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Introduction

Throughout this paper we assume that all modules are finitely generated (left) modules over a
noetherian R-algebra A for a commutative local ring R. By a noetherian R-algebra A we mean
that A is finitely generated as an R-module and that R is a noetherian ring. We denote by mod A
the category of all finitely generated A-modules.

This paper is devoted to studying liftings and weak liftings of modules which is defined in the
following way. Let A — I' be a homomorphism of rings and let M be in modI'. Then L in mod A
is called a lifting of M to A if a) M ~ T ®, L and b) Tor(T", L) = (0) for all i > 1. The I'-module
M is said to be liftable to A, when such a A-module L exists. If M is only a direct summand of
I'®a L for some A-module L satisfying b), then L is a weak lifting of M to A and M is said to be
weakly liftable to A. The notion of a lifting of a module has existed for some time, but the notion
of a weak lifting of a module is introduced in this paper. A notion of a lifting has been studied in
modular representation theory. Let A = RG where R is a complete discrete valuation ring with
maximal ideal generated by a prime number p and G is a finite group such that p divides the order
of G. Assume that the characteristic of R is zero and that the characteristic of the residue class
field R/(p) is p. Then a lifting of a module M in mod A/pA is a A-lattice L such that M ~ L/pL.
It is not hard to see that this notion of a lifting is a special case of the general definition given
above and many of the results in this paper are in fact inspired by the work of J. A. Green in [9].
An important part of this paper is to introduce and study the properties of weak liftings. The
notion of a weak lifting of a module not only is a natural generalization of the notion of a lifting of
a module, but we show that notion of weak liftability of a module corresponds to that the module
has an infinitesimal deformation, a notion occurring in deformation theory.

Let A be a noetherian R-algebra where R is a commutative complete local ring with maximal
ideal m. Let {x1,x2,...,2¢} be a A-regular sequence in m and ' = A/(z1,xa,...,2¢)A. The main
aim is to prove that if Ext(M, M) = (0) for M in modT, then M is liftable to A. This is done
by first considering the lifting problem in the situations A — A/(x) = Ay and A; = A/(2%) — A4,
where z is a A-regular element in m. In this situation we characterize A;-modules liftable to A in
terms of a lifting sequence and obtain homological obstructions for lifting a module. In particular,
we show what seems to be folklore to deformation theorists, namely that if Ext?\1 (M, M) = (0),
then M is liftable to A (See [11]). We end this section by giving some applications of our main result
to module theory. For these applications assume that A has finite global dimension. Then we show
that if Extf (M, M) = (0) for a T-module M, then pdp M < oco. Also, if Exta(M ®T, M @T) = (0)
for all i > 1 and M in mod T, then M is projective. Examples of such rings I' where these results
apply are complete intersections and therefore also group rings of finite abelian groups. Since we
consider liftings in the situations A — Ay, A; — A; and A — A/(x1,x2,...,x)A, this justifies the
generality in the definition of a lifting of a module.

The setting in section 2 is the same as in section 1. Here, the main object is to study realizations
of liftings of a Aj-module M and when it is unique up to isomorphism. In particular, we show that
every lifting of M to A is a factor module of Q5 (M), where Qa (M) denotes the first syzygy of M
over A given by the projective cover of M over A. Further, we prove the following result which
seems to be folklore to deformation theorists. If Exty (M, M) = (0) for a Aj-module M liftable to
A, then the lifting to A of M is unique up to isomorphism (See [11]). This result is also generalized
to the situation A — T, where I' = A/(x1, 29, ...,2¢)A for a A-regular sequence {z1, z,...,z:} in



m. Finally, we show that every Aj-module liftable to A has a unique lifting to A up to isomorphism
if and only if x - Ext) (L, L’) = (0) for all A-modules L and L’ for which x is regular and every
weakly A-liftable Ao-lifting of a Aj-module liftable to A is unique up to isomorphism.

In section 3 we introduce the notion of a weak lifting of a module. Here we assume that A is
a noetherian R-algebra over a commutative local ring R (not necessarily complete) with maximal
ideal m. Let {x1,x2,...,z:} be a A-regular sequence of central elements in A and denote by I
the ideal (z1,22,...,2;)A in A. Let I' = A/ITA and 'y = A/I?A. Then the aim is to characterize
I'-modules weakly liftable to A. In fact, we show that the following are equivalent for a I'-module
M, (a) the module M is weakly liftable to A, (b) the module M is liftable to I'y and (c¢) the
module M is isomorphic to a direct summand of Q4 (M)/IQ4 (M) & Q/IQ for some projective
A-module @ and for any given projective resolution defining a t-th syzygy Q4 (M). Since an
infinitesimal deformation of a I-module is a lifting to I's (See [11]), weak liftability of a I'-module
corresponds to that the module has an infinitesimal deformation. Hence, if M in modI' has an
infinitesimal deformation and gl.dim A < oo, then pdp M < co. We also show if M in mod T has
an infinitesimal deformation, then the completion of M with respect to the topology induced by
the m-adic topology also has an infinitesimal deformation as a module over the completion of T'.
It is not obvious that the notions of weakly liftable and liftable are different, but we give some
examples showing that they are indeed different.

Section 4 is devoted to studying liftings and weak liftings in the situation R — R/(z) = R,
where R is a commutative local Gorenstein ring and x an R-regular element in the maximal ideal of
R. Let CM(R) denote the category of all finitely generated maximal Cohen-Macaulay modules over
R. Here, we only consider (weak) liftability of maximal Cohen-Macaulay modules over R. One of
the main aims in this section is to characterize liftable and weakly liftable modules in CM(R). We
show that every lifting of a module C' in CM(R) is a submodule of the minimal Cohen-Macaulay
approximation X¢ of C over R and use this to characterize the liftable modules. Further, we prove
that a module C' in CM(R) is weakly liftable to R if and only if X¢/2X¢ ~ C@Qél (C). We prove

that the category of liftable and also the category of weakly liftable modules to R in CM(R) are
closed under syzygies, cosyzygies and taking duals. Finally, we show that the category of weakly
liftable modules to R in CM(R) is functorially finite in mod R (see [4] or section 4 for definition of
a functorially finite subcategory).

Also in the last section we study weak liftings over a commutative local Gorenstein ring R, but
now we consider all the finitely generated modules over R = R/(x) for an R-regular element x in
the maximal ideal of R. We use the definition of a weak lifting of a module given in section 3 and
this section is mainly devoted to studying the properties of weakly liftable R-modules in terms of
their minimal Cohen-Macaulay approximation over R.



1 Lifting

Throughout this section let A be a noetherian R-algebra over a commutative complete local ring
R and let m denote the maximal ideal in R. Let {z1,z2,...,2;:} be a A-regular sequence in m
and I' = A/(z1,22,...,2:)A. This section is devoted to developing a obstruction theory for lifting
modules over I" to A.

We start by recalling the definition of a lifting of a module over arbitrary rings.

Definition Let A — ¥ be a homomorphism of rings and let M be in mod ¥. Then L in mod A is
called a lifting of M to A if the following two conditions are satisfied

(a) M ~X ®a L;

(b) Tors(%, L) = (0) for all i > 0.
The ¥-module M is said to be liftable to A, when such a A-module L exists.

Remark: Let A be an R-order, where R is a discrete valuation ring and 0 # z € m. If T' = A/zA,
then it is easy to see that Tor(T", L) = (0) for i > 0 for a A-module L if and only if = is L-regular.
Since z is L-regular if and only if L is a free R-module (L is a A-lattice), the generalized notion of
lifting specializes to the usual notion of lifting.

From now on let A be a noetherian R-algebra, where R is a commutative complete local ring
and x a A-regular element, although some of the results hold true in a more general setting. Since
A is a finitely generated R-module, A is complete with respect to the m-adic topology and therefore
also complete with respect to the topology induced by any proper ideal of R. Let A; = A/x; A
for all ¢ > 1. We will now restrict ourselves to studying the lifting problem in the following cases,
A— Al and Al — Al.

Our first aim is to show that if Ext?\1 (M, M) = (0) for a A;-module M, then M is liftable to A.
The proof consists of several steps. First we characterize liftable Ai-modules in terms of a lifting
sequence and then give obstructions for lifting in terms of elements in Ext% (M, M).

In order to prove the characterization of liftable Aj-modules in terms of a lifting sequence we
need the following lemma.

Lemma 1.1 (a) For M in mod A we have

{meM|zm=0}, k=1

Tory (A, M) = { 0, k>1

(b) For M in mod A; we have

A [ {meM|zm=0}/z""'M, k odd
Tor,* (A1, M) = { {me M |2=tm=0}/zM, k even
Proof: Using that 0 — A % A — A; — 0 is free resolution of A; over A the proof of (a) is easy.
Similarly, observing that

i—1 i—1
is a free resolution of A; over A; the statement in (b) follows easily.

Let M in mod A; be liftable to A with lifting L and let L,, = L/z™L. Tt is easy to see that L,
in mod A,, is a lifting of L,_1 to A, for all n > 2. In fact, such a sequence Ly = M, Ly, L3, ...
characterizes liftable Aj-modules.

Theorem 1.2 The following are equivalent for M in mod A;.

(a) M is liftable to A.

(b) There exists a sequence Ly ~ M, Lo, Ls, ... of A-modules such that L, 1 in mod A, 41 is a
lifting of L,, in mod A,, to Ap41 for allm > 1.



Proof: The proof of the fact that (a) implies (b) is already given and this implication is true even
in a more general setting.

Assume that there is a sequence Ly ~ M, Ly, L3, ... of A-modules such that L, 1 in mod A, 1
is a lifting of L, in mod A,, to A, 41 for all n > 1. Since L, 1 is a lifting of L, to A1, it is not
hard to see that L, is a lifting of M to A,+1. Then it follows from Lemma 1.1 b) that we have
the following commutative diagram

0 — Lpy1/a"Lpi1 — Lpy1 — M — 0

52+1 lszrl H )
0 — Lp/a" 'L, = L, — M — 0
where the maps p?t! and p"*! are the epimorphisms induced by the epimorphism L,,; —
Ay ®ppyq Lng1 Lyy1/2"Lyptq =~ Ly,. Then the modules L, and the maps pZ‘H: Lyy1 — L, de-
fine an inverse system. Similarly we have that L, /" 'L, and p""*: L, 11/2" Lyy1 — Ly /2" 'L,
define an inverse system and it is not hard to see that they are isomorphic. Since {L,,p"} is a
surjective inverse system, the sequence (x) remains exact when passing to the inverse limit by [5,

Prop. 10.2 p. 104]. Let L denote lim L,. We obtain the following exact sequence of A-modules

n

0—-L5L—M-—D0,

since evidently multiplication by x is the unique A-homomorphism commuting with the maps
L,_1 = L,. According to the definition of a lifting, L is a lifting of M to A if L is a finitely
generated A-module, which we will prove next.

We could use the same method of proof as above replacing M with L, and =z with =™ and

obtain the following exact sequence 0 — L A N L, — 0. Hence, we have L/2"L ~ L,. Since
M is a finitely generated A;-module, there exists an epimorphism m: A — M for a finite t. We
then have the following commutative diagram

Using that L, is a finitely generated R-module and the Nakayama Lemma, it is follows that
©n = Q0 is an epimorphism for every n. Therefore the induced map @,,: A /2" A* — L, is also
an epimorphism for every n. These maps induce the following commutative diagram

0 0

_ s _
" 1At/‘rnAt n " an

o — K, — At/zm Al k2N L, — 0.
Th_1 b1 Pn_1
0 — K, 1 — Atjzn Al i L,.1. — 0
0 0

Since P, is an epimorphism, it follows easily that s,, is an epimorphism and therefore by the Snake
Lemma r'_; is also an epimorphism. The exact sequences above define an exact sequence of inverse
systems 0 — {K,,r™} — {AY/2" At ¢} — {L,,p"} — 0, where {K,,,r"} is a surjective inverse
system. Again, by [5, Prop. 10.2, p. 104] the sequence remains exact passing to the inverse limit



and we get an epimorphism lim A!/2"A* = A* — L, since A is complete with respect to the
z-adic topology. Hence, L is a fihitely generated A-module and therefore L is a lifting of M to A.

Theorem 1.2 gives us a possible way to construct liftings of M in mod A; by constructing
a lifting sequence Ly ~ M, Lo, Ls.... When considering such a lifting sequence the following
observation is useful. A module L in mod A; is a lifting of M in mod A; to A; by Lemma 1.1 (b)
if and only if (a) M ~ L/zL, (b) {l€ L |2l =0} =2 'L and (c) {{€ L | 2" =0} ==L. Tt is
easy to verify that the following lemma is true.

Lemma 1.3 For L in mod A;, the set {l € L | 211 = 0} equals zL if and only if {l € L | zl = 0}
equals '~ 'L.

Now we will describe obstructions for constructing such a lifting sequence mentioned above in
terms of elements in EX‘U?\1 (M, M). Assume that L in modA; is a lifting of M in mod Ay to A;.
The exact sequence 0 — Qa(L) — P — L — 0 induces the following exact sequence by tensoring
it by A ®p —

0 — Tory (A1, L) — Qa(L)/2Qa (L) — P/zP — M — 0.
Since L is a lifting of M to A;, then {I € L | 271 = 0} = 2L and {l € L | 2! = 0} = 2*"'L
by Lemma 1.1. Since Tory}(A1,L) = {l € L | #l = 0} by Lemma 1.1 and L is a A;lifting of
M, it follows easily that Tor}(Ay, L) = #*"'L ~ M. Hence, we have the following element in
Ext}, (M, M)
0— M — Qp(L)/QA(L) = P/zP - M — 0,

which we will denote by 6. Since Ext3 (M, M) =~ Exty (Qa,(M),M) and P/zP — M is a
projective cover, the element 6;, corresponds to the element, 87, 0 — M — Qa(L)/zQx(L) —
Qa, (M) — 0 in Ext) (2, (M), M). Whether 6;, (or 6}) is zero or not will give an obstruction for
lifting L to A;+1. But to prove this we need the following lemma.

Lemma 1.4 Let L' in mod A; be a lifting of M to A;. A module L in mod A;y1 is a lifting of L'
to Ai11 if and only if there is an exact sequence

0—-M-—L—L —0,
where L/xL ~ M.
Proof: Assume that L in mod A;1; is a lifting of L’ in mod A; to A;;11. Since Torgjlffl (A, L) =

{l € L|#'1=0}/zL and Tory’™ (A;, L) = {l € L | 2l = 0}/2°L and L is a A, ;-lifting of L', we

have the following exact sequences 0 — xL — L 2L - 0and 0 — 2L — L5 2L — 0. Hence,

vl ~L/2'L ~ L and 2'L ~ L/xL ~ L' /xL' ~ M, so we have an exact sequence
0—-M-—=L—L —0,

where L/xL ~ M.

Assume that there is an exact sequence 0 — M % L L I/ — 0 where L/xL ~ M and L’ in
mod A; is a lifting of M to A;. Then we have the following commutative diagram

0 0

0 — kerflon — M

g
0 — aL — L — L/zL — 0.

f f l?
0 — xL’ — L — L/azll — 0

0 0 0



Since f: M ~ L/xL — L'/xL' ~ M is a surjective endomorphism of a noetherian module, f is an
isomorphism. We want to show that 'L = {l € L | #l = 0}. Assume that f(zl) = zf(l) = 0. Since
L' is a A-lifting of M, f(I) = x'~!l; for some Iy in L'. There exists I’ in L such that f(I') = I;.
Then f(I — 2'~1') = 0 and therefore | — 21’ = g(m) for some m € M. By multiplying this
equality with x, we have zl = x%l’ and therefore ker f |, C #*L. Since 'L C ker f |,1, we have
ker f |,= 2'L = Im g ~ M. Now, consider the following commutative diagram

0 0 0
0 — M — {leLl|zl=0} — {lel'|zl'=0}
0o — M % L 4, L 0
0 x x
0 — M — xL 7, xL’ — 0
— 0 0

|

Since L' is a A;-lifting of M, we have that {{ € L' | zl = 0} = 2°"!L’ ~ M. By the Snake Lemma
the connecting homomorphism 0: M ~ {l € L' | 2l = 0} — M 1is a surjective endomorphism of
the noetherian module M, so d is an isomorphism. Hence, {{ € L | 21 =0} = Img = 2L and by
Lemma 1.3 Torﬁi+1 (Aj, L) = (0) for all k> 0. Since Img = x'L, we have L/2'L ~ L’ and L is a
lifting of L' to Ajiq.

Now we are ready to prove that whether 67, is zero or not for a A;-lifting L of M gives an
obstruction for lifting L to A;y1.

Proposition 1.5 Let M be in mod Ay and assume that L in mod A; is a lifting of M to A;. Then
the following are equivalent.

(a) 0 = 0 in Ext}, (M, M).

(b) QA(L)/2QA(L) = M & Qp, (M).

(c) L is liftable to Ajyq.

Proof: We have already remarked that the element 6, in Ext3 (M, M) corresponds to the element
07.:0 = M — QA(L)/2QA(L) — Qa, (M) — 0 in Ext}xl (Qa, (M), M). The element 07, = 0 if and
only if 6} = 0, that is, if and only if 0 — M = Qu(L)/2Qx(L) — Qa, (M) — 0 is a split exact
sequence. Since « is a split monomorphism if and only if Q(L)/2QA(L) =~ M & Qa, (M) by [12],
we have shown that (a) and (b) are equivalent.

(b) = (c). Assume that the non-zero map a: M — Qa(L)/2Qa(L) in 67 is a split monomor-
phism with splitting 8: Qa (L)/2Qa(L) — M. Let v be the composition Qp (L) — Qa(L)/2Qa(L) LA
M. Then we have the following commutative diagram

0 — WIL) — P — L — 0

L

n: 0 — M — F — L — 0
and applying the functor A; ®, — the following diagram is induced

Or: 0 — M % Qx(L)/2Qs(L) — P/xP — M — 0

| s | H

M -5 M — E/gtE — M — 0



Since S o a = idy = to s, the map ¢ must be an epimorphism and E/zFE ~ M. Since the exact
sequence 7 satisfies all the requirements in Lemma 1.4, we have that E in mod A;1; is a lifting of
L to Ai+1.

(¢) = (a). Assume that E in mod A;4; is a lifting of L to A;41. By Lemma 1.4 we have the
following commutative diagram

0 — QA(L) —

0 — M —

where E/xFE ~ M. Applying the functor A; ®x — to the diagram above induces the following
commutative diagram

Op: 0 — M % Qu(L)/2Qx(L) — P/ztP — M — 0

H l Lo

M 2 M O prE LM — o0

The map ZE /xE — M induced by f is a surjective endomorophism of a noetherian module.
Therefore f is an isomorphism and for the same reason the map ¢ is an isomorphism. Since
6 = B oa, the map « is a split monomorphism and therefore 87, = 0 in Ext?\1 (M, M).

Combining Theorem 1.2 and Proposition 1.5 we reach our first aim, namely the following
sufficient condition for liftability (See also [11]).

Proposition 1.6 Let M be in mod A;. If Exti1 (M, M) = (0), then M is liftable to A.

One immediate consequence of this result is that every Aj-module of projective dimension less
or equal to 1 is liftable to A. Another observation is that the converse of this result is not true,
due to the following counterexample.

Let G be a cyclic group of prime order p and R a discrete valuation ring with maximal ideal
generated by p. If A = RG and x = p, then z is a A-regular element, the ring A is isomorphic to
R[t]/(t? — 1) and Ay = A/xA = R/pR[t]/(t — 1)P. Let S; = R/pR[t]/(t — 1) fori = 1,2,...,p,
which are all the indecomposable A;-modules. It is shown in [15, see section 2] that S, Sp,—1 and
Sy are liftable to A. Since Qa, (S1) = Sp—1 and 0 — S1 — A1 — Qa, (S1) — 0 is a non-split exact
sequence, Extil(Sl, S1) # (0) but Sy is liftable to A.

Our next aim is to generalize Proposition 1.6 to the situation A — A/(z1,22,...,2)A =T,
where {x1,23,...,2:} is a A-regular sequence.

Proposition 1.7 Let M be in modT'. If Ext:(M, M) = (0), then M is liftable to A.

Proof: Let T'; = A/(x1,22,...,2;)A for i = 1,...,t and let Ty = A. Since Ext%t(M, M) = (0)
and x; is regular on I';_1, there exists a lifting L;_1 of M to I';_; by Proposition 1.6. Applying
Homp, ,(Li—1, ) to the sequence 0 — L;_4 2 Ly_1 — M — 0, it induces the following long exact
sequence

= Extd,  (Li—1, Lio1) B Extd, (Le—1, Li—1) — Ext, (L, M) — .

Since L;—; is a lifting of M, we have that Extzft (M,M) =~ Extzftfl(Lt,l, M), so
Ext}  (Li—1,M) = (0) and =z - Ext}  (Li—1,Li—1) = Ext},_ (Li—1,L4—1).  Since
Ext%F1 (Lt—1,L¢—1) is a finitely generated R-module and z; € m, we have Ext%ti1 (Lt—1, L) =
(0) by the Nakayama Lemma. Hence, the module L;_; can be lifted to I't_2. Continuing this
process we construct a sequence of modules Ly = M, Ly_1,Ly_5,..., Lo where L; is a lifting of
Liyitol;fori=t—1,t—2,...,0. It follows that I'; ® Lo ~ M, and L is a lifting of M to A if
Tor(T'y, Lo) = (0) for all i > 1. Assume that Torfj (Ty,L;) = (0) foralli > 1 and j > r+1. Let P*
be a projective resolution of L, over I';.. Since L, is a lifting of L, to I, we have that ', ;1 ®r, P*



is a projective resolution of L, over I', ;. Further, since I'y ®p, P* ~T'; ®p, ., (I'41 ®r, P*),

it follows that Tor}" (T, L,) =~ Tor?“(l“t,LTH) = (0) for 7 > 1. By induction on 7 we have
Tor (T, Lo) = (0) for all i > 1, and Ly is a lifting of M to A.

We end this section by proving some applications of Proposition 1.7 in module theory. Let A
and I' be as above, then the following remark follows immediately from the definition of a lifting
of a module. If L in mod A is a lifting of M in modI" and P* is a A-projective resolution of L,
then I' ®, P*® is a I'-projective resolution of M. Then, the following proposition is an immediate
consequence of this remark and Proposition 1.7.

Proposition 1.8 Assume that gl.dimA < oo. If Exti(M,M) = (0) for M in modT, then
pdr M < oo.

The second and last application is connected to the Nakayama Conjecture: If A is a finite
dimensional algebra over a field k£ and dom.dim A = oo, that is, in a minimal injective resolution

0O—-A—FEy—F — - —FE; — -

for A, all the E; are projective, then A is selfinjective. In [3] Auslander and Reiten made the
following conjecture: If A is an artin algebra and M is a A-generator with Exty (M, M) = (0) for
all ¢ > 1, then M is projective. Then they showed that the Nakayama Conjecture holds if their
conjecture holds for all artin algebras. The conjecture of Auslander and Reiten mentioned above
makes sense for any ring. We consider this conjecture in our setting and it is not hard to see that
it is equivalent to the following. If A is a noetherian R-algebra over a complete commutative local
ring R and Exti (M @ A, M @ A) = (0) for all i > 1, then M is projective. Then, the following
proposition is an easy consequence of Proposition 1.8.

Proposition 1.9 Let A be a noetherian R-algebra of finite global dimension over a complete com-
mutative local ring R and let T = AJ(x1,29,...,2¢) N where {x1,29,...,2:} 18 a A-sequence in
the mazimal ideal of R. If Exta(M @ T, M @ T) = (0) for M in modT for all i > 1, then M is
projective.

Proof: Assume that Exti(M @ T, M @T) = (0) for M in modT for all i > 1. By Proposition 1.8
pdp M < oo, since gl.dim A < oo and Exti(M @ T, M @ T') = (0). Since Extj(M,T') = (0) for all
1 > 1, it follows that M is projective.

This raises the question whether all artin algebras I' are a factor of a noetherian R-algebra A of
finite global dimension over a complete commutative local ring R of the form T' = A/(z1, 22, ..., x¢)A
where {21, x2,..., 2} is a A-regular sequence in the maximal ideal of R. All complete intersections
and therefore every group ring kG where G is a finite abelian group, k a field and the characteristic
of k divides the order of G are of this form. But the following example suggested by J. Alperin
shows that not all group rings kG are such a factor. Let k be a field of characteristic two and let
G be the semi-direct product of a (normal) elementary abelian 2-group of order eight extended
by a group of order seven which acts faithfully on the abelian 2-group. Let I' = kG and k the
trivial T-module. Then it is known that Extf(k, k) = (0) and that pdp k = co. By Proposition 1.8
it follows that I" is not of the form A/(x1,a,...,2¢)A for any noetherian R-algebra A of finite
global dimension where R is a complete commutative local ring and {x1,za,...,2:} is a A-regular
sequence in the maximal ideal of R.



2 Realization and uniqueness of liftings

Throughout this section A will be a noetherian R-algebra over a commutative complete local ring R
with maximal ideal m. Let x be a A-regular element in m and {x1,x2,...,2:} a A-regular sequence
in m. We will also in this section restrict our attention to studying the lifting problem in the
following cases, A — A/xA = Ay, A; = A/2'A — Ay and A — T, where I' = A/(21, 22, ..., 2¢)A.
Throughout this section a regular element or a regular sequence on a A-module is always assumed
to be elements in m.

This section is devoted to showing that every lifting of a liftable Aj-module M is a factor
module of Q5(M) and to discussing which properties the category of Aj-modules liftable to A
or A; has. Here, Q5 (M) denotes the first syzygy of M over A given by the projective cover of
M over A. We also show that if M in modT is liftable to A and Exth(M, M) = (0), then the
lifting is unique up to isomorphism. This is done by first showing that if M in mod A; is liftable
and Extjlx1 (M,M) = (0), then the lifting is unique up to isomorphism (See [11]). Finally, we
discuss when every liftable Aj-module has a unique lifting up to isomorphism. In the following a
module M is said to have a unique lifting or to be uniquely liftable if M has a unique lifting up to
isomorphism.

The aim now is to show that every lifting of a liftable A;-module M is a factor module of
Qa(M). This will lead us to a characterization of a liftable Aj-module M in terms of existence of
special submodules of Q(M).

Proposition 2.1 If M in mod Ay is liftable to A, then every lifting of M is a factor module of
Qa(M).

Proof: Assume that M in modA; is liftable to A with lifting L. Then we have the following
commutative diagram

0
|
0 0 L
| I
0 — o) — P — L — 0
| |
0 — Q\(M) — P — M — 0
| |
L 0 0
|
0

It follows immediately from the Snake Lemma that we have an exact sequence 0 — Qa(L) —
Qpa(M) — L — 0, hence L is a factor module of Q5 (M).

Before we characterize a liftable Aj-module M in terms of existence of special submodules of
Qa (M), we need to recall some notions from Section 1. The element 0p;:0 — M — QA (M) /2Qp (M) —
P/zP — M — 0 in Ext?\1 (M, M) is induced by tensoring the exact sequence 0 — Qp (M) — P —
M — 0 by Ay @5 — The element 64,:0 — M — Qa (M) /205 (M) — Qa, (M) — 0 is the element
corresponding to the element 85, by the isomorphism Exti1 (M, M) ~ Ext}\1 (Qa, (M), M).

Proposition 2.2 A module M in mod Ay is liftable to A if and only if there exists N C Qx(M)

such that x is a Qa(M)/N -regular element and w(N) — Qp(M)/xQp (M) LA Qu, (M) is an iso-
morphism, where m: QA(M) — QA (M)/2Qx (M) is the natural epimorphism and 3 is the map
QA(M)/zQA (M) — Qa, (M) in the exact sequence 0.

Proof: We will now only prove the “only if”-part, because the “if”-part will be stated as Lemma 2.3
for later use.



Assume that M is liftable to A with lifting L. Then we have seen that we have the following
commutative diagram

0
|
0 0 L
| I
0 — o) — P — L — 0
| |
0 — Q\(M) — P — M — 0
| |
L 0 0
|
0

Let N = Qu(L), then x is a Qa(M)/N-regular element. Applying the functor A; ®— to the above
diagram the following commutative diagram is induced

0 — N/xN — P/zP — L/jzL — 0
| H H
Op: 0 — M — QA(M)/z2Qr(M) — P/zP — M — 0

Hence, N/xN ~ Qu, (M) and it is easy to see that § ot is an isomorphism. From the following

commutative diagram
N — QA (M)

0 — N/zN -5 Qu(M)/2Qa(M)
we see that 7(N) = ¢(N/zN) and therefore the composition

T(N) = Qu (M) /2Qp (M) & Qa, (M)
is an isomorphism.

The following lemma completes the proof of Proposition 2.2 and the lemma will be used in
Section 4.

Lemma 2.3 Let E in mod A be such that = is an E-reqular element and let 0 — A % E/zE LA
B — 0 be an ezact sequence in modAy. Let m: E — E/xE be the natural epimorphism. If there
exists N C E, such that x is an E/N -regular element and the composition m(N) — E/zE 2 Bis
an isomorphism, then N is a lifting of B and E/N s a lifting of A.

Proof: Applying the functor A; ®, — to the sequence 0 — N % F — L — 0 induces the following
commutative diagram where L = E/N

N - E

0 — N/zN -~ E/tE — LJ/zL — 0
Since N/xN =~ Imi = Im(w 0 i) = m(N) and the composition 7(N) — E/zE 2. B is an isomor-
phism, N/zN ~ B and the map i is a split monomorphism. Hence, E/zFE ~ N/xN @& L/zL ~

B @ A. Since A; is a Krull-Schmidt ring and N/xzN ~ B, it follows that L/xzL ~ A. This shows
that N is a lifting of B and L is a lifting of A.

Our next aim is to study the category of Aj-modules liftable to A or A;. First, we show that
the category of Aj-modules liftable to A or A; is closed under syzygies.
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Proposition 2.4 If M in mod Ay is liftable to A (A;), then Qa, (M) is also liftable to A (A;).
Moreover, if L is a lifting of M to A (A;), then Qa(L) (Qa, (L)) is a lifting of Qa, (M) to A (A;).

Proof: We only prove the result for A, since the proof for A; is similar. Assume that M is liftable
to A with lifting L. Tensoring the commutative diagram

0 — W(I) — P — L — 0

|

0 — Q\(M) — P — M — 0
with A; ® — the following commutative diagram is induced

0 — Qa(L)/2Qa(L) — P/zP — L/zL — 0

J H

0 — Qn, (M) — P/zP — M — 0

Hence Qa(L)/xQA (L) ~ Qp, (M) and since Q4 (L) is a submodule of P, the module Q4 (L) is a
lifting of Qa, (M) to A.

As mentioned in Section 1 the lifting problem has been studied for group rings over a ring of p-
adic integers in [15]. Because of Proposition 2.4 it may be tempting to think that the category of A;-
module liftable to A (or A;) is closed under kernels of epimorphisms, cokernels of monomorphisms
and summands, but using the results in [15] it is easy to see the following.

(1) The category of Aj-modules liftable to A (or A;) is not closed under kernels of epimorphisms
or cokernels of monomorphisms.

(2) The category of Aj-modules liftable to A (or A;) is not closed under extensions.

(3) The category of Aj-modules liftable to A is not closed under summands.

In the rest of this section we will study uniqueness of liftings. Let I' = A/(x1, 22, ..., 2:)A where
{z1,22,..., 2} is a A-regular sequence. The first aim is to show that if M in mod T is liftable to A
and Exty.(M, M) = (0), then the lifting of M is unique. In order to prove this sufficient condition
for unique liftability we first consider the problem in the situation A — Aj.

Proposition 2.5 If M in mod Ay is liftable and Ext}\1 (M, M) = (0), then the lifting of M to A
18 UNLqUe.

Proof: Let L and L’ be two liftings of M to A. The exact sequence 0 — L = L — M — 0 induces
the following long exact sequence
0 — Homyu (L', L) % Homy (L', L) — Homy (L', M) —
Ext} (L', L) 5 Ext} (L', L) — Ext} (L', M)
Since L' is a lifting of M to A, we have Exty(L’,M) ~ Exty (M,M) = (0) and therefore

Exty(L/,L) = z - Extj (L', L). Since Ext}(L’,L) is a finitely generated R-module and = € m,
the Nakayama Lemma implies that Ext} (L', L) = (0). Hence, the following sequence is exact

0 — Homy (I, L) % Homp (L', L) — Homy (L', M) — 0.

This implies that we have the following commutative diagram

x

0 — L/ — L — M — 0

b

x

0 — L — L — M — 0,

[

0o — L' & L/ — M — 0

11



where Ay ®p go f: L'/xL/ — L'/xzL’ is an isomorphism. Let h = go f. Then the composition L’ A,
L' 5 I'/xL' is an epimorphism and therefore L’/Imh = L'/Imh. Hence, h is an epimorphism
by the Nakayama Lemma and h is an isomorphism since it is a surjective endomorphism of L.
Similarly, we can show that there are maps f’: L — L’ and ¢’: L' — L such that the composition
g’ o f’ is an isomorphism. Since A has the Krull-Schmidt property, we have shown that L and L’
are isomorphic.

Remark: The converse of this statement is not true. Let R = Z3) be the ring of 3-adic integers, G
a cyclic group of order 3,7 = 3 and A = RG. Then A ~ R[t]/(t3—1) and A; = (R/3R[t])/(t—1)3 =
Zs3[t]/(t—1)3. Let M = Z3[t]/(t—1), which is liftable to A and a lifting is L = R[t]/(t—1). By [15,
Lemma 2.1] every lifting of M is isomorphic to R[t]/(Q), where @ is a monic polynomial of degree
1 dividing t® — 1 over R. Since R[t]isa UFD, 3 —1=(t—1)-(t?+t+1)and t —1 and t> +t + 1
are irreducible elements in R[t], every lifting of M to A is isomorphic to L. But even though the
lifting of M to A is unique Ext}\1 (M, M) # (0), since 0 - M — Zs[t]/(t —1)> = M — 0 is a
non-split exact sequence.

Let T denote A/(x1,xa,...,2¢)A, where {x1,za,..., 2} is a A-regular sequence.

Proposition 2.6 If M in modT is liftable and Ext.(M, M) = (0), then the lifting of M to A is
unique.

Proof: Let L and L' in mod A be two liftings of M in modI. Denote by T'; the R-algebra
A/(z1,29,...,z;)A for alli = 1,2,...,¢t, by 'y the R-algebra A and by L, the I'.-module ', ®4 L.
We want to show that it is enough to show that L, is a lifting of L1 to ', for allr =0,1,...,t—1
and similarly for L’. Then, since L;_; and L;_; both are liftings of M to I';_;, we have that
Li—y ~ L} _; by Proposition 2.5. Using the same method of proof as in Proposition 1.7 we can
show that Ext}. (Ls—1,L;—1) = (0) and similarly for L,_,. Continuing this process it follows that
L~1TL".

It is clear that I'y41 ®p, L, ~ L,41, so we need to prove that Torgr (Tri1, L) = (0) for all
1 > 1. Applying the functor —®j L to the exact sequence 0 — I';_; ., -I=I—> 0, we get
the following long exact sequence

o — Tor®(Ty_1, L) & Tor™(Ty_1, L) — Tor™(Ty, L) — ---

Since L is a lifting of M to A, we have that Tor’*(I';, L) = (0) for all i > 1. Hence, it follows
that Tor®(Ty_1,L) = a; - Tor™(T,_1, L) and therefore Tor(T;_1, L) = (0) for all 4 > 1 by the
Nakayama Lemma since z; € m. By induction we can show that Tor(I',, L) = (0) for all i > 1
and for all r =1,2,... ¢t. If P® is a projective resolution of L over A, then I, ® y P*® is a projective
resolution of L, over I',, since Torf-\ (T, L) = (0) for all ¢ > 1. Since T @4 P* ~ T ®r, (T'» @4 P*),
we have that Torl (T, L,) =~ Tor’(I'y, L) = (0) for all i > 1. Similar as for L we show that
Tor{r (Tyi1, Ly) = (0) for all 4 > 1 and for all r = 0,1,...,t — 1. Hence, we have shown that L, is

a lifting of L1 to I';..

If Ay is a semisimple ring, then Proposition 2.5 immediately implies that every lifting to A is
unique. We end this section by characterizing when every liftable A;-module has an unique lifting.
First, we give a necessary condition.

Proposition 2.7 If every liftable Ay-module has a unique lifting to A, then - Exti(A, ) = (0)
for every A in mod A for which x is an A-regular element.

Proof: Assume that every liftable A;-module has a unique lifting to A. Let L be in mod A where
x is a L-regular element and let M = L/xzL. Since M is liftable to A and in particular liftable to
As, we have that Qa(M)/xzQa(M) ~ M & Qu, (M) by Proposition 1.5 and by Proposition 2.4 we
have that L & Qa (L) is a lifting of Qa(M)/xQx(M) to A. Since Qa(M) is clearly also a lifting of
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QA (M) /27 (M) and every lifting is unique, Qa (M) ~ L @ Qa(L). The sequence 0 — L 5 L 5
M — 0 induces the following long exact sequence

x P Ext2 (m, )
- — BExtj(L, ) — Exti(L, ) — Exti(M, ) ELIN Exta(L, ) — ---

K o [
Bxtl (Qp (1), )
AT Extl(Qa(L), ) — 0

0: 0 — Bxti(L, ) — Exti(Qa (M), )

where the natural isomorphisms ¢jys and ¢y, are induced from the following commutative diagram

I

I

N o

o—g

Since QA(M) ~ L @ Qa(L), the sequence J is split exact by [12] and therefore the sequence 0 is
also a split exact sequence. Since Ext? (, ) is an epimorphism, the induced map ~: Ext} (L, ) —
Ext}\(L, ) is an epimorphism by the Snake Lemma. Since v is an surjective endomorphism
of a noetherian R-module, v is an isomorphism and therefore the connecting homomorphism
0:BExt} (L, ) — BExti(M, ) is a monomorphism. Hence, it follows that a - Ext} (L, ) = (0).

Remarks: (1) The converse statement is not true, due to the following counterexample. Let
R = Z(3) be the ring of 2-adic integers, G' a cyclic group of order 2, x = 2 and A = RG. Then
A ~ R[t]/(t? — 1), the factor ring Ay = R/2R[t]/(t — 1)® = Zy[t]/(t — 1)? and z - Ext} (4, )= (0)
for every A in mod A where z is an A-regular element. Let M = Zs[t]/(t — 1), which is an
indecomposable Aj-module. Since E = R[t]/(t+1) = A(t —1) and D = R[t]/(t —1) = A(t + 1)
are liftings of M, and E and D are not isomorphic, every lifting with respect to x is not unique.

(2) The condition x - Ext} (A, ) = (0) for A in mod A where x is an A-regular element, can
be reformulated in the following way (see [10]). The condition that 2 - Exth (A4, ) = (0) for A4 in
mod A is equivalent to the fact that the map given by multiplication by z, A = A, factors through
a projective A-module.

(3) If we consider the proof of Proposition 2.7 again, we see that if the lifting of a liftable A;-
module M and the lifting of Qa (M) /zQx (M) ~ M@Qa, (M) to A are unique, then z-Ext} (L, ) =
(0) for the lifting L of M to A. But, if the lifting of M to A is unique it does not imply that
z - Exth (L, ) = (0) for every lifting L of M to A. The following example shows this. Let R
be a discrete valuation ring with maximal ideal generated by an element z and let k£ denote the

residue class field R/(x). Let A be the ring (g }%), then the element z is a A-regular element and

A = (’Z 2) Let M be the Aj-module (Z 8) / (2 g) which is a simple injective module. Therefore

Extﬁ\l(M7 M) = (0) for ¢ = 1,2 and M is uniquely liftable to A. The A-module L given by

(g 8) / (10% 8) is the lifting of M. Since the map given by multiplication by =, L - L, does not

factor through a projective A-module, = - Ext} (L, ) # (0). So, even if M is uniquely liftable,
z - Exth (L, ) is not equal to (0) for the lifting L of M to A. Therefore we can also conclude that
even if M in mod A is uniquely liftable, then Qa(M)/xQa (M) ~ M @& Qa, (M) is not necessarily
uniquely liftable to A. The Aj-module M’ = Q,, (M) given by (8 2) is a simple projective module.
Then, Ext) (M’,M’) = (0) for i = 1,2 and therefore M is uniquely liftable to A. So, even if M
and M’ are uniquely liftable to A, the direct sum M @& M’ is not uniquely liftable to A.

Our characterization of when every liftable A;-module has a unique lifting uses a generalization
of the Maranda Theorem [6]. For the convenience of the reader we recall the Maranda Theorem
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from [6]. Let ¥ be an S-order in a finite dimensional separable K-algebra A, where S is a discrete
valuation ring with prime element 7 and quotient ring K. Then there exists a nonnegative integer
io such that 7% - Exty,(M, N) = (0) for all ¥-lattices M and N [6, Corollary 29.5]. The Maranda
Theorem reads as follows.

Theorem 2.8 ([6, Theorem 30.14]) Let M and N be X-lattices and let i be a nonnegative in-
teger. Then the following are true.

(a) If M ~ N as S-modules, then M /7'M ~ N/7*N as ¥/m*Y-modules for each i > 0.

(b) If M/m*M ~ N/ N for some i >io+ 1, then M ~ N.

The Maranda Theorem gives examples when every liftable A;-module has a unique lifting to A
(when A is an order over a discrete valuation ring). The following generalization of the Maranda
Theorem plays an important role in our characterization of when every liftable A;-module has a
unique lifting to A.

Theorem 2.9 Assume that x - Ext) (E, E') = (0) for all A-modules E and E' where x is reqular
on E and E'. Let L and L' be in mod A for which x is reqular. If L/x*L ~ L'/2*L’, then L ~ L'.

Proof: The proof follows along the lines of the proof for orders in [14, Theorem 1.1]. Let L and L’ be
A-modules where x is regular on L and L', such that L/2?L ~ L'/2?L’. Let ¢: L/2?L — L' /2*L’
be an isomorphism and f: P — L'/x?L’ a projective cover of L'/2%L’ over A. By the Nakayama
Lemma and since P is projective, there exists an epimorphism g: P — L such that mog = ¢~ o f,
where 7: L — L/2°L is the natural epimorphism. By [10] z-Ext} (L, ) = (0) if and only if L % L
factors through a projective A-module. Since L - L factors through a projective A-module if and
only if it factors through a projective cover of L, we have the following commutative diagram

P = P

P =
S
- | I
L = L 5 L/2’L 5 L'/22L

It follows from this diagram that the map ¢ = pomox: L — L’/22L’ factors through a projective,
hence there exists a map o: L — L’ such that po o = v where p: L' — L'/2%L’ is the natural
epimorphism. Since Imv = xL'/2?L’ and p~'(zL'/2*L’) = zL’, the image Imo C zL’. By
the Nakayama Lemma Imo = zL’, since for every xl’ € zL’ there exists an [ € L such that
xl’ = o(l) — 221" for some I" € L'. Hence, 0: L — xL’ ~ L’ is an epimorphism, since z is regular on
L’. Assume that o(l) = 0 for some [ € L. Since 9(1) = poo(l) = p(n(xl)) and ¢ is an isomorphism,
xl = 221y for some [; € L. Since x is regular on L, we have | = xl; and o(I1) = 0. So by continuing
this process the element [ € (2, 'L = (0), hence o is a monomorphism and L ~ L'.

Now the characterization of when every liftable A;-module has a unique lifting to A follows
easily from Proposition 2.7, Theorem 2.9 and [8, Theorem 2.2].

Proposition 2.10 Every liftable A1-module has a unique lifting to A if and only if the following
two conditions are satisfied

(a) z - Exty (L, L') = (0) for all A-modules L and L' where x is reqular on L and L'.

(b) Every weakly A-liftable Ao-lifting of a A1-module liftable to A is unique up to isomorphism.

Proof: Assume that every liftable Aj-module has a unique lifting to A. Then by Proposition 2.7
we have z - Exth (L, ) = (0) for every A-module L where z is regular on L.

Let M be liftable to A and let Ly and Ly be two As-liftings of M which are weakly liftable to A.
Since weak liftability and liftability are the same for As-modules by [8, Theorem 2.2 ], the modules
Ly and L4 are liftable to A. Then their liftings to A are also liftings of M to A and therefore L;
and Ly are isomorphic.

Assume that the conditions (a) and (b) are true. The condition (b) implies that if L and L’ are
two liftings of a Aj-module M, then L/x?L and L'/x?L’ are two Ay-liftings of M and therefore
L/x?L ~ L'/2*L’. By condition (a) and the Maranda Theorem we have that L ~ L', hence every
A;-module liftable to A has a unique lifting.
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3 Weak lifting

Throughout this section let A be a noetherian R-algebra over a commutative local ring R with
maximal ideal m. Let {x1,22,...,2:} be a A-regular sequence of central elements in A and denote
by T' the factor ring A/(z1,xa,...,2¢)A and I the ideal (x1,za,...,2¢)A.

This section is mainly devoted to introducing and characterizing the notion of a weak lifting
of a I'-module. We show that the following are equivalent for M in modT, (a) the module M is
weakly liftable to A, (b) the module M is liftable to A/I?A and (c) the module M is isomorphic
to a direct summand of Q4 (M)/IQ4 (M) ® Q/IQ for a projective A-module @ and for any given
projective resolution of M defining a t-th syzygy Q4 (M). We prove this result by first considering
the case t = 1, which follows quite easily from Proposition 1.5 observing that we never used that
R was complete and that the A-regular element x was an element in the maximal ideal of R.

Let T'; = A/I'A for all i > 1. In deformation theory a module L in modTy is called an
infinitesimal deformation of M in modT"if L is a I'y-lifting of M (See [11]). By the result mentioned
above a ['-module has an infinitesimal deformation if and only if M has a weak lifting to A. This
connection with infinitesimal deformations is one of the reasons for introducing the notion of a
weak lifting of a module, but it also seems to be the right class of modules to consider in view of
some of the problems studied in [15]. We define the notion of a weak lifting of a module in the
same general context as for a lifting of a module in the following way.

Definition Let A — ¥ be a homomorphism rings and let M be in mod X. Then, L in mod A is
called a weak lifting of M to A if following two conditions are satisfied

(a) M is a direct summand of ¥ ®a L;

(b) Tor (2, L) = (0) for all i > 0.
The ¥-module M is said to be weakly liftable to A, if it has a weak lifting.

Every I'-module liftable to A is obviously also weakly liftable to A. It is not obvious that
these two notions of liftability are different, but we see later that they indeed are different. An
immediate consequence of the definition of weak liftability and our main result mentioned above
is the following result.

Proposition 3.1 Assume that gl.dim A < co. If M in modD' has an infinitesimal deformation,
then pdr M < oo.

Examples of algebras I where this result applies are complete intersections and therefore also
every group ring kG where G is a finite abelian group, k a field and the characteristic of k divides
the order of G.

Our first step towards characterizing the weakly liftable I'-modules is to consider the case
t = 1. Let x be a central A-regular element in A and let A; = A/xiA for all 4 > 1. Since we in this
section do not assume that R is complete, we do not necessarily have projective covers. For M in
mod A; let P — M be an epimorphism where P is a projective A-module and denote the kernel
by Q4 (M). Tensoring the exact sequence 0 — Qx(M) — P — M — 0 with Ay ®, — the following
exact sequence is induced

0—-M—QA(M)/21QA(M) - P/x P — M — 0.

This sequence represents an element in Ext? Ay (M, M) and observing that this element is inde-
pendent of the choice of an epimorphism P — M, we denote this element by 03, as in section 1.
Then we have the following characterization of a A;-module M weakly liftable to A.

Proposition 3.2 For M in mod Ay the following are equivalent

(a) M is weakly liftable to A.

(b) QA(M)/xQA (M) ~ M @ Qn, (M), where Qp, (M) is induced from the projective resolution
defining Qp(M).

(¢c) M is liftable to As.
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Proof: Observing that we never used that R was complete and that = was an element in m in
Proposition 1.5, the statements in (b) and (c) are equivalent by Proposition 1.5. Since (b) obviously
implies (a), we only need to prove that (a) implies (b) or (c).

Assume that F is a weak lifting of M to A. Then we have the following commutative diagram

0 — OQ\(M) — P — M — 0

| |

0 — K — F — M — 0
Applying the functor A1y ® — we obtain the following commutative diagram

Op: 0 — M — QA(M)/2Qa(M) — P/zP — M — 0

H | | |

n 0 — M — K/zK — E/tE > M — 0

This shows that 8y, and 7 represent the same element in Exti1 (M, M) and since s is a split
epimorphism, 6y is zero in Ext} (M, M). The element 6 is zero if and only if (b) or (c) is true
by Proposition 1.5, hence we have shown that (a) implies (b).

Using this characterization of weakly liftable A;-modules it is not hard to find examples of
Aq-modules which are weakly liftable but not liftable.

(1) Let R = Z(3) be the ring or p-adic integers, G a cyclic group of order 27, x = 3 and
A = RG. Then A ~ R[t]/(t*" — 1) and Ay = A/zA = Z3[t]/(t — 1)?". Then it is shown in [15] that
the Aj-modules Z3[t]/(t — 1)¢ for i = 4, 5,22, 23 are liftable to Ay but not liftable to A.

(2) Let S be a commutative local domain of dimension 1 with maximal ideal m and not a
discrete valuation ring. We want to prove that the residue field k ~ S/m is weakly liftable but
not liftable with respect to any element in m \ m?. Let z be in m \ m? and S; = S/(z). Then

x is S-regular and we have the exact sequence 0 — k EN m/xm — m/(x) — 0, where f(1) = z,
m = Qg(S/m) and m/(z) = Qg, (k). Since the composition k EN m/xm = m/m? is nonzero, there
is a map g : m/m? — k such that go o f = idg. Therefore f is a split monomorphism, so that
m/xm ~ k ® m/(z). Hence, k as an S;-module is weakly liftable to S. It is not hard to see that
that k is liftable if and only if S is a discrete valuation ring.

The aim now is to generalize Proposition 3.2 to the situation A — A/(x1,22,...,2:)A =T,
where {x1,z2,...,2:} is a A-regular sequence of central elements in A. Denote by I the ideal
(r1,72,...,24)A in A and by T'; the factor ring A/I*A for all i > 1. We want to show that M in
mod I is weakly liftable to A if and only if M is liftable to I's. When considering liftings of M to
I's we must compute ToriF2 (T, E) for i > 1 and for I'y-modules E. These Tor-groups are found in
the following lemma.

Lemma 3.3 Let E be in modTy. Then Tori?(T, E) = {(e;) € E* | Y\_, zie; = 0}/IE* and
Tor! (T, E) = (0) for all i > 1 if and only if Tor'?(T', E) = (0).

Proof: Using the Koszul complex as a free resolution of I' over A and that the maps in the complex
are given by multiplication by elements in I, it follows that Torjlx(l"7 I') = I't. Applying the functor
I' @ — to the exact sequence 0 — I — A — ' — 0 it follows easily that I/I? ~ I'*. Hence, I' has
the following free resolution P*® over I'y

z¢)=d

2 @f_,d (z1,22,...,
P*:... —TL =18 = Iy — T —0.

Using this free resolution of I' over I'; it follows that Torl2(T, E) = {(e;) € E' | S20_, wie; =
0}/IE'. Since Qf (I) ~ T*, we have that Tor;*(I',E) = (0) for all i > 1 if and only if
Tor}?(T', E) = (0) and the desired results follow directly.

Similar as for the case ¢ = 1, we can give the following characterization of a lifting of M in
modI to I's.
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Lemma 3.4 A module E in mod Ty is a lifting of M in modT" to I's if and only if there exists an
exact sequence
0 M -EL M0,

where E is in mod T’y and the map f induces an isomorphism E/IE — M.

Proof: Assume that F in modI'; is a lifting of M to I's. Then we have the following exact sequence
0— IE — E — M — 0 and Tor}*(T, E) = (0) for all i > 1. Applying the functor T' ®r, — to this
sequence induces the following exact sequence

0 — Torl*(I, M) —» IE % E/IE — M — 0,

since I2E = (0). By Lemma 3.3 we have that Tor}?(I', M) = M* and hence IE ~ M*. Therefore

there exists an exact sequence 0 — M?! — E ERY V. 0, where F is in modI's and the map f
induces an isomorphism E/IFE — M.

Assume that there exists an exact sequence 0 — M? — E R Vg 0, where F is in mod I's and
the map f induces an isomorphism E/IE — M. In order to show that E is a lifting of M to I,
it is sufficient to show that Tor!?(T, E) = (0) by Lemma 3.3. Consider the following commutative

diagram
0

|

0 — IEt —

=N +——o
«— o

l
=

H |
0o — IEt — Et — Mt — 0
lo d lo )
0O — IF — E — M — 0
H H
IF — M = M — 0
| |
0 0 0

where d = (x1,22,...,7;). By the Snake Lemma we have that kerd = IE'. Since I' has the
following free resolution P® over I'y

t
.. 12 i d (1,22, z¢)=d
P*:... —T, =T, -

FQ — ' — O,

the middle vertical sequence in the diagram above is the start of the complex P*®r, E. Since [ Bt =
Im((®!_,d)®r, E) C ker d, we have that Tm((®!_,d)®r, E) = ker d and therefore Tor}?(T', E) = (0)
and F is a lifting of M to I's.

Let M be in modT'. Similar to the case ¢ = 1, tensoring the exact sequence 0 — Qx (M) —
P — M — 0 with I' ® — the following exact sequence is induced

0 — Tor (I, M) — QA(M)/IQx (M) — P/IP — M — 0.
Using the Koszul complex as a free resolution of I' over A and that the maps in the complex are
given by multiplication by elements in I, it follows that Tor?(l", M) = M(%) fori=1,2,...,t and
(0) for ¢ > t. Hence, the exact sequence above is

0— M"— Qx\(M)/IQA(M) — P/IP — M — 0,

which represents an element in Extf (M, M*). Observing that this element is independent of the
choice of an epimorphism P — M, we denote it by 8;,. Now, we show that M in modT is liftable
to I'y if and only if 8y = 0 in Ext(M, M?).
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Proposition 3.5 The following are equivalent for M in modT'.

(a) Opr = 0 in Exta (M, M?).

(b) M is liftable to T's.
Proof: (a) = (b). Assume that 8y, = 0 in Ext?(M, M?). Let 0 — Qz(M) — P — M — 0 be an
exact sequence with P a projective A-module and denote the kernel of the induced epimorphism
P/IP — M by Qr(M). Since Ext? (M, M') ~ Exty.(Qr(M), M*), the element 6, = 0 if and only
if 0, :0 — M!S Qa(M)/IQp(M) — Qr(M) — 0 is a split exact sequence. Let 8 be a splitting
of a and let «y be the composition Qx (M) — Qa(M)/IQx (M) 2. M*. Then we have the following

commutative diagram

0 — QA(M) — P
| |

0 — Mt — E — M —0

— M —0

and applying the functor I' ® » — the following commutative diagram is induced

Op: 0 — MY % QA(M)/IQp(M) — P/IP — M — 0

H | | |
Mt M? — E/IE — M — 0
Since 8o« =idpy = r, we have that E/IE ~ M. Since E is in mod 'y, the module E is a lifting
of M to I'y by Lemma 3.4.
(b) = (a). Assume that E is a lifting of M to T's. Applying the functor I' ®, — to the

commutative diagram
0 — QM) — P — M — 0
0 — M — F — M — 0

the following commutative diagram is induced

Op: 0 — Mt 2 QA(M)/IQx(M) — P/IP — M — 0

S L

Mt Mt 2 E/IE = M — 0

The map §: M* — M? is a surjective endomorphism of a noetherian module, so § is an isomorphism.
Since § = [Boa is an isomorphism, « is a split monomorphism and therefore 6, = 0 in Ext® (M, M?).

For M in modT' the obstructions to lifting M to I'y are t elements in Ext(M, M). Similar
obstructions have been studied by Nastold in [13]. It follows from the above proof that if M
is liftable to Iy, then M* and therefore M are direct summands of Qa(M)/IQ(M). But since
Tor(T', Q4 (M)) is not necessarily zero for all i > 1 when ¢ > 1, we can not conclude from this
that M is weakly liftable to A as in the case t = 1. The next aim is to show that liftability to I's
still is equivalent to weak liftability to A.

Proposition 3.6 The following are equivalent for M in modT .

(a) M is weakly liftable to A.

(b) M is isomorphic to a direct summand of Q4 (M) /IQ4 (M)®Q/IQ for a projective A-module
Q and for any given projective resolution defining a t-th syzygy Q4 (M).

(¢c) M is liftable to T's.

Proof: (a) = (c). Let L in mod A be a weak lifting of M to A. Applying the functor T’ ® — to
the commutative diagram

0 — M) — P — M — 0
| L
0 — K — L 4 M — o



induces the following commutative diagram

Op: 0 — MY — QA(M)/IQN(M) — P/IP — M — 0

H l I

o0 — M — K/IK — g LM — o

This shows that 6); and 7 represent the same element in ExtZ(M, M) and since f is a split
epimorphism, 63, = 0 in Ext3 (M, M?). By Proposition 3.5 we have that M is liftable to I's.

(¢) = (b). Let E in modI'y be a lifting of M to I's and let £ = E/(z2,...,2;)E. Then
A/z1iA @pjpp2n B = T'@p E, so E' is a lifting of M viewed as a A/z1A-module to AJz3A, if
Tor™*A (A Ja1 A, E') = (0) for all i > 1. Since --- — AJa2A % A/a2A 5 AJa2A — AJzyA — 0
is a free resolution of A/x1A over A/x3?A, we have that Tor?/x?A(A/xlA,E') ={ee€ E'|zie=
0}/x1E'. Let e € E and assume that z1e = >__, 2;¢; for some ¢; € E. Since Tor} (T, E) = (0) for
alli > 1, we have that {(e;) € E* | Zle x;e; = 0} = [E! by Lemma 3.3. Since ‘Tle—Zf:g zie; = 0,
it follows that e € IE and therefore if z1¢’ = 0 for some ¢/ € E’, then ¢/ = z1¢” for some ¢” € E’.
This shows that {e € E' | z1e = 0} C z1F’ and since the opposite inclusion always holds, we
have shown that Tor?/z?A(A/xlA,E’) = (0) for all i > 1 and E’ is a lifting of M to A/z?A. By
Proposition 3.2 we have that Qa(M)/x1Qx(M) ~ M ©Qy 5,4 (M). Since (c) implies (b) for t =1
by Proposition 3.2, we want to finish the proof by induction on t.

Let -+ — P, - P — Py — M — 0 be a projective resolution of M over A, then --- — P, —
P, — Qa(M) — 0 is a projective resolution of Q5 (M) over A. Since x; is regular on Q5 (M),
we have that -+ — Po/a1 Py — Pi/x1P1 — QA(M)/xz1Qa(M) — 0 is a projective resolution of
QA(M)/21Q7 (M) over AJziA. Since Qp(M)/21QA(M) ~ M @ Qp sz, 4(M) by Proposition 3.2,
we have that Qf\_/ilA(M) is a summand of QY (M)/z1Q (M) @ U, where U is a projective A/z1A-
module by Schanuel’s Lemma. Let A’ = A/x1A, then {zs,...,2;} is a A’-regular sequence and
denote by T'j the factor ring I'y/a1Ty = A'/(z2, ..., 2)?A’. Using that

2 ®i_d t (z1,22,..,x¢)=d T1 ’
e — Iy =T — 'y —TIy —T5 —0

is a free resolution of T over I'y and that Tor}2(T, E) = (0) for all i > 1, it is not hard to see
that Tor} (I, E) = (0) for all i > 1. Therefore, if P* is a projective resolution of E over T'y, then
I',®r, P*® is a projective resolution of I'y®r, E ~ E/z1 E over I'y. Since I'®r,P® ~ I'op, (Iy®r, P*®)

and I' ®@p; E/21E ~ E/IE, we have that Torfé(F,E/zlE) ~ Tor;2(T, E) = (0) for all i > 1.
Hence, E/x1E is a lifting of M to I'}, and by induction on ¢ we have that M is a summand
of QU N M)/ (g, ..., 2)QN (M) © Q', where Q' is a projective T-module. Since Q%' (M) is a
summand of Q4 (M)/x1Q4 (M) ® U, we have that Q%' (M)/(z2,...,2,)Q% (M) ® Q' is a direct
summand of

QY (M) /2195 (M)/ ((z2, ... ,:ct)QR(M)/leR(M)) & U/(x2,...,2)U ®Q,

which is isomorphic to Q4 (M)/IQ4 (M) ® U/(z2,...,2:)U & Q'. Since U/(z2,...,2:)U ® Q' is a
direct summand of Q/IQ for some projective A-module @, the module M is isomorphic to a direct
summand of Q5 (M)/IQx(M) & Q/IQ for some projective A-module Q.

(b) = (a). Since Tor}(T, Q4 (M) @ Q) = Tor (I, M) = (0) for i > 1 and M is a direct
summand of Q4 (M) /I (M) ® Q/IQ, it follows directly that M is weakly liftable to A.

Remark: If we assume that R is complete, the condition (b) in the Proposition 3.6 can be replaced
with that M is a direct summand of QY (M)/IQf (M), where the syzygies Q% (M) are defined by
the minimal projective resolution of M over A.

Let A denote the completion of A with respect to the m-adic topology. Then {z1,22,...,2:}
is a A—regular sequence of central elements in A. Since the functor given by the completion with
respect to the m-adic topology is a full and faithful exact functor on modT', the following result
follows immediately from Proposition 3.5.
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Proposition 3.7 A module M in modI' has an infinitesimal deformation if and only if M in
modI" has.

We end this section by studying some properties of the category of I'-modules weakly liftable
to A. Again, let z be a regular on A in m and A; = A/z*A for all i > 1. Similar to when we
consider the category of Aj-modules liftable to A, we can use the results in [15, see section 2]
to show that the category of Aj-modules weakly liftable to A is not closed under a) kernels of
epimorphisms, b) cokernels of monomorphisms and c) extensions. But, contrary to the category
of A;-modules liftable to A the category of Aj-modules or I'-modules weakly liftable to A is closed
under summands, which is obvious from the definition a weakly liftable module. The category
of Aj-modules or I'-modules weakly liftable to A is as the category of Aj-modules liftable to A
closed under syzygies, which we want to prove next. For the complete case and for the category
of Aj-modules weakly liftable to A, this follows in two different ways from what we already have
done. If M in mod A; is weakly liftable, then Q (M)/zQa (M) ~ M ©Q4, (M) by Proposition 3.2,
hence Q, (M) is weakly liftable. Since M in mod A is weakly liftable if and only if M is liftable
to Ag, then Q. (M) is liftable to Ag by Proposition 2.4 and therefore Qy, (M) is weakly liftable to
Aif M is.

Proposition 3.8 If M in modT is weakly liftable to A, then Qr(M) is also weakly liftable to A.

Proof: Let L in mod A be a weak lifting of M to A. Applying the functor I' ® — to the exact
sequence 0 — Q) (L) — P — L — 0 induces the exact sequence 0 — Qa(L)/IQx(L) — P/IP —
L/IL — 0. Since M is a direct summand of L/IL, we have that Qr(M) is a direct summand of
Qa(L)/IQA(L) ® U, where U is a projective I'-module by Schanuel’s Lemma. Since U is a direct
summand of Q/IQ for some projective A-module @, it follows that Qr (M) is weakly liftable to A.
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4 Lifting, weak lifting and Cohen-Macaulay modules

Throughout the rest of the paper R is a commutative local Gorenstein ring of dimension d and
x is an R-regular element in the maximal ideal m of R. We denote by CM(R) the category of
all finitely generated maximal Cohen-Macaulay modules over R. We want to study the lifting
problems for the situation R — R/(x) = R and the modules we consider over R will be maximal
Cohen-Macaulay modules. But before we briefly describe the results in this section, we will recall
for the convenience of the reader some of the notions involved in this section.

The notion of Cohen-Macaulay approximations was introduced by M. Auslander and R.-O.

Buchweitz in [2]. Given an R-module C, an exact sequence 0 — Yo — X¢ L ¢ = 0is called a
right Cohen-Macaulay approzimation of C if X is in CM(R) and pdp Yo < oo. An important
property of these approximations is that every morphism X — C with X in CM(R) factors through
f. The Cohen-Macaulay approximation is called minimal if f is a right minimal morphism, that
is, an endomorphism ¢g: X¢ — X¢ is an automorphism whenever f = f o g. The existence of
Cohen-Macaulay and minimal Cohen-Macaulay approximations was established in [1, 2]. It was
also shown that the minimal Cohen-Macaulay approximations are unique up to isomorphism.

Now, we define a lifting and a weak lifting in the setting in this section. A module L in CM(R)
is said to be a lifting of M in CM(R) to R if L/xL ~ M. If M is only isomorphic to a direct
summand of L/xL, then L is said to be a weak lifting of M to R. The module M is then said to
be liftable or weakly liftable to A, respectively. Since every module L in CM(R) is a submodule
of a free R-module, every R-regular element is also L-regular. So, the definition of a lifting above
agrees with the definition given in Section 1. The definition of a weak lifting above does not agree
with the definition in Section 1, but it follows easily from Proposition 3.2 that these two definitions
are equivalent.

One of the main aims in this section is to characterize liftable and weakly liftable modules C'
in CM(R) in terms of their minimal Cohen-Macaulay approximation X¢ over R and show that
every lifting of a liftable module C' in CM(R) is a submodule of Xo. We also study the category of
modules in CM(R) liftable to R and the category of modules in CM(R) weakly liftable to R and
show that they are closed under syzygies, cosyzygies and taking duals. In addition, we show that
the category of modules in CM(R) weakly liftable to R is functorially finite in mod R, a notion
we recall later in this section from [4]. Since we only deal with the lifting problems in the setting
R — R, we denote by L the R-module L/xL for any R-module L.

Our first aim is to show that every lifting of a liftable Cohen-Macaulay R-module C is a
submodule of the minimal Cohen-Macaulay approximation X in CM(R). This leads us to a
characterization of liftability of C' in CM(R) in terms of existence of special submodules of X¢.

Proposition 4.1 If C in CM(R) is liftable, then every lifting of C is a submodule of the minimal
Cohen-Macaulay approximation of C of R.

Proof: Assume that L in CM(R) is a lifting of C'in CM(R). Then we have the following commu-
tative diagram

0 — Yo — Xe — C — 0

We want to show that kert = (0). If ¢(I) = 0 for an [ € L, then it is easy to see that [ = zl; for
some [; € L. Hence, f(I) = 2 f(l1) = 0 and using that = is a X¢-regular element, f(I;) = 0. Then
we can continue this process and show that [ € ();2, 2°L. Since L is a finitely generated R-module
and z € rad R, we have that ();-, z'L = (0) and therefore kert = (0).

Next, we use the result above to characterize liftability of C in CM(R) in terms of existence of

special submodules of X¢. But first we need to introduce some notation. Let 0 — Yo — X <5
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C' — 0 be the minimal Cohen-Macaulay approximation of C' in CM(R). Denote by m: X¢ — X¢
the natural epimorphism and by @¢: X¢ — C the map R ®g ac¢ for ag: X¢ — C.

Proposition 4.2 A module C in CM(R) is liftable if and only if there exists a submodule L of

Xc, such that L is in CM(R), = is a X/ L-regular element and the composition n(L) — X ¢ %<
18 an 1somorphism.

Proof: Assume that L in CM(R) is a lifting of C in CM(R). By Proposition 4.1 we have the
following commutative diagram

L
e
C

— o

ac

0 — Yo — X — — 0

and applying the functor R @ _ the following commutative diagram is induced

0

Torllq(ﬁa XC/L)

= L
; |

Xo 28 0 — 0

Since @c o7 is an isomorphism, Tor’ (R, X /L) = (0) and therefore  is a X /L-regular element.

Since
t
L Xe

Rt

t

0 — L/zL - X¢
0

0o —

is a commutative diagram, m(L) = mot(L) = (L) and therefore the composition 7(L) — X ¢ 5 C

is an isomorphism.
The proof of the “if”-part of the statement follows from Lemma 2.3.

Now, we combine the characterization of liftable modules above with the characterization we
found for liftable modules in Proposition 2.2 to get the following characterization of liftable Cohen-
Macaulay modules over R.

Proposition 4.3 Consider the following commutative diagram with C in CM(R)

0 — Qp(C) — P L C — 0

| o

0 — Yo — X 2= Cc — 0

The module C s liftable to R if and only if there exists a map t: P — X such that ac ot = ¢,

the composition (1 ot)(P) — X ¢ %S C is an isomorphism and x is a X/ Imt-regular element.
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Proof: The “if”-part of the statement follows from Proposition 4.2.
Assume that L in CM(R) is a lifting of C to R. By Proposition 2.1 we have the following
commutative diagram

— O
— O

Qr(L) = Qgr(L)
l |
0 — Qr(C) — P — C — 0
0 — Qr(L) — % — H — 0
|
0

O—

By Proposition 4.1 we have the following commutative diagram

0 0
L
0 — L LN L — C — 0
| | |
0 — Yo — Xc — C — 0
r = xn
| l
0 0

If we let t = s or, then ¢ has the desired properties.

The preceeding result shows the close connection between an R-module C' in CM(R) and its
minimal Cohen-Macaulay approximation X¢ over R. Our next result shows that the category of
liftable Cohen-Macaulay R-modules is closed under syzygies, cosyzygies and taking dual. Every
module C' in CM(R) has a coresolution of the form

dt =n1 d? n2 d*

0-C—R"SR"LR — e

where Im d? is in CM(R) for all i > 1 and has no nonzero free summands. Then we call the module
Im d® an i-th cosyzygy of C' in CM(R) and denote it by Q—'(C). The dual of a module C' in CM(R)
is defined by D(C) = Hom(C, R).

Proposition 4.4 Let C be in CM(R). If C is liftable to R, then the syzygies Q%(C) for any i in
Z and the dual Homy(C, R) of C are liftable to R.

Proof: Let L in CM(R) be a lifting of C'in CM(R). Then Q;(L) ~ Q%(C) for all positive integers
i, since tensoring a projective resolution of L over R with R ®g — induces a projective resolution
of C' ~ R®p L. Therefore all the syzygies of C are liftable. .

Applying Hompg(L, ) to the exact sequence 0 — R L R — R — 0 it induces the following

exact sequence
0 — Homg(L, R) = Homg(L, R) — Homz(L, R) — 0,

since R is an injective module in CM(R). Hence, the dual of C given by D(C) ~ D(L) is liftable,
since the dual of L given by Dr(L) = Hompg(L, R) is in CM(R). This also shows that taking dual
and reduction modulo  commutes, that is, Homg(L, R) ~ R ® p Homg(L, R).

Using the duality Homg( , R): CM(R) — CM(R) we have that,

0='(C) ~ Homz (2 (Homz(C, R)), R).
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From this it follows immediately that the cosyzygies of C' are liftable.

In the rest of this section we study the properties of the category of weakly liftable Cohen-
Macaulay R-modules which we denote by w.l.(R). Our aim is to show that w.1.(R) is a functorially
finite subcategory in mod R. First we give a characterization of a weakly liftable Cohen-Macaulay
R-module C in terms of its minimal Cohen-Macaulay approximation X¢ over R. Before we prove
this we need to introduce some notation.

Let C be in CM(R). Then the minimal Cohen-Macaulay approximation of C' over R can be
constructed in the following way. Let 0 — Q%L(D(C)) — R™ — D(C) — 0 be a projective cover
of D(C) = Hom%(C, R) over R. It follows that Q}(D(C)) is in CM(R) and that dualizing with
respect to R induces the following exact sequence

0 — R™ — Hompg(QkL(D(C)), R) — ExtR(D(C), R) — 0. ()

It is easy to check that Extp(D(C),R) ~ Homgz(D(C),R) ~ C and that the sequence (x) is a
minimal Cohen-Macaulay approximation of C' over R. In the following we denote by 0 — R"™ —
Xc 2 C — 0 the minimal Cohen-Macaulay approximation of C' over R where n = u(Extk(C, R)),
the minimal number of generators of D(C). Applying the functor R ® g —, we obtain an exact
sequence

§c:0—>C—>§n—>yciC—>O.
Then &¢ represents an element in Ext%(C’, C) and £c = ¢, where

0c:0— C — Qr(C)/2Qr(C) —» P/zP - C — 0

is induced from the exact sequence 0 — Qg(C) — P — C — 0 by tensoring with R®p-— as defined
in Section 1. Because, applying the functor R ® g — to the commutative diagram

0 — Qr(C) — P — C — 0

| Lo ,

0 — R — Xo¢ 5 C — 0
the following commutative diagram is induced

bc: 0 — C — Qr(C) — P — C — 0

& 0 — C — R — X¢g — C — 0

This shows that fc and {c represent the same element in Ext%(C’, ).
As a consequence of Proposition 3.2 we have the following.

Proposition 4.5 The following are equivalent for C' in CM(R).

(a) C is in w.l.(R).

(b) & = 0 in Ext%(C, O).
(c) g is a split epimorphism.
(

Proof: (a) < (b). Follows from Proposition 3.2 and above argument.
(a) = (c). Suppose C is in w.l.(R). Then there is an exact sequence 0 — K — L 5 C — 0

such that L is in CM(R) and ¢ induces a split epimorphism L %, ¢ — 0. Then we have the
commutative diagram

0 — K — L 2% C — 0

[

0 — R" — Xo L C — 0
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and applying the functor R ® g — the following commutative diagram is induced

0 — C — —>ZLC—>0

N

e 00— C — — X L ¢ — 0

Since P is a split epimorphism, 7 is also a split epimorphism.
(¢) = (d). Suppose g is a split epimorphism. We want to show that kerg ~ Q%l (C). The

exact sequence 0 — R = R — R — 0 induces the following long exact sequence
0 — Homp(C, R) % Homg(C, R) — Homg(C, R) — Extys(C,R) 5 ---.

Since 2 € Anng(C), we have Homy(C, R) ~ Ext(C, R). Hence we have n = p(Homz(C, R)) and
kerg ~ Q%l ).
(d) = (a). Follows from the definition.

As consequences of this proposition, we have the following corollaries which will be used later.

Corollary 4.6 Let C be indecomposable in CM(R) and suppose that C % R. If C is weakly liftable
to R, then X¢ has no free summands.

Proof: Since C' is weakly liftable to R, we have X ¢ ~ C' @ Q%l (C) by (d) of Proposition 4.5. Since
C is indecomposable in CM(R) and C' % R, we know that Q%l (C) is also indecomposable and
Q%l (C) # R. So the module X ¢ has no free summands. Therefore X¢ has no free summands.

Since if F is a free summand of X then F is a free summand of X ¢.

Corollary 4.7 Let C be in CM(R) and suppose C is indecomposable and not liftable. Assume
CM(R) is a Krull-Schmidt category (for instance, when R is complete). If C is weakly liftable,
then X¢ is indecomposable.

Proof: By (d) of Proposition 4.5 we have X¢ ~ C' @& Q=" (C). Since C is indecomposable, Q%l (@)
is also indecomposable. Then if X is decomposable, we have that C is liftable which contradicts
our assumption.

We end this section by showing that w.l.(R) is a functorially finite subcategory in mod R, a
notion we now recall from [4]. Let A be a category and C a subcategory of A. The subcategory C
is said to be contravariantly finite in A if for any object A in A, there is a C' in C and a morphism
f:C — A such that any morphism g: C" — A with C' in C factors through f. If the dual condition
is satisfied for the subcategory C, then C is said to be covariantly finite in A. If C is both covariantly
and contravariantly finite in A4, then C is said to be functorially finite in A.

Proposition 4.8 The subcategory w.1.(R) is functorially finite in mod R.

Proof: Given an R-module C ' in mod R, we have an epimorphism f: X¢c — C — 0. We want to
show that for any D in w.l.(R) and any morphism h: D — C, the morphism h factors through
f. Let L be in CM(R) such that there is a map ¢: L — D which induces a split epimorphism

@: L — D. Then the commutative diagram

0 — K — L 2 D — 0

I
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induces the following commutative diagram by applying the functor R ® g —

lﬁ

0 — D — K — L D — 0
[ [ b
0 — C — Yo — Xe¢ SN c — 0

Since % is a split epimorphism, h factors through f. This shows that w.l.(R) is contravariantly
finite in mod R.

Now we want to show that w.l.(R) is covariantly finite in mod R. For C in mod R let C* denote
the R-module Hom(C, R). Then we have a natural morphism a.c: C — C** for every C' in mod R.
Since w.l.(R) is contravariantly finite in mod R, we have a morphism 3: X — C* such that X is in

w.l.(R) and any morphism h: D — C* with D in w.1.(R) factors through 8. Applying the functor
Hom( ,R), we get 3*: C** — X*. Let g:C — X* be the composition C' %5 C** . X*. We claim

that any morphism h: C' — E with E in w.1.(R) can be extended to X*. Since F is reflexive, we
have the following commutative diagram

c =5 o
[ ]
E = E*

Since E*, C* and X are reflexive R-modules, applying the functor Hom( , R) to the diagram

it induces the following commutative diagram

o
S
x L ¢

Since w.l.(R) is contravariantly finite in mod R, the map h* factors through 3. Applying the

functor Homy( , R) again, we have the commutative diagram

s*
R /
E**

This shows h: C' — E can be extended to X* and w.l.(R) is also covariantly finite in mod R, and
therefore w.1.(R) is functorially finite in mod R.
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5 Weak lifting over Gorenstein rings

In this section, instead of studying the weak liftability of modules in CM(R), we study the weak
liftability of modules in mod R. A finitely generated R-modules C is said to be weakly liftable to R
if there exists an R-module L such that x is an L-regular element and C' is isomorphic to a direct
summand of L/xL. This section is mainly devoted to studying the properties of weakly liftable
R-modules in terms of their minimal Cohen-Macaulay approximations over R.

All the results in this section are based on the following lemma.

Lemma 5.1 Let L be in mod R such that x is L-regular and let 0 — Y, — X, £ L — 0 be the

minimal Cohen-Macaulay approzimation of L over R. Then the reduction 0 — Y, — X1 2T -0
1s the minimal Cohen-Macaulay approximation of L over R.

Proof: Since x is L-regular, the sequence 0 — Y, — X 2T — 0is exact. We know that z is
regular on X, and Yz, so X, is in CM(R) and Y, is of finite projective dimension as an R-module.
Therefore 0 - Y, - X, 5L —0isa Cohen-Macaulay approximation of L over R. It remains
to show that it is minimal. This is done by using a general criterion of minimal Cohen-Macaulay
approximation proved in [1]. It says that a Cohen-Macaulay approximation 0 — Y — X Leoo
of an R-module C is minimal if and only if X has a decomposition F & U with U no non-zero free
summands and F a free module such that the induced map F — C/f(U) is a projective cover.

Now suppose X7, = F @ U is such a decomposition for X . Then we have X; = F @ U. It follows
that I is a free R-module with rank F' = rank F' and U has no free summands as an R-module
[1]. We now show that the induced map F — L/@(U) — 0 is a projective cover over R. Since
L/p(U) ~ L/(¢(U)+xL) and z is in the maximal ideal of R, we have that u(L/p(U)) = u(L/o(U))
and therefore F — L/B(U) — 0 is a projective cover of L/B(U) over R. By the criterion cited
above we have showed that 0 — Y, — X 5 L — 0 is a minimal Cohen-Macaulay approximation
of L.

Let C' be an arbitrary R-module. We denote by X g the minimal Cohen-Macaulay approxima-
tion of C' over R. As an immediate consequence of Lemma 5.1, we have the following result which
shows the connection between the (weak) liftability of C' and X&.

Proposition 5.2 Let C be a finitely generated R-module. If C is (weakly) liftable to R, then Xcii
and Y are (weakly) liftable to R.

When dim R < 2, the converse of Proposition 5.2 is also true. We state it in the following
proposition.

Proposition 5.3 Let dim R < 2 and C' be a finitely generated R-module. Then C is (weakly)
liftable to R if and only if X is (weakly) liftable to R.

Proof: If dimR = 1, then dimR = 0. So Xg = (C and there is nothing to prove. Suppose
dimR =2. Let 0 - R" — XE — C — 0 be the minimal Cohen-Macaulay approximation of C

over R. Suppose X? is liftable to R and suppose 0 — X 5 X — Xg — 0 is an exact sequence
with X in CM(R). Then we have the following commutative exact diagram

0O — R % B — R' — 0

A T

0—>XL>X—>Xg—>O-

|

E

— 0
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By the Snake Lemma, we obtain an exact sequence
0 — coker f % coker f — C' — 0.

Since x is regular on coker f, we have that C is liftable to R.

We have shown in Section 4 for C' in CM(R), that if C is indecomposable and C % R, then C
weakly liftable to R implies that X has no free summands. Now we generalize this result in the
following form. Given an R-module C, we denote by d(C) the maximal rank of free summands
in X¢, the minimal Cohen-Macaulay approximation of C over R. We define 6% (C) = §(Q%(C)).
Since Q% (C) is in CM(R) and has no free summands for i > dim R, we have §%(C) = 0 for
i > dim R, so that the sum ) . ,(—1)*0%(C) makes sense.

Proposition 5.4 Let C be in mod R. If there is an R-regular element © € Anng(C) such that, as
an R = R/(x)-module, C is weakly liftable to R, then Zizo(_l)idﬁ%(c) =0.

Proof: Since C' is weakly liftable to R, we have that QL(C) ~ C & Q%L(C) by Proposition 3.2.
Let 0 > Y — X — QL(C) — 0 be the minimal Cohen-Macaulay approximation of Q}%(C)

over R. Then 0 - Y — X — QL(C) — 0 is the minimal Cohen-Macaulay approximation of

QL(C) = Cao Q%(C’) over R. Therefore we have X ~ XZ & XE%(C)

Sr(Q(C)) = 05(C) + 65(Q%(C)), in other words, we have the relation 6}4,(C) = 02(C) + 6=(C).

Let - — P, — Py — Qx(C) — 0be an R-free resolution of Q% (C). Since x is a regular element
on Q% (C), we have that - -+ — Py — Py — QL(C) — 01is an R-free resolution of Q% (C). Therefore
we have Q41 (0) ~ Q%(Q}%(C’)) for all i > 1. Since C is weakly liftable to R as an R-module,

the syzygies Q%(C’) are also weakly liftable to R for all © > 0. Therefore by the above argument

~ B R , i i+1 i
we have Xairic) =~ Xg%(c) & ngl(c) for all i > 0 and hence (C) + 5% (©) = §571(0)

for all i > 0. Therefore the alternating sum of &' (C) for i > 0 is 6%(0). Hence we have
Zizo(—l)%}é(c) = 6%(0) — 5%(0). Now we must show that dr(C) = 05(C). Since C is weakly

liftable to R as an R-module, Xg, the minimal Cohen-Macaulay approximation of C' over R, is
also weakly liftable to R by Proposition 5.2. Then our result follows from the following fact which
we state as a lemma.

by Lemma 5.1 and hence

Lemma 5.5 Suppose C is an R = R/(x)-module such that Xg is weakly liftable. Then ér(C) =
d=(C).
R

Proof: We write Xg = U ®R" where U is an R-module without non-zero free summands. Let
Xy — U be the minimal Cohen-Macaulay approximation of U over R. Then since U is in CM(R)
and weakly liftable to R, we have dg(U) = 0, that is, Xy has no free summands by corollary 4.6.
Now consider the following commutative exact diagram

0 0
R"@oR* = R"OR"
0 — 7 — XydoR* — C — 0

)
o

Since pdEYCE < 0o, we have that pdp YCE < 00. Therefore pdp Z <occand0 —- 2Z - X ® R" —
C — 0 is a Cohen-Macaulay approximation of C' over R and we have 0r(C) < n = é7(C). Since
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65(C) < 8R(C) for all R-modules C, we obtain that §z(C) = 65(C) whenever Xg is weakly liftable

to R.

Combining this proposition and Corollary 4.6, we have the following.

Corollary 5.6 Let C be in CM(R) and R is not a summand of C. If C is weakly liftable to R,
then 64(C) =0 for all i > 0.

Let k denote the residue field R/m. If k contains infinitely many elements, there exists an
R-regular element z € m \ m?. As in section 3 it follows that k as an R = R/(x)-module is weakly
liftable to R. Therefore we have Y, ,(—1)"6%(k) = 0. In fact, more has been shown in [1]. We
have the following.

Proposition 5.7 ([1]) Let k = R/m be the residue field of R. Then 6%(k) =0 for all i > 0.

In view of these results we naturally ask whether the converse of Proposition 5.4 is true, that is,
given an R-module C such that },5,(=1)"6%(C) = 0 (or even §%(C) = 0 for all i > 0) and such
that Anng(C') contains R-regular elements. Then is there an R-regular element € Anng(C') such
that as an R = R/(x)-module, C is weakly liftable to R. The answer for this question in general
is negative as showed by the following example.

Example. Let R = C[[t?,t*]] and C = R/a, where a = (t%,¢). Then we know that §%(C) =0
for all i > 0 [7]. If there is an element f € a such that C as an R = R/(f)-module is weakly liftable
to R, then we would have (8,1%) ~ C' @ Q%(C). Now @ has the following presentation over R

RZ—a—0

and reducing this modulo f we obtain the following exact sequence
78 _79

—2 (?3 —?4)
—

R §2—>@—>0.

There exist invertible matrices P and @ in EndE(RQ) such that

-8 =29 _
t —t g0
3 4 | P=
@ <t3 —t4> (02)
-8 29 -3 -4

with g € @ But (£ ,%,%,1 ) =m # (g,%) as ideals in R. This contradiction shows that R/a is
not weakly liftable to R with respect to any element in a.
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