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Kernel Discriminant Analysis for
Positive Definite and Indefinite Kernels

Elzbieta Pekalska and Bernard Haasdonk

Abstract—Kernel methods are a class of well established and successful algorithms for pattern analysis due to their mathematical
elegance and good performance. Numerous nonlinear extensions of pattern recognition techniques have been proposed so far based
on the so-called kernel trick. The objective of this paper is twofold. First, we derive an additional kernel tool that is still missing, namely
kernel quadratic discriminant (KQD). We discuss different formulations of KQD based on the regularized kernel Mahalanobis distance
in both complete and class-related subspaces. Second, we propose suitable extensions of kernel linear and quadratic discriminants to
indefinite kernels. We provide classifiers that are applicable to kernels defined by any symmetric similarity measure. This is important
in practice because problem-suited proximity measures often violate the requirement of positive definiteness. As in the traditional case,
KQD can be advantageous for data with unequal class spreads in the kernel-induced spaces, which cannot be well separated by a
linear discriminant. We illustrate this on artificial and real data for both positive definite and indefinite kernels.

Index Terms—Machine learning, pattern recognition, kernel methods, indefinite kernels, discriminant analysis.

1 INTRODUCTION

KERNEL methods are powerful statistical learning techni-
ques [38], [36], widely applied to various learning
scenarios due to their flexibility and good performance. A
kernel is a (conditionally) positive definite (pd) function
k(x,a2") of two variables x and 2/, and interpreted as a
generalized inner product, hence natural similarity, in a
reproducing kernel Hilbert space ‘H induced by £ [33], [40].
Due to the reproducing property of k, kernel-based classifiers
are indirectly built in 7 and often expressed as linear
combinations of kernel values. Many traditional learning
methods have been proposed so far in their kernel-based
formulations. These include Support Vector Machines
(SVM), kernel PCA, kernel Fisher discriminant (KFD), kernel
k-means, and so on [36]. An additional tool that s still missing
within the set of simple approaches is the kernel quadratic
discriminant (KQD). In this paper, we derive KQD as a
natural extension of the quadratic discriminantin a Euclidean
space. Three variants are considered in either full or class-
related kernel-induced subspaces.

Although traditional kernel methods have now been
applied to general nonvectorial data descriptions, such as
strings, bags of words, graphs, shapes, probability models
[35], [36], the class of permissible kernels is often, and
frequently wrongly, considered to be limited due to their
requirement of being positive definite. In practice, however,
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many non-pd similarity measures arise, e.g., when invariance
or robustness is incorporated into the measure [37], [20], [13].
Further reasons may include suboptimal optimization
procedures for measure derivation [28], partial projections
or occlusions [20], and context-dependent alignments or
object comparisons [6], [30]. Naturally, indefinite (dis)sim-
ilarities arise from non-euclidean or nonmetric dissimilari-
ties, such as modified Hausdorff distances [6], or non-pd
similarities, such as Kullback-Leibler divergence between
probability distributions. Consequently, there is a practical
need to handle these measures properly. In the case of metric
dissimilarity measures, these can be embedded in Banach
spaces where learning algorithms such as large margin
classifiers can be applied [39], [16], [4]. Although these
techniques provide alternatives to certain kernel methods for
metric data, more general approaches are needed.

While many researchers choose to regularize non-pd
kernels to make them pd, a natural extension of Mercer
kernels leads to indefinite or Krein kernels [2], [25], [21], [11],
[26], or dyadic kernels [18]. Both are examples of proximity
representations, i.e., matrices whose elements encode de-
grees of similarity between pairs of objects and optimized
prototypes [26]. Therefore, itis of high interest to develop and
investigate methods that work with indefinite kernels. And
indeed, an additional contribution of this paper is a sound
underpinning of the approaches which extend kernel linear
and quadratic discriminants to deal with indefinite kernels.
Experiments on toy and real-world data show good perfor-
mance of the KQD methods for both positive definite and
indefinite kernels.

The paper is organized as follows: Section 2 starts with
preliminaries on kernels. Section 3 presents the indefinite
kernel Fisher discriminant analysis. Section 4 is the main part
that introduces different formulations of KQD analysis for
both positive definite and indefinite kernels. Section 5
focuses on an experimental study illustrating the perfor-
mance of kernel discriminant analysis on toy and real-world
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data. The final discussion is presented in Section 6. Due to
space restrictions and in order to maintain clarity, the
detailed derivations of the methods are left out from the
main text, but provided as supplementary material in
Appendix A, which can be found on the Computer Society
Digital Library at http://doi.ieeecomputersociety.org/
10.1109/TPAMI.2008.290.

2 PRELIMINARIES ON KERNELS

We will first introduce some notation and provide basic facts
on Hilbert spaces and positive definite kernels. We will then
focus on Krein spaces and the related indefinite kernels.

2.1 Positive Definite Kernels
Assume that X is a collection of objects {z}, either an index
set, a set of original objects, or their vector representations in
some input space. Let ¢: X — H be a mapping of patterns
from X to a high-dimensional or infinite-dimensional
Hilbert space H with the inner product (-, -),,. Here, we will
use notation that extends matrix-vector multiplications to
Hilbert spaces. For two functions &,& € H, we will
equivalently write £'& 1= (&1, &)y A sequence of m vectors
in'H is denoted by £ = [&1, ..., &,]. Given a vector veIR™, we
define &v := )", v;§; as an abbreviation of linear combina-
tions. Similarly, for a matrix V = [vy,...,v,]eR™*", £V :=
[€vi,...,&v,] is a sequence of linear combinations defined
by the columns of V. Hence, (vt = [v1€, . . ., v,€] for a single
¢ € H and a vector v. For two sequences & = &1, ..., &,] and
g =1[¢,...,¢] in H, we will write G :=¢"¢ cR™" to
denote a cross-Gram matrix with entries Gi; = (&, )y,

In this paper we address a c-class problem, given by the
training data X, = {2;};_, CX with the corresponding
labels {y;};_,; CQ, where Q := {wy, ... ,w.} is a set of ¢ target
classes. Let ® := [¢(z1),. .., ¢(x,)] be a sequence of images
of the training data X, in H. Without loss of generality, we
assume that the vectors in ® are grouped into classes such
that @ = (@), @B, ... oll], where @l := [¢(a]),..., ¢(x] )]
represents the jth class w; with n; elements, which implies
>j-1mi =n.

Given the training data @ = [¢(z)),...
empirical mean is defined as ¢, :=1%", ¢(x;) =

,¢(x,)], the
191,
where 1, is an n-element vector of all ones. The mapped
training data vectors are centered by subtracting their
mean such that ¢(z;) := ¢(x;)— QSM, or equivalently, ® :=
[B(x1), ..., d(2,)] =P — 9,17 =@ — 181,17 = ®H. Here,
H:=1, —%lnlg is the n x n centermg matrix, while I, is
the n x n identity matrix. H is symmetric, H = HT, and
idempotent, H = H?. The empirical covariance operator C':
‘H — H is a continuous linear map defined by its operation
on ¢(x) €M as Cola) =150, (Bx:)~4,) (6(r) — b,
B(a))y = 1T 6(w) (9w 0(@) = L BDTo(x). We can
therefore interpret 1 ®®* as an operator and identify the
empirical covariance C' as

C = 1 oo = l<I>1L1H<I>T.
n n
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Given that the empirical covariance operator is invertible
and Dj(-;{¢,,C}): H — Rx; is the empirical square
Mahalanobis distance defined for a vector ¢(x) € H as

2):{6,,C}) = (8(x) — 8,)" C " (d(z) — 9,). (1)

The transformation ¢ acts as a (usually) nonlinear map to a
high-dimensional space H in which the classification task
can be handled in either a more efficient or more beneficial
way. In practice, we will not necessarily know ¢, but a kernel
function k: X x X — IR that encodes the inner product in #,
instead. The kernel £ is a positive (semi)definite function
such that k(r, 2') = ¢(z) ¢(2') for any z,z2’ € X. Conse-
quently, K := = ®TP is an n x n kernel matrix derived from
the trammg data. Moreover, we will also use the centered
kernel matrix K := ®T® = H®T®H = HK H. In addition to
the quantities defined for the complete training sequence ®,
we can define analogous classwise quantities for ®U,
j=1,...,¢, which are consequently indicated with the
superscript [j]. Further on, for an arbitrary z € X, k, denotes
an n-element vector of kernel values of z to the training data,
while k, is the centered vector:

(g, 2)]" = 2T (x),

(L) @

Finally, we will also Inake use of the self-similarity k,, and
its centered version k,,:

= ¢($)T¢(ﬂf)

D3 ((

k, := [k(z1,2),...

=3"g(x) =

kyy := k(z, )

1 (3)
S1I K1,

1Tk +—
2.2 Indefinite Kernels

The terminology and notation presented in Section 2.1 can
be extended to Krein spaces (see [1], [5], [31] for details).
Note that, apart from pattern recognition [9], [26], also other
fields such as H* control [15] make use of linear estimation
in Krein spaces. A Krein space over IR is a vector space K
equipped with an indefinite inner product (-,-): K x K —
IR such that I admits an orthogonal decomposition as a
direct sum IC = K @ K_, where (K, (-,-),) and (K_, (-,-)_)
are separable Hilbert spaces with their corresponding
positive definite inner products. The inner product of IC,
however, is the difference of (-,-), and (-,-)_, i.e., for any
&8, €Ky and any &, & € K_ holds

<£+ + 5—75; + 5/—>}C = <£+7£;>+ - <£—,€/_>,-

The decomposition is orthogonal with respect to this inner
product, i.e., ({1,6 ) =0forany {, € K, and & € K_. In
particular, (£,&. ) >0 and (£, ) <0 for any nonzero
vectors &, € K, and ¢_ € K_. Therefore, K, is a positive
subspace, while KC_ is a negative subspace.

The orthogonal projections P, onto K, and P_ onto IC_ are
called fundamental projections. Any £ € K can be represented
as {=P {+ P ¢ while Ix =P, + P_ is the identity
operator. The linear operator J = P, — P_ is called the
fundamental symmetry and is the basic characteristic of a Krein
space K, satisfying 7 = 7! = J"'. The space K can be turned
intoits associated Hilbert space |IC| by using the positive definite
inner product (&, &) ) = (§, ). Countable orthonormal
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bases By for K. and B_ for K_ give rise to a basis B :=
B, UB_ for K. The latter is orthonormal in the sense that
(e,e") =0 for all e # ¢ € B, (e,e) =1 for all e € B, and
(e,e)x = —1foralle € B_.Similarly, asin the positive definite
case, we use the “transposition” abbreviation £T¢" := (¢, )ik
and now additionally (motivated by J operating as a sort of
“conjugation”), a “conjugate-transposition” notation
£ =) = (T&E ) g = (JO'E =£"7¢.

Finite-dimensional Krein spaces with £, = R” and K~ =
IR? are denoted by IR"* and called pseudo-euclidean spaces.
They are characterized by the so-called signature(p, q) € IN.
J becomes the matrix J = diag(1,, —1,) with respect to an
orthonormal basis in IR, Krein spaces are important as
they provide feature-space representations of dissimilarity
data [9] or indefinite kernels. For indefinite kernels, i.e.,
symmetric functions k: X x X — IR, and finite data X, the
resulting kernel matrix K yields an embedding ¢ : X — K
into a finite-dimensional Krein space by its eigenvalue
decomposition, such that k(z,2) = (¢(z),¢¥(a)),. In ana-
logy to the pd case, an indefinite kernel represents an inner
product in an implicitly defined feature space. Hence,
algorithms working with indefinite kernels have a geo-
metric interpretation in these spaces.

Let¢: X — K be a mapping of the data into a Krein space
Kand ¥ := [{(z1),...,¢(x,)] be a sequence of images of X,
in K. In the following, we adopt the matrix-vector multi-
plication notation from the previous section. All quantities
derived in Section 2.1 can now be defined analogously, i.e.,
{¢,®,¢,} are replaced by {, ¥,¢,}, inner products (-, )
are replaced by (,-),, transpositions ¢ are replaced by
conjugate-transpositions £*, but transpositions of vectors v €
IR" are maintained. In particular, the empirical mean is
defined as ¢, := 137" | ¥(x i) = 11, The data vectors in K
are centered such that 1/)(902) = (x;)—1,; hence, ¥ :=
[(x1),...,9(x,)] =¥ — 1 ¥1,17 = WH. The empirical cov-
ariance operator C" IC — K is a continuous linear map that
acts on (x) € K as Cy(x) =10 () — ¥,) (W(xi) -
By @) = L0 Bl ) () b)) e = £ 30, e i)’
P(z) =1 \II\I/*w( ). We will therefore identify the empirical
covariance operator as

e L N e

where CI* =1 \II\I/T is the empirical covariance operator in
IK|. The operator C' is not positive definite in the Hilbert
sense, but it is in the Krein sense [1], [31]. It means that
(&, 08>0 for € # 0, hence in agreement with the inner
product of that space. Assuming C' is invertible (which
requires that n > dim (K)), the empirical square Mahalano-
bis distance D3, (-;{¢,,C}): K — Rxo of a vector (z) € K
to the data described by the model {1, C} is defined as

D3 ($(); {#,, ) = ((x) = ,)" C7 (W) — ).

Since K represents the kernel matrix with respect to the
inner product in K, we get K := ¥*¥ = ¢ 70, Similar to
traditional kernels, the centered kernel matrix is
K =¥V = \I/Tj ¥ = HKH. Analogously, definitions (2)
and (3) of k,, k., k.., and k,, can be extended to indefinite
kernels by suitable replacements. Table 1 summarizes these
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TABLE 1
Kernel-Induced Quantities for
Positive Definite and Indefinite Kernels

Positive definite Indefinite
d=0H U=UH
b= Py g, =1w,
C=10T C=10y~
K=%T® K=U*y¥
K=%T® K=0*¥
ke =3 T¢(z) kz=\11*w(:v)
ko=H(ks — 1 K1,) ko =H(ks — 2 K1y)
kga = ¢(:c)T¢(x) km p(x)*P(z)
koo =kee— 21 ke + 51T K1y | koo =kee— 21 ke + 511 K1,

Data embeddings © and U refer to kernel-induced H/lbert and Krein
spaces, respectively.

definitions for both types of kernels. In particular, 7 =Ix in
the positive definite case; hence, £* = £T and all definitions
presented here reduce to the ones from Section 2.1. Note
that we could have focused on the mere indefinite notation
as the pd case is just a special instance. This would,
however, have hampered the reading of subsequent
sections and the distinction between the positive definite
and indefinite parts. Consequently, we deliberately use 1
and ¥ in the indefinite case in contrast to ¢ and ® from the
pd case to make this distinction more obvious.

3 KERNEL FISHER DISCRIMINANT ANALYSIS

Kernel Fisher discriminant (KFD) was proposed and
successfully applied by Mika et al. [23], [24]. Since it is
well known and due to space limits, we will directly focus
on the extension to the indefinite case.

3.1 Indefinite Kernel Fisher Discriminant

Assume the training data for a two-class problem, ¢ = 2, is
embedded into a Krein space K by the mapping 1, ie.,
U= [i(x1),...,9¥(x,)] is the sequence of mapped training
data and 1/)5], 1/}5} € K are the class means. The Fisher linear
discriminant attempts to find a direction w € K such that
the between-class scatter is maximized while the within-
class scatter is minimized along w. In analogy to the positive
definite case, the indefinite Fisher linear discriminant

f(@) = (w, (@) + b = wip(z) + b (4)

is defined by the vector w that maximizes the Fisher
criterion

<w, ng>/€ w*SKw
J(w) = o B 2B (5)
<w, 2]Wu)>,C w* X w

where the between-class scatter operator acts as

Sw= !~ W =, >,c:<w,2” w,?])w}} —y) Tw.
Hence SK =57, where /&' = (1/) )(w[1 wf])T is the
Hilbert between-class scatter operator in |K|. Similarly, the
within-class scatter operator can be expressed as Xf, :=

“C‘J with the Hilbert within-class scatter operator Em :

S22 Plwy) X ((ad) =yl (y(x!) )" based on suitable
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estimates of prior probabilities P(w;). The bias in the classifier
canbe chosenas b=—1 (w, ¢l + v2) . = —Lw! F(p[1+4),
such that the midpoint of zZJ,[}] and 1/)}12] is on the decision line.
The Fisher criterion can therefore be rewritten as

W TS Tw

J = .
(w) ot T

(6)

An important insight at this point is a geometric
interpretation of the indefinite Fisher discriminant: Insert-
ing the operator representations and substituting v := Jw
into the Fisher criterion (6) and the discriminant function (4)
yields J(w) = v"SKw/(0TEM ) and f(2) = vT4(z) + b with
b defined as b= —%UT(’(ﬁLl] + 1/)5]). This means that the
Fisher discriminant in the Krein space K is identical to the
Fisher discriminant in the associated Hilbert space |K|. This
is by far not clear a priori and not valid for other indefinite
kernel classifiers, e.g., indefinite SVM [11].

A kernel method should avoid such explicit embeddings
into a Krein space and constructions of new inner products
based on eigendecompositions. The kernel function should
be used instead. And indeed, the discriminant can be
obtained in a kernelized form by using the original
indefinite kernel. Assume that the indefinite kernel function
k: X x X - IR encodes the inner product k(z;,z;) =
W) T (z;) in K. As a result, the kernel matrix for the
training data is K = UTJV. Since ¥ = [¥l!) WP, we can
decompose K = [Kj, K,], where K; is an n x n; kernel
submatrix for the jth class. The normal w can be written as
an expansion of the form w=>3 ", a;(x;) = Va. As a
result, the indefinite kernel Fisher discriminant (IKFD) can
be expressed as f(z) = > i, a;k(wx;, z) + b. Moreover, given
that z:=[-1, —L1T1" is an nx 1 vector and M :=

ny? ng T N2

(Kz)(Kz)", we have

wT TSN Tw = oTUT 7 (Vz) (270T) TVa
=a'(Kz)(Kz)" a = a"Ma.

Similarly, we can derive that w" 7% Jw = o Na, where

N =37, Pw)K;HYK] and HY' =1, —11,17. The
objective (5) now becomes
o Ma
=——. 7
(@) aTNa (™)

Since N is positive semidefinite and singular by construc-
tion, its regularized version N := N + 1 for 3 > 0 is used
instead. The coefficients « of (7) are determined by the
leading eigenvector of (N;'M), which is equivalent (up to
scaling) to a = N;'Kz. The bias becomes b = —1a'Kz,,
where z, =117, L17]" Hence, given that k, =

ny TN’ _ng T N2

[k(z1,2),. .., k(z,,2)]", a two-class IKFD is defined as
f(z) = (z"KN; )k, — % (z"KN; Kz, (8)

Note that multiple-class problems are usually solved by
one-against-all two-class discriminants.

IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE, VOL. 31,

NO. 6, JUNE 2009

By comparing IKFD to KFD [23], [24], we observe that the
final formulations are exactly the same: The difference lies in
the definiteness of the kernel used. This result has an
important implication in practice. Independently of the
definiteness of the kernel matrix, the kernel Fisher discrimi-
nant obtained by (8) is applicable to indefinite kernels and
has a geometric foundation and geometric interpretation in
indefinite spaces. Details on IKFD can be found in [14].

4 KERNEL QUADRATIC DISCRIMINANT ANALYSIS
Quadratic discriminant analysis originally assumes a finite-
dimensional vectorial input space X := IR*. Each class w; is
assumed to be normally distributed,
plalw;) = N (a; {£, u0})
_ {4 (@ —p)" (V) @ — b))
(2! (det (1) )2

with a covariance matrix XU € R®** and a mean vector
ull € RF. Each class has an individual prior probability
P(wj) with 37, P(w)) = 1; cf. [7] for details. The maximum
a posteriori probability (MAP) decision for a pattern x
relies on a comparison of ¢ functions p(z|w;)P(w;)/p(z),
which simplify to the following quadratic discriminant
functions f;, j=1,...,c

1 ] i - .
fil@) = =5 @ — )" (=) M@ — ) 4y
=D3, (a,{ull £1}) )
bj = —%ln(det(xlﬂ)) + In(P(w)).

Given c classes, a new object x is assigned to the class w; if

filx) = fi(z),

In case of ties, a deterministic rule is applied that, e.g.,
chooses minimal j that yields the maximum f;(z). In
practice, covariance matrices, means, and prior probabilities
are frequently unknown and estimated from the training
data. In particular, the prior probabilities are usually
estimated as P(w;) := n;/n.

As discussed in [19], nonlinear classifiers may be
required in the kernel-induced feature space and Gaussian
distributions can be observed. However, the authors state
that, for an operator T, the term (¢ (x), T(x)),, cannot be
expressed by inner products; hence, cannot be kernelized. It
is actually possible to do so if T is the empirical covariance
operator, i.e., T'= C. This is our motivation for studying
quadratic classifiers based on Mahalanobis distances in the
implicit kernel feature space.

Hence, in order to describe KQD, we replace = by ¢(z) on
the right-hand side of (9) and provide suitable approxima-
tions for the covariance operator and the mean. Most
importantly, we need to find the kernel formulation of the
square Mahalanobis distance. The decision rule f; in (10)
remains unchanged. The bias b; in (9) can be expressed by
operations on the kernel only, but it will get another
treatment in Section 4.4. This is done in order to avoid
numerical difficulties.

for all i # j. (10)
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TABLE 2
KQD and IKQD Approaches for a c-Class Problem Based on Decision Functions f;, j=1,...,c

BASIC DEFINITIONS
Kl = (\p[j])*\p[j] c R™5 XNy KUl = gUlgUI gL ¢ Ry *xn;
Kj = w*gll e Rnxmi Kj = U*gll e Rmxmi
KUl = f{jH[J']f(;re RnXn
k_[rj] = (Ullysyp(z) € R XD KT H[j](k[zj] _ %K[j]lnj) c R X1
ky = [k(z1,2), ..., k(zn,2)]T | ko= H(k; — 1K1,) € RPX1
K-k, — n%_f(]lnj € Rnx1
koo = 1/1(I)*1l}($) k;[vjz] = kgpo — %111 k:[i7] + %111.]{[].]1757‘

KQD AND IKQD METHODS

KQD-ICT/ IKQD-ICT

KQD-IC—/ IKQD-IC—

fi(w) = =5 (T (RHL) 2K+,
KUl 4 o;I,, for KQD-ICT

gk
Ky, = Lo _ _
reg Ubl(AV) fa; JUNYOUNYT, for IKQD-ICH

filw) = = &&= 4,

(RU)~ = piny (KU1, o)

KQD-RCT/ IKQD-RC™T

KQD-RC—/ IKQD-RC—

fi(@) = =5k (REL - ZHTRED &) + b

J
o - for KQD-RC™
U = Kl 4 p o2 o
Krg = KV + njoj { Ul JUlUUNT, for IKQD-RCT

B) =~k (= @ Tail) +,
o—j 'n.jn'j
~ ]nj for KQD-RC™
T bl @LNT, for IKQD-RC™

KQD-FKT/ IKQD-FK+

KQD-FK™/ IKQD-FK™

Fi(e) = = (BN TR Y+ b

Iz{llé]g = I%[]] +aj I

fi(@) = =5 RE)TERE) K 4 b
(K~ = pinv(K U, o)

The sample x is classified tow; iff f;(x) > f;(x), foralli # j. The values b; are found by error minimization on the training set. For simplicity, we use ¥
tfo denote feature spaces and * to denote the conjugate-transpose for both Hilbert and Krein spaces. Recall that H = I, — %1,113 and

HY =1, —L11

jn;

1" . pinv(A, a) denotes a denoised pseudoinverse of the matrix A such that singular values whose magnitudes are smaller than o

are set to zero. KU/ = UUl|All| JUl(UU))" stands for an eigendecomposition of KU, where AUl = diag(A%, A1, 0) = |All|.J1] has p; positive and q;

negative eigenvalues, and JU .= diag(1,,, —1,,, 1, —q,)-

We will now derive three approaches to kernel quadratic
discriminant denoted as: KQD-IC for Invertible Covariance
operators, KQD-RC for Regularized Covariance operators, and
KQD-FK for Full Kernel matrix. The methods differ in their
underlying assumptions, the computational complexity, and
the amount of the kernel-matrix information they rely on.
The first two techniques work in class-related subspaces,
while the third one is defined in the complete kernel-
induced space. KQD-IC and KQD-RC are computationally
more attractive than KQD-FK; hence, they are preferred in
the case of “clean” classes, i.e., when the classes are
discriminative based on the diagonal kernel submatrices.
This is the reason for considering multiple formulations.

Each of the above methods has a proper extension to
indefinite kernels yielding IKQD-IC, IKQD-RC, and IKQD-
FK, respectively. Different regularization methods are
indicated by additional subscripts and superscripts. In
particular, superscript * indicates regularization by a
suitable addition, while superscript ~ indicates regulariza-
tion by a suitable remouval (or simplification) step. All of the
methods are summarized in Table 2.

4.1 KQD-IC Based on Invertible Covariance
Operators

We assume an embedding of the training data by a
kernel-induced mapping ¢ into a Hilbert space H. We

require here invertible (nonsingular) empirical class

covariance operators C' in the kernel-induced space. This
limits our reasoning to a finite-dimensional H because the
image of an empirical covariance operator C based on n
samples has a finite dimension m < n. The following
considerations require identical classwise derivations.
Therefore, in order to simplify the notation, we concen-
trate on a single class of n elements ® = [¢(z1),..., d(x,)]
and drop the super/subscript j. Remember that the
empirical mean of ® is ¢, := 1%1,, the centered config-
uration is ® := & — %12 = ®H, and the invertible (due to
our assumption) empirical covariance operator is defined as
C ::%éi‘T. We want to kernelize the empirical square
Mahalanobis distance D3, (¢(x); {¢,,C}) given in (1). This
can be computed without performing the explicit mapping ¢
as we will now derive. Similar derivations for the subse-
quent methods are presented in Appendix A, which can be
found in the Computer Society Digital library at http://
doi.ieeecomputersociety.org/10.1109/ TPAMI.2008.290.
Since H is m-dimensional, with m < n, we may interpret
® as an m x n matrix. Hence, it has a singular value
decomposition given by ® = USV"' with orthogonal ma-
trices UeIR™™ and VeIR™", and a diagonal matrix
SeIR™". By using the orthogonality of U and V, we have:
C = %fixfT =1USSTUT and K =&"® =vSTSvT, with an
invertible matrix SST € IR™*", but singular STSeIR"*". So,
C'=nU(SST)'UT and K~ =V(STS) VT, where the super-
script ~ denotes here the pseudoinverse of a matrix. This
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Moore-Penrose inverse exists, is unique, and can be obtained
by a singular value decomposition of the matrix. (Specific
conditions for the existence of the Moore-Penrose inverse can
also be characterized for general operators in Krein spaces;
see [22] for details.) Multiplication of these equations with )
yields

o USs™tsvT,

n (11)
T =US(S"S) Vv

Since S € IR™*" is diagonal and has m nonzero singular

values, both middle matrices S(STS)”™ and (SST)™'S are

m x n diagonal matrices with inverted singular values on

the diagonal. Therefore, these matrices are identical and we
conclude that

- 1 -
PK- =-C"'d.
n

Given an arbitrary centered vector olz) =
acts on ¢(z) as follows:

- léfi)T(qﬁ(x)—%(I)ln)

n

¢(z) -

Co(x)

1. 1
——oH (kx - —K1n> =~ ¥k,,
n n n

where k, and k, are defined in (2). Since C'is invertible, this
implies with (12) that

¢@=%¢@m=@%m (13)

Finally, the identities (12) and (13) allow us to express the
Mahalanobis distance in its kernelized form as

D3(6(2); {0, C}) = ¢(z)" C ' d(x) =
=nk (K™ )’k,.

()" C DKk,

For the jth class, the kernel Mahalanobis distance becomes:
Diy(o(@); {¢)], CTY) = ny (k) ((KV

where KW = gUl KU H and kI = HU) (kU K[]]ln ).Ina
c-class problem a quadratic discriminant for the jth class is
obtained from (9) by inserting the estimated quantities as

D7)k,

Fila) = = SO (B )k + by (14)
Note that K1 is singular as rank(K") < n; due to kernel
centering. In addition, we can rely on the pseudoinverse of
KUl with a given tolerance a; >0, such that (KV)™ :=
pinv(K¥, ;). This means that singular values smaller than o
are treated as 0. The use of the tolerance o acts as a denoising
step. It is necessary in practical applications in order to
prevent noisy and unreliable estimates of (K')~ when KU/
yields many tiny eigenvalues. Alternatively, we can use the
inverse of the regularized kernel K, r[é] = KU +ayl,, where
a; >0 is a small regularization constant. This leads to
alternative discriminant functions in the form of
ny

i) = — 2 (R0 (R R+, (15
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We will denote method (15) by KQD — IC"(KQD with
Invertible Covariance matrices), while method (14) is
denoted by KQD-IC™. Here, the superscript * indicates
regularization by diagonal addition, while indicates
removal of kernel matrix information by a thresholded
pseudoinverse.

4.1.1 IKQD-IC, Extension to Indefinite Kernels

We again assume nonsingular empirical class covariance
operators of data embedded into a finite-dimensional
Krein space K. One can show with a slightly refined
argumentation that the analogue of (12) also holds for the
indefinite case. Hence, we can express the kernel
Mahalanobis distance as before. We omit the derivation
here and refer to Appendix A.1, which can be found in
the Computer Society Digital Library at http://doi.ieee
computersociety.org/10.1109/TPAMI.2008.290, for details.
As a result, we obtain the following quadratic discrimi-
nants for the IKQD-IC™approach:

N = oo~
fia) = =" IR PR 40, (16)
where (K1)~ := pinv(Kl, a;) is a denoised pseudoinverse of

KUl 1t means that singular values whose magnitudes are
smaller than the chosen «; are set to zero. This formulation is
equivalent to (14) except for the definiteness of the kernel
matrix K. The inverse of regularized K/ can again be used
instead of the pseudoinverse (KUh~.
we regularize K/ by adding a constant «; to its diagonal,
KUl + a;l,, we equlvalently enlarge the original eigenvalues
of KU by ;. Here, KU is an indefinite kernel that has both
positive and negative eigenvalues. Regularization should
therefore be in agreement with this property. Let us consider
an eigendecomposition of KV as K = UWAUN(UU)T, where
AV = d1ag()\m AV 0) is a diagonal matrix with p; positive, ¢;
negative, and (n;—p;—q;) zero eigenvalues, while the
corresponding eigenvectors are stored in UVl = [UE],
Ul ub. By introducing JU = diag(lpl, —14.1p,—p—g,), We
imply that AVl = |AV)|JU], where |AU)| denotes the absolute
Values of AUl. We can then easily verify that KU =

UUl| Al Ul (Ul ) Hence, we will define Ker]g U[JJAH
(UW)T, where Al := AUl + o;J0 and a; >0 is a chosen
constant. This leads to the IKQD-IC™discriminants in the
following form:

Remember that, when

file) =
These are equivalent to (15) when K is a pd kernel matrix.

4.2 KQD-RC Based on Regularized
Covariance Operators

Since we deal with finite samples in a high-dimensional or
infinite dimensional Hilbert space H, the empirical covar-
iance operator may not be invertible. Regularization is
therefore necessary to prevent it from being singular. One
can show that an additive regulanzatlon of the covariance
operator Cly := L 3UI(dUHT 4 o3l is equivalent to an
additive regularlzatlon of the’ centered kernel matrix

I 4 b;. (17)

reg

5 (R (R R
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Kr[i]g = KW 4 njo’]zln,]- This allows subsequent derivation of
the corresponding kernel Mahalanobis distance. See Ap-
pendix A.2, which can be found in the Computer Society
Digital Library at http://doi.ieeecomputersociety.org/
10.1109/TPAMI.2008.290, for details.

In our c-class problem a quadratic discriminant for the

jth class described by {pl r[é]g} is therefore defined as

o

1/~ o et
@) = = o (R = () () K)o+

18
2 (18)

We refer to this method as KQD-RC*' (Kernel Quadratic
Discriminant with Regularized Covariance operators). There
is no need to use a pseudoinverse here as KILé] is invertible.
Note, instead, that n, ja I, is a dominant component in Kr[b]u
for a sufficiently large nj. In such a case, (Kr[ﬂ,) ! can be
approximated by - o —L;1,,. This leads to the following
simplified dlscrlmmants, denoted by KQD-RC™:

RN TR

n;o Fi

mw——igG% (19)

J

4.2.1 IKQD-RC, Extension to Indefinite Kernels
Similarly to the positive definite case, we deal with finite
samples in a high-dimensional or infinite-dimensional Krein
space K. So, regularization of the empirical covariance
operator is necessary to prevent it from being singular. Here,
however, the regularization should respect the indefinite
character of the space, i.e., be in agreement with the positive
and negative subspaces of K. The derivations in
Appendix A.3, which can be found in the Computer Society
Digital Library at http://doi.ieeecomputersociety.org/
10.1109/TPAMI.2008.290, are based on the choice
Kl == KV 4 njo?U0 JU(U)T, where KU = UUIALI(UU)T
is the e1gendec0mp051t10n of the centered kernel submatrix
for the jth class and JV := diag(1,,, —1,,, 1., —,,) With p;
and ¢; being the number of positive and negative eigenvalues
of AUl respectively. This leads to the kernel Mahalanobis
distance and allows us to define a quadratic discriminant for
the jth class as

1 ( i _

27 (R (20)

fil@) = - (R (R K ) + by,
Note that the above expression is the same as (18) except that

KU is now an indefinite kernel matrix and K. ¢ is regularized
in agreement with the indefinite character of the kernel. We
will denote this method as IKQD-RC™. If njo? is dominating
the terms in K, we can simplify this method further on by

approximating Krig by n;o?UlJU(U)T. Hence, (K™=

L gl Ui, This leads to the following IKQD-RC™
dlscrlmmants
1 (KUYl 71 (i) TR
filw) =5 (k[]] e +b. (21)

Note that U0 (UI)" is not a diagonal matrix, in contrast
to KQD-RC~for which JV = I, holds.
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4.3 KQD-FK Derived in the Complete Kernel Space
Both KQD approaches considered so far build discriminant
functions f; in class-related kernel feature subspaces. The
functions f; rely on the n; x n; class kernel matrices K/,
which are diagonal block submatrices of the kernel K. This
means that the between-class information expressed in the
relevant off-diagonal (n—n;) X n; submatrices of the
kernel K is unused in the Mahalanobis distances. Now,
we want to propose the third approach, in which each
discriminant function f; relies on both within-class and
between-class kernel information. As a result, it builds upon
kernel values from the objects of the jth class to all other
objects. We therefore define KQD in a complete kernel
space specified via kernel PCA (KPCA), as derived in
Appendix A .4, which can be found in the Computer Society
Digital Library at http://doi.ieeecomputersociety.org/
10.1109/TPAMI.2008.290.

LetK: [Kl,...,
centering is global for all training objects. The column-blocks

K <] be the centered kernel matrix, where

K; € R™™ correspond to the kernel vectors of different
classes. The lower subscript is chosen to avoid confusion
with the classwise centered matrices K € IR">*" from the
KQD-IC methods. The kernelized Mahalanobis distance is
based on the matrix K1/ := = K;HV K T'e R™". Note that K is
a submatrix of K, where K is Centered as a whole, while KUl
is an inner product matrix that involves additional centering
of K j with respect to the jth class. F9r this reason, we use the
double-tilde notation. Since rank(K) <n; by construction,
its inverse cannot be derived. In analogy to KQD-IC, we
either use a pseudoinverse of KV or regularize it by
diagonal addition. This leads to the following discriminant
functions, denoted as KQD-FK™ (Kernel Quadratic Discri-
minant in the Full Kernel space)

=~ ) (K I b,

filw) = =2 (22)

with f{b] l:g 1 K; j1,,. The KQD-FK"approach is based
on ng]g =K +aJI,,, which leads to the following
discriminants:

 Zllvt, 2l
fiw) = =2 ) (R K 4y (23)
4.3.1 IKQD-FK, Extension to Indefinite Kernels

We denote K = [K,...

kernel matrix for all training objects. The column-blocks

,f(a] as the centered indefinite

K; € R"™" describe kernel vectors of different classes. A
data representation obtained from indefinite kernel PCA
(IKPCA) [27] allows one to derive the kernel Mahalanobis
distance based on the double-centered matrix KUJ:=
K;HUKT € R™" as worked out in Appendix A.5, which
can be found in the Computer Society Digital Library at
http://doi.ieeecomputersociety.org/10.1109/TPAMI.2009.

290. Again, rank(l:{ [j])<nj by construction, so its inverse
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cannot be computed. We can either use a pseudoinverse
of K or regularize it appropriately. Note that indepen-
dent of the definiteness of K, K7 s always positive
semidefinite because it is an inner product matrix, ie.,
KU = (K;H)(K;H")". Consequently, both pseudoinverse
of % 1l

identically to the positive definite case. This means that the
IKQD-FK™ discriminants are described by (22), while the
IKQD-FK* discriminants are expressed by (23). The

difference again only lies in the definiteness of the kernel.

and its regularization by diagonal addition work

The summary of all KQD approaches is presented in
Table 2.

4.4 Choice of Bias

It is possible to derive the bias b; in the discriminant function
f; of an MAP decision only by using operations on kernels.
For instance, we get b; = —15_| (A7) + In(P(w;)), where

)\EJ] are nonzero eigenvalues of a nonsingular covariance

matrix CV in an /-dimensional space. This holds because
In(det(C1)) = (., Ay]) =3, ln()\gj]). It is well known,
e.g., from KPCA, that AEJ] can be obtained as the [ nonzero
eigenvalues of the scaled and centered kernel matrix %f( 1,
cf. [33]. In particular, it is straightforward to show that the
eigenvalues /\im of CUl are identical to the eigenvalues of
%f( Ul fori = 1,...,1:= rank(K). Similar expressions for b;
can also be derived for regularized covariance matrices.

Numerical problems, however, arise because a centered
kernel matrix has often a slowly decaying eigenvalue
spectrum. In order to take all nonzero eigenvalues into
account, one has to compute the logarithm of the
eigenvalue-product. This is numerically unstable if KU
has many small eigenvalues. The restriction to a fixed
number of eigenvalues is equivalent to the choice of
intrinsic dimension. A variation of this factor can lead to
large variations in the bias as the logarithms of small
eigenvalues become arbitrarily large in magnitude. In
addition to the instability of a proper estimation of intrinsic
dimension, the resulting (unreliable) bias b; turns out to
frequently dominate the Mahalanobis distance contribution
in the experimental computation of f;. As a result, it spoils
the predictability of the resulting classification rule. There-
fore, we apply another interpretation of the bias values b; as
in the traditional QDA. This leads to a stable and elegant
computation scheme for b; in the kernelized classifiers.

In the case of classwise normally distributed data, the
traditional QDA (with exact mean and covariance) is the
Bayes classifier [7]. In particular, no other choice of bias
values will result in a lower classification error than the
Bayes error. Therefore, the bias values of f; can equivalently
be defined as the ones that minimize the QDA prediction
error. Since the training error is a good surrogate for the
Bayes error in QDA for a large training set, we apply the
following procedure to determine b; on the training data.
For a two-class problem, say w; and wj, a greedy search can
be applied to determine the optimal estimate for the biases
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TABLE 3

Train and Test Complexity for Different Classifiers
Method Train complexity Test complexity
KQD-IC/ IKQD-IC Om3/c+n?+c%) | O0?/ec)
KQD-RC*H/ IKQD-RCt | O(n3/c+n? +c3) | O(n?/c)
KQD-RC™ On? +c?) O(n/c)
IKQD-RC™ Om3/c+n?+c3) | On?/c)
KQD-FK/ IKQD-FK O(cn3 + c?) O(cn?)
KFD/ IKFD (one-vs-all) | O(en?®) O(cn)
SVM /ISVM (one-vs-all) | O(cn?) O(cnv)
KNN / IKNN - O(kn)
KPCA-QD / IKPCA-QD | O(pn? 4 cp) O(np + cp?)

b; and bj;, or more precisely, for their difference b; — b;. This
difference is the only relevant quantity for the class
decisions, as an addition of a constant to all bias values
keeps the decisions unchanged. Having fixed one value b;,
only a finite number of values for the second bias b; need to
be tried to obtain the minimal training error for the two
classes. For a c-class problem, this can be applied in a
classwise manner which yields f¢(c — 1) estimates A;; for
the differences b;—b;, j > i. The desired bias values b =
[b:];_, are found by solving a small least squares problem

c—=1 ¢
rnbmz Z (b7 - b] - Ajj)Z.

i=1 j=it+1

4.5 Computational Complexity

Table 3 presents computational complexities of the KQD
approaches and some reference methods. The latter are
linear kernel classifiers, such as KFD and SVM, and
nonlinear ones, such as the kernel k-Nearest-Neighbor
(KNN) based on the kernel-induced distance d?(z,z’) :=
k(z,z) — 2k(z,2") + k(a,2’), and KPCA-QD, which is a
quadratic discriminant trained in a feature space obtained
from KPCA. Indefinite versions of these are identified by
the prefix “I” in the used abbreviations.

For simplicity, we assume a c-class problem with
n training samples such that class priors are equal and set
to n; :=n/c for all classes. The value v denotes the fraction
of support vectors of SVM, while p is the dimension of the
KPCA space. The test complexities of the KQD methods
rely on c evaluations of decision functions. These are either
matrix-vector multiplications of size n; for classwise
methods (except for KQD-RC™) of size n for full kernel
approaches, or merely vector inner products of the length n;
for KQD-RC™. This leads to the test complexities for a single
pattern reported in the right column of Table 3. The bias
derivation for the classifiers requires cn Mahalanobis
distances, equal to n times the test-complexity. For these
values, the bias-difference estimates A;; are computed in
O(¢*n3) = O(n*) and the solution of a least square problem
finds the desired bias values in O(c?), as described in
Section 4.4. The computation of ¢ matrix (pseudo)inverses
for the decision functions can be realized in either O(cn?) or
O(cn?), depending on the size of the involved matrices.
Again, KQD-RC™ is a special case as only auxiliary vectors
need to be computed here in O(cn?). This gives the training
complexities as shown in the left column of Table 3. Note
that centering of a kernel vector can be realized in O(n;) or
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O(n) depending on the vector length, so it does not
influence the estimated values. Reference classifiers are
based on matrix inverses of the complexity O(n?) for KFD,
eigendecomposition complexity O(n?) for KPCA-QD, and
empirical SVM complexity scaling with O(n?) (based on
optimized training routines; otherwise, the complexity of
O(n®), a > 3, would be realistic for general QP solvers).
Observe that the KQD-IC and KQD-RC approaches are
clearly beneficial in the case of multiple classes as the
dominating n3-term is mainly inversely proportional to c.
The more expensive KQD-FK approaches still have identical
training complexity as, e.g., KFD. As we have quadratic
classifiers, the test complexity is based on nonsparse matrix
multiplications; hence, asymptotically more expensive than
in case of linear kernel classifiers such as SVM and KFD. The
KQD-RC™ approach is clearly advantageous over the
remaining classifiers due to its simple classification rule.

4.6 Related Methods

Various nonlinear kernel techniques, including the kernel
Mahalanobis distance, are considered in [32]. As such, the
pure kernel Mahalanobis distance (KMD) is used there in a
classwise manner. This is analogous to our KQD-IC™
approach relying on the pseudoinverse of the class-related
kernel submatrices, but without the use of bias values. The
authors report a good performance of KMD on the RBF
kernels defined for some standard vectorial data from the
Machine Learning Repository [17].

The assumption of Gaussian distributions in kernel
spaces suggests a relation to Gaussian processes, i.e.,
collections of random variables whose any finite number
has a joint Gaussian distribution. Indeed, there is an
interesting link between KQD-RC" and Gaussian process
regression [29]. A Gaussian process is used in Machine
Learning as a prior probability distribution over functions
and used for Bayesian inference. In our case, these functions
are defined in a centered kernel-induced space as
f(z) = wl¢(z). In practice, we also assume additive iid
Gaussian noise e with variance 0‘31/ which leads to the
relation y = f(z)+e. As a result, f(z) is a Gaussian process
with mean m(xz) =0 and covariance k(z,z’). Given the
training data {z;,y;}/_,, a centered kernel matrix K is the
covariance matrix of the corresponding Gaussian process.
The joint distribution of the observed target values and the
function value f, at a test point z is

y K+a2l, k,

ARG
The Gaussian posterior distribution p(f,|Xi,y,z) has the
mean f, = RE(K—Q—afLLL)*ly and the variance var(f,) =
kpw — k(K + a%],,,)flfcm (see [29] for details). Hence, in
particular, var(f,) with o2 =no? is equivalent to the
kernel Mahalanobis distance derived for KQD-RC™, i.e.,
when the covariance operator is regularized in the kernel-
induced space.

Kernel discriminant analysis is more specifically dis-
cussed in [19]. In particular, the authors present a statistical
support for KFD and show an approach of “kernel Fisher’s
quadratic discriminant analysis.” This method uses a vector-
ial representation of patterns by the kernel values k, and
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performs QDA on them. Our approaches are quite different
and do not restrict the kernels to be Gaussian or
Epanechnikov as considered in [19].

We also want to mention the recent paper of Wang et al.
[41] which presents a method of kernel quadratic discrimi-
nant analysis for small sample size problems. This proposal
relies on supervised dimension reduction in a kernel-
induced space followed by discriminant analysis. Given
c classes, the first step is realized by a kernel Fisher mapping
toat mosta (¢ — 1)-dimensional space in which a specifically
regularized quadratic discriminant is found. As such, this
procedure is not a pure extension of the traditional quadratic
discriminant, as we develop it in this paper, but involves an
intermediate step of a kernel linear discriminant.

Finally, we want to emphasize that kernel methods are
mostly nonlinear extensions of linear algorithms and one
might ask whether KQD techniques can be interpreted as
linear classification in an extended kernel-induced space
with a suitably chosen kernel. The answer is negative,
which can be most obviously seen in the KQD-RC
approaches, as the diagonal kernel values k(x,z) are
required. No linear classifier in kernel space could make
use of these for classification.

5 EXPERIMENTS AND RESULTS

In our experimental study, we focus on various classifica-
tion problems in order to compare the performance of the
KQD and IKQD methods to relevant reference classifiers,
such as SVM, KFD, KNN, and KPCA-QD as introduced in
Section 4.5. The reference methods are also applicable to
indefinite kernels, cf. [11], [27], and Section 3.1. Conse-
quently, the reference methods will be denoted as ISVM,
IKFD, IKNN and IKPCA-QD in the case of indefinite kernel
matrices. All experiments rely on the MATLAB package
PRtools41 [8]. SVM/ISVM is trained by using MATLAB
inherent optimization routines for small data sets and
LIBSVM [3] for large data sets. In particular, the latter
software is guaranteed to converge for indefinite kernels.

5.1 Positive Definite Kernel on 2D Data

Let us consider an artificial data set as illustrated in Fig. 1.
The classes are generated by two normal distributions,
slightly transformed in a nonlinear way such that the
resulting distributions are no longer Gaussian. Each class
in the training set is represented by 50 samples. We
choose the Gaussian Radial Basis Function (RBF),
k(z,2') = exp(—|z — 2/|*/s?), as the kernel. The same
regularization parameters are used for all classes, i.e.,
O"]Z- = 0%, a; = «, and we perform 10-fold cross-validation
to determine the following parameters: o € [107'°,107?] for
the KQD-IC and KQD-FK methods, ¢ € [1073,10%] for the
KQD-RC approaches, «a€[107%10'] for KFD, C¢€
[1071,10 for SVM, and « € [1077,10°] for KPCA-QD,
where each parameter interval is discretized by 15 values
on a logarithmic scale. The value ke {l,...,15} is
optimized for KNN. The kernel parameter is included in
the cross-validation search by 15 values for s spanning the
interval [0.1,500]. Classification results are found on
independently drawn test sets of 500 + 500 examples.
Example KQD-classifiers are depicted in Fig. 1a. Fig. 1b
illustrates the reference classifiers: KFD, SVM, KPCA-QD,
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Fig. 1. Classifiers on 2D toy data based on the Gaussian RBF-kernel. The classifier parameters are determined via cross-validation. (a) Results for

all KQD methods. (b) Results for the reference methods.

and KNN. The training samples are marked by squares, and
additionally, a random subset of 200 test samples is plotted.
Note that the cross-validated s are reflected in the
variability of the decision lines, e.g., higher variability or
lower s for KQD-RCT and KQD-RC™. The KNN rule is, as
expected, highly nonlinear.

To analyze classification performance, we determine the
overall mean and standard deviation of the test errors
determined by (s,C,«,0,k) cross-validated classifiers in
10 runs. The corresponding errors are reported in the left
part of Table 4. The KQD-IC and KQD-FK nonlinear kernel
classifiers seem to perform much better than the SVM and
KFD, which are linear classifiers in H. But they are also
superior to other nonlinear kernel classifiers, namely KNN
and KPCA-QD.

5.2 Indefinite Kernel on 2D Data

We consider an artificial 4 x 4 checkerboard data based on a
uniform distribution on [~2,2]° CIR?, cf. Fig. 2. We first
define the base kernel k(z, 2') := exp(—d(z,2')"/s?) by using
d(z,z'):=)_1 |a:,ifsc;|2. Practical source of indefiniteness
in kernels can be caused by incorporation of prior knowl-
edge about invariance into kernels, deriving kernels from
distances, or combining kernels [26], [12]. We observe that
the checkerboard distribution is invariant with respect to
the point reflection 7(z):= —z through the origin. We
incorporate this knowledge by combining two base kernels

TABLE 4
Average Classification Errors (%) for
Positive Definite and Indefinite 2D Data Sets

Classifier Positive definite Indefinite
KQD-ICT/ IKQD-ICT 7.1 (14) 14.0 (2.8)
KQD-IC~/ IKQD-IC— 6.7 (0.8) 12.0 (2.1)
KQD-RC*/ IKQD-RC* 9.0 (2.1) 13.3 (3.4)
KQD-RC~/ IKQD-RC~ 11.2 (2.2) 13.3 (4.1)
KQD-FK*/ IKQD-FK+ 6.6 (0.6) 13.9 (2.7)
KQD-FK~/ IKQD-FK~ 6.6 (1.1) 14.0 (2.2)
KFD / IKFD 10.5 (2-2) 12.5 (3.7)
SVM / ISVM 8.5 (1.5) 20.0 (3.2)
KPCA-QD / IKPCA-QD 8.4 (1.4) 12.6 (2.1)
KNN / IKNN 10.0 (2.1) 14.5 (1.9)

Numbers in parenthesis denote standard deviations.

into a new one: k(x,2’) := max{k(x,2'), k(x, ("))}, which
can alternatively be motivated by invariant distances [13].
We choose these kernel settings because of significant
indefiniteness. Hence, the example is suitable for demon-
strating the behavior of the methods for indefinite kernels.
Note that this kernel is symmetric, as k(z,7(z)) =
k(7(x),2") for the RBF-kernel.

We follow the same experimental setup as in Section 5.1,
ie., a training set of 50+ 50 elements is drawn, kernel
width and classifier parameters are found via 10-fold
cross-validation. Test error rates are determined on an
independent test set of 500 + 500 samples. The ranges of s
and « are slightly shifted as compared to the previous
section.

Example classifiers are illustrated in Fig. 2. One can
clearly observe the perfect point symmetry of all classifiers
due to the use of an invariant kernel, even though the
training set is asymmetric. To maintain the clarity of
presentation, the test examples are not plotted.

To assess the statistical significance, we repeat the above
data-drawing, cross-validation, and test-error determina-
tion 10 times. The resulting average test errors are given in
the right column of Table 4 in the previous section. We see
that all IKQD approaches outperform both ISVM and
IKNN; IKQD-IC™is even slightly superior to IKPCA-QD
and IKFD.

In the above experiments, the kernel parameter s was
cross-validated, which is necessary for evaluating the
classification performance. Still, further interesting observa-
tions can be made by fixing s and performing cross-
validation over the remaining parameters. By this, the
inherent feature-space representation of the data is fixed,
which allows investigations of indefiniteness. Further
preferences of s of the different classifiers can be found.

These results are presented in Table 5. In addition to the
10-fold averaged test errors, we assess some measures of
indefiniteness of the resulting kernel matrices. First, we
determine the signature (p, ¢) of the kernel matrix, defining
the dimensions p, ¢ € IN of positive and negative subspaces,
respectively. It results from an embedding of the training
data into a finite-dimensional Krein space C. Further, we
provide an index of indefiniteness, rues:=(>_, o |Ail)/
(32, IAi]), the ratio of negative variance to overall variance
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classification boundaries in R?.

(b)

Fig. 2. Classifiers on 2D checkerboard data based on an invariant and indefinite Gaussian RBF-kernel. The classifier parameters are determined via
cross-validation. (a) Results for all IKQD methods. (b) Results for the reference methods.
TABLE 5

Indices of Indefiniteness and Average Classification Errors [in Percent] for Different Kernel-Based Classifiers
Based on the Invariant Gaussian RBF Kernel for Checkerboard Data The kernel parameter s Varies

Indefiniteness Kernel parameter s

0.05 0.1 05 T 5 T0 50
Tneg 0.162 0.181 0213 0222 0217 0210 0.130
(v, q) (57.43) | (54.46) | (5347) | (52.48) (51,49) (5149) | (50.50)
ol — 62112 0.169 0.190 0.167 0.094 -0.054 0.012 0.078
Classifier 0.05 0.1 05 1 5 10 50
TKQD-ICT 490 (53) | 418 (62) | 146 27) | 152 (2.5 | 204 40) | 231 6G.0) | 212 (32)
IKQD-IC~ 48.8 (4.6) | 36.6 (5.0) | 143 (1.7) | 125 (2.5 | 147 (29) | 18.4 (3.5 | 18.4 2.0)
IKQD-RC+ 15.1 2.9) | 13.3 (2.9) | 194 (4.8) | 33.4 (6.8) | 47.8 (5.6) | 5.1 (4.7) | 35.8 (5.8)
IKQD-RC— 14.6 2.7) | 145 (3.1) | 142 (4.2) | 165 (6.3) | 47.0 (63) | 51.0 (2.9) | 36.0 (5.8)
IKQD-FK+ 140 2.8) | 143 2.8) | 122 (2.5 | 123 (1.9) | 138 3.1) | 13.1 (1.6) | 182 (1.9)
IKQD-FK~ 189 (4.0) | 169 (3.0) | 148 2.2) | 127(1.5 | 14327 | 129 (1.9 | 178 2.2)
IKFD 128 (17) | 10.7 (29) | 142 (2.4) | 148 (4.1) | 14.0 (24) | 12.6 (2.2) | 204 (1.3)
ISVM 202 (3.7) | 21.0 (4.5) | 265 (4.0) | 46.6 (4.4) | 44.7 (102) | 49.3 (4.0) | 31.7 (4.8)
IKNN 143 2.1) | 152 2.4) | 149 2.5) | 152 2.5 | 153 2.0) | 13.8 (2.3) | 14.4 2.3)
IKPCA-QD 142 3.8) | 150 45) | 122 (2.5 | 121 2.4) | 140 4.0) | 122 (1.9) | 17.8 2.3)

Averaging is performed over 10 data drawings.

measured by the sums of absolute eigenvalues A; of K, and
the squared distance of the class means Hqﬁﬂ] — qﬁgl %

Concerning indefiniteness, we note that the fraction of
negative energy is the highest in the middle range of s and is
decreasing toward both lower and higher values. This is
expected because kernel matrices converge to either I,, for
s — 0 or to the matrix 1,,,13 for s — oo, which are both
positive semidefinite. Note that the square distance between
class means in the embedded Krein space may by negative
for some s. This gives rise to difficult separation with
indefinite SVM [11]. Indeed, ISVM performs badly in these
cases. We can observe that the IKQD-RC approaches seem to
favor smaller values of s, whereas the IKQD-IC classifiers are
better for larger s. The IKQD-FK approaches work accep-
table over the whole range of s. KNN, despite of being a
kernel classifier, is theoretically independent of the choice of
s for the RBF-kernel. However, due to differing randomiza-
tion seeds and numerical inaccuracies, the numbers in the
table are slightly varying. Similar observations can be made
for the positive definite data set of the previous section.

5.3 Real-World Kernel Data

We now consider both two-class and multiclass problems,
ranging from positive definite kernels, slightly indefinite
kernels to strongly indefinite kernels, and covering equally

balanced as well as unbalanced class sizes. We compare the
performance of the IKQD methods to the reference classifiers.

The data are defined either by a symmetric dissimilarity
function d(z,z') or symmetric similarity function s(z,z’),
designed or optimized for the given task. Examples of such
measures are edit distance, variants of Hausdorff distances,
compression distance, structural similarity, or shape match-
ing similarity. These pairwise functions allows us to define
suitable kernels by k(z,a') := —(d(x,2'))* or k(z,a'):=
s(x,2") after appropriate linear scaling. The scaling is done
such that all dissimilarities are divided by the average
dissimilarity in the training set, or by the average self-
similarity if we deal with similarity data. Such a scaling is
only important for practical reasons in order to use identical
ranges of cross-validated parameters for different data sets.

The centered training kernel matrix K obtained from a
dissimilarity function is positive definite only if the
dissimilarity matrix D := (d(zi,2));,, is isometrically
embedabble into a euclidean space [10], [26]. Since this
does not often occur for optimized proximities, we will
mostly encounter indefinite kernels. Consequently, we use
the indefinite notation throughout this section for all the
IKQD techniques and reference classifiers.
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TABLE 6
Characteristics of Real-World Kernel Data 3 Is the Fraction
of Data Used for Training in the Holdout Experiments

[[ Dissimilarity Kernel] ¢ (n;) [ B [ ree(0,9)
Two-class problems
Mucosa Derivative 17 | —d? | 2 (132/856) [ 0.60]0.15 (216,378)
Heart Euclidean —d? | 2 (139/164) | 0.80| 0.00 (242, 0)
Nist38-EU Euclidean —d? 2 (1000) |0.10| 0.00 (199, 0)
Nist38-MH Mod. Hausd. | —d?| 2 (1000) |0.10|0.22 (104, 95)
Poly-H Hausdorff —d? 2 (2000) | 0.05| 0.32 (113, 87)
Poly-MH Mod. Hausd. | —d? 2 (2000) |0.05| 0.25 ( 91,108)
Multi-class problems
Cat-cortex Prior knowl. | —d?>| 4 (10-19) [0.80] 0.19 ( 35, 18)
Protein Evolutionary | —d? | 4 (30-77) |0.80| 0.00 (167, 3)
News-COR Correlation —d? | 4 (102-203) | 0.60| 0.19 (127,208)
ProDom Structural s |4 (271-1051)| 0.25| 0.01 (518, 90)
Chickenl5 Edit-dist. —d? | 5(61-117) | 0.80|0.27 (202,156)
Chicken29 Edit-dist. —d?| 5(61-117) | 0.80|0.31 (192,166)
Files Compression | —d? | 5 (60-255) |0.50| 0.02 (392, 63)
Pen-ANG Edit-dist. —d? | 10 (334-363)| 0.15| 0.24 (261,269)
Pen-DIS Edit-dist. —d? | 10 (334-363)| 0.15] 0.28 (253,276)
Zongker Shape-match. s 10 (200) 0.25] 0.36 (274,226)
Chromo-DIF || Edit-dist. —d? 21 (200) |0.10{0.21 (206,213)
Chromo-ABS || Edit-dist. —d? 21 (200) |0.10{0.18 (198,221)

The indices of indefiniteness of the kernel, r,., € [0,1] and (p,q), are
averaged over 25 runs.

The data sets are described in Appendix B, which can
be found in the Computer Society Digital Library at

IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE, VOL. 31,

NO. 6, JUNE 2009

http://doi.ieeecomputersociety.org/10.1109/TPA-
MI.2008.290, while kernel matrices are briefly characterized
in Table 4. Note that the indefiniteness indices r,., and (p, ¢)
are derived on the centered kernels (as the IKQD and IKFD
methods rely on either global or classwise centering).

We run holdout experiments in which the complete data
set is split into the training and test kernel matrices such
that the specified [-fraction is used for training (see
Table 6). We do not set a fixed § because the data sets
have variable sizes while we want to focus on small-size
and moderate-size problems (due to time complexity as
well). In each run, parameters of all classifiers are
determined by 10-fold cross-validation. Here, the classwise
regularization parameters are again kept identical for all
classes, i.e., a; := « and ¢’ := ¢*. The following parameter
ranges are considered: a€[107°,0.5] for IKFD, IKQD-IC™,
and IKQD-FK', a€[1078,0.5] for IKPCA-QD, IKQD-IC™,
and IKQD —FK~, 0%€[107%,2] for the IKQD-RC ap-
proaches, and C'€[1071,10%] for ISVM. The total number
of investigated values is 11-13. For IKNN, the value ke
{1,2,...,45} is optimized. IKPCA-QD has two parameters:
the amount of preserved variance py,, in the IKPCA and the
regularization a of QDA in the IKPCA space. We set py,, =
0.8 in all experiments as IKPCA usually gives very long
eigenvalue tails which are not very informative. The

TABLE 7
Average Classification Errors (%) for Positive-Definite and Indefinite Kernel Data Numbers
in Parentheses Denote Standard Deviations

Two-class problems

Mucosa Heart Nist38-EU | Nist38-MH Poly-H Poly-MH

IKQD-ICT 21.0 (2.2) 50.0 (0.0) 3.8 (0.8) 10.7 (1.5) 20.5 (2.0 19.8 (2.1)
IKQD-IC™ 21.0 (2.3) 50.0 (0.0) 4.5 (1.0 12.0 (1.3) 24.3 (3.0) 21.3 (2.8)
IKQD-RCt 27.6 (6.3) 17.9 (3.0) 6.7 (0.9) 10.7 (1.3) 54 (1.3) 2.7 (0.7)
IKQD-RC™ 45.0 (6.5) 17.5 (4.4) 7.6 (1.0 12.4 (1.6) 6.6 (1.9) 2.8 (0.9)
TKQD-FK* 12.6 (2.2) 25.6 (4.4) 3.8 (0.7) 5.9 (1.3) 6.6 (1.2) 1.5 (0.4)
IKQD-FK™ 19.3 (4.1) 50.0 (0.0) 4.5 (1.1) 7.7 (1.2) 10.7 (2.0) 2.5 (0.5)
IKFD 18.7 (1.4) 15.4 3.49) 4.0 (0.7) 7.5 (1.4) 6.5 (1.0) 0.9 (0.4)
ISVM 9.0 (1.1) 19.5 (4.5) 7.7 (0.5) 15.6 (0.9) 21.6 (7.7) 7.6 (2.4)
IKNN 223 (2.9) 17.7 (3.6) 6.4 (0.6) 6.4 (0.8) 7.0 (L.5) 5.6 (0.9)
IKPCA-QD 23.1 (4.1) 20.4 (4.4) 7.2 (0.4) 6.9 (1.0) 7.2 (1.6) 2.2 (0.4)

Multi-class problems

Cat-cortex Protein News-COR Prodom Chickenl15 Chicken29

IKQD-ICT 84.3 (12.7) | 34.3 (8.6) 74.5 (4.4) 70.0 (3.8) 37.7 (4.1) 30.8 (3.8)
IKQD-IC™ 84.2 (13.7) | 355 (8.2) 73.6 (2.8) 70.5 (4.4) 40.2 (5.1) 34.0 (3.7)
IKQD-RCt 8.7 (9.1) 1.5 (2.8) 24.1 24) 1.5 (0.7) 7.0 (2.8) 5.3 (24
IKQD-RC™ 7.0 (7.1) 1.3 (2.8) 242 (2.6) 1.5 (0.6) 14.3 (4.9) 6.1 (2.4)
IKQD-FK* 7.3 (7.4) 0.4 (1.7) 26.1 (2.8) 2.0 (1.0 15.7 3.7) 9.3 (1.9)
IKQD-FK™ 27.8 (14.8) 1.6 (2.3) 45.7 (4.4) 4.3 (2.2) 28.1 (3.8) 255 (3.9)
IKFD 13.0 (10.3) 0.6 (2.5) 25.8 (2.6) 1.8 (0.6) 11.3 (2.9) 12.9 (2.5)
ISVM 32.0 (9.5) 8.5 (9.7) 23.3 (2.5) 6.9 (10.9) 22.9 (3.8) 16.0 (3.3)
IKNN 16.3 (9.9) 3.6 (3.5) 29.7 2.7) 3.0 (0.6) 8.5 (2.9 4.7 2.7)
IKPCA-QD 10.5 (10.6) 0.5 (1.1) 26.5 (2.7) 1.3 (0.5) 17.9 (3.7) 14.0 2.4)

Files Pen-ANG Pen-DIST Zongker Chromo-DIF | Chromo-ABS

IKQD-ICT 64.9 (10.6) 4.3 (0.6) 54 (1.2) 39.7 (1.6) 434 (4.2) 26.4 (3.6)
IKQD-IC™ 64.0 (9.4) 5.2 (0.7) 6.4 (1.1) 45.7 (2.6) 60.5 (3.7) 47.0 (5.5)
IKQD-RCt 6.2 (1.8) 6.6 (1.2) 11.8 (2.1) 5.6 (0.7) 6.0 (0.8) 9.1 (1.0)
IKQD-RC™ 6.8 (2.0) 11.0 (2.5) 18.2 (2.4) 5.6 (0.9) 6.4 (1.1) 10.8 (1.1)
IKQD-FK* 6.9 (1.6) 3.3 (1.0) 3.0 (0.9) 4.4 (0.6) 40.7 (6.5) 30.8 (6.0)
IKQD-FK™ 17.3 (4.0) 3.9 (1.0 3.5 (1.0) 314 (4.2) 81.4 (3.1) 81.0 (3.3)
IKFD 6.6 (1.4) 1.4 (0.5) 1.5 (0.5) 5.8 (0.6) 8.6 (0.8) 7.7 (0.4)
ISVM 8.9 (2.2) 41.0 (2.5) 42.0 (2.2) 929 (L.5) 89.0 (1.6) 87.1 (2.2)
IKNN 36.3 (3.3) 1.1 (0.5) 1.7 (0.5) 11.5 (1.4) 7.7 (0.5) 8.0 (0.7)
IKPCA-QD 14.1 (2.5) 1.1 (0.4) 1.4 (0.3) 6.6 (0.7) 8.6 (0.7) 9.7 (0.8)

Best IKQD and reference classifier are highlighted in each column.
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complete procedure is repeated 25 times for all classifiers
and the results are averaged out.

Table 7 shows average classification errors and standard-
deviations for the IKQD classifiers and reference methods.
Problems with nearly pd kernels are: Nist38-EU (pd), Heart
(pd), Protein, Prodom, and Files. Problems with moderately
indefinite kernels are: Mucosa, Chromo-ABS, Cat-cortex,
News-COR, Chromo-DIF, and Nist38-MH, while the remain-
ing problems deal with highly indefinite kernels. The
following observations can be made for the IKQD methods:

e All IKQD-+" approaches perform usually similarly
or better than their corresponding IKQD-*~ variants.
e IKQD-IC' and IKQD-IC™ frequently perform badly.
e Usually, one of the best methods is either IKQD-RC*
or IKQD-FK*.
Among the reference methods, we see that:

e ISVM performs badly for multiclass indefinite kernel
problems and is mostly outperformed by IKFD or
IKNN.

e IKFD works, in general, very well with indefinite
kernels, which is an empirical support in addition to
its sound geometrical motivation.

e There is no clear favorite among the reference

classifiers IKFD, ISVM, IKNN, and IKPCA-QD.

By comparing our IKQD approaches and the reference
classifiers, we conclude that:

e  Opverall, in half of the cases, a reference method gives
better performance than all the IKQD methods.
e ISVM is outperformed by IKQD-FK' in all cases
except for the Heart and Mucosa data.
e IKNN is outperformed by IKQD-FK* in all but the
Chicken-, Pen-+ and Chromo-+ examples.
e IKQD-FK' outperforms IKPCA-QD for a small
number of classes ¢. IKPCA-QD tends to work better
than IKQD-FK™ if ¢ > 10.
e IKFD achieves better results than IKQD-RC™ in 9 out
of the 18 data sets and outperforms IKQD-FK" in
8 cases.
e ISVM is usually significantly outperformed by either
IKQD-RC™ or IKQD-FK™.
These findings are also supported by further experiments
on positive definite kernels, resulting from vectorial data
with Gaussian RBF kernel, which we omit here.

6 SUMMARY AND CONCLUSIONS

In this paper, we have presented different formulations for
kernel quadratic discriminants. In particular, we make a
distinction between approaches based on invertible covar-
iance operators KQD-IC, regularized covariance operators
KQD-RC, and full kernel space approaches KQD-FK. All
methods rely on kernel Mahalanobis distances, appropri-
ately regularized in kernel-induced feature spaces. They
differ in the amount of kernel information they rely on.
When ignoring the computation of the bias b;, the KQD-IC
and KQD-RC approaches do not use the between-class
kernel submatrices. As a result, lower than expected
recognition accuracy may be achieved as the methods can
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only work well for the classes with “clean” separation (as,
e.g., in the Nist38-EU case). This means that the between-
class kernel values are much smaller than the within-class
kernel values. In contrast, the KQD-FK methods rely on the
full kernel information for the computation of the Mahala-
nobis distance. In addition to the test-versus-train matrix,
the KQD-RC approaches require the diagonal kernel values
k(z,z). A formal limitation of KQD-IC™ and IKQD-IC™ is
that the assumption of invertible covariance operator is
made for the derivation, though not required, and hence,
not checked for the final classifier evaluation. Still a failure
of this assumption on certain data sets may lead to a loss of
recognition accuracy.

Concerning computation complexities, the KQD-IC and
KQD-RC approaches have the conceptual advantage of a
reduced test time for large number of classes. The
dominating complexity contributions are inversely growing
with the number of classes. However, except for KQD-RC™,
the classification time of the methods grows quadratically
with n in contrast to linear kernel methods. Future work
will aim at acceleration, e.g., by sparse matrix approxima-
tions for the inverses of covariance matrices or training
subset selection. KQD is a true multiclass approach, not
depending on series of binary decisions. As the computa-
tion schemes are identical for all classes, the decisions
functions can easily be parallelized.

The methods are genuinely nonlinear, which is concep-
tually wider and may be favorable in comparison to kernel
methods obtained from linear algorithms. The methods
have natural extensions to indefinite kernels. In particular,
we present a derivation of indefinite KFD, which has a
geometric interpretation in Krein spaces. We also propose
extensions of all discussed KQD discriminants to indefinite
kernels. All these methods have a sound mathematical
motivation; hence, they extend the class of kernel methods
to the methods that work with general, both positive and
indefinite, kernels.

Experimentally, IKQD-RC* and IKQD-FK* seem to be
favorable among the IKQD approaches. The latter method
seems the most beneficial, but is computationally more
expensive due to the processing of full kernel matrix for
each discriminant. The IKQD-IC" and IKQD-IC™ techni-
ques do not perform well in some cases. In addition to the
conceptional arguments given earlier, there may be numer-
ical difficulties caused by the use of the second power of
(pseudo)-inverses of the class-related diagonal kernel
submatrices (see (17) and (16)). If there is insufficient
discriminative information in the class-related kernel
submatrix, it will be enhanced in this process. IKFD is
frequently similar or better than the IKQD approaches, but
there are also many situations in which IKQD-RC" or
IKQD-FK™ are strong winners. This especially occurs for
suboptimally designed dissimilarity measures, as encoun-
tered in the Nist38-MH, Poly-H, Chicken-15, and Chromo-DIF
cases, or for imbalanced data such as the Cat-cortex or News-
COR cases. In general, the IKQD-RC and IKQD-FK methods
mostly outperform ISVM, which becomes apparent with a
growing indefiniteness of the kernel. The best IKQD
method, IKQD-FK", frequently outperforms the reference
classifiers IKNN and IKPCA-QD.
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In summary, we provide a comprehensive approach to
kernel quadratic discriminant analysis based on the suitably
regularized kernel Mahalanobis distance in either class-
related or full kernel-induced subspaces. The bias terms in
the derived discriminant functions are currently found on
the training set such that they minimize the training error.
This is done in order to avoid numerical problems that arise
if we want to express them in analogy to the quadratic
discriminant in a Euclidean space, i.e., as the logarithms of
the eigenvalue-product of the scaled kernel matrices. There
is also some room left for a possibly better and/or more
reliable estimation of the bias terms. More research is also
needed to clearly identify conditions under which the
nonlinear KQD/IKQD methods will outperform the linear
KFD/IKFD and SVM/ISVM techniques.
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