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Introduction

Throughout this paper we assume that all modules are finitely generated (left) modules over a
noetherian R-algebra Λ for a commutative local ring R. By a noetherian R-algebra Λ we mean
that Λ is finitely generated as an R-module and that R is a noetherian ring. We denote by mod Λ
the category of all finitely generated Λ-modules.

This paper is devoted to studying liftings and weak liftings of modules which is defined in the
following way. Let Λ → Γ be a homomorphism of rings and let M be in mod Γ. Then L in mod Λ
is called a lifting of M to Λ if a) M ' Γ⊗Λ L and b) TorΛi (Γ, L) = (0) for all i ≥ 1. The Γ-module
M is said to be liftable to Λ, when such a Λ-module L exists. If M is only a direct summand of
Γ⊗Λ L for some Λ-module L satisfying b), then L is a weak lifting of M to Λ and M is said to be
weakly liftable to Λ. The notion of a lifting of a module has existed for some time, but the notion
of a weak lifting of a module is introduced in this paper. A notion of a lifting has been studied in
modular representation theory. Let Λ = RG where R is a complete discrete valuation ring with
maximal ideal generated by a prime number p and G is a finite group such that p divides the order
of G. Assume that the characteristic of R is zero and that the characteristic of the residue class
field R/(p) is p. Then a lifting of a module M in mod Λ/pΛ is a Λ-lattice L such that M ' L/pL.
It is not hard to see that this notion of a lifting is a special case of the general definition given
above and many of the results in this paper are in fact inspired by the work of J. A. Green in [9].
An important part of this paper is to introduce and study the properties of weak liftings. The
notion of a weak lifting of a module not only is a natural generalization of the notion of a lifting of
a module, but we show that notion of weak liftability of a module corresponds to that the module
has an infinitesimal deformation, a notion occurring in deformation theory.

Let Λ be a noetherian R-algebra where R is a commutative complete local ring with maximal
ideal m. Let {x1, x2, . . . , xt} be a Λ-regular sequence in m and Γ = Λ/(x1, x2, . . . , xt)Λ. The main
aim is to prove that if Ext2Γ(M,M) = (0) for M in mod Γ, then M is liftable to Λ. This is done
by first considering the lifting problem in the situations Λ → Λ/(x) = Λ1 and Λi = Λ/(xi) → Λ1,
where x is a Λ-regular element in m. In this situation we characterize Λ1-modules liftable to Λ in
terms of a lifting sequence and obtain homological obstructions for lifting a module. In particular,
we show what seems to be folklore to deformation theorists, namely that if Ext2Λ1

(M,M) = (0),
then M is liftable to Λ (See [11]). We end this section by giving some applications of our main result
to module theory. For these applications assume that Λ has finite global dimension. Then we show
that if Ext2Γ(M,M) = (0) for a Γ-module M , then pdΓM <∞. Also, if Exti

Γ(M⊕Γ,M⊕Γ) = (0)
for all i ≥ 1 and M in mod Γ, then M is projective. Examples of such rings Γ where these results
apply are complete intersections and therefore also group rings of finite abelian groups. Since we
consider liftings in the situations Λ → Λ1, Λi → Λ1 and Λ → Λ/(x1, x2, . . . , xt)Λ, this justifies the
generality in the definition of a lifting of a module.

The setting in section 2 is the same as in section 1. Here, the main object is to study realizations
of liftings of a Λ1-module M and when it is unique up to isomorphism. In particular, we show that
every lifting of M to Λ is a factor module of ΩΛ(M), where ΩΛ(M) denotes the first syzygy of M
over Λ given by the projective cover of M over Λ. Further, we prove the following result which
seems to be folklore to deformation theorists. If Ext1Λ1

(M,M) = (0) for a Λ1-module M liftable to
Λ, then the lifting to Λ of M is unique up to isomorphism (See [11]). This result is also generalized
to the situation Λ → Γ, where Γ = Λ/(x1, x2, . . . , xt)Λ for a Λ-regular sequence {x1, x2, . . . , xt} in
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m. Finally, we show that every Λ1-module liftable to Λ has a unique lifting to Λ up to isomorphism
if and only if x · Ext1Λ(L,L′) = (0) for all Λ-modules L and L′ for which x is regular and every
weakly Λ-liftable Λ2-lifting of a Λ1-module liftable to Λ is unique up to isomorphism.

In section 3 we introduce the notion of a weak lifting of a module. Here we assume that Λ is
a noetherian R-algebra over a commutative local ring R (not necessarily complete) with maximal
ideal m. Let {x1, x2, . . . , xt} be a Λ-regular sequence of central elements in Λ and denote by I
the ideal (x1, x2, . . . , xt)Λ in Λ. Let Γ = Λ/IΛ and Γ2 = Λ/I2Λ. Then the aim is to characterize
Γ-modules weakly liftable to Λ. In fact, we show that the following are equivalent for a Γ-module
M , (a) the module M is weakly liftable to Λ, (b) the module M is liftable to Γ2 and (c) the
module M is isomorphic to a direct summand of Ωt

Λ(M)/IΩt
Λ(M) ⊕ Q/IQ for some projective

Λ-module Q and for any given projective resolution defining a t-th syzygy Ωt
Λ(M). Since an

infinitesimal deformation of a Γ-module is a lifting to Γ2 (See [11]), weak liftability of a Γ-module
corresponds to that the module has an infinitesimal deformation. Hence, if M in mod Γ has an
infinitesimal deformation and gl.dim Λ < ∞, then pdΓM < ∞. We also show if M in mod Γ has
an infinitesimal deformation, then the completion of M with respect to the topology induced by
the m-adic topology also has an infinitesimal deformation as a module over the completion of Γ.
It is not obvious that the notions of weakly liftable and liftable are different, but we give some
examples showing that they are indeed different.

Section 4 is devoted to studying liftings and weak liftings in the situation R → R/(x) = R,
where R is a commutative local Gorenstein ring and x an R-regular element in the maximal ideal of
R. Let CM(R) denote the category of all finitely generated maximal Cohen-Macaulay modules over
R. Here, we only consider (weak) liftability of maximal Cohen-Macaulay modules over R. One of
the main aims in this section is to characterize liftable and weakly liftable modules in CM(R). We
show that every lifting of a module C in CM(R) is a submodule of the minimal Cohen-Macaulay
approximation XC of C over R and use this to characterize the liftable modules. Further, we prove
that a module C in CM(R) is weakly liftable to R if and only if XC/xXC ' C⊕Ω−1

R
(C). We prove

that the category of liftable and also the category of weakly liftable modules to R in CM(R) are
closed under syzygies, cosyzygies and taking duals. Finally, we show that the category of weakly
liftable modules to R in CM(R) is functorially finite in modR (see [4] or section 4 for definition of
a functorially finite subcategory).

Also in the last section we study weak liftings over a commutative local Gorenstein ring R, but
now we consider all the finitely generated modules over R = R/(x) for an R-regular element x in
the maximal ideal of R. We use the definition of a weak lifting of a module given in section 3 and
this section is mainly devoted to studying the properties of weakly liftable R-modules in terms of
their minimal Cohen-Macaulay approximation over R.
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1 Lifting

Throughout this section let Λ be a noetherian R-algebra over a commutative complete local ring
R and let m denote the maximal ideal in R. Let {x1, x2, . . . , xt} be a Λ-regular sequence in m
and Γ = Λ/(x1, x2, . . . , xt)Λ. This section is devoted to developing a obstruction theory for lifting
modules over Γ to Λ.

We start by recalling the definition of a lifting of a module over arbitrary rings.

Definition Let ∆ → Σ be a homomorphism of rings and let M be in mod Σ. Then L in mod ∆ is
called a lifting of M to ∆ if the following two conditions are satisfied

(a) M ' Σ ⊗∆ L;
(b) Tor∆i (Σ, L) = (0) for all i > 0.

The Σ-module M is said to be liftable to ∆, when such a ∆-module L exists.

Remark: Let Λ be an R-order, where R is a discrete valuation ring and 0 6= x ∈ m. If Γ = Λ/xΛ,
then it is easy to see that TorΛi (Γ, L) = (0) for i > 0 for a Λ-module L if and only if x is L-regular.
Since x is L-regular if and only if L is a free R-module (L is a Λ-lattice), the generalized notion of
lifting specializes to the usual notion of lifting.

From now on let Λ be a noetherian R-algebra, where R is a commutative complete local ring
and x a Λ-regular element, although some of the results hold true in a more general setting. Since
Λ is a finitely generated R-module, Λ is complete with respect to the m-adic topology and therefore
also complete with respect to the topology induced by any proper ideal of R. Let Λi = Λ/xiΛ
for all i ≥ 1. We will now restrict ourselves to studying the lifting problem in the following cases,
Λ → Λ1 and Λi → Λ1.

Our first aim is to show that if Ext2Λ1
(M,M) = (0) for a Λ1-module M , then M is liftable to Λ.

The proof consists of several steps. First we characterize liftable Λ1-modules in terms of a lifting
sequence and then give obstructions for lifting in terms of elements in Ext2Λ1

(M,M).
In order to prove the characterization of liftable Λ1-modules in terms of a lifting sequence we

need the following lemma.

Lemma 1.1 (a) For M in mod Λ we have

TorΛk (Λ1,M) =

{

{m ∈ M | xm = 0}, k = 1
0, k > 1

.

(b) For M in mod Λi we have

TorΛi

k (Λ1,M) =

{

{m ∈M | xm = 0}/xi−1M, k odd
{m ∈M | xi−1m = 0}/xM, k even

.

Proof : Using that 0 → Λ
x
→ Λ → Λ1 → 0 is free resolution of Λ1 over Λ the proof of (a) is easy.

Similarly, observing that

· · ·Λi
xi−1

→ Λi
x
→ Λi

xi−1

→ Λi
x
→ Λi → Λ1 → 0

is a free resolution of Λ1 over Λi the statement in (b) follows easily.

Let M in mod Λ1 be liftable to Λ with lifting L and let Ln = L/xnL. It is easy to see that Ln

in mod Λn is a lifting of Ln−1 to Λn for all n ≥ 2. In fact, such a sequence L1 = M,L2, L3, . . .
characterizes liftable Λ1-modules.

Theorem 1.2 The following are equivalent for M in mod Λ1.
(a) M is liftable to Λ.
(b) There exists a sequence L1 'M,L2, L3, . . . of Λ-modules such that Ln+1 in mod Λn+1 is a

lifting of Ln in mod Λn to Λn+1 for all n ≥ 1.
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Proof : The proof of the fact that (a) implies (b) is already given and this implication is true even
in a more general setting.

Assume that there is a sequence L1 'M,L2, L3, . . . of Λ-modules such that Ln+1 in mod Λn+1

is a lifting of Ln in mod Λn to Λn+1 for all n ≥ 1. Since Ln+1 is a lifting of Ln to Λn+1, it is not
hard to see that Ln+1 is a lifting of M to Λn+1. Then it follows from Lemma 1.1 b) that we have
the following commutative diagram

0 −→ Ln+1/x
nLn+1

x
−→ Ln+1 −→ M −→ 0





y
pn+1

n





y
pn+1

n

∥

∥

∥

0 −→ Ln/x
n−1Ln

x
−→ Ln −→ M −→ 0(∗)

,

where the maps pn+1
n and pn+1

n are the epimorphisms induced by the epimorphism Ln+1 →
Λn ⊗Λn+1 Ln+1 ' Ln+1/x

nLn+1 ' Ln. Then the modules Ln and the maps pn+1
n :Ln+1 → Ln de-

fine an inverse system. Similarly we have that Ln/x
n−1Ln and pn+1

n :Ln+1/x
nLn+1 → Ln/x

n−1Ln

define an inverse system and it is not hard to see that they are isomorphic. Since {Ln, p
m
n } is a

surjective inverse system, the sequence (∗) remains exact when passing to the inverse limit by [5,

Prop. 10.2 p. 104]. Let L denote lim
�

n

Ln. We obtain the following exact sequence of Λ-modules

0 → L
x
→ L→M → 0,

since evidently multiplication by x is the unique Λ-homomorphism commuting with the maps
Ln−1

x
→ Ln. According to the definition of a lifting, L is a lifting of M to Λ if L is a finitely

generated Λ-module, which we will prove next.
We could use the same method of proof as above replacing M with Ln and x with xn and

obtain the following exact sequence 0 → L
xn

→ L → Ln → 0. Hence, we have L/xnL ' Ln. Since
M is a finitely generated Λ1-module, there exists an epimorphism π: Λt → M for a finite t. We
then have the following commutative diagram

Λt

ϕ
↙





y
π

L → M −→ 0




y
αn

∥

∥

Ln → M −→ 0

.

Using that Ln is a finitely generated R-module and the Nakayama Lemma, it is follows that
ϕn = αn ◦ ϕ is an epimorphism for every n. Therefore the induced map ϕn: Λt/xnΛt → Ln is also
an epimorphism for every n. These maps induce the following commutative diagram

0 0




y





y

xn−1Λt/xnΛt sn−→ xn−1Ln




y





y

0 −→ Kn −→ Λt/xnΛt ϕn−→ Ln −→ 0




y
rn

n−1





y
tn
n−1





y
pn

n−1

0 −→ Kn−1 −→ Λt/xn−1Λt
ϕn−1
−→ Ln−1 −→ 0





y





y

0 0

.

Since ϕn is an epimorphism, it follows easily that sn is an epimorphism and therefore by the Snake
Lemma rn

n−1 is also an epimorphism. The exact sequences above define an exact sequence of inverse
systems 0 → {Kn, r

m
n } → {Λt/xnΛt, tmn } → {Ln, p

m
n } → 0, where {Kn, r

m
n } is a surjective inverse

system. Again, by [5, Prop. 10.2, p. 104] the sequence remains exact passing to the inverse limit
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and we get an epimorphism lim
�

n

Λt/xnΛt = Λt −→ L, since Λ is complete with respect to the
x-adic topology. Hence, L is a finitely generated Λ-module and therefore L is a lifting of M to Λ.

Theorem 1.2 gives us a possible way to construct liftings of M in mod Λ1 by constructing
a lifting sequence L1 ' M,L2, L3 . . .. When considering such a lifting sequence the following
observation is useful. A module L in mod Λi is a lifting of M in mod Λ1 to Λi by Lemma 1.1 (b)
if and only if (a) M ' L/xL, (b) {l ∈ L | xl = 0} = xi−1L and (c) {l ∈ L | xi−1l = 0} = xL. It is
easy to verify that the following lemma is true.

Lemma 1.3 For L in mod Λi, the set {l ∈ L | xi−1l = 0} equals xL if and only if {l ∈ L | xl = 0}
equals xi−1L.

Now we will describe obstructions for constructing such a lifting sequence mentioned above in
terms of elements in Ext2Λ1

(M,M). Assume that L in mod Λi is a lifting of M in mod Λ1 to Λi.
The exact sequence 0 → ΩΛ(L) → P → L → 0 induces the following exact sequence by tensoring
it by Λ1 ⊗Λ –

0 → TorΛ1 (Λ1, L) → ΩΛ(L)/xΩΛ(L) → P/xP →M → 0.

Since L is a lifting of M to Λi, then {l ∈ L | xi−1l = 0} = xL and {l ∈ L | xl = 0} = xi−1L
by Lemma 1.1. Since TorΛ1 (Λ1, L) = {l ∈ L | xl = 0} by Lemma 1.1 and L is a Λi-lifting of
M , it follows easily that TorΛ1 (Λ1, L) = xi−1L ' M . Hence, we have the following element in
Ext2Λ1

(M,M)
0 →M → ΩΛ(L)/ΩΛ(L) → P/xP →M → 0,

which we will denote by θL. Since Ext2Λ1
(M,M) ' Ext1Λ1

(ΩΛ1(M),M) and P/xP → M is a
projective cover, the element θL corresponds to the element, θ′L, 0 → M → ΩΛ(L)/xΩΛ(L) →
ΩΛ1(M) → 0 in Ext1Λ1

(ΩΛ1(M),M). Whether θL (or θ′L) is zero or not will give an obstruction for
lifting L to Λi+1. But to prove this we need the following lemma.

Lemma 1.4 Let L′ in mod Λi be a lifting of M to Λi. A module L in mod Λi+1 is a lifting of L′

to Λi+1 if and only if there is an exact sequence

0 →M → L→ L′ → 0,

where L/xL 'M .

Proof : Assume that L in mod Λi+1 is a lifting of L′ in mod Λi to Λi+1. Since Tor
Λi+1

2n+1(Λi, L) =

{l ∈ L | xil = 0}/xL and Tor
Λi+1

2n (Λi, L) = {l ∈ L | xl = 0}/xiL and L is a Λi+1-lifting of L′, we

have the following exact sequences 0 → xL→ L
xi

→ xiL→ 0 and 0 → xiL→ L
x
→ xL→ 0. Hence,

xL ' L/xiL ' L′ and xiL ' L/xL ' L′/xL′ 'M , so we have an exact sequence

0 →M → L→ L′ → 0,

where L/xL 'M .

Assume that there is an exact sequence 0 → M
g
→ L

f
→ L′ → 0 where L/xL ' M and L′ in

mod Λi is a lifting of M to Λi. Then we have the following commutative diagram

0 0




y





y

0 −→ ker f |xL −→ M




y





y
g

0 −→ xL −→ L −→ L/xL −→ 0




y
f





y
f





y
f

0 −→ xL′ −→ L′ −→ L′/xL′ −→ 0




y





y





y

0 0 0

.
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Since f :M ' L/xL→ L′/xL′ ' M is a surjective endomorphism of a noetherian module, f is an
isomorphism. We want to show that xiL = {l ∈ L | xl = 0}. Assume that f(xl) = xf(l) = 0. Since
L′ is a Λi-lifting of M , f(l) = xi−1l1 for some l1 in L′. There exists l′ in L such that f(l′) = l1.
Then f(l − xi−1l′) = 0 and therefore l − xi−1l′ = g(m) for some m ∈ M . By multiplying this
equality with x, we have xl = xil′ and therefore ker f |xL⊂ xiL. Since xiL ⊂ kerf |xL, we have
ker f |xL= xiL = Im g 'M . Now, consider the following commutative diagram

0 0 0




y





y





y

0 −→ M −→ {l ∈ L | xl = 0} −→ {l ∈ L′ | xl′ = 0}
∥

∥

∥





y





y

0 −→ M
g

−→ L
f

−→ L′ −→ 0




y
0





y
x





y
x

0 −→ M −→ xL
f

−→ xL′ −→ 0
∥

∥

∥





y





y

M −→ 0 0




y

0

.

Since L′ is a Λi-lifting of M , we have that {l ∈ L′ | xl = 0} = xi−1L′ 'M . By the Snake Lemma
the connecting homomorphism ∂:M ' {l ∈ L′ | xl = 0} → M is a surjective endomorphism of
the noetherian module M , so ∂ is an isomorphism. Hence, {l ∈ L | xl = 0} = Im g = xiL and by

Lemma 1.3 Tor
Λi+1

k (Λi, L) = (0) for all k > 0. Since Im g = xiL, we have L/xiL ' L′ and L is a
lifting of L′ to Λi+1.

Now we are ready to prove that whether θL is zero or not for a Λi-lifting L of M gives an
obstruction for lifting L to Λi+1.

Proposition 1.5 Let M be in mod Λ1 and assume that L in mod Λi is a lifting of M to Λi. Then
the following are equivalent.

(a) θL = 0 in Ext2Λ1
(M,M).

(b) ΩΛ(L)/xΩΛ(L) 'M ⊕ ΩΛ1(M).
(c) L is liftable to Λi+1.

Proof : We have already remarked that the element θL in Ext2Λ1
(M,M) corresponds to the element

θ′L: 0 → M → ΩΛ(L)/xΩΛ(L) → ΩΛ1(M) → 0 in Ext1Λ1
(ΩΛ1(M),M). The element θL = 0 if and

only if θ′L = 0, that is, if and only if 0 → M
α
→ ΩΛ(L)/xΩΛ(L) → ΩΛ1(M) → 0 is a split exact

sequence. Since α is a split monomorphism if and only if ΩΛ(L)/xΩΛ(L) 'M ⊕ ΩΛ1(M) by [12],
we have shown that (a) and (b) are equivalent.

(b) ⇒ (c). Assume that the non-zero map α:M → ΩΛ(L)/xΩΛ(L) in θ′L is a split monomor-

phism with splitting β: ΩΛ(L)/xΩΛ(L) →M . Let γ be the composition ΩΛ(L) → ΩΛ(L)/xΩΛ(L)
β
→

M . Then we have the following commutative diagram

0 −→ ΩΛ(L) −→ P −→ L −→ 0




y
γ





y

∥

∥

∥

η: 0 −→ M −→ E −→ L −→ 0

and applying the functor Λ1 ⊗Λ – the following diagram is induced

θL: 0 −→ M
α

−→ ΩΛ(L)/xΩΛ(L) −→ P/xP −→ M −→ 0




y
s





y
β





y

∥

∥

M
t

−→ M −→ E/xE −→ M −→ 0

.
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Since β ◦ α = idM = t ◦ s, the map t must be an epimorphism and E/xE ' M . Since the exact
sequence η satisfies all the requirements in Lemma 1.4, we have that E in mod Λi+1 is a lifting of
L to Λi+1.

(c) ⇒ (a). Assume that E in mod Λi+1 is a lifting of L to Λi+1. By Lemma 1.4 we have the
following commutative diagram

0 −→ ΩΛ(L) −→ P −→ L −→ 0




y





y

∥

∥

∥

0 −→ M −→ E
f

−→ L −→ 0

,

where E/xE ' M . Applying the functor Λ1 ⊗Λ – to the diagram above induces the following
commutative diagram

θL: 0 −→ M
α

−→ ΩΛ(L)/xΩΛ(L) −→ P/xP −→ M −→ 0
∥

∥

∥





y
β





y

∥

∥

M
δ

−→ M
0

−→ E/xE
f

−→ M −→ 0

.

The map f :E/xE → M induced by f is a surjective endomorophism of a noetherian module.
Therefore f is an isomorphism and for the same reason the map δ is an isomorphism. Since
δ = β ◦ α, the map α is a split monomorphism and therefore θL = 0 in Ext2Λ1

(M,M).

Combining Theorem 1.2 and Proposition 1.5 we reach our first aim, namely the following
sufficient condition for liftability (See also [11]).

Proposition 1.6 Let M be in mod Λ1. If Ext2Λ1
(M,M) = (0), then M is liftable to Λ.

One immediate consequence of this result is that every Λ1-module of projective dimension less
or equal to 1 is liftable to Λ. Another observation is that the converse of this result is not true,
due to the following counterexample.

Let G be a cyclic group of prime order p and R a discrete valuation ring with maximal ideal
generated by p. If Λ = RG and x = p, then x is a Λ-regular element, the ring Λ is isomorphic to
R[t]/(tp − 1) and Λ1 = Λ/xΛ = R/pR[t]/(t − 1)p. Let Si = R/pR[t]/(t − 1)i for i = 1, 2, . . . , p,
which are all the indecomposable Λ1-modules. It is shown in [15, see section 2] that S1, Sp−1 and
Sp are liftable to Λ. Since ΩΛ1(S1) = Sp−1 and 0 → S1 → Λ1 → ΩΛ1(S1) → 0 is a non-split exact
sequence, Ext2Λ1

(S1, S1) 6= (0) but S1 is liftable to Λ.
Our next aim is to generalize Proposition 1.6 to the situation Λ → Λ/(x1, x2, . . . , xt)Λ = Γ,

where {x1, x2, . . . , xt} is a Λ-regular sequence.

Proposition 1.7 Let M be in mod Γ. If Ext2Γ(M,M) = (0), then M is liftable to Λ.

Proof : Let Γi = Λ/(x1, x2, . . . , xi)Λ for i = 1, . . . , t and let Γ0 = Λ. Since Ext2Γt
(M,M) = (0)

and xt is regular on Γt−1, there exists a lifting Lt−1 of M to Γt−1 by Proposition 1.6. Applying

HomΓt−1(Lt−1, ) to the sequence 0 → Lt−1
xt→ Lt−1 → M → 0, it induces the following long exact

sequence

· · · → Ext2Γt−1
(Lt−1, Lt−1)

xt→ Ext2Γt−1
(Lt−1, Lt−1) → Ext2Γt−1

(L,M) → · · · .

Since Lt−1 is a lifting of M , we have that Exti
Γt

(M,M) ' Exti
Γt−1

(Lt−1,M), so

Ext2Γt−1
(Lt−1,M) = (0) and xt · Ext2Γt−1

(Lt−1, Lt−1) = Ext2Γt−1
(Lt−1, Lt−1). Since

Ext2Γt−1
(Lt−1, Lt−1) is a finitely generated R-module and xt ∈ m, we have Ext2Γt−1

(Lt−1, Lt−1) =
(0) by the Nakayama Lemma. Hence, the module Lt−1 can be lifted to Γt−2. Continuing this
process we construct a sequence of modules Lt = M,Lt−1, Lt−2, . . . , L0 where Li is a lifting of
Li+1 to Γi for i = t− 1, t− 2, . . . , 0. It follows that Γt ⊗Λ L0 'M , and L0 is a lifting of M to Λ if

TorΛi (Γt, L0) = (0) for all i ≥ 1. Assume that Tor
Γj

i (Γt, Lj) = (0) for all i ≥ 1 and j ≥ r+1. Let P•

be a projective resolution of Lr over Γr. Since Lr is a lifting of Lr+1 to Γr, we have that Γr+1⊗Γr
P•
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is a projective resolution of Lr+1 over Γr+1. Further, since Γt ⊗Γr
P• ' Γt ⊗Γr+1 (Γr+1 ⊗Γr

P•),

it follows that TorΓr

i (Γt, Lr) ' Tor
Γr+1

i (Γt, Lr+1) = (0) for i ≥ 1. By induction on r we have
TorΛi (Γt, L0) = (0) for all i ≥ 1, and L0 is a lifting of M to Λ.

We end this section by proving some applications of Proposition 1.7 in module theory. Let Λ
and Γ be as above, then the following remark follows immediately from the definition of a lifting
of a module. If L in mod Λ is a lifting of M in mod Γ and P• is a Λ-projective resolution of L,
then Γ ⊗Λ P• is a Γ-projective resolution of M . Then, the following proposition is an immediate
consequence of this remark and Proposition 1.7.

Proposition 1.8 Assume that gl.dim Λ < ∞. If Ext2Γ(M,M) = (0) for M in mod Γ, then
pdΓM <∞.

The second and last application is connected to the Nakayama Conjecture: If Λ is a finite
dimensional algebra over a field k and dom.dim Λ = ∞, that is, in a minimal injective resolution

0 → Λ → E0 → E1 → · · · → Ei → · · ·

for Λ, all the Ei are projective, then Λ is selfinjective. In [3] Auslander and Reiten made the
following conjecture: If Λ is an artin algebra and M is a Λ-generator with Exti

Λ(M,M) = (0) for
all i ≥ 1, then M is projective. Then they showed that the Nakayama Conjecture holds if their
conjecture holds for all artin algebras. The conjecture of Auslander and Reiten mentioned above
makes sense for any ring. We consider this conjecture in our setting and it is not hard to see that
it is equivalent to the following. If Λ is a noetherian R-algebra over a complete commutative local
ring R and Exti

Λ(M ⊕ Λ,M ⊕ Λ) = (0) for all i ≥ 1, then M is projective. Then, the following
proposition is an easy consequence of Proposition 1.8.

Proposition 1.9 Let Λ be a noetherian R-algebra of finite global dimension over a complete com-
mutative local ring R and let Γ = Λ/(x1, x2, . . . , xt)Λ where {x1, x2, . . . , xt} is a Λ-sequence in
the maximal ideal of R. If Exti

Γ(M ⊕ Γ,M ⊕ Γ) = (0) for M in mod Γ for all i ≥ 1, then M is
projective.

Proof : Assume that Exti
Γ(M ⊕ Γ,M ⊕ Γ) = (0) for M in mod Γ for all i ≥ 1. By Proposition 1.8

pdΓM < ∞, since gl.dim Λ < ∞ and Ext2Γ(M ⊕ Γ,M ⊕ Γ) = (0). Since Exti
Γ(M,Γ) = (0) for all

i ≥ 1, it follows that M is projective.

This raises the question whether all artin algebras Γ are a factor of a noetherian R-algebra Λ of
finite global dimension over a complete commutative local ringR of the form Γ = Λ/(x1, x2, . . . , xt)Λ
where {x1, x2, . . . , xt} is a Λ-regular sequence in the maximal ideal of R. All complete intersections
and therefore every group ring kG where G is a finite abelian group, k a field and the characteristic
of k divides the order of G are of this form. But the following example suggested by J. Alperin
shows that not all group rings kG are such a factor. Let k be a field of characteristic two and let
G be the semi-direct product of a (normal) elementary abelian 2-group of order eight extended
by a group of order seven which acts faithfully on the abelian 2-group. Let Γ = kG and k the
trivial Γ-module. Then it is known that Ext2Γ(k, k) = (0) and that pdΓ k = ∞. By Proposition 1.8
it follows that Γ is not of the form Λ/(x1, x2, . . . , xt)Λ for any noetherian R-algebra Λ of finite
global dimension where R is a complete commutative local ring and {x1, x2, . . . , xt} is a Λ-regular
sequence in the maximal ideal of R.
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2 Realization and uniqueness of liftings

Throughout this section Λ will be a noetherian R-algebra over a commutative complete local ring R
with maximal ideal m. Let x be a Λ-regular element in m and {x1, x2, . . . , xt} a Λ-regular sequence
in m. We will also in this section restrict our attention to studying the lifting problem in the
following cases, Λ → Λ/xΛ = Λ1, Λi = Λ/xiΛ → Λ1 and Λ → Γ, where Γ = Λ/(x1, x2, . . . , xt)Λ.
Throughout this section a regular element or a regular sequence on a Λ-module is always assumed
to be elements in m.

This section is devoted to showing that every lifting of a liftable Λ1-module M is a factor
module of ΩΛ(M) and to discussing which properties the category of Λ1-modules liftable to Λ
or Λi has. Here, ΩΛ(M) denotes the first syzygy of M over Λ given by the projective cover of
M over Λ. We also show that if M in modΓ is liftable to Λ and Ext1Γ(M,M) = (0), then the
lifting is unique up to isomorphism. This is done by first showing that if M in mod Λ1 is liftable
and Ext1Λ1

(M,M) = (0), then the lifting is unique up to isomorphism (See [11]). Finally, we
discuss when every liftable Λ1-module has a unique lifting up to isomorphism. In the following a
module M is said to have a unique lifting or to be uniquely liftable if M has a unique lifting up to
isomorphism.

The aim now is to show that every lifting of a liftable Λ1-module M is a factor module of
ΩΛ(M). This will lead us to a characterization of a liftable Λ1-module M in terms of existence of
special submodules of ΩΛ(M).

Proposition 2.1 If M in mod Λ1 is liftable to Λ, then every lifting of M is a factor module of
ΩΛ(M).

Proof : Assume that M in mod Λ1 is liftable to Λ with lifting L. Then we have the following
commutative diagram

0




y

0 0 L




y





y





y
x

0 −→ ΩΛ(L) −→ P −→ L −→ 0




y

∥

∥

∥





y

0 −→ ΩΛ(M) −→ P −→ M −→ 0




y





y





y

L 0 0




y

0

.

It follows immediately from the Snake Lemma that we have an exact sequence 0 → ΩΛ(L) →
ΩΛ(M) → L→ 0, hence L is a factor module of ΩΛ(M).

Before we characterize a liftable Λ1-module M in terms of existence of special submodules of
ΩΛ(M), we need to recall some notions from Section 1. The element θM : 0 →M → ΩΛ(M)/xΩΛ(M) →
P/xP →M → 0 in Ext2Λ1

(M,M) is induced by tensoring the exact sequence 0 → ΩΛ(M) → P →
M → 0 by Λ1 ⊗Λ –. The element θ′M : 0 → M → ΩΛ(M)/xΩΛ(M) → ΩΛ1(M) → 0 is the element
corresponding to the element θM by the isomorphism Ext2Λ1

(M,M) ' Ext1Λ1
(ΩΛ1(M),M).

Proposition 2.2 A module M in mod Λ1 is liftable to Λ if and only if there exists N ⊂ ΩΛ(M)

such that x is a ΩΛ(M)/N -regular element and π(N) ↪→ ΩΛ(M)/xΩΛ(M)
β
→ ΩΛi

(M) is an iso-
morphism, where π: ΩΛ(M) → ΩΛ(M)/xΩΛ(M) is the natural epimorphism and β is the map
ΩΛ(M)/xΩΛ(M) → ΩΛ1(M) in the exact sequence θ′M .

Proof : We will now only prove the “only if”-part, because the “if”-part will be stated as Lemma 2.3
for later use.
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Assume that M is liftable to Λ with lifting L. Then we have seen that we have the following
commutative diagram

0




y

0 0 L




y





y





y
x

0 −→ ΩΛ(L) −→ P −→ L −→ 0




y

∥

∥

∥





y

0 −→ ΩΛ(M) −→ P −→ M −→ 0




y





y





y

L 0 0




y

0

.

Let N = ΩΛ(L), then x is a ΩΛ(M)/N -regular element. Applying the functor Λ1⊗Λ – to the above
diagram the following commutative diagram is induced

0 −→ N/xN −→ P/xP −→ L/xL −→ 0




y
t

∥

∥

∥

∥

∥

∥

θM : 0 −→ M −→ ΩΛ(M)/xΩΛ(M) −→ P/xP −→ M −→ 0

.

Hence, N/xN ' ΩΛ1(M) and it is easy to see that β ◦ t is an isomorphism. From the following
commutative diagram

N ↪→ ΩΛ(M)




y





y
π

0 −→ N/xN
t

−→ ΩΛ(M)/xΩΛ(M)

we see that π(N) = t(N/xN) and therefore the composition

π(N) ↪→ ΩΛ(M)/xΩΛ(M)
β
→ ΩΛ1(M)

is an isomorphism.

The following lemma completes the proof of Proposition 2.2 and the lemma will be used in
Section 4.

Lemma 2.3 Let E in mod Λ be such that x is an E-regular element and let 0 → A
α
→ E/xE

β
→

B → 0 be an exact sequence in mod Λ1. Let π:E → E/xE be the natural epimorphism. If there

exists N ⊂ E, such that x is an E/N -regular element and the composition π(N) ↪→ E/xE
β
→ B is

an isomorphism, then N is a lifting of B and E/N is a lifting of A.

Proof : Applying the functor Λ1 ⊗Λ – to the sequence 0 → N
i
→ E → L→ 0 induces the following

commutative diagram where L = E/N

N
i

−→ E




y





y
π

0 −→ N/xN
i

−→ E/xE −→ L/xL −→ 0

.

Since N/xN ' Im i = Im(π ◦ i) = π(N) and the composition π(N) ↪→ E/xE
β
→ B is an isomor-

phism, N/xN ' B and the map i is a split monomorphism. Hence, E/xE ' N/xN ⊕ L/xL '
B ⊕ A. Since Λ1 is a Krull-Schmidt ring and N/xN ' B, it follows that L/xL ' A. This shows
that N is a lifting of B and L is a lifting of A.

Our next aim is to study the category of Λ1-modules liftable to Λ or Λi. First, we show that
the category of Λ1-modules liftable to Λ or Λi is closed under syzygies.
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Proposition 2.4 If M in mod Λ1 is liftable to Λ (Λi), then ΩΛ1(M) is also liftable to Λ (Λi).
Moreover, if L is a lifting of M to Λ (Λi), then ΩΛ(L) (ΩΛi

(L)) is a lifting of ΩΛ1(M) to Λ (Λi).

Proof : We only prove the result for Λ, since the proof for Λi is similar. Assume that M is liftable
to Λ with lifting L. Tensoring the commutative diagram

0 −→ ΩΛ(L) −→ P −→ L −→ 0




y

∥

∥

∥





y

0 −→ ΩΛ(M) −→ P −→ M −→ 0

with Λ1 ⊗Λ – the following commutative diagram is induced

0 −→ ΩΛ(L)/xΩΛ(L) −→ P/xP −→ L/xL −→ 0




y

∥

∥

∥

∥

∥

∥

0 −→ ΩΛ1(M) −→ P/xP −→ M −→ 0

.

Hence ΩΛ(L)/xΩΛ(L) ' ΩΛ1(M) and since ΩΛ(L) is a submodule of P , the module ΩΛ(L) is a
lifting of ΩΛ1(M) to Λ.

As mentioned in Section 1 the lifting problem has been studied for group rings over a ring of p-
adic integers in [15]. Because of Proposition 2.4 it may be tempting to think that the category of Λ1-
module liftable to Λ (or Λi) is closed under kernels of epimorphisms, cokernels of monomorphisms
and summands, but using the results in [15] it is easy to see the following.

(1) The category of Λ1-modules liftable to Λ (or Λi) is not closed under kernels of epimorphisms
or cokernels of monomorphisms.

(2) The category of Λ1-modules liftable to Λ (or Λi) is not closed under extensions.
(3) The category of Λ1-modules liftable to Λ is not closed under summands.

In the rest of this section we will study uniqueness of liftings. Let Γ = Λ/(x1, x2, . . . , xt)Λ where
{x1, x2, . . . , xt} is a Λ-regular sequence. The first aim is to show that if M in mod Γ is liftable to Λ
and Ext1Γ(M,M) = (0), then the lifting of M is unique. In order to prove this sufficient condition
for unique liftability we first consider the problem in the situation Λ → Λ1.

Proposition 2.5 If M in mod Λ1 is liftable and Ext1Λ1
(M,M) = (0), then the lifting of M to Λ

is unique.

Proof : Let L and L′ be two liftings of M to Λ. The exact sequence 0 → L
x
→ L→M → 0 induces

the following long exact sequence

0 → HomΛ(L′, L)
x
→ HomΛ(L′, L) → HomΛ(L′,M) →

Ext1Λ(L′, L)
x
→ Ext1Λ(L′, L) → Ext1Λ(L′,M)

Since L′ is a lifting of M to Λ, we have Ext1Λ(L′,M) ' Ext1Λ1
(M,M) = (0) and therefore

Ext1Λ(L′, L) = x · Ext1Λ(L′, L). Since Ext1Λ(L′, L) is a finitely generated R-module and x ∈ m,
the Nakayama Lemma implies that Ext1Λ(L′, L) = (0). Hence, the following sequence is exact

0 → HomΛ(L′, L)
x
→ HomΛ(L′, L) → HomΛ(L′,M) → 0.

This implies that we have the following commutative diagram

0 −→ L′ x
−→ L′ −→ M −→ 0





y





y
f

∥

∥

∥

0 −→ L
x

−→ L −→ M −→ 0




y





y
g

∥

∥

∥

0 −→ L′ x
−→ L′ −→ M −→ 0

,
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where Λ1 ⊗Λ g ◦f :L′/xL′ → L′/xL′ is an isomorphism. Let h = g ◦f . Then the composition L′ h
→

L′ π
→ L′/xL′ is an epimorphism and therefore xL′/ Imh = L′/ Imh. Hence, h is an epimorphism

by the Nakayama Lemma and h is an isomorphism since it is a surjective endomorphism of L′.
Similarly, we can show that there are maps f ′:L → L′ and g′:L′ → L such that the composition
g′ ◦ f ′ is an isomorphism. Since Λ has the Krull-Schmidt property, we have shown that L and L′

are isomorphic.

Remark: The converse of this statement is not true. Let R = Z(3) be the ring of 3-adic integers, G
a cyclic group of order 3, x = 3 and Λ = RG. Then Λ ' R[t]/(t3−1) and Λ1 = (R/3R[t])/(t−1)3 =
Z3[t]/(t−1)3. Let M = Z3[t]/(t−1), which is liftable to Λ and a lifting is L = R[t]/(t−1). By [15,
Lemma 2.1] every lifting of M is isomorphic to R[t]/(Q), where Q is a monic polynomial of degree
1 dividing t3 − 1 over R. Since R[t] is a UFD, t3 − 1 = (t− 1) · (t2 + t+ 1) and t− 1 and t2 + t+ 1
are irreducible elements in R[t], every lifting of M to Λ is isomorphic to L. But even though the
lifting of M to Λ is unique Ext1Λ1

(M,M) 6= (0), since 0 → M → Z3[t]/(t − 1)2 → M → 0 is a
non-split exact sequence.

Let Γ denote Λ/(x1, x2, . . . , xt)Λ, where {x1, x2, . . . , xt} is a Λ-regular sequence.

Proposition 2.6 If M in mod Γ is liftable and Ext1Γ(M,M) = (0), then the lifting of M to Λ is
unique.

Proof : Let L and L′ in mod Λ be two liftings of M in mod Γ. Denote by Γi the R-algebra
Λ/(x1, x2, . . . , xi)Λ for all i = 1, 2, . . . , t, by Γ0 the R-algebra Λ and by Lr the Γr-module Γr ⊗ΛL.
We want to show that it is enough to show that Lr is a lifting of Lr+1 to Γr for all r = 0, 1, . . . , t−1
and similarly for L′. Then, since Lt−1 and L′

t−1 both are liftings of M to Γt−1, we have that
Lt−1 ' L′

t−1 by Proposition 2.5. Using the same method of proof as in Proposition 1.7 we can

show that Ext1Γt−1
(Lt−1, Lt−1) = (0) and similarly for L′

t−1. Continuing this process it follows that
L ' L′.

It is clear that Γr+1 ⊗Γr
Lr ' Lr+1, so we need to prove that TorΓr

i (Γr+1, Lr) = (0) for all

i ≥ 1. Applying the functor –⊗Λ L to the exact sequence 0 → Γt−1
xt→ Γt−1 → Γt = Γ → 0, we get

the following long exact sequence

· · · → TorΛi (Γt−1, L)
xt→ TorΛi (Γt−1, L) → TorΛi (Γt, L) → · · · .

Since L is a lifting of M to Λ, we have that TorΛi (Γt, L) = (0) for all i ≥ 1. Hence, it follows
that TorΛi (Γt−1, L) = xt · TorΛi (Γt−1, L) and therefore TorΛi (Γt−1, L) = (0) for all i ≥ 1 by the
Nakayama Lemma since xt ∈ m. By induction we can show that TorΛi (Γr, L) = (0) for all i ≥ 1
and for all r = 1, 2, . . . , t. If P• is a projective resolution of L over Λ, then Γr ⊗Λ P• is a projective
resolution of Lr over Γr, since TorΛi (Γr, L) = (0) for all i ≥ 1. Since Γt⊗Λ P• ' Γt⊗Γr

(Γr ⊗Λ P•),
we have that TorΓr

i (Γt, Lr) ' TorΛi (Γt, L) = (0) for all i ≥ 1. Similar as for L we show that

TorΓr

i (Γr+1, Lr) = (0) for all i ≥ 1 and for all r = 0, 1, . . . , t− 1. Hence, we have shown that Lr is
a lifting of Lr+1 to Γr.

If Λ1 is a semisimple ring, then Proposition 2.5 immediately implies that every lifting to Λ is
unique. We end this section by characterizing when every liftable Λ1-module has an unique lifting.
First, we give a necessary condition.

Proposition 2.7 If every liftable Λ1-module has a unique lifting to Λ, then x · Ext1Λ(A, ) = (0)
for every A in mod Λ for which x is an A-regular element.

Proof : Assume that every liftable Λ1-module has a unique lifting to Λ. Let L be in mod Λ where
x is a L-regular element and let M = L/xL. Since M is liftable to Λ and in particular liftable to
Λ2, we have that ΩΛ(M)/xΩΛ(M) ' M ⊕ ΩΛ1(M) by Proposition 1.5 and by Proposition 2.4 we
have that L⊕ ΩΛ(L) is a lifting of ΩΛ(M)/xΩΛ(M) to Λ. Since ΩΛ(M) is clearly also a lifting of
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ΩΛ(M)/xΩΛ(M) and every lifting is unique, ΩΛ(M) ' L⊕ ΩΛ(L). The sequence 0 → L
x
→ L

π
→

M → 0 induces the following long exact sequence

· · · −→ Ext1Λ(L, )
x

−→ Ext1Λ(L, )
∂

−→ Ext2Λ(M, )
Ext2

Λ
(π, )

−→ Ext2Λ(L, ) −→ · · ·




y

γ





y

ϕM





y

ϕL

θ: 0 −→ Ext1Λ(L, ) −→ Ext1Λ(ΩΛ(M), )
Ext1

Λ
(ΩΛ(π), )

−→ Ext1Λ(ΩΛ(L), ) −→ 0

,

where the natural isomorphisms ϕM and ϕL are induced from the following commutative diagram

0 0




y





y

δ: 0 −→ ΩΛ(L)
ΩΛ(π)
−→ ΩΛ(M) −→ L −→ 0

∥

∥

∥





y





y
x

η: 0 −→ ΩΛ(L) −→ P −→ L −→ 0




y





y
π

M = M




y





y

0 0

.

Since ΩΛ(M) ' L ⊕ ΩΛ(L), the sequence δ is split exact by [12] and therefore the sequence θ is
also a split exact sequence. Since Ext2Λ(π, ) is an epimorphism, the induced map γ: Ext1Λ(L, ) →
Ext1Λ(L, ) is an epimorphism by the Snake Lemma. Since γ is an surjective endomorphism
of a noetherian R-module, γ is an isomorphism and therefore the connecting homomorphism
∂: Ext1Λ(L, ) → Ext2Λ(M, ) is a monomorphism. Hence, it follows that x · Ext1Λ(L, ) = (0).

Remarks: (1) The converse statement is not true, due to the following counterexample. Let
R = Z(2) be the ring of 2-adic integers, G a cyclic group of order 2, x = 2 and Λ = RG. Then

Λ ' R[t]/(t2 − 1), the factor ring Λ1 = R/2R[t]/(t− 1)2 = Z2[t]/(t− 1)2 and x · Ext1Λ(A, ) = (0)
for every A in mod Λ where x is an A-regular element. Let M = Z2[t]/(t − 1), which is an
indecomposable Λ1-module. Since E = R[t]/(t + 1) = Λ(t − 1) and D = R[t]/(t − 1) = Λ(t + 1)
are liftings of M , and E and D are not isomorphic, every lifting with respect to x is not unique.

(2) The condition x · Ext1Λ(A, ) = (0) for A in mod Λ where x is an A-regular element, can
be reformulated in the following way (see [10]). The condition that x · Ext1Λ(A, ) = (0) for A in

mod Λ is equivalent to the fact that the map given by multiplication by x, A
x
→ A, factors through

a projective Λ-module.
(3) If we consider the proof of Proposition 2.7 again, we see that if the lifting of a liftable Λ1-

module M and the lifting of ΩΛ(M)/xΩΛ(M) 'M⊕ΩΛ1(M) to Λ are unique, then x·Ext1Λ(L, ) =
(0) for the lifting L of M to Λ. But, if the lifting of M to Λ is unique it does not imply that
x · Ext1Λ(L, ) = (0) for every lifting L of M to Λ. The following example shows this. Let R
be a discrete valuation ring with maximal ideal generated by an element x and let k denote the

residue class field R/(x). Let Λ be the ring
(

R
R

0
R

)

, then the element x is a Λ-regular element and

Λ1 =
(

k
k

0
k

)

. Let M be the Λ1-module
(

k
k

0
0

)

/
(

0
k

0
0

)

which is a simple injective module. Therefore

Exti
Λ1

(M,M) = (0) for i = 1, 2 and M is uniquely liftable to Λ. The Λ-module L given by
(

R
R

0
0

)

/
(

0
R

0
0

)

is the lifting of M . Since the map given by multiplication by x, L
x
→ L, does not

factor through a projective Λ-module, x · Ext1Λ(L, ) 6= (0). So, even if M is uniquely liftable,
x · Ext1Λ(L, ) is not equal to (0) for the lifting L of M to Λ. Therefore we can also conclude that
even if M in mod Λ is uniquely liftable, then ΩΛ(M)/xΩΛ(M) ' M ⊕ ΩΛ1(M) is not necessarily
uniquely liftable to Λ. The Λ1-module M ′ = ΩΛ1(M) given by

(

0
0

0
k

)

is a simple projective module.

Then, Exti
Λ1

(M ′,M ′) = (0) for i = 1, 2 and therefore M ′ is uniquely liftable to Λ. So, even if M
and M ′ are uniquely liftable to Λ, the direct sum M ⊕M ′ is not uniquely liftable to Λ.

Our characterization of when every liftable Λ1-module has a unique lifting uses a generalization
of the Maranda Theorem [6]. For the convenience of the reader we recall the Maranda Theorem
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from [6]. Let Σ be an S-order in a finite dimensional separable K-algebra A, where S is a discrete
valuation ring with prime element π and quotient ring K. Then there exists a nonnegative integer
i0 such that πi0 · Ext1Σ(M,N) = (0) for all Σ-lattices M and N [6, Corollary 29.5]. The Maranda
Theorem reads as follows.

Theorem 2.8 ([6, Theorem 30.14]) Let M and N be Σ-lattices and let i be a nonnegative in-
teger. Then the following are true.

(a) If M ' N as Σ-modules, then M/πiM ' N/πiN as Σ/πiΣ-modules for each i ≥ 0.
(b) If M/πiM ' N/πiN for some i ≥ i0 + 1, then M ' N .

The Maranda Theorem gives examples when every liftable Λ1-module has a unique lifting to Λ
(when Λ is an order over a discrete valuation ring). The following generalization of the Maranda
Theorem plays an important role in our characterization of when every liftable Λ1-module has a
unique lifting to Λ.

Theorem 2.9 Assume that x · Ext1Λ(E,E′) = (0) for all Λ-modules E and E ′ where x is regular
on E and E′. Let L and L′ be in mod Λ for which x is regular. If L/x2L ' L′/x2L′, then L ' L′.

Proof : The proof follows along the lines of the proof for orders in [14, Theorem 1.1]. Let L and L′ be
Λ-modules where x is regular on L and L′, such that L/x2L ' L′/x2L′. Let ϕ:L/x2L→ L′/x2L′

be an isomorphism and f :P → L′/x2L′ a projective cover of L′/x2L′ over Λ. By the Nakayama
Lemma and since P is projective, there exists an epimorphism g:P → L such that π ◦ g = ϕ−1 ◦ f ,
where π:L→ L/x2L is the natural epimorphism. By [10] x ·Ext1Λ(L, ) = (0) if and only if L

x
→ L

factors through a projective Λ-module. Since L
x
→ L factors through a projective Λ-module if and

only if it factors through a projective cover of L, we have the following commutative diagram

P = P = P
s
↗





y





y





y

L
x

−→ L
π

−→ L/x2L
ϕ

−→ L′/x2L′

.

It follows from this diagram that the map ψ = ϕ ◦π ◦x:L→ L′/x2L′ factors through a projective,
hence there exists a map σ:L → L′ such that ρ ◦ σ = ψ where ρ:L′ → L′/x2L′ is the natural
epimorphism. Since Imψ = xL′/x2L′ and ρ−1(xL′/x2L′) = xL′, the image Imσ ⊂ xL′. By
the Nakayama Lemma Imσ = xL′, since for every xl′ ∈ xL′ there exists an l ∈ L such that
xl′ = σ(l)−x2l′′ for some l′′ ∈ L′. Hence, σ:L→ xL′ ' L′ is an epimorphism, since x is regular on
L′. Assume that σ(l) = 0 for some l ∈ L. Since ψ(l) = ρ◦σ(l) = ϕ(π(xl)) and ϕ is an isomorphism,
xl = x2l1 for some l1 ∈ L. Since x is regular on L, we have l = xl1 and σ(l1) = 0. So by continuing
this process the element l ∈

⋂∞

i=1 x
iL = (0), hence σ is a monomorphism and L ' L′.

Now the characterization of when every liftable Λ1-module has a unique lifting to Λ follows
easily from Proposition 2.7, Theorem 2.9 and [8, Theorem 2.2].

Proposition 2.10 Every liftable Λ1-module has a unique lifting to Λ if and only if the following
two conditions are satisfied

(a) x · Ext1Λ(L,L′) = (0) for all Λ-modules L and L′ where x is regular on L and L′.
(b) Every weakly Λ-liftable Λ2-lifting of a Λ1-module liftable to Λ is unique up to isomorphism.

Proof : Assume that every liftable Λ1-module has a unique lifting to Λ. Then by Proposition 2.7
we have x · Ext1Λ(L, ) = (0) for every Λ-module L where x is regular on L.

Let M be liftable to Λ and let L1 and L2 be two Λ2-liftings of M which are weakly liftable to Λ.
Since weak liftability and liftability are the same for Λ2-modules by [8, Theorem 2.2 ], the modules
L1 and L2 are liftable to Λ. Then their liftings to Λ are also liftings of M to Λ and therefore L1

and L2 are isomorphic.
Assume that the conditions (a) and (b) are true. The condition (b) implies that if L and L′ are

two liftings of a Λ1-module M , then L/x2L and L′/x2L′ are two Λ2-liftings of M and therefore
L/x2L ' L′/x2L′. By condition (a) and the Maranda Theorem we have that L ' L′, hence every
Λ1-module liftable to Λ has a unique lifting.
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3 Weak lifting

Throughout this section let Λ be a noetherian R-algebra over a commutative local ring R with
maximal ideal m. Let {x1, x2, . . . , xt} be a Λ-regular sequence of central elements in Λ and denote
by Γ the factor ring Λ/(x1, x2, . . . , xt)Λ and I the ideal (x1, x2, . . . , xt)Λ.

This section is mainly devoted to introducing and characterizing the notion of a weak lifting
of a Γ-module. We show that the following are equivalent for M in mod Γ, (a) the module M is
weakly liftable to Λ, (b) the module M is liftable to Λ/I2Λ and (c) the module M is isomorphic
to a direct summand of Ωt

Λ(M)/IΩt
Λ(M) ⊕Q/IQ for a projective Λ-module Q and for any given

projective resolution of M defining a t-th syzygy Ωt
Λ(M). We prove this result by first considering

the case t = 1, which follows quite easily from Proposition 1.5 observing that we never used that
R was complete and that the Λ-regular element x was an element in the maximal ideal of R.

Let Γi = Λ/I iΛ for all i ≥ 1. In deformation theory a module L in modΓ2 is called an
infinitesimal deformation of M in mod Γ if L is a Γ2-lifting of M (See [11]). By the result mentioned
above a Γ-module has an infinitesimal deformation if and only if M has a weak lifting to Λ. This
connection with infinitesimal deformations is one of the reasons for introducing the notion of a
weak lifting of a module, but it also seems to be the right class of modules to consider in view of
some of the problems studied in [15]. We define the notion of a weak lifting of a module in the
same general context as for a lifting of a module in the following way.

Definition Let ∆ → Σ be a homomorphism rings and let M be in mod Σ. Then, L in mod ∆ is
called a weak lifting of M to ∆ if following two conditions are satisfied

(a) M is a direct summand of Σ ⊗∆ L;
(b) Tor∆i (Σ, L) = (0) for all i > 0.

The Σ-module M is said to be weakly liftable to ∆, if it has a weak lifting.

Every Γ-module liftable to Λ is obviously also weakly liftable to Λ. It is not obvious that
these two notions of liftability are different, but we see later that they indeed are different. An
immediate consequence of the definition of weak liftability and our main result mentioned above
is the following result.

Proposition 3.1 Assume that gl.dim Λ < ∞. If M in mod Γ has an infinitesimal deformation,
then pdΓM <∞.

Examples of algebras Γ where this result applies are complete intersections and therefore also
every group ring kG where G is a finite abelian group, k a field and the characteristic of k divides
the order of G.

Our first step towards characterizing the weakly liftable Γ-modules is to consider the case
t = 1. Let x be a central Λ-regular element in Λ and let Λi = Λ/xiΛ for all i ≥ 1. Since we in this
section do not assume that R is complete, we do not necessarily have projective covers. For M in
mod Λ1 let P → M be an epimorphism where P is a projective Λ-module and denote the kernel
by ΩΛ(M). Tensoring the exact sequence 0 → ΩΛ(M) → P →M → 0 with Λ1 ⊗Λ – the following
exact sequence is induced

0 →M → ΩΛ(M)/x1ΩΛ(M) → P/x1P →M → 0.

This sequence represents an element in Ext2 Λ1(M,M) and observing that this element is inde-
pendent of the choice of an epimorphism P → M , we denote this element by θM as in section 1.
Then we have the following characterization of a Λ1-module M weakly liftable to Λ.

Proposition 3.2 For M in mod Λ1 the following are equivalent
(a) M is weakly liftable to Λ.
(b) ΩΛ(M)/xΩΛ(M) 'M ⊕ ΩΛ1(M), where ΩΛ1(M) is induced from the projective resolution

defining ΩΛ(M).
(c) M is liftable to Λ2.
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Proof : Observing that we never used that R was complete and that x was an element in m in
Proposition 1.5, the statements in (b) and (c) are equivalent by Proposition 1.5. Since (b) obviously
implies (a), we only need to prove that (a) implies (b) or (c).

Assume that E is a weak lifting of M to Λ. Then we have the following commutative diagram

0 −→ ΩΛ(M) −→ P −→ M −→ 0




y





y

∥

∥

∥

0 −→ K −→ E −→ M −→ 0

.

Applying the functor Λ1 ⊗Λ – we obtain the following commutative diagram

θM : 0 −→ M −→ ΩΛ(M)/xΩΛ(M) −→ P/xP −→ M −→ 0
∥

∥

∥





y





y

∥

∥

∥

η: 0 −→ M −→ K/xK −→ E/xE
s

−→ M −→ 0

.

This shows that θM and η represent the same element in Ext2Λ1
(M,M) and since s is a split

epimorphism, θM is zero in Ext2Λ1
(M,M). The element θM is zero if and only if (b) or (c) is true

by Proposition 1.5, hence we have shown that (a) implies (b).

Using this characterization of weakly liftable Λ1-modules it is not hard to find examples of
Λ1-modules which are weakly liftable but not liftable.

(1) Let R = Z(3) be the ring or p-adic integers, G a cyclic group of order 27, x = 3 and
Λ = RG. Then Λ ' R[t]/(t27 − 1) and Λ1 = Λ/xΛ = Z3[t]/(t− 1)27. Then it is shown in [15] that
the Λ1-modules Z3[t]/(t− 1)i for i = 4, 5, 22, 23 are liftable to Λ2 but not liftable to Λ.

(2) Let S be a commutative local domain of dimension 1 with maximal ideal m and not a
discrete valuation ring. We want to prove that the residue field k ' S/m is weakly liftable but
not liftable with respect to any element in m \ m2. Let x be in m \m2 and S1 = S/(x). Then

x is S-regular and we have the exact sequence 0 → k
f
→ m/xm → m/(x) → 0, where f(1) = x,

m = ΩS(S/m) and m/(x) = ΩS1(k). Since the composition k
f
→ m/xm

π
→ m/m2 is nonzero, there

is a map g : m/m2 → k such that g ◦ π ◦ f = idk. Therefore f is a split monomorphism, so that
m/xm ' k ⊕m/(x). Hence, k as an S1-module is weakly liftable to S. It is not hard to see that
that k is liftable if and only if S is a discrete valuation ring.

The aim now is to generalize Proposition 3.2 to the situation Λ → Λ/(x1, x2, . . . , xt)Λ = Γ,
where {x1, x2, . . . , xt} is a Λ-regular sequence of central elements in Λ. Denote by I the ideal
(x1, x2, . . . , xt)Λ in Λ and by Γi the factor ring Λ/I iΛ for all i ≥ 1. We want to show that M in
mod Γ is weakly liftable to Λ if and only if M is liftable to Γ2. When considering liftings of M to
Γ2 we must compute TorΓ2

i (Γ, E) for i ≥ 1 and for Γ2-modules E. These Tor-groups are found in
the following lemma.

Lemma 3.3 Let E be in mod Γ2. Then TorΓ2
1 (Γ, E) = {(ei) ∈ Et |

∑t
i=1 xiei = 0}/IEt and

TorΓ2

i (Γ, E) = (0) for all i ≥ 1 if and only if TorΓ2
1 (Γ, E) = (0).

Proof : Using the Koszul complex as a free resolution of Γ over Λ and that the maps in the complex
are given by multiplication by elements in I , it follows that TorΛ1 (Γ,Γ) = Γt. Applying the functor
Γ ⊗Λ – to the exact sequence 0 → I → Λ → Γ → 0 it follows easily that I/I2 ' Γt. Hence, Γ has
the following free resolution P• over Γ2

P• : · · · −→ Γt2

2

⊕t
i=1d
−→ Γt

2

(x1,x2,...,xt)=d
−→ Γ2 −→ Γ −→ 0.

Using this free resolution of Γ over Γ2 it follows that TorΓ2
1 (Γ, E) = {(ei) ∈ Et |

∑t
i=1 xiei =

0}/IEt. Since Ωi
Γ2

(Γ) ' Γti

, we have that TorΓ2

i (Γ, E) = (0) for all i ≥ 1 if and only if

TorΓ2
1 (Γ, E) = (0) and the desired results follow directly.

Similar as for the case t = 1, we can give the following characterization of a lifting of M in
mod Γ to Γ2.
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Lemma 3.4 A module E in mod Γ2 is a lifting of M in mod Γ to Γ2 if and only if there exists an
exact sequence

0 →M t → E
f
→M → 0,

where E is in mod Γ2 and the map f induces an isomorphism E/IE →M .

Proof : Assume that E in mod Γ2 is a lifting of M to Γ2. Then we have the following exact sequence
0 → IE → E →M → 0 and TorΓ2

i (Γ, E) = (0) for all i ≥ 1. Applying the functor Γ ⊗Γ2 – to this
sequence induces the following exact sequence

0 → TorΓ2
1 (Γ,M) → IE

0
→ E/IE →M → 0,

since I2E = (0). By Lemma 3.3 we have that TorΓ2
1 (Γ,M) = M t and hence IE ' M t. Therefore

there exists an exact sequence 0 → M t → E
f
→ M → 0, where E is in mod Γ2 and the map f

induces an isomorphism E/IE →M .

Assume that there exists an exact sequence 0 →M t → E
f
→M → 0, where E is in mod Γ2 and

the map f induces an isomorphism E/IE → M . In order to show that E is a lifting of M to Γ2,
it is sufficient to show that TorΓ2

1 (Γ, E) = (0) by Lemma 3.3. Consider the following commutative
diagram

0 0 0




y





y





y

0 −→ IEt −→ K
0

−→ IE
∥

∥

∥





y





y

0 −→ IEt −→ Et −→ M t −→ 0




y
0





y
d





y
0

0 −→ IE −→ E −→ M −→ 0
∥

∥

∥





y

∥

∥

∥

IE −→ M = M −→ 0




y





y





y

0 0 0

,

where d = (x1, x2, . . . , xt). By the Snake Lemma we have that ker d = IEt. Since Γ has the
following free resolution P• over Γ2

P• : · · · −→ Γt2

2

⊕t
i=1d
−→ Γt

2

(x1,x2,...,xt)=d
−→ Γ2 −→ Γ −→ 0,

the middle vertical sequence in the diagram above is the start of the complex P•⊗Γ2E. Since IEt =
Im((⊕t

i=1d)⊗Γ2E) ⊆ ker d, we have that Im((⊕t
i=1d)⊗Γ2E) = kerd and therefore TorΓ2

1 (Γ, E) = (0)
and E is a lifting of M to Γ2.

Let M be in mod Γ. Similar to the case t = 1, tensoring the exact sequence 0 → ΩΛ(M) →
P →M → 0 with Γ ⊗Λ – the following exact sequence is induced

0 → TorΛ1 (Γ,M) → ΩΛ(M)/IΩΛ(M) → P/IP →M → 0.

Using the Koszul complex as a free resolution of Γ over Λ and that the maps in the complex are

given by multiplication by elements in I , it follows that TorΛi (Γ,M) = M(t
i) for i = 1, 2, . . . , t and

(0) for i > t. Hence, the exact sequence above is

0 →M t → ΩΛ(M)/IΩΛ(M) → P/IP →M → 0,

which represents an element in Ext2Γ(M,M t). Observing that this element is independent of the
choice of an epimorphism P →M , we denote it by θM . Now, we show that M in mod Γ is liftable
to Γ2 if and only if θM = 0 in Ext2Γ(M,M t).
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Proposition 3.5 The following are equivalent for M in mod Γ.
(a) θM = 0 in Ext2Γ(M,M t).
(b) M is liftable to Γ2.

Proof : (a) ⇒ (b). Assume that θM = 0 in Ext2Γ(M,M t). Let 0 → ΩΛ(M) → P → M → 0 be an
exact sequence with P a projective Λ-module and denote the kernel of the induced epimorphism
P/IP →M by ΩΓ(M). Since Ext2Γ(M,M t) ' Ext1Γ(ΩΓ(M),M t), the element θM = 0 if and only

if θ′M : 0 → M t α
→ ΩΛ(M)/IΩΛ(M) → ΩΓ(M) → 0 is a split exact sequence. Let β be a splitting

of α and let γ be the composition ΩΛ(M) → ΩΛ(M)/IΩΛ(M)
β
→M t. Then we have the following

commutative diagram

0 −→ ΩΛ(M) −→ P −→ M −→ 0




y





y

∥

∥

∥

0 −→ M t −→ E −→ M −→ 0

and applying the functor Γ ⊗Λ – the following commutative diagram is induced

θM : 0 −→ M t α
−→ ΩΛ(M)/IΩΛ(M) −→ P/IP −→ M −→ 0

∥

∥

∥





y
β





y

∥

∥

∥

M t r
−→ M t −→ E/IE −→ M −→ 0

.

Since β ◦ α = idM = r, we have that E/IE 'M . Since E is in mod Γ2, the module E is a lifting
of M to Γ2 by Lemma 3.4.

(b) ⇒ (a). Assume that E is a lifting of M to Γ2. Applying the functor Γ ⊗Λ – to the
commutative diagram

0 −→ ΩΛ(M) −→ P −→ M −→ 0




y





y

∥

∥

∥

0 −→ M t −→ E −→ M −→ 0

the following commutative diagram is induced

θM : 0 −→ M t α
−→ ΩΛ(M)/IΩΛ(M) −→ P/IP −→ M −→ 0

∥

∥

∥





y
β





y

∥

∥

∥

M t δ
−→ M t 0

−→ E/IE
∼
−→ M −→ 0

.

The map δ:M t →M t is a surjective endomorphism of a noetherian module, so δ is an isomorphism.
Since δ = β◦α is an isomorphism, α is a split monomorphism and therefore θM = 0 in Ext2Γ(M,M t).

For M in mod Γ the obstructions to lifting M to Γ2 are t elements in Ext2Γ(M,M). Similar
obstructions have been studied by Nastold in [13]. It follows from the above proof that if M
is liftable to Γ2, then M t and therefore M are direct summands of ΩΛ(M)/IΩΛ(M). But since
TorΛi (Γ,ΩΛ(M)) is not necessarily zero for all i ≥ 1 when t > 1, we can not conclude from this
that M is weakly liftable to Λ as in the case t = 1. The next aim is to show that liftability to Γ2

still is equivalent to weak liftability to Λ.

Proposition 3.6 The following are equivalent for M in mod Γ.
(a) M is weakly liftable to Λ.
(b) M is isomorphic to a direct summand of Ωt

Λ(M)/IΩt
Λ(M)⊕Q/IQ for a projective Λ-module

Q and for any given projective resolution defining a t-th syzygy Ωt
Λ(M).

(c) M is liftable to Γ2.

Proof : (a) ⇒ (c). Let L in mod Λ be a weak lifting of M to Λ. Applying the functor Γ ⊗Λ – to
the commutative diagram

0 −→ ΩΛ(M) −→ P −→ M −→ 0




y





y





y

0 −→ K −→ L
f

−→ M −→ 0
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induces the following commutative diagram

θM : 0 −→ M t −→ ΩΛ(M)/IΩΛ(M) −→ P/IP −→ M −→ 0
∥

∥

∥





y





y

∥

∥

∥

η: 0 −→ M t −→ K/IK −→ L/IL
f

−→ M −→ 0

.

This shows that θM and η represent the same element in Ext2Γ(M,M t) and since f is a split
epimorphism, θM = 0 in Ext2Γ(M,M t). By Proposition 3.5 we have that M is liftable to Γ2.

(c) ⇒ (b). Let E in modΓ2 be a lifting of M to Γ2 and let E′ = E/(x2, . . . , xt)E. Then
Λ/x1Λ ⊗Λ/x2

1Λ
E′ ' Γ ⊗Λ E, so E′ is a lifting of M viewed as a Λ/x1Λ-module to Λ/x2

1Λ, if

Tor
Λ/x2

1Λ
i (Λ/x1Λ, E

′) = (0) for all i ≥ 1. Since · · · → Λ/x2
1Λ

x1→ Λ/x2
1Λ

x1→ Λ/x2
1Λ → Λ/x1Λ → 0

is a free resolution of Λ/x1Λ over Λ/x2
1Λ, we have that Tor

Λ/x2
1Λ

i (Λ/x1Λ, E
′) = {e ∈ E′ | x1e =

0}/x1E
′. Let e ∈ E and assume that x1e =

∑t
i=2 xiei for some ei ∈ E. Since TorΓ2

i (Γ, E) = (0) for

all i ≥ 1, we have that {(ei) ∈ Et |
∑t

i=1 xiei = 0} = IEt by Lemma 3.3. Since x1e−
∑t

i=2 xiei = 0,
it follows that e ∈ IE and therefore if x1e

′ = 0 for some e′ ∈ E′, then e′ = x1e
′′ for some e′′ ∈ E′.

This shows that {e ∈ E ′ | x1e = 0} ⊆ x1E
′ and since the opposite inclusion always holds, we

have shown that Tor
Λ/x2

1Λ
i (Λ/x1Λ, E

′) = (0) for all i ≥ 1 and E ′ is a lifting of M to Λ/x2
1Λ. By

Proposition 3.2 we have that ΩΛ(M)/x1ΩΛ(M) 'M ⊕ΩΛ/x1Λ(M). Since (c) implies (b) for t = 1
by Proposition 3.2, we want to finish the proof by induction on t.

Let · · · → P2 → P1 → P0 → M → 0 be a projective resolution of M over Λ, then · · · → P2 →
P1 → ΩΛ(M) → 0 is a projective resolution of ΩΛ(M) over Λ. Since x1 is regular on ΩΛ(M),
we have that · · · → P2/x1P2 → P1/x1P1 → ΩΛ(M)/x1ΩΛ(M) → 0 is a projective resolution of
ΩΛ(M)/x1ΩΛ(M) over Λ/x1Λ. Since ΩΛ(M)/x1ΩΛ(M) ' M ⊕ ΩΛ/x1Λ(M) by Proposition 3.2,

we have that Ωt−1
Λ/x1Λ

(M) is a summand of Ωt
Λ(M)/x1Ω

t
Λ(M)⊕U , where U is a projective Λ/x1Λ-

module by Schanuel’s Lemma. Let Λ′ = Λ/x1Λ, then {x2, . . . , xt} is a Λ′-regular sequence and
denote by Γ′

2 the factor ring Γ2/x1Γ2 = Λ′/(x2, . . . , xt)
2Λ′. Using that

· · · −→ Γt2

2

⊕t
i=1d
−→ Γt

2

(x1,x2,...,xt)=d
−→ Γ2

x1−→ Γ2 −→ Γ′
2 −→ 0

is a free resolution of Γ′
2 over Γ2 and that TorΓ2

i (Γ, E) = (0) for all i ≥ 1, it is not hard to see

that TorΓ2

i (Γ′
2, E) = (0) for all i ≥ 1. Therefore, if P• is a projective resolution of E over Γ2, then

Γ′
2⊗Γ2P

• is a projective resolution of Γ′
2⊗Γ2E ' E/x1E over Γ′

2. Since Γ⊗Γ2P
• ' Γ⊗Γ′

2
(Γ′

2⊗Γ2P
•)

and Γ ⊗Γ′

2
E/x1E ' E/IE, we have that Tor

Γ′

2
i (Γ, E/x1E) ' TorΓ2

i (Γ, E) = (0) for all i ≥ 1.
Hence, E/x1E is a lifting of M to Γ′

2 and by induction on t we have that M is a summand
of Ωt−1

Λ′ (M)/(x2, . . . , xt)Ω
t−1
Λ′ (M) ⊕ Q′, where Q′ is a projective Γ-module. Since Ωt−1

Λ′ (M) is a
summand of Ωt

Λ(M)/x1Ω
t
Λ(M) ⊕ U , we have that Ωt−1

Λ′ (M)/(x2, . . . , xt)Ω
t−1
Λ′ (M) ⊕Q′ is a direct

summand of

Ωt
Λ(M)/x1Ω

t
Λ(M)/

(

(x2, . . . , xt)Ω
t
Λ(M)/x1Ω

t
Λ(M)

)

⊕ U/(x2, . . . , xt)U ⊕Q′,

which is isomorphic to Ωt
Λ(M)/IΩt

Λ(M) ⊕ U/(x2, . . . , xt)U ⊕Q′. Since U/(x2, . . . , xt)U ⊕Q′ is a
direct summand of Q/IQ for some projective Λ-module Q, the module M is isomorphic to a direct
summand of ΩΛ(M)/IΩΛ(M) ⊕Q/IQ for some projective Λ-module Q.

(b) ⇒ (a). Since TorΛi (Γ,Ωt
Λ(M) ⊕ Q) = TorΛi+t(Γ,M) = (0) for i ≥ 1 and M is a direct

summand of Ωt
Λ(M)/IΩt

Λ(M) ⊕Q/IQ, it follows directly that M is weakly liftable to Λ.

Remark: If we assume that R is complete, the condition (b) in the Proposition 3.6 can be replaced
with that M is a direct summand of Ωt

Λ(M)/IΩt
Λ(M), where the syzygies Ωi

Λ(M) are defined by
the minimal projective resolution of M over Λ.

Let Λ̂ denote the completion of Λ with respect to the m-adic topology. Then {x1, x2, . . . , xt}
is a Λ̂-regular sequence of central elements in Λ̂. Since the functor given by the completion with
respect to the m-adic topology is a full and faithful exact functor on mod Γ, the following result
follows immediately from Proposition 3.5.
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Proposition 3.7 A module M in mod Γ has an infinitesimal deformation if and only if M̂ in
mod Γ̂ has.

We end this section by studying some properties of the category of Γ-modules weakly liftable
to Λ. Again, let x be a regular on Λ in m and Λi = Λ/xiΛ for all i ≥ 1. Similar to when we
consider the category of Λ1-modules liftable to Λ, we can use the results in [15, see section 2]
to show that the category of Λ1-modules weakly liftable to Λ is not closed under a) kernels of
epimorphisms, b) cokernels of monomorphisms and c) extensions. But, contrary to the category
of Λ1-modules liftable to Λ the category of Λ1-modules or Γ-modules weakly liftable to Λ is closed
under summands, which is obvious from the definition a weakly liftable module. The category
of Λ1-modules or Γ-modules weakly liftable to Λ is as the category of Λ1-modules liftable to Λ
closed under syzygies, which we want to prove next. For the complete case and for the category
of Λ1-modules weakly liftable to Λ, this follows in two different ways from what we already have
done. If M in mod Λ1 is weakly liftable, then ΩΛ(M)/xΩΛ(M) 'M⊕ΩΛ1(M) by Proposition 3.2,
hence ΩΛ1(M) is weakly liftable. Since M in mod Λ1 is weakly liftable if and only if M is liftable
to Λ2, then ΩΛ1(M) is liftable to Λ2 by Proposition 2.4 and therefore ΩΛ1(M) is weakly liftable to
Λ if M is.

Proposition 3.8 If M in mod Γ is weakly liftable to Λ, then ΩΓ(M) is also weakly liftable to Λ.

Proof : Let L in mod Λ be a weak lifting of M to Λ. Applying the functor Γ ⊗Λ – to the exact
sequence 0 → ΩΛ(L) → P → L → 0 induces the exact sequence 0 → ΩΛ(L)/IΩΛ(L) → P/IP →
L/IL → 0. Since M is a direct summand of L/IL, we have that ΩΓ(M) is a direct summand of
ΩΛ(L)/IΩΛ(L) ⊕ U , where U is a projective Γ-module by Schanuel’s Lemma. Since U is a direct
summand of Q/IQ for some projective Λ-module Q, it follows that ΩΓ(M) is weakly liftable to Λ.
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4 Lifting, weak lifting and Cohen-Macaulay modules

Throughout the rest of the paper R is a commutative local Gorenstein ring of dimension d and
x is an R-regular element in the maximal ideal m of R. We denote by CM(R) the category of
all finitely generated maximal Cohen-Macaulay modules over R. We want to study the lifting
problems for the situation R → R/(x) = R and the modules we consider over R will be maximal
Cohen-Macaulay modules. But before we briefly describe the results in this section, we will recall
for the convenience of the reader some of the notions involved in this section.

The notion of Cohen-Macaulay approximations was introduced by M. Auslander and R.-O.

Buchweitz in [2]. Given an R-module C, an exact sequence 0 → YC → XC
f
→ C → 0 is called a

right Cohen-Macaulay approximation of C if XC is in CM(R) and pdR YC < ∞. An important
property of these approximations is that every morphismX → C with X in CM(R) factors through
f . The Cohen-Macaulay approximation is called minimal if f is a right minimal morphism, that
is, an endomorphism g:XC → XC is an automorphism whenever f = f ◦ g. The existence of
Cohen-Macaulay and minimal Cohen-Macaulay approximations was established in [1, 2]. It was
also shown that the minimal Cohen-Macaulay approximations are unique up to isomorphism.

Now, we define a lifting and a weak lifting in the setting in this section. A module L in CM(R)
is said to be a lifting of M in CM(R) to R if L/xL ' M . If M is only isomorphic to a direct
summand of L/xL, then L is said to be a weak lifting of M to R. The module M is then said to
be liftable or weakly liftable to Λ, respectively. Since every module L in CM(R) is a submodule
of a free R-module, every R-regular element is also L-regular. So, the definition of a lifting above
agrees with the definition given in Section 1. The definition of a weak lifting above does not agree
with the definition in Section 1, but it follows easily from Proposition 3.2 that these two definitions
are equivalent.

One of the main aims in this section is to characterize liftable and weakly liftable modules C
in CM(R) in terms of their minimal Cohen-Macaulay approximation XC over R and show that
every lifting of a liftable module C in CM(R) is a submodule of XC . We also study the category of
modules in CM(R) liftable to R and the category of modules in CM(R) weakly liftable to R and
show that they are closed under syzygies, cosyzygies and taking duals. In addition, we show that
the category of modules in CM(R) weakly liftable to R is functorially finite in modR, a notion
we recall later in this section from [4]. Since we only deal with the lifting problems in the setting
R → R, we denote by L the R-module L/xL for any R-module L.

Our first aim is to show that every lifting of a liftable Cohen-Macaulay R-module C is a
submodule of the minimal Cohen-Macaulay approximation XC in CM(R). This leads us to a
characterization of liftability of C in CM(R) in terms of existence of special submodules of XC .

Proposition 4.1 If C in CM(R) is liftable, then every lifting of C is a submodule of the minimal
Cohen-Macaulay approximation of C of R.

Proof : Assume that L in CM(R) is a lifting of C in CM(R). Then we have the following commu-
tative diagram

0 0




y





y

0 −→ ker t −→ L




y





y
x

L = L




y
t





y

0 −→ YC −→ XC −→ C −→ 0

We want to show that ker t = (0). If t(l) = 0 for an l ∈ L, then it is easy to see that l = xl1 for
some l1 ∈ L. Hence, f(l) = xf(l1) = 0 and using that x is a XC-regular element, f(l1) = 0. Then
we can continue this process and show that l ∈

⋂∞

i=1 x
iL. Since L is a finitely generated R-module

and x ∈ radR, we have that
⋂∞

i=1 x
iL = (0) and therefore ker t = (0).

Next, we use the result above to characterize liftability of C in CM(R) in terms of existence of

special submodules of XC . But first we need to introduce some notation. Let 0 → YC → XC
αC→
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C → 0 be the minimal Cohen-Macaulay approximation of C in CM(R). Denote by π:XC → XC

the natural epimorphism and by αC :XC → C the map R⊗R αC for αC :XC → C.

Proposition 4.2 A module C in CM(R) is liftable if and only if there exists a submodule L of

XC , such that L is in CM(R), x is a XC/L-regular element and the composition π(L) ↪→ XC
αC→ C

is an isomorphism.

Proof : Assume that L in CM(R) is a lifting of C in CM(R). By Proposition 4.1 we have the
following commutative diagram

0




y

L = L




y
t





y

0 −→ YC −→ XC
αC−→ C −→ 0

and applying the functor R⊗R the following commutative diagram is induced

0




y

TorR
1 (R,XC/L)




y

L = L




y
t





y
o

XC
αC−→ C −→ 0

Since αC ◦ t is an isomorphism, TorR
1 (R,XC/L) = (0) and therefore x is a XC/L-regular element.

Since
0 −→ L

t
−→ XC





y





y
π

0 −→ L/xL
t

−→ XC




y

0

is a commutative diagram, π(L) = π◦ t(L) = t(L) and therefore the composition π(L) ↪→ XC
αC→ C

is an isomorphism.
The proof of the “if”-part of the statement follows from Lemma 2.3.

Now, we combine the characterization of liftable modules above with the characterization we
found for liftable modules in Proposition 2.2 to get the following characterization of liftable Cohen-
Macaulay modules over R.

Proposition 4.3 Consider the following commutative diagram with C in CM(R)

0 −→ ΩR(C) −→ P
ϕ

−→ C −→ 0




y





y
t

∥

∥

∥

0 −→ YC −→ XC
αC−→ C −→ 0

The module C is liftable to R if and only if there exists a map t:P → XC such that αC ◦ t = ϕ,

the composition (π ◦ t)(P ) ↪→ XC
αC→ C is an isomorphism and x is a XC/ Im t-regular element.
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Proof : The “if”-part of the statement follows from Proposition 4.2.
Assume that L in CM(R) is a lifting of C to R. By Proposition 2.1 we have the following

commutative diagram

0 0


y



y

ΩR(L) = ΩR(L)


y



y

0 −→ ΩR(C) −→ P −→ C −→ 0




y





y
r

∥

∥

∥

0 −→ ΩR(L) −→ L −→ C −→ 0


y



y

0 0

By Proposition 4.1 we have the following commutative diagram

0 0


y



y

0 −→ L
x

−→ L −→ C −→ 0




y





y
s

∥

∥

∥

0 −→ YC −→ XC −→ C −→ 0


y



y

XC/L = XC/L


y



y

0 0

If we let t = s ◦ r, then t has the desired properties.

The preceeding result shows the close connection between an R-module C in CM(R) and its
minimal Cohen-Macaulay approximation XC over R. Our next result shows that the category of
liftable Cohen-Macaulay R-modules is closed under syzygies, cosyzygies and taking dual. Every
module C in CM(R) has a coresolution of the form

0 → C → R
n0 d1

→ R
n1 d2

→ R
n2 d3

→ · · · ,

where Im di is in CM(R) for all i ≥ 1 and has no nonzero free summands. Then we call the module

Im di an i-th cosyzygy of C in CM(R) and denote it by Ω
−i

R
(C). The dual of a module C in CM(R)

is defined by D(C) = HomR(C,R).

Proposition 4.4 Let C be in CM(R). If C is liftable to R, then the syzygies Ω
i

R
(C) for any i in

Z and the dual HomR(C,R) of C are liftable to R.

Proof : Let L in CM(R) be a lifting of C in CM(R). Then Ω
i
R(L) ' Ω

i

R
(C) for all positive integers

i, since tensoring a projective resolution of L over R with R ⊗R – induces a projective resolution
of C ' R⊗R L. Therefore all the syzygies of C are liftable.

Applying HomR(L, ) to the exact sequence 0 → R
x
→ R → R → 0 it induces the following

exact sequence
0 → HomR(L,R)

x
→ HomR(L,R) → HomR(L,R) → 0,

since R is an injective module in CM(R). Hence, the dual of C given by D(C) ' D(L) is liftable,
since the dual of L given by DR(L) = HomR(L,R) is in CM(R). This also shows that taking dual
and reduction modulo x commutes, that is, HomR(L,R) ' R⊗R HomR(L,R).

Using the duality HomR( , R): CM(R) → CM(R) we have that,

Ω
−i

R
(C) ' HomR(Ω

i

R
(HomR(C,R)), R).

23



From this it follows immediately that the cosyzygies of C are liftable.

In the rest of this section we study the properties of the category of weakly liftable Cohen-
Macaulay R-modules which we denote by w.l.(R). Our aim is to show that w.l.(R) is a functorially
finite subcategory in modR. First we give a characterization of a weakly liftable Cohen-Macaulay
R-module C in terms of its minimal Cohen-Macaulay approximation XC over R. Before we prove
this we need to introduce some notation.

Let C be in CM(R). Then the minimal Cohen-Macaulay approximation of C over R can be
constructed in the following way. Let 0 → Ω1

R(D(C)) → Rn → D(C) → 0 be a projective cover
of D(C) = HomR(C,R) over R. It follows that Ω1

R(D(C)) is in CM(R) and that dualizing with
respect to R induces the following exact sequence

0 → Rn → HomR(Ω1
R(D(C)), R) → Ext1R(D(C), R) → 0. (∗)

It is easy to check that Ext1R(D(C), R) ' HomR(D(C), R) ' C and that the sequence (∗) is a
minimal Cohen-Macaulay approximation of C over R. In the following we denote by 0 → Rn →

XC
g
→ C → 0 the minimal Cohen-Macaulay approximation of C over R where n = µ(Ext1R(C,R)),

the minimal number of generators of D(C). Applying the functor R ⊗R –, we obtain an exact
sequence

ξC : 0 → C → R
n
→ XC

g
→ C → 0.

Then ξC represents an element in Ext2
R
(C,C) and ξC = θC , where

θC : 0 → C → ΩR(C)/xΩR(C) → P/xP → C → 0

is induced from the exact sequence 0 → ΩR(C) → P → C → 0 by tensoring with R⊗R – as defined
in Section 1. Because, applying the functor R⊗R – to the commutative diagram

0 −→ ΩR(C) −→ P −→ C −→ 0




y





y

∥

∥

∥

0 −→ Rn −→ XC
g

−→ C −→ 0

,

the following commutative diagram is induced

θC : 0 −→ C −→ ΩR(C) −→ P −→ C −→ 0
∥

∥

∥





y





y

∥

∥

∥

ξC : 0 −→ C −→ R
n

−→ XC
g

−→ C −→ 0

.

This shows that θC and ξC represent the same element in Ext2
R
(C,C).

As a consequence of Proposition 3.2 we have the following.

Proposition 4.5 The following are equivalent for C in CM(R).
(a) C is in w.l.(R).
(b) ξC = 0 in Ext2

R
(C,C).

(c) g is a split epimorphism.

(d) XC ' C ⊕ Ω
−1

R
(C).

Proof : (a) ⇔ (b). Follows from Proposition 3.2 and above argument.

(a) ⇒ (c). Suppose C is in w.l.(R). Then there is an exact sequence 0 → K → L
ϕ
→ C → 0

such that L is in CM(R) and ϕ induces a split epimorphism L
ϕ
→ C → 0. Then we have the

commutative diagram

0 −→ K −→ L
ϕ

−→ C −→ 0




y





y

∥

∥

∥

0 −→ Rn −→ XC
g

−→ C −→ 0
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and applying the functor R⊗R – the following commutative diagram is induced

0 −→ C −→ K −→ L
ϕ

−→ C −→ 0
∥

∥

∥





y





y

∥

∥

∥

ξC : 0 −→ C −→ R
n

−→ XC
g

−→ C −→ 0

.

Since ϕ is a split epimorphism, g is also a split epimorphism.

(c) ⇒ (d). Suppose g is a split epimorphism. We want to show that ker g ' Ω
−1

R
(C). The

exact sequence 0 → R
x
→ R→ R→ 0 induces the following long exact sequence

0 → HomR(C,R)
x
→ HomR(C,R) → HomR(C,R) → Ext1R(C,R)

x
→ · · · .

Since x ∈ AnnR(C), we have HomR(C,R) ' Ext1R(C,R). Hence we have n = µ(HomR(C,R)) and

ker g ' Ω
−1

R
(C).

(d) ⇒ (a). Follows from the definition.

As consequences of this proposition, we have the following corollaries which will be used later.

Corollary 4.6 Let C be indecomposable in CM(R) and suppose that C 6' R. If C is weakly liftable
to R, then XC has no free summands.

Proof : Since C is weakly liftable to R, we have XC ' C⊕Ω
−1

R
(C) by (d) of Proposition 4.5. Since

C is indecomposable in CM(R) and C 6' R, we know that Ω
−1

R
(C) is also indecomposable and

Ω
−1

R
(C) 6' R. So the module XC has no free summands. Therefore XC has no free summands.

Since if F is a free summand of XC then F is a free summand of XC .

Corollary 4.7 Let C be in CM(R) and suppose C is indecomposable and not liftable. Assume
CM(R) is a Krull-Schmidt category (for instance, when R is complete). If C is weakly liftable,
then XC is indecomposable.

Proof : By (d) of Proposition 4.5 we have XC ' C ⊕Ω
−1

R
(C). Since C is indecomposable, Ω

−1

R
(C)

is also indecomposable. Then if XC is decomposable, we have that C is liftable which contradicts
our assumption.

We end this section by showing that w.l.(R) is a functorially finite subcategory in modR, a
notion we now recall from [4]. Let A be a category and C a subcategory of A. The subcategory C
is said to be contravariantly finite in A if for any object A in A, there is a C in C and a morphism
f :C → A such that any morphism g:C ′ → A with C ′ in C factors through f . If the dual condition
is satisfied for the subcategory C, then C is said to be covariantly finite in A. If C is both covariantly
and contravariantly finite in A, then C is said to be functorially finite in A.

Proposition 4.8 The subcategory w.l.(R) is functorially finite in modR.

Proof : Given an R-module C in modR, we have an epimorphism f :XC → C → 0. We want to
show that for any D in w.l.(R) and any morphism h:D → C, the morphism h factors through
f . Let L be in CM(R) such that there is a map ϕ:L → D which induces a split epimorphism
ϕ:L→ D. Then the commutative diagram

0 −→ K −→ L
ϕ

−→ D −→ 0




y





y





y
h

0 −→ YC −→ XC
f

−→ C −→ 0
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induces the following commutative diagram by applying the functor R⊗R –

0 −→ D −→ K −→ L
ϕ

−→ D −→ 0




y





y





y





y
h

0 −→ C −→ Y C −→ XC
f

−→ C −→ 0

.

Since ϕ is a split epimorphism, h factors through f . This shows that w.l.(R) is contravariantly
finite in modR.

Now we want to show that w.l.(R) is covariantly finite in modR. For C in modR let C∗ denote
the R-module HomR(C,R). Then we have a natural morphism αC :C → C∗∗ for every C in modR.

Since w.l.(R) is contravariantly finite in modR, we have a morphism β:X → C∗ such that X is in
w.l.(R) and any morphism h:D → C∗ with D in w.l.(R) factors through β. Applying the functor

HomR( , R), we get β∗:C∗∗ → X∗. Let g:C → X∗ be the composition C
αC→ C∗∗ β∗

→ X∗. We claim

that any morphism h:C → E with E in w.l.(R) can be extended to X∗. Since E is reflexive, we
have the following commutative diagram

C
αC−→ C∗∗





y
h





y
h∗∗

E
∼
−→ E∗∗

.

Since E∗, C∗ and X are reflexive R-modules, applying the functor HomR( , R) to the diagram

C∗∗ β∗

−→ X∗




y
h∗∗

E∗∗

it induces the following commutative diagram

E∗

s
↙





y
h∗

X
β

−→ C∗

.

Since w.l.(R) is contravariantly finite in modR, the map h∗ factors through β. Applying the
functor HomR( , R) again, we have the commutative diagram

C∗∗ β∗

−→ X∗





y
h∗∗

s∗

↙

E∗∗

.

This shows h:C → E can be extended to X∗ and w.l.(R) is also covariantly finite in modR, and
therefore w.l.(R) is functorially finite in modR.
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5 Weak lifting over Gorenstein rings

In this section, instead of studying the weak liftability of modules in CM(R), we study the weak
liftability of modules in modR. A finitely generated R-modules C is said to be weakly liftable to R
if there exists an R-module L such that x is an L-regular element and C is isomorphic to a direct
summand of L/xL. This section is mainly devoted to studying the properties of weakly liftable
R-modules in terms of their minimal Cohen-Macaulay approximations over R.

All the results in this section are based on the following lemma.

Lemma 5.1 Let L be in modR such that x is L-regular and let 0 → YL → XL
ϕ
→ L → 0 be the

minimal Cohen-Macaulay approximation of L over R. Then the reduction 0 → Y L → XL
ϕ
→ L→ 0

is the minimal Cohen-Macaulay approximation of L over R.

Proof : Since x is L-regular, the sequence 0 → Y L → XL
ϕ
→ L→ 0 is exact. We know that x is

regular on XL and YL, so XL is in CM(R) and Y L is of finite projective dimension as an R-module.

Therefore 0 → Y L → XL
ϕ
→ L → 0 is a Cohen-Macaulay approximation of L over R. It remains

to show that it is minimal. This is done by using a general criterion of minimal Cohen-Macaulay

approximation proved in [1]. It says that a Cohen-Macaulay approximation 0 → Y → X
f
→ C → 0

of an R-module C is minimal if and only if X has a decomposition F ⊕U with U no non-zero free
summands and F a free module such that the induced map F → C/f(U) is a projective cover.
Now suppose XL = F ⊕U is such a decomposition for XL. Then we have XL = F ⊕U . It follows
that F is a free R-module with rankF = rankF and U has no free summands as an R-module
[1]. We now show that the induced map F → L/ϕ(U) → 0 is a projective cover over R. Since
L/ϕ(U) ' L/(ϕ(U)+xL) and x is in the maximal ideal of R, we have that µ(L/ϕ(U)) = µ(L/ϕ(U))
and therefore F → L/ϕ(U) → 0 is a projective cover of L/ϕ(U) over R. By the criterion cited

above we have showed that 0 → Y L → XL
ϕ
→ L→ 0 is a minimal Cohen-Macaulay approximation

of L.

Let C be an arbitrary R-module. We denote by XR
C the minimal Cohen-Macaulay approxima-

tion of C over R. As an immediate consequence of Lemma 5.1, we have the following result which

shows the connection between the (weak) liftability of C and XR
C .

Proposition 5.2 Let C be a finitely generated R-module. If C is (weakly) liftable to R, then XR
C

and Y R
C are (weakly) liftable to R.

When dimR ≤ 2, the converse of Proposition 5.2 is also true. We state it in the following
proposition.

Proposition 5.3 Let dimR ≤ 2 and C be a finitely generated R-module. Then C is (weakly)

liftable to R if and only if XR
C is (weakly) liftable to R.

Proof : If dimR = 1, then dimR = 0. So XR
C = C and there is nothing to prove. Suppose

dimR = 2. Let 0 → R
n
→ XR

C → C → 0 be the minimal Cohen-Macaulay approximation of C

over R. Suppose XR
C is liftable to R and suppose 0 → X

x
→ X → XR

C → 0 is an exact sequence
with X in CM(R). Then we have the following commutative exact diagram

0




y

0 −→ Rn x
−→ Rn −→ R

n
−→ 0





y
f





y
f





y

0 −→ X
x

−→ X −→ XR
C −→ 0




y

C −→ 0




y

0

.

27



By the Snake Lemma, we obtain an exact sequence

0 → cokerf
x
→ cokerf → C → 0.

Since x is regular on cokerf , we have that C is liftable to R.

We have shown in Section 4 for C in CM(R), that if C is indecomposable and C 6' R, then C
weakly liftable to R implies that XC has no free summands. Now we generalize this result in the
following form. Given an R-module C, we denote by δR(C) the maximal rank of free summands
in XC , the minimal Cohen-Macaulay approximation of C over R. We define δi

R(C) = δ(Ωi
R(C)).

Since Ωi
R(C) is in CM(R) and has no free summands for i > dimR, we have δi

R(C) = 0 for
i > dimR, so that the sum

∑

i≥0(−1)iδi
R(C) makes sense.

Proposition 5.4 Let C be in modR. If there is an R-regular element x ∈ AnnR(C) such that, as
an R = R/(x)-module, C is weakly liftable to R, then

∑

i≥0(−1)iδi
R(C) = 0.

Proof : Since C is weakly liftable to R, we have that Ω1
R(C) ' C ⊕ Ω1

R(C) by Proposition 3.2.
Let 0 → Y → X → Ω1

R(C) → 0 be the minimal Cohen-Macaulay approximation of Ω1
R(C)

over R. Then 0 → Y → X → Ω1
R(C) → 0 is the minimal Cohen-Macaulay approximation of

Ω1
R(C) ' C ⊕ Ω

1

R
(C) over R. Therefore we have X ' XR

C ⊕ XR

Ω
1

R
(C)

by Lemma 5.1 and hence

δR(Ω1
R(C)) = δR(C) + δR(Ω

1

R
(C)), in other words, we have the relation δ1R(C) = δ

0

R
(C) + δ

1

R
(C).

Let · · · → P1 → P0 → Ω1
R(C) → 0 be an R-free resolution of Ω1

R(C). Since x is a regular element

on Ω1
R(C), we have that · · · → P 1 → P 0 → Ω1

R(C) → 0 is an R-free resolution of Ω1
R(C). Therefore

we have Ωi+1
R (C) ' Ω

1

R
(Ω1

R(C)) for all i ≥ 1. Since C is weakly liftable to R as an R-module,

the syzygies Ω
i

R
(C) are also weakly liftable to R for all i > 0. Therefore by the above argument

we have XΩi+1
R

(C) ' XR

Ω
i

R
(C)

⊕ XR

Ω
i+1

R
(C)

for all i ≥ 0 and hence δ
i

R
(C) + δ

i+1

R
(C) = δi+1

R (C)

for all i ≥ 0. Therefore the alternating sum of δi+1
R (C) for i ≥ 0 is δ

0

R
(C). Hence we have

∑

i≥0(−1)iδi
R(C) = δ0R(C) − δ

0

R
(C). Now we must show that δR(C) = δR(C). Since C is weakly

liftable to R as an R-module, XR
C , the minimal Cohen-Macaulay approximation of C over R, is

also weakly liftable to R by Proposition 5.2. Then our result follows from the following fact which
we state as a lemma.

Lemma 5.5 Suppose C is an R = R/(x)-module such that XR
C is weakly liftable. Then δR(C) =

δR(C).

Proof : We write XR
C = U ⊕ R

n
where U is an R-module without non-zero free summands. Let

XU → U be the minimal Cohen-Macaulay approximation of U over R. Then since U is in CM(R)
and weakly liftable to R, we have δR(U) = 0, that is, XU has no free summands by corollary 4.6.
Now consider the following commutative exact diagram

0 0




y





y

Rm ⊕Rn = Rm ⊕Rn




y





y

0 −→ Z −→ XU ⊕Rn −→ C −→ 0




y





y

∥

∥

∥

0 −→ Y R
C −→ U ⊕R

n
−→ C −→ 0





y





y

0 0

.

Since pdR Y
R
C < ∞, we have that pdR Y

R
C < ∞. Therefore pdR Z < ∞ and 0 → Z → X ⊕ Rn →

C → 0 is a Cohen-Macaulay approximation of C over R and we have δR(C) ≤ n = δR(C). Since
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δR(C) ≤ δR(C) for all R-modules C, we obtain that δR(C) = δR(C) wheneverXR
C is weakly liftable

to R.

Combining this proposition and Corollary 4.6, we have the following.

Corollary 5.6 Let C be in CM(R) and R is not a summand of C. If C is weakly liftable to R,
then δi

R(C) = 0 for all i ≥ 0.

Let k denote the residue field R/m. If k contains infinitely many elements, there exists an
R-regular element x ∈ m \m2. As in section 3 it follows that k as an R = R/(x)-module is weakly
liftable to R. Therefore we have

∑

i≥0(−1)iδi
R(k) = 0. In fact, more has been shown in [1]. We

have the following.

Proposition 5.7 ([1]) Let k = R/m be the residue field of R. Then δi
R(k) = 0 for all i ≥ 0.

In view of these results we naturally ask whether the converse of Proposition 5.4 is true, that is,
given an R-module C such that

∑

i≥0(−1)iδi
R(C) = 0 (or even δi

R(C) = 0 for all i ≥ 0) and such
that AnnR(C) contains R-regular elements. Then is there an R-regular element x ∈ AnnR(C) such
that as an R = R/(x)-module, C is weakly liftable to R. The answer for this question in general
is negative as showed by the following example.

Example. Let R = C[[t3, t4]] and C = R/a, where a = (t8, t9). Then we know that δi
R(C) = 0

for all i ≥ 0 [7]. If there is an element f ∈ a such that C as an R = R/(f)-module is weakly liftable

to R, then we would have (t8, t9) ' C ⊕ Ω
1

R
(C). Now a has the following presentation over R

R2

(

t8

t3
−t9

−t4

)

−→ R2 → a→ 0

and reducing this modulo f we obtain the following exact sequence

R
2

(

t
8

t
3

−t
9

−t
4

)

−→ R
2
→ a→ 0.

There exist invertible matrices P and Q in EndR(R
2
) such that

Q

(

t
8

t
3
−t

9

−t
4

)

P =

(

g

0

0

z

)

with g ∈ a. But (t
8
, t

9
, t

3
, t

4
) = m 6= (g, z) as ideals in R. This contradiction shows that R/a is

not weakly liftable to R with respect to any element in a.
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