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Lightpath C1Figure 1: A WDM network with wavelengths f!0; !1; !2; !3g and two lightpaths C1 and C2.1 IntroductionIn this paper we consider wavelength division multiplexed (WDM) optical networks. WDM networks usemultiple communication channels over a single optical �ber. The channels are at di�erent wavelengths.These networks support lightpaths, which are end-to-end circuit-switched communication connectionsthat traverse one or more links and use one WDM channel per link.Figure 1 shows aWDM network that is composed of four nodes with optical �ber links, where each linkhas four channels at wavelengths f!0; !1; !2; !3g. Channels at the same wavelength are connected at anode. However, wavelength conversion devices are required to connect channels at di�erent wavelengths.For example, lightpath C2 needs a wavelength converter at node 2, while lightpath C1 requires nowavelength conversion. Wavelength conversion can help improve the utilization of the channels, but atadditional cost and complexity.1.1 Problem description and related worksWe study the problem of allocating channels to lightpaths to insure no blocking under di�erent modelsfor the lightpath arrival and termination requests. In the static model, all lightpath requests are givenin advance. In the incremental model, requests arrive as time goes by but are never terminated. In thefully dynamic model, requests arrive and depart in time.Note that we do not allow blocking. We believe that this assumption is more suitable for our casethan a statistical model that allows blocking [1, 2, 3, 4, 5]. This is because lightpaths carry data at highbit rates (several gigabits/second) are usually set up on a provisioning basis. As a result, the networkoperator will try to satisfy the demand by upgrading its network (resulting in a change of the topology)rather than blocking the request. On the other hand, this model may result in over-engineering thenetwork to support pathological sets of requests. In other words, it may be possible to support mostsets of lightpath requests using very few wavelengths. However there may be some speci�c request setsthat need a large number of wavelengths to prevent blocking.The model uses the following assumptions:Wide-sense non-blocking: Existing lightpaths cannot be disrupted in the process of accommodatingnew demand, due to their high quality of service requirements. Thus it is impossible to rearrangethe con�guration of lightpaths.Load constraint: The tra�c is modeled by a single parameter termed its load L, which is de�ned tobe the maximum number of lightpaths that can be on any link at any time assuming no blocking.Clearly, it is necessary that L � W , where W is the number of wavelengths, otherwise blocking2



will occur. Our goal will be to determine the smallest possible value for W that can support theselightpath requests.This model assumes little knowledge of the tra�c. Statistical models, on the other hand, assumecertain arrival statistics (e.g., Poisson) and holding times for lightpath requests, as well as a certaintra�c distribution (e.g., uniform tra�c) which may not accurately reect the tra�c demand.Separate routing and wavelength allocation: As in many earlier works, we separate the routingproblem from the wavelength allocation problem. The justi�cation for this approach is three-fold: (1) The network users may choose to have control on the routing to support fault tolerance(namely, two lightpaths may require disjoint paths as they are responsible for backing up eachother), (2) Additional considerations such as constraints on propagation delays may require somelightpaths to take the shortest path around the ring, and (3) Computationally e�cient solutionsto the combined routing and wavelength allocation problem which allocate resources optimally arenot plausible even for the simpler static case [6].Our goal is to minimize the number of wavelengths required to support all lightpath requests witha given load. Our approach will be develop algorithms that determine the wavelength allocation usinga certain maximum number of wavelengths, called the upper bound. We also give lower bounds, usuallyby providing an example of a lightpath request set for which any algorithm needs at least this manywavelengths. An algorithm that achieves the lower bound is said to be an optimal algorithm.Note that an optimal algorithm according to our de�nition is not necessarily optimal for everyinstance of the problem. It is only optimal in the worst-case, i.e., it does the best possible wavelengthallocation for the worst-case request set. It may produce rather poor wavelength allocations for otherrequest sets. Much research still needs to be done to �nd algorithms which are good for every instanceof the problem.Note also that the results for this problem vary depending on our assumptions underlying the di-rectivity of the lightpath requests and the network links. We assume that both the physical link andlightpaths are undirected. However, directed lightpaths and/or links could be considered and the result-ing bounds vary depending on these assumptions [7, 8, 9]. We believe that our choice of undirected linksand lightpaths is more appropriate for the current telco infrastructure which usually assumes undirectedlinks and requests.The static wavelength allocation problems in rings is the same as the problem of coloring circular arcgraphs and an algorithm that does the allocation using at most 2L� 1 wavelengths is given in [10]. Fortree topologies, several di�erent models were discussed and optimal results presented in [7, 8, 9]. Forarbitrary topologies, even the wavelength allocation problem itself becomes very hard [11, 8].The incremental model1 was discussed for linear topologies and rings and an algorithm presented in[12]. This algorithm was shown to be optimal in [13].All the work above deals with networks without any wavelength conversion capabilities. The staticallocation problem with limited conversion capabilities was studied in [14].As for the incremental model, we modify the algorithm of [12] to produce a good wavelength allocationfor the case of limited conversion. The dynamic model in this context was presented in our preliminaryworks [15, 16, 17], the results of which comprise the current paper.One of the main conclusions from the results presented herein is that, at least as far as worst caseanalysis is concerned, fully dynamic scenarios result in signi�cant degradation of the utilization of wave-lengths over static and incremental scenarios, and that the di�erence between the e�ciency of incrementalscenarios and fully dynamic ones (i.e., the fact that deletions are allowed) grows logarithmically withthe network size. Another important conclusion is that very limited amount of wavelength conversion1Also called the online or semi-dynamic model. 3



Model Conv: No conversion d = 1 d > 1 FullStatic Lower 2L� 1 Thm. 1 L+ 1 [14] L [14] L (trivial)Upper 2L� 1 [10] L+ 1 [14] L [14] L (trivial)Incre- Lower 3L [13] ? ? " samemental Upper 3L [12] ? max(L; 2L� d) Thm. 11 " sameDyna- Lower 0:5L log2 N + L Thm. 6  same ? " samemic (FF) 0:9L log2 N Thm. 8  same ? " sameUpper L log2 N + L Thm. 4  same min(L log2 L+ 4L; Thm. 102L log2 log2 L+ 4L) (d = 2) " same(FF) 2:53L log2 L+ 5L Cor. 1 ? ? " sameFigure 2: Summary of worst-case bounds on the number of wavelengths for di�erent lightpath arrivalmodels on ring networks and for di�erent wavelength conversion capabilities. The lower bound indicatesthat there is a set of lightpath requests with load L for which no algorithm can produce a betterassignment. The upper bound indicates that there is an algorithm that can perform the wavelengthallocation using that many wavelengths for any set of lightpath requests with load L.results in substantial improvements in the numbers of required wavelengths. This was realized earlierfor the static case [14], but we show that it is the case for the incremental and dynamic models as well.On the other hand, the statistical models of [2, 1] predict lower gains due to wavelength conversion. Thedi�erence is probably due to the inherent di�erences between the tra�c models.1.2 Summary of resultsA summary of our results on rings appears in Figure 2. In Section 2, we study the static problem andshow that the algorithm of [10] is optimal for rings. In Section 3 we consider the dynamic model andprove a lower bound of 0:5L log2N + L and upper bound of L log2N + L wavelengths. We extend ouralgorithm for trees as well, achievingW � 2L log2N . In Section 3.4, we consider the well-known channelallocation algorithm called First-Fit, which has been shown to be e�cient in simulation experimentsunder the statistical model [18, 1]. We show that First-Fit is good even in the worst case. In particular,we show that First-Fit on a ring requires at least 0:9L log2N wavelengths to ensure no blocking and canalways do the wavelength allocation using at most 2:53L log2N + 5L wavelengths.In Section 4, we investigate how wavelength conversion can improve the utilization of channels. Ourwavelength conversion model, based on [14], assumes that certain pairs of channels in adjacent linksmay be interconnected. We refer to a pair of channels that may be connected as being compatiblesignifying that a lightpath that uses one channel on one link may use any channel that is compatible tothe �rst, on the next link. signal on one may be switched and/or converted to the other. The conversiondegree of a network is the maximum number of channels which are compatible with any channel. Thewavelength conversion capability of a network can be measured by its conversion degree. For example,a network with full conversion capability has conversion degree W , the number of wavelengths. Whilea network with no wavelength conversion has conversion degree one. We show that if W is su�cientlylarge then there exists a conversion pattern between adjacent channels which enables networks witharbitrary topology to insure no blocking as long as the tra�c load is at most �W , where � > 0 is somefraction independent of W and N . This result however, does not directly lead to practical solutionssince � is quite small. We also present results for a ring network with conversion degree two, whichindicate that W � minfL log2 L+4L; 2L log2 log2 L+4Lg wavelengths su�ce to guarantee no blocking.For the incremental model we show that much more e�cient utilization of wavelengths is possible andW � maxf0; L� dg+ L wavelengths su�ce. Conclusions are given in Section 5. We also present there4



a di�erent view of Figure 2.2 Static wavelength allocation, No conversionWe start by considering the simplest case, in which the full set of lightpaths is given in advance. Thiscase is applicable in many networks, in which the required set of lightpaths is determined as part of thenetwork design phase of a higher level network.Routing the lightpaths so as to minimize the maximum load can be done optimally in this case[19, 20]. However determining the minimum number of wavelengths for a given set of lightpath requestsis NP-hard even for rings [6]. [10] proposed an algorithm that does the wavelength allocation using atmost 2L � 1 wavelengths. We prove that in the worst case, W = 2L � 1 wavelengths are required forany algorithm, showing that the algorithm of [10] is optimal according to our de�nition.Theorem 1 Given a ring with N > 2L nodes, there exist lightpath patterns that require W = 2L � 1wavelengths.Proof. Consider the set of requests depicted in Figure 3. These requests are divided into three groups:A = fa1; :::; aL�1g, B = fb1; :::; bL�1g and fcg. All the routes in group A overlap on link A, and all theroutes in group B overlap on link B. In addition, each ai 2 A overlaps all the bj 2 B for j < i in thepart of the ring below the line [A;B], and all bj 2 B for j � i above that line. In addition, c overlapsall the other routes. Thus, we have 2(L � 1) + 1 routes that overlap each other and need a di�erentwavelength each, a total of W = 2L� 1 wavelengths. The maximal load is clearly L.More formally, number the nodes in the ring starting at an arbitrary node 0, and proceeding clockwiseup to node N � 1. De�nea1 = [0; N2 ]; a2 = [1; N2 + 1]; :::; ai = [i� 1; N2 + i� 1]; :::; aL = [L� 1; N2 + L� 1];b1 = [N2 ; 1]; b2 = [N2 + 1; 2]; :::; bi = [N2 + i� 1; i]; :::; bL = [N2 + L� 1; L];c = [N2 � 1; N2 + L� 1]:Clearly the above arguments hold for this general case de�nition as well. 23 Dynamic wavelength allocation, No conversionIn this section we present almost tight results for allocating wavelengths to lightpaths when no wavelengthconversion is allowed for the dynamic tra�c model. We �rst demonstrate that not every natural algo-rithm has good performance in this respect. For example, consider the following circular-�rst-�t (CFF)algorithm. This algorithm is almost identical to the First-Fit algorithm that we will consider later, exceptthat it tries to allocate a wavelength to a lightpath starting at a di�erent starting point each time, in acircular fashion: for the ith request it checks the wavelengths: i mod W; (i+1) modW; (i+2) modW; :::until it �nd a wavelength to accommodate the request or �nishes a scan of all the wavelengths and fails.The following theorem shows that CFF may need a number of wavelengths that depends linearly on N(instead of logarithmically, as in the DWLA algorithm presented below).Theorem 2 Given a ring with N nodes, there exists a set of lightpaths with load L, for which Circular-First-Fit needs at least W = 1 +N(L� 1) wavelengths to support all the requests.5
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LFigure 3: A worst-case set of lightpaths for the static wavelength allocation problemProof. Consider the con�guration in Figure 4, which is created by single hop lightpath requests whichcome in rounds. At each round a request comes for a lightpath on link 1, then on link 2, and so onuntil the N th link. CFF allocated a new wavelength to each request. After a total of W requests, alast request arrives with a route that span the entire ring (depicted as a dashed line in the �gure). IfW � N(L� 1) this request is blocked since there is no wavelength that can accommodate it through itsentire route. Note that if W > N(L� 1) there cannot exist such a last request as the maximum load isviolated. 23.1 Routing on a ringA necessary step before solving the wavelength allocation problem is to determine the route that eachlightpath takes (between the two available choices). Consider a set of requests for lightpaths, for whichonly source and destination pairs are given for each request. In this section we prove that shortest pathrouting yields a maximum load Lshrt which is up to twice from the optimal load.Given any con�guration of lightpaths (possibly after deletions of lightpaths) produced using shortestpath routing, let Lshrt denote the maximum load (L) for this case. Consider a link a with maximumload Lshrt depicted in Figure 5. Also consider the link b which is diametrically opposite to a on the ring.Since routes of lightpaths that cross a are the shortest possible, none of them crosses b as well (otherwisethey would traverse more than half of the ring). Therefore, in any other solution that does not route xof them through a, these x are routed through b, and thus the load on b is at least x. It follows that themaximum load in any such solution cannot be reduced below Lshrt2 by changing the routes of some ofthe requests to the other alternative around the ring.3.2 E�cient algorithm for rings and treesThree types of network topologies are considered in this section: the line, ring, and tree. For eachof them, the minimum number of wavelengths that su�ces to insure no blocking is given when nowavelength conversion is possible.De�nition 1 Let Wline(N;L) (resp., Wring(N;L), and Wtree(N;L)) denote the number of wavelengths6
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21 153 4 5 6 87 9 10 11 12 13Figure 6: log2N layers of L wavelengths each to accommodate the tra�c pattern on a line, as in Figure 7.required to insure no blocking for any line (resp., ring, and tree) network with at most N nodes and nowavelength conversion, if the load across any link is at most L.Lemma 1 If N is even then Wline(N;L) � L+Wline(N=2; L).Proof. Note that there is a link e in the network whose removal leaves two line subnetworks X and Y ,each with N=2 nodes. Let L wavelengths be dedicated to lightpaths that cross e. For these lightpaths,L wavelengths insures no blocking since there can be at most L of them at any time. Dedicate anotherWline(N=2; L) wavelengths to lightpaths that do not cross e, i.e., those that are entirely in X or Y .This insures no blocking since the subnetworks X and Y each have N=2 nodes, and the lightpaths in Xcan use the same wavelengths as the lightpaths in Y (because they do not intersect at any link). Thetotal number of dedicated wavelengths to insure no blocking for all the lightpaths is L+Wline(N=2; L). 2Theorem 3 Wline(N;L) � Ldlog2Ne.Proof. The theorem follows from Lemma 1 and the fact that Wline(1; L) = 0. A pictorial example forthe classi�cation of lightpaths according to their crossing points is given in Figure 6. 2Theorem 4 Wring(N;L) � L+ Ldlog2Ne.
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0. INPUT: receive add/delete lightpaths, one at a time.DATA STRUCTURE: De�ne a set of wavelength pools fPool(i)gdlog2 Nei=0 , each poolcontaining L wavelengths.1. If the request is to delete a lightpath, delete it and mark the relevant wavelength segmentas free. Otherwise:2. Given a request to add a lightpath x, let the links of the ring be labeled 1; :::; N . Leti be the maximum value such that x crosses a link labeled y for which y mod 2i = 0(de�ne y mod 1 = 0 for every y).3. Find a free segment of a wavelength in pool Pool(i) which can accommodate x, andallocate x on this wavelength.4. Handle next request.Figure 7: Dynamic allocation of lightpaths (DWLA)Proof. Pick a link e in the ring network. Let L wavelengths be dedicated to those lightpaths thatcross e. This is enough to insure no blocking for these lightpaths since e can have at most L lightpaths.Dedicate another Ldlog2Ne wavelengths to those lightpaths that do not cross e. These lightpaths canbe viewed as ones that are in a line network with N nodes. Theorem 3 implies that these wavelengthsare su�cient to insure no blocking. The total number of dedicated wavelengths to insure no blockingfor all the lightpaths is L+ Ldlog2Ne. 2The above theorems imply the Dynamic WaveLength Allocation algorithm (DWLA) described inFigure 7. A similar technique can be used for tree networks as well: �nd a central node v in the tree,allocate a pool of wavelengths to lightpaths that are routed through v and allocate other pools recursivelyin the subtrees that do not contain v. However the lightpath con�guration at each node may require 2Lwavelengths as proven in the following lemma (recall that for rings L wavelengths su�ce). The recursiveapplication of the scheme may require up to log2N stages (see Figure 8(b)).Lemma 2 For N � 1, Wtree(N;L) � 2L� 1 +Wtree(N=2; L):Proof. In every tree there exists a node v, called the median, such that its removal leaves a collectionof trees T1; T2; :::; Tk (for some k) such that each tree has at most N=2 nodes [21]. Let 2L�1 wavelengthsbe dedicated to those lightpaths that cross v, and let Pv denote those lightpaths that cross v. Note thateach lightpath in Pv goes through exactly two links incident to v. Since there can be at most L lightpathsthat can traverse any link, a lightpath in Pv can intersect with at most 2L � 2 other lightpaths in Pv(see Figure 8(a)). Hence, 2L� 1 wavelengths are enough to insure no blocking of lightpaths in Pv .Now note that each lightpath that does not cross through v is entirely in one of the trees T1; T2; :::; Tk(see Figure 8(b)). Since lightpaths in di�erent trees do not intersect, they may use the same wavelengths.Since each tree has at most N=2 nodes, Wtree(N=2; L) wavelengths su�ces to insure no blocking forlightpaths that do not cross through v.The total number of wavelengths for all lightpaths to insure no blocking is at most 2L�1 +Wtree(N=2; L).2 9
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Figure 8: Dynamic allocation of wavelengths that go through a single tree node and the global pictureof the treeTheorem 5 Wtree(N;L) � (2L� 1)dlog2Ne:Proof. The theorem is implied by Lemma 2 and the fact that Wtree(1; L) = 0. 23.3 Lower bound on a ringWe now prove that in the worst case W � 0:5L log2N + L, thereby proving DWLA to be up to twiceaway from an optimal solution. We start with L = 2.Consider the following scenario, depicted in Figure 9. At each phase i, a request arrives for a lightpaththat overlaps all the currently existing i � 1 lightpaths. Thus any algorithm has to allocate it a newwavelength. Playing an adversary who issues the requests, we manage to manipulate any allocationalgorithm (by means of additional add/delete requests) to utilize i wavelengths while the load L remains2 at all times. This process can only be repeated log2N times, since in each phase i, the adversary isforced to issue lightpaths traversing 2i links. More formally, given some allocation algorithm Z, we nowdescribe a worst case scenario specialized for it, in the following phases.Phases 1 and 2. Two requests arrive to establish lightpaths p1 and p2 in the segment [0; 1]. Clearlythey are allocated di�erent wavelengths by Z.Phase 3. A third request p3 arrives for a lightpath in the segment [1; 2]. If Z allocates to it a wavelengthwhich is di�erent from those allocated to p1 and p2, then the phase ends | so far three wavelengthshave been allocated. On the other hand, if Z allocates to p3 the same wavelength that was allocated10
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Note that the construction above can be easily modi�ed to work even if there is �xed wavelengthconversion at each node, showing that �xed conversion does not help reduce the worst case for dynamicscenarios.3.4 First-Fit algorithm on a ringFirst-Fit is a popular algorithm for assigning a wavelength to a lightpath in a network with no wavelengthconversion. It assumes that the wavelengths are labeled 0; 1; :::W � 1, and assigns to a lightpath awavelength with the lowest label that is available in each link of the lightpath. This algorithm has beenstudied for the statistical tra�c model in [2, 4] and shown to perform well.Upper and lower bounds on the worst case number of wavelength to insure no blocking for First Fiton a ring are presented in this section.3.4.1 Upper BoundDe�nition 2 Let WFFring(H;L) denote the maximum label of a wavelength used by a lightpath of lengthat most H on any ring network with load at most L and that uses First-Fit.Lemma 3 For H � 1, WFFring(3H;L) � 4L� 3 +WFFring(H;L).Proof. It will be shown by induction on H that a lightpath p of length k � 3H will be assigned awavelength whose label is at most 4L� 3 +WFFring(H;L).Consider the case k � H . Then the lightpath can be assigned to a wavelength at most WFFring(H;L)by the induction hypothesis. Now consider the case H < k � 3H . It will be shown that there is awavelength in the set W � = fWFFring(H;L) + 1;WFFring(H;L) + 2; :::;WFFring(H;L) + 4L� 3g that can beassigned to p. Let p� = fp1; p2; ::::; pmg be the set of lightpaths already in the network that intersect pand use wavelengths from the set W �. Since these lightpaths use wavelengths greater than WFFring(H;L),their lengths must be greater than H .Let e1; e2; :::; ek be the sequence of links of the lightpath p. Let e1; edk=3e; ed2k=3e; ek be referred toas the critical links for p. Note that each lightpath of p� has length greater than H , which in turn isat least k=3. Thus, each lightpath of p� intersects at least one of the critical links, see Figure 10. Letn1; ndk=3e; nd2k=3e; and nk be the number of lightpaths of p� that cross e1; edk=3e; ed2k=3e; and ek, respec-tively. Since each lightpath of p� intersects at least one of the critical links, jp�j � n1+ndk=3e+nd2k=3e+nk� 4(L� 1). Since the number of wavelengths of W � is 4L� 3, there must be an available wavelength inW � for p. Thus, p is assigned a wavelength labeled at most 4L� 3 +WFFring(H;L). 2Theorem 7 WFFring(H;L) � (4L� 3)dlog3He+ L.Proof. The theorem follows from Lemma 3, and the fact that WFFring(1; L) = L. 2Corollary 1 Consider a ring network with N nodes and using the First-Fit algorithm. Then 2:53 �L log2N + 5L wavelengths insures no blocking if the load across any link is at most L.
12



mnMax load is L� 1mnShort lightpaths (length � H) may
mnlightpath p of length between H and 3H

mnek=3 mne2k=3 mnekmne1
mn4L� 3 long lightpaths (3H � length > H)
mnonly use wavelengths 1::WFFring(H;L)
mnwill use wavelengths up to WFFring(3H;L)

Figure 10: The upper bound argument for First-Fit.3.4.2 Lower BoundIn Section 3.3 it was proven that any algorithm that assigns wavelengths to lightpaths in an optical ringwith N nodes and no wavelength conversion, requires W � 0:5L log2N + L wavelengths in the worstcase. We now show that if the algorithm is assumed to be First-Fit, a better lower bound on the worstcase performance can be proven for reasonable numbers of nodes: W � 0:9L log2N . The tightening ofthe bounds is achieved through a denser packing of the overlapping lightpaths which is possible sincethe chosen wavelengths for lightpaths is known. Consider the following pattern of lightpath add/deleterequests, depicted in Figure 11:Phase 1. A single hop lightpath addition request to connect nodes 0 and 1 arrives and is allocatedwavelength 0.Phase 2. A single hop request to connect nodes 1 and 2 arrives and is allocated wavelength 0 by First-Fit. Another such request arrives and is allocated wavelength 1. Next, the �rst lightpath betweennodes 1 and 2 is deleted. The current con�guration is two single hop lightpaths with a load of 1using two wavelengths.Phase 3. A two hop lightpath from node 0 to node 2 is requested, and is allocated wavelength 2. Next,the one hop lightpaths are deleted and Phases 1{2 are repeated between nodes 2 and 4....Phase i. After phase i � 1, wavelengths f0; 1; :::; i� 2g have been used. In order to establish a short2lightpath that uses wavelength i it is necessary to rearrange the relative order of lightpaths in thecon�guration of Phase i�1 (the details of the altered schedule of requests is left to the reader). In2As part of the lower bound technique, it is important to have lightpaths that take up as little of the ring as possiblesince the more phases are applied, the longer the lightpaths become, a fact that limits the number of phases in the lowerbound and hence the number of wavelengths that can be proven to be necessary.13
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i-2 i-1Figure 11: Worst case scenario for First-Fitthe modi�ed con�guration, the lightpath which uses wavelength i� 2 is the leftmost one and thelightpath that uses i� 1 is the rightmost one. The new request overlaps one link of the leftmostand rightmost lightpaths (and all the intermediate lightpaths). Thus First-Fit allocates wavelengthi� 1 to it.Theorem 8 On a ring with N nodes, there exists a sequence of lightpath additions and deletions whichrequire at least W � 0:9L log2N � 1:5L wavelengths.The proof of the theorem can be found in Appendix A.1.4 Limited wavelength conversionIn this section we determine the performance of networks with limited wavelength conversion, i.e., theconversion degree of the network is small. We will �rst consider networks with arbitrary topology, andthen networks with a ring topology.We use the following terminology. Consider a network with wavelengths f0; 1; :::; W�1g, and channelsare numbered according to their wavelengths. For an ordered pair of adjacent links x and y in thenetwork, a bipartite graph Gx;y = (Vx; Vy ; E) is called its conversion graph if Vx = Vy = f0; 1; :::;W �1gand for each (i; j) 2 E, channel i on link x is compatible with channel j on link y. (Note that for anetwork with full wavelength conversion, the conversion graphs are complete bipartite graphs, while fora network with no wavelength conversion, the conversion graphs have edges E = f(i; i)j0 � i < Wg.) Aconversion graph is said to be symmetric if (i; j) 2 E implies (j; i) 2 E.Our performance result (Theorem 9) depends on conversion graphs with particular expansion prop-erties, stated next. See also Figure 12(a). 14



De�nition 3 Consider a bipartite graph (V1; V2; E) with each node having at most d incident edges.For each subset of nodes S � V1, let �(S) denote the subset of nodes in V2 that are adjacent to a nodein S (i.e., �(S) = fj 2 V2 : 9i 2 S; (i; j) 2 Eg). The graph is called an (�; �; d)-expander, for some0 < � < 12 and � > 1, if for each subset of nodes S � V1 such that jSj � �jV1j, j�(S)j � �jSj.Lemma 4 [22] There is a triple (�; �; d), where 0 < � < 12 and � > 1, such that for each n that issu�ciently large, there is a symmetric (�; �; d)-expander with n nodes.By having an expander with proper expansion properties as the conversion graph at each node, itcan be guaranteed that a lightpath will not be blocked. The wavelength allocation process for a givenlightpath starts at one of its end-points at which there is a a set of free wavelengths for the lightpath,and attempts to extend the wavelength allocation for the lightpath one hop at a time. The expandersinsure that the set of free wavelengths which may be used by the lightpath, does not decrease belowsome minimum | see Figure 12(b).Lemma 5 Consider a network with W wavelengths per link, such that the conversion graph for everyordered pair of adjacent links is an (�; �; d)-expander, where 0 < � < 12 and � > 1. The network doesnot block any lightpath as long as the load is at most �W , where � = minf�(� � 1); 1� �g.Proof. Consider setting up a lightpath p in the network, and suppose the lightpath traverses thefollowing sequence of links (e1; e2; :::; ek) for some k. Note that the WDM channels assigned to thelightpath must be compatible from link to link.For i = 1; 2; :::; k, a WDM channel on link ei is referred to as being busy if it is being used by alightpath. For i = 2; 3; :::; k, a channel on link ei is also referred to as being busy if all the channels onlink ei�1 it is compatible with are busy. Note that if there is an idle (i.e., not busy) channel on link ekthen the lightpath p may be set up.Next, it will be shown by induction that for i = 1; 2; :::; k, there are at least �W idle channels onlink ei. For i = 1 this is true since there are at most �W � (1� �)W lightpaths through e1. For i > 1,suppose there is a set of �W idle channels on link ei�1. Since the conversion graph for the ordered pair(ei�1; ei) is an (�; �; d)-expander, there is a set of ��W channels on link ei such that each is compatiblewith at least one of the �W idle channels on link ei�1. Note that each of the ��W channels on link eimay be busy only if there is a lightpath using it. Since there can be at most �W � (��1)�W lightpathsthrough ei, there must be at least �W idle channels in link ei. Thus, there are at least �W idle channelson link ek, so lightpath p may be set up. 2Theorem 9 There is a fraction � > 0 and integer d > 0 such that for any network with su�ciently largenumber of wavelengths W , the network can have conversion degree d and insure no blocking of lightpathsif the tra�c load is at most �W .Proof. The theorem follows directly from Lemma 4 and Lemma 5. 2For the rest of this section, we focus our attention on ring networks. The next Theorem 10 is fora ring network with conversion degree 2. For this case we present a construction which deploys twodi�erent mechanisms. For short lightpaths (lightpaths that traverse a small number of hops) we use thetechnique from Section 3.2 and do not convert wavelengths. For long lightpaths we split the ring intoshorter sections and gradually convert each lightpath at the beginning of each section so that it willuse a free wavelength at the end of the section. This result shows that the number of wavelengths can15
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Figure 12: Using an expander for non-blocking networks.be decoupled from the size of the network (while in the no-conversion case the number of wavelengthsdepended on the network size).Theorem 10 Let L and N be arbitrary positive integers.1. Let W = Ldlog2 Le+ 4L. There is a ring network with N nodes, W wavelengths, and conversiondegree 2 that that does not block any lightpaths as long as the load is at most L.2. Similarly, there exists such a ring with W = Ldlog2 log2 Le+ 4L.The proof of the theorem can be found in Appendix A.2. The subsequent Theorem 11 is for a ringnetwork with conversion degree d > 1 and where lightpaths are set up but never taken down (termedthe incremental model). This model is suitable for networks with growing demands, and with almost norequirements for removing lightpaths which are already in use.Theorem 11 Consider an incremental tra�c model where lightpaths may be set up but never takendown. Let L and d be integers that satisfy L � 1 and d > 1. Then there is a ring network withconversion degree d and maxf0; L� dg+L wavelengths that does not block any lightpaths as long as theload is at most L.The theorem can be proven by modifying the results for the case of no wavelength conversion in [12].We provide an outline of the modi�cations in the Appendix A.3.5 ConclusionsIn this paper we analyzed the worst-case performance of wavelength allocation schemes for linear and ringtopologies. The worst-case model we used determines the maximum tra�c load that can be supportedwithout any blocking, given the number of wavelengths available. We showed that the common �rst-�t algorithm, which does well in simulations that allow blocking, is also quite good in the worst-case,requiring at most 2:53L log2N + 5L wavelengths in a ring network without wavelength conversion. Abetter algorithm for this case uses only L log2N wavelengths. The latter scheme was proven to be upto twice away from the best possible solution. 16



We also demonstrated that limited wavelength conversion can increase the utilization of WDM chan-nels. Our results show that the number of wavelengths needed to insure no blocking is independent ofthe number of nodes. This presents an improvement over the case of no wavelength conversion, in whichthe number of wavelengths grows logarithmically with the network size.For the incremental case, the number of required wavelengths is much lower than that for the fullydynamic case. Very limited conversion of conversion degree 2 enables to achieve 33% decrease in thenumber of wavelengths that are needed to support a given load, and the number of wavelengths linearlydecreases (at least) with increased conversion degree.Figure 13 plots the maximum supported load under di�erent scenarios for W = 32; N = 16. Loadsachieved by our algorithms, as well as known upper bounds on the loads are plotted. Note that, incontrast to the perspective taken by the rest of the paper and summarized in Figure 2, here the system(namely, N andW ) is �xed and the maximum supported load is plotted against the amount of wavelengthconversion.The following are our main conclusions:� If worst-case guarantees are required, the system has to be signi�cantly over-designed. Wavelengthconversion helps to reduce this phenomenon.� The lightpath arrival process plays a crucial role in determining the number of wavelengths required:If the lightpaths are known in advance, the system need not be signi�cantly over-designed; Iflightpaths arrive but are not deleted some more wavelengths need to be allocated. However, iffully dynamic scenarios need to be taken into account, the number of wavelengths to guarantee noblocking needs to be very large.� In the same context, it has been noted in [14] that very limited wavelength conversion helpsa lot for the static case. In other words, rearranging existing lightpaths to accommodate newones will enable the system to support much higher loads, with limited conversion. Our currentalgorithms for more dynamic cases require more conversion capabilities, but there is still muchroom for designing better wavelength assignment algorithms, particularly with limited wavelengthconversion.A AppendixA.1 Proof Of Theorem 8To prove the theorem, we �rst determine the length of a lightpath added in Phase i.Lemma 6 Let len(i) denote the length of the lightpath added at Phase i (the one that uses the ithwavelength). Then len(1) = 1; len(2) = 1; len(3) = 2, and for i > 3,len(i) = 2 + i�3Xj=1 len(j) :Proof. For i = 1; 2; and 3, the lemma is easy to check. For i > 3, the lightpath of the lemma spansall the lightpaths from phases 1 to i� 3, which are adjacent and non-overlapping. In addition it sharesone link with the lightpath from phase i� 2 and one link from the lightpath of phase i� 1. 2It is interesting to note the following similarity between len(i) and Fibonacci series:17
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Figure 13: Maximum supported load for a ring network with W = 32 wavelengths and N = 16 nodes.White triangles indicate results for the static model, gray for the incremental model, and black for thedynamic model.
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Lemma 7 len(i) =8<: 1; if i = 1; 2,2; if i = 3,len(i� 1) + len(i� 3); otherwise.Proof. It follows from Lemma 6 that for i > 3,len(i)� len(i� 1) = (2 + i�3Xj=1 len(j))� (2 + i�4Xj=1 len(j)) = len(i� 3) :2Lemma 8 An upper bound for len(i) is: len(i) � 1:465575i.Proof. The proof is by induction. For i = 1; 2; and 3, by numerical calculation it can be shownthat len(i) � (1:465575)i. Now consider the case when i > 3, and suppose that for all j < i, len(j) �(1:465575)j. From Lemma 7, len(i) = len(i�1)+len(i�3). Thus, len(i) � (1:465575)i�1+(1:465575)i�3= (1:465575)i�3((1:465575)2+1) � (1:465575)i�3(1:465575)3 = (1:465575)i. Thus, the lemma is true. 2Lemma 9 Let N(i) denote the number of links in the segment of the ring used by i phases of the abovedescribed lightpath pattern. Then N(i) = iXj=1 len(j) = len(i+ 3)� 2 :Proof. The proof follows from the lightpath pattern and Lemma 6. 2To �nish the proof of the theorem, by Lemma 8 and Lemma 9 we get N(i) � 1:465575i+3. Since itis possible to apply Phase i only if N � N(i) we get log1:465575N � i + 3 or i � log1:465575N � 3 =log2 Nlog2 1:465575 � 3 < 1:81335 log2N � 3. Since the above scenario has a maximum load of 2, it is possibleto duplicate it L=2 times and require iL=2 wavelengths. Thus the number of necessary wavelengths isW � 1:813352 L log2N � 1:5L.A.2 Proof Of Theorem 10To prove the �rst part of the theorem we de�ne a ring network with N nodes, Ldlog2 Le+4L wavelengths,and conversion degree 2 that insures no blocking as long as the maximum load is at most L. We mayassume that N � L, otherwise, Theorem 4 implies Theorem 10.The ring has nodes numbered 0; 1; :::; N�1 going clockwise, and for i = 0; 1; :::; N�1, the link betweennodes i and (i + 1) mod N is numbered i. The ring is partitioned into segments, each having at leastL links but less than 2L links. (Note that such a partitioning is always possible.) Now, Ldlog2 Le+ Lwavelengths are dedicated to lightpaths that do not cross segments (termed local lightpaths), and thesewavelengths do not have wavelength conversion. Since the lightpaths are con�ned to segments with less2L links, Theorem 3 implies that there will be no blocking of these lightpaths.19



The other 3L wavelengths are dedicated to supporting lightpaths that cross segments, i.e., inter-segment lightpaths. These pools deploy wavelength conversion. The idea behind the pools is to providethe equivalent of a non-blocking switching network in each segment. When an inter-segment lightpathis considered, it is allocated wavelengths in each segment separately, starting from the �rst clockwisesegment in its path and ending at the last one. Focusing on some intermediate segment through whichthe lightpath is routed, the lightpath comes into the segment using whatever wavelength x was allocatedto it in the previous segment. Since the load does not exceed L, there is a free wavelength y among the3L wavelengths3 of the pool at the other end of the segment. In order to get from x to y it is necessaryto switch the lightpath in a non-blocking manner.More formally, the following graph G� is used to describe how the WDM channels are compatible.In G�, WDM channels are compatible if they are incident to a common vertex4. It is straightforward tocheck that this ring network has conversion degree 2.� The vertices of G�: There are N stages of vertices where each stage has 2L vertices, and stage irepresents node i in the ring network. In each stage i, there are two types of vertices called u-verticesand v-vertices and are labeled fu0(i); u1(i); :::; uL�1(i)g and fv0(i); v1(i); :::; vL�1(i)g respectively.� The edges of G�: For i = 0; 1; :::; N�1, there are 3L edges between stage i and stage (i+1) mod Nvertices corresponding to the 3L WDM channels on link i. The 3L channels are of three types:shift channels, u-channels, and v-channels, where there are L of each type. The enlarged part ofFigure 14 shows a subgraph of G� corresponding to a single segment of the ring network betweennodes m and n. For i = m;m+1; :::; n�1, the channels between the stage i and stage i+1 vertices(i.e., the channels of link i) are as follows:{ Each u-vertex uj(i) (for 0 � j < L) has a u-channel between it and uj(i + 1). It also has ashift channel between it and� u(j+1) mod L(i+ 1); if i < n� 1vj(i+ 1); if i = n� 1{ Each v-vertex vj(i) (for 0 � j < L) has a v-channel between it and� vj(i+ 1); if i < n� 1uj(i+ 1); if i = n� 1Next, we describe how inter-segment lightpaths are assigned channels, and begin by introducing someterminology. Consider a segment of the ring network and its corresponding subgraph of G� as shownin Figure 14. First, the u-vertices in stages m and n will be referred as joining vertices or J-verticesbecause they \join" segments together. The J-vertices in stages m and n are called the left and rightJ-vertices, respectively. A J-vertex is busy if it has a lightpath going through it, and is idle otherwise.Second, note that u-channels form L paths of channels crossing the segment, and these will be calledu-paths. Similarly, the v-channels form L paths, and these paths will be referred to as v-paths. A u-pathor v-path is busy if there is a lightpath on it, and idle otherwise. An idle u-path or v-path is calledavailable if the right J-vertex that it is connected to is also idle.Inter-segment lightpaths are assigned to channels as follows. The allocation for a lightpath is donesegment by segment, starting from one end of the lightpath and going clockwise around the ring network.3In fact, only L of the 3L wavelengths are needed for this purpose. The other 2L wavelengths are needed for sometechnical reason explained later.4Recall the de�nition of a conversion graph in the beginning of Section 4. The current graph G� is the result of aconcatenation of the conversion graphs of all the nodes in the ring. This concatenation is done by uniting each vertex j inthe right set of vertices (Vy) at node i with vertex j in the left set of vertices (Vx) at node i+ 1.20
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In the �rst segment, the lightpath follows an available v-path to the corresponding idle (right) J-vertex.In an intermediate segment, the lightpath starts from an idle (left) J-vertex, follows shift channels until itreaches an available u-path, and then follows the u-path to an idle (right) J-vertex. In the �nal segment,the lightpath starts from an idle (left) J-vertex and follows shift channels.We now argue that the allocation works, i.e., a lightpath will not be assigned channels already usedby existing lightpaths. First note that in a segment, if a lightpath follows a u-path or v-path then itgoes through a right J-vertex. Thus, the existence of an idle (right) J-vertex implies there is an availableu-path and v-path. Since the load is L and there are L right J-vertices, if a lightpath is to be set upthrough a right J-vertex then there is at least one idle right J-vertex. Therefore, there is at least oneavailable u-path and v-path.Now consider a lightpath p that is about to be assigned channels, and consider the segments ittraverses. In its �rst segment, an available v-path can be found for p. In an intermediate segment, pstarts from an idle left J-vertex, and can proceed along shift channels without overlapping an existinglightpath. This is possible since all the existing lightpaths that start from the left J-vertices, �rst followthe shift channels before going along a u-path. Since the segment has at least L�1 links, the lightpath pcan reach all u-paths by just following shift channels. In particular, it will be able to reach an availableu-path. In the �nal segment, p starts from an idle left J-vertex, and so it can follow a sequence of shiftchannels without overlapping an existing lightpath. Therefore, the lightpath will not overlap with anexisting one.Note that the shift- and u-channels in each segment form a wide-sense non-blocking cross-connectfunction that enables to convert the wavelength of a lightpath coming into the segment (on one of theleft J-vertices), to any other wavelength at the output of the segment (right J-vertices). This is done bya simple \matrix" cross-connect and requires L stages. As a result the size of each segment is L hops. Ifinstead a di�erent wide-sense non-blocking network is used, say [23], in which only dlog2Le2 stages arenecessary5, it is possible to reduce the segment size to dlog2Le2. It follows thatW � Ldlog2(2dlog2Le2)e+3L � 2Ldlog2 log2 Le+4L which is signi�cantly lower for large values of L. This completes the proof ofthe second half of the theorem.A.3 Proof Of Theorem 11We will discuss how the results of [12] can be modi�ed to prove Theorem 11. The ring network in thetheorem has W WDM channels per link, whereW = maxf0; L�dg+L and L is the maximum expectedload of the lightpaths. The channels are numbered f0; 1; :::;W � 1g.The Incremental WaveLength Allocation algorithm (IWLA) is a modi�cation of the algorithmCOLORin [12] | which solves the problem for the no-conversion case. The algorithm assigns incoming lightpathsto sets called shelves. If d � L then there is only one shelf and it is numbered 0. If d < L then thereare L � d + 1 shelves and they are numbered 0; 1; :::; L� d + 1. In what follows Shelf(i) denotes thecollection of lightpaths that have been assigned to shelf i. Also, for a lightpath p, L(p=S) denotes themaximum load experienced on links along p by lightpaths in some set S. In other words, it is the valuemaxe2p L(e=S), where L(e=S) denotes the number of lightpaths in S that traverse e. The pseudo-codefor IWLA is shown in Figure 15. The crux of the algorithm is in Step 4, in which IWLA chooses in whichshelf i to place a given lightpath based on the load the lightpath experiences ignoring the lightpaths inshelves above i.Using arguments similar to [12] we shall show that IWLA will assign each lightpath to some shelf.We shall also show that IWLA insures that the load of the lightpaths in Shelf(0) is at most d and theload in every other shelf is at most 2. Thus, d channels of Pool(0) and 2 channels in the other pools5The switching network in [23] requires 8dlog2Le2 stages, but it is claimed that the factor of 8 can be eliminated.22



0. INPUT: A sequence of lightpaths p0; p1; ::: such that they have load at most L.DATA STRUCTURE: A collection fShelf(i)gL�d+1i=0 , where for i � 0, Shelf(i) is a setof lightpaths.A collection of pools fPool(i)gL�d+1i=0 where Pool(0) contains wavelengths 0; :::; d andeach other pool contains a disjoint pair of consecutive wavelengths.(The lightpaths in Shelf(i) will be accommodated by Pool(i).)1. For each i � 0, set Shelf(i) = ;2. Upon arrival of the next lightpath request whose route is p do:3. Set i = 04. While L(p=Shelf(0) [ ::: [ Shelf(i)) > i+ d, Set i = i+ 15. Set Shelf(i) = Shelf(i) [ fpg6. Accommodate the request using wavelengths in Pool(i).Figure 15: Incremental allocation of lightpath requests (IWLA)will support the lightpaths, provided that the channels in each pool are compatible. In what follows weprovide the necessary modi�cations to prove these points.De�nition 4 Given a con�guration of requests up to some given time T , let the lightpath requests benumbered according to the order of their arrival p1; p2; :::; pk. Let Fi = fp1; :::; pi�1g denote the lightpathswhich arrived before pi and let Ti = [ij=0Shelf(j) denote the set of lightpaths in selves 0 to i at thetime T .The next lemma states that when a lightpath is put in a shelf i, the maximum load it experiences inshelves 0; :::; i does not occur in segments where shelf i populates another lightpath.Lemma 10 If for some x < y and i > 0, px\py 6= ; and px; py 2 Shelf(i) then L(px\py=Fy\Ti�1) �i+ d� 1.Proof. Assume by contradiction that L(px \ py=Fy \ Ti�1) > i + d � 1. Then, since px 2 Shelf(i),when py arrives L(px \ py=Fy \ Ti) > i+ d and py will be placed in a higher shelf | contradiction. 2We now show that a pair of lightpaths in the same shelf i > 0 cannot fully contain each other.Lemma 11 [12] For each i > 0, if px; py 2 Shelf(i) and x < y then px 6� py and py 6� px.Proof. If, by contradiction, py � px then L(py=Fy \ Ti�1) � i+ d � 1 and IWLA would have placedpy in a shelf below i. If px � py then when py arrives it experiences a load of i+ d+ 1 along px and isplaced by the algorithm in shelf above i. In either case py would not have been placed in shelf i | acontradiction. 2Lemma 12 The maximum number of lightpaths that belong to Shelf(0) and overlap is d. The maximumnumber of lightpaths that belong to Shelf(i), i > 0 and overlap is 2.23



Proof. The �rst part is obvious: In Step 4 IWLA assigns lightpaths to Shelf(0) as long as the loada new lightpath experiences does not exceed d. As to the second part: if the load at some shelf is above2, there exist at least three lightpaths px; py and pz which overlap at this point. Sort these lightpathsby their starting point: px = (s1; :::; e1); py = (s2; :::; e2); and pz = (s3; :::; e3) where s1 � s2 � s3. Sincenone of them is contained in the other by Lemma 11, e1 � e2 � e3.By Lemma 10, L(px\py=Fmax(x;y)\Ti�1) � i+d�1 and L(pz\py=Fmax(z;y)\Ti�1) � i+d�1. Sincepy = (px \ py)[ (pz \ py) and since the load only grows as more lightpaths are added L(py=Fy \Ti�1) �i+ d� 1 and py would have been placed in a lower shelf than Shelf(i). 2Lemma 13 The maximum shelf used by IWLA is Shelf(L� d).Proof. In order for an lightpath px to be placed in a higher shelf, Shelf(L� d+ 1), the load it experi-enced should be L(px=Fx\T(L�d+1)�1) > ((L�d+1)�1)+d = L, contradicting the maximality of L. 2By Lemma 12 it follows that the pools of wavelengths can support the corresponding shelves. ByLemma 13 it follows that the algorithm will always �nd a shelf for a new lightpath. Thus the algorithmis correct. The number of wavelengths consumed by IWLA is clearly d+2(L� d) = 2L� d if L > d anda single shelf if L � d. This completes the proof of Theorem 11.References[1] R. Barry and P. Humblet, \Models of blocking probability in all-optical networks with and withoutwavelength changers," IEEE JSAC / IEEE/OSA JLT: Special Issue on Optical Networks, vol. 14,no. 5, pp. 858{867, 1996.[2] R. Ramaswami and K. Sivarajan, \Routing and wavelength assignment in all-optical networks,"ACM/IEEE Transactions on Networking, pp. 489{500, Oct. 1995. An earlier version appeared inInfocom'94.[3] J. Yates, J. Lacey, D. Everitt, and M. Summer�eld, \Limited-range wavelength translation in all-optical networks," in IEEE Infocom'96, pp. 954{961, 1996.[4] A. Birman, \Computing approximate blocking probabilities for a class of optical networks," IEEEJSAC / IEEE/OSA JLT: Special Issue on Optical Networks, vol. 14, no. 5, pp. 852{857, 1996.[5] M. Kova�cevi�c and A. Acampora, \Bene�ts of wavelength translation in all-optical clear-channelnetworks," IEEE JSAC / IEEE/OSA JLT: Special Issue on Optical Networks, vol. 14, no. 5, pp. 868{880, 1996.[6] M. Garey, D. Johnson, G. Miller, and C. Papadimitriou, \The complexity of coloring circular arcsand chords," SIAM Journal on Discrete Math, vol. 1, no. 2, pp. 216{227, 1980.[7] I. Chlamtac, A. Ganz, and G. Karmi, \Lightnets: Topologies for high-speed optical networks,"IEEE/OSA Journal on Lightwave Technology, vol. 11, pp. 951{961, May/June 1993.[8] P. Raghavan and E. Upfal, \E�cient routing in all-optical networks," in Proc. 26th ACM Symp.Theory of Computing, pp. 134{143, May 1994.24
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