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Abstract—in this letter, we provide an analysis of the perfor- Il. SYSTEM MODEL
mance of maximum likelihood detection (MLD) over flat fading . . . .
channels in a wireless multiple input-multiple output (MIMO) an- We consider a MIMO system with transmit and_ receive

tenna system. A tight union bound with an asymptotic form on antennas, where the transmitted signals are assumed to be inde-
the probability of symbol error rate (SER) for MIMO MLD sys-  pendentin time as well as space. The transmitted signal vector at
tems with two-dimensional signal constellations (such as QAM and 4 particular time instant is written asand consists of{ QAM

PSK) is introduced. Using this analytic bound, performance of the . . . :
MIMO antenna system is demonstrated quantitatively with respect or PSK symbols each with a constellation sizeMfand av

to channel estimation, constellation size, and antenna configura- €fag€ symbol energy;. The. received signal vectaris given
tion. by y = Hd + n whereH is anL x K channel gain ma-

trix for the flat fading channel, whose elements are independent
zero-mean complex Gaussian random variables with unit vari-
ance, and thé& elements of vectat are samples of independent

I. INTRODUCTION complex additive white Gaussian noise (AWGN) processes with

IRELESS multiple input—multiple output (MIMO) sys- Single-sided power spectral density. ,
tems promise improved performance compared to con-Channel estimation is determined by channel state informa-

ventional systems. Techniques for achieving these advantalje@ (CSI) and, following [5], we assume that the estimate of
[1]-[3] include zero-forcing (ZF), minimum mean square errdfue channel gain matrik is denoted by which also consists

(MMSE), maximum likelihood detection (MLD) and Vertical ©f independent zero-mean complex Gaussian random variables,

Bell Laboratories Layered Space—Time (V-BLAST). Amon ith variances2. Let p;,,, denote the correlation coefficient be-
these techniques, MLD is the optimum in terms of minimizin@feen corresponding elementsfandV’ and, since they are

the overall error probability and, with small numbers of transmiiintly Gaussian distributed with independent components, we

antennas and low-order constellations, the complexity of MLERN Write
is not overwhelming [4]. !n [4], an upper bou_nd of MLD for H=pwV+E 1)
a MIMO system was derived for two-dimensional (2-D) con-
stellations like QAM, however, it is loose and assumes perfesheres;,, = pn. /o is the coefficient for MMSE estimation of
channel estimation. Results for joint detection in a multi-us& andH, andE is a zero mean Gaussian distributed error matrix
detector were provided in [5] and a tight union bound on theith the variancg(1 — |py.|?). It is assumed that3;,,| = 1
symbol error rate (SER) with imperfect channel estimation wasid note that, with perfect CSb;,, = 1 and3,, = 1. The
derived. A more explicit form of the bound was demonstrated gonditional probability density function (pdf) of the received
[6]. However, these bounds are only valid for PSK modulatiogiven the channel estimatéand the candidate data vecthis

In this letter, we provide a performance analysis of MLD ovegiven by
flat fading channels. A tight union bound and an asymptotic
bound on the SER are developed, by applying and extending the py(yld. V) = ——— exp<_—lé> 2
work in [5] and [6] to the MIMO configuration, with 2-D con- (2m)" (o2)" 207,
stellations. These bounds are then utilized to demonstrate t
performance of MLD quantitatively. Our approach of derivin
the pairwise symbol error probability might be extended to eval-
uate the pairwise block error probability of the Viterbi-based L
MLD for a coded system. p=lly = BrVall” = > Iy — Provid)® (3)

=1

Index Terms—Constellation, MIMO, MLD, symbol error rate.

e . .
mereoj = (1 — |pno|®)||d||? + No, and the Euclidean distance
etric . can be expressed [5] as

wherey; is thelth received signal ang; denotes théth row of
V. Neglecting hypothesis-independent terms, the ML metric to
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nonconstant symbol energy (e.g., 16QAM)can be approxi- Further derivation in Appendix A yields a fully analytic form as
mated byz. Our analysis to follow is based on the Euclidean

metric, hence, it can be regarded as “approximate MLD” wh7en N
16QAM with imperfect CSl is investigated in Section V-A. " °™%

= s, 5,5 + \/(asmz‘jfsm,j)Q +2(as,,,i51s,,.5) +1
9)
I1l. UNION BOUND ON SERFORMIMO MLD

A tight union bound on the SER of thgh (k = 1,..., K)
transmitted signal stream can be found by applying the results as,. i = ||di — d;|*/2E,
in [5] and [6] to the MIMO configuration for 2-D constellations 4,4
under the channel estimate (1). It is assumed that all the pos- Vel o2
sible symbols are equally probable. We deffng, } as the set Ls.;= YCEPINED 5 (10)
of all M possible symbols transmitted at a particular antenna, T”dﬂ'” +1
and{d} as the set of alM * possible symbol vectors from the

where

K transmit antennas. We also lgl; } denote a subset ¢t} in with 4. = E /No denoting the average symbol SNR per diver-
J sity branch since variance of the channel gain has been normal-

which vectors have,, as theirkth element so that in total there;

are MX—1 vectors in{d;}. We also define{d;} as the set of ized to be unity. Note that, with pgrfect C$]5.m’j. — e
transmission vectors that differ in thdith position from{d, } Note that our approach of deriving the pairwise symbol error

so that there are a total 60 — M’ 1) such vectors. The probability might be extended to evaluate the pairwise block
distance metrics of; andd; are denoted by; and:; resbec— error probability of the Viterbi-based MLD for a coded system.
7 "} T 77

tively, and a pairwise error occurs when the detector chooses the

erroneousl; overd, if D;; = p; — ju; < 0. Hence, the union IV. ASYMPTOTIC UNION BOUND
bound on the SER of the signal stream transmitted bykthe  \ynen SNRy, becomes high, the asymptotic form Bf _ ;
antenna Is can be expressed as

-K _ 2L -1
PR Yy (z P) ® P =rty (RT1)
m g %

whereP,, ;; = P(D;; < 0| s, d,) denotes the pairwise errorWherers,, i; = 2a,,, ;;I's, ; andis an extension of the results
probability betweend; andd;, given thats,,, is transmitted by N [6]. Supsntutmg (11) into (5) and appro>§|mat|ng further, the
the kth antenna. There can be up6X (MK — MK—1) pair- asymptotic bound for SER of thigh transmitted signal stream
wise error probabilities but symmetry in the constellation al®

lows simplifications. For the case of PSK, (5) reduce#to< I

> Ps,. i; forall s,,,d; and provides the same result as in [5]. Py asymp = @ <i> <2L B 1) (12)
For higher order QAM(AM > 4) with standard square con- 2r L-1

stellation, elements ofs,,} haveq = (M + 2v/M)/8 dif- . B _

ferent symbol energies. For each particular there are only Wherea = MQB Yo 2 (et andl = (’Vc|p]w|2)/

Q = (¢X—14¢)/2 different energies. Hence, at mg& (M~ — (Kv.(1 - loru?) +1). Ina model of channel estimation based.
ME-1Y instead of M5 (MK — M1} pairwise error proba- ON the pilot symbol assisted modulation (PSAM), channel esti-

bilities need to be found. mation correlation coefficien;,, varies with SNR and can be
The pairwise error probability, . ;; is determined by expressed [5] afr. (V)| = /1 — b/~.. Therefore, (12) be-
comes
0 I
P ) = K 1\ _
PSM’” P(D“ <0 | o dj) /—oop(D“) dD“ (6) Ps,asymp =« < ;)+ ) <2I{/ 11) . (13)
Ve -

wherep(D;;) is the pdf ofD;;, and its two-sided Laplace trans-

form ®p,,(s) Is expressed as [3] V. PERFORMANCEANALYSIS

Op..(s) = [( Pij1Pij2

} L Inthis section, we present a set of performance analyses based
” s = pij1)(s — pij2)

(") on analytic and numerical results. The results that are given are
in terms of averaged, /Ny as defined in [1] and [4]

wherep;;; andp;;» denote the poles in the left and right half-

plane, respectively. Letting,, . ;; = —pi;j2/pi;1 and following oy = L _L B _ E% (14)

the derivation in [7] yield a closed-form expressionff, ;; No n No n

L1 which can be regarded as the total recei#g@dN, per transmit
o if = v Z <2L - 1) o (8) branch, where = log, M is the bits per symbol. Equation (14)
T (A, )T l ot is also useful in that, for two systems with the same performance
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Fig. 1. lllustration of tightness of the analytic union bound. Fig. 2. Performance of BPSK with SNR defined in (14) and set to 20 dB.

in terms of+,, the system with more receive antennas requirgsji[sz:l(l — Re(d;,))]” where Re(d;,) denotes the
less total transmit power [4]. real part of thepth element o#l;. Assumingd; differs fromd;

By assuming Gray coding, an approximate bit error ra}ﬁc(c: 1,...,K) symbols, there ar@K_ 1) possibled;’s
(BER) can be obtained from the union bound on SER to give Y ' c—1 '
[7] P, ~ P,/n. Using this asymptotic value, the BER become@ndzle(l — Re(d;;)) = 2c. Therefore,

LKb+1)\* (2L -1 ~ (K -1
« — _ - —
Pb,asymp = - <—> < L—1 ) . (15) OBPSK = 2 L [Z < c—1 ) ¢ L]

n 2nyy c=1
: : : : 2-L K=1
Comparing our union bound given by (5) and (8) to simu- . ’ K1

lation results (see Fig. 1) for BPSK, QPSK, and 16QAM with )2k {1 +3F, < o 1 ) c_L} , K>1.
two transmit, two receive antennas, and perfect@St 0), we 16
observe that, when the true BER is below about 0.01, the max- (16)

imum relative error of our bound is only about 5%. , _L ,
With a largeL, the value ofagpsk approache@=*, and with

A. Effect of Imperfect CSI on Performance perfect CSI (15) becomes
It has been shown in (15) approximately that imperfect CSI LN\* /921 -1

degrades the SNR by an asymptotic factof B% + 1), inde- Ph asymp = <4_%> < L—1 ) 17)

pendent of the number of receive antennas. Using our union

bound given by (5) and (8), the effect of imperfect CSI on th@hich is equivalent to the single transmitter situation [7, eq.

performance has been investigated with= 0.199 (implying  (14-4-18)]. From (17), we can deduce that, with a large number

lons| = 0.9990 when+,. = 20 dB). We found that with two of receive antennas, the SNR penalty due to increased number

transmit antennas this leads to an SNR penalty of about 1.4 dBransmit antennas approaches 0 dB. This is demonstrated by

for both BPSK and 16QAM and matches our conclusion froffig. 2 using our explicit union bound, whetg is fixed to be

the asymptotic form of the union bound. 20 dB, and the horizontal axis denotes the number of receive
antennas. It is deduced that, with large numbers of receive an-
B. Diversity Order tennas (e.g.L. = 6), the number of transmit antennas has little

ﬁffect on the system performance. This implies that (and without
(i.e., BER is below a specific level such as 0.01), the error pro[)“;':g"]‘m| to complexity) we can achieve an arbitrary high data rate

ability is proportional to the inverse of the SNR to the power ovf"th a Ic.)W SNR penalty when the number of receive antennas

L [4], [6]. This implies that the diversity order of MLD is equalIS sufficiently large.

to the number of receive antennas, independent of the number

of transmit antennas. Furthermore, in this case the SNR pengry

due to the increased number of transmit antennas plays a majgptems

role in the performance change. In [4], numerical results were used to show the tradeoffs on
For BPSK, without loss of generality, we assumeerformance and constellation size with a given data rate. We

that the elements ofd; are all ones, soappskx = now give the theoretic analysis using our asymptotic bound.

From (13), it can be deduced that with a relatively high SN

Performance Comparison Among 2-D Constellation
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Fig. 3. SNR penalty of 16QAM and QPSK compared to BPSK for various
numbers of receive antennasand fixed data raté, . Fig. 4. Performance comparison between MLD and BLAST with two transmit
antennask = 2).

Given perfect CSl and a fixed number of receive anterinas .
the SNR penalty ofi/-ary PSK relative to BPSK, to maintaintransmit antennas, and BLAST does not work when the number

the same data rate and BER obtained from (15), is given by Of transmit antennas is greater than that of receive antennas
(K > L), due to properties of MMSE and ZF.
vwompsk 1/ aupsk /L Fig. 4 illustrates the performance comparison between MLD
Rypsx = %’BPSK = < ) (18) and BLAST with two transmit antennas, QPSK modulation,
' and perfect CSI, where ZF criterion is employed in BLAST. It
Similar expressions can be found fof-ary QAM. With BPSK  shows that the performance of BLAST approaches that of MLD
as a reference, Fig. 3 illustrates the SNR penalty of QPSK adithe cost of an increased number of receive antennas. When
16QAM versus the number of receive antennas, wiigrele- the number of receive antennas is similar to or less than that of
notes the total data rate (e.g., for QPSK= 2, K = 4, R, = transmit antennas, MLD has a significant advantage of perfor-
nK = 8 bit/s/Hz). We observe that with multiple receive anmance over BLAST.
tennas, QPSK outperforms the other two-dimensional signalPerformance comparison between space—time trellis coding
constellations, with a small SNR gain of less than 1 dB ovénd BLAST with layered codes was demonstrated in [9], with
BPSK, and a greater gain over 16QAM. With increasing nun¥iterbi-based MLD used for decoding. It was shown that the
bers of receive antennas, the SNR penalty approaches a dater is inferior in performance to the former due to the loss of
stant which is about 0 dB and 3.8 dB for QPSK and 16QAMiversity. The performance improvement of BLAST by using
respectively. This constant is also independent of datakRate space-time block coding and Turbo decoding was shown in
Given a fixed number of receive antennas, when the data rate[{0]-
creases QPSK has more SNR gain over BPSK and 16QAM has
less SNR penalty over BPSK. For instance, with= 2, when VI. CONCLUSION
£, increases from 4 bit/s/Hz to 8 bit/s/Hz, the SNR penalty of In this letter, we have introduced a tight union bound and an
16QAM over BPSK decreases by about 1.5 dB, and QPSK ocI[)S—

. SNR oai BPSK i by about 0.6 dB. S ymptotic form on the SER for a MIMO MLD antenna system
_tams an gain over b’ Increases by a ou_t ) - Wlith 2-D signal constellations. It is shown that a very high data
ilar results hold for other higher order constellations. In su

ith a ai data ratB. and ) ¢ PSK Mate can be achieved with little SNR penalty when the number of
mary, with a given data ras, and receive an enn_ds Q receive antennak becomes large and that the diversity order of
outperforms other 2-D signal constellations. WHeimcreases,

' ) MLD is equal toL. We also present a performance comparison
the SNR gain of QPSK over another constellation approachegrﬁong two-dimensional constellations and also between MLD

certain constant independent f. With a givenL, when R, d V-BLAST
increases, QPSK has more SNR gain over BPSK, but less Sﬁrﬂ? '

gain over 16QAM.

NABPSK

APPENDIX A

D. Performance Comparison Between MLD and V-BLAST  Inthis appendix, we derive the valuexf ;; and use super-
k%criptH to denote conjugate transpose. Starting from (3), the

The diversity order of a conventional detection technique li . . )
uclidean distance metric of vectdy can be expressed as

MMSE and ZF [1]-[4] is limited taL — K + 1 [8]. The newly
developed V-BLAST technique [2], [3] improves that diver- I
sity order by layered space—time detection. Unlike MLD, how- [y = Zz{{fljfile (A1)
ever, that diversity order is still constrained by the number of =
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_|ph'v|2(d;k _dj) |ph'l"|2(d;k _d;)d?

wherez; = [y; Bnovi]* Elj =[1- d;fp]T are vectors of K +1) andZy = 17 + 2n1}; where

elements, angi; is defined similarly. The difference between

distance metrics of signal vectadsandd; is given by n= (1= oD Ej; + No = (1= |pne )l |12 + =2 (A9)
L e

Dij=pi—p; =Y 2 Fijz (A2)  Further derivation of (A7) yields
=1
h T T\? T
where - <_1> + 2, (A10)
~ % “'T ~ % “'T Z J

—(d; - ) (d;“‘d;f . d;“:df)

(A3)
Let R denote the covariance matrix gf, and it is given by
dill* + No  |pnold]
R=E [z |a] =% . Y A4
[ . | J] < |ph'v|2dj |ph'v|21 ( )

wherel is aK x K identity matrix. LettingE;; = ||d;||%, E;; =
ld;|I” andE;; = E}; = d’'d;, we define (A5) as shown at the
top of the page. It has been proven in [5] that the ranlda$
only two. LettingA;;; (positive) and;;» (negative) denote the
two nonzero eigenvalues df, it can be shown that

1 L

r 1
det(I + sA)} - [(1 ¥ Aijis

YL+ Xij2s)
(A6)

®p,;(s) = [

Definingpijl = —1/)\2‘]'1 andpm = —1/)\2‘]'2 y|6|dS (7)
Following the method of [6]r;. . ;; is given by

Ti+ 21 — 17
Ty — /2T, — T?

(A7)

Tsp,ij = —Pij2/Pij1 = —Xij1/ANij2 = —

wherel; = trace[A] andT; = trace[A?]. It can be shown that

T = |pnol*(Eii — 2Re[Eij] + Ej5) = |pno||ldi — dj||* (A8)

It is easy to show that (A10) is equivalent to (9) with/2n =
asm,ijl“smyj.

REFERENCES

B. A. Bjerke and J. G. Proakis, “Multiple-antenna diversity techniques
for transmission over fading channels,”lBEE WCNC’99 Italy, Sept.
1999, pp. 1038-1042.

P. W. Wolniansky, C. J. Foschini, G. D. Golden, and R. A. Valenzuela,
“V-BLAST: An architecture for realizing very high data rates over the
rich-scattering wireless channel,”lIBEE URSI Int. Symp. Signals, Sys-
tems, and Electroni¢c®iscataway, NJ, Sept.—Oct. 1998, pp. 295-300.
G. D. Golden, C. J. Foschini, R. A. Valenzuela, and P. W. Wolniansky,
“Detection algorithm and initial laboratory results using V-BLAST
space-time communication architecturgjéctron. Lett, vol. 35, no. 1,

pp. 14-16, Jan. 1999.

R. Van Nee, A. Van Zelst, and G. Awater, “Maximum likelihood
decoding in a space division multiplexing system,”lEEE VTC'0Q
Tokyo, Japan, May. 2000.

S. J. Grant and J. K. Cavers, “Performance enhancement through joint
detection of cochannel signals using diversity array§EE Trans.
Commun,.vol. 46, pp. 1038-1049, Aug. 1998.

——, “Further analytic results on the joint detection of cochannel signals
using diversity arrays,/EEE Trans. Communvol. 48, pp. 1788-1792,
Nov. 2000.

J. G. ProakisDigital Communications3rd ed. New York: McGraw-
Hill, 1995.

J. H. Winters, J. Salz, and R. D. Gitlin, “The impact of antenna diver-
sity on the capacity of wireless communication systentSEE Trans.
Commun,.pt. 3, vol. 42, pp. 1740-1751, Feb.—Apr. 1994.

D. Bevan and R. Tanner, “Performance comparison of space-time coding
technieques,Electron. Lett, vol. 35, no. 20, pp. 1707-1708, July 1999.
S. Baro, G. Bauch, A. Pavlic, and A. Semmler, “Improving BLAST per-
formance using space-time block codes and Turbo decodindEZEE
GLOBECOM'0Q vol. 2, 2000, pp. 1067-1071.

(1]

(2]

(3]

(4]

(5]

(6]

(20]



