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This article provides general procedures for obtaining unbiased estimates of variance
components for any random-model balanced design under any bootstrap sampling
plan, with the focus on designs of the type typically used in generalizability theory.
The results reported here are particularly helpful when the bootstrap is used to esti-
mate standard errors of estimated variance components. For the p x i design, Wiley
(2000) provided formulas for correcting for bias in bootstrap estimates of variance
components. This article extends Wiley’s results to any design and any bootstrap pro-
cedure. There are important differences in approach, however. In particular, in this
article unbiased estimates of variance components are obtained directly for any boot-
strap sample through the use of modified expected 7-term (uncorrected sums of
squares) equations.
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his article provides general procedures for obtaining unbiased estimates of var-

iance components for any random-model balanced design under any bootstrap
sampling plan, with the focus on designs of the type typically used in generalizabil-
ity theory. Without any bootstrapping, well-known procedures exist for obtaining
analysis of variance (ANOVA) unbiased estimates of variance components for
balanced designs (e.g., Brennan, 2001; Searle, 1971; Searle, Casella, & McCulloch,
1992). So if the only goal is to estimate variance components, the procedures dis-
cussed herein are not necessary. However, these procedures are particularly helpful
when the bootstrap is used to estimate standard errors of estimated variance compo-
nents, as discussed more fully in a companion article (Tong & Brennan, 2007).

The most frequently discussed procedure in the literature for estimating standard
errors of estimated variance components assumes that score effects are normally
distributed. This assumption, however, is often highly suspect in generalizability
theory, especially when data are dichotomous. For this reason, 20 years ago
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2 Educational and Psychological Measurement

Brennan, Harris, and Hanson (1987) studied the possibility of using various boot-
strap procedures to estimate standard errors of estimated variance components for
the p x i design with n, persons and n; items (see Brennan, 2001, chap. 6, for a
summary of Brennan et al., 1987). Among the procedures they considered were

e bootstrap persons (boot—p) by drawing a random sample of 7, persons with
replacement from the persons in the data, keeping the items the same;

e Dbootstrap items (boot—i) by drawing a random sample of n; items with
replacement from the items in the data, keeping the persons the same; and

e Dbootstrap both persons and items (boot— p, i) by drawing a random sample
of n, persons with replacement and a random sample of n; items with
replacement.

For each of these bootstrap procedures, Brennan et al. (1987) estimated the stan-
dard error of each of the variance component estimates as the standard deviation
over replications of the ANOVA-like estimates of the variance component under
the particular bootstrap procedure. In a simulation study, they found that the result-
ing estimated standard errors were often poor, no matter what the nature of the
underlying data (normal or dichotomous), and they demonstrated that at least part
of the explanation was that the bootstrap ANOVA-like estimates were necessarily
biased. Brennan et al. (1987) provided ad hoc correction factors that improved the
estimated standard errors, but it was not until 13 years later that Wiley (2000) pro-
vided rigorous derivations of correction factors for the bootstrap estimates of var-
iance components in the p x i design (see Brennan, 2001, p. 188, for a summary).

Wiley (2000) also provided correction factors for a few bootstrap estimates for
the p x i x h design, but otherwise the bias in ANOVA-like estimates of variance
components under bootstrap procedures has been studied rigorously for the p x i
design only. In a sense, this article extends Wiley’s (2000) results to any balanced
design and any bootstrap procedure. There are important differences in approach,
however, as discussed next.

Let 6%(a) be the usual ANOVA unbiased estimates of the variance components
for the various effects, a. Also, let 6%(a|A) be the ANOVA-like estimates that
result from a particular replication of boot—A, where A is the set of m facets that
are bootstrapped. Here, sometimes these estimates will be referred to as “bootstrap
estimates.” Both Wiley (2000) and Brennan et al. (1987) viewed the solution to the
“bias problem” as one of finding linear functions of bootstrap estimates that gave
the (o). Also, Wiley (2000) approached the problem by focusing on mean squares
to estimate variance components.

By contrast, the approach taken here is to estimate (o) directly from the data
for any bootstrap sample using modified versions of the no-bootstrapping expected
T-terms equations, ET(a). (T terms are uncorrected sums of squares; e.g., see
Brennan, 2001). Replacing parameters with estimates, the modified expected 7-term
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equations, ET(aA), can be solved directly for the 6%(at). The principal purpose of
this article is to explain and justify a relatively simple rule for obtaining these modifi-
cations. It is also shown that the modified 7-term equations can be used to obtain
other results such as a general formula for expressing expected mean square equa-
tions under boot—X as well as equations for 6%(a) in terms of bootstrap estimates.
More detailed results are provided by Brennan (2006).

Throughout this article, no distinction is made between measurement facets and
the ““facet” that represents the objects of measurement. That is, here there are as
many facets as there are indexes used to represent the design. Also, the model
under consideration is always assumed to be random, and the design is balanced.

The next section provides a brief review of the p x i design without bootstrap-
ping, with particular attention given to how T terms can be used to estimate var-
iance components. For the same design, the subsequent section discusses
derivations that give expected T-term equations for boot—p, boot—i, and boot—p, i.
The following section extends these results to the p x (i:h) design for various boot-
strap procedures. Then, general procedures and formulas are provided for any
balanced design and any bootstrap procedure. With minor exceptions, the notational
conventions are those used in Brennan (2001).

The p x i Design Without Bootstrapping

For the random-model p x i design, the linear model is
Xpi :H+Up+vi+‘)pi>
where the last term is confounded with other sources of error, and all effects have

an expectation (E) of zero. Also, all pairs of effects are uncorrelated, which means
that

Evyv; = Evyv,; = Evivy; = 0,
and
Evy,vy = Evivy = Evpvy; = Evyv,y = Evpuyy = 0. (1)
For the p x i design, the T terms are
T(p) =n; ZXz, i)=n, ZXI , T(pi) = ZZ le,and T(p) = n,,n,'}?z7
and their expected values are
ET(p) = n,,n-p2 + 1,6 (pi) + n,6° (i) + nynic>(p)
ET(i) = nynip® + n;6* (pi) + npnic* (i) + nic*(p)
ET(pi) = nynin® + npnic*(pi) + nynic® (i) + nynic®(p)
ET() = nymip® + &* (pi) + np&* (i) + nis* (p). (2)
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If we replace the o?(o) with 6?(a) and we replace the ET (o) with actual T terms,
then we have four equations in four unknowns. Using standard algebraic or matrix
procedures, these equations can be solved for unbiased estimates of the 62(a.):

&(p) = {n T(p) — T (W) —T(pi) +T(i)]

n; (”p = D(m—1)
2y L [mpT () —npT(w) —T(pi) + T(p)
e e e TE
52 (i) — L@ = T(p) —T() +T(w)
e ©
We can also obtain these results using the mean squares:
T(pl) T(p) —T() +T(w)
A o VT R @
It is well known that the expected mean square equations are
EMS(p) = &*(pi) + n; 5*(p)
EMS(i) = & (pi) + n, (i)
EMS(pi) = o (pi). (5)

If we replace the o?(a) with 6%(o) and we replace the EMS(ct) with actual mean
squares, then it is easy to show that

. MS(p) — MS(pi)
& (p) = P22
_ MS(i) — MS(pi)
n,
&% (pi) = MS(pi). (6)
The estimators of variance components are the same in Equation Sets 3 and 6, as
they must be because the estimators are based on the same quadratic forms.

The p x i Design With Bootstrapping
The uncorrelated effects assumptions in Equation 1 are crucial to the derivation

of the expected 7-term equations in Equation Set 2. At least some of these assump-
tions are violated, however, under a bootstrap procedure. Consider, for example,
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boot—i. When two bootstrap samples result in at least one common item, none of
the following can be zero: Ev;vy, Ev,v,y, and Ev,v,yy. When we do not make any
of the assumptions in Equation 1, then

n; n;
ET(p) = i1+ mynic pE(Z ) pE<Z )

i=1

2
np np
ET(i) = nyn; 0> + — n E<”Z v,)) + npn;ic* —|— ~E (,,Z v,,,)

‘P

ET(pi) = nyn; > + npnic®(p) + npn; 6° (i) + nyn; o*(pi)

2 2
np n
n; n
ET(u):n,,n;u2+n—;E Elu,,> +n—”E(§ v,->

Boot—i

Under boot—i, the terms in Equation Set 7 involving a squared sum over i do
not lead to the random model results because each of the squared sums involves
nonzero expected values for the cross-product terms, as discussed next.

Results for (3, v;)%. The third term in both ET(p) and ET(p) is (np/n;)
E(X,vi)*. We will call E(3", v;)” the kernel of this term. It is

<Zv,> = n; 62(i) + ni(n; — DE(vivy). (8)

i=1

Figure 1 provides 3 of the possible 256 replications for boot—i when n; = 4.
The diagonal cells (designated with the symbol *) contain (i) even without boot-
strapping. They contribute to the first term in Equation 8. Clearly, over all replica-
tions the expected number of times the diagonal cells contain c>(i) is precisely n;.
That is,

E(number of diagonal matches) = n;. 9)

For each of the three replications, the off-diagonal cells in Figure 1 for which
E(vivy) = (i) are designated with the symbol i, reflecting the fact that they are
nonzero solely as a result of bootstrapping items. How frequently is it expected
that this will happen? Under sampling with replacement from a finite pool of n;
items, the probability that a specific item is sampled twice is 1/n?. Because there
are n; items, the probability of a match in two sampled items is n;(1/n?) = 1/n;.
Now, given n; items, there are n;(n; — 1) opportunities for a match; that is, there
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Figure 1
Illustration of Ev;v; = ¢(i) for Three Possible
Replications of Boot—i With n; =4

iy i3 i3 i4 i1 11 i3 i3 T, 11 i1 i3
i1 * il * i i1 * i i
i3 * i i1 i * i1 i * i
i i * ig * i i1 i i *
i4 * ig i * i3 *

are n;(n; — 1) off-diagonal elements in any replication. It follows that
1
E(number of off-diagonal matches) = — n;(n; — 1) = n; — 1.
Adding Equations 9 and 10 gives
E(number of matches) = 2n; — 1,
which means that
(Z v,) (2n; — 1) 62(i),
i=1
and
2
n,
e
i=1

where n, o2(i) is the no-bootstrapping result (see Equation Set 2), and

2}’11‘—1

nj

S =

That is, under boot—i, the no-bootstrapping result n, o2(i) is multiplied by s;.

(10)

(11)

(12)

(14)

Results for (Y, v,i)°. The same basic logic applies to the v,; term in ET(p).

That is,

n;
n .
L E( E v,,,) =n,s5; G z(pz),

i=1
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Results for (3,57 v,i)>. When only items are bootstrapped, the v,; term in
ET () (the fourth term in the fourth equation of Equation Set 7) is

(ZZ) — 5 ). (16

p=1i=1

This is illustrated in Figure 2 for a single replication of boot—i with n, =3
and n; = 4. We will say that the large cells in Figure 2 that involve two persons
(possibly the same) are “major” cells. There are two crucial points to note:

e Because only items are bootstrapped, each major off-diagonal cell involves
a different pair of persons, and in such cases Evpv,» = 0 whether or not
i =1i;and

e Each of the n, major dlagonal cells has the same form as that discussed in
the derivation of E() , v;)? in Equation 12.

It follows that

n,,n, z”: Z’ v,,,) = (Z v,,,) =50 pt) (17)

For a more mathematically rigorous proof, see Brennan (2006).

Using T Terms to Estimate o*(a). In short, the expected T terms under
boot—i are

ET(pli) = nynip® + nps; 5> (pi) + nps; 6% (i) + npn; 5> (p)
ET(ili) = npma® + i 02(pi) + npni (1) + s 2 (p)
ET(pili) = nymip® + npn; 62 (pi) + npn; 62 (i) + npn; > (p)
ET(wi) = npmip? + s; 6% (pi) + nps; (i) + n; 2 (p). (18)

Clearly, these four equations can be used to estimate the variance components with
respect to the 7'(a|i). Doing so gives

nT(p i) — T (i) — ;T (pili) 4 s;T(ili)

&2
(p) = ni(nj — si)(n, — 1)
62(i) _ ”pT(im - nPT(Mi) - T(Pi|i) + T(p |l)
np(ni — si)(n, — 1)
62([)[) :T(pi|i) —T(p‘i) —T(ii) +T(u\i). (19)

(ni = s5i)(np — 1)

These are the desired unbiased estimates, which are occasionally called the “bias-
adjusted” estimates in the bootstrap literature on variance components. Provided
next are other related results that are sometimes of interest.

Downloaded from epm.sagepub.com at PENNSYLVANIA STATE UNIV on March 3, 2016


http://epm.sagepub.com/

8  Educational and Psychological Measurement

Figure 2
Ilustration of Ev,v,; = oz(pi) for One
Possible Replication of Boot—i With n, =3 and n; =4

P P2 P3

P1

P3

: 20 . 2 . . .
Note: * — necessarily equals 6-(pi); i — o~(pi) as a chance occurrence resulting from boot—i.

Using Mean Squares to Estimate 6* (o). The mean squares for boot—i are

T(pli) - T(u)

us(ply) = 20—
MS(ili) = 7T(i|2i__Tl Ko
sy — 710 = Tl = Tl + Tl )

(np = 1)(mi — 1)
Given Equation Set 18, the expected mean squares are

EMS(pli) = s; o*(pi) + n; 6>(p)
EMS(ili) = t; 5*(pi) + tin, (i)
EMS(pili) = 1; 5> (pi), (21)
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where

n;, —s8; n,-fl

ti = (22)

I’l,‘*l n;

It is easy to use Equation Set 21 to obtain expressions for 6?(a) in terms of the
mean squares that result from a bootstrap replication MS(ai):

tMS(pli) — s:MS(pili)

&(p) = s
&(1) = MS(ili) ;1[17‘45(pi|i)
& (pi) = (tpll i) (23)

1

These equations give identical results to those in Equation Set 19, which they must
because both sets of equations are based on the same fundamental set of quadratic
forms.

Expressions for 6>(a) in terms of 6*(atli). Sometimes it is useful to have expres-
sions for 6%(a) in terms of the boot—i estimators, > (a|i). To obtain such expres-
sions, we use Equation Set 21 in conjunction with the boot—i version of Equation
Set 6; namely,

&2(pli) = MS(pli) — MS(pili)

521 — MGl = MS(pil)
&% (pili) = MS(pili). (24)
A bit of algebra gives
52 (pili

&) = o7(pl) 2

sy = 0

&(pi) =& (zl pili) (25)
Boot—p

The symmetry between p and i in the p x i design can be exploited to obtain
results for boot—p. Simply replace p with i, and replace i with p, everywhere in the
boot—i section.
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Boot—p, i

Boot—p, i involves the independent application of boot—p and boot—i. It follows
that under boot—p, i, the boot—i results in Equations 13 and 15 still apply. The cor-
responding results for boot—p also apply. However,

1 p o n 2
2D
'pi
phi \ ;31751

is not given by o2(pi) (no bootstrapping result), nor by s;6%(pi) (boot—i result),
nor by s, o2 (pi) (boot—p result). Rather, here it is shown that under boot—p, i,

2
1 np o nj )
i | = Sps; ). 26
P (’;;w’) 5,5; 6~ (pi) (26)

The crux of the matter is to show that

np n; 2
(ﬁz > v,,,») = (2n, — 1)(2n; — 1) *(pi). (27)

Figure 3 provides a matrix display of possible results for a particular replication
of boot—p, i with n, = 3 persons and n; = 4 items. In Figure 3, the entry for all
nonblank cells is 62(pi). These nonblank cells are instances in which p = p’ and
i = i, which will be called a “match.” There are nine major cells in Figure 3, three
of which are diagonal and six of which are off-diagonal.

Note, in particular, that for any of the nine major cells, the items are the same,
as they must be for a given replication of boot—p, i. From the discussion of boot—i,
it necessarily follows that for any major diagonal cell the expected number of
matches is 2n; — 1. Thus, over all major diagonal cells,

E(number of matches in major diagonal cells) = n, (2n; — 1). (28)

A match can occur for a major off-diagonal cell only if boot—p results in two
persons being the same. From the boot—p analogue of Equation 10, the expected
number of times this occurs is n, — 1. Whenever this occurs, the expected number
of matches is 2n; — 1 (see Equation 11). It follows that

E(number of matches in major off-diagonal cells) = (n, — 1)(2n; — 1). (29)

Adding Equations 28 and 29 gives
E(number of matches) = (2n, — 1)(2n; — 1). (30)

For a more mathematically rigorous proof of Equation 26, see Brennan (2006).
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Figure 3
Ilustration of Ev,v,; = o (pi) for One Possible Replication
of Boot—p, i Withn, =3 and n; =4

P P p3

i i3 iz 1y iy i3 i3 iy iy i3 i3 iy

” i3 * i p p.i

il p *

P1

P3

Note: * — o*(pi) with or without bootstrapping; i — ”(pi) as a chance occurrence resulting from boot—i
only; p — o”(pi) as a chance occurrence resulting from boot—p only; p, i — o*(pi) as a chance occur-
rence resulting from both boot—p and boot—i.

Rule

Let A be the set of facets that are bootstrapped (e.g., p and/or i), with each of
them denoted A;. Then, the ET (L) terms for the p x i design can all be obtained
using the following rule.

T-terms rule: For each A; consider each of the no-bootstrapping ET (o) equa-
tions. If o does not contain A, locate the variance components that do contain
X, and multiply their no-bootstrapping 7-term coefficients by 8-

The resulting set of equations can be solved to obtain the estimated variance com-

ponents, 62(a). As discussed in the rest of this article, this basic rule also applies to
any multifaceted balanced design.
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The p x (i:h) Design

For the p x (i:h) design, the T terms are

=n-nhz_2 —n,,n,ZXh, T(i:h) —n,,EZX,h,
T(ph) = n; ZZ ph,T(pz h) ZZZ Sins and T(p) = = npmimX>.

Without bootstrapping, Table 1 provides the coefficients of the variance compo-

nents for the expected values of these 7 terms. (These coefficients can be obtained

using formulas in Brennan, 2001, p. 219, which are provided later.) Replacing

expected T terms with actual T terms, and replacing o2(o.) with 6%(a), gives a set

of equations that can be solved for unbiased estimates of the variance components.
Mean squares with respect to T terms for the p x (i:h) design are

n, —1
iy LT
MS(izh) = 7TS;}(’})1;TI(;‘)

T(oh) — T(p) — T(h) + T(y)
MS(Ph) = = i — 1)
V(i) — L) = Toh) —T(i) +7(1)

31
ny(np — 1)(n; — 1) (31)
The expected values of the mean squares are
EMS(p) = &*(pi:h) 4+ n;6* (ph) + niny, 6% (p)
EMS(h) = &*(pizh) + n;6* (ph) + n,6° (i:h) + nin,o* (h)
EMS(i:h) = &*(pi:h) + n,o*(i:h)
EMS(ph) = c*(pi:h) + n;c*(ph)
EMS(pi:h) = o*(pi:h). (32)

When expected mean squares are replaced with actual mean squares, the result-
ing equations can be solved for the estimated variance components. Doing so gives
the following:

MS(p) — MS(ph)
MS(h) N 1];45(1';}1) — MS(ph) + MS(pi:h)

npn;
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Table 1
Coefficients of i? and Variance Components in Expected Values of T
Terms for Balanced p x (i:h) Design With No Bootstrapping

Coefficients
ET Term uz o2 (pi:h) o> (ph) o2 (i:h) o2 (h) o> 12
ET(p) npning n, npn; n, npn; npning
ET(h) npning ny niny, npny npning niny,
ET(i:h) npning niny niny npning npniny niny
ET(ph) nphing nphp npniny nphp npning npniny
ET(pi:h) npning npning npning npning npning npning
ET(n) npniny 1 n; np npn; ning

MS(i:h) — MS(pi:h)

&2 (i:h) = .
&(ph) = MS(ph) niMS(pi:h)
&2 (pizh) = MS(pi:h). (33)

These results are identical to those obtained by solving the 7-term equations
directly for estimated variance components, as they must be because the mean
squares are linear combinations of the 7 terms.

Boot-p, Boot—i, and Boot—-h

Although the 7-terms rule was inferred based on bootstrap results for the p x i
design, the rule clearly applies for any single bootstrapped facet, no matter what
the design may be. Consider, for example, ET(p) = nym,E ZY; for the p x (i:h)
design. Suppose we focus on boot—# and the v, term. The bootstrap facet & is not
in p, but & is in v,, which means that the conditions for the rule are met. Now,
because T(p) involves the square of average effects over i and 4, it follows that the
v, term in ET (p) is

SER el ()

p

nimE

The form of this result mirrors that of Equation 13 for the v; effect in T(p) under
boot—i in the p x i design. It follows that

() = () v
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Table 2
Coefficients of p? and Variance Components in Expected Values of T
Terms for Balanced p x (i:h) Design With Boot—#h

Coefficients
ET Term 2 o2 (pizh) o? (ph) o2 (i:h) o2 (h) o (p)
ET(p|h) npnny, npSh npn;S, npSh npn;sy npn;ny,
ET(h|h) npniny, ny, n;ny nphy npning n;ny
ET(i:h|h) npning nny niny npnny npning niny
ET(ph|h) npniny, npny, npniny, nphy npning npning,
ET(pi:h|h) npning npning npn;ny, npnny npning npniny
ET(ulh) npniny Sh nisy npSh NSy niny

where n,n; is the coefficient without bootstrapping (see Table 1). The coefficients
for the full set of expected 7T-term equations under boot—# are given in Table 2.

Using the expected T-term equations, the expected mean square equations under
boot—4 can be derived. They are

EMS(p|h) = 5,62 (pizh) + spn;6* (ph) + minyc? (p)

EMS(h|h) = t,6%(pi:h) + tynic*(ph) + tyn,&*(izh) + tyn,nic®(h)
EMS(i:h|h) = o (pz h) + n,c> (i:h)
EMS(ph|h) = t,6*(pi:h) + tyn;c* (ph)
EMS(pizh|h) = &*(pi:h), (34)
where t, = (n, — 1)/n;,. Using these equations, unbiased estimators of variance

components in terms of bootstrap estimators can be derived (see Brennan, 2006).
They are

G &2(phlh) &2 (pizh|h)
&*(p) = 6*(p|h) - m—1 iy —1)

oo 1, &2 (izh|h)
67 (h) = E |:C$ (h|h) +7ninh }
&°(i:h) = &2 (izh|h)
Az(ph) |: 2(ph|h) 2(pi:h|h):|
niny

&2 (pizh) = cz(pl:h|h).

Note that the 7-terms rule applies to boot—i in the p x (i:h) design even though
there is no i effect in that design. That is, although i is nested within £, it is still
possible to bootstrap i only.
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Boot-p, h and Boot—p, i

When a pair of facets is bootstrapped, the 7-terms rule can be applied for both of
them independently, as illustrated previously for boot—p,i with the p x i design.
The fact that that derivation was couched in the context of the p x i design is not
restrictive.

In short, we have demonstrated that the 7-terms rule applies for single bootstrap
facets and for pairs of nonnested bootstrap facets. Next, we show that the 7-terms
rule also applies to nested bootstrap facets. Subsequently, we show that it applies
to more than two bootstrap facets.

Boot—i, h With i Nested Within &

Boot—i, h means bootstrap i and independently bootstrap 4. In this section, it is
demonstrated that when i is bootstrapped first, the 7-terms rule gives the correct
results. The crux of the matter is to show that under boot—i, &, the coefficients of
o2(i:h) and o*(pi:h) in ET(p) and ET (i) involve s;sy.

Consider ET(p) and v;:p. ET(p) = nimE X; involves the term

S5 ] p(S )

p h

nin,E

Focus on the kernel E(} 5" V[:h)z, and consider Figure 4 in which n, =3 and
n; = 4. The layout of the figure mirrors that of Figure 3 except that the set of items
for the third level of 4 is not the same as that for the first level of 4. Note that for
the p x (i:h) design, the items are different for each unique level of &. However,
the set of items is the same whenever the levels of & are the same, which is pre-
cisely what happens when i is bootstrapped first.

Under these circumstances, the logic discussed previously for bootstrapping two
facets still applies, and

2
E <Z > u,.:,,) = (2n; — 1)(2n, — 1) &> (ih). (35)
h i

It follows that

2
ny .
TIIThE (Z Z l),‘:h) = NpSish c?(i:h), (36)

h

where n, is the coefficient without bootstrapping (see Table 1).

The same result applies to the v;.j, effect in ET(p). Also, using the same logic, it
can be shown that under boot—i, & the coefficients of 6%(pi:h) in ET(p) and ET(p)
are obtained by multiplying the respective no-bootstrapping terms by s;sy,.

Downloaded from epm.sagepub.com at PENNSYLVANIA STATE UNIV on March 3, 2016


http://epm.sagepub.com/

16  Educational and Psychological Measurement

Figure 4

Illustration of Ev;.,v;.,y = 6>(i:h) for One Possible Replication

of Boot—i, h With n;, =3, n; =4, and Boot—i Performed First
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hl

i
i3
i3

iy
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h
h

111
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iy

h
h  ih
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I13

i
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Note: *— 62(i:h) with or without bootstrapping; i — cz(i:h) as a chance occurrence resulting from
boot—i only; h — o2(i:h) as a chance occurrence resulting from boot—# only; i, h — o2(i:h) as a chance

occurrence resulting from both boot—i and boot—#.

Boot—p, i, h

Strictly speaking, it has not yet been demonstrated that the 7-terms rule yields
the correct result for the simultaneous application of all three bootstrap procedures

to the vy, term in ET(p) = npn,-nhEXz. That is, we need to show that

nynin,E (

1

npn;ny

>, ) P

npn;ny

To demonstrate this result, it is sufficient to show that

2
(Z 3> up,.:,,) = (2my — 1)(2n, — 1)(2n; — 1)S3(pi: h).

i h
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Figure 5
Obtaining Multiplier of o”(pih) for Boot—p, i, h

hy ha ha
hy Figure 3 Figure 3 Figure 3
hj Figure 3 Figure 3 Figure 3
hs Figure 3 Figure 3 Figure 3

Suppose n, =3, n; =4, ny, =3, and a particular replication of boot—p,i,h
results in (py, p1, p3), (i1, i3, i3, i4), and (hy, h3, h3). This is represented in Figure 5,
where the reference to Figure 3 in each of the cells means that Figure 3 is replicated
in each of these cells. We know from previous results that for each of the major
diagonal cells in Figure 5, the expected number of matches is (2n, — 1)(2n; — 1).
Thus, over all major diagonal cells

E(number of matches in major diagonal cells) = n; [(2n, — 1)(2n; — 1)]. (37)

A match can occur for a major off-diagonal cell in Figure 5 only if boot—# results
in two levels of h being the same. By analogy with previous discussions, the
expected number of times this occurs is n, — 1. Whenever this occurs, the expected
number of matches is (2n, — 1)(2n; — 1). It follows that

E(number of matches in major off-diagonal cells) = (n, — 1)[(2n, — 1)(2n; — 1)].  (38)

Adding Equations 37 and 38 gives
E(number of matches) = (2n;, — 1)(2n, — 1)(2n; — 1), (39)
which implies that

2
(Z > up,.:h> = (2my — 1)(2n, — 1)(2n; — 1)c>(pi:h).
14 i h

General Procedures for Any Balanced Design

The p x (i:h) design provides a microcosm of the complexities that can arise in
the types of designs encountered in generalizability theory. This section provides
general procedures and results for any design and bootstrap procedure.
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T Terms

For any component «, the 7 term for a balanced design (see Brennan, 2001,

p.217) is
%) = [[[n(~] > %, (40)

where [[ n(~ o) is the product of the sample sizes for the indices not in o, and the
summation is over all of the indices in o.

Expected T Terms for Balanced Designs With No Bootstrapping

Brennan (2001, p. 219, Equation 7.3) provides an equation for obtaining no-
bootstrapping expected T terms that applies to both balanced and unbalanced
designs. For balanced designs only, the equation is somewhat simpler. Specifically,
the coefficient of o*(a) in the expected value of the T term for B is

k[o* (@), ET(B)] = [ [ n(B) [ [ nl~ (U B)], (41)

where [[n(B) is to be interpreted as the product of the sample sizes for all indices
in B and [ n[~ (00U B)] means the product of the sample sizes for all indices that
are not in either o or f.

Expected T Terms Under Boot—\

Let A; be any one of the m indexes in A, and let
2}1)\/. —1
S, = ——.

"
I’lxj

(42)

To obtain the coefficients of each of the variance components in the expected T
terms for the boot—A procedure, apply the following rule:

T-terms rule: For each ); consider each of the no-bootstrapping ET (o) equa-
tions. If o does not contain A ;, locate the variance components that do contain
A, and multiply their no-bootstrapping 7-term coefficients by 8-

The result of doing so can be expressed in a single equation:
k[o* (), ET(BIM)] = [ [ n(B) [ [ nl~ (U B) [ [ls, 1% € oo 2y B, (43)

where the last term is the product of 5, for all A; such thatA; € oo N A; & P.
Replacing the left side of the expected T-term equations for boot—A with actual
T terms, and replacing all o?(a) with 6%(at), gives estimation equations that can
be solved for the 62(00, which are the so-called ANOVA unbiased estimates of
the variance components. Computationally, this is usually the most direct way to
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estimate the variance components. However, expected mean squares under boot—A
can be obtained and used to estimate the variance components. Also, researchers
sometimes want the 62 (o) expressed in terms of the bootstrap estimates, 62 (a|).).

Expected Mean Squares Under Boot—\

There are at least two procedures that can be used to obtain the expected mean
square equations under boot—A, EMS(B|)). First, the EMS(B|)\) equations can be
obtained by using the T(a|A) equations with the boot—A version of the usual
formulas for mean squares with respect to T terms (e.g., see Equation Set 20). The
algebra required to do so can be tedious, however. Second, the rule discussed next
can be used.

For a random model with a balanced design and no bootstrapping, the following
is a general expression for the expected mean square equations (see Brennan, 2001,
p.77):

Ems@) = Y {[[]n(~®]o*@}, (44)

where the summation is taken over all o that contain at least all of the indexes in f,
and [ n(~a) is the product of the sample sizes for the indexes not in o. See, for
example, Equation Set 32.
Now, let
n., — 1
., = 4 R (45)

J
oy

and let B* be the set of primary indexes (those prior to any colon) in . To obtain
the coefficients of each of the variance components in the EMS(B|L) equations,
apply the following rule to each of the coefficients in the EMS(B) equations:

EMS rule: Provided A; is not a nesting index (i.e., any index after a colon) in
both o and B, multiply the coefficient by h, if A; eaNA; € B*, or by
S;L], if 7Lj ean )\‘Jgﬁ*

For example, see Equation Set 34.

Bias-Corrected Estimates of Variance Components

It is possible to use the EMS(B|)A) equations to solve for unbiased estimates of
the variance components, 62(oc), in terms of the boot—A estimates (e.g., see Equa-
tion Set 25). The resulting equations are sometimes called the bias-corrected esti-
mates of variance components, where it is understood that the bias is induced by
boot—X. In general, for nested designs the resulting expressions for 6%(a.) in terms
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of 6%(B|A) do not seem to have any reasonably simple predictable form (e.g., see
Brennan, 2006, Appendix B). For fully crossed designs, however, there is a regular-
ity to the resulting equations (e.g., see Brennan, 2006, Appendix C) that can be
described by an algorithm and/or a complicated equation provided by Brennan
(2006).

Final Comments

Nested designs almost always involve complexities beyond those in crossed
designs. That is certainly true in the context of bootstrapping. It is important to note
that when one or more facets are nested within one or more other facets, the order
of the bootstrapping should mirror the order of the indexes using the notational
conventions in Brennan (2001; e.g., primary facets should be bootstrapped first) for
Equations 42-45 to be accurate.

Probably the single most important result in this article is the 7-terms rule (or its
companion Equation 43), which provides the basis for specifying the expected 7-term
equations for any design under any bootstrap procedure. These equations can be read-
ily solved for unbiased estimates of the random effects variance components.
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