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Abstract

We develop a probability model over image spaces and
demonstrateits broad utility in mammographic image anal-
ysis. The model employs a pyramid representation to factor
images across scale and a tree-structured set of hidden vari-
ables to capture long-range spatial dependencies. Thisfac-
toring makes the computation of the density functions local
and tractable. Theresult isa hierarchical mixture of condi-
tional probabilities, similar to a hidden Markov model on a
tree. The model parameters are found with maximum likeli-
hood estimation using the EM algorithm. The utility of the
model is demonstrated for three applications; 1) detection
of mammographic masses in computer-aided diagnosis 2)
qualitative assessment of model structure through mammo-
graphic synthesis and 3) lossless compression of mammo-
graphic regions of interest.

1. Introduction

In mammographicomputerassistedliagnosifCAD) one
typically estimate€r(C|I), the conditionalprobability of
classC (e.g. benignvs. malignant)givenimagel or a
setof featuresextractedfrom I. Previousefforts have con-
centratedon the developmentof suchdiscriminant models
for CAD [1][2][3][4][?]. By contrast,a generative model,
Pr(I|C), hasmary attractize features Classificatioris pos-
sible by training a distribution for eachclassand using
Bayes'rule to obtainPr(C|I) = Pr(I|C)Pr(C)/ Pr(I).
Howevertherearemary otherbenefitsof having amodelof
thedistribution of images sinceary type of imageanalysis
canbe approachedising knowledgeof the distribution of
the data. For example,anomalousmagescanbe detected
andrejected ratherthantrustingthe classifiers output. A
generatie modelcanalsobe usedto compressinterpolate,
suppressioise,increaseor extendresolution,andfusemul-
tiple images.

In the computervision and patternrecognitioncommu-
nity there has beenlimited work directedat developing

probabilitiesfor images. One of the few examplesof im-
agedistribution modelsis thatconstructedy Zhu, Wu and
Mumford[5]. In theirapproactthey computethe maximum
entropy distribution given a setof statisticsacrossa num-
ber of features.Thoughthis approachworks well for tex-
tures,it is not clearhow well it will modelthe appearance
of morestructuredbjects.Severalalgorithmshave investi-
gatedmodelingthe distributionsof featuresextractedfrom
the image, insteadof the imageitself. The Markov Ran-
domField (MRF) modelsareone suchexample;see,e.g.,
Reference$6, 7]. However, thesemodelstendto be com-
putationallyexpensve.

Recently De BonetandViola's proposed flexible his-
togramapproach[89], wherefeaturesareextractedat mul-
tiple imagescaleswith theresultingfeaturevectorstreated
asa setof independensamplesdrawvn from a distribution.
The distribution of featurevectorsis then modeledusing
Parzenwindows. Thoughthey report good results, their
model treatsthe feature vectorsfrom neighboringpixels
asindependensamplesvhenin factthey shareexactly the
samecomponentgrom lower-resolutions.Onesolutionto
this is to build a modelin which the featuresat one pixel
of onepyramid level conditionthe featuresat eachof sev-
eralchild pixelsatthe next higherresolutionpyramidlevel.
The multiscale stochasticprocess(MSP) methodsdo ex-
actlythat. LuettgenandWillsky[10], for example applieda
scale-spacauto-rgressionAR) modelto texture discrim-
ination. They usea quadtreeor quadtree-lile organization
of the pixelsin animagepyramid, and modelthe features
in the pyramid as a stochastigprocessfrom coarse-to-fine
levels alongthe tree. The variablesin the processare hid-
den,andtheobsenationsaresumsof thesehiddenvariables
plusnoise.Howevertheassumedsaussiamistributionsare
alimitation of MSPmodelsaswell asthefactthatthemodel
is of the probability of the obsenationson the tree, not of
theimage.

All of thesemethodsappearwell-suited for modeling
texture, but it is unclearhow one might build modelsto
capturethe appearancef more structuredobjects. For



example,in mammographybenignand malignantmasses

tendto be characterizecdy a combinationof texture and
shapefeatures[1] and may also include contextual influ-
encesTherefordocal conditioning lik e thatof theflexible
histogramandMSP approacheds inadequate.

Recently severalgroupshave developedwhatareessen-
tially extensionsof the MSP modelsby addinghiddenvari-
ables.Thesecanbeseerasimproving themodels ability to
capturenon-localdependenciel theimage.For example,
Crouseet al developedtheir Hidden Markov Tree (HMT)
models[12] for signhalsandimages.A primary motivation
of thesemodelsis to capturethe tendeng for wavelet co-
efficientsto groupinto two classespnewith large andthe
otherwith small coeficentmagnitudes.Thustheir hidden
stateshave one of two valuescorrespondingo large and
smallwavelet coeficients. This is well suitedto the mary
signalandimagetypesthathave homogeneousegionswith
boundaries.Thesemodelshave beensuccessfullyapplied
to several problems,especiallyimage denoisingand tex-
ture sgmentation. Chengand Bouman[13] applied an-
othermodelof this sortfor segmentationjn which the ob-
senedclasslabelsplay therole of hiddenvariablesandso
of coursearenolongerhidden.

We have independenthdevelopeda classof modelsfor
probability distributions of imagesthat we call hierarchi-
cal imageprobability (HIP) models. Thesealsohave tree-
structuredgraphof the dependenciebetweerhiddenvari-
ablesat differentscales,and use mixturesof multivariate
Gaussiango model the local distributions of vectors of
features. In the following we presentthe basicHIP mod-
els, alongwith EM algorithmfor training the models. We
shaw preliminaryresultsof the applicationof HIP models
to mammographiimageanalysisjncludinglesionclassifi-
cation,mammographisynthesisndcompressiomf mam-
mographidROls.

2 Coarse-To-Fine Factoring Of Im-
age Distributions

Our goal will be to write the imagedistribution in a form
similarto Pr(I) ~ Pr(Fo |F1) Pr(F; |F2)..., whereF;
is the setof featureimagesat pyramid level I. We expect
that the short-rangedependenciesan be capturedby the
models distribution of individual featurevectors while the
long-rangedependenciesanbe capturecat low resolution.
The large-scalestructuresaffect finer scalesby the condi-
tioning.

We first prove that a coarse-to-findactoringlik e this is
correct.Fromanimagel we build a Gaussiarpyramid (re-
peatedlyblur-and-subsampleyith a Gaussiarfilter). Call
the I-th level I, e.g.,the original imageis Iy (Figure 1).
FromeachGaussiarevel I; we extracta setof featureim-
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Figurel: Pyramidsandfeaturenotation.

agesF;. Sub-sampleheseto getfeatureimagesG;. Note
that the imagesin G; have the samedimensionsas I ;.
We denoteby G, thesetof imagescontainingl;; andthe
imagesin G;. We furtherdenotethemappingfrom I; to G,
by G;.

Supposethat Gy : Iy — Gy is invertible. Thenwe
can think of G, as a changeof variables. If we have
a distribution on a space,its expressionsin two differ-
ent coordinatesystemsare related by multiplying by the
Jacobian. In this casewe get Pr(lo) = |Go| Pr(Go).
Since Go = (Go,I1), we can factor Pr(G) to get
Pr(Iy) = |Go| Pr(Go | I1) Pr(Iy). If G is invertiblefor all
1 € {0,...,L — 1} thenwe cansimply repeatthis change
of variableandfactoringprocedurdo get

L—-1

pa(r) = | [L1GI PGl )| Pr(i) - (@)

=0

This is a very generalresult, valid for all Pr(I), with
someratherweakrestrictionsto make the changeof vari-
ablesvalid. Therestrictionthat G, beinvertible is strong,
but mary suchfeaturesetsare known to exist, e.g., most
wavelettransformsonimages.

3 TheNeed For Hidden Variables

For the sale of tractability we wantto factorPr(Gy | [;11)
over positions for example

Pr(I) ~ H H Pr(gi(z) | fi41(z))

I z€liyq

whereg;(z) andf;;;(z) arethefeaturevectorsat position
z. Thedependencef g; on f;; expresseshe persistence
of imagestructuresacrossscale e.g.,anedgeis usuallyde-
tectableassuchin severalneighboringpyramidlevels. The
flexible histogramandMSP methodssharethis structure.
While it maybeplausiblethatf;, (z) hasastronginflu-
enceon g;(x), a modeldistribution with this factorization



andconditioningcannotcapturesomepropertiesof realim-
ages.Objectsin theworld causecorrelationsandnon-local
dependencieis images.For example thepresencef apar
ticularobjectmightcauseacertainkind of textureto bevisi-
bleatlevell. Usuallylocal featured; ; by themseleswill
not containenoughinformationto infer the objects pres-
ence,but the entireimage I, at that layer might. Thus
gi(z) is influencedby moreof I;;; thanthelocal feature
vector

Similarly, objectscreatelong-rangedependenciesFor
example,an objectclassmight resultin a specifickind of
texture acrossa large areaof the image (e.g. malignant
breastmassedendto have inhomogenousegion enhance-
ment).If anobjectof this classis alwayspresentthedistri-
bution mayfactor, butif suchobjectsarenotalwayspresent
and cannotbe inferred from lower-resolutioninformation,
the presencef the texture at onelocationaffectsthe prob-
ability of its presencelsavhere.

To capturetheselong-rangedependencies/e introduce
hiddenvariablesto representhe non-localinformationthat
is notcaptureddy local features Thesehiddenvariblesalso
constrainthe variability of featuresat the next finer scale.
Denotingthehiddenvariablescollectively by A, we assume
thatconditioningon A allows thedistributionsover feature
vectorsto factor In general,the distribution over images
becomes

L
pr(r)  S{IT IT Prlento) s (o), 4)
A

I=0z€l41

X Pr(A | IL+1)} PI‘(IL_H). (2)

This is a very generalform for A andwe insteadwould
like to bemorespecific.In particularwe would like to pre-
sene the conditioningof higherresolutioninformationon
coarseifresolutioninformation,andtheability to factorover
positions. This leadto the following structurefor our HIP
model?

L
proc > I] 11 [Pr(gzlfz+1,az,w)

Ag,...,Ar I=0 z€li4q
x Pr(a; | a1, x)] 3)
To eachpositionz ateachlevell we attachahiddendiscrete

index or labela; (). TheresultinglabelimageA4; for level
I hasthesamedimensionastheimagesn G;.

Ln principlethereis alsoa factorof Pr(Ir4+1). In mary caseslz, +1
will beasinglepixel thatis approximatelythe meanbrightnessn theim-
age.Weignorethis, whichis equialentto assuminghatPr(Iy, ;1) is flat
oversomerange.In this casefr, 1 is zerofor typicalfeaturesln addition,
thereis no hiddenvariablear,41. If we combinetheseconsiderationsve
seethatthel = L factorshouldbereadas] ], Pr(gz | ar,z) Pr(ar, z).

Figure2: Quadtresstructureof the conditionaldependeng
betweerhiddenvariablesin the HIP model.

Sinceq;(z) codesnon-localinformation we can think
of thelabels 4; asalearnedsggmentationat the i-th pyra-
mid level. By conditioninga; (z) ona;1(x), we meanthat
a;(x) is conditionedon a;4; atthe parent pixel of z. This
parent-childrelationshigfollows from the sub-samplingp-
eration. For example,if we sub-sampléy two in eachdi-
rectionto get G; from F;, we conditionthe variablea; at
(z,y) inlevell ona;4 atlocation(|z/2], |y/2]) in level
I+1 (Figure2). Thisgivesatreestructureo thedependeng
graphof the hiddenvariables,i.e. a belief network. By
conditioningchild labelson their parentdnformationprop-
agateghoughthe layersto otherareasof the imagewhile
accumulatingnformationalongtheway.

For simplicity we havechoserPr(g; | fi.+1, a;) tobenor
malwith ameanthatdependdinearlyonf;, i,

Pr(g | £, a) = N(g, Myt + g,, Aa) (4)

4 EM Algorithm

Dueto the treestructure the belief network for the hidden
variablesis relatively straightforward to train with an EM
algorithm. The expectationstep (summingover q;’s) can
be performeddirectly.? The expectationis weightedby the
probability of alabel or a parent-childpair of labelsgiven
theimage.This canbe computedn afine-to-coarse-to-fine
procedurej.e. working from leavesto the root and then
backoutto theleaves. The methodis basedon belief prop-
agation[14].

Oncetheexpectation@recomputedthenormaldistribu-
tion makesthe M-steptractable;one simply computeshe
updatedg,,, X,,, M,,, andPr(a; | a;41) ascombinations
of variousexpectatiorvalues.

In order to apply the EM algorithm, a parameteriza-
tion for the modelis required. The parameterizatiorof
Pr(g|f,a) is givenabove in Equationd. For Pr(a; | ai+1)

2Note that a more densely-connectestructure with eachchild hav-
ing several parentswe have requiredeitheran approximatealgorithmor
Monte Carlotechniques.



we usetheparameterization

Tral s AI41 (5)

Pr(a; | ai41) = S e
a; Ma,ai41

in orderto ensurepropernormalization.

Below, we denotethe new parametewvaluescomputed
duringthet-th maximizationstepasg**! andtheold values
asht.

4.1 Maximization

Maximizing the expectationof thelikelihoodover the hid-
denvariableswith respecto themodelparametergivesthe
following updateformulae:

WZ,-I’_,%7,1+1 = ZPr(a’lial"rlJm'IJ at)i (6)

ME =((@if51 ), 0, — (@000 (1))

-1
X (<fl+1fl’1-i:1>t,az - <fl+1>t,az <flq-;—1>t,a1) ’
(7

B = (80 — Mo (fir1) 0, (8)

and

T
AL = <(gl = Mg i) (&0 — Mg iga) >t a
-l

Herethebraclets(.), ,, denotethe expectatiorvalue

— Ez Pr(ala T | I’ et)X(IE)
<X>t,al - Ez Pr(al, x | I, et)

(10)

4.2 Expectation

In the E-stepwe needto computethe probabilitiesof pairs
of labelsfrom neighboringayersPr(a;, a;+1, 7 | I, 6*) for

givenimagedata.Notethatin all occurrencesf thereesti-
mationequationsj.e. (5,6) and(10), we requirethatquan-
tity only upto anoverallfactor We canchoosehatfactorto

be Pr(I|6*) andcancomputePr(a;, a;41, 1, I6*) instead
using

Pr(a;,ar41,2 | I,6Y) Pr(I|6") = Pr(ay, a;41,,1|6%)
= > Pr(I,Al6?) (11)

A\ai(z),a141(z)

Thecomputatiorof theseguantitiescanbe castasrecursion
formulae,definedin termsof quantitiesu andd, which ap-
proximatelyrepresentpwardsanddownwardspropagating

probabilities.Therecursionformulaeare

wi(ar, x) =Pr(g | fi+1, a1, 7)

X H @1 (ar, ") (12)

z'€Ch(z)

(a1, x) =Y Pr(a| arr1)w(a, z) (13)

(2]

di(a,z) = Y Pr(a|ap)di(a,z)  (14)

ai+1

3 _ i1 (ai41, Par(z))
dl(al+1,$) - ﬁl(al—i-l;m) (15)

Xdyy1(ai41, Par(z))

Theupwardrecursiorrelations(12—13)areinitialized at
I = 0 with ug(ag, z) = Pr(g|f1,a0,z) andendat! = L.
At level L Equation13 reducedo iy (ap41,z) = i (x).2
Sincewe do not model ary further dependenciebeyond
layer L, the pixels at layer L are assumedndependent.
Consideringhedefinitionof v, it is evidentthatthe product
of all iz, (z) coincideswith thetotal imageprobability,

Pr(1|6") = [] tr(z) = upsr. (16)
z€lL
Thedownwardrecursion14- 15) canbeexecutedstart-
ing with equation(15) at! = L with dyy1(ap+1,2) =
dry1(z) = 1.8 The downwardsrecursionendsat! = 0
with equation(14).
We cannow compute(11) as

Pr(al7 aj4+1,7, I | Ht) = ul(ala $)Jl (aH-l:m)
x Pr(ajla;+1) (17)
Pr(a;,z,16") = w(a, z)dy (ar, z) (18)

Computationg12-18)in the E-stepat iterationt aredone
with fixedparameterg?.

5 Experimental Results

In this sectionwe reportsomeof our preliminaryresultsfor
applyingthe HIP modelto mammographiémageanalysis.

5.1 MassDetection

To demonstrateutility, we use HIP as a post-processor
(i.e. adjunct)to the University of Chicagos (UofC) CAD
system[1} Falsepositive andtrue positive regionsof in-
terest(ROIs) were outputfrom the UofC CAD systemand

3The (non-eistent) label az, 11 canbe thoughtof as a label with a
singlepossiblevalue,whichis alwaysset. TheconditionalPr(ar,| ar,+1)
turnstheninto aprior Pr(ar,)
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Figure 3: ROC curve for resultsof HIP modelsusedas
a post-processofor massdetectionin the University of
Chicagos mammographi€€AD system.

usedfor training andtesting. The goalwasto determineif
theHIP modelcould be usedto reducefalsepositiveswith-
outsignificantlossin sensitvity.

Two HIP modelsweretrained;oneusing 36 randomly-
choserROlIsthatcontainednassesandasecondrainedon
48 randomly-choseROIs without masses.Thelikelihood
ratio underthe two modelswas usedasthe testcriterion,
i.e., athresholdon this ratio is usedto decidewhich ROls
will bedetectecasmassesThetrueandfalsepositive rates
asafunctionof thethresholdveremeasure@n anovel test
setconsistingof 36 massand49 non-mas$ROls.

A searchwas performedover the numberof hiddenla-
belsvaluesateachlevel. Thesearctrriterionusedthe neg-
ative log-likelihoodon the training dataplusthe minimum-
description-lengtipenaltyterm,dlog(V)/2, whered is the
numberof model parameterand N is the the numberof
training exampleg16]. The maximumnumberof labelsin
alevel wasboundedat 17.

The bestperfroming model had an architectureof 17,
17,11,2,and1 hiddenlabelin levels0-4,respectrely. The
receveroperatincharacteristi§ROC) curve[17] for thetest
imagesis shovn in Figure 3. For this architecturghe area
underthecurve (4,) was0.75. For this architectureandset
of parametethe HIP modelis ableto eliminate17% of the
falsepositivesgeneratedby the UofC CAD systemwithout
lossin sensitvity.

5.2 Novelty Detection

Novelty detectionidentifiesexamplesthatare significantly
different from the exampleson which the model(s)was

Effect of rejecting low-probability examples on performance
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Figure 4: Using the HIP modelfor novelty detectionand
generatingonfidencaneasuresThresholdinghe absolute
valueof thelikelihood(abscissagnablesejectionof afrac-
tion of the datathatis novel, relative to the dataon which
the modelswere trained. This actsas a confidencemea-
sure,which canimprove the performancef the model(Az
valueson ordinateaxis).

trained[18]. Detectingnovel examplescan be usefulin
a CAD systemfor generatingconfidencemeasuresn the
CAD outputandidentifying datathat could be usedin fu-
ture training of the model. The HIP model’s generatie
structureenablesiovel examplego beidentifiedby thresh-
olding the log-likelihood of the models. Figure 4 illus-
trateshow ROC performancemprovesif novelty detection
is usedto generatea confidencemeasurdor rejectinglow-
confidenceexamples. In this example, two HIP models
weretrained,onefor positive ROIs and onefor negatives
ROIs (sameROI databaseasfor classification). Testdata
wasevaluatedoy computingthelik elihoodratio of themod-
elsaswell astheabsolutevalueof thelog-likelihoods.The
absolutevalue of the log-likelihoodsare thresholdedsuch
that low valuesare consideredow confidenceand there-
fore rejected(not classified). As the thresholdon the log-
likelihoodis increasedmore ROIs arerejectedbecausef
low confidenceandtheareaunderthe ROC curveincreases.

5.3 Mammographic Synthesis

Sincethe HIP modelis a generatie model,we cansample
themodelandsynthesizenew images.In thecontext of ROI

classification,synthesizedmagescan provide qualitative
insightinto whatfeatureshe modelis extractingandrepre-
sentingfor bothpositive andnegative ROIs. Usingthesame



Figure5: MammographidROl imagessynthesizedrom positive andnegative HIP models.Synthesizegbositive ROIs (left)
tendto have morefocal structurewith moredefinedbordersandhigherspatialfrequeng content.Negative ROIs (right) tend

to bemoreamorphouswvith lower spatialfrequeng content.
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Figure6: (Left)Rootmean-squaredrrorvs. sizeof compressefile, JPEGandHIP. (Right) Maximumerror (L°° norm)vs.

sizeof compressefile, JPEGandHIP.

ROI databasaisedfor classification,we constructedHIP
modelsfor positives (masseshnd negatives (no masses).
The trainedHIP modelswere sampledto synthesizenew
ROl images.The samplingproceduréeginsatthe coarsest
resolution,wherethe hiddenlabelsare randomlysampled
from the distribution Pr(Ar). ThefeatureimagesGy are
thensampledrom Pr(Gr | AL). The G, areusedto con-
structIy,_ 1, from which the F;, are constructed.We then
sampleAr_; from Pr(A;_1|Ar), andthenGr_; from
Pr(Gr_1|Fr,AL_1). Thisisrepeatedintil thefinestres-
olutionis reachedand I is constructed.

Figure 5 shavs examplesof theseimages. Inspection
of the synthesizedpositive ROIs shavs more focal struc-
ture,with morewell-definedbordersandhigherspatialfre-
gueng contentthanthe negative ROIs.

5.4 Mammographic Image Compression

A streamof randomvariablescanbe optimally compressed
if we know their distribution,andsohaving aHIP modelof
a sourceof imagesshouldallow usto compressxamples
of thoseimageswith high efficiency. Herewe demonstrate
compressionwvith HIP modelsusinga simpletechnique.
Given an image and a HIP model, we compute
the most likely value of each hidden label, a;(x)
argmax,, ) Pr(a;, z, I|6") using Equation18, and code
eachfeaturevectorg; (z) usingPr(g; | fi+1,a;,z). Thelat-
teris usedby decomposingg (x) into its componentslong
the eigervectorsof the covarianceof Pr(g; |fi41,4a], ),
¥y, andcodingthosecomponentsvith a specifiedpreci-
sionusingHuffmanencoderdor the Gaussiaristributions
with variancesgiven by the eigervaluesof ,:. There-
sulting bitstreamwasstoredin afile thatwassusbequently



Figure7: Compressiomrtifactsof JPEGandHIP. Left: Originalimage,center:JPEG right: HIP.

compressewith gzipto reducetheredundang in themary
shortidenticalbit patterns.This procedurés currentlyvery
computationallyexpensie, andis not necessarilyoptimal
evenif the HIP modelexactly matchegshe imagedistribu-
tion, but it is straightforwardto codeandsenesto demon-
stratethe capability

Figure6 shavstheroot-mean-squareehdmaximumer
rorsversusthe sizeof thereulting compressefile, respec-
tively. Thisis for onerandomly-chosemassROI image,
which was not part of the training setof the HIP model.
The HIP algorithmgives meanerrorsthat are comparable
to JPEG,and suggestghatits maximumerrorsarea little
lower. It is perhapshot surprising sincethe HIP modelwas
fit to similardatawhile JPEGisintendedo begeneralputit
demonstratethe potential. Compressednduncompressed
imagesareshovnin Figure?.

6 Conclusion

We have developeda classof imageprobability modelswe
call hierarchicalimageprobability or HIP models. To jus-
tify these,we shaved thatimagedistributions can be ex-
actly representeds productsover pyramid levels of dis-
tributions of sub-sampledeatureimagesconditionedon
coarserscaleimage information. We argued that hidden
variablesare neededto capturelong-rangedependencies
while allowing us to further factor the distributions over
position. In our currentmodelthe hiddenvariablesact as
indicesof mixturecomponentsTheresultingmodelis very
similarto theHiddenMarkov Treemodels but allows mod-
elling somavhat more generalimagestructures. Because
they are modelsof probability distributions over images,
they can be usedfor a wide range of image processing

taskse.g. classification,compressionnoise-suppression,

up-samplingerrorcorrection.etc. Herewe have presented
resultsfor mammographiémageanalysis. However there
areohviously othermodalitiesand medicalapplicationar-
easwere HIP modelswould be useful. Onein particular
is multi-modalfusion, wherethe problemis to bring a set
of imagesacquiredusingdifferentimagingmodalities jnto
alignment. Onemethodthat hasdemonstrategbarticularly
goodperformancaisesmutualinformationasan objective

criterion[19]. The computationof mutualinformationre-
quiresan estimateof entropies,which in turn requiresan
estimateof the underlyingdensitief theimages.The HIP
modelpotentially providesa framework for learningthose
densities.
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