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Abstract

We study the dynamic assignment of flexible servers to stations in the presence of setup
costs that are incurred when servers move between stations. We focus on tandem lines
with two stations and two servers with the goal of maximizing the long-run average profit.
We investigate how the optimal server assignment policy for such systems depends on the
magnitude of the setup costs, as well as on the homogeneity of servers and tasks. More
specifically, for systems with either homogeneous servers or homogeneous tasks, small buffer
sizes, and constant setup cost, we prove the optimality of “multiple threshold” policies (where
servers’ movement between stations depends on both the number of jobs in the system
and the locations of the servers) and determine the values of the thresholds. For systems
with heterogeneous servers and tasks, small buffers, and constant setup cost, we provide
results that partially characterize the optimal server assignment policy. Finally, for systems
with larger buffer sizes and different service rate and setup cost configurations, we present
structural results for the optimal policy and provide numerical results that strongly support

the optimality of multiple threshold policies.
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1 Introduction

Consider a queueing network with N > 2 stations in tandem and M > 1 servers. We assume
that there is an infinite supply of jobs in front of station 1 and infinite room for completed
jobs after station N. We further assume that the buffers between the successive stations are
all finite and that the network operates under the manufacturing blocking mechanism. We let
B; < oo denote the size of the buffer between stations j — 1 and j for j € {2,...,N}. At
any given time, there can be at most one job at each station and each server can work on at
most one job. Furthermore, the service requirements of each job at each station j € {1,..., N}
are independent and exponentially distributed with a mean m(j). We assume, without loss of
generality, that m(j) =1 for all j € {1,..., N}.

Each server i € {1,..., M} works at rate 0 < p;; < oo at station j € {1,...,N} (and
hence server i is cross-trained to work at all stations j satisfying p;; > 0). We assume that
Z;V:l pij >0forie{1,...,M}and "M ;i > 0for j € {1,..., N} (because otherwise we have
a system with a smaller number of servers or all policies have zero throughput). We also allow
several servers to work together on a single job, in which case their service rates are additive.
Moreover, we assume that servers can only move between stations when a service completion
occurs somewhere in the network, and that the travel times required for servers to go from one
station to another station (including any setup times) are negligible, but that there is a cost
associated with such server movements. For alli € {1,..., M} and j,k € {1,..., N}, let ¢;(j, k)
be the setup cost incurred when server ¢ moves from station j to station k. We assume that
¢i(7,7) = 0 and 0 < ¢;(j, k) < oo for j # k. We further assume that ¢;(j, k) < ¢;(j,1) + ¢i(l, k)
foralli € {1,...,M} and j,k,l € {1,..., N}, so that the least costly way of moving from one
station to another does not include any intermediate stations. Every time there is a service
completion at station IV, a revenue of v is obtained. Without loss of generality, we assume that
v=1.

Our goal is to find the dynamic server assignment policy that maximizes the long-run average
profit in the system described above. Most of our results concentrate on systems with two
stations and two flexible servers because of the complexity associated with analyzing larger
finite-buffered systems. Nevertheless, we provide the problem formulation and some basic results
for larger systems as well.

Flexible workforce has been the subject of a significant amount of research in recent years.
Here, we provide a review of existing results about the dynamic server assignment problem with
setups. We refer the interested reader to Hopp and Van Oyen [12] for a more extensive review of

flexible workforce research, and to Andradéttir, Ayhan, and Down [1] or Kirkizlar, Andradéttir,



and Ayhan [15] for more concentrated reviews of research on the dynamic server assignment
problem.

Most existing works about systems with setups are on polling systems, where there is only
one server in the system, and the customers leave after being served at one station. Related
work on polling systems includes Duenyas and Van Oyen [9], Gupta and Srinivasan [10], Hofri
and Ross [11], Reiman and Wein [20], and references therein.

We are only aware of a small number of papers that study systems with setups apart from
polling systems. Andradéttir, Ayhan, and Down [2] consider a general queueing network with
outside arrivals, infinite buffers, and random switchover times for the servers. They show that
setups do not reduce the capacity in this setting, and construct policies whose performance is
arbitrarily close to the maximal system capacity. Andradéttir, Ayhan, and Down [3] study a
similar problem in the presence of server failures. Duenyas, Gupta, and Olsen [8] consider a
tandem line with a single flexible server, infinite buffers, and positive setup times when the
server switches between the stations. They partially characterize the policy that minimizes
the total holding cost and develop effective heuristic assignment policies. Iravani, Posner, and
Buzacott [13] study a two-stage tandem queue with a flexible server and infinite buffer between
the stations, and identify the policy that minimizes the total holding and setup costs. Sennott,
Van Oyen, and Iravani [21] consider a tandem line with a dedicated server at each station,
one moving server, and infinite buffers between the stations. They allow positive setup costs,
holding costs, and setup times, and provide recommendations on how to use the moving server
more effectively when the objective is to minimize the total cost. In a more recent paper,
Mayorga, Taaffe, and Arumugam [18] study the revenue maximization problem in a two server,
two station system with infinite buffers in the presence of switching and holding costs. They
provide results about the complexity of the optimal server assignment policy and propose three
heuristic policies.

All the papers described in the previous paragraph assume that the storage spaces in the
system have infinite capacity. To the best of our knowledge, our work is the first to incorporate
setups for a tandem system with finite buffers. This is an important extension of prior work
because real systems do not have infinite buffers due to physical constraints (and the buffers
can be limited further as a way of controlling the work-in-process). Furthermore, incorporating
positive switching costs is also a more realistic representation of actual systems, because server
movements often cause some efficiency loss in real life. However, the analysis of a finite-buffered
system is difficult because several existing analysis tools (e.g., fluid and diffusion limits) only
can be used when analyzing systems with infinite buffers, and most of the time Markov decision

problems (MDPs) are analytically intractable even for simple finite-buffered systems. Moreover,



the inclusion of setup costs also complicates the analysis due to the necessity of keeping track
of all server locations in the state space. Hence, our state space is multi-dimensional, and the
Markov chain under consideration does not have a birth-and-death process structure. Conse-
quently, it is a challenging task to calculate performance measures like gain and bias in MDP
solutions, even for systems with small buffers.

In this paper, we also consider more general service rate structures compared to most of the
previous work studying setups. In particular, Sennott, Van Oyen, and Iravani [21] and Mayorga,
Taaffe, and Arumugam [18] study systems with homogeneous tasks (i.e., the service rate only
depends on the server). Iravani, Posner, and Buzacott [13] and Duenyas, Gupta, and Olsen [8]
only study systems with one server (i.e., the service rate only depends on the task). In addition
to studying both of these special service rate structures, in this work we also study systems
with servers whose rates can depend on both the server and the task. Andradéttir, Ayhan,
and Down [2, 3] also study systems with general service rate structures, but they only consider
systems with infinite buffers, and hence are able to employ fluid limits in their solutions. Given
the additional complexity resulting from the finite buffers in our systems, the difficulty level of
our problem is very high.

The remainder of this paper is organized as follows. In Section 2 we formulate the problem.
In Section 3 we provide preliminary results about tandem lines with two stations and setups.
In Section 4 we consider systems with two stations, two homogeneous servers (who are equally
skilled at all tasks), and constant setup cost. In Section 5, we study systems with two homoge-
neous stations, two servers, and constant setup cost. In both Sections 4 and 5, we identify the
optimal server assignment policies for small buffer sizes and provide our observations about the
optimal policy for larger buffer sizes based on numerical and theoretical results. In Section 6 we
consider systems with heterogeneous servers and tasks and present structural results about the
optimal server assignment policy for constant setup costs, and also perform numerical experi-
ments for systems with arbitrary setup costs. Finally, in Section 7 we make some concluding

remarks.

2 Problem Formulation

In this section, we formulate the dynamic server assignment problem in the presence of setups,
translate it into a discrete-time Markov decision problem, and finally illustrate our model for
systems with two stations and two flexible servers operating under the policy known to be
throughput optimal without setup costs.

For all server assignment policies m and all ¢ > 0, let Y ;(¢) € {0,1,..., Bj41 + 2} denote



the number of jobs that have been served at station j and are either waiting for service or in
service at station j + 1 at time ¢ under the policy 7 for j € {1,...,N — 1}. Similarly, for all
server assignment policies 7, ¢t > 0, and i € {1,..., M}, let Z, ;(t) denote the station that server
1 was assigned to under the policy 7w at the time of the most recent service completion prior to
time ¢ in the queueing network (letting Z ;(t) be the previous location of server ¢, rather than
the current location of the server, will facilitate the translation of the optimization problem of
interest into a Markov decision problem). We will use the stochastic process {X,(t)}, where
Xr(t) = (Yr(t), Zx(t)), Ya(t) = (Yai(t),...,Yen-1(t)), and Zr(t) = (Zr1(t), ..., Zxm(t)) for
all t > 0, to model the state of the system under the policy 7 as a function of time.

We assume that the class II of server assignment policies under consideration consists of
all Markovian stationary deterministic policies corresponding to the state space S ¢ RN +TM-1
of the stochastic processes {X(t)}. In other words, the policies in II specify whether each
server is idle or not, and the station that each non-idle server is assigned to, as a function
of the current state x € S of the stochastic process {X,(¢)}. Hence the server assignments
may depend both on the status of the stations and buffers and also on the previous location
of the servers. Note that service may be preemptive when M > 2 (i.e., there is more than one
server) because a service completion at one station may trigger the movement of servers that are
currently working at other stations. Without loss of generality, we do not consider actions that
assign a server to another station and then keep the server idle. The reason is that by simply
idling a server without any switchover, we obtain the same departure stream from the system
and postpone or avoid the setup costs that could result from idling the server after a switchover
(since 0 < ¢;(4,k) < ¢i(4,0) + ¢i(l,k) for all i € {1,..., M} and j,k,l € {1,...,N}).

For all z € S, let A, denote the set of allowable actions at state . We use the notation
Uoy0y..0y O TEpresent the actions, where o; is the station to which server ¢ € {1,...,M} is
assigned under this action. We use the convention that o; = 0 when server ¢ is voluntarily idled
at its current station, and this is treated differently from the case where server 7 is assigned
to a station but is involuntarily idle since that station is not operating. Then, we have A, =
A =Useqo,. nymiact for all z € S. However, without loss of generality, we consider a smaller
action set later in this paper because some of the actions are known to be suboptimal in each
state. We choose the decision rule d such that d(z) € A, for all x € S, and hence the policy
7w € II corresponding to the decision rule d can be represented as m = (d)*°. Furthermore, we
use the notation d;(x) to denote the assignment of server i € {1,..., M} in state z € S under
decision rule d. More specifically, d;(z) = o; for i € {1,..., M} when d(z) = as,0,...0,,- Finally,
we use the vector d4(x) = (di(x),...,dp(x)) to keep track of the assignments of all servers in

state x € S under decision rule d.



For all m € Il and ¢t > 0, let D(t) be the number of departures from the network under the
server assignment policy m by time ¢ and C(t) be the (cumulative) setup cost incurred under
the server assignment policy 7 in the period [0, ¢]. Define

Pﬂ:lim]E{Dﬂ(t)—Qr(t)}, (1)

t—o0 t t
the long-run average profit under policy 7 € II. Note that existence of the limit in equation (1)
follows because the state space of our Markov chain {X;(¢)}, as well as the immediate rewards,
are finite.
We are interested in solving the optimization problem:

Pr. 2
e ?

We now translate the original optimization problem (2) into an equivalent (discrete-time) MDP.
Note that although we derive the alternative formulation for a system of finite queues in tandem,
our arguments apply to systems with general configurations.

Let Sy ¢ RV and Sy = {1,..., NIM denote the state spaces of the stochastic processes
{Yz(t)} and {Z:(t)}, respectively, where m € II. For the remainder of this paper, we use the
decomposition = = (y,z) and 2’ = (v, 2'), where z,2’ € S, y,y € Sy, and 2,2’ € Sz. For all
a € A, let m, = (dy)> € 1I be the server assignment policy with d,(z) = a for all x € S. Then it
is clear that under our assumptions, the stochastic process {Yr, (¢)} is a continuous-time Markov
chain with state space Sy for all a € A. For all y,y/ € Sy and all a € A, let Q,(y,y’) be the
rate at which the continuous-time Markov chain {Y;, (t)} goes from state y to state y’ (under
the server assignment policy m,). Then, it is not difficult to see that for all 7 = (d)*> € II,
the stochastic process {X(t)} is a continuous-time Markov chain with state space S and with

transition rates
Qd(x)(yv yl) if 2/ = 5d($) +1.,

0 otherwise,

qa(z,2’) =

where I, is an M-dimensional vector whose i*" element is equal to 1(4;()=0)%i and 1 is the
identity function. Hence, even if the decision rule voluntarily idles a server, we still keep track
of this server’s location in the state space.

It is also clear that for all 7 = (d)*° € II, there exists a scalar ¢, < Zf\il maxi<;<n fij < 00
such that the transition rates {gq(x,2')} of the continuous-time Markov chain {X,(¢)} satisfy
> wresatr 4d(®,7") < gr for all z € S. This shows that {Xr(¢)} is uniformizable for all = €
II. We let {X/(k)} be the corresponding discrete-time Markov chain, so that {X/(k)} has
state space S and transition probabilities pg(z,z’) = qq(z,2’)/qr if 2’ # z and py(x,x) =

1= vesarte (T, 7') /¢ for all x € S. We will use the fact that {X(¢)} is uniformizable



to translate the original optimization problem (2) into an equivalent (discrete-time) Markov
decision problem (using uniformization to do this type of translation was proposed originally
by Lippman [17]). In particular, it is well known that one can generate sample paths of the
continuous-time Markov chain { X ()}, where m € II, by generating a Poisson process {K,(t)}
with rate g, and at the times of the events of {K,(t)}, the next state of the continuous-time
Markov chain {X(¢)} is generated using the transition probabilities of the discrete-time Markov
chain {X_(k)}.
For all z,2' € S, define
Rye.a) = 1-SM ¢i(2,7) ifyeDandy €D,
— M ¢i(z,7)  otherwise,

where D = {y € Sy : yy—1 > 0}, and Dy = {(y1,...,yn—2,ynv—1—1)} for all y € D, and D, =
for all y € D. Note that incurring the setup cost one transition after the setup occurs does not

change the long-run average profit. Hence, it is easy to see that for all 7 = (d)*>° € II,

P, = lim E sl Z —1), X' (k) p . (3)

t—o0 ﬂ.
k=1

By the elementary renewal theorem, it is clear that K (t)/t — ¢, almost surely (a.s.) as t — oo
for all 7 € TI. Moreover, it is clear from the strong law of large numbers for Markov chains (see for
example Wolff [22], page 164) that for all 7 € TI, the limit limg o0 S 0, Ra(X.(k—1), X.(k))/ K
exists almost surely, although the limit may depend on the initial state of the Markov chain
{X.(k)} and it may be random (see also Section 3.8 of Kulkarni [16]). Since

1 K

/
— <
‘K ,;1 Ry( X, (k—1),X ‘ 1+ E 1<r§1%><<N ¢i(j, k) < o0

for all K > 1 and sup;>o E{[K(t)/t]*} < oo (because K,(t) is a Poisson random variable with

mean ¢t), uniform integrability shows that for all = € II, we have

K

k=1
_ . / /
= qﬂKlgnoolE{ ZRd Xp(k—1),X (k))}

(see for example the corollary to Theorem 25.12 in Billingsley [7]). This shows that the opti-

mization problem (2) has the same solution as the optimization problem

K
. ]‘ / /
max gy lim B {F gl Ra(X7(k — 1)7Xﬂ(k))} :



We define ¢;(j,0) = 0 for all i € {1,...,M} and j € {1,...,N}. Then, the strong law of

large numbers for Markov chains also gives that for all = € II such that = = (d)°°,

Klgnoo— ZRd X! (k—1),X.(k)) = Klinoo—ZRd (XL (k—1)) as.,
where
Ry(x) = ) pa(z,a’)Ra(x,2")
z’'eS
= Y pal@, (v, 0a(x) + L) Ra(z, (v, 6a(x) + I.))
y'€Sy \{y}
M
= ) paz, (¢ 0a@) + L) = Y palz, (v 0a(x) + 1)) cilzi,di(x))
y' €Dy y'eSy\{y} i=1
/ / M
yep, It vESy\{y} 4 P

for all € S (note that both limits may be random and may depend on the initial state of the

Markov chain { X7 (k)}). Uniform integrability now gives that

K
lim ]E{ ZRd X (k—1), X! (k))} :Kliinm]E{[l(ZRfi(X;(k— 1))}.
k=1

K—oo

This shows that the optimization problem (2) has the same solution as the optimization problem

K
) 1
MaX gr lim E {K kz_lR&(X;(k - 1))} .

K—oo

Therefore, if one selects ¢ = ¢ for all 7 € II (which is always possible in our setting), then the

optimization problem (2) has the same set of optimal policies as the optimization problem

K
. 1 / /
max Jim B {K kzl Ra( X (k = ”)} :

Finally, it is clear from the above that if

M
- Z Qd(a}) (ya y/) - Z Qd(x) (?/7 y,> X <Z Ci(zia d; (1’)))
1=1

y'€Dy y' €Sy \{y}
for all z € S and m = (d)*° € II, then the optimization problem (2) has the same solution as the

Markov decision problem

K
: 1 1yt
max lim I {K k§_1 Ry (X7 (k — 1))} : (4)
In the remainder of this paper, we analyze the alternative formulation (4) of the original opti-

mization problem (2).



In order to demonstrate the problem formulation more clearly, we provide an example that
employs the server assignment policy that maximizes the throughput of the system with M =
N = 2 and no setup costs when the servers are ordered such that p11pu9e > pi2u91 (as shown
by Andradéttir, Ayhan, and Down [1]). The description of the policy was modified in order to

adapt it to our state space.
Example 2.1 Suppose that M = N =2 and By = B < co. Then

S = {(0,1,1),(1,1,1),...,(B+2,1,1),(0,1,2),(1,1,2),...,(B+2,1,2),

(0,2,1),(1,2,1),...,(B+2,2,1),(0,2,2),(1,2,2),...,(B+2,2,2)}, (5)

where in state (I, k1, k2) € S, [ refers to the number of jobs that have been processed at station
1 and are either in service or waiting for service at station 2, and k,, refers to the station that
server m was previously assigned to (prior to the most recent service completion in the network)
for m = 1,2. Assume that for i = 1,2, we have ¢;(1,2) = cZT >0 and ¢(2,1) = c} > 0.

Consider the policy my = (do)> € II, where

ayp if z € {(0,1,1),(0,1,2),(0,2,1),(0,2,2)},
do(z) = age ifzxe{(B+21,1),(B+21,2),(B+2,2,1),(B+2,2,2)}, (6)

a1o otherwise.

Let ¢ = gy = p11 + p12 + p121 + p22. Then

% ify=0,9 =0, and 2’ = (1,1),

% ify=0,vy =1, and 2/ = (1,1),

s ify=10y =1-1and 2 =(1,2),V0<I< B+2,

. % ify=10,y =1,and 2/ = (1,2),V0 <1l < B +2,

Pay (,77) = an ify=109y =1+1and 2/ =(1,2),V0<I< B+2,

W ify=B+2,9 =B+1,and 2’ = (2,2),

m%ﬂm ify=B+2,9y=B+2,and 2/ = (2,2),

0 otherwise,




and
0 if £ = (0,1,1),

)
—(pua1 + po1)cy if 2 =(0,1,2),
4 if 2 =(0,2,1),

0,2,2),
[,1,1),VO<I< B+2,
[,1,2),VO<I< B+2,
,2,1),VO<I< B+2,
pion — (p11 + piog)ct ifz=(,2,2),v0<l<B+2,
(M12+N22)(1—cl—c;) ifz=(B+2,1,1),

—(p11 + p21)c
—(p11 + M21)(C% + C%) ifz =

pao — (p11 + Mzz)c; if z

H22 if z

(

(

(

(

(

" (
Ry, () (
(

(

(

(

(

fi22 — (a1 + pa) (cf +¢}) it @

(/1,12—%/1,22)(1—01) if x = B+2,1,2
(,u12 + Mgg)(l — C;) ifr=(B+2,2,1
H12 + 22 ifx=(B+2,2,2).

)

i

)
)
)
)

Note that when the policy mp is used and B > 0, then there are only B + 5 positive recurrent
states in S in the continuous-time stochastic process { X, (¢)}, namely (1,1,1), (B+1,2,2), and
(1,1,2), where 0 <[ < B + 2. Similarly, when this policy 7 is used and B = 0, then there are
only B + 4 positive recurrent states, namely (0,1,2), (1,1,1), (1,2,2), and (2,1, 2).

3 Preliminary Results

In this section, we provide some preliminary results about tandem lines with two stations and

setup costs. We first present a result about the form of the optimal server assignment policy.

Lemma 3.1 For a tandem line with N = 2, M > 2, and nonnegative setup costs, there exists
an optimal policy that does not idle any server voluntarily when the first station is blocked or

when the second station is starved.

Proof: When the first station is blocked, the system is in a state s = (B+2, 21, ..., 2ar), where
(21,...,2m) € Sz. Now compare two policies 71 = (d)°° and 7y = (d?)* that agree with each
other apart from state s. Assume that d}(s) = z; and d?(s) = 0 for some i € {1,..., M}, and
djl-(s) = djz(s) for j € {1,..., M} \ {i}. If z; = 1, then the performance of 7; and my will be
identical (since keeping a server at station 1 is equivalent to idling that server in terms of cost).
If z; = 2, then the next service completion under policy m; will never be later than the one under
policy g, the system state will be the same after the next service completion, and no extra cost
will have been incurred by keeping server i at the second station. Hence, Dy, (t) > Dy, (t) for

all t > 0.
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Note that it is possible to have Cy, (t) > Cpr,(t) because of the faster transitions under 7.
We now restrict ourselves to policies with nonzero departures from the system without loss of
generality (this is possible because the optimal policy must have positive number of departures
under our assumptions on the service rates). Define the setup cost per item produced up to
time ¢ under policy 7 € Il as u,(t) = Cr(t)/Dx(t). Under both policies (m; and m2), the system
goes through the same sequence of states, and at the time of each departure the total setup cost
incurred under policy m; is equal to the total setup cost incurred under policy m3. Hence, we
can conclude that wur, (t) = ur,(t) for all ¢ > 0. For all = € II, we have

Py = lim E {D”t(t) (1 - g::i?))} = tlirgolE{D’;(t)(l - uw(t))}.

Consequently, Pr, > Pr,. Hence, there exists an optimal policy that never idles the servers
when the first station is blocked. A similar logic follows when the second station is starved. O

For a system with two stations, consider the reversed line where station 1 is followed by
station 2, and keep the labeling of the stations as in the original line (i.e., station 2 is the
upstream station and station 1 is the downstream station in the reversed line). Let B denote the
buffer size between the stations. Assume that the forward line operates under a policy m = (d)*°
and that the reversed line operates under a policy g = (dg)™°, where dg(l,z) =d(B+2—1,2)
for 0 <1 < B+2and z € Sz (in both the forward and reversed lines, z; = j if the previous
location of server i is station j). The following reversibility result will be used to simplify our

results and proofs.

Lemma 3.2 When N = 2, the policy w is optimal for the forward line if and only if the policy

wr 1s optimal for the reversed line.

Proof: Let x,1(x) and kr2(x) denote the sets of servers assigned to stations 1 and 2, respec-
tively, under policy 7 when the original line is in state x € S. Then we see that for {X,(¢)},
i€hn 1 (x) Hil for I € {0,...,B + 1}
w2 for I € {1,...,B + 2} and

the transition rate from state x = (I,2) to (I + 1,2') is >
and the transition rate from state = to (I — 1,2') is Dickna(x)
z,2' € Sz (where 2’ is determined by kr1(x) and rr2(z)). Now, let {(Yz,(t), Zr,(t))} be the
Markov chain corresponding to the reversed line. It is easy to see that the stochastic process
{(B4+2—=Y7,(t), Zr,(t))} has the same transition rates as the stochastic process {(Yx(t), Zx(t))}.
Hence these two processes are stochastically equivalent. Consequently, the long-run average
profit of the forward line under policy 7 is equal to the long-run average profit of the reversed
line under policy mr (because the departures from one system correspond to departures from

the first station of the other system, and the buffer size between the stations is finite), and the

result follows. O
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4 Systems with Homogeneous Servers

In this section, we consider a tandem line with two stations and two homogeneous servers that
have the same service rate at each task. Hence, the service rates depend only on the station,
so that p;; = ~; > 0 for 4,5 € {1,2}. We focus on the case where ; > 72, so that the task
at station 1 takes on average less time than the task at station 2. The results for 1 < o are
similar, and can be deduced from the results for 71 > 72 using the reversibility of two-station
tandem lines, as shown in Lemma 3.2. They are provided in Appendix A. Furthermore, we
assume that ¢;(1,2) = ¢;(2,1) = ¢ > 0 for ¢ € {1,2}. This is a reasonable assumption if the
setup costs are due to the movement of the servers or if every machine requires similar setup
procedures. Our state space S is given in (5). More specifically, we will consider systems with

B =0,B=1,and B > 1 in Sections 4.1, 4.2, and 4.3, respectively.

4.1 Systems with Homogeneous Servers and No Buffer

In this section we provide the optimal server assignment policy for a system that has a buffer

of size zero between the stations. We will need the decision rule

arz if x = (0,21, 22) for all (21, 22) € Sz or
di(x) = x = (1,21, 22) for all (z1,22) € Sz \ {(2,2)}, (7)
age if = (2,21, 29) for all (z1,22) € Sz or x = (1,2,2).
The proof of the following theorem is provided in Appendix B. The case when v < 79 is covered

by Corollary A.1, provided in Appendix A.

Theorem 4.1 For a Markovian tandem line with two stations, two flexible servers, and buffer
of size zero between the stations, if pi; = ~; fori,j € {1,2} and v > 72, then the optimal server

assignment policy 7 = (d*)* is as follows:

(i) Ifo<ce< 2717%, then d*(x) = do(z) for all x € S (see equation (6)) and the recurrent
states are (0,1,2),(1,1,1),(1,2,2), and (2,1,2).

2
(ii) If 2717% <c< m, then d*(z) = di(x) for all x € S (see equation (7)) and the

recurrent states are (0,1,2),(0,2,2),(1,1,2),(1,2,2), and (2,1,2).

2
(iii) Ifc > MYW, then d*(z) = a1 for allz € S and the recurrent states are (0, 1,2), (1,1,2),
1 2

and (2,1,2).

Note that since we have identical servers, the policies described in Theorem 4.1 are not

unique. For every specified policy, there is an alternative optimal policy where the roles of
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the servers are reversed. Moreover, the interval for ¢ in part (ii) of Theorem 4.1 is non-empty
because 71 > 2. Finally, the intervals considered in the theorem span all values of ¢ > 0.
Theorem 4.1 and Corollary A.1 show that when the servers are homogeneous, the optimal

policy is of one of the following three types:
e Neither server switches (Type 0);
e Only one server switches (Type 1);
e Both servers switch (Type 2).

The recurrent states, together with the actions in these states under the optimal policies of

Theorem 4.1 are depicted in Figures 1(a), 1(b), and 1(c).

A f— (0,1,2) (1,1,2 )—
a, - - a i N AT —
o e i~ T W o ™2
\0.1 o _— 2.1.2) —/ | 2,‘1,2\1
St ey - s bt f-f.'\-\__
e R T ~ T e
'J-ZE{ — (022 —" (1,229%—
N e 5 T
a,; a1z ﬁ\w—_-f/ Az
(a) Both Servers Switch (Type 2) (b) Only Server 1 Switches (Type 1)
S TN TN
(01,2) (1,1,2) ( 2,1:7:}
el :

__;(\\E_ B _,)““"

(¢) Only Server 2 Switches (Type 1)

/"‘-—_-
e

s

Figure 1: Recurrent States and Optimal Actions in Theorem 4.1

In the case without setups and with arbitrary service rates, both servers have a primary
assignment at a station (i.e., each server works at their assigned station as long as it is neither
blocked nor starved) and the servers do not idle. However, in the presence of positive setup costs,
Theorem 4.1 shows that servers may have a preferred or dedicated assignment at a station, but
not a primary assignment, because they may idle at their dedicated station or work at a less
preferred station even when their preferred station is operating, to avoid multiple switchovers.

More specifically, for small values of ¢, part (i) of Theorem 4.1 shows that both servers have
primary assignments and the optimal policy is of Type 2 (see Figure 1(a)). Note that this policy
is the same as the optimal policy for systems with ¢ = 0, as shown by Andradéttir, Ayhan,
and Down [1]. For intermediate values of ¢, we observe that only one server switches between

stations (i.e., the optimal policy is of Type 1). In particular, part (ii) of Theorem 4.1 shows

13



that server 1 has a preferred assignment at station 1 and server 2 has a dedicated assignment
at station 2 (see Figure 1(b)). Finally, for large values of ¢, both servers are dedicated (i.e., the
optimal policy is of Type 0), as shown in part (iii) of Theorem 4.1 (see Figure 1(c)). Note that
idling occurs under both Type 1 and Type 0 policies. An examination of the bounds on ¢ in
Theorem 4.1 shows that the optimal policy is not of Type 2 for any value of ¢ > %, and the
optimal policy is of Type 0 for all values of ¢ > %

Theorem 4.1 also introduces the notion of “multiple threshold” policies. In other words,
servers move between stations when the number of jobs that are in service or waiting for service
at station 2 reaches a threshold. Furthermore, the value of this threshold may depend on the
location of the switching server. We use the notation ¢;(z) to denote the threshold where server
i€ {1,..., M} switches from station z; to the other station 3 — z; when the previous locations of
the servers are represented in the vector z € Sz. We use the convention that server ¢ is assigned
to station 3 — z; when the system is in state (¢;(z), 2). In Figure 1(a), server 1 switches between
stations based on the thresholds ¢1(1,2) = 2, ¢1(2,2) = 1, and server 2 switches between stations
based on t2(1,1) = 1, and t2(1,2) = 0. In Figure 1(b), server 1 switches based on ¢1(1,2) = 2
and t1(2,2) = 0, but server 2 is dedicated. Finally, in Figure 1(c), both servers are dedicated.

For a given setup cost, the efficiency loss resulting from using a policy that is optimal for

another setup cost can be very high. For example, one can show that the long-run average profits

Tv2(11+2) and 212(1=2¢)

associated with the Type 0 and Type 2 policies of Theorem 4.1 are R Ew——" it

Hence, when c is large (e.g., greater than 0.5), the efficiency loss associated with using the wrong

policy is at least 100%.

4.2 Systems with Homogeneous Servers and Buffer of Size One

In this section, we provide the optimal server assignment policy for a system with a buffer of

size one between the stations. We will need the decision rules

a2 if x = (y,21,22) for all y € {0,1} and (21, 22) € Sz or
da(x) = x = (2,21,29) for all (z1,22) € Sz \ {(2,2)}, (8)

azy if x = (3,21, 22) for all (z1,22) € Sz or x = (2,2,2),

and
.

ayg if z = (0,21, 29) for all (21, 22) € Sz or

(
d5(2) z = (y,21,2) for all y € {1,2} and (21, 22) € Sz \ {(2,2)}, (©)
3(x) =
azy if x = (y,2,2) for all y € {1,2} or

| x = (3,21, 22) for all (z1,22) € Sz.
The proof of the following theorem is similar to that of Theorem 4.1. It is omitted here due to

space restrictions, however it is provided in Kirkizlar [14]. The case when 1 < 9 is covered by
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Corollary A.2, provided in Appendix A.

Theorem 4.2 For a Markovian tandem line with two stations, two flexible servers, and buffer
of size one between the stations, if p;; = v; fori,j € {1,2} and v1 > 2, then the optimal server
assignment policy 7 = (d*)* is as follows:

() fo<ce< o2 +27 , then

.
an if x = (0, 21, 22) for all (z1,22) € Sz or z = (1,1,1),

)

ajp if x = for all (z1,22) € Sz \ {(1,1,1)} or
)
)

o,
0*(z) = "
~(
(

) %15 22
for all (z1,22) € Sz \ {(2,2,2)},

| 22 if © = (3,21, 22) for all (z1,22) € Sz or x = (2,2,2),

) (
) (
2,29, 22) (
) (

and the recurrent states are (0,1,2), (1,1,1), (1,1,2), (1,2,2), (2,1,1), (2,1,2), (2,2,2),
and (3,1,2).

2
(i) If 5%, < ¢ < min{ 7 +2,Y ,;72111?:722}, then d*(z) = da(x) for all x € S (see equation
1

(8)) and the recurrent states are (0,1,2), (1,1,2), (1,2,2), (2,1,2), (2,2,2), and (3,1,2).

7172+72 < 377 +yive =113 * _
(iii) If 7 > mv2 + 15 and 27 < € S BFranTatamad g then d*(x) = ds(x) for all

x € S (see equation (9)) and the recurrent states are (0,1,2), (0,2,2), (1,1,2), (1,2,2),
(27 172)7 (2’ 2’ 2)7 and (37 172)'

. 2 2 3+t =3 *(0) —
@(iv) If v > my2 + 75 and ¢ > P W S - U then d*(x) = a1 for all x € S and the

recurrent states are (0,1,2), (1,1,2), (2,1,2), and (3,1,2).

(V) If v < yiv2 +735 and ¢ > W’ then d*(z) = a2 for all x € S and the recurrent states
are (0,1,2), (1,1,2), (2,1,2), and (3,1,2).

Note that the policies in Theorem 4.2 are not unique (we can relabel the servers and obtain
alternative optimal policies where the roles of the servers are switched). Moreover, the interval
for ¢ in part (ii) of Theorem 4.2 is non-empty because 71 > 72, and the interval in part (iii) of
Theorem 4.2 is non-empty when v > 72 and v > 4172 + 73. Finally, the intervals considered
in the theorem span all values of ¢ > 0.

We now depict the recurrent states and the optimal actions in Theorem 4.2. More specifically,
Figure 2(a) shows the optimal policy of Type 2 corresponding to part (i) of Theorem 4.2. Figures
2(b) and 2(c) show the optimal policies of Type 1 (with different thresholds) corresponding to
parts (ii) and (iii) of Theorem 4.2, respectively. Finally, Figure 2(d) shows the optimal policy
of Type 0, corresponding to parts (iv) and (v) of Theorem 4.2.

15



1,1 2} 1
-._—-k\\ -.T

— 1_%__ ?_1-/}
"’,1.'1..“\. I'Hﬁ‘\j"' f’/—_\,f'ﬁz’f b ? a_-( \\’zal 5( (\:1222
oy / ) _{:1,2 —"(222)—

g 2,2 ~)
e e N
(a) Both Servers Switch (Type 2) (b) Only Server 1 Switches, ¢1(2,2) =1 (Type 1)

Jz_h_( N 22 /” \yaw {/'_x\bazz
{\j,u{ ’212‘ &312\1
F A

T _ e, N T / E‘—(— _\ya—i(” r___“"“'}_a_'i("—__\\_,,a_‘i_\

e ‘\;_2;22 i (o1.2) Sl (212)  (312)
8y, ™ a5 ._______,) i = -,,___Fﬂ,/
(c) Only Server 1 Switches, ¢1(2,2) =0 (Type 1) (d) Neither Server Switches (Type 0)

Figure 2: Recurrent States and Optimal Actions in Theorem 4.2

As for B = 0, we see that server 1 has a preferred assignment at station 1 and server 2 has
a preferred assignment at station 2 for all values of ¢. However, for B = 0 all the systems go
through the same set of optimal policies as ¢ increases (although the cutoffs on the value of ¢
depend on the service rates). This is no longer correct when B = 1. More specifically, when
B =1 and the service rates satisfy 77 < 7172 + 73, then we observe three different optimal
policies for different values of the setup cost. On the other hand, if the service rates satisfy
¥ > 4172 + 73, then we observe four different optimal policies, depending on the value of
the setup cost (in particular, as the setup cost increases, the first server completes more jobs
at station 2 before switching back to station 1). Note that 42 > 4172 + 73 implies that the
difference between the magnitudes of 1 and -5 is guaranteed to be significant, and hence server
1 can spend more time at station 2 before switching back to station 1.

Also note that the transition from one optimal policy to another follows a similar pattern
when B =0 and B = 1. In both cases, for small values of ¢ both servers switch and the optimal
policy is of Type 2. Moreover, this policy is also optimal for systems with ¢ = 0 even though
it differs from my. This is not surprising because any non-idling policy is known to be optimal
for systems with ¢ = 0 and homogeneous servers, see Andradéttir, Ayhan, and Down [1]. For
intermediate values of ¢, only one server switches (server 1 is the switching server when v > o
and server 2 is the switching server when =y, < 2) and the optimal policy is of Type 1, and for

large values of ¢ neither server switches and the optimal policy is of Type 0. Moreover, when the
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optimal policy is of Type 1, we observe that the switching server is the one that has a preferred
assignment at the faster station. Finally, we see that the optimal policy is not of Type 2 when

c> % and is of Type 0 when ¢ > %.

4.3 Systems with Homogeneous Servers and Multiple Buffer Spaces

Theorems 4.1 and 4.2 provide the optimal server assignment policy for systems with two stations
and two homogeneous servers when the buffer size between the stations is zero or one. In this
section we provide our observations about the form of the optimal policy for systems with B > 1.

We randomly generate 50,000 systems with the service rate at each station independently
drawn from a uniform distribution with range [0.5,2.5] and the setup cost drawn from a uniform
distribution with range (0,0.5) (we have also tried a larger range for the setup cost and observed
that most of the optimal policies ended up being of Type 0 with no switching). Furthermore,
the buffer size B between the stations is drawn from a discrete uniform distribution with range
{2,3,4,5}. For each system, we determine the optimal server assignment policy using the policy
iteration algorithm for weakly communicating Markov chains.

Our numerical results for systems with homogeneous servers suggest that the optimal server
assignment policy is similar to that of systems with an intermediate buffer of size one, see
Theorem 4.2 and Figure 2. Both servers have preferred assignments, not primary assignments,
and the optimal policy is a multiple threshold policy when it is of Type 1 or 2. Moreover, if
the optimal policy is of Type 1, one server is dedicated to the slower station. Furthermore, the
thresholds have the special structure described below.

Consider a system where homogeneous servers 1 and 2 have preferred assignments at stations
1 and 2, respectively. If the optimal policy is of Type 2, we observe that ¢;(1,2) = B + 2,
t1(2,2) =1, to(1,1) =1 + 1, and t2(1,2) = 0 for some [ € {1,..., B} and for both 71 > ~2 and
71 < 72 (note that [ = 1 in the policy of Figure 2(a)). This policy is depicted in Figure 3(a). Note
that 1 <1 < B guarantees that a server that switches to a less preferred station does not switch
back immediately. We believe that for systems with homogeneous servers, the optimal policy
delays the switchovers because this reduces setup costs without making the servers ineffective.
The similarity of the thresholds t1(2,2) and t2(1,1) suggests that it is preferable to keep the
number of jobs in the system close to these thresholds, probably to minimize future setup costs.

Moreover, when the servers are homogeneous, we observe that if the optimal policy is of
Type 1 and server 1 is the switching server, then ¢1(1,2) = B 4+ 2 and ¢1(2,2) = [ for some
[ € {0,...,B} (note that [ = 1 in the policy of Figure 2(b) and [ = 0 in the policy of Figure
2(c)). This policy is depicted in Figure 3(b). Like the optimal Type 2 policy, this policy delays

the switchovers because the servers do not have any special skills at any task. Similarly, if the

17



(b) Only Server 1 Switches (Type 1)

Figure 3: Recurrent States and Optimal Actions in Sections 4.3 and 5.3

optimal policy is of Type 1 and server 2 is the switching server, then t5(1,1) =1 and ¢2(1,2) =0
for somel € {2,..., B+2}. Thus, the switching server has a preferred assignment (not a primary
assignment), and the optimal policy maintains a balance between avoiding idling the dedicated
server (i.e., through starvation at the second station) and avoiding setups for the switching
server.

Finally, we show that when v; > 5 and the optimal policy is of Type 1, the threshold where
the switching server returns to its preferred station (station 1) decreases when ¢ increases. It
then follows from Lemma 3.2 that when ~; < 79, the threshold where the switching server
returns to its preferred station 2 increases with c. Thus the switching server helps the dedicated

server with more jobs before switching back to its preferred station for larger setup costs.

Proposition 4.1 In a tandem line with two stations, two homogeneous servers (so that p; = v;
fori,j € {1,2}), and buffer of size B > 1 between the stations, the threshold for the optimal

Type 1 policy decreases as the setup cost ¢ > 0 increases when y1 > ¥s.

Proof: First assume that v; > 75. Let m; = (d;)* be a Type 1 policy with ¢;(2,2) = [, where
1 €{0,...,B}. It is not difficult to show that

272((B+2 - 2(:)'yB+l+4 (B+2—1—4c)y B+l+372 20’73+l+ 7 vB+2 l+2+7173+4)
(B+2 l) B+1+4 (B+2 l)"/l B+1+2 2 273-&-2 l+2+2’yi,y2B+4 .

P, =

Some algebra shows that for [ € {0,...,B -1}, P, — P,

i1 = (1 + cag2)/ag 3, where

ag = 20 =) ((B+1- 092 — (B + 2= Drf i + 9105 12),

)
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ay = 4 —7)* 1P (P 27”2),
s = ((B Lo l)’YlB+l+4 (B2 1)yl Bl+2, N +2 | 2,}/17B+4)

X <(B + 1= —(B41 - l)’yf+l+2y22 — 2B 4 0al B+4)
The first term in oy 3 is positive for all [ € {0,..., B — 1}, because it can be rewritten as

(B+2 = DyPT2 (43 — 43) — 2942 (P 1271 — 4812
B+1-1

= (1 = 9) (B +2 = Dy (31 + 12) = 294§+ Z o, )

B+1-1
’7
> 2(n = 12) (B +2 = D2y -1l 3 (2 )
1=0

where the last inequality follows because v y2¥3(y1 /72)F < vBT2H, for alli € {0,..., B+1-1}.
Similar calculations show that the second term in ¢y 3 is also positive, because it can be rewritten

as
(B+1—1)yPH2H (42 —A2) — 2943 BH1-t 'YB“‘Z)

>2(m — 72)((3 +1 = 1)y, B3 Z ’}’1 >

Thus we have shown that oy3 > 0 for [ € {0,...,B — 1}. Moreover, a;2 > 0 trivially. This
shows that Pr, > P,

., for large enough c.

Next assume that 73 = 2 = p. Some algebra shows that for [ € {0,..., B — 1},
p(2 Y B2 B(3—2l) — 31+ 12+ 4c(3 + 21))

T T AT BT B DA+ B+ G BE) (10)

Pr

1

This expression is positive for [ € {0,..., B — 1} and large enough c. This completes the proof.

a

5 Systems with Homogeneous Tasks

In this section, we consider a tandem line with two homogeneous tasks and two servers. In other
words, we assume the service rates depend only on the server, so that u;; = u; > 0 for ¢,j €
{1,2}. This assumption has been made frequently in other works, even for papers that study
systems without setups, including the bucket brigades results of Bartholdi and Eisenstein [4] and
Bartholdi, Eisenstein, and Foley [5]. Without loss of generality, assume that p; > pe because
we can relabel the servers otherwise. As in Section 4, we assume that ¢;(1,2) = ¢;(2,1) =¢ >0
for i € {1,2} and our state space S is as given in (5). More specifically, we will consider systems

with B=0, B=1, and B > 1 in Sections 5.1, 5.2, and 5.3, respectively.
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5.1 Systems with Homogeneous Tasks and No Buffer

In this section, we identify the optimal server assignment policy for the system with buffer of
size zero between the stations. The proof of the following theorem is similar to that of Theorem

4.1. It is omitted here for reasons of brevity, however it is provided in Kirkizlar [14].

Theorem 5.1 For a Markovian tandem line with two stations, two flexible servers, and buffer
of size zero between the stations, if p; = p; fori,j € {1,2}, then the optimal server assignment

policy ™ = (d*)*>° is as follows:

(i) Ifo<c< Tiom +2 , then then d*(z) = do(x) for allz € S (see equation (6)) and the recurrent
states are (0,1,2),(1,1,1),(1,2,2), and (2,1,2).

. 2u3— " .
(ii) If 4#1&22#2 <c< %, then d*(x) = dy(x) for allx € S (see equation (7)) and the

recurrent states are (0,1,2),(0,2,2),(1,1,2),(1,2,2), and (2,1,2).

(iii) Ifc > %, then d*(x) = a2 for allx € S and the recurrent states are (0,1,2),(1,1,2),

and (2,1,2).

Note that these optimal policies are not unique. In particular, it follows from Lemma 3.2 that
the policies where the roles of the servers are switched are also optimal. Note that the interval
in part (ii) of Theorem 5.1 is non-empty when gy > ps. Moreover, the intervals considered in
the theorem span all values of ¢ > 0.

We see that the optimal server assignment policy in Theorem 5.1 is similar to the optimal
policy provided in Theorem 4.1 for the case where the servers are homogeneous, and has one
of the forms shown in Figure 1. More specifically, both servers have preferred assignments.
For small values of ¢ they both switch to the other station when their assigned station is not
operating. For intermediate values of ¢, the optimal policy is a multiple threshold policy with
one switching server, and for large values of ¢, the optimal policy does not allow the servers to
switch (in the recurrent states).

We also see that the policy is not of Type 2 when ¢ > %, and the policy is of Type 0 when
¢ > 1. Note that the switching is possible for a larger range of setup costs compared to Theorem
4.1. For example when p; = 10 and pe = 1, switching policies are optimal when ¢ < 0.856.
However, we saw in Section 4 that when the servers are homogeneous, no switching policy is
optimal for ¢ > % When a server is extremely fast compared to the other server, it may be
advantageous to move this server, even for high values of the setup cost, to benefit from the
high service rate. Similarly, when the servers are homogeneous, we take advantage of the faster

station by assigning servers disproportionally to the slower station. However, the impact of
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taking advantage of a fast server is larger than the impact of exploiting a fast station, because
in the former case the throughput can be as large as (u1 + p2)/2 (the average service rate of
the two servers), but in the latter case the throughput is bounded by 2 min{vy,~2} (twice the
rate of the slower station). Hence, it is possible to benefit more from the differences between
the service rates when the tasks are homogeneous, and this explains why the switching region

is larger in this case.

5.2 Systems with Homogeneous Tasks and Buffer of Size One

In this section, we provide the optimal assignment policy when the buffer size between the
stations is equal to one. The proof of the following theorem is similar to that of Theorem 4.1.

It is omitted here in the interest of space, but can be found in Kirkizlar [14].

Theorem 5.2 For a Markovian tandem line with two stations, two flexible servers, and buffer

of size one between the stations, if p;; = p; fori,j € {1,2}, then the optimal server assignment

o0

policy m = (d)*° is as follows:

. 4p2 po+5p1 p3+3p3
1) If0<e< 1 2 2 then
(i) fO<c=< 1203+ 203 a1 2 2+ apd 0

a1 if x = (0,21, 22) for all (z1,22) € Sz or x = (1,1,1),
a ifz € {(1,1,2),(1,2,2),(2,1,2)},
asy ifx € {(1,2,1),(2,1,1),(2,2,1)},
aze if x = (3,21, 22) for all (z1,22) € Sz or z = (2,2,2),

d*(z) =

and the recurrent states are (0,1,2), (0,2,1), (1,1,1), (1,1,2), (1,2,1), (1,2,2), (2,1,1),
(2,1,2), (2,2,1), (2,2,2), (3,1,2), and (3,2,1).

" 4p pa+5p p3+3u3 . B2 20t 203 po+p3 p3—papd
_ o< M2 1 T2HT 1H5 2 * —
R 12082003 o+ 24 = €S T 2 2 T+ 4y B A i+ 2R then d*(z) = dy(z)

for all x € S (see equation (8)) and the recurrent states are (0,1,2), (1,1,2), (1,2,2),
(2,1,2), (2,2,2), and (3,1,2).

5 4 3,2 2,3 4 5 e 3pd+2p3 po—2p 3
(iii) If 2p9 + pipe > pips + 3pips + 2puaps + p3 and 2 < €S 2p i+ Ap pe+H4uT s +Ap 25

then d*(x) = d3(x) for all x € S (see equation (9)) and the recurrent states are (0,1,2),
0,2,2), (1,1,2), (1,2,2), (2,1,2), (2,2,2), and (3,1,2).

: 5 4 3,2 2,3 4 5 3t +2uf e —2p 13
(iv) If 2p7 + pipe > pips + 3pips + 2umps + ps and ¢ > G R VP JPAW g N VR NG then

d*(x) = a1z for all x € S and the recurrent states are (0,1,2), (1,1,2), (2,1,2), and
(3,1,2).
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2pt +2p3 po 43 p3 —p i
v) If 2u° 4 < wlpd 4+ 3pPud + 2 4 5 and ¢ > L=l 2 2 then
(V) If 2p3 + pipe < pypg + 3pipy + 2umps + g oA+ A3 a3+ A i+ 207

d*(x) = ayp for all x € § and the recurrent states are (0,1,2), (1,1,2), (2,1,2), and
(3,1,2).

Note that these optimal policies are not unique. In particular, the policies where the roles
of the servers are switched are also optimal. Moreover, the interval in part (ii) of Theorem 4.2
is non-empty when p1 > puo, and the interval in part (iii) of Theorem 4.2 is non-empty when
p1 > po and 248 + pfpe > pdpd 4 3upd 4+ 2u1p5 + 3. Note that the intervals considered in the
theorem span all values of ¢ > 0.

As ¢ increases, the optimal policy follows a similar pattern to the optimal policy given in
Theorem 4.2 for systems with B = 1 and homogeneous servers. More specifically, for small
values of ¢, the optimal policy is of Type 2; for intermediate and high values of ¢, the optimal
policy is of Type 1 and Type 0, respectively. The recurrent states and optimal actions for the
optimal policy of Type 2 is depicted in Figure 4. The other cases are omitted because they are

same as the ones shown in Figures 2(b), 2(c), and 2(d).
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Figure 4: Recurrent States and Optimal Actions for the Type 2 Policy in Theorem 5.2

As in Theorem 4.2, we observe that there are three or four possible optimal policies for differ-
ent values of the setup cost, depending on if the condition 243 +pufpa > 3 pud+3u2 3 +24u1 s +p3
is satisfied. Note that this condition implies that the difference between the magnitudes of pq
and pg is larger than in the other case, and hence it is advantageous for server 1 to spend more
time at station 2 before switching to station 1.

When B = 1, we see that for small values of ¢, there is no preferred assignment of the servers.
More specifically, both servers are at the same station when the other station is not operating.
The servers remain at that station until it is one transition away from being blocked or starved,

at which time the faster server switches to the other station. Furthermore, the slower server also
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switches between the stations for small values of ¢, because the increase in throughput resulting
from not idling this server dominates the setup cost associated with moving him/her. More
specifically, we see that ¢1(1,1) = 2, #1(1,2) = 3, t1(2,1) = 0, #1(2,2) = 1, t2(1,2) = 0, and
t2(2,1) = 3. We have four different thresholds for the first server that depend on the previous
locations of both servers.

The Type 2 policy in Theorem 5.2 is different from that in Theorem 4.2 because for small
values of the switching cost, it is possible to take advantage of the faster server by switching
him/her, whereas it is not possible to take advantage of the easier task because each job has
to go through both stations. We also see that the optimal policy is not of Type 2 when ¢ > i
and is of Type 0 when ¢ > % When we let 1 = 10 and pe = 1, then we see that the optimal
Policy is of Type 0 when ¢ > 1.309. Hence, switching policies are optimal for a larger range of
setup cost when B = 1 and the tasks are homogeneous, as compared to Theorem 4.2 where the

servers are homogeneous. This conclusion is similar to the one we made for B = 0.

5.3 Systems with Homogeneous Tasks and Multiple Buffer Spaces

Theorems 5.1 and 5.2 provide the optimal server assignment policies for systems with homoge-
neous tasks when the buffer size between the stations is zero or one. In this section we provide
our observations about the form of the optimal policy when B > 1.

We randomly generate 50,000 systems with the service rate of each server independently
drawn from a uniform distribution with range [0.5,2.5] and the parameters B and ¢ chosen as
in Section 4.3. For each system, we determine the optimal server assignment policy using the
policy iteration algorithm for weakly communicating Markov chains. We observe that when the
optimal policy is of Type 1 or 2, it is a multiple threshold policy. Moreover, as in Theorem
5.2, servers do not have preferred assignments in the Type 2 policy, and the faster server is the
switching server in the Type 1 policy. Finally, for large values of ¢, the optimal policy is of Type
0.

We are able to make some conclusions regarding the threshold values. For simplicity, we only
provide our observations for the case where server 1 is the faster server. If the optimal policy is
of Type 2, we observe that ¢;(1,1) =1, t1(1,2) = B+ 2, t1(2,1) =0, 1(2,2) = k, t2(1,2) = 0,
and t2(2,1) = B+ 2 for some [ € {2,..., B+ 1}, where k = B+ 2 —[ by Lemma 3.2, see Figure
5 (note that | =2 and k = 1 = B + 2 — [ in the policy of Figure 4). This special structure of
the optimal policy ensures that the faster server helps the slower server for multiple jobs before
switching to the other station.

If the optimal policy is of Type 1 and server 1 is the faster server, we see that ¢1(1,2) = B+2
and t1(2,2) = [, for some [ € {0,..., B}, see Figure 3(b) (note that [ € {0,1} when B =1 as
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shown in Theorem 5.2). In other words, there are no immediate switchovers. We believe that
this results from the fact that one server is better at both tasks, and hence switching the faster
server immediately back to its preferred station has a higher impact on the setup costs compared
to the throughput. Moreover, this policy maintains a balance between avoiding idling the slower

server (i.e., through starvation at the second station) and avoiding setups for the faster server.

Figure 5: Recurrent States and Optimal Actions for the Type 2 Policy of Section 5.3

We conclude this section by showing that when p; > po and the optimal policy is of Type
1, t1(2,2) decreases when c¢ increases. If we relabel the servers, it then follows from Lemma
3.2 that when py < p2, £1(2,2) increases with ¢. Thus the switching server helps the dedicated

server with more jobs before switching back to its preferred station for larger setup costs.

Proposition 5.1 In a tandem line with two stations, two homogeneous tasks (so that p;; = p;
fori,j € {1,2}), and buffer of size B > 1 between the stations, the threshold for the optimal

Type 1 policy decreases as the setup cost ¢ > 0 increases when py > ps.

Proof: First assume that 1 > po. Let m = (d;)*° be a Type 1 policy with ¢1(2,2) = I, where
1 €{0,...,B}. It is not difficult to show that

(u1+p2) (BH2—1—20)uPHH — (B2—1—4c)uPH T3 g —20u P22 B2 L2 4, B
2(B+2— l)uB+l+4 2(B+2 Z)MB+I+3M2 'uB+3ul2+1 MB+2 l+2+ul1+1 B+3+'ul1M123+4

Py, =

Some algebra shows that Pr, — Pr,,, = (8,1 + ¢3,2)/ 5,3, where

Ba = (= p2)*(m + p2)py T 0 ((B +1 =D P — (B+2 =Dt st + HIMB+2>
Ba = 20 — p2)?(pa + p2)pd PR u? — bt — pht?),
Bis = (2(3 42— )BT _9(B 2 — )Py — B LIL B2 L B M1MB+4>

% (2(3 1 Bt 9B 1 By, BR2LE2 B S | BS MIMB+4>‘
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The first term in [ 3 is positive for all [ € {0,..., B — 1}, because it can be rewritten as

2(B+2 = D (= po) — s (ua + p2) (2 = g2

B+1-1
[V
= (i = 12) (2B + 2 = D = By + o) Y (@)l)
=0
B+1-1 .
> 2(”1 - /~L2) ((B +2— Z)M1B+3+l _ Mll+1u23+2 (%)l) > 07
=0

where the last inequality follows because ul1+1u§+2(u1/u2)i < uf+3+l foralli € {0,..., B+1-1}.

Similar calculations show that the second term in [ 3 is also positive, because it can be rewritten

as

2(B 41— D™ (uy — pg) — st (i + po) (™0 = pf

B-l
JRY;
> 2(puy — MQ)((B +1— l)uf+3+l _ le+1“§:+2 Z(@)z) -0
=0

Thus we have shown that 53 > 0 for [ € {0,...,B — 1}. Moreover, 35 > 0 trivially. This

shows that Pr, > Py, , for large enough c.

+1

Next assume that p; = po = p. Some algebra shows that for 1 € {0,...,B — 1}, Py, — P,

Tl+1

is as in equation (10). Hence, Py, > Py, , for [ € {0,...,B — 1} and large enough c. This

1+1

completes the proof. O

6 Systems with Heterogeneous Servers and Tasks

In this section, we consider a tandem line with two stations and two heterogeneous servers. Our
state space S is given in (5). We will consider systems with B = 0 and B > 0 in Sections 6.1

and 6.2, respectively. Moreover, we consider general setup costs in our numerical results.

6.1 Systems with Heterogeneous Servers and Tasks and No Buffer

In this section we consider a tandem line with two stations, two heterogeneous servers, and tasks
that do not necessarily have the same average service requirement. More specifically, we study a
system with B = 0 and specialist servers, so that the rate p;; > 0 of server ¢ at task j is arbitrary.
This allows us, for example, to model situations where one server is more skilled at one task and
the other server is more skilled at another task. Note that systems with specialist servers have
the most general service rate structure, and hence their analysis is extremely difficult because
the Markov decision analysis is highly complex even for systems with B = 0.

Without loss of generality, we assume that piipse > piapo1 because we can relabel the

servers otherwise. Under our assumptions on the service rates, this implies that p1; > 0 and
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po2 > 0. Let & > 0 for i € {1,...,10} be as defined in Appendix C, and let §; = 5?2;1 for

j € {1,...,5}. Let T (T2) be the throughput of Type 0 policy with action a2 (a21) used in

each state. Then, we have

T = pitpo2(pin + po2)
/’L%l + H11 422 + /J,%Q,
T, — pazpio1 (pa2 + p21)
2 p—

Mfg + w1221 + M%l
(we use the convention 0/0 = 0). Let ¢1, ¢2, and ® be defined as follows:

1 1
o1 = min{ , },
pi1 + po1 12 + p22
1 1
P2 = min{ , },
pa1 + o2 pie + p21

¢ = min{d)l, (Z)Q}
Let 61, 65, and © be defined as follows:

0, — {Mu ,u22}
1 =maxy—,— r,

po2” pin
K12 p21 i
92 _ max{ g1 1z if H12 > 0 and o1 > 0,
0 otherwise,

© = max{61,02}.

The theorem below characterizes the optimal server assignment policy for systems with B = 0

and either small or large switching costs; the sketch of its proof is provided in Appendix C.

Theorem 6.1 For a Markovian tandem line with two stations, two flexible servers whose service
rates satisfy pi1pes > piope1, and buffer of size zero between the stations, the optimal server

oo

assignment policy 7 = (d*)*° satisfies the following:

(1) If either 0 < ¢ < min{f1, 2,05} or 05 < ¢ < min{p1, B2, 03, Ba} (whenever this interval is
nonempty), then d*(x) = do(z) for all x € S (see equation (6)) and the recurrent states
are (0,1,2),(1,1,1),(1,2,2), and (2,1,2).

() If h > T and ¢ > (1 - T (P + ¢1)>(1 + ©), then d*(x) = ayy for all x € S and the
recurrent states are (0,1,2),(1,1,2), and (2,1,2).

(i) If Th < Ty and ¢ > (1 — To(® + ¢1)>(1 + 0O), then d*(z) = ag1 for all x € S and the
recurrent states are (0,2,1),(1,2,1), and (2,2,1).
Similar to Theorems 4.1 and 5.1, we observe that the optimal server assignment policy is a

Type 2 policy for small values of ¢, and it is a Type 0 policy for large values of ¢. Moreover, the
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optimal policy for small ¢ agrees with the one for systems with ¢ = 0 (as shown by Andradéttir,
Ayhan, and Down [1]). Note that in parts (ii) and (iii) of Theorem 6.1, no setup cost is incurred
because the servers are dedicated, and hence the optimal server assignment policy is determined
by comparing the throughputs under the different dedicated assignments. The lower bounds
on the setup cost in parts (ii) and (iii) of Theorem 6.1 are found by comparing the maximum
possible profit under switching policies and the throughput of the best dedicated policy. Note
that 1 — T;(® 4 ¢1) > 0 for i € {1,2}.

Next we provide our observations about the form of the optimal policy when the servers are
specialists and the setup cost is not necessarily small or large. We randomly generate 100,000
systems with the service rates independently drawn from a uniform distribution with range
[0.5,2.5], and the setup costs ¢;(1,2) and ¢;(2,1) for i € {1,2} drawn independently from a uni-
form distribution with range (0,0.5). We also did the same experiment with ¢ = ¢;(1,2) = ¢;(2,1)
drawn from a uniform distribution with range (0,0.5) and obtained similar results. For each sys-
tem, we determine the optimal server assignment policy using the policy iteration algorithm for
weakly communicating Markov chains. Note that the number of replications in this section (i.e.,
100,000) is larger than for our other experiments (i.e., 50,000) because we only consider systems
with B = 0.

As in Sections 4.1 and 4.2, we observe that both servers have preferred assignments in each
experiment and the optimal policy is a multiple threshold policy. We now demonstrate these
policies in more detail for a system where servers 1 and 2 have preferred assignments at stations
1 and 2, respectively. If the optimal policy is of Type 2, then we have ¢;(1,2) = 2, t1(2,2) = 1,
t2(1,1) =1, and t2(1,2) = 0, as in Figure 1(a). If the optimal policy is of Type 1 and server 1 is
the switching server, then we have ¢;(1,2) = 2 and ¢1(2,2) € {0,1}, as in Figures 1(b) and 6(a).
If the optimal policy is of Type 1 and server 2 is the switching server, we have t9(1,2) = 0 and
t2(1,1) € {1,2}, as in Figures 6(b) and 6(c). Finally, if the setup cost is big, the optimal policy
is of Type 0, as in Figure 1(c).

Policies of Type 0, 1, or 2 were also observed for systems with B = 0 and homogeneous
servers or tasks, as shown in Sections 4.1 and 5.1. However, for these systems, if the optimal
policy is of Type 1 and the switching server is server i € {1,2}, then ¢;(2,2) or ¢;(1,1) is never
equal to one; i.e., the policies shown in Figures 6(a) and 6(b) are never optimal. Note that when
the servers are specialists, it may be best to have immediate switchovers in order to exploit the
special skills of the servers, although this increases the number of setups. Hence, we conclude
that the form of the policy is robust to the service rates, but the thresholds can take a broader

range of values in systems with specialist servers.
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(a) Only Server 1 Switches, t1(2,2) =1 (Type 1)  (b) Only Server 2 Switches, t2(1,1) = 1 (Type 1)

(c) Only Server 2 Switches, t2(1,1) = 2 (Type 1)

Figure 6: Recurrent States and Optimal Actions in Section 6.1

6.2 Systems with Heterogeneous Servers and Tasks and Positive Buffer Size

In this section, we study systems with B > 0 and heterogeneous servers. We start by considering
generalist servers, so that the service rate of a server at a station can be represented as the
product of the server’s speed and a constant reflecting the complexity level of the task at the
station. Hence, we have p;; = p;y; for i,5 € {1,2}. Service rates of this form can be used to
model situations where each server is equally skilled at all tasks but the tasks are of different
difficulty levels. Note that systems with generalist servers are special cases of systems with
specialist servers, hence their analysis is simpler and we are able to partially characterize the
optimal policy for systems with arbitrary, positive buffer sizes and (constant) setup costs when
the servers are generalists. Moreover, systems with either homogeneous servers or tasks are
special cases of systems with generalist servers; hence this service rate structure is significantly
more difficult to analyze.

We observed in Theorems 4.1 and 5.1 that the policy mp (as defined in Example 2.1) is
optimal in systems with B = 0 when c¢ is positive but small and either the servers or tasks
are homogeneous. However, when B > 0, the optimal policies provided in Theorems 4.2 and
5.2 are different from my even for small values of ¢ > 0. Hence, the servers have a primary
assignment when B = 0 and ¢ > 0 is small, but this is not correct when B > 0. The following

proposition shows that when B > 0, ¢ > 0, and the servers are generalists, the policy 7y (that
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has immediate switchovers) is dominated by policies that have preferred assignments, rather
than primary assignments, including a policy that has no immediate switchovers. The fact that
the optimal policy for ¢ = 0 is suboptimal for all ¢ > 0 when the servers are generalists shows

that the best assignment of servers to tasks is highly sensitive to the presence of setups.

Proposition 6.1 In a tandem line with two stations, two generalist servers, and a buffer of
size B > 0 between the stations, the policy my is not optimal when ¢ > 0 because it is better to
delay the switchovers at either end of the line, and better yet to delay the switchovers at both

ends of the line.

Proof: First, assume that pivy; # poye. Let mp = (dp)® be as described in Example 2.1. Tt is
not difficult to show that

(1 + p2)y1y2 2¢(p1 + p2) 2 (v — p22) ((Ml’Yl)BH + (/~L2’Y2)B+1)

P, =
R (1 +72) ((1171)5+2 = (272)5+2)

Now define the policies 7 = (CZ)OO and 7 = (d)™ such that cZ(l, 1,1) = d(1,1,1) = a1y, d(B +
1,2,2) = agy, d(x) = do(x) for z € S\ {(1,1,1)}, and d(z) = do(z) for z € S\ {(1,1,1), (B +
1,2,2)}. In other words, 7 is a multiple threshold policy that delays switchovers at the beginning
of the line, and 7 is a multiple threshold policy that delays switchovers at both ends of the line.

One can show that

2c(py + p2)y1y2 (v — p2ye) ( (ay) BT+ oz ( (pav1)? + (p2y2)®
(p1 + p2) 7172

T (71 +72) ((Mm)B+2 + pay2(pam) PH - 2(#272)B+2) |
b (1 + p2)n2 c(pr + p2)yy2 (i — M272)<(H171)B + (Mﬂz)B)
’ LA (71 + 72)((#171)3“ - (Mz’Yz)BH) .
Some algebra shows that P; — Pr, = % and Pz — P; = E—i, where
e = 2c(pn + p2)mv2(m — pav2) (H2n2) P ((um)B - (um)B),
e = (m+m) ((u171)3+2 - (uzvz)B“) [((um)B+2 - (uzw)B“)
272 ((Ml%)BH - (N272)B+1>},
es = c(p+ pa)mv2(mm — pave) (v + paye) (pay) P+ ((#Wl)B - (H272)B),
e = (m+) ((M1’71)B+1 - (Mz’Yz)BH) ((M171)3+2 + M2W2(M171)B+1 - 2(#272)B+2))-

It is easy to see that Z—; > 0 and Z—i > (0. Hence, 7 is a better policy than my and 7 is a
better policy than #. Note that if d is such that d(B + 1,2,2) = ag and d(z) = d(x) for
x € S\ {(B+1,2,2)}, then the proof of Lemma 3.2 and the above calculations imply that the
long-run average profit under policy 7 satisfies Pr, < P < Pz, and hence 7 is superior to g

but inferior to 7.
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When p1v1 = poy2, we can show that

24+ B—4 3+2B—-6 1+B-2
P, pa1(2 + C)’Pﬁ _p.— 1 (3 + C)Jgﬁ _ paya (1 + c)
2+ B 3+ 2B 1+ B
Then P; — Py, = 6%%% and Pr — P; = ﬁ%. Note that these quantities are strictly

positive for B > 0. Consequently, when ¢ > 0, the policies mg, 7, and 7 are never optimal. O

Proposition 6.1 shows that, as expected, not all nonidling policies are optimal for systems
with generalist servers in the presence of small positive setup costs (unlike the case with ¢ =0
as shown in Andradéttir, Ayhan, and Down [1]). Note that Proposition 6.1 does not necessarily
hold for systems with specialist servers. In particular, we will now show that the policy my may
be optimal for B > 0 and positive setup costs if the servers are specialists.

More specifically, we study systems with specialist servers, B > 0, and nonconstant setup
costs. We randomly generate 50,000 systems with the service rates chosen as in Section 6.1, the
buffer size drawn from a discrete uniform distribution with range {1,2,3,4,5}, and the setup
costs chosen as in Section 6.1 (as in Section 6.1, we considered both constant setup costs ¢ and
general setup costs ¢;(1,2), ¢;(2,1) for i € {1,2}). For each system, we determine the optimal
server assignment policy using the policy iteration algorithm for weakly communicating Markov
chains.

In all the experiments, we observe that when the optimal policy is of Type 1 or 2, it is
a multiple threshold policy. For example, consider the case where the optimal policy is of
Type 2 with servers 1 and 2 having preferred assignments at stations 1 and 2, respectively.
Then, we observe that ¢1(1,2) = B + 2, $1(2,2) = k, t2(1,1) = [, and 2(1,2) = 0, where
k,l € {1,...,B + 1}. However, unlike in Section 4.3 (see Figure 3(a)), we do not observe
any simple relation between the thresholds k& and [. Note that we observed some cases where
I =1or k= B+ 1 in the optimal policy (i.e., mp was optimal). Hence, in the presence of
specialist servers, the policy that has primary assignments (so that the servers switch back to
their primary stations as soon as possible) can be optimal, unlike in the case with generalist
servers considered in Proposition 6.1. We believe that this results from the fact that in the case
of specialist servers, each server may outperform the other server at one of the tasks, and it is
possible to take advantage of this difference in skills by allowing immediate switchovers.

When the optimal policy is of Type 2 and the servers do not have preferred assignments (as
in Figures 4 and 5), we also do not observe any special structure in the thresholds (unlike in
Section 5.3). More specifically, when server 1 is the server that switches more often, we observe
that t1(1,1) = k, t1(1,2) = B+ 2, t1(2,1) = 0, t2(2,2) =, t2(1,2) = 0, and t2(2,1) = B + 2,
where k,1 € {1,...,B + 1}, and thus immediate switchovers are possible. Similarly, when the

optimal policy is of Type 1, it is a multiple threshold policy that allows immediate switchovers
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(unlike the cases when the tasks or servers are homogeneous). For example, if server 1 is the
switching server and (s)he has a preferred assignment at station 1, we see that ¢1(1,2) = B+ 2
and t1(2,2) = [, where [ € {0,...,B + 1} (as in Figure 3(a), except the optimal action in state
(B +1,2,2) can now be aj3).

The results described in this section strongly support the conjecture that the optimal policy
for systems with two stations, two servers, and positive setup costs has a multiple threshold
structure. More specifically, we observe that the form of the optimal policy remains the same
even when the buffer size is increased, the servers have different skills at different stations, and

the setup cost depends on both the server and the location of the server.

7 Conclusion

In this work, we have studied the dynamic server assignment problem in the presence of setup
costs. More specifically, we have determined the optimal server assignment policy for tandem
systems with two stations, two servers, constant setup costs, and small buffer sizes when either
the servers or the tasks are homogeneous. We have shown that the optimal policy is of “multi-
ple threshold” type (i.e., servers move between stations when the number of jobs in the system
reaches certain thresholds that may depend on the current locations of servers). Moreover, the
servers generally have preferred assignments (the only exception is when the tasks are homoge-
neous and the value of the setup cost is small, in which case we can take advantage of the faster
server by assigning him/her to both stations). As the value of the setup cost increases, the
optimal server assignment policy reduces the number of servers that move between the stations,
and when there is only one switching server in the system, we have seen that the faster server
or the server that is assigned to the faster station is the switching server. We have also shown
that server movements are more limited when the servers are homogeneous than when the tasks
are homogeneous. Finally, we have identified additional structure for the thresholds in systems
with either homogeneous servers or tasks and arbitrary buffer sizes based on theoretical and
numerical results.

We have also characterized the optimal server assignment policy for systems with two sta-
tions, two specialist servers (i.e., the service rates can be arbitrary), and zero buffers when the
constant setup cost is small or large. Moreover, we have shown that for systems with two sta-
tions, two generalist servers, and positive buffer sizes, the optimal policy for zero setup costs
(in which the servers have primary assignments and only switch to avoid idleness) is no longer
optimal, even for small values of the setup cost. This discontinuity is surprising at first, but can

be explained by the fact that it is possible to reduce the incurred setup cost without impacting
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server effectiveness by having generalist servers complete several jobs at their non-preferred sta-
tions before returning to their preferred stations. By contrast, when the servers are specialists,
it may be optimal to have servers return immediately to their preferred stations in order to take
advantage of their special skills. Finally, we have performed numerical experiments for systems
with specialist servers, larger buffer sizes, and setup costs that are not necessarily constant that
suggest that the optimal policy also has a multiple threshold structure in this setting. Conse-
quently, the form of the optimal policy appears to be robust to the service rates, setup costs,
and buffer sizes.

This work shows that the optimal server assignment policy is highly sensitive to the presence
of even a small setup cost. The inclusion of positive setup times or other costs (e.g., holding

costs) in finite-buffered systems with flexible servers remains an open problem.
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Appendices

A Additional Results for Systems with Homogeneous Servers

In this section we provide the optimal server assignment policy for systems with homogeneous
servers and B € {0, 1} when 77 < 2. The following result follows from Theorem 4.1 and Lemma

3.2.

Corollary A.1 For a Markovian tandem line with two stations, two flexible servers, and buffer
of size zero between the stations, if j;; = v; fori,j € {1,2} and v < 72, then the optimal server

assignment policy 7 = (d*)* is as follows:

(1) Ifo<e< 4717%, then d*(x) = do(x) for all x € S (see equation (6)) and the recurrent
states are (0,1,2),(1,1,1),(1,2,2), and (2,1,2).

2
i) If =L <e<-—5—2__ then
(i) If Ttze S 65 29 +27172+273 7

an if x = (0,21, 22) for all (z1,22) € Sz or z = (1,1,1),
d*(z) =4 an ifx=(1,21,2) for all (z1,22) € Sz \ {(1,1)} or
x = (2,21, 22) for all (z1,29) € Sz,
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and the recurrent states are (0,1,2),(1,1,1),(1,1,2),(2,1,1), and (2,1,2).

(iii) Ife > Mﬁ, then d*(x) = a1z for allx € S and the recurrent states are (0,1,2),(1,1,2),

and (2,1,2).

The following result follows from Theorem 4.2 and Lemma 3.2.

Corollary A.2 For a Markovian tandem line with two stations, two flexible servers, and buffer

of size one between the stations, if p;j = v; fori,j € {1,2} and v1 < 2, then the optimal server

assignment policy 7 = (d*)* is as follows:

(i) Ifo<c< then

2714272 +272

a1 if x = (0, 21,292) for all (z1,22) € Sz or x = (1,1,1),
a1z if = (1,21,22) for all (z1,22) € Sz \ {(1,1,1)} or
= ( ) (
(3, (

)

d*(z) = :
2, z9,22) for all (z1,22) € Sz \{(2,2,2)},

)

(

azy if x = (3,21, 22) for all (z1,22) € Sz or z = (2,2,2),

and the recurrent states are (0,1,2), (1,1,1), (1,1,2), (1,2,2), (2,1,1), (2,1,2), (2,2,2),
and (3,1,2).

73 27172477
(ii) If T +27 < ¢ < min{ Z%HA@, 573+ ins }, then

ain if x = (0,21, 22) for all (z1,22) € Sz orz = (1,1,1),
d*(z) = § ap if v =(1,21,2) for all (z1,2) € Sz \ {(1,1)} or
x = (y,21,22) for ally € {2,3} and (z1,22) € Sz,
and the recurrent states are (0,1,2), (1,1,1), (1,1,2), (2,1,1), (2,1,2), and (3,1,2).

2 2 27172495 35 +1173 732
(111) If ")/2 > Y172 + ’Yl and m <c S 471_’_4%7172_’_24’71;2_’_4’73, then
4
a1r if x = (0,21, 22) for all (z1,22) € Sz or
. = (y,1,1) for all y € {1,2},
d*(z) =
a12 ’LfZC - (y7 21722) fO’f' all Y€ {172} and (21722) € SZ \ {(17 1)} or
= (3,21, 22) for all (z1,22) € Sz ,

\
and the recurrent states are (0,1,2), (1,1,1), (1,1,2), (2,1,1), (2,1,2), (3,1,1), and
(3,1,2).

: 2 2 373 +71175 2 —
(iv) If v3 > m1y2 + 75 and ¢ > 471+4:172+171;2+473, then d*(x) = aig for all x € S and the

recurrent states are (0,1,2), (1,1,2), (2,1,2), and (3,1,2).

(V) Ifv3 < viy2 +73 and ¢ > 2727%72, then d*(x) = aj2 for all x € § and the recurrent states
1 2
are (0,1,2), (1,1,2), (2,1,2), and (3,1,2).
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B Proof of Theorem 4.1

Lemma 3.1 shows that servers should not be voluntarily idle when station 1 is blocked or station
2 is starved (this is different from involuntary idling due to being assigned to a station that
is either blocked or starved). Furthermore, when both stations are operating, if a server is at
station j € {1,2} before the previous server completion, any action that idles this server and
assigns the other server to station j cannot be optimal. For example, actions ag; and asg cannot
be optimal in a state (I,1,2), where 1 < I < B + 1, because they are strictly dominated by
actions ai; and agg, respectively (this can be shown through a sample path argument similar
to that in the proof of Lemma 3.1). Moreover, the action agy results in a zero long-run average
profit if employed in any state, and hence is ignored. Similarly, a9s is never optimal in a state
(0,2) and @11 is never optimal in a state (2, z), for z € Sz. The states (0,1,1) and (2,2,2) are
transient under any policy m € II, and the actions in these states do not affect the long-run
average profit. Hence, they are omitted in the proof because any feasible action can be chosen

in these states. Thus, we can use the following action space:

{a11,a12,a91} for z € {(0,1,2),(0,2,1),(0,2,2)},
{ao2, a11,a12, as, a1, a2} for z = (1,1,1),
{ao2, a10,a11, a12,a21, a2} for z =(1,1,2),
{ao1,a11, a12, as0, az1, a2} for x = (1,2,1),
{ao1,a10,a11, 012, a21,a22} for x = (1,2,2),

{a’12)a217 G’QQ} for z € {(27 L, 1)7 (27 1, 2)) (27 2, 1)}

\
Since the action and state spaces are finite, Theorem 9.1.8 of Puterman [19] shows the
existence of an optimal Markovian stationary deterministic policy. Furthermore, since v1,y2 > 0,
the policies described in the theorem correspond to weakly communicating Markov chains, and
we can use the Linear Program (LP) approach for communicating Markov decision processes as
in Sections 9.5.2 and 8.8.2 of Puterman [19].
Consider the following LP:

max ZxES ZG,GAI T'(m‘, a)w(x, a)
St Y aea, W@ a) =3 ce D pen, P |z, a)w(x,a) =0, for all ' € S,
Z:I:ES ZaeAz w(x, a) =1,

w(xz,a) >0, forall z € S,a € A,

(12)

where, for all z € S and a € A, r(z,a) is the immediate reward of choosing action a in state
x and p(z'|z,a) is the one-step transition probability from state z to 2’ if action a is chosen

in state x. Then, in every basic feasible solution corresponding to a policy described in the
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theorem, we can conclude that for each x € S there exists at most a single action a, € A,
such that w(z,a;) > 0 as a result of Corollary 8.8.7 of Puterman [19] (which can be applied
because the policies we consider in the description of the theorem result in a single recurrent
class). Furthermore, for every basic feasible optimal solution w* if we define Sy» = {x € S :

> aca, W*(z,a) > 0}, then the optimal decision rule is as follows:

a if w*(z,a) > 0 for x € Sy,
dy+(x) =< a for some a' such that there exists a state 2’ € S+ for which

z’ is reachable from z under action o’ for z € S\ Sy+.

Note that the actions in states S \ Sy+ cannot be chosen arbitrarily as in unichain models.
However, the discussion in Section 9.5.2 of Puterman [19] shows that the decision rule above
results in an optimal solution. Moreover, note that an action o’ that will move the process X,
towards a recurrent state always exist. More specifically, if © = (y,2) and 2’ = (v/,2') € S+,

we can choose @’ = a, if y =y, a = a11 if y <9/, and a’ = ag if y > /.

We first prove the optimality of the policy for 0 < ¢ < 2713?472 (note that this condition

implies that ¢ < 3). Consider the decision rule d, where d(z) is defined as follows for all z € S:

a1 ifz € {(0,1,2),(0,2,1),(0,2,2)},

aiz ifz e {(1,1,1),(1,1,2),(1,2,2)},
d(z) =

asl ifx e {(1,2, 1)},

aze ifz € {(2,1,1),(2,1,2),(2,2,1)}.

Now, consider the basic solution w of the LP (12) corresponding to the policy m = (d)*>°. The
associated basis for the LP (12) is

D = {w((O, ]_, 2), an),w((O, 2, 1), an),w((O, 2, 2), CLH),
w((l, 1, 1), a12), w((l, 1, 2), a12), w((l, 2, 1), agl), w((l, 2, 2), a12),

w((2, 1, 1), agg), w((2, 1, 2), a22), w((2, 2, 1), CLQQ)}.

Let ¢p be the vector of coefficients of the elements of D in the objective function, B be the
coefficients of the elements of D in the constraint matrix, and b be the right-hand side of the

constraints. Consequently, we have

cg = {—2cm, —2cy1, —4deyi, v2 — (v +72), 72,72, Y2 — (1 + 72),

272(1 — 2¢),292(1 — ¢),272(1 — ¢) },
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and

2v1/q 0 0 —Y2/q 0 0
0 2v1/q 0 0 0 0
0 0 291 /q 0 0 0
—2v1/q¢ —2m/q¢ —2m/q (m+2)/q 0 0
. 0 0 0 0 0 0 |
0 0 0 0 0 0
0 0 0 0 —2v2/q —272/q
0 0 0 0 0 0
0 0 0 0 272/q 0
1 1 1 1 1 1

where ¢ is the uniformization constant. Note that the constraint corresponding to one of the
states is redundant, and hence the constraint corresponding to state (2,2,1) is eliminated. It
is easy to see that w is also a stationary distribution for the Markov Chain X (since it has a
finite state space and one recurrent class, the stationary distribution exists). In order to show

the optimality of this basic feasible solution, we need only to show that
Ay =cpB o, —c, >0 (13)

for each nonbasic variable y, where v, is the column in the constraint matrix of the LP (12)
and ¢, is the coefficient corresponding to y in the objective function (see, e.g., Theorem 3.1 of
Bertsimas and Tsitsiklis [6]).

For states (0,1,2),(0,2,1), and (0,2,2), we have

Y1 (72 — 2ey1 — deya)

Au((0,1,2),012) = Duw((0,2,1),a21) = D ((0,2,2),a12) = Dw((0,2,2),a21) =

7t 2
7172(1 — 2¢)
Aw((0,1,2),a21) = Dw((0.2,1),a10) = Tt
It is clear that these quantities are nonnegative when 0 < ¢ < 2717%. For state (1,1,1) we
have
7172(1 — 2¢)
Ay ((1,1,1),a02) = Du((1,1,1),a20) = Tt Aw(11).a11) = Buw((L11).a20) = 05
Ay ((1,1,1),a20) = 4723
for state (1,1,2) we obtain
~ m72(1 —2¢)

Aw((17172)7a02) = Aw((17172)7a10) - ) Aw((l,l,Q),all) - 4071,

Y1+ 72
Au((1,1,2),a20) = 2¢(11 +72)s Au((1,1,2),a0) = 4C72;
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for state (1,2,1) we obtain

Y172(1 — 2¢)
Au((1,2,1),001) = Buw((1,2,1),a20) = it

Ap((1,2,1),a10) = 2671 +72)s Au((1,2,1),a20) = 4€72;

v Ay(1,2,1),010) = 401,

and for state (1,2,2) we have

~ m72(1 - 2¢)

Au((1,2,2),a01) = Buw((1,2,2),010) = v Ay((1,2,2),a11) = 4C715

Aw((1,2,2),a21) = Du((1,2,2),a22) = 0-
Finally, for states (2,1,1),(2,1,2) and (2,2,1) we have

Y2 (71 — 4eyr — 2¢72)
Y1+ Y2

Au(2,1,1),a12) = Du((2,1,2),a10) = Duw((2,1,1),a21) = Dwo((2,2,1),a21) =

7172(1 — 2¢)
Au(2,1,2),021) = Du((2,2,1),a12) = Tt

These quantities are also nonnegative when ¢, v, and 7, satisfy the assumptions above (note

that 27112472 < 47111272 because 71 > 72). Hence we have shown that the inequality (13) is

satisfied for all nonbasic variables. We can conclude that D is an optimal basis for the LP (12),

and consequently m = (d)*° is an optimal policy when 0 < ¢ < . We see that the recurrent

ot
271-5472
states of X are (0,1,2), (1,1,1), (1,2,2), and (2, 1,2) under this policy. In the transient states

(i.e., states in S\ Sy ), we can select any action that will take the process to one of the recurrent

states, and this shows that the policy described in the theorem is optimal when 0 < ¢ < 27112472.

2
Y2 'yl . . . l .
Next, let i, < ¢ < G S (which also implies that ¢ < 5), and consider the

decision rule d, where d(x) is defined as follows for all = € S:

aip if z € {(0,1,2),(0,2,2),(1,1,1),(1,1,2)},
d(x) = asl ifx e {(0,2, 1), (1,2, 1)},
am ifz e {(1,2,2),(2,1,1),(2,1,2), (2,2, 1)}.

Then, the basic solution w corresponding to the policy m = (d)* has the basis

D = {W((0,1,2),a12),W((0,2, 1),@21),&)((0,2,2),@12),
w((]-a ]-a 1)7 a12), w((]-a ]-a 2)7 a12), w((la 2a 1)7 a?l)a w((la 2a 2)7 a22)a
w((2a 1, 1)7 a22)7 w((2a 1, 2)7 a22)7 (.U((2, 2, 1)7 a22)}'
As before, we will show that inequality (13) holds for every nonbasic variable. More specifically,
for states (0,1,2),(0,2,1), and (0,2,2), we have

A —A — A (271 +2)(4ey + 271 — 2)
w((0,1,2),a11) = “w((0,2,1),a11) = “w((0,2,2),a11) = (1 + 72)2 ,

Au((0,1,2),a21) = Duw((0,2,1),a12) = 2671, Au((0,2,2),a01) = 0-
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These quantities are nonnegative because ¢ > s—2—. For state (1,1,1) we have

2v1+472
A _A ~ my2(l = 20) ~ 7172(2e71 + deyr — 9)
w((1,1,1),a02) — “w((1,1,1),a20) — 1+ e ) w((1,1,1),a11) — (71 +’YQ)2 )
A N _ 72(269F +4ey3 + deyiye + i)
w((1,1,1),a21) — 0, w((1,1,1),a22) — (1 + 72)2 ’
for state (1,1,2) we obtain
PN N72(1 — 2¢) - mM72(2¢92 + )
w(( sdy )7a02) ,.yl +72 ? w(( sdy )valﬂ) (,yl _l_,yZ)Q

1 (4ey? + 8cy2 + 10¢y1y2 — 74

Aw((11,2)011) = e (712+ )2 2), Au((1,1,2),02) = 2¢(1 +72),
72(2e77 + 463 + devive + 1172)

Aw((l 1 2) (122) = P) )

e (71 + 72)
for state (1,2,1) we obtain
A _ my2(71 + 2¢72) _ 772(1 = 2¢)
w((1,2,1),a01) ('Yl +'}’2)2 ’ w((1,2,1),a20) 1+ e

1 (4ey? + 8¢y2 + 10¢y1y2 — 73

Au(1,21),011) = (er (712+ ) 2)7 Ay((1,2,1),a10) = 2¢(71 + 72),
Y2(2e9} + 4evd + deyiye + 113)

Ay((1,2,1),a20) = 5 ;

- (71 +2)

and for state (1,2,2) we have

Y2(2e7} + 4ev3 + devive +7173)
(71 + 72)?

Au((1,2,2),001) = Auw((1,2,2),a10) =

7 (6eyr 4 8eyz — 12) Y1 (2e71 + 4eya — 2)

Au((1,2,2),a11) = (1 +72)? v Ap((1,2.2),019) = Duw((1,2,2),001) = 2 T 1) .
Note that
73 .M . m . m
2 2 = 2 = = ’

497 + 107172 + 8% — 1072 +87; — 1071 +8y2 = 2y + 4y

because 71 > 2 > 0. Therefore, the above quantities are all nonnegative because 2717% <c<
gkl :

m. Finally, for states (2,1,1), (2,1,2), and (2,2,1), we have

72(7E — 2¢7f — 2¢93 — 2e7172)
(71 + 72)?

Au(21,1),012) = Auw((2,1,2),a12) = Duw((2,1,1),a21) = Dw((2,2,1),a21) =

)

1172(2¢72 + 1)
A = A =
w((2,1,2),a21) w((2,2,1),a12) (’71 _{_72)2

V3

27 +27172+273
optimal policy and the recurrent states of X, under this policy are (0,1,2), (0,2,2), (1,1,2),

These quantities are nonnegative because ¢ < . Hence, the policy m = (d)* is an

(1,2,2), and (2,1,2). In the transient states (i.e., states in S\ S+ ),we can select any action that

will take the process to one of the recurrent states, and this shows that the policy described in

ol

: . o <
the theorem is optimal when T, <C< G
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2

1 >, and consider the decision rule d, where d(x) is defined as

Finally, let ¢ > D S

follows for all z € S:

as if z € {(0,1,2),(0,2,2),(1,1,1),(1,1,2),(2,1,1),(2,1,2)},
d(z) =< a9 ifze{(0,2,1),(1,2,1)},

aze ifz € {(1,2,2),(2,2,1)}.

The basic solution w corresponding to the policy m = (d)*° has the basis

D = {w((07 L, 2)a al?)? w((07 2, 1)a a21)7 w((0> 2, 2)a a12)7
W((l, 17 1)7 CL12), W((l, 17 2)7 a12)7 CU((]., 27 1)7 CL21), CU(<]., 27 2)7 CLQQ),
w((2’ 1, 1)7 al?)’ w((2a 1, 2)7 al?)a W((Qa 2, 1)7 a22)}'
As before, we will show that inequality (13) holds for every nonbasic variable. More specifically,
for states (0, 1,2),(0,2,1), and (0,2,2), we have

Y1(4evE 4 4eys + deyive — 112 — 7F)
Y2+ y1v2 + 72
Y1(4e7} + 4eys + deviyva — 1)

Au((0,1,2),a11) = Buw((0,2,2),011) =

)

Yi(v1 —72) (271 + 72)

A = , A — ,
w((0,1,2),a21) ,}/% 172 + ,722 w((0,2,1),a11) ')’% + iy + ,722
A0 = gt Ay 1209 42008 + 2e317)
w((0,2,1),a12) "Y% + 27172 + 7227 w((0,2,2),a21) 7% 17 —l—’y%
iti i % 2
These quantities are nonnegzatlve becawlse2 ;yl > v and ¢ > PR RS Note that 277 >
7% + 7172, and hence 27%+27'Y1172+27§ > 47%114 717;;1 P For state (1,1,1) we have
Aui(111 — Mm% Apiiid _ 71(2¢72 + 2¢73 + 2e1y2 + 12 — 72)
’LU(( 3Ly )70,02) ,.Y% + 7172 + /_}/227 ’LU(( , 1, ),ago) "y% + 7172 + 73 s
2 =) (71 +72) (2677 + 2¢93 + 2e7172 — 77)

Au(1,1,1),021) =

Y

A == )
w((1,1,1),a11) ’Y% + viys + ,},g 7% + 712 + ’Y%
Y2(4er? + 43 +deyive + 1172 =97,

3 + vy + 2 ’

Au((1,1,1),a22) =

for state (1,1,2) we obtain

N A _ 7(derf +4eys + deyiye + 1192 — 297)
42y +og a0 = M’ N2+

Y1(deyE + 4evs + deyiva + M2 — V3)
i+ 772 +73

(71 +72)(4cr? + 4ev3 + deyiya — i)
’Y% + 72 + ’Y%

Y2(4eyf + 4y + deviye + 112 — 1)

(71 + 72)? ’

9

Au((1,1,2),000) =

Au((1,1,2),011) =

9

Ay((1,1,2),a2) =

)

A((1,1,2),020) =
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for state (1,2,1) we obtain

Au121)a0) = 53— 3 RiRE 50 Au((121)a0) = 53— 3 175 5
i+ 12 + ;3 i v 3
Bu(z1),a1) = nn s 2 _32)), Auw((1,21),012) = —J%(% ) 7
e YT MY2 T3 T 7+ 2+
A _ ment)
w((1’271)7a22)

Y+ +73

and for state (1,2,2) we have

Y1 (8¢y? + 8¢y 4+ 8cyive + M2 — 377)

Aw((1,2,2),00) = (1 + 2)2 )
Au(122)010) = Y2(4enf + 4cr2y§ + 4eyiye -2F Y172 = 7) 7
e Y{ v + s
N (et + 427% e + M=) Auiioman = (721 —72)(n + 7;)’
Y4 Y2 + s o 297 + 2172 + 273
A((122)0) = (1 + 72) (4 s deys + dons = 1)
o 297 + 2772 + 273
These quantities are nonnegative because v; > 2 and ¢ > 272 +2332 > 4’7fﬁ:};§i e

Finally, for states (2,1,1),(2,1,2) and (2,2,1) we have

Y2(2e93 + 2673 + 2172 — 43)
v+ v1y2 + 2

A A _ 272(2e97 + 2093 + 2e7172 — 77)
w((2,1,1),a22) — “w((2,1,2),a22) — 'Y% _{_71,72 +’Y%

Y2(4eyf 4 4ey3 + deyye — 77)

Ay(21,1),021) =

)

Y

A = )

w((2,1,2),a21) 2,},% + 27172 + 2,},22

2
Y172

A = - A =0

w((2,2,1),a12) ’}’% +viv2 + ,7% w((2,2,1),a21)

2
These quantities are nonnegative because v; > v and ¢ > M’W Hence, the policy
1 2

m = (d)* is an optimal policy and the recurrent states under this policy are (0, 1,2), (1,1,2),
and (2,1,2). In the transient states (i.e., states in S \ Sy+), we can select any action that will
take the process to one of the recurrent states, and this shows that the policy described in the

7

———1 . Hence the proof is complete. O
273 +27172+272 p b

theorem is optimal when ¢ >

C Proof of Theorem 6.1

Let &, for i € {1,...,10}, be defined as follows:

&1 = por(p11 + po2)(pi2 + po2),

& = 2((#%1(1111 + p12 + po1 + po2) + peipee (12 + po2) + w11 (12 + o) (2u21 + ,u22)>,
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3 = paa(pan + po2) (a1 + pi21),

§4 = 2((#%2(#11 + p12 + po1 + po2) + paipaz(par + pi2) + pee(p11 + po1) (g1 + 2#12));

& = por(pa1poz — paapion) (a1 + a2 + pa1 + praa) + 4 (M%Q + po1po2 + pi2(p21 + ,u22))
+p11 (M%Q“QZ + 21430 + pr2pon (o1 + /A22)>,

§6 = 2(p11 + po2) {,um (M%Q + (p12 + p21) (p21 + /L22)>
+p11 (M%Q + p12(2p21 + p22) + p21 (21 + 2#22))} )

§7 = ma(paipi2 — pazper) (P11 + pi2 + po1 + o) + u§2 (ugl + paipz + p21(pan + M12)>
+ 22 (unugl + /L%luu + pa1po1 (par + ,u12)>,

§s = 2(p11 + po2) [,u12 (M%z + (a2 + p21) (p11 + ,u12)>
+pio2 (M%l + p12(2p11 + pa2) + p2r(p1n + 2#12))} )

o = (p1po2 — pizpzr) (H11 + piz + p21 + po2),

&10 = 2(p11 + po2) (M%z + (w12 + po1) (21 + p22) + pa1(pie + por + ,u22)>-

Note that the states (0,1,1) and (2,2,2) are transient under any policy = € II. Hence the
actions in these states do not affect the long-run average profit and we omit these states in the
rest of the proof. First assume that 0 < ¢ < min{f1, 02, 05}. Consider the decision rule d, where

d(x) is defined as follows for all x € S:

ail ifx € {(07172)7(0a2a1)7(072a2>}7
d(x) = arp ifxe {(17 1, 1)’ (L 172)7 (172a 1)7 (17272)}7
a22 ifx e {(27171)>(2a1’2)7(272a 1)}

Similar calculations to those in the proof of Theorem 4.1 show that the policy 7 = (d)* is an
optimal policy when 0 < ¢ < min{3, B2, O5}. We see that the recurrent states of X are (0,1, 2),
(1,1,1), (1,2,2), and (2,1, 2) under this policy.

Next, assume that 85 < ¢ < min{31, 2, 03, f4} (some algebra shows that G5 < min{fs, 04},
hence this interval is non-empty when 35 < ¢ < min{f,32}). Consider the decision rule d,

where d(z) is defined as follows for all z € S:

;

an if z € {(0,1,2),(0,2,1),(0,2,2)},
arp ifz e {(1,1,1),(1,1,2),(1,2,2)},
ag1 ifx e {(1,2,1)},

an ifz e {(2,1,1),(2,1,2),(2,2,1)}.

Similar calculations to those in the proof of Theorem 4.1 show that the policy m = (d)* is an
optimal policy when 5 < ¢ < min{(, 02, 83, 84}. We see that the recurrent states of X, are
(0,1,2), (1,1,1), (1,2,2), and (2,1,2) under this policy. In the transient states (i.e., states in
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S\Su+), we can select any action that will take the process to one of the recurrent states, and this
shows that the policy 7* described in the theorem is optimal when 85 < ¢ < min{f1, B2, 3, B4}
This completes the proof of part (i) of the theorem.

Now, assume that the conditions in part (ii) of the theorem are satisfied. Let ' = (d')*,
where d'(z) = a2 for all z € S. The condition 77 > T guarantees that 7’ is not worse than
the policy " = (d")*°, where d’(z) = a9 for all z € S. Next, we want to show that there is
no policy that allows switching of servers between stations that is better than «’. Without loss
of generality, we only compare 7’ with policies that allow switching of servers between stations
and have positive revenue (because 7’ is better than any policy with zero or negative revenue).
We denote the set of policies that include switching and have positive revenue by I1°, and we
let S = {(1,2) : 2 € Sz}. Under any 7 € II®, there is exactly one departure from the system
between two successive visits of the stochastic process X, to a state in &7. We now show that
for all = € II®%, there will be at least one setup with positive probability between every two visits
to 8.

Note that under any = € II®, every time X, leaves the state (1,1,1) or (1,2,2), there has
to be at least one setup before the next time the process enters a state in S; (either when
leaving S; or when coming back to S), or otherwise the long-run average profit is zero. In state
(1,2,1), if p12 = po1 = 0 and action ag; is used, then the long-run average profit is equal to
zero, and if an action other than ao; is used, then at least one setup occurs before returning
to §1. Furthermore, if p12 = 0 or oy = 0, any policy that uses the action ao; in Sy results in
at least one setup at an end of the line (otherwise the long-run average profit is equal to zero).
Hence we can assume that pjo > 0 and po; > 0 when X, is in state (1,2,1). Note that under

any m € II°) every time X, leaves the state (1,1,2), there has to be at least one setup with

M1l 22
p11tp22? p11+po2

probability ps > min{ } > 0 before the next time the process enters a state in

S1. Similarly, when pi2 > 0, o1 > 0, and X leaves state (1,2, 1), there has to be at least one

setup before X, returns to S; with probability p/, > min{ m;}rim’ mﬁzm} > 0. The previous
two facts follow because either an action other than ajs (ag1) is taken in state (1,1,2) ((1,2,1)),
in which case there will be at least one setup before returning to Sy, or action ajs (ag;) is taken
in state (1,1,2) ((1,2,1)) and there has to be at least one setup at either end of the line before
coming back to 81 (because otherwise 7 is not a switching policy). The four terms in the lower
bounds on ps and p/, are equal to the probabilities of moving to (0, 1,2) or (2, 1,2) under a2 and
the probabilities of moving to (0,2,1) or (2,2,1) under a;. We have shown that the expected
setup cost between two visits to a state in S cannot be less than ¢ps or ¢ min{py, p’,} depending

on whether piop21 = 0 or piauoer; > 0.

Let v be minimum expected time between two visits to S; (note that v > 0 because p;; < 0o
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for i,j € {1,2}). Then v is the sum of the minimum expected times for leaving S; (i.e., ®) and

for returning back to Sy (i.e., ¢1), so that v = ® + ¢1. By the renewal reward theorem, we can

conclude that P, < 1_% (P < Hmir;w) when p1op91 = 0 (p12p91 > 0) for all 7 € II°.

Hence, when T > 1—1}& (i.e, c> (1 —T1(<I>+¢>1)) (14 ©)), then no policy in II* can be optimal.

Consequently, the policy that uses d(x) = ajs for all z € S is optimal. This proves part (ii) of

the theorem.

Finally, assume that the conditions in part (iii) of the theorem is satisfied. Then we must

have p12 > 0 and po; > 0. Similar arguments as for part (ii) show that the policy that uses the

decision rule d(x) = ag; for all x € S is optimal. O
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