ M, and so Q1 [¢= Q2 [¢. Now,
every type M block of P/ = Pj is also present in both ); and Q2. Every mixed block
B of P/ = P} contains an element /e CA)', and so there is B; € ()1 and By € ()5 such
that ¢ belongs to both By and By and By [y= By [y= B\ {Z} Since Q1 [c= Q2 |c,
we know also that By [¢c= By [¢, and thus By = Bs. As this holds for all mixed

blocks of P{ = Pj, we have Q1 = Q». H

It remains to verify the inequality

U A

LeM

| A < By

AMm<U AL> :

LeM
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Since f is injective, we have

<

H(P,Q) | PeAu,Qe U AL}

LeMm

{f((P,@mPeAM,@e U A}|

LeM

Observe that, if (P,Q) — (P’,Q’) under f, then Q' € Ay N (Urem AL), since M
does not conflict with M. Hence, there are at most |Ay N (Uren ArL)| possible Q.
The desired inequality would follow by showing, for each fixed Qf € Ay N(Urenm AL),

we have
{P" (P, Q) € im(f)}] < Bw.

Unfortunately, this inequality is not true. Fixing @) only restricts what elements
of C' can be applied as labels in a P’ under f. The available labels are precisely the
minimum elements of type C' blocks of (). Since Q) can have as many as N — 1 type
C blocks, the fact that @) is fixed can be of little help.

For a concrete example, let M = {{1}}, M contain only the partial partition
{{2}}, and Q) be a partition of [N] into singletons. The partition P € Ay may be
any partition having the singleton block {1}. The partition @ € Ay that would
map to @ under f may be the partition of [/V] into singletons or any partition that is
singletons except for the block {1,i} for i ¢ {1,2}. If @ is of the former type, then the
resulting P’ may be any partition having the singleton block {1}, of which there are
By _1 possibilities. If @ is of the latter type, then P’ may be any partition containing
the block {1,7} for i # 2, of which there are (N — 2)By_; possibilities. In total, this

Bn_
By,

gives (N — 1)By_; possible P’ that may appear with @ under f. Since o %

(N—1)By_

(where r is the solution to the equation N = re") [11], we have “=—p=*=* ~ r, which

grows without bound in N. Hence,

{P"| (F',Q) € im(f)} > By

for large N. (In fact, it is already true for N = 5.)
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3.6 FURTHER RESEARCH

In light of the class of counterexamples in Chapter B, one cannot guarantee even
asymptotically that the conflict graph for an unrestricted collection {Ap | P € P}
of canonical events is a negative dependency graph. The known counterexamples
seem to rely on the fact that the set of ground elements of partial partitions in the
collection P is quite a large subset of [N]. Empirical evidence suggests that a negative

dependency graph always exists when this is not the case.

Conjecture 3.7. Let P be a collection of partial partitions of [Ny]. For sufficiently
large N, the conflict graph for {Ap | P € P} is a negative dependency graph in the

probability space €.

While possibly true, this conjecture carries with it the unfortunate restriction that
only members of Q2 whose support lies in [INy] can be forbidden via the lopsided local
lemma.

In Chapter 5, we make use of the lopsided local lemma to derive asymptotics
for the number of hypergraphs avoiding small cycles. It was the author’s intent to
derive a similar expression for the number of partitions avoiding small blocks. For

this application, we are interested only in the collection P defined by
P ={{B}: B C[N],|B] <m}

for some fixed (or perhaps slowly growing) integer m. Showing that the conflict graph
for this collection is a negative dependency graph would be an important step toward

proving the following conjecture about partitions having no small blocks.

Conjecture 3.8. The number of partitions of [IN] whose smallest block is of size m

w5025

k=1

is asymptotic to

(assuming restricted growth of m as a function of N).
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The conjecture is correct when m = 2, for which it claims the number of singleton-
free partitions of [N] is asymptotic to By exp (—N BBN—;). The number of such par-
titions can be expressed exactly as > (—1)¥~'B; using Lemma B.2. Dividing both

sides by By, we show BlN N (=1)N='B; and exp (—NBg;) converge to the same

value. For both calculations, we make use of Canfield’s expansion for the Bell num-
bers.

For the former,

For the latter,
Bn_1 1
exp (—N B > = exp (_r'l—i—pdy(r))

ceo(o-o(2))

. 1 . .
since 1= ~ 1 F x as x — 0. Continuing,

oo (=1 (1-0(PEO))) —onp (-0 (220
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CHAPTER 4
NEGATIVE DEPENDENCY (GRAPHS FOR

SPANNING TREES

The probability spaces we defined for hypergraph matchings and set partitions have
in common that a partial object (partial matching and partial partition, respec-
tively) does not conflict with any maximal object (maximal matching and partition,
respectively) in its corresponding canonical event. This useful property lends itself
immediately to the use of induction, since every maximal object splits nicely into the
partial object and its extension. The proofs presented on hypergraph matchings rely
on the fact that we can extend a partial matching M to a maximal one by taking
the disjoint union of M together with any maximal matching of the vertices missed
by M. Similarly, we extend a partial partition P to a full partition by taking the
disjoint union of P together with any partition of the ground elements missed by P.

In this section, we define a natural space in which a partial object (forest) conflicts
with every maximal object (spanning tree) in its canonical event. As a result, the
maximal objects do not split nicely into the disjoint union of a partial object together

with its extension.

4.1 INTRODUCTION

A cycle in a simple graph is a sequence of vertices and edges vy, ey, vg, €a, ..., Vg,
ex (k> 3) in which e; = {v;, v;41} for each i (where we understand vg,; to be v1). A

forest is a cycle-free graph, and a tree is a connected forest. (Notice each connected
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component of a forest is a tree.) Given an underlying graph G, we say a tree T is a
spanning tree of G whenever the vertex set of T' coincides with the vertex set of G.

Let €2 be the uniform probability space containing all spanning trees of Ky, the
complete graph on N vertices. For any forest F' contained in Ky, define the canon-
ical event Ap to be the collection of all spanning trees of K containing F. That
is,

Ap={T€Q|FCT}.

Two forests F; and F, (both contained in Ky) conflict whenever there are trees
Ty C Fy and T, C F; such that T} and 75 are neither identical nor disjoint.

Finally, let F be any collection of forests contained in Ky. The conflict graph
for the collection {Ar | F' € F} is a simple graph whose vertex set is F. Two forests

are adjacent in this graph if and only if they conflict.

4.2 EXaAMPLE CONFLICT GRAPH

Take K4, the complete graph on four vertices, to be the underlying graph. Figure
4.2 depicts a forest contained in K4 composed of two disjoint edges. The canonical
event for this forest consists of the four spanning trees of K, that contain it as a
subgraph. Notice every spanning tree in the canonical event conflicts with the forest
that defined it.

Unrelated to the previous example, consider the three forests D, E, and F pictured
in Figure 4.2 with Ky as the underlying graph. The forests D and F' conflict, since the
leftmost component of D is neither identical to nor disjoint from the single component
of F'. Similarly, the forests E and F' conflict in the lower component of E. The forests
D and E do not conflict, since any two components (one from D and one from F)
are either identical or disjoint. The conflict graph for the associated canonical events

is therefore the graph with vertex set {D, E, F'} and edge set {DF, EF'}.
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Figure 4.1 Forest in K, and its canonical event.

Figure 4.2 Forests D, E, and F, respectively.



4.3 RESULTS

The main result of this section is that the conflict graph for any collection of forests

is a negative dependency graph.!

Theorem 4.1. Let F be any collection of forests in Kx. The conflict graph for the

collection {Ap | F' € F} of canonical events is a negative dependency graph.

We first prove two lemmata. The first counts the number of spanning trees of
Ky that contain a given forest (i.e. the size of a canonical event). When the forest
is edgeless, the lemma gives the familiar result of Cayley [29] that the number of

spanning trees of Ky is NV~2.

Lemma 4.2. Let F' be a forest in Ky with connected components Ty, ..., T} on tq,
..., tp vertices, respectively. The number of spanning trees of Ky containing F is
given by

NN—2 ﬁ t’L
o Nt

Proof. Contracting the components of F' to single vertices reduces the number of

vertices by t; — 1 for each component 7;. Setting N’ = N — X% (t; — 1), this
contraction transforms a spanning tree of Ky into a spanning tree of Ky/. Label
the vertices of Ky by v;, where the vertices vy, ..., v; resulted from the contraction
of the components T}, ..., T}, respectively, and the vertices vgi1, ..., vnr were not
covered by F'in Ky.

Menon’s theorem [18] states that the number of spanning trees of Ky in which

each vertex v; has degree r; is given by the multinomial coefficient

N —2
7’1—1,...,7"]\]/—1 '

We must also determine how many spanning trees of Ky contract to a fixed

spanning tree 7" of Ky:. Let us fix our attention on a single component, say 77, of F'.

'Results in this section are joint work with Lu and Székely.
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If the degree of vy in Ky is to be r1, then there must be r; edges from Ky \ T} into
T,. Each of the r; edges has t; choices for its endpoint in 77, resulting in ¢]* possible
assignments of the edges. Any two such assignments are indistinguishable after the
contraction of T;. Multiplying now across all components, we find there are [[F_, ¢/*
spanning trees of Ky whose contraction results in 7".
The previous two paragraphs show that the number of spanning trees of Ky
containing F' is given by
5 < N —2 ) ﬁ o
P trama(N—1) \T1 L...,rev—1) 20"
Assigning r; <— r; + 1 for each of the indices of summation, we write instead

> ( N —2 )ﬁt:ﬁl

et =N/—2 'Ly TNY )iy
d N =2\ &
.
e x> (N7 e
i=1  rytetrr=N'—2 L--->TN'" ) ;4

Let now txy1 = -+ =ty = 1. Invoking the Multinomial Theorem, the expression

above becomes

e > (M )ﬁt

i=1  ridedrp=N'—2 T1,..., TN/

:ﬁti (%u)zv'z

=1 =1
k
:NN/_2 H tz
=1

_NN72 ﬁ tl
o bt Nti—1"

]

Two forests are in strong conflict whenever they are not vertex disjoint. As a
preliminary version of Theorem 4.1, we show that the strong conflict graph (i.e. the
conflict graph that uses the definition of strong conflict) is a negative dependency

graph.
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Lemma 4.3. Let F be any collection of forests in Ky. The strong conflict graph for

the collection {Ap | F' € F} of canonical events is a negative dependency graph.

Proof. Let us be given a forest F' € F and any subcollection G of F containing forests
that are not in strong conflict with F'. We seek to establish the correlation inequality
formulation of negative dependence introduced in Section 1.3, namely

Geg Geg

(In fact, we will prove equality.) By inclusion-exclusion, we have

() peomen(a

Geg HCG HeH
HAD
and
Pr (AF/\ \/ AG) =Y (-1)""pr (AF/\ A AH).
Geg HCG HeH
HAD
We claim

Pr ( A AH> . <AF/\ A AH> (42

HeH HeH

for every nonempty subset H of G, which will establish the correlation inequality 4.1.
The event Apcy An consists precisely of spanning trees that contain Ugey H as
a subgraph. Denote this union by H’, so that Aycy An = Agr.
If H' contains a cycle, then the corresponding event is empty, and both sides of

Equation 4.2 evaluate to zero.

Assume now that H' is a forest. Let fi, ..., f. denote the sizes of the connected
components of F' and similarly hq, ..., hy for H'. From Lemma 4.2, we have
NN 2 H . r f
= Nfz o 7
Pr(Ar) = NN 2 z:l—[1 Nii
and
NN 2 H 1 h . s h:
. =1 NIy . 7
Pr (AH/) = NN 2 1:[1 W
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Since F' is not in strong conflict with any of the forests belonging to H, we know F
is vertex disjoint from H’. Thus, F'U H' has components of size fi, ..., f., hi, ...,

hs. Again by Lemma 4.2, we have

N-=2 1717

i=1 fl 1H 1 h—l r
Pr(Ap AN Ag) = ]]\\;N 3 = N _1_[]\7]0Z 1 H Nh-—l’

which establishes Equation 4.2. O
We now return to the proof of Theorem 4.1.

Proof of Theorem 4.1. Let us be given a forest I' € F and any subcollection G of
F containing forests that are not in conflict with F'. We seek to establish yet an-
other formulation of negative dependence. Starting with the correlation inequality
introduced in Section 1.3, we may derive the equivalent expression

PI‘(\/AG SPI‘ AF/\\/AG
Geg Geg

Pr (AF

1—PI‘(/\Ag) SPI‘ AF/\\/AG

Geg Geg

PI‘(AF) Pr AF (/\ AG S Pr AF/\ \/ AG
Geg Geg

Geg Geg

Pr (AF) — Pr (AF A \/ AG < Pr AF (/\ Ag>

Geg Geg

Pr(AF/\/\AG < Pr(Ap)P (/\AG>.

If F'is vertex disjoint from every G € G, then Lemma 4.3 finishes the proof.
Otherwise, write Gp = G \ F for each G € G. Write also Gr = {GFp | G € G}. Since

F' does not conflict with any G € G, it follows that F' is vertex disjoint from every
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member of Gr. Now,

Pr(AF/\ /\AG) :Pr(AFA A AGF)

Geg GreGr

= Pr(Ap)Pr ( A AGF) (by Lemma 4.3)
GreGr

Geg

gPr(AF)Pr(/\ Ag)
]

Even though we showed equality in 4.1, this is not enough to conclude the strong
conflict graph is a dependency graph. To establish the mutual independence required
for a dependency graph, we still need to show that Ap is independent of the event
algebra generated by {Ay | H € H}, which would allow events such as Ay to appear

in 4.1. This can be accomplished with the following lemma.

Lemma 4.4. Let A be a collection of events and let A be any event belonging to A.
If
Pr (A/\ N B) =Pr(A) [[ Pr(B)
BeB BeB

for any subcollection B of A, then A is independent of the event algebra generated by
A.

Proof. Since we know A is independent of any subset of A, it remains to show that
we still have independence even when some events from A are complemented.

We proceed by induction on |B|. If B contains a single event B, then
Pr(AAB) =Pr(A) - Pr(AAB)
=Pr(A) —Pr(A)Pr(B)
=Pr(A)(1-Pr(B))

=Pr(A)Pr (E) :
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Assume now that A is independent of any subset of size j of the event algebra
generated by B. For convenience, we show A is independent of the event algebra
generated by {Bjy, ..., Bj+1}. To accomplish this, we begin a second induction on the
number of complemented events. There is nothing to show it none of the events are
complemented. Assume now independence holds when there are at most k£ comple-
mented events. Let X; € {B;, B;} and assume in the following that X; = A; for at

most k of the indices. Invoking both induction hypotheses, we have

i=1 i=1 i=1

Pr (AA.BjH/\ /j\Xz> =Pr (A/\ /J\Xz) —Pr (A/\Bj+1/\ /j\XZ>
= P () [T Pe ()~ Pr(4) P (B [T P ()
P (A) 1_1113 (X.) (1= Pr (B; 1))

= Pr(A)Pr (Bj) [1Pr(xX)).
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CHAPTER 5

ENUMERATION OF REGULAR UNIFORM HYPERGRAPHS

5.1 CONFIGURATION MODEL FOR HYPERGRAPHS

Our concern with maximal matchings stems from its application to the configura-
tion model of Bollobds [7], which allows one to project a perfect matching of a certain
collection of points to a multihypergraph. A multihypergraph differs from a hyper-
graph in that a single edge e may contain repeated vertices and the edge e may itself
be repeated in the edge set. For example, the collection {{u, u, v}, {u,v,w}, {u,v,w}}
can be the edge set of a multihypergraph with vertex set {u,v,w}, but not a hyper-
graph. We will be concerned only with configurations that result in an r-regular,
s-uniform multihypergraph, which we describe below. Note that in a multihyper-

graph, we count vertices with multiplicity when defining “regular” and “uniform”.

1. Let U be a set containing Nr distinct minivertices partitioned into N classes
each of size r. The ith such class (i € [N]) will be associated with the vertex v;

in the hypergraph H after identifying its elements through a projection.
2. Choose uniformly at random a perfect s-matching M of the minivertices in U.

3. Each edge of M is a collection of s minivertices, each corresponding to partition
classes with (not necessarily distinct) indices i1, ..., is. For all such edges of

M, add the edge {v;,,v,,...,v;,} to the hypergraph H.

Figure 5.1 illustrates a perfect 2-matching on 4 - 3 minivertices, which projects

to a 3-regular, 2-uniform hypergraph (that is, a graph) on four vertices. We will
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Figure 5.1 Configuration projecting to 3-regular, 2-uniform
multihypergraph on four vertices.

later be concerned with configurations that result in a simple hypergraph, which is a
hypergraph containing no 1-cycles and no pair of edges containing precisely the same
vertices (such edges are called repeated edges). The graph in the figure has both a
1-cycle (involving the top vertex) and a pair of repeated edges (involving the left and

bottom vertices).

5.2 CyCLES IN HYPERGRAPHS
We define a k-cycle in a hypergraph as follows:
e A l-cycle is a single edge with a repeated vertex.

e A 2-cycle is a pair of edges whose intersection contains at least two vertices.

e For k > 3, a k-cycle is a collection ey, ..., e of edges for which there are
distinct vertices vy, ..., v such that e; Ne;x1 = {v;} for all i (where ey is

understood to be ey).

For example, the edges {x,a,b,y}, {y,c,d, 2z}, and {z,e, f,z} form a 3-cycle in a

4-uniform hypergraph.
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For k > 3, the definition given above coincides with the usual meaning of “loose
cycle”. For k = 2, we have a loose cycle whenever the pair of edges intersect in exactly
two vertices. We later call such a cycle a “proper” 2-cycle, while the other 2-cycles
are “degenerate”.

(Tight cycles and Berge cycles are two other well-studied types of hypergraph
cycles [25]. Every tight cycle is a union of 2-cycles, and every Berge cycle either
contains a 2-cycle or is itself a k-cycle for some k. As we will see later, the definition

given above captures these two notions of cycle so far as regards our present purpose.)

5.3 APPLYING THE LOPSIDED LOCAL LEMMA

For the moment, let r, s, and g be fixed integers. (We will later see that these
parameters may be allowed to grow slowly with N.) Fix a set U containing Nr
minivertices (with s dividing Nr) partitioned into N classes each of size r. We wish
to give an asymptotic expression for the number of r-regular, s-uniform hypergraphs
with girth at least g, which are the hypergraphs having no k-cycle for k£ < g. (Under
this definition of girth, a graph of girth ¢ > 3 will contain no tight cycles and no
Berge cycles that are not themselves k-cycles.) To accomplish this via the lopsided
local lemma, let M contain all matchings whose projection is precisely a cycle of
size less than g. In the uniform probability space 2y, of all perfect s-matchings of
U, the expression Pr (/\ Mem H) is the probability that a perfect matching does
not contain a submatching belonging to the collection M. From the perspective of
the configuration model, we may interpret this instead as the probability that an r-
regular, s-uniform multihypergraph on N vertices chosen uniformly at random from
among all such multihypgergraphs will have girth at least g.

Lu and Székely [21] give a detailed summary of the history of the enumeration
of graphs by girth. The count given here introduces three primary advancements

over the existing literature. Firstly, we enumerate r-regular, 3-uniform hypergraphs,
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while existing results focus on the 2-uniform (that is, the graph) case. Secondly,
r and g are allowed to grow slowly with N (as is made precise in the theorem).
Finally (and perhaps most importantly), verifying the hypotheses of Theorem 2.3 in
this probability space can be accomplished with elementary counting techniques and
careful estimation.

In the following result, the exponential factor on the left estimates the proba-
bility that a randomly chosen regular uniform multihypergraph has girth at least
g, while the quotient of factorials on the right counts exactly the number of such

multihypergraphs on N vertices. The proof is deferred to Chapter C.

Theorem 5.1. In the configuration model, assume g > 1, r > 3, and
(2r —2)%73g% = o(N). (5.1)

The probability that an r-reqular, 3-uniform multihypergraph chosen uniformly at ran-
dom has girth at least g is

(14 o(1))exp (— g W) .
If g > 3, then the number of simple r-regular, 3-uniform hypergraphs on N wvertices
with girth at least g is

1+ o(1)) exp (_92—: (27“—.2)1') (rN)!

i=1 27 67“N/3 (%)'(r‘)N

In fact, letting C be a subset of {3,4,...,9 — 1}, the number of simple r-reqular,
3-uniform hypergraphs whose cycle lengths do not belong to C is

(2r —2) (rN)!
2 2 > GrV/3 (%)!(T!)N'

(1+o0(1))exp (1 —r—(r—1)% -

ieC
With extra care in the analysis, the same tools should allow us to enumerate

s-uniform multihypergraphs, where s may grow slowly with N.
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Conjecture 5.2. In the configuration model, assume g > 1, r > 3, s > 2 and
(s —1)*73(r —1)*3¢g> = o(N). (5.2)

The probability that an r-regular, s-uniform multihypergraph chosen uniformly at

random has girth at least g is

(14 0(1)) exp (—gi: S U;ET — 1)1) .

i=1

If g > 3, then the number of simple r-regular, s-uniform hypergraphs on N vertices
with girth at least g is
g—1 i i
s—1)(r—1 riN)!
(1+0<1>>exp(_z< A )) )

5w ) e

In fact, letting C be a subset of {3,4,...,¢9 — 1}, the number of simple r-regular,
3-uniform hypergraphs whose cycle lengths do not belong to C is

S — T — S — 27‘7 2 S — 7:717 i T .
(I +o(1))exp (—( Dir=1) (s=1)* (-1 _Z( 1)22 1) ) (rN)!

2 4 pp (shrN/s (%)!(T!)N.

5.4 FURTHER RESEARCH

We discussed here only the complete uniform hypergraph, but the configuration model
is considerably more flexible. Chapter 6 discusses other hypergraphs for which the
conflict graph is always a negative dependency graph. Using an appropriate configu-
ration, one can attempt asymptotic enumeration by girth of any class of graphs for
which negative and positive dependency graphs can be found. In particular, it is
reasonable to suspect that the complete s-uniform, s-partite hypergraph will support

this sort of analysis.
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CHAPTER 6

PERFECT MATCHING HOSTS

Throughout this chapter, the ambient probability space €2 will consist only of perfect
(rather than simply maximal) matchings of some underlying hypergraph. For a given

matching L, the canonical event
Ap={MeQ|LC M}

will therefore contain only perfect matchings. Recall that the conflict graph for the
collection {Ay; | M € M} of canonical events is a negative dependency graph, where
M may be any collection of matchings in a complete uniform hypergraph. We call
a hypergraph H a perfect matching host whenever we can write “H” in place of
“complete uniform hypergraph” in the previous sentence.

Notice that any hypergraph that has no perfect matchings has the property that

|Az| = 0 for any partial matching L. For such a hypergraph, the inequality

Pr (AL

A AM> < Pr(Ap)

MeM
is satisfied trivially, since both sides always evaluate to zero. For this reason, we wish

only to characterize perfect matching hosts having at least one perfect matching.

6.1 GENERAL RESULTS

A hypergraph is connected if, for any two vertices v and v, there is a sequence ey,

..., ey of edges such that u € e, v € e, and e; N e; 41 is nonempty for i € [k — 1].
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When we say that a subhypergraph F' of H is a perfect matching host, we mean it
is a perfect matching host in its own right (without reference to H) in the probability
space containing all perfect matchings of F'.

In light of the following theorem, we need only be interested in connected perfect

matching hosts.

Lemma 6.1. A hypergraph is a perfect matching host if and only if each of its con-

nected components is.

Proof. To establish the leftward implication, let H be the disjoint union of connected
components C1, ..., Cy, each of which is a perfect matching host. Let L be any partial
matching of H and let M be a collection of partial matchings that does not conflict

with L. Given any collection X of perfect matchings, let X7 = {MNE(C;) | M € X}.

We have
A A
ro(a | p, ) - DD
(AL N Narem E)j
A ey
e |45 0 Narens ()]
B J=1 Narem (ﬂ)j

Now, since each component C} is a perfect matching host, we have
: ——\J
‘AJL N Narem (AM)

mMeM (ﬂ)j

41
=

48



for each j. Thus,

=Pr (AL) .

For the rightward direction, suppose some component C; fails to be a perfect
matching host. That is, there is a matching L of C; and a collection M of matchings

of C} that does not conflict with L but

Pr (AL

in the uniform probability space €7 of all perfect matchings of C;.

A AM) > Pr(Ay)

MeM

Let L' be any perfect matching of H that contains L. Such a perfect matching
must exist, since there must be a perfect matching of the component C; extending
L (otherwise, the negative dependency inequality could not have been violated) and

each component C; with ¢ # j has some perfect matching (since we are only interested
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in hypergraphs with at least one perfect matching). We have

A T

Mem

) B A N Narem E\

PI‘ <AL’ ‘ﬂMGM E‘

AL O Narem (E)]
Narer (E)J
41
€V
_ An]
€V
- A
— 19

>

= Pr (AL/) s
so H is not a perfect matching host. O]

The following lemma is quite useful in showing a hypergraph is not a perfect
matching host by directly violating the inequality Pr (AL ‘E) < Pr(Ar). We
give a more general statement in terms of events in any probability space, and then

specialize it to conflict graphs in the space of perfect matchings.

Lemma 6.2. Let A and B be nonempty events and let G be a graph having (at least)
A and B as vertices. If A and B are not adjacent in G and A C B, then G is not a

negative dependency graph.

Proof. Since ) # A C B, the probability Pr (A ’ E) is defined. We have

Pr(A|B) =

== (since A C B)
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The inequality uses the assumptions that |A| # 0 and |B| < |Q| (since B # (). [
Corollary 6.3. If there are partial matchings L and M of a hypergraph H such that
e L and M do not conflict,
o Ap, Ay # 0, and
o A; C Ay,
then H is not a perfect matching host.

The second condition says there is a perfect matching of H that extends L and a
perfect matching of H that extends M, respectively. The third condition says every
perfect matching that extends L will conflict with M.

A hypergraph is k-randomly matchable provided every partial matching con-
taining at most k edges can be extended to a perfect matching. A randomly match-

able hypergraph is one that is k-randomly matchable for all k.

Lemma 6.4. If a perfect matching host is 1-randomly matchable, then it is randomly

matchable.

Proof. Let H be a 1-randomly matchable perfect matching host. We show, by induc-
tion on k, that it is k-randomly matchable for all k.

The hypergraph H is 1-randomly matchable by hypothesis. Assume now it is
k-randomly matchable for & > 1. Suppose (for contradiction) there is a matching M
containing k + 1 edges that does not extend to a perfect matching. Choose any edge
e of M and write M = M’ U {e}. Observe

e M’ and {e} do not conflict,
o Ay, Agey # 0 (by inductive hypothesis and by assumption, respectively), and

o Ayp C Ay (since no perfect matching extends M).
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Having met the conditions of Corollary 6.3, we must conclude that H is not a perfect
matching host, which is contrary to our assumption. Hence, M extends to a perfect
matching. As M was arbitrary, we see that any partial matching containing k + 1

edges extends to a perfect matching, which completes the induction. O

The preceding lemma is useful because it allows us to partition the edges of a
perfect matching host H into the set A of edges belonging to at least one perfect
matching and the set B containing edges belonging to no perfect matching. Suppose
we are given a matching L and a collection M of matchings that does not conflict

with L. In order for H to be a perfect matching host, it must satisfy

Pr <AL

A AM> < Pr(Ap).

MeMm

If L contains an edge of B, then Aj, is empty, and so both sides of the inequality are
zero. If any of the M € M contains an edge of B, then Ay, = €, and so may be
omitted from the intersection. Thus, we may assume that the matchings belonging to
M contain only edges from A. Let H[A] denote the subhypergraph whose edge set is
A and whose vertex set is the support of the edges in A. Since H is a perfect matching
host, we may conclude that H|[A] is a (possibly disconnected) perfect matching host,
since these are the only edges that have any bearing on the negative dependence
inequality. Since H|[A] is 1-randomly matchable by construction, Lemma 6.4 implies

HJ[A] is randomly matchable.

Theorem 6.5. A hypergraph H is a perfect matching host if and only if H[A] is a
(possibly disconnected) randomly matchable perfect matching host, where A contains

all edges of H that belong to at least one perfect matching.

6.2 2-UNIFORM PERFECT MATCHING HOSTS viA RANDOM MATCHABILITY

Sumner [28] has shown the connected randomly matchable 2-uniform hypergraphs

(that is, graphs) are precisely Koy and Ky y for all N. Lu and Székely have shown
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Kyn [21] and Ky y [20] are, in fact, perfect matching hosts. (Indeed, that the former
is a perfect matching host is a special case of Theorem 2.1.) Taken together with

Lemma 6.4, we may deduce the following corollary.

Corollary 6.6. A connected, 1-randomly matchable graph is a perfect matching host

if and only if it is Koy or Ky n.

We wish to drop the requirement of 1-random matchability. As before, let G be a
graph and write E(G) = AU B, where each edge of A belongs to at least one perfect
matching and no edge of B does. In light of Theorem 6.5 and Corollary 6.6, we know
that the induced subgraph G[A] is a disjoint union of even cliques (a complete
graph on an even number of vertices) and balanced bicliques (a complete bipartite
graph whose partite sets are of equal size). It remains to characterize how the edges
of B can be situated between the components of G[A], which is the main result of

this section.

Theorem 6.7. A graph G is a perfect matching host if and only if there is a partition
of the edges into sets A and B such that the induced subgraph G[A] is a disjoint union
of even cliques and balanced bicliques and there is no subset F' of the edges of B such

that
e F' has an even number of vertices in common with each even clique of G[A] and

e for any balanced biclique of G[A], F has an equal number of vertices in common

with both of its partite sets.

In the figures, the induced subgraph G[A] is the disjoint union of a Kg, Kg, and
K 5 (represented as circles and a rectangle, respectively). The edges of B are shown
explicity. The first figure demonstrates a perfect matching host, since no subset of

B meets the conditions stated in the theorem above. The second figure fails to be
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Figure 6.1 Perfect matching host
(no F as described in theorem).

Figure 6.2 Not a perfect matching
host, as evidenced by red edges.

a perfect matching host, since the edges highlighted in red meet the Kg in an even

number of vertices and each partite set of the K55 in one vertex.

6.3 2-UNIFORM PERFECT MATCHING HOSTS viA COROLLARY 6.3

In the previous section, we characterized the 2-uniform perfect matchings hosts by
relying on Sumner’s results on randomly matchable graphs. In this section, we derive

the conclusion of Corollary 6.6 instead by repeated application of Lemma 6.3.

Lemma 6.8. If a graph is a connected, 1-randomly matchable perfect matching host

of order 2N, then it contains Ky n as a subgraph.

Proof. Let G be a connected, 1-randomly matchable perfect matching host of order
2N and fix a perfect matching M of G (one must exist, since G is 1-randomly match-

able). The idea of the proof will be to look at certain induced subgraphs of G and
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conclude which edges must be present in these induced subgraphs based on Lemma
6.3. In the end, we will find these required edges form a Ky y subgraph.

To begin, choose two edges e; and ey from the perfect matching M. Denote the
vertices of each e; by u; and v;. We will choose these edges in such a way that the
induced subgraph G[{uy, uz, vy, v9}] is connected (which can always be done, since G
is connected). Without loss of generality, assume u; is adjacent to wus.

Now, for the application of Lemma 6.3, write R = M \ {e1,ea} and S = {ujus}.

Observe
e R and S do not conflict,
o Ap # () (since M extends R), and
o Ag # () (since G is 1-randomly matchable).

Now, if vjvy is not an edge of G, then we would have Ar C Ag. Taken together
with the previous observations, we would conclude that G is not a perfect matching
host via Lemma 6.3. In order to avoid contradiction, it must be that the edge v,vs is
present in G.

We have shown so far that G' contains a Ks5 subgraph. We show next how to
“grow” this Ky o subgraph into a K33, from which it will be evident how to proceed
from any K, to K1 441 until finally all of G' contains a K, ,, subgraph.

Choose an edge e from the matching M with endpoints u and v such that the
induced subgraph G[{u,u,us,v,v1,v2}] is connected (which can always be done,
since G is connected). Without loss of generality, let u be adjacent to u;. For brevity,
we show in a table how the vertices u and v are forced to link with K4 subgraph.
As before, we demonstrate two matchings R and S and discover the existence of a

new edge in G under threat of Lemma 6.3.
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R S Edge Gained
M\ {e, e} {uu, } Uy
M\ {e,er, et U{uug} | {viva} VU2
M\ {e,eq, e} U{ujug} | {vui} UV,

]

Theorem 6.9. A connected, 1-randomly matchable graph is a perfect matching host

if and only if it is Kon or Ky n.

Proof. Let G be a connected, 1-randomly matchable graph of order 2N that is a also
perfect matching host. We have already shown that Ky y is a subgraph of G, and it
is known that Ky y is indeed a perfect matching host [20]. Suppose now Ky y is a
proper subgraph of G. Let M be a perfect matching of the Ky n subgraph. Choose
two edges e; and ey from the perfect matching M. Denote the vertices of each e;
by u; and v;. We will choose these edges in such a way that the induced subgraph
G[{u1,us,v1,v9}] contains a K, minus an edge (which can always be done, since K, ,,
is a proper subgraph of GG). Without loss of generality, assume u; is adjacent to us.

Now, for the application of Corollary 6.3, take R = M \ {e1,e2} and take S =
{ujus}. Arguing as before, the corollary implies the edge vjvs is present in G.

We have shown so far that G contains a K, subgraph. We show next how to
“grow” this K, subgraph into a Kjg, from which it will be evident how to proceed
from any Kys_1) to Kog until finally G = Ky,.

Choose an edge e from the matching M with endpoints v and v such that the
induced subgraph G[{u,u1,us,v,v1,v9}] is connected (which can always be done,
since G is connected). Without loss of generality, let u be adjacent to u;. For brevity,
we show in a table how the vertices u and v are forced to link up with the rest of the

vertices, so that G[{u,uy, us,v,vy,v9}] = K.
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R S | Edge Gained
M\ {e,er} {uw} v,

M\ {e,er,e2} Uduwr} | {viuo} Usv

M\ {e,er,e2} U{uus} | oo} v

M\ {e,er, 2} Ufuron} | {uswl uvy

M\ {e,er,e2} U{usvn} | {uws} urv

M\ {e,er,e2} U{vivs} | {wo} ity

M\ {e,er,e2} Ufugus} | {uvi} s

6.4 FURTHER RESEARCH

This section addressed the characterization of perfect matching hosts, for which the
ambient probability space contains only perfect matchings. In Theorem 2.1, we
showed that a complete uniform hypergraph is a matching host when the ambient
probability space contains merely maximal matchings. The first two lemmata hold
in this more general space, but the concept of a 1-randomly matchable hypergraph
makes no sense in the context of maximal matchings. Indeed, any edge of any hyper-
graph belongs to a maximal matching trivially. A characterization of matching hosts
in the more general space may need a new insight.

Even in the more restrictive setting of perfect matching hosts, we were able to
characterize only the graph case aided by Sumner’s result on randomly matching
graphs. Extending his proof even to 3-uniform hypergraphs has proved challenging.
In the figure, we present a seemingly exotic 3-uniform, randomly matchable hyper-
graph that is a perfect matching host. (In the figure, each solid line indicates a triple
of vertices. The colors are merely to aid in recognizing the edges and convey no addi-

tional information.) Even if a full characterization of such hypergraphs is unwieldy, it
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Figure 6.3 3-uniform, randomly matchable perfect
matching host.

may be interesting to determine what additional restrictions are necessary to narrow

the class to just the complete and complete multipartite hypergraphs.
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APPENDIX A

DETAILS FOR HYPERGRAPH MATCHINGS

A.1 PRELIMINARIES

We review some needed facts from Lu and Székely [21]. Throughout this chapter,
expressions of the form y()* should be read as (y(7))*. The notation Pry,(-) means
that the event should be considered in the probability space (2y.s. If no subscript is

present, then it is assumed that the event belongs to the probability space €.
Lemma A.1 (Lu, Székely 2011).

1. For 0 <~ < 1/4, the equation
1=ye "
has a unique solution in 1 <y < 2 and defines a function y(7).

2. The function y(v) is equal to — LambertWo(—=)/7v, where LambertW is the

principal branch of the compositional inverse of xe®.

3. As the Taylor series of LambertWy(y) is convergent for |y| < 1/e, so is the

Taylor series of y(7y).
4. The function y() is strictly increasing on [0,1/4].

5. For v — 0, we have

3 8 125 54
—1 9 9,0 3 4, 9% 5 6y
y(7) L A Rt et +0(7")
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6. For 0 <~ <1/4, we have

3 3
L+7+57° <y() S 1+7+ 57" + 667",

Theorem A.2 (Lu, Székely 2011). Let Ay, ..., A, be events with negative dependency

graph ([n], E'). Let us be given any € with 0 < e < 1/4. If

Pr(4;) <e and Y Pr(A;)+2Pr*(4;) <e (A.1)

jiij€E
for every i, then

A Aj) > T1 = Pr(AY(o)

jer €S

Pr (/\A,

€S

for any disjoint subsets S and T of [n]. In particular, we have

=1 i=1

Pr ( A Ai) > exp (— S Pr(AJy(e) — 3 Pr2<Ai>y<e>2) |
Lemma A.3.

1. An s-matching L belongs to Ay if and only if there are edges e € L and f € M

such that 1 <len f| <s—1.
2. A pair of s-matchings L and M conflict if and only if Ay and Ay are disjoint.
3. If the s-matchings L and M do not conflict, then

AM\L - E and Eﬂ Ap = AM\L NA;g.

Proof. The contrapositive of the first claim says that L belongs to A, if and only if
every pair of edges e € L and f € M are either identical or disjoint, which another
way of saying that the s-matching L extends M.

The contrapositive of the second claim says that L and M do not conflict if and
only if there is an s-matching common to both A; and A,,. If L and M do not

conflict, then their union is again an s-matching, and so there will be a maximal
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s-matching extending both. Conversely, if there is an s-matching extending both L
and M, it must be that L U M is itself a s-matching.

In the third claim, let K be an s-matching that conflicts with M \ L. By the first
claim, there is e € K and f € M\ L C M witnessing the conflict, and so K conflicts
with M, as well.

In the final claim, we may understand the collections as
Ay nNAp={K € Q| K conflicts with M but not with L}

and

Ay NAL ={K € Q| K conflicts with M \ L but not with L}.

We have shown the latter is a subset of the former. For the other inclusion, the edge
e € M that witnesses conflict with K does not belong to L, so it must belong to

M\ L. 0

A.2 PROOFS OF THEOREMS 2.2 AND 2.3

Lemma A.4. Let M be a collection of s-matchings in K3, with negative dependency

graph (M, E). If there is € € (0, %) such that

5

[ PI“(AM> S €,

o > Pr(Ap) +2Pr’(Ar) <e, and

LeM:LMeE

e Y Pr(Ap)+2Pr’(Ar) <e

LeM:eeLl

for each M € M and each e € E(KY;), then

Pr < N AM> < y(e)?=V Pr ( A AM) :

Nts \arem N \mem
Proof. Let S denote the collection of all subsets of [V 4 s — 1] of size s — 1. For each
S €S, define

Bs ={M € M | M does not conflict with the edge S U {N + s}}.
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Lu and Székely [21] have shown

R 1 R
&iﬂ (A/\ ‘4A4> ::<AHﬁFJ)§Z:€? ( /\ ‘AAJ) . (AUQ)
emMm s—1 Ses MeBs
We will apply the first part of Theorem A.2 with the collections M \ Bg and Bs.
The collection Bg contains those matchings from M whose support is disjoint from

S, while M \ Bg contains those matchings whose support meets S. Our goal is to

show

P Ay

r(/\MeMM):Pr( /\ m
Pr CAA468514A4)

Theorem A.2 gives

A fw) >y (A3)

MeM\Bg MeBgs

Pr(/\AM

MeM\Bg

A\ AM) > ]I (A =Pr(Au)y(e).

MeBg MeM\Bg

If the product on the righthand side is empty, then we have nothing to prove, so we
assume otherwise.

Without loss of generality, let S = [s — 1]. For each vertex i of S, pick an
edge e; belonging to some matching M; € M \ Bg such that i is a vertex of e;. (If
there is a vertex of S with no such edge, then we simply disregard that vertex.) By
definition, every matching belonging to M \ Bg meets S. Hence, every matching
belonging to M \ Bg either contains one of the e; or conflicts with one. Letting

M; ={M € M\ Bs | e; € M}, we have

s—1 s—1
M\ Bs € |J M; Ul N(M;),
i=1 i=1
where N (M;) contains the neighbors of M; in the negative dependency graph (that
is, those matchings of M that conflict with M;).

Now,

IT (0 —Pr(An)y(e)

MeM\Bg
> 1 [T (=Prany@) TT (1= Pr(Au(e),
i=1 MeM; MeN(M;)
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Observe 1 —z > e~ for z € (0,1/2). Since € < £, we have

3 1
P(An)y(e) <€ <1 +e+ 562 + 66e3> < -,

2

where y(€) is bounded by Theorem A.1. We may therefore write

[T (1—Pr(An)y(e))

MeM;

v

MeM;

= exp

= exp

Y

exp

vV
@
[
e

for each 3.

-

MeM;

—y(e)

—y(e)

We may similarly derive

for each 1.

[T exp (—Pr(Au)yle) — Pr(Ay)y(e)?)

Pr(Ay)yle) — PrQ(AM)y(E)Z)

MeM;

> Pr(Au)+ > Pr2y(e)>)

MeM; MeM;

> Pr(Auw)+ > QPIQ(AM)>)

MeM; MeM;

MeM:e;eM MeM:e;eM

Multiplying the bounds together gives

II «a

MeM\Bg
s—1

v

i=1

v

v

MeM;

ﬁy<e>2

s—1
[Ty,
=1

— Pr(Aum)y(e))

II II =Pr(Amy(e) I | (1 —Pr(An)y(e))
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which finally establishes Condition (A.3).
Combining Conditions (A.2) and (A.3), we have

p( A ) - S (A )

Ses MEeBg

("
< b S (e

SeS (MEM

s )

Mem

We now restate Theorem 2.2 in full detail.

Theorem 2.2. Let M be a collection of matchings in a complete s-uniform hyper-
graph. If M is d-sparse and k-bounded, then the conflict graph for the canonical

events {Apr | M € M} is also an e-near positive dependency graph with
e =1—y(26) "V exp (—dy(20) — 6%y(20)?) (A.4)
and therefore

Pr( A AM> < II (1—Pr (Apr) y(26)7 26D exp (—5y(25) —52y(25)2)).
MeM MeM
(A.5)

Proof. We show first that the conflict graph G is an e-near positive dependency graph
for the prescribed e. Theorem 1.7 together with (A.4) will finish the proof of (A.5).

For the first part of the definition, L is adjacent to M in G if and only if L and
M conflict. By Lemma A.3, we have Pr(A, A AM) = 0.

Given any ' € M and a subset S of N(F), we need to prove

which is equivalent to

re( e ) 2o 3)
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Let Sp={M\ F | M € S}. Observe that () ¢ S since M is d-sparse. Note that

Pr ( /\ Ay
MeS

Now,

Pr /\ E| AF
N MeSE

(by Lemma A.4)

>

Pr (Asres A A Ar)
A A6
B Pr (AF/\/\MESAM\F)
= Pr ( /\ Ay | AF) . (A.7)
MeSEg
P Ay A8
N—sI|‘F| (Mé\SF M) ( )
- |F Pr —sj /\ T
]?Vl" /\ AM N—sj ( MeSFp M)
MeSp =1 Pry_s(-1 (/\MGSF AM)
|7
Pr /\ Ay H y(25)_2(8_1)
N\ mese j=1
Pr| A Au y(20) 72Dk, (A.9)
N MeSp

For any M that does not conflict with F', Lemma A.3 gives Aypr C Ay. Letting

Sp={M\ F|M € S}, we have

Pr (/\MeSF H)

Pr (/\MeS m>

Pr (/\MES E)

Pr (/\MGS m)
Pr (Awres Annr A Aur)
Pr (Auses Aur)
Pr ([/\Mes,MmF;ﬁ@ H\F} A [/\Mes ED
Pr (Anres Aw)

Pr( A A /\AM).
MeSp\S

MeS

(A.10)

(A.11)
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Now apply the first part of Theorem A.2 with S \ S and S to obtain

|

MeSp\S

AN Au

/\AM>

MeS

> (1= Pr(An)y(20))
MeSg\S
> I (1—Pr(Awm)y(20))
MeSE
> exp (— > Pr(Awm)y(20) — > PrQ(AM)y(%)Q)
MeSEg MeSE
> exp (—0y(20) — 8°y(20)?) . (A.12)

Finally, we have

by (A.6-A.7)

by (A.8-A.9)

by (A.10-A.11)

by (A.12)

[
|
%
<
N
[\
=%}
=
|
=%}
S
~
[\~
[
=
o
<
—~
[\
(=%
~—
|
[\~
~
w
|
—
N2
Bl

Thus, the negative dependency graph G is also a e-near positive dependency graph.

The proof is finished by Theorem 1.7. O

The expression Pr (/\ MeMm H) can be bounded from below by Theorem A.2 and

bounded from above by Theorem 2.2, which can be combined to obtain asymptotics

under the appropriate conditions.

Theorem 2.3. Let Qy denote the uniform probability space of perfect matchings of

K3, the complete s-uniform hypergraph on N wvertices. Let r and e both depend on

N, where r is a positive integer and € is a real number eventually lying in the interval
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(0, 1—16) Let M be a an k-bounded collection of matchings in K3 in which no matching

is a subset of another. For any matching M € M, define the canonical event
Ay ={LeQy|MCL}.

Set =3 yrem Pr(Apy). Finally, suppose the following inequalities are satisfied for

every matching M € M and every edge e of K3, :
o Pr(Ay) <e

. > Pr(Ay) <e

L:L,M conflict

° Z Pr (AL) <€

LeM:ecL

[ Z Pr AL

LEMM

If, in addition, kse = o(1), then

Pr( A A]W) — o HHO(ksen)

MeM

Furthermore, if ksep = o(1), then

( A AM) (1+ O(ksep))e”

MeM

Proof. Let G be the conflict graph for the collection {Ay | M € M} of canonical
events. By Theorem 1.1, the graph G is a negative dependency graph. Note that the
condition (A.1) in Theorem A.2 is satisfied with 2e¢ instead of €, where € is from the
conditions of Theorem 2.3. Applying Theorem A.2, we have

Pe( A A) 2 e (= S Prtaneo — X PG

MeM MeM MeM

. exp( S Pr(Au)y2) — 3 Pr( AM)ey(26)>

MeM MeM

= exp (—,u (1 + 3e + 0(62))> :
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Now we consider the upper bound. Note that M is 2e-sparse and k-bounded. By

Theorem 2.2, we have

Pr ( /\ AM>
MeM
< ]I (1 — Pr(Ay) exp (—26y(4e) — (2€)%y(4e)? ) y(4e) 2= 1)k)
MeM
< exp (— > Pr(Au)exp (—26y(46) _ (26)2y(46)2> y(4€>—2(5—1)l>
MeM

— oxp (—M exp (_26 B 0(62)> y(4€)—2(s—1)k) 7

where we use y(4e) = 1+ 4e + O(é?).

2(s—1)k

Focusing now on the factor of y(4e)~ , we have

Y420k = exp (—2(s — 1)k log(y(4e))
( 2(s — 1)klog(1 +4€+O(€2))
= exp( 2(s — 1)k(4e + O(e )))
(-

8e(s — 1)k — O(? sk;)))

Returning now to the main term, we have

Pr ( A AM> = exp (—pexp (26 — O()) y(de) 2~D)
= exp (—,u exp (—26 —O(€®) — 8e(s — 1)k — O(e2sk))>

= exp (—pu(1 = (8(s — 1)k +2)e + O(*s°k?))) .

Combining the lower bound and the upper bound above, we obtain equation (2.1). [J
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APPENDIX B

USErFUL FAcTS ABOUT BELL NUMBERS

Throughout, let By denote the number of partitions of the set [N] (the N*® Bell
number), Bj denote the number of singleton-free partitions on [N], and S(N,k)
denote the number of partitions of [IV] into exactly k& nonempty subsets (the Stirling

numbers of the second kind).
Lemma B.1. The inequality
2By < BN—H < (N+ 1)BN

holds for all N > 2.
Proof. Bouroubi [8] gave a proof via the generating function

N

By(x) =Y S(N, k).
k=0

We give an argument from first principles instead.

Given any partition P of [N], one can form at least two distinct partitions of
[N + 1] by introducing the element N + 1 either as a singleton or by inserting it into
an existing block of P. Since P has at least one but at most N blocks, we can create
at least two but at most N + 1 distinct partitions in this way. The result follows
by applying this operation to all By partitions of [IN] and noticing that distinct

partitions P and @) cannot be mapped to the same partition of [N + 1]. ]

Lemma B.2. The identity

By = By + By

holds for all N.
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Proof. This identity was first observed by Becker [3] in the context of a certain
difference equation. Another interesting treatment of the result comes from Bern-
hart [6] in the context of noncrossing partitions. We prove the equivalent statement
By .1 = By — Bjy. Notice the lefthand side counts the partitions of the set [N + 1]
that do not have singletons, and the righthand side counts the partitions of the set
[N] that do have singletons. Given a partition of the former type, create a partition
of the latter type by splitting the block containing the element N + 1 into singletons
and removing the element N + 1. This operation defines a bijection between the two

collections, thus establishing the desired identity. O]

Byyi

Lemma B.3. The average number of blocks in a partition of [N] is =5+

Proof. Canfield [10] and Engel [12] prove this fact using identities relating the Bell
number the the Stirling numbers of the second kind. For example, it is well known
that By = >0, S(N, k) and S(N + 1,k) = kS(N, k) + S(N, k — 1). By convention,
S(N,k) = 0 whenever k£ ¢ {1,...,N}. Let an(€2) denote the average number of

blocks in a partition of [N]. Making use of the aforementioned identities, we find

aN(Q) = ij’:kS(B]\]/;,lﬂ
SN+ 1,k)— SN, kE—1)

_kz_:l B

_ Bny1— By
==
_%_1
= 5. _

A proof avoiding (direct) reference to Stirling numbers is provided by observing
that every partition of [N + 1] is formed in exactly one way from an appropriately

chosen partition of [N] with the element N + 1 as a singleton or inserted into an
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exsiting block. Thus we have

Byii= Y, (IP[+1)

PGQN
Byyi—By= 3 |P|
PEQN
BN-‘rl _BN _ Z ﬂ
BN PeQn BN
By
—1= Q).
B an($2)
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APPENDIX C

PROOF OF THEOREM 5.1

Lemma C.1. The number of perfect s-matchings of the complete s-uniform hyper-

graph on sN wvertices is
(sN)!
(shHV N1
Proof. For fixed s, let fs(N) be the number of perfect s-matchings of the complete
s-uniform hypergraph on sN vertices. Fixing some vertex v, there are (SN 11) ways to

form the edge containing v. Since sN — s = s(N — 1) vertices remain to be matched,

we have the recurrence

Iteration gives

(sN)!
(N
f( ) (S')N]\”
O
Theorem 5.1. In the configuration model, assume g > 1, r > 3, and
(2r — 2)%73¢% = o(N). (C.1)

The probability that an r-regular, 3-uniform multihypergraph chosen uniformly at ran-

dom has girth at least g is

9*1 -9
(1+o0(1) exp( 2r ) )
=1

1)



If g > 3, then the number of simple r-regular, 3-uniform hypergraphs on N wvertices
with girth at least g is

1+ of1)) exp (_gz—: (27“—-2)1') (rN)!

i=1 21 Griv/3 (%)'(r‘)N

In fact, letting C be a subset of {3,4,...,9 — 1}, the number of simple r-reqular,

3-uniform hypergraphs whose cycle lengths do not belong to C is

(1 + O(l)) exp (1 —r— (71 _ 1)2 o Z (2T2—i 2)’) — (T’N)'

= CILGIN
Proof. We prove the first claim. To prove the second claim, only (C.3) has to be
adjusted.

Recall the following definition of j-cycle in a hypergraph:

e A l-cycle is a single edge with a repeated vertex.

e A 2-cycle is a pair of edges whose intersection contains at least two vertices.

e Lor j > 3, a j-cycle is a collection ey, . .., e; of edges for which there are distinct
vertices vy, ..., v; such that e; Ne; 11 = {v;} for all ¢ (where e;; is understood
to be eq).

Fori=1,...,9 — 1, let M; be the set of (partial) matchings of U = [rN]| whose
projection gives precisely a cycle of length i.

Matchings in M project to single edges having either exactly two or exactly three
repeated vertices. There are (N )Q(g)r matchings of the former type and N (g) of the
latter type.

Matchings in M5 project to pairs of edges having either exactly two or exactly

three vertices in common. There are 1

! (N ) r3(r —1)? two-edge matchings of the latter

3
type. The former is the case ¢ = 2 in the next paragraph.
The cases so far enumerated are degenerate. Recall that a simple 3-uniform hy-

pergraph is one in which every edge contains three distinct vertices and any pair of
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edges intersect in at most two vertices. In a simple 3-uniform hypergraph, a typical
i-cycle (i > 2) contains 2¢ distinct vertices. Of these vertices, i of them belong to
exactly one edge, and the other ¢ belong to exactly two edges. The vertices can be
selected and placed on a cycle in %(N )2; ways. Fach vertex belonging to exactly one
edge can arise from r different minivertices. Each vertex belonging to exactly two
edges can arise from 7(r — 1) ordered pairs of minivertices. Putting this together,
the number of matchings whose projection gives precisely a nondegenerate i-cycle for
i > 2 is given by o (N)gr%(r — 1)%,

Summarizing, we have
o M| = (N (5)r+ N(5) = 5(V)ar(r =) (1+ 5635,

o [Mof = 1(N)urt(r = 1)+ 5(3)r3(r = 1P = J(N)ari(r = 1)? (1 + 557557 ), and

=

o |Mz| == %(N)gir%(r — ].)Z

for ¢ > 3.

The bad events for the negative dependency graph are the union of matchings
M = UL M.

Recall rN is divisible by 3. For positive integers j, define

(rN)sz;
=5 (rN — 3i)

(rN)ajs =
Observe (rN)s; 3 is a product of 2j integers.

For fixed 1 <i < ¢g—1 and each M € M, , we have

(rN — 31)!
e GEn)

|Anm| =

Taken together with the fact that the total number of perfect 3-matchings on rN

vertices is
(rN)!
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we obtain

Pr (Ay) = (C.2)

Now,

The collection M is (g — 1)-bounded by construction. Let also € = ==—F—9
for a large constant K. We verify the conditions of Theorem 2.3.

For item 1,

We verify item 2 in cases.

We first bound the size of the set {L € M; | L and M conflict} for fixed M € M.
Recall matchings in M project to single edges having at most two distinct vertices.
To construct a matching L € M, that conflicts with M, choose the first minivertex of
L from among the minivertices of M to ensure conflict, which can be done in at most
3(g — 1) ways. After this, there are fewer than r N choices for the second minivertex

of L and 2(r — 1) choices for the third (since the minivertices belong to at most two

78



different vertices). Thus, we have
{L € My | L and M conflict}| < 6(g — 1)rN(r — 1).

We now bound the size of the set {L € M, | L and M conflict} for each fixed
1 > 2. First, select a minivertex u from among the minivertices of M to ensure
conflict, which can be done in at most 3(¢g — 1) ways. Select two other minivertices
v and w to join with w in at most rN(N — 1)r ways. Finally, decide whether v
will be a minivertex belonging to exactly one or exactly two edges of L. (In the
former case, we will call v the “first” minivertex. In the latter case, we will call u the
“first” minivertex. In either case, w is the “last” minivertex.) Multiplying everything
together, the first triple of L can be formed in at most 6(g — 1)rN(N — 1)r ways.
The second triple carries with it the restriction that its first minivertex must belong
to the same vertex as the last minivertex of the previous triple. The second triple
can therefore be formed in at most (r — 1)(N — 2)r(N — 3)d ways. Carry on in
this way until the ¢th triple is to be formed, which can be accomplished in at most
(r —1)(N — 2i+2)r(r — 1) ways, since it carries the further restriction that its final
minivertex must belong to the same vertex as the first minivertex in the first triple.

Multiplying all these choices together gives
{L € M; | L and M conflict}| < 6(g — 1)(N)g_17* *(r — 1)

for each i > 2.
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Now,

g—1
Z Pl" (AL) = PI‘ (AL)
L:L,M conflict i=1 LeM;:L,M conflict

- 2i—1 ) 2'

< 6(g— 1)(N)g_1r® " (r —1)"-

< 2 (9 = D(N)2imar™ " (r — 1) Naa
12(g — 1) 92 , i?

< —= 7 2r—2)(14+0 | —

S TN—T Aoy
12¢%(2r — 2)971 g°

< 1 I

- rN —1 +0 N

<€

for large .
Now we verify item 3. Fix any edge e of K3. We wish to bound the size of the

set

(LeMlec L},

which we write as the disjoint union
g—1
U{LeM;|ec L}
i=1

There is at most one matching in the collection M that contains e, since all such
matchings contain exactly one edge.

For degenerate 2-cycles, we must form a second edge using the three vertices
appearing in the edge e. The minivertices can thus be chosen in at most (r — 1)?
ways. For proper 2-cycles, we can count as in the verification of item 2 to obtain at
most 3(N — 3)r(r — 1)? cycles. (Recall, in a non-degenerate cycle, each edge has two
vertices of degree two and one vertex of degree one. The factor of 3 above comes from

the freedom to choose any of the three minivertices of e to project to the degree one

vertex.) In total, we have

{L e Msy|ec L} <3Nr(r—1)>~4

80



For ¢ > 3, all ¢-cycles are proper, so we proceed as before to obtain
|{L S Mz | e c L}| S S(N)gi_37‘2i_3<7“ — ].)Z
Now,

Z PI‘ (AL)
LeM:ecL
g—1

= Z Z PI‘ (AL)

i=1 LeM;:ecL
< 2
- (TN)373

g—1
+ Z 3(N)2i,37“2173(7’ — 1)1 .
=2

2 6 = i i
SON-DEN-2) TGN DN 2N 1) &2 Y (1 o <N>>

O 1)2(TN ) TN = ??Eijv_—g(_:zv vy (1 0 (?;))
= (rjgvg (—22)_(73379_—12) (1 O (?\i )

< €

for large N.

Finally, we verify item 4. For any F' € M, we estimate »_ ]\lfjrgk(A ). Recall,
MGMFT N

Mp={M\F|MeM,M=#F MNF #{,F does not conflict with M}.

If the projection of F is a 1-cycle, then Mg = () (every matching M € M either
conflicts with F' or is identical to F'), so there is nothing to do.

Now we assume the projection of F' is an i-cycle C; with 2 < i < g — 1. Let
M = M'\ F be such that M € My and M’ projects to a j-cycle C; with 2 < j < g—1.
If M’ projects to a degenerate 2-cycle (i.e. two identical edges), then M’ \ F = () for
any M’ under consideration. This this case increases the cardinality of My by at
most one, so we may disregard it in our asymptotic analysis.

We need a definition before proceeding. Let {e,}h_; be a collection of edges of

K3 and write e, = {vf,..., v} for each a. The collection forms a loose path of
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length p (hereinafter, p-path or simply path) provided the only equalities among
the vertices are v® = v{*! for each a € [p — 1]. Thus, there are exactly p — 1 vertices
that belong to two edges of the p-path and the rest belong to only one edge. For
example, the edges {a,b,c}, {c,d,e}, and {e, f, g} form a loose path of length 3 in
K3, where each distinct letter denotes a distinct vertex. Notice that a p-path in a
3-uniform hypergraph contains 2p + 1 distinct vertices.

The minivertices in M’ N F form, after projection, a collection of loose paths Py,
..., Poin C; N C;. (A path may consist of a single edge.) Let m denote the total
number of edges among all the paths. Fixing these paths (and the edges in M' N F),
we must choose some additional ¢ vertices to make C;. In fact, we can specify the
value of ¢ exactly in terms of j, ¢, and m. The cycle C; contains a total of 25 distinct
vertices. Since each p-path has 2p + 1 distinct vertices, it follows that the ¢ paths in

total represent 2m + t distinct vertices. We conclude ¢ = 25 — 2m — ¢.

Momentarily regarding the paths as featureless points, the vertices and paths can

be arranged on the cycle in 2(;”) (C+t) < (0+t—1)! ways.

Each path may be integrated into the cycle in eight ways. First, we choose which
of the paths ends will be the “left” end (that is, the end that will be set adjacent
to the paths neighbors to the left on the cycle). Next, the leftmost edge of the path
must have a vertex in common with the edge of C; to its left. There are two free free
vertices from which to choose. Similarly, there are two choices for the rightmost edge

of the path. Multiplying these choices yields the eight possibilities.

Taking all this together, the number of possible cycles C; with ¢ fixed paths is at

8’5(];[)(64—15—1)!

most

for fixed 7, t, and m.
Now, the minivertices defining M’ N F' are fixed, but we have some freedom to

choose the minivertices defining M. The ¢ paths of M’ N F break the edges of M into
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t paths, as well (the “gaps” between each path). Let m, denote the number of edges

belonging to the ¢ gap, so that Egzl mg = j —m. There are

H T‘qu_l(T o 1)mq+1
q=1

choices for the minivertices that will form M after projection. We have r choices for
each minivertex in the ¢ path excluding the two endpoints (since the first of these
minivertices has already been fixed by M’ N F), of which there are 2m, — 1. We have
r — 1 choices for each minivertex belonging to the intersection of two edges including
the two endpoints, of which there are m, + 1. Multiplying the choices together, we

have

possible matchings M’ defining C; with M’ N F fixed.

To specify the t fixed paths, fix some orientation of C; and choose 2t vertices vy,
..., vy from among the vertices of C; that belong to exactly two edges of C;. There
are exactly ¢ such vertices. From this collection, we can specify the paths Py, ..., P,
in two ways. One way to specify the paths is to take P, to be all edges of C; between
the vertices vo,_; and vy, for 1 <y <t (where “between” means “starting with vo,_4
and ending at v, according to the fixed orientation”). The second way is to take P,
to be all edges of C; between the vertices vy, and vg,11 (where we understand va;44
to be vy).

There are j—m edges belonging to M = M'\ F. Since Equation (C.2) is decreasing
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in 7, we obtain

9i—m
Pr Ay) <
rN—3(g—1)( M) - (TN — 3(g — 1))3(]'_7-,1)73
9i=m
< . .
SN 313G - m tE
2J—m
<
= rN — 6g)%-2m
2i—m

~ (rN —6g)ttt

Summarizing, we have

P A

MGMFTN—?)(rg—l)( M)

g-13] i1 i N oj—m
< 2 t O+t —Drf(r—1)y ™t =
<53 T2 () vty

g—1 ) L%J 'L . ti—l N . Q,m
< I(r —1)7 — —1)! S | D —
_222& 1) ;<2t>8(r 1) mzﬂ@)(ut Dirt(r —1) N —6g)

Since (+t—1=2j—2m—1, we have ((+t—1)! = 0/({+t—1),_1 < 01(25—2m)""

which gives

Z rN—];)(r —1)(AM)
MeM g
g—1 L%J i i—1 —m
< 222]‘(7« — 1)/ Zl <2t) 8 (r — 1) L (N)e(2] - 2m)" "t (r — 1)’”(7,Nz_6g>g+t
g—1 ' L%J i " . i1 i1 ’ —m 2-m
e A e 3 L T

NE(N)prétt

N —6g)T Making use of this estimate,

There is an absolute upper bound K; >
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we have

o el A)
< Kljéw(r — 1) : (;}) 2 (r — 1)4(j — t)* 1;§t(w) (r —1)"mo™m
- Kljz;:;?(r — 1) t;f (;J 24 (r — 1)(j — )" (rN) t;it(r — 1) mgm
_ Kljézﬂ(r 1y tzﬁ <5t> 2M(r —1)'(j — ) (rN) t:t (2r —2)
< Kljé?(r 1y tzj (;J 2M(r — 1)1(j — )" () tﬂi (2r —2)
= Kljézﬂ(r — 1) tﬁi (;t)T“(r — DG =) (rN) T (2r — 2) tmio (2r —2)”
_ KljZ:::ZJ('r 1y g (;t) P~ B N (2r1_ e
< ngZ:W(r— 1y g (;t>23t(j L N)

L)

For large N, the last summation has the largest term at ¢ = 1. To see this, write

=& (U3

j—t rN

and consider

f@) (2t 4+2)2t+1)Nr(j —t)"!
fE+1) 8 —2)(i—2t—1)(j —t — 1)t
NG —t)'""

=8 —20)(i—2—1)(j—t— 1)
- N
“ 8 —2)(i—2t—-1)(j—t—1)
> N
=
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which is greater than 1 for large V.

Replacing f(t) with f(1) and summing at most g terms, we have

Pr (A
MeMFTN—3(g—1)( M)
Uiy i —1)8(5—1)
< K. 2(r—1)g
2;::2 ( ) 2j—1) rN
9= . (-1
:K32223(7“—1)Jg (T’N)
]7
20 -1
<Ky L7
- 3]‘2:2 riN
K03 9~ 1
— 9 Y-y
7j=2
Ksg® . j
= > (2r—2)
rIN =
K 3
< 3’32(%—2)9*1
_ Ka(2r — 2772
- N
< €.

To apply Theorem 2.3, we need ke = o(1) and kue = o(1). We know k < g and

chose € = %W (where we take K = Ky).

We claim p = O (%) Starting with u < 3°7° LZ) we write

g—1 i Lga;lj i g—2 g—1
(2r—2)" (2r — 2) (2r —2)° (2r — 2)
2 ; 2% (Zq 2i :%:

(27‘—2)9’1 ) '

1

-
I

and show that each piece is O (

-1
The first summation contains {%J terms, each of which is at most (2r —2) kel ,

SO

Now,



if and only if

#=0 ((2r— 2)(‘%) .
The latter claim holds since g2 is polynomial in g, while (2r — 2)(%1 > 4(%%
represents exponential growth in g.

For the second summation,

(1
[\
—
[\~
=
I
[\
.
IA
—_
M1
[\
—~
[\~
=
|
[\
~—
<

Sa[mi] @rog-1
=3 15% e
:O<(2r—2)g_1>

g

Finally, the last summation contains only the single term (2;(_927);7 -0 <(2r_§)g71 )

Returning to Theorem 2.3, we have

K(2r —2)972g4*
N

ke <

and
K(2r —2)%7343
N

kep <

We may therefore apply Theorem 2.3 provided (2r — 2)*73¢® = o(N), which is

assumed in Condition (C.1). The neglection of error in (C.3) is also allowed by

(C.1). O
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