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Electron and hole wave functions in self-assembled quantum rings
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We use a plane-wave technique to study the electron and hole wave functions in self-assembled InGaAs
quantum rings, investigating the influence on the electron-hole overlap of variations in the ring shape and
composition profiles, and including the effects of built-in strain and the piezoelectric potential. Lateral varia-
tion of the ground-state electron and hole wave functions in a perfect ringlike structure is observed as a
consequence of the piezoelectric potential, which has minima and maxima on the~110! and (11̄0) planes
passing through the center of the ring. We find for rings with reflection symmetry in the vertical direction that
although the average electron and hole positions are equal, there is a significant vertical separation of the
electron and hole peak probability densities in the~110! and (11̄0) planes. A net vertical separation of the
electron and hole may occur either through the piezoelectric potential when the~110! and (11̄0) planes are no
longer equivalent, or through strain effects when there is a shape or composition asymmetry in the@001#
direction. Comparison of the theoretical predictions with experimental data confirm the presence of a large
asymmetry in the ring profile both in the vertical direction, where the ring is deduced to be volcanolike, and
also in the growth plane, where the rings are elongated along the@11̄0# direction.
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I. INTRODUCTION

Three-dimensional confinement of charge carriers
quantum dots makes these nanostructures extremely a
tive for use in photonic devices and for quantum comput
applications.1 Of particular interest are self-assembled qua
tum dots which are free of defects and are therefore effic
optical emitters.2,3 It is now clear that a wide variety of dif
ferent dot structures can be self-assembled by subtle cha
in the growth conditions. For instance, InAs quantum dots
GaAs grown at low temperatures are small and have a p
midal character4 whereas InAs quantum dots grown at high
temperatures are larger with a lenslike shape.5 The detailed
shape and composition profile of the dots has important c
sequences for the optical properties. This has been dem
strated recently for InGaAs dots where an indium concen
tion profile, from indium poor at the base to indium rich
the apex,6 causes the center of gravity of the hole wave fun
tion to lie above that of the electron, giving a net negat
permanent dipole moment along the growth direction.7

A notable development in the self-assembly of semic
ductor nanostructures has been the growth of quantum rin8

The rings are formed from large InAs quantum dots by p
tially covering the quantum dots with GaAs to destabili
them. During an annealing step at the growth temperatur
remarkable change in topology occurs, such that the orig
dots acquire a hole in their center and take on a ring
shape. The ring formation is presently not understood in
tail, but it has been suggested that it arises through a de
ting process.9,10 The rings have quite different electron
properties compared to the original dots,11–16 including in
0163-1829/2004/69~3!/035327~9!/$22.50 69 0353
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particular a large and positive permanent dipole mome
with the electron center of gravity about 1 nm above the h
center of gravity.15

The discovery of the self-assembly of quantum rings h
initiated a number of theoretical studies into their properti
The significant differences from lithographically define
rings are that the ring confines both electron and hole,14 not
just the electron, and that it is possible to load a se
assembled ring with a small number of electrons start
from zero occupancy.11 A perfect ring exhibits quantum in
terference effects in a magnetic field, resulting in Aharan
Bohm-like oscillations in the magnetization as a function
applied magnetic field.17,18 There is evidence in self
assembled rings for the first Aharanov-Bohm oscillati
from vertical tunneling experiments.11 The possibility of an
Aharanov-Bohm effect for an exciton has been consider
An exciton is a neutral particle and so at first sight no pha
related effects are expected. However, the exciton is a c
posite particle, and this allows for the possibility of wea
phase-related effects.19,20 For a one-dimensional ring, bot
the exciton energy and oscillator strength oscillate with m
netic field, although the effect is exponentially small.19,20The
width of self-assembled rings is a significant fraction of th
radius and so this needs to be taken into account. For fi
width rings, the general consensus from theoretical inve
gations is that the Aharanov-Bohm effects in the ground-s
exciton disappear,21–23 but there are flux-related oscillation
in the energies of the excited states.22,23 The result on the
ground state has been recently confirmed by photolumin
cence experiments on rings defined by etching a ring sh
in a semiconductor quantum well.24 In these experiments
©2004 The American Physical Society27-1
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there is no evidence for an Aharanov-Bohm effect in
neutral exciton, but the charged exciton displays a fl
related effect largely through the pronounced Aharan
Bohm effect of the electron left behind after recombination24

Models have been developed to account for various fac
in semiconductor quantum rings, for instance t
eccentricity,25 the effective mass discontinuity in the condu
tion band,26 and the valence band structure,27 and also the
behavior in a lateral electric field which can enhance
Aharanov-Bohm effect by delocalizing the electron a
hole.28 However, all these models, and also those develo
for mesoscopic systems,18 assume that the lateral potenti
depends only on the radial coordinate and not on the azim
angle. We point out here that for self-assembled quan
rings, this assumption is no longer valid. The piezoelec
field reduces the symmetry such that the potential depe
on the azimuth angle, and for realistic parameters we
that this can lead to significant localization of the wave fun
tions, particularly for the hole.

In the present paper, we present calculations of the e
tron and hole wave functions in self-assembled semicond
tor quantum rings, considering a variety of different rin
shapes and composition profiles. We use a carefully cho
one-band effective mass Hamiltonian to investigate the e
tron and hole ground-state wave functions, demonstra
how the symmetry of the wave functions follows the piez
electric potential distribution and strain fields of the incl
sion. To elucidate some of the key points and to allow
comparison with facetted quantum dots, we consider initia
both circular and square lateral profiles, both with a rect
gular, reflection-symmetric vertical profile. We consider ho
the wave functions are modified if we break the reflect
symmetry of the ring in the vertical direction by introducin
an indium concentration gradient, and for a circular late
profile, we investigate the effect of breaking the cylindric
symmetry by elongating the ring along the@11̄0# direction.
These results show that the piezoelectric field and the bia
strain distribution each play a crucial role in determining t
final form of the electron and hole ground-state wave fu
tions. We then go on from these model calculations to c
sider more realistic ring shapes. General trends for
ground-state wave functions can be deduced, and these a
us to conclude that the spectroscopy results on s
assembled quantum rings are consistent with the dire
measured shape and symmetry of uncapped rings.

II. METHOD

Following Ref. 29, we solve Schro¨dinger’s equation for a
system of semiconductor nanostructures using a plane-w
envelope function Hamiltonian. Assuming a thre
dimensional superlattice of rings with a unit cell size
2Lx32Ly32Lz , the energy eigenvaluesEn for the system
are given by

(
k

H̄k,k8Ak
n5En(

k
Ak

n , ~1!
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where Ak
n is the coefficient for the plane wave of thenth

eigenvalue whose wave vector k5(kx ,ky ,kz)
5p(a/Lx ,b/Ly ,c/Lz). a, b, andc take integer values. The
matrix H̄k,k8 is the Fourier transform of the Hamiltonia
Ĥ(r ), given by

H̄k,k85E d3r

8LxLyLz
exp~2 ik8•r !Ĥ~r !exp~ ik•r !, ~2!

with r5(x,y,z). Use of a plane-wave basis set allows us
find analytic expressions for complex potential distributio
such as the strain and piezoelectric distributions for the na
structure shapes of interest.30 For example, the Fourier trans
form «̃ i j of the strain tensor components« i j is given by
(k9Þ0)

«̃ i j 5x̃~k9!«0F d i j 2S C1112C12

C11
D ki9kj9

uk9u2G , ~3!

wherek95k2k8, x̃(k9) is the Fourier transform of the ring
characteristic function,C11 andC12 are the elastic constant
for the material, and«0 is the lattice mismatch of the ring
and barrier materials~6.7% for InAs in GaAs!. An extension
of the analysis of Ref. 30 to the piezoelectric potentialdpz

gives the Fourier transformd̃pz in terms of the piezoelectric
constante14. We have

d̃pz5
26ie14«0

e0e r
x̃~k9!S C1112C12

C11
D kx9ky9kz9

uku4
. ~4!

We therefore treat the strain and the piezoelectric poten
on an equal footing, as both are functions ofx̃(k). The re-
peat distances 2Lx , 2Ly , and 2Lz are chosen to be larg
enough that there is a negligible interaction between one
and its neighbor.

We take the band gaps and effective masses for G
~InAs! to be 1.519~0.42! eV and 0.067~0.023!, respectively.
The conduction-~valence-! band edges between unstrain
InAs and unstrained GaAs are offset by 0.834 eV~0.265 eV!.
For the InxGa12xAs alloy, we assume that the energy ga
the band offsets and the inverse effective masses vary
early with x. All other parameters are listed in Ref. 29. W
have shown previously, using the example of a pyramidal
shape, that this method gives good agreement with the e
tron and heavy hole ground-state energies calculated wi
more accurate eight-bandk•P model.29 This result is ex-
pected for the electron; for the heavy hole, it arises beca
the heavy hole is largely decoupled from the other vale
states because of quantum confinement and the large bi
strain. We can therefore use the method with confidence
calculate the electron and heavy-hole ground states in q
tum rings. We concentrate here on the form of the wa
functions for various ring shapes and composition profi
and for this our method is perfectly adequate. As we sh
the uncertainties in the exact shape and composition pro
of the rings introduce far more variations in the results th
would arise from different levels of sophistication in th
theory.
7-2
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ELECTRON AND HOLE WAVE FUNCTIONS IN SELF- . . . PHYSICAL REVIEW B 69, 035327 ~2004!
III. GENERAL RESULTS FOR ELECTRON AND HOLE
WAVE FUNCTIONS IN QUANTUM RINGS

We consider initially a ring with a circular lateral profil
and cylindrical symmetry. The ring is assumed to be p
InAs, embedded in GaAs. Because of the large lattice m
match between InAs and GaAs, the ring is highly strain
Figure 1 plots the biaxial strain@«ax5«zz2(«xx1«yy)/2#
distribution for two cylindrical rings, both with outer diam
eter 60 nm and inner diameter 30 nm. One ring has vert
thickness 15 nm~top!, the other 2 nm~bottom!. It can be
seen that for the 15 nm thick ring, the biaxial strain is ne
tive ~as defined here! in the regions immediately above an
below the ring, taking large positive values in the GaAs b
rier material at the ring center. The biaxial strain is mo
concentrated inside the ring for the 2 nm thick ring, but a
here there is some biaxial strain in the core region.

The large strain in the quantum rings generates a pie
electric field. Figure 2 contains contour plots of the piez
electric potential on the~110! plane for two rings with square
lateral profiles. We take a square lateral profile in order
facilitate an immediate comparison with the results for a
bic dot for which there are eight piezoelectric extrema, o
close to each corner@see Fig. 1~b! of Ref. 31#. The most
striking feature of Fig. 2~a! is that, in addition to the set o
eight piezoelectric extrema near to the eight outer corner
the ring, there is a second set of potential minima a
maxima at the inner edges. These additional piezoelec
extrema arise from the presence of the GaAs core. We
that a cylindrical ring, as in Fig. 1, has qualitatively the sa

FIG. 1. Biaxial strain distribution as a function of position o
the ~010! plane through the ring center for a disclike InAs/GaA
quantum ring of outer diameter 60 nm, inner diameter 30 nm,
height 15 nm~top! and for a similar ring of height 2 nm~bottom!.
The gray scales indicate the strain value~in dimensionless units!.
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distribution of piezoelectric potential as the rings in Fig.
The reason for this is that the piezoelectric potential depe
on the lateral crystal direction such that, even for a ring w
a shape invariant to an arbitrary rotation, the piezoelec
field introduces a two-fold symmetry to the potential.

For dots, the piezoelectric potential extrema lie well o
side the dots, whereas the electron and hole wave funct
are quite strongly localized inside the dots, such that
piezoelectric potential has a negligible effect on the elect
and hole ground-state wave functions.29,31,32Conversely, for
the quantum ring of Fig. 2~a!, the overlap of the electron an
hole wave functions with the central piezoelectric potentia
significantly larger than the overlap with the outer piezoel
tric potential, so that we can expect a more pronounced
ezoelectric deformation of the wave functions for a ring th
for a dot of similar dimensions. In fact, since the piezoele
tric potentials are large for a ring with these dimensions, w
peak values of60.4 V, the position and shape of th
ground-state electron and hole wave functions are hea
influenced by the piezoelectric potential for this structu
Figure 2~b! plots the piezoelectric potential for a ring wit
the same lateral dimensions as the ring in Fig. 2~a!, but with
a height reduced to 2 nm. The smaller volume of this ri
reduces the magnitude of the piezoelectric extrema to

d

FIG. 2. Piezoelectric potential distribution, as a function of p
sition on the~110! plane through the ring center, for InAs/GaA
quantum rings with a square profile.~a! Ring thickness 15 nm with
lateral dimensions 60 nm for the outer square length, 30 nm for
inner square length.~b! Ring thickness 2 nm with lateral dimen
sions also 60 nm for the outer square length, 30 nm for the in
square length. The thick solid lines show the interface between I
and GaAs and the labels of the contours are in volts. The pote
energy in electron volt experienced by an electron~hole! is found
by multiplying the piezoelectric potential by21 (11).
7-3
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than 0.1 V in this case. We also note that the high aspect r
of this ring deforms the piezoelectric potential, pushing
extrema out from the corners of the ring, which reduces
overlap between the piezoelectric potential and the grou
state electron and hole wave functions. The piezoelec
induced deformations of the ground-state wave functions
considerably less for the ring in Fig. 2~b! than for the ring in
Fig. 2~a!, but nevertheless the piezoelectric potential still h
a significant influence.

In addition to the piezoelectric term in the Hamiltonia
the heavy-hole wave functions are influenced by the bia
strain distribution. In particular, the negative biaxial strain
the ring core lowers the potential barrier for the heavy ho
allowing the heavy-hole wave function to spread inwar
This increases the effective volume seen by the holes
shifts the ground-state heavy-hole energy level away fr
the GaAs band edge. The mean lateral rad
Au^chux̂21 ŷ2uch&u of the ground-state hole wave functio
ch is therefore decreased. The electron wave function,ce , is
influenced only by the hydrostatic strain and not by the
axial strain, so that this attraction into the central core
absent for the electrons. Consequently, the electron ra
Au^ceux̂21 ŷ2uce&u is larger than the hole radius for this pa
ticular form of quantum ring. However, for the 2 nm thic
ring, the biaxial strain fields do not extend particularly f
into the central core of the ring for this shape. We can the
fore anticipate that for the real self-assembled quantum rin
which have a small vertical extent and a high aspect ra
the biaxial strain is a relatively unimportant mechanism
introducing a lateral separation of the electron and hole w
functions. Nevertheless, as we show by considering a var
of ring shapes in the following section, the biaxial strain c
play a significant role in introducing a vertical separation
the electron and hole wave functions in rings which hav
shape or composition asymmetry in the vertical~growth! di-
rection.

We now turn to the electron and hole wave functions
quantum rings, considering first the role of the piezoelec
potential in rings which are symmetric in the vertical dire
tion. Figures 3~a! and 3~b! are birds-eye views of the ground
state electron and hole probability densitiesuce(h)u2 for an
InAs/GaAs quantum ring with cylindrical symmetry. Th
outer diameter is 60 nm, the inner diameter 30 nm, and
height 2 nm. Both the ground-state electron wave funct
ce and hole wave functionch are continuous around th
ring. Although the cylindrical symmetry of the inclusion re
sults in an electron-hole dipole d5u^chuẑuch&u
2u^ceuẑuce&u equal to zero, the peak probability densities
the ground state carriers in this ring are vertically separa
by the piezoelectric potential on the~110! and (11̄0) planes
through the ring center, decreasing the wave function ove
u^ceuch&u, which takes a value of 0.854 for this ring, com
pared with a value much closer to 1 for a quantum dot
similar dimensions. The piezoelectric-induced deepening
the electron and hole potential energy wells also increa
the ground-state confinement energies measured relativ
the GaAs conduction and valence band edges, respecti
03532
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by several meV, with the greater shift in the heavy-ho
ground state.

At this point, we consider the effects of reducing the sy
metry in the vertical direction. As an example, we introdu
a vertical composition gradient as has been discussed
quantum dots.7 This is not meant to be a realistic represe
tation of a real ring. Rather, we introduce the composit
gradient in order to break the vertical symmetry while kee
ing the ring volume the same. Figures 3~c! and 3~d! are
birds-eye views of the ground-state probability densities
an InxGa12xAs ring with the same geometry as for Figs. 3~a!
and 3~b!, but with a composition varying linearly withz from
x50 at the base tox51 at the top of the ring. In the absenc
of the piezoelectric field, the ground-state electron and h
wave functions would be uniform and continuous around
ring. This is clearly not the case here, with the hole wa
function localized in one particular plane@Fig. 3~d!#. This
arises because the piezoelectric potential introduce
u-dependent potential@u is the azimuth angle in the (x,y)
plane with the origin at the ring center#. In the particular case
of Figs. 3~c! and 3~d!, the small ring volume results in a
ground-state electron wave function which is spread throu
out the ring, whereas the large hole effective mass cause
hole wave function to shift towards the top of the ring b
cause of the indium concentration gradient. This not o
introduces a vertical electron-hole dipole moment, but it a
increases the overlap between the hole wave function and
piezoelectric potential minima on the (110̄) plane towards
the inside of the ring, so that the hole wave function becom
localized. The important point is that the vertical asymme
in the structure of the ring leads to a pronounced chang
the lateral symmetry in the carrier wave functions, partic
larly for the hole.

A further source of symmetry breaking is a possible d
parture from a perfectly circular shape in the (x,y) plane.
Figures 3~e! and 3~f! show the electron and hole ground-sta
probability densities for an InAs quantum ring which h
been stretched to an outer diameter of 72 nm on the~110!
plane and squeezed to an outer diameter of 48 nm on
(11̄0) plane. In this case, both electron and hole wave fu
tions are localized by a combination of the piezoelectric p
tential and the ring shape itself, since there is a larger volu
of ring material centered on the~110! plane than on the
(11̄0) plane. Even in the absence of any vertical asymme
the lateral asymmetry introduces an electron-hole dipole m
ment in this case because the piezoelectric field tend
separate the electron and hole, pulling the electron to the
of the elongated ring and the hole to the bottom.

The calculations so far have shown that the piezoelec
potential is important for quantum rings because it int
duces au-dependent potential. For all but the smallest qua
tum rings, this is sufficient to localize the heavy holes whi
have a large effective mass along the@001# direction. In de-
tail however, the structures considered so far cannot be
curate representations of real quantum rings as they do
reproduce the physical properties. We therefore extend
calculations to other shapes and composition profiles in o
7-4
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FIG. 3. Surface plots~top
down! of carrier probability densi-
ties uc(r )u2, plotting the contour
at 50% of the peak probability
density.~a! The ground-state elec
tron wave function in a cylindrical
InAs/GaAs quantum ring of oute
diameter 60 nm, inner diameter 3
nm, and height 2 nm.~b! The
ground-state heavy-hole wav
function for the ring considered in
~a!. ~c! The ground-state electron
wave function in a quantum ring
with the same geometry as~a!, but
with an InxGa12xAs composition
profile which varies fromx50 at
the base of the ring tox51 at the
top of the ring. ~d! The ground-
state heavy-hole wave function fo
the ring considered in~c!. ~e,f!
The ground-state electron an
hole wave functions in a quantum
ring with a similar geometry and
composition profile to ~a!, but
with an outer diameter of 72 nm
on the ~110! plane through the
ring center and an outer diamete
of 48 nm on the (11̄0) plane
through the ring center.
u
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to explore the connection between the experimental res
and the calculations.

IV. COMPARISON OF CALCULATED WAVE FUNCTIONS
WITH EXPERIMENTAL RESULTS ON SELF-

ASSEMBLED QUANTUM RINGS

We consider all available experimental data on se
assembled quantum rings, namely, measurements of th
pography with atomic force micrography~AFM!,12

capacitance-voltage spectroscopy for information on
electron wave functions,11 and single quantum ring photolu
03532
lts

-
to-

e

minescence in a vertical electric field as a measuremen
the typical electron-hole dipole moment.15 Figure 1 of Ref. 9
and Fig. 1 of Ref. 12 show atomic force micrographs
self-assembled InxGa12xAs quantum rings where it is clea
that each nanostructure has a pronounced hole at its ce
Figure 4 shows a cross-sectional height profile through
center of a typical quantum ring. It is striking that the hole
the center extends to a deeper level than the material
rounding the quantum ring, a consequence of the expuls
of material during ring formation.12 The atomic force micro-
graphs are recorded on a surface ring, whereas
capacitance-voltage and optical spectroscopy measurem
7-5
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are all carried out on buried rings. There is now strong e
dence from cross-sectional scanning tunneling microsc
that burying the rings with GaAs after their formation do
not destroy the ring shape.33 The reason for this is that th
quantum rings are given sufficient time to form after whi
the GaAs cap layer is deposited relatively quickly, not allo
ing significant further changes in shape to occur. From
point of view of calculating the wave functions, it is nota
priori clear how the complicated shape in Fig. 4 can be b
described, particularly as the composition profile is u
known. Also, it is clear in Fig. 4 that it is very misleading
describe the height as 2 nm, the approximate height betw
the top of the ring and the background substrate level.
real height is better described by 4 or 5 nm, the height
tween the top of the ring and the crater in the center.
suggest that the topology can be represented with the s
shown in Fig. 5, a quantum ring whose height decrea
linearly from a maximum value at the inner rim of the ring
zero at the outer radius. In all cases, we assume that
material surrounding the ring, including that in the cent
core, is pure GaAs. As the steep interfaces between the
tral core and the ring itself are very unlikely in real stru
tures, we have smeared the interfaces by including diffus
in the calculations with a diffusion length of 5 nm. We fin
that the general form of the wave functions does not cha
on smearing the interfaces, and the quantitative changes
insignificant relative to the large changes we find in expl
ing the parameter space. For simplicity therefore, we pre
the results with the hard boundaries.

FIG. 4. The cross section through the center of an uncap
self-assembled quantum ring taken with an atomic force mic
scope.

FIG. 5. Quantum ring profile assumed in the calculations. T
ring has a height which decreases linearly from the inner rim to
outer edge. The ring is either pure InAs or a composition profile
introduced with the indium concentrationx decreasing linearly from
x51 at the inner rim tox50 at the outer edge. The inner radius
15 nm, the height 4.5 nm, and the outer radius either 30 or 22.5
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For self-assembled quantum rings, capacitance spec
copy has been used to monitor changes in the ground-s
energy as a function of magnetic field, and a kink in the p
of charging voltage against magnetic field was obser
around 8 T.11,12These experiments probe what is expected
be the most notable difference between the electronic st
ture of a quantum dot and a quantum ring. For an electro
a quantum dot, the ground state maintains ans-like symme-
try at all magnetic fields. For a perfect quantum ring, this
no longer the case. When one flux quantum threads the
tral hole, the ground state becomesp-like, and further
changes to the ground-state angular momentum occur as
ditional flux quanta penetrate the ring.17 The kink in the
charging voltage has been interpreted as the transition f
an s-like to a p-like ground state because the magnetic fie
for the transition is consistent with the size of the cent
hole. This experiment is therefore a strong indication that
electron wave function in a typical self-assembled quant
ring propagates around the ring, rather than being locali
in just one part of the structure. While the hole may be
calized in one part of the ring, we look therefore in o
simulations for electron wave functions that are delocaliz

In order to interpret cross-gap optical properties it
strictly necessary to include in addition to the strain a
piezoelectric field also the Coulomb interaction between
electron and hole. However, in this work we are interested
the general features such that we neglect the Coulomb in
action. The justification for this is that the hole localizatio
we find in the theory is so strong that also the first exci
hole state is localized in the same plane as the hole gro
state. The self-assembled quantum rings exhibit strong p
toluminescence with a typical recombination lifetime of ju
less than a nanosecond.34 We interpret this to mean that ther
is a strong overlap between the electron and hole wave fu
tions and this is used to guide the simulations. Throu
single quantum ring experiments in a vertical electric field
has been found that excitons in self-assembled quan
rings possess permanent dipole moments, i.e., even with
applied bias, the average position of the electron and ave
position of the hole are different.15 The dipole moments are
both opposite in sign and larger in magnitude than those
InAs quantum dots. For the rings, the mean position of
hole is experimentally determined to lie below the mean
sition of the electron by typically 1 nm.

The calculated electron and hole wave functions p
sented so far cannot be accurate representations of real q
tum rings because the electron-hole dipole moments are
ther zero@Figs. 3~a! and 3~b!#, or of the wrong sign@Figs.
3~c! and 3~d!#, or far too small@Figs. 3~e! and 3~f!#. In fact,
for a variety of ring shapes and composition profiles, we fi
that it is not possible to calculate a dipole moment as large
1 nm with a vertical ring height of just 2 nm, simply becau
the boundaries of the quantum ring do not allow for lar
electron and hole separations. This is a strong argumen
favor of a much larger ring height.

The first structure we present is a pure InAs quantum r
with a circular lateral profile with outer diameter 60 nm
inner diameter 30 nm, and maximum height 4.5 nm, who
height decreases linearly from a maximum value at the in
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FIG. 6. Surface plots of
charge-carrier probability densi
ties uc(r )u2 plotting the contour at
50% of the peak probability den
sity. ~a! The ground-state electron
wave function for an InAs/GaAs
quantum ring with outer diamete
60 nm, inner diameter 30 nm, an
maximum height 4.5 nm.~b! The
ground-state heavy-hole wav
function for the ring considered in
~a!. ~c! The ground-state electron
wave function for a ring with a
similar geometry to~a! but with a
45 nm outer diameter.~d! The
ground-state heavy-hole wav
function for the ring considered
in ~c!.
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radius of the ring to zero at the outer radius. Figures 6~a! and
6~b! are surface plots of the ground-state electron and h
probability densities for this structure. Both the ground-st
electron and hole wave functions are localized predo
nantly at the inside of the ring and towards the ring base
a consequence of the asymmetry in the ring shape. The
ezoelectric potential then localizes the ground-state elec
wave function on the (110̄) plane through the ring-cente
and the ground-state heavy-hole wave function on the~110!
plane, as seen clearly in the figures. This structure can
represent the real structure because the electron wave
tion does not propagate around the ring and also becaus
electron-hole overlap is far too small. However, the struct
does help in understanding the origin of the electron-h
dipole moment. The magnitude of the biaxial strain var
with height for the ring profile in Fig. 5, as was previous
observed for constant composition pyramids.29 At the rela-
tively wide base, the biaxial strain is large and positive,
observed in the bulk of the symmetric rings of Fig. 1, refle
ing that the InAs in the dot experiences a net compressio
the x-y plane and an extension in the@001# ~growth! direc-
tion. Near the top however the situation tends to be rever
so that the biaxial strain can even change sign.29 Because the
heavy-hole potential includes a contribution proportional
«ax , the heavy-hole well is deepest at the base of the r
tending to push the hole wave function towards the base.
piezoelectric potential then adds to this effect, localizing
hole in the ~110! plane, where the piezoelectric potenti
maximizes the depth of the heavy-hole potential well.
contrast, the electron potential does not depend on the bia
strain, and so the electrons do not experience an equiva
strain-induced attraction towards the ring base. However
overall ring shape causes the electron center of gravity to
in the lower part of the ring, and the piezoelectric poten
can then partly localize the electron wave function of F
6~a! in the (11̄0) plane. The overall effect of ring shap
biaxial strain, and piezoelectric potential give a calcula
electron-hole dipole of the same sign as the experime
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one. The calculated value20.3 nm is smaller in magnitude
than the experimental result;21 nm.

To come up with a more realistic representation of t
self-assembled quantum rings, we note that for the struct
in Figs. 6~a! and 6~b!, the mean lateral radii calculated fo
the electron and hole wave functions are 20.4 nm and 2
nm, respectively. The electron radius is considerably lar
than that deduced in the capacitance spectroscopy wher
field for thes to p transition implies an electron radius of 1
nm. Given that the structural radius is known from t
atomic force micrograph, this result on the electron rad
suggests that either we are overestimating the lateral ex
of the ring, or that the InxGa12xAs ring has a lateral compo
sition gradient such that the ring is indium rich at the inn
radius and more dilute at the outer radius. In the first cas
smaller outer radius tends to push the electron wave func
towards the ring center. In the second case, the high ind
concentration rim attracts both electrons and holes, ag
pulling the carrier wave functions towards the center. T
possibility of an indium-rich rim has been suggested from
discussion of ring formation.9,12 We consider the possibility
of a reduced outer radius in detail here as it involves few
assumptions about the ring shape.

Figures 6~c! and 6~d! are surface plots of the ground-sta
electron and hole probability densities for an InAs/Ga
quantum ring with a 45 nm outer diameter, reduced from
60 nm outer diameter in Figs. 6~a! and 6~b!. The ground-state
hole wave function remains pinned on the~110! plane. As
before, the piezoelectric potential is strong enough to prev
the hole wave function from propagating around the rin
However, the ground-state electron wave function is m
delocalized around the ring than for the larger ring. The r
son for this is that the reduced ring volume weakens
piezoelectric potential, so that the localizing effects of t
piezoelectric field are smaller. This structure has theref
both a large electron-hole overlap~0.7! and an extended elec
tron wave function. Furthermore, the separation between
mean positions of the electron and hole wave functions
7-7



n
t
a
o

nt
th
c
n
s

fin
u
is
t

o
ng
t
ra
it

it
e

o
-
th
th

ol
ic
er
n

s
tro
tu
o

fin
tr

m
in

pa
e
r
on
tiv
e
io

ec-
or
is
ex-

ros-
by

um
We
ial
the
ac-
ial
ec-
ea-
cal
ns,
he
of
en-

e-
the
n
nd
re
t a
eri-
ght

h-
n-

nic
use
lec-
ng.
the
all
led
to
cts
ings

ia,
ul
C,

J. A. BARKER, R. J. WARBURTON, AND E. P. O’REILLY PHYSICAL REVIEW B69, 035327 ~2004!
creases to 0.5 nm, with the same sign as in the experime
The increase in electron-hole dipole moment is caused by
greater delocalization of the electron wave function, decre
ing the overlap of the electron wave function with the piez
electric potential maxima, and hence decreasing the exte
which the electron wave function is pulled downwards by
piezoelectric potential. Finally, the lateral radii of the ele
tron and hole wave functions decrease to 17.4 and 17.5
respectively, so that the electron radius is reasonably con
tent with the result of the capacitance spectroscopy. We
very similar results for a ring with outer diameter 60 nm b
a radial indium concentration profile. In the terms of th
discussion, this is a natural result, as also in this case,
effective ring volume is decreased.

In our calculations we inevitably retain a certain degree
symmetry whereas in the real self-assembled quantum ri
there is no reason to expect any exact rotational symme
The atomic force micrograph of Fig. 4 shows a clear late
asymmetry in the ring shape. The rings are ellipsoidal, w
the major axis along the@11̄0# direction @i.e., in the~110!
plane#. We saw in Figs. 3~e! and 3~f! how this tends to local-
ize the electrons and the holes in the~110! plane, thus further
increasing the magnitude of the dipole moment in a ring w
sloping walls. The electrons are pushed towards the bas
the piezoelectric potential in the (110̄) plane, as noted in
Fig. 6~a!. The ring asymmetry will increase the magnitude
the electron amplitude in the~110! plane, where the piezo
electric potential then acts to push the electron towards
top of the ring, and the hole towards the base. Hence,
large observed magnitude of the electron-hole in-built dip
is consistent with the AFM data on uncapped rings, wh
show a large asymmetry both in the vertical direction, wh
the ring has sloping outer walls, and also in the growth pla
where the rings are elongated in the~110! plane.

V. CONCLUSIONS

We have used one-band electron and hole Hamiltonian
investigate the wave functions of the ground-state elec
and hole levels for nanometer-sized self-assembled quan
rings. We have considered both generic effects and als
geometry appropriate to real self-assembled rings. We
that even for a perfect self-assembled ring, the piezoelec
potential breaks the rotational symmetry, resulting in maxi
in the electron confining potential with associated minima
the hole confining potential, every 180° as a carrier pro
gates at constant radius around the ring. The consequenc
this depend on the strength of the piezoelectric field. Fo
ring with a very strong piezoelectric potential, the electr
and hole wave functions are both localized in their respec
potential minima, with a small overlap between each oth
For a weaker piezoelectric potential, the hole wave funct
N
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is localized but, owing to the small electron mass, the el
tron wave function is delocalized around the ring. Finally, f
very small volume rings where the piezoelectric field
small, both the electron and the hole wave functions are
tended around the ring.

We have attempted to reproduce the results of spect
copy experiments on real self-assembled quantum rings
varying the shape and composition profile of the quant
ring maintaining a consistency with AFM measurements.
find that both an asymmetric vertical profile and a rad
indium concentration gradient are required to account for
experimental results. A vertical asymmetry is needed to
count for the large excitonic dipole moments and a rad
asymmetry is required to account for the radius of the el
tron wave function deduced from capacitance-voltage m
surements in a magnetic field. We find that for a coni
cross section and plausible radii and indium concentratio
the hole wave function is localized in the (110) plane. T
hole is localized in this plane over quite a wide range
parameter space. Furthermore, the hole localization is
hanced in practice by the slight elongation of the rings~Fig.
4!. However, the nature of the electron wave function d
pends critically on the parameters, being localized in
(11̄0) plane for large volume, high indium concentratio
rings, extended around the ring for small volume rings, a
localized in the (110) plane with the hole for rings which a
significantly elongated in the (110) plane. We sugges
structure which is compatible with the spectroscopy exp
ments, namely a conical cross section with maximum hei
;5 nm, inner radius;15 nm, outer radius;30 nm with a
radial indium concentration gradient, going from hig
indium concentration at the inner radius to small indium co
centration at the outer radius.

The results do not rule out the observation of excito
Aharanov-Bohm effects in self-assembled rings beca
Aharanov-Bohm effects are possibly preserved by the e
tron wave function which can be delocalized around the ri
However, the results demonstrate that hole localization in
(110) plane is very important. This feature is absent from
existing theories of the excitonic properties of self-assemb
rings in a magnetic field. It is therefore an important task
include both piezoelectric/strain effects and excitonic effe
to understand the properties of self-assembled quantum r
in a magnetic field.
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