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delay under step input, is still the most widely used delay model in the performance-driven rout-ing of clock distribution and Steiner global routing topologies. However, Elmore delay cannot beapplied to estimate the delay for interconnect lines with ramp input source; this inaccuracy isharmful to current performance-driven routing methods which try to determine optimal intercon-nect segment lengths and widths (as well as driver sizes). Recently, [4] has claimed that Elmoredelay is an upper bound on the 50% threshold delay for RC interconnection trees, for any generalinput waveform.1 However, we �nd that Elmore delay is not at all close to SPICE-computed 50%threshold delays and can deviate as much as 100% from the SPICE-computed delays (see Section7 below).Previous moment-based approaches [10, 12, 14] can compute a response for interconnectsunder ramp input within a simulation-based methodology, but no previous work has given anyanalytical delay estimation model based on the �rst few moments. This paper gives a newand accurate analytical delay estimate for distributed RLC interconnects under ramp input.To experimentally validate our analysis and delay formula, we model VLSI interconnect lineshaving various combinations of source, load parameters and di�erent input rise times, and obtaindelay estimates from SPICE, Elmore delay and the proposed analytical delay model. Over ourrange of test cases, Elmore delay estimates can be as much as 100% away from the SPICE-computed delays. As the rise time of the input signal increases, Elmore delay deviates evenfurther from SPICE-computed delays, which is unacceptable for design applications. In contrast,our single-pole delay estimates are within 4% of SPICE delays and our two-pole delay estimatesare within 2:3% of SPICE delays. Since our analytical models have the same time complexityof evaluation as the Elmore model, we believe that they are very useful for performance-drivenrouting methodologies.The organization of our paper is as follows. In Section 2 we discuss delay models whichhave been previously proposed for interconnect lines under step input. Section 3 presents a newanalytical delay de�nition for interconnect lines under ramp input. Section 4 discusses variousthreshold delay models for single-pole approximation of the interconnect transfer function; Section5 gives various threshold delay models for two-pole approximation; and Section 6 extends our1Our convention is to de�ne threshold threshold delays relative to the point where the input signal is zero.However, the sense of [4] is that threshold delay means \threshold to threshold" delay: measure from when theinput crosses a given threshold to when the output crosses the same threshold. E.g., in our convention 50% Elmoredelay for ramp input becomes TR2 + b1 instead of just b1 as in [4].2



delay modeling approach to interconnection trees. Section 7 concludes with experimental resultsfor various combinations of input rise times and interconnect parameters.2 Previous Delay Models Under Step InputThe transfer function of an RLC interconnect line with source and load impedance (Figure 1)can be obtained using the ABCD parameters [1] asH(s) = V2(s)V0(s) = 1hcosh(�h) + ZSZ0 sinh(�h)i+ 1ZT [Z0 sinh(�h) + ZS cosh(�h)]= 11 + b1s + b2s2 + : : :+ bksk + : : : (1)where � = p(r + sl)sc is the propagation constant and Z0 = qR+sLsC is the characteristicimpedance; r = Rh ; l = Lh ; c = Ch are resistance, inductance, and capacitance per unit lengthand h is the length of the line. The variables bk are referred as coe�cients of the transfer func-tion and are directly related to the moments of the transfer function [7]. Expanding the abovetransfer function into a Maclaurin series of s around s = 0 leads to an in�nite series, and to com-pute the response the series is truncated to desired order. The method of Pad�e approximationhas been widely used to compute the response from the transfer function [9, 10]. For the caseof resistive source (RS) and capacitive load (CL) impedances, the coe�cient of s in the transferfunction can be obtained as [7]b1 = RSC +RSCL + RC2 +RCL : (2)
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0 0 1 1Figure 1: 2-port model of a distributed RLC line with source impedance ZS and loadimpedance ZT .E�cient delay estimates for interconnect lines are typically derived by considering a singleinterconnect line with resistive source and capacitive load impedances; delay formulas for aninterconnect tree come from recursive application of the formula for a single line. Elmore delay3



[2] is a �rst order delay estimate for interconnect lines under step input. It is equal to the �rstmoment of the system impulse response, i.e., the coe�cient of s or the �rst moment in the systemtransfer function H(s). Applying this de�nition to H(s) in Equation (1), the Elmore delay isequal to the coe�cient b1.By considering only one pole in the transfer function, i.e, approximating the denominatorpolynomial to only the �rst moment, the single pole response can be obtained as in [13, 3]. Thesingle pole of the transfer function is equal to the inverse of the Elmore delay TED. Hence, thedelay at arbitrary thresholds of the single pole response can be directly related to Elmore delay(Elmore delay actually corresponds to the 63:2% threshold voltage of the single pole response).For example, delay at 50% threshold voltage is 0:69b1, and delay at 90% threshold voltage is2:3b1. The Elmore delay estimate has been widely used as an analytical delay formula for inter-connect timing analysis. However, Elmore delay cannot accurately estimate the delay for RLCinterconnect lines, which are the appropriate representation for interconnects whose inductiveimpedance2 cannot be neglected [5]. More critically, Elmore delay cannot estimate delays whenthe input signal is a ramp. (Recently, [7] have developed a more accurate model analytical delaymodel considering the inductive e�ects based on the �rst and second moments of the trans-fer function. Even though their model gives accurate estimates compared to SPICE-computeddelays, the model is valid only for step inputs.)3 Analytical Ramp Delay De�nitionsIn the literature, various analytical (closed-form) delay models for step input have been proposed[2, 3, 7]. In practice, the input at any gate or root of a tree is a ramp with �nite rise time,and there are no published analytical delay models for ramp input. In this section, we proposevarious ramp delay de�nitions and also compute analytical expressions for delay using the �rstone or two moments of the transfer function.Rising Ramp InputThe �nite rising ramp input shown in Figure 2 can be expressed in the time domain asvin(t) = V0TR [tU(t)� (t� TR)U(t� TR)] for all t � 0 :2Inductive impedance is 2�fL, where f is the frequency of operation.4
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(a) (b)Figure 2: A ramp input function: (a) �nite ramp with rise time TR, and (b) �nite rampdecomposed into two shifted in�nite ramps.where U(t) denotes the step function. The �nite ramp input in the transform domain isVin(s) = V0TR � 1s2 [1� e�sTR ]In the transform domain, the output response isVR(s) = Vin(s)H(s) = V0TR � 1s2 [1� e�sTR ]H(s)Falling Ramp Input
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(a) (b)Figure 3: A ramp input function: (a) �nite falling ramp with fall time TF , and (b) �nitefalling ramp decomposed into a step input and two shifted in�nite ramps.Although we shall discuss delay models for rising ramp input only, our methodology can alsobe applied for falling ramp input. The �nite falling ramp input can be expressed in the timedomain as vin(t) = V0TF [U(t)� tU(t) + (t� TF )U(t� TF )] for all t � 0where U(t) denotes the step function (Figure 3). In the transform domain, this ramp input isVin(s) = V0TF �TFs � 1s2 (1� e�sTF )� ;5



implying that the output response VF (s) for falling ramp input can be computed by subtractingthe response VR(s) for rising ramp input from the response VS(s) for step input (see [7]), i.e.,VF (s) = V0TF �TFs � 1s2 (1� e�sTF )�H(s)= VS(s)� VR(s) (3)Note that throughout the remainder of this paper VR(s) will be denoted as Vout(s). We now givethree distinct derivation of an analytical ramp delay estimate.Elmore De�nition. We may apply Elmore's original de�nition of delay for step input [2] tocompute an analytical delay TAD under ramp input, i.e.,TAD = 1vout(1) Z 10 tv0out(t)dt= 1V0 Z 10 tv0out(t)dt (4)where v0out(t) is the derivative of the output response under �nite ramp input. Taking the Laplacetransform of v0out(t), V 0out(s) = Z 10 e�stv0out(t)dt= Z 10 v0out(t)dt� s Z 10 tv0out(t)dt+ : : :Equation (4) then implies that the analytical ramp input delay TAD in time-domain is equal tothe �rst moment of the derivative of the response. In the transform domain, TAD is equal to the�rst moment (or coe�cient of s) of the function V 0out(s)V0 , which is equal to s � Vout(s)V0 . The derivativeof the response in the transform domain isV 0out(s) = sVout(s) = sVin(s)H(s)= V0TR 1s (1� e�sTR)H(s)= V0TR 1s (sTR � s2T 2R2 + : : :)1 + a1s+ a2s2 + ::::1 + b1s+ b2s2 + ::::= V0(1� sTR2 + : : :)1 + a1s + a2s2 + ::::1 + b1s + b2s2 + :::: (5)Therefore, the analytical ramp input delay is33A simple approximation for 90% threshold delay for ramp input, which is used in the literature so far, is equalto sum of 90% step input delay and rise time of input signal TR, i.e., Tappx = TR + 2:3 � b1.6



TAD = TR2 + b1 � a1 = TR2 + TED (6)where TED is the Elmore delay for a step input (i.e., the �rst moment of the transfer function).Alternative De�nition of Analytical Delay. Another de�nition of ramp delay from theoutput response is4 TAD = 1(vout(1)� vout(0)) Z 10 (vout(1)� vout(t))dt= Z 10 (1� vout(t)V0 )dt (7)The Laplace transform of the function (1� vout(t)V0 ) is equal to (1s � Vout(s)V0 ), so that(1s � Vout(s)V0 ) = Z 10 e�st(1� vout(t)V0 )dt= Z 10 (1� vout(t)V0 )dt� s Z 10 t(1� vout(t)V0 )dt+ : : :In the transform domain, this implies that the ramp input delay is equal to the zeroth moment(or coe�cient of s0) of the function (1s � Vout(s)V0 ), i.e.,TAD = lims!0 �1s � Vout(s)V0 � (8)Expanding (1s � Vout(s)V0 ) in terms of input ramp and transfer function coe�cients yields�1s � Vout(s)V0 � = �1s � 1TR 1s2 (1� e�sTR)H(s)�= 1s "1� (1� sTR2 + : : :)1 + a1s + a2s2 + ::::1 + b1s + b2s2 + :::: #= (b1 � a1 + TR2 ) + : : :1 + b1s + b2s2 + : : : (9)and applying Equation (8) yields the same resultTAD = TR2 + b1 � a1 (10)Group Delay De�nition.The concept of group delay was initially de�ned for step input by Vlach et al. [15]. We nowgive a group delay de�nition for computing ramp input delay similar to that in [15], and showthat it converges to same analytical expression derived in Equations (6) and (10).4A similar de�nition is used in [8] to compute step input delay for general RC networks.7



Recall that group delay is de�ned as the negative of the rate of change of the phase charac-teristic � of the output response Vout(!) with respect to frequency, at zero frequency:TGD = lim!!0�@�@! :To compute the phase characteristic of the output response, we �rst compute the output responseVout(s) in the transform domain and then substitute for the Laplace variable s = j!, i.e.,Vout(!) = V0TR � �1!2 (1� e�j!TR) �H(!)= �V0TR! "(!T 2R2 � !3T 4R3! + : : :) + j(TR� !2T 3R3! + : : :)#H(!)= �V0TR! [M1 + jM2]H(!)where M1 and M2 are the real and imaginary parts of the input ramp function. Writing thetransfer function in terms of numerator and denominator polynomials,H(!) = (1� a2!2 + : : :) + j(a1! � a3!3 + : : :)(1� b2!2 + : : :) + j(b1! � b3!3 + : : :)= N1 + jN2D1 + jD2Then, the phase characteristic of the output response is� = tan�1 M2M1 + tan�1 N2N1 � tan�1 D2D1 :Using @@! �tan�1 M2M1� = M1 @M2@! �M2 @M1@!M21 +M22we obtain the group delay TGD = lim!!0�@�@!= TR2 + b1 � a1 (11)4 Single-Pole AnalysisIf we approximate the system transfer function up to the �rst moment (or coe�cient of s),H(s) � 11 + sb18



and the output response under in�nite ramp is5Uout(s) = V0TR 1s2 11 + sb1= V0TR � 1s2 � b1s + b1(s+ 1=b1)�with corresponding time-domain responseuout(t) = V0TR ��b1 + t + b1e�tb1 � (12)The time-domain response for a �nite ramp is thereforevout(t) = uout(t)� uout(t� TR)= V0TR �TR + b1e�tb1 � b1e�(t�TR)b1 � (13)Note that as t!1, vout(t) tends to a �nal value of V0 as expected.4.1 Analytical Delay ModelFrom the output response given in Equations (12) and (13) the analytical ramp delay can becomputed using the de�nition in Equation (4) asTAD = 1V0 Z TR0 tu0out(t)dt+ 1V0 Z 1TR tv0out(t)dt= 1TR "Z TR0 tdt � Z TR0 te�tb1 dt � Z 1TR te�tb1 dt+ Z 1TR te�(t�TR)b1 dt#= 1TR 264 t22 + b1te�tb1 + b21�tb1 !�����TR0 � 0@ te�tb1�1=b1 � e�tb11=b211A������10 + 0@ te�(t�TR)b1�1=b1 � e�(t�TR)b11=b21 1A������10 375= TR2 + b1 (14)Threshold Voltage Corresponding To Analytical Ramp Delay.Section 2 gave three di�erent de�nitions for computing an analytical ramp input delay fromthe output response. When the transfer function of the system is approximated up to the coe�-cient of s, this analytical delay reduces toTAD = TR2 + b1 :5In the transform and time domains, we respectively use U(x; s) and u(x; t) to indicate the response for thein�nite ramp input, and V (x;s) and v(x; t) to indicate the response for the �nite ramp input.9



The threshold voltage corresponding to this analytical delay is not known, and must be computedby substituting TAD for time in either the in�nite or the �nite ramp responses.When b1 � TR2 , using the in�nite ramp response in Equation (12) givesuout(t = TAD) = V0TR ��b1 + TAD + b1e�TADb1 �= V02 �1 + 2b1TR e�(1+ 12b1=TR )�In the limit as 2b1TR ! 0 the threshold voltage reduces to uout(t = TAD) = V02 . Hence, for largerise-times or small �rst moment of the transfer function the analytical delay TAD corresponds to50% threshold voltage.When b1 � TR2 , using the �nite ramp response in Equation (13) givesvout(t = TAD) = V0TR �TR + b1e�TADb1 � b1e�(TAD�TR)b1 �= V0 �1 + 12e 2b1TR (e �12b1=TR � e 12b1=TR )�In the limit as 2b1TR !16 the threshold voltage reduces to vout(t = TAD) = V0(1�1=e) = 0:632V0.Hence, for small rise-times or large �rst moment of the transfer function the analytical delay TADcorresponds to 63:2% threshold voltage. We see that for any arbitrary values of TR and b1 thethreshold voltage corresponding to the analytical delay TAD will be between 50% and 63:2%.4.2 Threshold Delay ModelsCondition for Computing Threshold Delay Using Finite or In�nite Ramp Response.The ramp input delay at any threshold voltage can be computed using the in�nite rampresponse in Equation (12) if the ramp delay is less than rise time TR, or using the �nite rampresponse in Equation (13) if the ramp delay is greater than TR. For example, the delay at thresholdTh1 in Figure 4 is computed using the in�nite ramp response, and the delay at threshold Th2 iscomputed using the �nite ramp response. To determine when the in�nite ramp response shouldbe used, we write the threshold voltage corresponding to the rise-time TR in terms of interconnectand rise time parameters: vTR = 1TR ��b1 + TR + b1e�TRb1 �6Since limx!1 x(e�1x � e 1x ) = limy!0 (e�y�ey)y = �2 :10
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and the condition for delay calculation using �nite ramp response isb1TR (1� e �1b1=TR ) � (1� vth)Figure 5 shows the variation of vTR with respect to the factor b1TR . At b1 = TR the thresholdvoltage vTR is 0:368V0, i.e., 36:8%. Since most sub-micron interconnect networks have small rise-times and large propagation delays, the delays at threshold voltages of interest (50% or 90%)will likely be computed by considering the �nite ramp response as developed in Equation (17)below.7Threshold Delay Using In�nite Ramp Response.Model 1. For the in�nite ramp response of Equation (12), the threshold delay is8TRD1 + b1e�TRD1b1 = uthTR + b1We can solve such a recursive equation in less than 10 iterations of simple back-substitution (withTAD as the starting value) for all the interconnect con�gurations we considered. Another way toevaluate the above iterative equation is by substituting some f(TAD) for TRD1 in the exponentialterm, which yields9 TRD1 = uthTR + b1(1� e�f(TAD)b1 ) : (16)Here, f(TAD) depends on the threshold voltage and TAD. For example, for 50% threshold voltagef(TAD) = TAD and for 90% threshold voltage f(TAD) = 2:3TAD. The delay values using Equation(16) are very close to the values obtained by solving the equation through iteration.Threshold Delay Using Finite Ramp Response.Model 2. For the �nite ramp response of Equation (13),vth = 1TR �TR + b1e�TRD2b1 � b1e�(TRD2�TR)b1 �7At 50% threshold, the condition for delay calculation using in�nite ramp response is b1TR � 0:625, with delaycalculated using �nite ramp response otherwise. Similarly, at 90% threshold, the condition for delay calculationusing in�nite ramp response is b1TR � 0:1.8A simple upper bound on the delay stems from neglecting the exponential term entirely, i.e., TRD1 � uthTR+b1.9Again, the convention we use is that threshold delay refers to delay measured from the point when the inputsignal is zero. To compute delay relative to the input signal, subtract the corresponding threshold delay of theinput signal (e.g., for 50% threshold voltage, the delay for the input ramp is TR2 ).12



Collecting the threshold delay TRD2 terms, we obtainTRD2 = b1 ������ln0@ b1TR � (e 1b1=TR � 1)(1� vth) 1A������= b1 ����ln� F1(1� vth)����� (17)where the factor F1 = b1TR (e 1b1=TR �1) can vary between1 and 0 as shown in Figure 6. With sucha large variation in F1, it is very di�cult to �t the threshold delay TRD2 against the correspondingSPICE delay.
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= TR + b1 ����ln� F2(1� vth)����� (19)The factor F2 = b1TR (1 � e �1b1=TR ) varies between 0 and 1:0 as shown in Figure 7. For b1 = TRthis factor is F2 = 0:632. For b1 > TR we can �nd a good approximation for F2 by �ttingagainst SPICE-computed delays, since the variation in F2 values is very small. For the range ofinterconnect con�gurations studied both Model 2 and Model 3 gave essentially identical resultsand hence in Section 7 we report results using just Model 2 only.
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Figure 7: Variation of the factor F2 = b1TR (1� e �1b1=TR ) with respect to b1TR .5 Two-Pole AnalysisThe two-pole methodology for interconnect response computation under step input has beendiscussed in [3, 17, 6]. For interconnect trees (or lines) the transfer function has a special formin which the numerator polynomial is a constant, i.e., approximating to s2 term yieldsH(s) � 11 + sb1 + s2b2 :For the case of resistive source (RS) and capacitive load (CL) impedances, the transfer functioncoe�cients are given by [7]b1 = RSC + RSCL + RC2 + RCLb2 = RSRC26 + RSRCCL2 + (RC)224 + R2CCL6 + LC2 + LCL (20)14



For this form of the transfer function, the output response under in�nite ramp input isUout(s) = V0TR 1s2 11 + sb1 + s2b2= V0TR 1b2s2 1(s� s1)(s� s2)= V0TR � k1s � s1 + k2s� s2 + k3s + k4s2 �Equating the coe�cients of s's in numerator and denominator, we obtain the equationsk1 + k2 + k3 = 0�k1s2 � k2s1 � k3(s1 + s2) + k4 = 0k3s1s2 � k4(s1 + s2) = 0k4s1s2 = 1b2s1 + s2 = �b1b2s1s2 = 1b2where s1 and s2 are the poles of the transfer function. Solving these six equations for the sixvariables, we get s1 = �b1 +qb21 � 4b22b2s2 = �b1 �qb21 � 4b22b2k1 = b21 � 2b2 + b1qb21 � 4b22qb21 � 4b2 = �(1 + b1s2)s1 � s2k2 = �b21 + 2b2 + b1qb21 � 4b22qb21 � 4b2 = 1 + b1s1s1 � s2k3 = �b1k4 = 1Substituting for these variables, the in�nite ramp response in the transform domain isUout(s) = V0TR ��b1s + 1s2 � 1 + b1s2s1 � s2 1s� s1 + 1 + b1s1s1 � s2 k2s� s2 �and the corresponding time-domain response isuout(t) = V0TR ��b1 + t+ 1 + b1s2s2 � s1 es1t + 1 + b1s1s1 � s2 es2t�U(t) (21)15



where U(t) represents the unit step function. The time-domain response for a �nite ramp isvout(t) = uout(t)� uout(t� TR)= V0TR �TR + 1 + b1s2s2 � s1 (es1t � es1(t�TR)) + 1 + b1s1s1 � s2 (es2t � es2(t�TR))�U(t) (22)Note that the �rst and second moments of the transfer function can be obtained from the coef-�cients b1 and b2, i.e., M1 = b1 and M2 = b21 � b2. We use the coe�cient notation b1; b2 and themoment notation M1;M2 interchangeably according to the simplicity of the expression.Analytical Delay Model.From the output response given in Equations (21) and (22), the analytical ramp delay can becomputed by applying the de�nition in Equation (4):10TAD = 1V0 Z TR0 tu0out(t)dt+ 1V0 Z 1TR tv0out(t)dt= 1TR "Z TR0 tdt+ Z TR0 (1 + b1s2)s1s2 � s1 es1tdt+ Z TR0 (1 + b1s1)s2s1 � s2 es2tdt= Z 10 t�1 + b1s2s2 � s1 � s1(es1t � es1(t�TR))dt+ Z 10 t�1 + b1s1s1 � s2 � s2(es2t � es2(t�TR))dt�= TR2 + b1 (23)This is the same expression obtained from the analytical ramp input de�nition in Section 3.5.1 Threshold Delay ModelsDepending on the sign of b21�4b2, the poles of the transfer function can be either real or complex.We now separately derive delay models from the two-pole response for each of these cases.5.1.1 Real PolesThe condition for the poles to be real is (b21� 4b2) = (4M2� 3M21 ) � 0. Since the magnitude js2jis greater than js1j, the second term in the time-domain response decreases rapidly compared tothe �rst term. Hence, the two-pole in�nite ramp response can be approximated asuout(t) � V0TR ��b1 + t + 1 + b1s2s2 � s1 es1t� (24)10The derivation uses the integral R teatdt = teata � eata2 .16



and the �nite ramp response asvout(t) � V0TR �TR + 1 + b1s2s2 � s1 �es1t � es1(t�TR)�� : (25)Note that the residue k1 = 1+b1s2s2�s1 is a positive quantity, and that the pole s1 has to be negativein value for the response to converge.Threshold Delay for In�nite Ramp Response.Model 4. The delay TRD4 at threshold voltage uth can be obtained asTRD4 + 1+ b1s2s2 � s1 es1TRD4 = uthTR + b1Again, we were able to solve the above equation in less than 10 iterations for the interconnect con-�gurations we considered. Another way to evaluate the above iterative equation is by substitutingsome f(TAD) for TRD4 in the exponential term, which yieldsTRD4 = uthTR + b1 � 1 + b1s2s2 � s1 es1f(TAD) (26)where f(TAD) depends on the threshold voltage and TAD. For example, for 50% threshold voltagef(TAD) = TAD and for 90% threshold voltage f(TAD) = 2:3TAD. The delay values using Equation(16) are very close to the values obtained by solving the equation through iteration.Threshold Delay for Finite Ramp Response.Model 5. The delay TRD5 at threshold voltage vth can be obtained from the response asvthTR = TR � 1 + b1s2s2 � s1 (e�s1TR � 1)es1TRD5Since the value of the pole s1 is negative, the quantity (e�s1TR � 1) is positive and the residue1+b1s2s2�s1 is also positive. Thus, the delay expression reduces toTRD5 = 1js1j �����ln (1 + b1s2)(ejs1jTR � 1)(s2 � s1)TR(1� vth) !�����= 1js1j ����ln� F3(1� vth)����� (27)where the factor F3 = (1+b1s2)(ejs1jTR�1)(s2�s1)TR can vary widely.Model 6. Since the threshold delay computed from the �nite ramp response is greater than TR,an alternative formula for the threshold delay can be obtained by assuming the formTRD6 = TR + �RD617



Substituting into Equation (25) yieldsvthTR = TR � 1 + b1s2s2 � s1 (1� es1TR)es1�RD6which implies �RD6 = 1js1j �����ln (1 + b1s2)(1� e�js1 jTR)(s2 � s1)TR(1� vth) !�����= 1js1j ����ln� F4(1� vth)����� (28)where the factor F4 = (1+b1s2)(1�e�js1jTR )TR(s2�s1) varies over only a small range. The delay isTRD6 = TR + 1js1j ����ln� F4(1� vth)����� : (29)For the range of interconnect con�gurations studied both Model 5 and Model 6 gave essentiallyidentical results and hence in Section 7 we report results using just Model 5 only.5.1.2 Complex PolesThe condition for complex poles is (4M2 � 3M21 ) = (b21 � 4b2) � 0. Even though for most casesof interest the poles turn out to be real (see Section 7), here we present analytical delay modelsfor the case of complex poles. Even for complex poles, the response for in�nite and �nite rampinputs can be calculated from the expressions in Equations (21) and (22). We can write the polesin the form s1 = �� + |� and s2 = �� � |�, so that the in�nite ramp response isuout(t) = V0TR ��b1 + t + 1 + b1s2s2 � s1 es1t + 1 + b1s1s1 � s2 es2t�= V0TR ��b1 + t + b1� + |(1� �b1)2� e(��+|�)t + b1� � |(1� �b1)2� e(���|�)t�= V0TR ��b1 + t + e��t �b1 cos(�t)� (1� �b1)� sin(�t)��= V0TR 24�b1 + t +0@q1� 2�b1 + b21(�2 + �2)� 1A e��t sin(�t � �)35= V0TR "�b1 + t+ e��t� sin(�t� �)# (30)where� = tan�1( b1�1� b1�) ; � = b12b2 = M12(M21 �M2) ; � = q4b2 � b212b2 = q3M21 � 4M22(M21 �M2)18



Similarly, the �nite ramp response can be obtained asvout(t) = V0TR �TR + 1� �e��t sin(�t � �)� e��(t�TR) sin(�(t� TR)� �)�� (31)Threshold Delay for In�nite Ramp Response.The delay at a given threshold voltage can be computed by solving for time recursively inEquation (30), i.e., e��t sin(�t� �) = �(uthTR + b1 � t) (32)Model 7. One way to solve the recursive Equation (32) is to approximate the sine variable bythe �rst term of the Taylor series, i.e.,e��t�(uthTR + b1 � t)(�t� �)which yields TRD7 = 1� ����ln� �TRD7 � ��(uthTR + b1 � TRD7)����� (33)Even though this equation is still recursive, we can now approximate the delay TRD7 in thelogarithmic expression with either a function of analytical delay f(TAD), or the factor F5 =���ln � �TRD7���(uthTR+b1�TRD7)���� can be approximated by a constant for the required range of interconnectparameters by �tting against SPICE delays.Model 8. Another way to solve the recursive Equation (32) is to approximate the time variablein the exponential term by a function of the analytical delay expression, i.e., f(TAD) is used asan approximation for the time variable t in the exponential term. Expanding sine as a Taylorseries and considering only the �rst term yieldsTRD8 = 0@(uthTR + b1)e�f(TAD) + ��(1 + e�f(TAD)) 1A (34)Model 9. If �t in the exponential term of Equation (32) is O(1), it cannot be expanded as aTaylor series because the series becomes divergent. However, if we express the exponential termas e(�t�1) and then expand as a Taylor series, we get(uthTR + b1 � TRD9)e�TRD9 = 1� sin(�TRD9 � �)(uthTR + b1 � TRD9)e(�TRD9�1) = 1e (TRD9 � �� )e�T 2RD9 + TRD9(1� e�(uthTR + b1))� �� = 019



Solving the above quadratic equation we obtain two solutions for delay; the feasible one isTRD9 = �(1� e�(uthTR + b1)) +q(1� e�(uthTr + b1))2 + 4e���2e� (35)Threshold Delay for Finite Ramp Response.The delay at a given threshold voltage can be computed by solving for time in Equation (31)recursively, i.e.,�e��(t�TR) sin(�(t� TR)� �)� e��t sin(�t� �)� = TR�(1� vth) (36)Model 10. Again we approximate the sine variable in Equation (36) by the �rst term of theTaylor series, which yields�e��(t�TR)(�(t� TR)� �)� e��t(�t� �)� = TR�(1� vth)The threshold delay can be obtained asTRD10 = 1� �����ln (�TRD10� �)(e�TR � 1)� �TRe�TR�TR(1� vth) !����� (37)Model 11. Again, an alternative delay model approximates the time variable in the exponentialterm of Equation (36) by the analytical delay expression derived in the previous sections, i.e.,TRD11 is replaced by TAD in the exponential terms. This yieldsTRD11 = 0@(1� vth)TRe�f(TAD) + TRe�TR + �� (e�TR � 1)(e�TR � 1) 1A (38)Model 12. And again, if we assume �t is O(1) in the exponential term of Equation (32), itcannot be expanded as a Taylor series. Expressing the exponential term as e(�t�1) and thenexpanding as a Taylor series, we get�e��t sin(�t� �)� e��(t�TR) sin(�(t� TR)� �)� = �TR�(1� vth)���TRD12(�TRD12 � �) + �TRD12e�TR(�(TRD12 � TR)� �)� = �TRe �(1� vth)��(e�TR � 1)T 2RD12� (��(e�TR � 1) + ��TRe�TR)TRD12 + TRe �(1� vth) = 0The feasible solution for delay isTRD12 = (��(e�TR � 1) + ��TRe�TR) +q(��(e�TR � 1) + ��TRe�TR)2 � 4eTR��2(e�TR � 1)(1� vth)2��(e�TR � 1) (39)20



6 Interconnection TreesFinally, we describe how to extend our analytical models to estimate delays in arbitrary inter-connect trees. An RLC network is called an RLC tree if it does not contain a closed path ofresistors and inductors, i.e., all resistors and inductors are 
oating with respect to ground, andall capacitors are connected to ground. Consider an RLC interconnect tree with root (or source)S and set of sinks (or leaves) f1; 2; : : : ; ng. The unique path from root S to the sink node i isdenoted by p(i) and is referred as the main path. The edges/nodes not on the main path arereferred as the o�-path edges/nodes. We model each edge on the main path of the tree using alumped RLC segment, e.g., an L, T, or � model.11We approximate the o�-path subtree rooted at node i with its admittance. At any node i,the admittance Yi is equal to (i) the capacitance of node i (Ci) if there is no subtree at node i,or (ii) to the sum of the capacitance of node i (Ci) and the subtree admittance YT (i) otherwise.In other words, Yi = sCi if node i has no o�-path subtree= sCi + YT (i) if node i has an o�-path subtree
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coe�cients of the transfer function arebSL1 = RS NXj=1 Y1;j + RN NXj=1Y1;j + bN1bSL2 = RS NXj=1 Y1;j � bj1 + RS NXj=1 Y2;j + RN NXj=1Y1;j � bj1 +RN NXj=1 Y2;j + LN NXj=1 Y1;j + bN2 (40)The �rst and second moments are expressed in terms of coe�cients as M1 = b1 and M2 = b21�b2.For any given source-sink pair the coe�cients b1 and b2 can be computed in linear time bytraversing the main path and using the Equation (40) to obtain transfer function coe�cients.7 Experimental ResultsWe evaluate the above models by simulating various RLC interconnect lines with di�erentsource/load impedances and di�erent input rise times. We consider typical interconnect pa-rameters encountered in single-chip interconnects [7], with the length of the interconnect being2000 �m. The source resistance is varied between 100 to 1000 
 and the load capacitance isvaried from 0:1 to 1:0 pf . We also consider 100 ps and 500 ps rise times for the input ramp.For all our experiments, we compute exact 50% and 90% delays from the response at theload using the SPICE3e simulator. The step input delay is computed using the Elmore delayformula and then multiplying it with the appropriate constant for the given threshold voltage.For example, Elmore delay at 50% threshold voltage is 0:69b1 and at 90% threshold voltage is2:3b1. We also �nd that Elmore delay as a bound, which corresponds to TAD = TR2 + b1 from thepaper [4], is not at all close to SPICE-computed 50% threshold delays and, and deviates as muchas 100% from the SPICE-computed delays. Also, increased rise time of the input signal deviatesthe Elmore delay further from SPICE-computed delays (see Tables 1 and 3).For a comparison, we also present delay estimates using the analytical ramp delay model TAD.When the rise time of the ramp input is increased from 100 ps to 500 ps the SPICE delays at50% threshold are increased by approximately 200 ps, which suggests that delay at 50% thresholdvoltage is proportional to TR2 . This e�ect of the rise time is well modeled in the analytical rampdelay model TAD. Figures 9 and 10 show that the response computed from single-pole model,and two-pole model for the �rst case in Tables 1 and 3 are identical to the SPICE response. Tocomputed ramp input delays using the single-pole methodology we used either the Model 1 or22
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Interconnect Driver Load Delay from Elmore Analytical Single-Pole Two-Poleparameters Res. Cap. Response Delay Delay Delay Delayr; l;c RS CT SPICE 0:693b1 TAD Model 1/2 Model 4/5/�m 
 pf ps ps ps ps psr = 0:0015 
c = 0:176 ff 100 0.01 83.41 25.48 86.76 83.29* 83.90*l = 0:246 ph" 500 0.01 178.14 125.85 231.56 178.14 178.36" 1000 0.01 302.08 251.31 412.56 302.45 302.59" 100 0.1 90.40 31.90 96.03 90.31� 92.49�" 500 0.1 209.13 157.19 276.83 209.06 209.33" 1000 0.1 364.29 313.81 502.83 364.80 364.97" 100 1 150.40 96.14 188.73 149.15 150.80" 500 1 521.76 470.91 729.53 521.63 522.02" 1000 1 989.25 939.38 1405.53 989.89 990.15r = 0:015 
c = 0:176 ff 100 0.01 87.30 28.96 91.78 87.14* 88.14*l = 0:246 ph" 500 0.01 181.26 129.33 236.58 181.56 182.32" 1000 0.01 304.81 254.79 417.58 305.92 306.58" 100 0.1 95.71 37.06 103.48 95.76� 97.19�" 500 0.1 213.95 162.36 284.28 214.17 215.17" 1000 0.1 368.92 318.97 510.28 369.95 370.83" 100 1 171.69 118.14 220.48 170.60 173.20" 500 1 542.82 492.91 761.28 543.61 545.19" 1000 1 1009.78 961.38 1437.28 1011.89 1013.35Table 1: The length of the interconnect line in these experiments is always h = 2000 �m. Therise time of the input ramp is 100 ps. The delay estimates refer to 50% threshold voltage.(�) indicates that the delay is computed using the in�nite ramp response models.
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Interconnect Driver Load Delay from Elmore Analytical Single-Pole Two-Poleparameters Res. Cap. Response Delay Delay Delay Delayr; l;c RS CT SPICE 2:3b1 TAD Model 1/2 Model 4/5/�m 
 pf ps ps ps ps psr = 0:0015 
c = 0:176 ff 100 0.01 141.45 84.64 86.76 145.35 142.51l = 0:246 ph" 500 0.01 468.31 481.05 231.56 470.34 469.45" 1000 0.01 882.02 834.82 412.56 885.97 885.40" 100 0.1 160.80 105.86 96.03 164.70 161.00" 500 0.1 571.76 521.70 276.83 574.12 573.02" 1000 0.1 1089.60 1041.50 502.83 1093.60 1092.84" 100 1 366.41 319.07 188.73 372.42 366.41" 500 1 1611.96 1562.91 729.53 1615.28 1613.61" 1000 1 3166.78 3117.71 1405.53 3171.53 3170.40r = 0:015 
c = 0:176 ff 100 0.01 150.46 96.20 91.78 155.74 151.32l = 0:246 ph" 500 0.01 475.58 429.62 236.58 481.84 478.83" 1000 0.01 888.90 846.38 417.58 897.52 894.79" 100 0.1 173.70 123.00 103.48 180.72 174.79" 500 0.1 583.34 538.84 284.28 591.23 587.22" 1000 0.1 1100.31 1058.64 510.28 1110.74 1107.07" 100 1 429.38 392.10 220.48 444.98 435.47" 500 1 1667.70 1635.94 761.28 1688.37 1681.78" 1000 1 3217.53 3190.74 1437.28 3244.63 3238.48Table 2: The length of the interconnect line in these experiments is always h = 2000 �m. Therise time of the input ramp is 100 ps. The delay estimates refer to 90% threshold voltage.
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Interconnect Driver Load Delay from Elmore Analytical Single-Pole Two-Poleparameters Res. Cap. Response Delay Delay Delay Delayr; l;c RS CT SPICE 0:693b1 TAD Model 1/2 Model 4/5/�m 
 pf ps ps ps ps psr = 0:0015 
c = 0:176 ff 100 0.01 286.69 25.48 286.76 286.74* 286.75*l = 0:246 ph" 500 0.01 412.74 125.85 431.56 414.70* 414.86*" 1000 0.01 529.27 251.31 612.56 529.60 529.76" 100 0.1 295.89 31.89 296.03 295.95� 295.98�" 500 0.1 444.89 157.19 476.83 444.93� 449.33�" 1000 0.1 586.18 313.81 702.83 586.65 586.84" 100 1 380.47 96.14 388.73 380.31� 381.10�" 500 1 736.28 470.91 929.53 736.27 736.70" 1000 1 1196.70 939.38 1605.53 1197.26 1197.53r = 0:015 
c = 0:176 ff 100 0.01 291.26 28.96 291.78 291.74* 291.76*l = 0:246 ph" 500 0.01 416.17 129.33 436.58 418.61* 419.13*" 1000 0.01 531.97 254.79 617,58 532.70 533.51" 100 0.1 302.76 37.06 303.48 303.30� 303.38�" 500 0.1 449.92 162.36 484.28 454.63� 455.44�" 1000 0.1 590.66 318.97 710.28 591.45 592.47" 100 1 404.93 118.14 420.48 406.01� 407.54�" 500 1 756.92 492.91 961.28 757.61 759.29" 1000 1 1217.00 961.39 1637.28 1219.09 1220.57Table 3: The length of the interconnect line in these experiments is always h = 2000 �m. Therise time of the input ramp is 500 ps. The delay estimates refer to 50% threshold voltage.(�) indicates that the delay is computed using in�nite ramp response models.
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Interconnect Driver Load Delay from Elmore Analytical Single-Pole Two-Poleparameters Res. Cap. Response Delay Delay Delay Delayr; l;c RS CT SPICE 2:3b1 TAD Model 1/2 Model 4/5/�m 
 pf ps ps ps ps psr = 0:0015 
c = 0:176 ff 100 0.01 486.68 84.64 286.76 486.76* 486.76*l = 0:246 ph" 500 0.01 720.32 481.05 431.56 722.18 721.47" 1000 0.01 1109.57 834.82 612.56 1113.11 1112.57" 100 0.1 495.91 105.86 296.03 496.03� 496.03�" 500 0.1 814.22 521.70 476.83 816.49 815.53" 1000 0.1 1311.62 1041.50 702.83 1315.45 1314.76" 100 1 633.35 319.07 388.73 637.74 633.63" 500 1 1826.42 1562.91 929.53 1829.93 1828.28" 1000 1 3374.25 3117.71 1605.53 3378.89 3377.78r = 0:015 
c = 0:176 ff 100 0.01 491.19 96.20 291.78 491.78* 491.78*l = 0:246 ph" 500 0.01 727.03 429.62 436.58 732.44 730.00" 1000 0.01 1115.99 846.38 617.58 1124.30 1121.72" 100 0.1 502.72 123.00 303.48 503.59 503.84" 500 0.1 825.17 538.84 484.28 832.34 832.84" 1000 0.1 1322.06 1058.64 710.28 1332.25 1328.71" 100 1 686.70 392.10 420.48 699.78 692.47" 500 1 1881.85 1635.64 961.28 1902.37 1895.88" 1000 1 3424.77 3190.74 1637.28 3451.83 3445.71Table 4: The length of the interconnect line in these experiments is always h = 2000 �m. Therise time of the input ramp is 500 ps. The delay estimates refer to 90% threshold voltage.
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