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Abstract. The aim of this paper is to study the concept of Intuitionistic
L-fuzzy subrings and Intuitionistic L-fuzzy ideals of a ring R. In this direction
definitions and properties relating to Intuitionistic L-fuzzy subrings of R and
Intuitionistic L-fuzzy ideals of R are introduced and discussed. We introduce
a special type of Quotient ring.
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1. INTRODUCTION

The theory of Intuitionistic fuzzy set plays an important role in modern
mathematics. The idea of Intuitionistic L-fuzzy set (ILFS) was introduced
by Atanassov (1986) [1-3] as a generalization of Zadeh’s (1965) [7] fuzzy sets.
Many researchers applied the notion of Intuitionistic fuzzy concepts to relation,
group theory, topological space, knowledge engineering, natural language, neu-
ral network etc. Biswas [4] have applied the concept of Intuitionistic fuzzy sets
to the theory of groups. In this paper we study the algebraic nature of Intu-
itionistic fuzzy subrings and Intuitionistic fuzzy ideals on a lattice (L, <, A, V).
Infact we emphasize the truth of the results relating to the non-membership
function of an Intuitionistic fuzzy subring and Intuitionistic fuzzy ideal on a
lattice. The proof of the results on the membership function of Intuitionistic
fuzzy subring and Intuitionistic fuzzy ideals are omitted to avoid repetitions
which are already done by researchers Malik D. S. and Mordeson J. N. [5,6].
We also introduce Quotient rings of the Intuitionistic L-fuzzy set. This work is
a generalization of fuzzy algebraic structures introduced by many researchers.

2. PRELIMINARIES
In this section we list some basic concepts and well known results of Intu-
itionistic L-fuzzy sets. Throughout this paper (L, <, A, V) denotes a complete
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distributive lattice with maximal element 1 and minimal element 0 respectively.
Let (R, +, ) be a commutative ring.

Definition 2.1. Let X be a non-empty set. A L-fuzzy set u of X is a function
X — L.

Definition 2.2. Let (L, <) be the lattice with an involutive order reversing
operation N : L — L. Let X be a non-empty set. An Intuitionistic L-fuzzy set
(ILF'S) A in X is defined as an object of the form

A= {{z, pa(r), va(e)) /z € X}

where iy : X — L and vy : X — L define the degree of membership and the
degree of non membership for every x € X satisfying pa(x) < N(va(x)).

Definition 2.3. Let A = {{(z, pa(z),va(x))/z € X} and
B = {{(z, pp(x),vp(x))/x € X} be two Intuitionistic L-fuzzy sets of X. Then
we define

(i) AC B iff for allz € X, pa(z) < pp(z) and va(z) > vp(z)
(i) A= B iff for allx € X, pa(x) = pp(x) and va(z) =

(iii) A ={(z,va(x), pa(x))/z € X}

() AUB ={(z,(uaV pp)(x), (va Avp)(z))/z € X}

(v) AN B = {{z, (pa A pp)(2), (va Vvp)(z)) /v € X}

(vi) For ILFS, A; of R, j € I, I-index set,

Ujerd; = {(@, Vieria, (), Njerva, (z),)/z € R}

and
Njerd; = {(x, Njerita, (), Vierva, (z),)/z € R}
(vii)
A+ B = {(z,(pa + ps) (), (va +vg)(r))/z € R}
where
(ha+pp)(@) = V{pa(y) A pup(2)/y, 2 € Ry + 2z =}
and
i (va+vp)(x) = Mraly) Vig(z)/y,z € Ry + 2z =z}
A— B ={{z,(pa — ps)(x), (va —vp)(2))/2 € R}
where
(Ha — pp)(®) = V{pay) A pus(2)/y, 2 € Ry — z = x}
and
i) (va —vp)(x) = Mraly) Vvp(2)/y, 2 € Ry — 2z =z}

Ao B ={(z,(pacps)(r),(vaovs)(z))/r € R}
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where (pa o pp)(x) = V{pa(y) A ps(2)/y,z € Ryz =z}
and

. (vaovp)(z) = Mraly) Vvp(2)/y, 2 € R,yz =z}
AB = {(z, (papp)(z), (vavp)(z))/z € R}
where (MAMB)(I) = \/{/\?:1(/114(%) N MB(Zi))/yh z€ R, 1<i<mn,neN,
22;1 Yizi =}
(vavp)(z) = NM{VI_,(valy) Vvs(z))/yi, 2z € R,1 <i<mn,neN,
Do YiZi = T}

Definition 2.4. Let A = {{z,pa(z),va(x))/z € X} be an ILFS of X. Let

Y C X. Then
_ Jpa, zEY
(ra)r(w) = {0, zeX\Y
and
va, T€EY
(va)y (@) = {0, zeX\Y

IfY is a singleton then the above functions are the Intuitionistic L-fuzzy point.

The following results are immediate from the definition and hence their proof
is omitted.

Proposition 2.5. Let A = {(x, pa(z),va(x))/x € R},
B = {(x, up(x),vg(x))/z € R} be two ILFS. Then Ao B C AB.

Proposition 2.6. Let A = {(x, pa(z),va(x))/x € R},

B = {(x,up(x),vg(x))/x € R} be ILFS. Then for all x,y € R
(i) (napp) (@ +y) = (paps) (@) A (paps)(y)

(i) (vavp)(x +y) < (vavp)(x) V (vavp)(y).

Proposition 2.7. Let A = {(x, pa(z),va(z))/x € R} and

B = {(x,up(x),vg(x))/x € R} be ILFS. Then for all x,y € R
(1) (paps)(x) = (papp)(=7)

(i) (vavp)(x) = (vavp)(—z)

3. INTUITIONISTIC L-FUZZY SUBRING

Here we introduce and study Intuitionistic L-fuzzy subrings and Intuition-
istic L-fuzzy ideals over a ring R.

Definition 3.1. A L-fuzzy set p of R is a L-fuzzy subring of R if for all
r,y € R,

(i) p(z —y) = plz) A p(y)

(i) p(xy) > p() A ply)
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Definition 3.2. An Intuitionistic L-fuzzy subset A = {{x, pa(z),va(x))/z €
R} of R is said to be an Intuitionistic L-fuzzy subring of R (ILFSR) if for all
z,y € R,

(i) pa(z —y) = pa(z) A pa(y)

(ii) pa(zy) = pa(x) A praly)

(iii) va(x — y) < va(x) V va(y)

(i) va(zy) < va(x) Vva(y).

Proposition 3.3. If A = {(z, pa(x),va(z))/x € R} is an ILFSR. Then

(i) pa(0) > pa(x) and v4(0) < wva(x) for allx € R

(i) if R is a ring with identity 1 then pa(l) < pa(z) and va(l) > va(z), for
allz € R

Proposition 3.4. If A = {(z, pa(x),va(z))/x € R} be an ILFSR then pia(x) =
pa(=z) and va(x) = va(—x).

Theorem 3.5. Let A = {(z,puas(x),va(x))/z € R} and
B = {{z,up(x),vp(z))/x € R} be two ILFSR. Then AN B is an ILFSR.

Theorem 3.6. Let A = {(z,puas(x),va(x))/z € R} and
B = {(x,pa(x),va(z))/x € R} be two ILFSR. Then AU B is an ILFSR iff
ACBorBCA.

Theorem 3.7. Let A = {{(x,ua(z),va(x))/z € R} and
B = {{(x,up(x),vg(x))/x € R} be ILFSR. Then AB is an ILFSR.

Proof. Let x,y € R. Then

+

(—¥))
(vavs)(—y)
(vave)(y).

(vavp)(z —y) = (vavp)(z
(vavp)(z)

(vavp)(z)

INA
< <
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Let x,y € R. Then

(vavg)(zy)
= N VILy VL (valaay;) V vs(eiy))) o, o5,y 95 € R,

> wilyy, = ay,i,j € N}

i=1 j=1
SNV VIS ((valai) vV va(yy) V (vs(ah) V vs(y))) /i o5, v5, ¥; € R,

n

>0 wilyy, = ay,i,j € N}

i=1 j=1
= M Vi Vi ((vali) V vs(a9) V (valyy) V vs(y)))) /i, 24, y5,y; € R,

SO iy, = ay,i,j € N}

i=1 j=1

— (A VL alw) V e a2 € R €N,Y il = 2})
=1

VMV (valy;) V vs () Jui vy € Rj €N iy =y
j=1

= (vavp)(z) V (vavs)(y)
Therefore AB is an ILFSR. O

Proposition 3.8. If A = {(z,pa(z),va(z))/x € R} and
B = {{z,up(x),vp(z))/xr € R} be ILFSR. Then

(i) (paps)(0) = (paps)(2)

(7i) (vavp)(0) < (vavp)(x) for all x € R.

Definition 3.9. Let A = {(x, pa(x),va(z))/x € R} be an ILFSR of R. Then
A is called an Intuitionistic L-fuzzy ideal of R (ILFI) if,

(i) pa(z —y) = palx) A pa(y)

(ii) pa(zy) > pa(z)

(iii) va(z — y) < val(z) Vvaly)

(v) va(zy) < va(z), for all z,y € R.

Definition 3.10. Let A = {{(z, pa(x),va(z))/x € R} be an ILFI of R. Then
we define

(na)s ={z € R/pa(z) = pa(0)}

(va)e = {x € R/va(z) > va(0)}
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Proposition 3.11. Let A = {{(z, pa(x),va(z))/x € R} be an ILFL If jiz(x —

y) = pa(0) then pa(x) = paly) and if va(x —y) = va(0) then va(z) = valy),
forall z,y € R.

Theorem 3.12. Let A = {(z,pa(x),va(x))/x € R} be an ILFI. Then
(1) (11a)« is an ideal of R,
(11) (va)« need not be an ideal of R.

Proposition 3.13. Let R be a ring with identity 1. Let A = {{(z, pa(x),va(z))/x €
R} be an ILFI of R. Then

(i) Let x € R be a unit. Then

8
|
N
I
=
=
=
S
3
.

pa(r) = pa(

(i1) Let x and y be associates then

pa(r) = paly) and va(z) = va(y)

Theorem 3.14. [f A = {{(z, pa(z),va(x))/z € R} and

B = {(z,up(z),vp(x))/x € R} be ILFI. Then AN B is an ILFI. Moreover
for any j € I, I-index set, A; = {(z, pa,(x),va,(x))/x € R} be an ILFI then
NjerA; is an ILFL

Proposition 3.15. Fvery ILFI is an ILFSR.

Theorem 3.16. Let A = {(z,pa(z),va(z))/z € R}, B = {{(z, up(x),vp(x))/x €
R} and C = {(z, pc(x),ve(x))/x € R} be ILFI. Then

paops C pe iff paps € pe and
vaovp 2 ve iff vavp 2 vo

Theorem 3.17. Let A = {{(z, pa(z),va(x))/z € R} and
B = {{z,up(x),vp(z))/x € R} be ILFI. Then

(i) paopp C panpp

(ii) vaovg D vaNup.

Theorem 3.18. Let A = {(z, pa(z),va(x))/z € R} and
B = {{z,up(x),vp(z))/x € R} be ILFI. Then

(i) papp € panpp
(1i) vavg D vaNvp.

Theorem 3.19. Let A = {(z,pa(z),va(z))/x € R} be ILFI and
B = {{z,up(x),vp(z))/x € R} be ILFSR. Then AB is an ILFI.
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Proof. Clearly AB is an ILFSR. To prove AB is an ILFI, for the non-membership
function, with respect to product. For z,y € R,

(vavp)(zy) = MViLy (valzw;) V vp(vi))/ui,vi € BRI <i<nneN,

Yy = Z uivz’}
i=1

< (vavs)(y).
Hence AB is an ILFI. O

4. SOME OPERATIONS ON INTUITIONISTIC L-FUZZY IDEALS

Here we introduce and study Intuitionistic L-fuzzy ideal generated by an
ILFI. Further residual quotient are constructed and studied.

Theorem 4.1. Let A = {{x, pua(z),va(x))/z € R} and
B = {{(x,up(x),vg(x))/x € R} be ILFI. Then A+ B is an ILFI.

Theorem 4.2. Let A = {{x,ua(z),va(x))/z € R} and
B = {{z,up(x),vp(z))/x € R} be ILFI. Then AB is an ILFL

Definition 4.3. Let A = {{(z, pua(x),va(x))/x € R} be an ILFS.
Let (A) = {(x, (pua), (va))/x € R} where

(a) =0{p:pa Cp, p€ILFI}
(va)y={v:vaCv, velLFIl}
Then (A) is called the ILFI generated by A.

Proposition 4.4. Let A = {(z,pa(z),va(z))/x € R} be an ILFS. Then
(A) = {{z,(ua),(va))/z € R} is an ILFI and also the smallest ILFI con-
taining A.

Theorem 4.5. Let A = {(z,pa(z),va(z))/z € R} be an ILFS. Then A is an
ILFI iff A = (A) where (A) = {(x, (ua), (va))/z € R}.

Proof. Let A be an ILFI. Then (A) D A and (A) C A. Therefore A = (A).
Conversely, A = (A) is also an ILFI. O

Theorem 4.6. Let C = {(x, uc(z),ve(x))/z € R} and
D = {(z, up(x),vp(x))/z € R} be an ILFS. If C C D then (C) C (D).

Proof. Let C' C D then vp(z) < ve(x), for z € R.
For K, € (v¢). Then
Ky e {v:ve Crv,v e ILFI}
= ve C K3
= vo(x) > Ky(z) for z € R
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Hence, vo(z) = Ki(x) Vvp(x) > Ki(x)

= vp(x) > Ki(x)

=vp C K,

= Ky € (vp)

= (ve) € (vp)
Theorem 4.7. Let A= {{(z,uas(x),va(x))/z € R} and

B = {{x,up(z),vp(x))/x € R} be ILFI where A(0) = B(0). Then A+ B =
(AU B).
Proof. For x € R,
(va+vp)(r) = Mraly) Vp(2)/y,z € Ry + 2z =z}
S VA(ZL’) V VB(O)
=va(x) Vra(0)
= va(z)
which implies that v4 + vg D v4.
Similarly v4 + vg 2 vg. Hence va +vg D vy Nup.
Therefore AUB C A+ B.
Let C' = {(z, pe(x),v.(x))/x € R} be an ILFI such that AU B C C. Then for
r € R,
(va+vp)(r) = Mraly) Vus(2)/y,z € R, y+ 2z =2}
> Mre(y) Vve(2)/y, 2 € R, y + 2=}
= v()
Then A+ B C C. Hence A + B is the smallest ILFI such that A+ B C C.
Thus A+ B = (AU B). O

Definition 4.8. Let C' = {{(x, uc(z),vc(z))/x € R} and
D = {{z,up(x),vp(x))/x € R} be ILFS. Let A = {(z,pa(x),va(z))/x € R}
be an ILFI. Then

C:D={{x,uc: up,vc :vp)/xr € R}

1s called the residual quotient of C by D where
pie : pip = U{pa/paopp C pet

vo :vp = M{va/vaovp D et

Theorem 4.9. Let C = {(z, uc(z),vc(x))/z € R} and
D = {(x, up(x),vp(x))/z € R} be ILFI. Then
(i)CCC:D

(i) C : D is an ILFL
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Proof. (i) Now,
Vg ovp 2 VeVp 2 Ve Mvp 2 Vo
Hence C C C': D.
(ii) Let z,y € R. Also (ve : vp)(—2z) = (Ve : vp)(z). Now,
(ve :vp)(x) V (v : vp)(y)
= (Mra(z)/A € ILFLvgovp Dve})V (M{rsly)/B € ILFL,vgovp D ve})
= NMva(x) Vvg(y)/A, B € ILFI, (vaovp) U (vgovp) D e}
> MN(wa+vp)(x+y)/A BeILFL (va+vg)ovp D}
= (vo :vp)(z +y).
Hence (ve :vp)(z —y) < (Vo :vp)(z) V (Ve : vp)(y). Also for z,y € R,
(ve :vp)(zy) = NMra(zy)/A € ILFL vy ovp O ve}
< Mwa(x)/A € ILFLvsovp D ve}
= (v¢ : vp)(x)
Therefore C': D is an ILFI. O
Theorem 4.10. Let A = {(z, pa(x),va(z))/x € R}, B = {{z, up(x),vp(x))/x €
R} and C = {(z, uc(x),ve(x))/x € R} be ILFIL. If ua C pp, va 2 vp then
pa:pe € BBt e, VA Ve 2 VB Ve and
pe e € ot pa, Vo i VB 2 Vot la
Proof. Let D = {{(x, up(x),vp(x))/z € R} be an ILFI such that upouc C pa,
vp ovo D vy. Then vpove D vy O vg. Hence
v :ve = N{vp/vpove D vg}
C{vp/vpove Dva}
= VA . Vo
If vp ovg D ve then
Vp OVxg QVDOVB QVC.

Hence

vo :va=M{vp/vpovs Due}
C{vp/vpovpg D ve}

=V :Up
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5. QUOTIENT RING

Here we introduce Intuitionistic L-fuzzy coset and study Quotient ring of R
by the membership and non-membership functions of an ILFT.

Definition 5.1. Let A = {(z, pa(x),va(z))/x € R} be an ILFSR. Let x € R.
Then

C = {{z, (1a(0) oy + pa)(2), Wa(0) 4y +va)(z))/z € R}
is called an Intuitionistic L-fuzzy coset (ILFC) of A and denoted as
C = {{z, (z + pa)(z), (x +va)(x)) /2 € R}

Proposition 5.2. Let x,y € R. Let C = {(x, (11a(0){z} + p1a)(x), (¥4(0) 2y +
va)(xz)/z € R} be an ILFC of an ILFSR A. Then

(i) (pa(0)(zy + p1a)(y) = pa(x —y)

(1) (a(0)gay +va)(y) = valz —y)

Proof. For y € R,

(14(0) {2y +va)(y) =

va(0) gz} (w) Vva(v)/u,v € Ryu+v =y
(0) (a3 (@) Vvaly — )
va(0) Vvaly — )
(y — )
(z—y)

Remark 5.3. The above result becomes

EZ

I
N
:>

X
hN

(x4 pa)(y) = pa(z —y)
and (x +va)(y) = va(z —y)

Lemma 5.4. Let A = {(x, ua(z),va(x))/z € R} be an ILFI and z,y € R.
Then

(i) 2+ pa =y + pa iff palz —y) = pa(0)
(it) v +va=y+va iff va(z —y) = va(0)

Proof. Suppose x +v4 =y + v4. Then
(z +va)(@) = (y +va)(x)
va(0) = va(z —y).
Conversely, if v4(z — y) = v4(0), then for z € R,
(x +va)(2) = valz — 2)
=valr —y+y—2)
(x —y) Vrvaly —2)
=vA(0) Vvaly — 2)
=va(y — 2).

<y
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Similarly,
va(y — z) = (y +va)z Svalz — 2)
Therefore
va(x —z) =valy — 2)

and hence x +v4 =y + va.
Let A = {x,(ua(x),va(x))/x € R} be an ILFIL. Let R/A = {(x + pa,x +
va)/x € R}. Define + and - on R/A by

(1) (2 + pa) + (y + pa) = v +y + pa,
(ii) (z4+va)+(y+va) =x+y+wva, forall z,y € R,
and

(1) (24 pa) - (y + pa) = zy + pra,
(ii) (z4+va) - (y+va) =2y +va, for all z,y € R.
Then addition on R/A is well defined. For this let u,v € R such that

T+Vg=U+Vy
and y+v4 = v+vy, for x,y € R. Therefore va(x—u) = v4(0) and v4(y—v) =
v4(0). Hence
valx+y—u—v)=va(lr —u+y—v)

<wvalx —u) Vvaly —v)

= v4(0)
Also

va(r +y —u—v) > va(0)

Hence va(z +y — u —v) = v4(0) which implies that  +y +v4 = u+v + v4.
Then product on R/A is well-defined. For this, let u,v € R such that x +v4 =
u+vg and y+ vy = v+ vy, for x,y € R.

Therefore va(x —u) = v4(0) and va(y — v) = va(0).

Hence

which implies that
TY 4+ Vag = UV + Vg

O

Remark 5.5. (1) 0+ pa = pa, 04+ va = vy is the zero element of R/A.
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(i1) For all z € R
(v 4 pa) = (=) + pa
—(x+va)=(—2)4va

Additive inverse of x 4+ pa, v +va € R/A is (—x) + pa, (—2) + va.
(11i) For all z,y,z € R/A

(r+y)+z=z+(y+2)
(iv) For all x,y € R/A
r+y=y+«x
(v) For xz,y,z € R/A
- (y-z)=(x-y)- 2
(vi) For x,y € RJA
r-(y+z)=z-y+zx-z
Hence RJA = {(z + pa, x +va)/z € R} is a ring with respect to + and -
and is called Quotient ring of R by s and vy.
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